
TOPOLOGY 2 - HOMEWORK 2

(1) For n ≥ 0, let RPn = Sn/x ∼ −x with the quotient topology. Describe a CW-structure on RPn

with a single k-cell for each k ∈ {0, 1, . . . , n} and no others.

(2) Prove that the identification space Σg described in class has the structure of a CW-complex with a
single 0-cell, 2g 1-cells, and a single 2-cell.

(3) Prove that the graphs X and Y below are homotopy-equivalent but not homeomorphic.

YX

(4) Prove that a homotopy equivalence f : X → Y induces a bijection from the set of components of X
to the set of components of Y .
(The set C(X) of components of X can be described as X/ ∼, taking x ∼ y if a connected sub-
set of X contains both x and y. A continuous map f : X → Y has a well-defined induced map
f∗ : C(X)→ C(Y ) defined by f∗([x]) = [f(x)], to which I refer above.)

(5) Hatcher, Section 1.1, Exercise 5.
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