S IS NOT SECOND-COUNTABLE

We will assume that S = [ J S", topologized with the weak topology, has a count-
able basis B = {U, },en of open sets, and produce a contradiction using a diagonal
argument. Pass to the subset of B consisting of the U,, which contain (1,0,0,...),
and re-number this set as {U,}. Below we will produce an open set V' containing
(1,0,0,...) that contains no U,,. Thus B is not a basis, a contradiction.

For each n > 0 let ¢, > 0 be such that U, N S™ contains a ball of radius ¢,, around
(1,0,...,0). (Here “ball of radius €,” refers to the intersection with S™ of such a ball
in the standard metric on R".) Then let

V =5%nN ((0, 2) x ]o_o[(—en/l en/2)>

V' is open in S* since for any n, V' N .S™ is the intersection with S™ of:
(0,2) x (—€1/2,€1/2) X -+ X (—€,/2,€,/2),
which is open in R™™. We claim now that for any n, U, N S™ is not contained in

V' N S™. Consider the curve v, in S™ defined by 7, () = (cost,0,...,0,sint). It exits
V' N S™ before U, N S™: in particular, for g such that sintq = €,/2 we have

€ V2 €n
W(to) — (1,0,...,0)] = \/2(1 — costy) = 2—FPo < L
||7(0) ( )H ( COS 0) QW \/5

And Bob, as they say, is your uncle.



