Marsden & Hoffman problems

1. Compute the second-order Taylor formula for f(x,y) = e® cosy around (0,0).

(That iSa write f(xvy) = f(Oa 0) + (Df)(O,O)(‘T’y) + (sz)(()p)((ﬂf,y), (1:7y)) + RQ(xvy) in
terms of only some explicit constants,  and y, and Ra(z,y).)

2. Prove that <a b) is negative definite if and only if @ < 0 and ad — b* > 0.
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August 2016, Problem 5. Suppose f(z,y) is a C? function on R? such that for some
M >0 and all (z,y) in the closed unit disk D = {(z,y) |22 + 3> < 1},

[faw (@, ) + 2 fuy (2, 9)] + [fyy (2, 9)]* < M.
If £(0,0) = f.(0,0) = f,(0,0) = 0, show that
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Remark: (At some point) use the formula for evaluating double integrals in polar coordi-

nates: ) L
// g(z,y) dedy = / / g(rcos@,rsin®)rdrdd
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April 2012, Problem 5. For a = (ag,a1,...,a,) € R"" a, # 0 let Py(z) = apa™ +

a
...+ a1w + ap. Suppose that for a® = (ad,al,...,a?), a® # 0 the polynomial P,o(z) has n

'
distinct real roots. Prove that there exist e > 0 and C*° smooth functions

Ay A B"(@l ) 5 R
such that for any a € B""(a’¢€), Ai(a),...,A\n(a) are distinct roots of the polynomial

P,(z). In other words, prove that in a small neighborhood of a’, roots of the polynomial
P, depend smoothly on the coefficients ag, a1, ..., an,.
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