
[37o ]
quodque folum, certa nItri figna pra.bere, fed pIura
concurrere debere, ut de vero nitro produQo dubium
non relinquatur.

LIL An Ejfay toroarrlrfoleinir u Pro(i(tnt in
the Do8rine of Chunces B.j the lute Reo.
Mr. Bayes, F. R S. convmueicated by Mr.
Price, in u Letter to John Canton, A. M

• • •

F. R S.

Dear Sir,

Read Dec. as, T Now fend you an e6ay which I have
J found among the papers of our de­

ceafed friend Mr. Bayes, and which, in my opinion,
has great merit, and well deferves to be preferved.
Experimental philofophy, you will find, is nearly in­
tereked in the fubje8 of it; and on this account there
feems to be particular reafon for thinking that a com­
munication of it to the Royal Society cannot be im­
pro er.

e had, you know, the honour of being a mem­
ber of that illustrious Society, and was much ekeem­
ed by many in it as a very able mathematician. In an
introduction which he has writ to this EGay, he fays,
that his defign at fir& in thinking on the fubjeEt of it
was, to find out a method by which we might judge
concerning the probability that an event has to hap­
pen, in givencircumstances, upon fuppofition that we

know nothing concerning it but that, under the fame
circum
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circumstances, it has happened a certain number of
times, and failed a certain other number of times.
He adds, that he Coon perceived that it would not be
very diRicult to do this, provided Come rule could be
found according to which we ought to eAimate the
chance that the probability for the happening of an
event perfeQly unknown, should lie between any two
named degrees of probability, antecedently to any ex­
periments made about it; and that it appeared to him
that the rule muk be to CuppoCe the chance the Came
that it Gould lie between any two equidifferent de­
grees; which, if i t were allowed, all the re& might
be eaCily calculated in the common method of pro­
ceeding in the doctrine of chances. Accordingly, I
find among his papers a very ingenious Colution of this
problem in this way. But he afterwards confidered,
that thermo/i'ulare on which he had argued might not
perhaps be looked upon by all as reafonable; and
therefore he choCe to lay down in another form the
propoCition in which he thought the Colution of the
problem is contained, and in a Jcholium to Subjoin the
reaCons why he thought Co, rather than to take into
his mathematical reaConing any thing that might ad­
mit diCpute. This, you wil l obCerve, is the method
vrhich he has purCued in this eQay.

Every judicious perCon will be CenCible that the
problem now mentioned is by no means merely a
curious Cpeculation in the doctrine of chances, but ne
ceCCary to be Colved in order to a Cure foundation for all
our reaConings concerning pa& faQs, and what is likely
to be hereafter. Common CenCe is indeed ««>ent
to Sew us that, from the obfervation of what has in
former i nstances been the conCeguence of a certain

cauCo5
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cauCe or aQion, one may make ajudgment what is
likely to be the confequence of it another time, and
that the larger number of experim.nts we have to
Cupport a concluCion, io much the more reaCon we
have to take it for granted. But i t is certain tlsat we
cannot determine, at leak not to any nicety, in what
degree repeated experiments confirm a conclui~on,
without the particular diCcuHion of the beforementi­
oned problem; which, therefore, is neceGary to be con­
Cidered by any one who would give a clear account of
the Arength of ursalogical or indu9ire reaJo'ns'ssg; con­
cerning, which at preient, we Ceem to know little more
than that it does Cometimes in faQ convince us, and
a t other t imes not ; and that, as it is the means of'
cquainting us with many truth~, of which otherwiCe
we muk have been ignorant; Co it is, in all proba­
bility, the Cource of many errors, which perhaps
might in Come meafure be avoided, if the force that
this fort of reaConing ought to have with us were more
dikin&ly and clearly underwood.

Thefe obCervations prove that the problem enquired
after in this eQay is no leCs important than it is curi­
ous. It may be Cafely added, I fancy, that it is alCo
a problem that has never before been Colved. Mr.
De Moivre, indeed, the great improver of this part
of mathematics, has in his Lans of chance +, after Ber­
noulli, and to a greater degree of exaQneCs, given
rules to find the probability there is, that if a very
great number of trials be made concerning any event,

+ See Mr. De Moivre's Doctrine of'' Chances, p. a43, Rc. He
gas omitted the demonstrations of his rules, but thefe hgye beep.
iince i'upplied by Mr. Simpsonat the conciuiion of his treatife
on 7'ho Natssro and Laws of Cbanro.
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the proportion of the number of times it will hap­
pen, to the number of times it will fail in thoCe tri­
als, ihould difFer leis than by Cmall aRigned limits
from the proportion of the probability of its happen­
ing to the probability of its failing in one Cingle trial.
But I know of no perfon who has ihewn how to de­
duce the iolution of the converCe problem to this;
namely, " the number of times an unknown event
" has happened and: failed being given, to find the
" chance that the probability of its happening ihould
" lie Comewhere between any two named degrees of
" probability." W ha t Mr , D e M o i v r e has done
therefore cannot be thought Cu<cient to make the
con6deration of this point unneceffary: efpecially, as
the rules he has given are not pretended to be rigo­
rouily exaQ, except on CuppoCition that the number
of trials made are infinite; from whence it is not ob­
vious how large the number of trials mutt be in or­
der to make them exa < enough to be depended on
in practice.

Mr. De Moivre calls the problem he has thus Colv
ed, the hardek that can be propofed on the CubjeQ,
of chance. His Colution he has applied to a very
important purpoCe, and thereby &ewn that thoCe

quence, and cannot have a place in any Cerious enqui­
ry +. The purpoCe I mean is, to ihew what reaion
we have for believing that there are in the constitution
of things fixt laws according to which events happen,
and that, therefore, the frame of the world muft be

a remuch mistaken who have inCinuated that the Doc­
trine of Chances in mathematics is of tr ivial conCe­

See his Doctrine of Chances, p, sgs, Rc.

Voz,. LIII,
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the efFeEt of the wiCdom and power oi an intelligent
cauCe; and thus to confirm the argument taken from
6nal cauCes for the exigence of the Deity. It will be
eaCy to Cee that the converCe problem Colved in this
eAay is more directlyapplicable to this purpoCe; for
it fhews us, with diAinEtneCs and preciCion, in every
caCe of any particular order or recurrency of events,
what reaCon there is to think that Cuch recurrency or
order is derived from&able caufes or regulations inna­
ture, and not from any of the irregularities of chance.

The two laft rules in this eQay are given without
the deduQions of them. I have choCen to do th is
becauCe theCe deduQions, taking up a good deal of
room, would Cwell the eCCay too much; and alCo be­
cauCe theCe rules, though of considerable uCe, do not
anCwer the purpoCe for which they are given as per­
feGly as could be wished. They are however
ready to be produced, if a communication of them
fhould be thought proper. I have in Come places
writ short notes, and to the whole I have added an
application of the rules in the e8~y to Come particu­
lar cafes, in order to convey a clearer idea of the na­
ture of the problem, and to Chew how far the Colu­
tion of it has been carried.

I am CenCible that your time is Co much taken up
that I cannot reaConably expel that you Kould mi ­
nutely examine every part of what I now Cend you.
Some of the calcul'ations, particularly in the Appen­
dix, no one can make without a good deal of labour.
I have taken Co much care about them, that I believe
there can be no material error in any of them; but
Chould there be any Cuch errors, I am the only per­
«n who ought to be conCidered as anCwerable for
them.
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Mr, hayes has thought Fit to begin his work with

a brief dc1nonAratlon of 'thc general laws of chance.
His reafon for doing this, as he fays in his i1itroduc­
tion, was not merely that his reader might not have
the trouble of fearching clfcwhere for the principles
on which he has argued, but becaufe he did not know
whither to refer him for a c lear demonfbation of
them. He has alfo made an apology for the peculiar
de6nition he has given of the word «hue«e or proba­
bility. His defign herein was to cut o&" all difpute
about the meaning of the word, which in common
language is ufcd in diEerent fenfcs by perfons of dif­
ferent opinions, and acco1'ding as It 18 appl1cd to p<g
orguEure faBs. But whatever di&erent fenfes it may
have, all (he obferves) will ~liow that an expectation
depending on the truth of any paJE fa6, or the hap­
pening of anyfidure event, ought to be estimated fo
much the more valuable as the fa& is more likely to
be true, or the event more likely to happen. In&Cad,
therefore, of the proper fenfe of the word probabi­
lity, he has given that whi~h all will allow to be its
proper meafure in every cafe where the word is ufed.
But it is time to conclude this letter. Experimental
ph1lofophy is indebted, to you for fcveral difcoveries
and improvements; and, therefore, I cannot help
thinking that there is a peculiar propriety in direQ­
ing to you the following CRay a'nd appendix. That
y«r enquiries may be rewarded with many further
fucccHes, and that you may enjoy every every valuable
bleGing, is the f1ncere wifh of, Sir,

Nnvington-Green,
'NPy. yO 176g. . RlCbM8 P<>Ce»

your very humble fcrvant,
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Given the number of times in which an unknown
event has happened and failed: Required the chance
that the probability of its happening in a iingle trial
lies Comewhere between any two degrees of pro­
bability that can be naraed.

S E CT I O N

EFIN I T I O N r . Seve r a l events are in­
conJigent, when if one of them happens, none

a. Two events are contrary when one, or other oi.
them muA; and both together cannot happen.

3. An event is Caid topi/, when it cannot hap­
pen;. or, which comes to the Came thing, when its con­
trary has happened.

y. An event is Caid to be determined when it has
either happened or failed.

5. The probabi1ity of any event is the ratio between
the value at which an expectationdepending on the
happening of the event ought to be computed, and,
the value of the thing expeQed upon it's happening.

6. By chance I mean the Came as probability.
7. Events are independent when the happening of

any one of them does neither increaCe nor abate the
probability of the rely..

of the re& can.

P R O P . r .

When Ceveral events are inconCi&ent the probabili­
ty of the happening of one or other of them is the
Cum of the probabilities of each of them,

SuppoCe
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N N.

Suppose there be three fuch events, and which ever
of them happens I am to receive N, and that the pro­

bability of the ik, 2d, and gd are reipeQively — ",

— '. Then(by the definition of probability) the va­

lue of my expeQation from the zk wil l be a, from
the 2d b, and from the 3d c. Wherefore the value
of my expectationsfrom all three will be a + h + c.
But the Cum of my expectationsfrom all three is in
this cafe anexpectationof receiving N upon the hap­
pening of one or other of them. Wherefore (by de­
finition p ) the probability of one or other of them is

+ ' or — "+ — + — '. The Gum of the proba­

Corollary. I f i t b e c e r t ain that one or o ther
of the three events mulct happen, then a+ b +c

N. For in t h is cafe all theexpectationsto­

gether amounting to a certain expectationof re­
ceivi»g N, thei r va lues together muk be e q ua l
to N. An d f rom hence it is plain that the proba­
bility of an event added to the probability of its fai­
lure (or of its contrary ) is the ratio of equality. For
thefe are two inconfil'tent events, one of which ne­
ceQarily happens. Wherefore if the probability of

N N
bilities of each of them.

P
,

. N P
an event is that of' it's failure will be

P RO P .
7f a perfon has an expectationdepending on the

happening of au event, the probability of the event
is to the probability of its failure as his lofs if it fails to
his gain if it happens.

Suppose a perlon has an expectationof receivi»g
N dependl»'g On aTJ event the pl obabi]1ty 01 %'Lich

LS
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P

N — P P . N — P
N' N ]q

is >. Then (by definition 5) the value of his ex­

pe&ation is P, and therefore if the event fail, he loCes
that which in value is P; and if ' i t happens he re­
ceives N, but his expectationceaCes. His gain there­
fore is N — P. LikewiCe Cince the probability of the

event is —, that of its failure (by corollary prop. >)

But — is to — — as P is to N — P i . e .

the probability of the event is to the probability of it' s
failure, as his loCs if it fails to his gain if it happ=ns.

7 •

P RO P .

N — g

The probability that two Cubfequent events will
both happen is a ratio compounded of the probabi­
lity of the i &, and the probability of the 2d on Cup­
poCition the rent happens.

SuppoCe that, if both events happen, I am to receive

N , that the probability both will happen is, t h a t

the haft will is — (and confequently that the rk will

not is ) and that the ad will happen upon Cup­

poCition the zk does is —. Then (by de6nition 5) P

will be the value of my expectation,which will be­
come b if the iA happens. ConCequently if the ik
happens, my gain by it is b — P, and if it fails my loCs

is P. Wherefore, by the foregoing propoCition, — is to

—, i . e. d. is to N — a as P is to b — P. Where­

fore (componendo inverfe) a is to N as P is to b.
But the ratio of P to N is compounded of the ratio
of P to b, and that of b to N. Wherefore the

Came5
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p
X*

Came ratio of P to N is compounded of the ratio of
a to N and that of b to N, i . e. the probability that
the two CubCequent events will both happen is com­
pounded of the probability of the ik and the proba­
bility of the 2d on CuppoCition the tk happens

Corollary. Hence if of ' two CubCequent events the

probability of the haft be —, and the probability «

both together be —, then the probability of the 2d

on CuppoCition the x6 happens is -.P

P RO P .

b .. P

I f there be two CubCequent events to be determined
every day, and each day the probability of the sd is

and the probability of both —, andI am tore­

ceive N if both the events happen the iR day on
which the 2d does; I Cay, according to theCe con­

ditions, the probability of my obtaining N is —. For

i f not, let the probability of my obtaining N be ­

and let y be to x as N — b toN. ThenCince — is the

probability of my obtaining N (by definition i ) x is
the value of my expectation.And again, becauCe ac­
cording to the foregoing conditions the iA day I have
anexpectationof obtaining N depending on the hap­
pening of both the events tog«her, the probability of

which is —, the value of this expectationis P. Like­
wiCe, if this coincident ihould not happen I have»

expectationof being reinstated in my former circum­
Aances, i. e. of receiviag that which in value is < «­

pending

b

N



38o
pending on the failure of the 2d event the probability

of which (by cor. prop. r) is . o r~ , becauCe y is

to x as N — b to N. Whe re fore Cince x is the thing

expeQed and — the probability of obtaining it, the

value of this expeQation isy. But theCe two la& ex­
peBations together are evidently the fame with my
original expeQation, the value of which is x, and
therefore P+y x. Buty is toe as N — b is toN.

Wherefore x is to P as N is to b , and ­ (the

probability of my obtaining N) is —.

Cor. SuppoCe after the expeQation given me in the
foregoing proposition, and before it is at all known,
whether the zA event has happened or not, I Chould
find that the 2d event has happened; from hence I
can only infer that the event is determined on which
my expeQation depended, and have no reaCon to
esteem the value of my expeQation either greater or
leCs than it was before. For if I have reaCon to think
it leCs, it would be reaConable for me to give Comething
to be reinstated in my former circumstances, and
this over and over again as often as I &ould be in­
formed that the 2d event had happened, which is evi­
dently abfurd. And the like abCurdity plainly follows
if you Cay I ought to Cet a greater value on my expec­
tation than before, for then it would be reaConable for
me to refuCe Comething if offered me upon condition
I would relinquifh it, and be reinftated in my former
circumAances; and this likewiCe over and over again
as often as (nothing being known concerning the i'
event) it Chould appear that the zd had happened.
Notwithstandingtherefore this diCcovery that the 2d

N

b

event
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event has happened, my expectationought to be
esteemed the Came in value as before, i. e.
and conCequently the probability of my obtaining

N is (by definition g) ilill — or — +. But after this

diCcovery the probability of my obtaining N is the pro­
bability that the r ft of two CubCequent events has hap­
pened upon the Cuppolition that the 2d has, whoie pro­
babilities were as before Cpecihed. But the probability
that an event has happened is the Came as the proba­
bility I have to gueis right if I gueis it has happened.
Wherefore the following propoCition is evident.

N h

PROP.

If there be two CubCequent events, the probability

of the 2d N and the probability of both together N,

and it being r ft diCcovered that the md event has hap­
pened, from hence I gueis that the iQ event has al­

CQ happened, the probaBility I am in the right' is ­ t.

b

P RO P .
+ %That is here faid may perhaps be a little ill ustrated by con­

fidering that all that can be lok by the happening of the ad event
is the chance I ihould have had of being reinstated in my former
circumstances, if the event on which myexpectationdepended had
been determined in the manner expreffed in the propofition. But
this chance is always as much crgainJt me as it isfor me. If the
r ft event happe."is, it is again/ me, and equal to the chance for
the Zd event's failing. IE the I.k event does not happen, i t iS

for me, and equal alfo to the chance for the 2d event's failing.
The lofs of it, therefore, can be no difadvantage.

t ~hat is proved by Mr. Hayes in this and the preceding pro­
portion is the fame with the anfwer to the following q uestion.
XVhat is the pmbability that a certain event, >rheo it happens, will

Voz,. I III. Ddd be
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The probability that feveral independent events
&all all happen is a ratio compounded of the proba­

For from the nature of independent events, the
probability that any one happens is not altered by the
happening or failing of any of the re&, and confe­
quently the probability that the 2d event happens on
Iuppofition the rft: does is the fame with its original
probability; but the probability that any two events
happen is a ratio compounded of the probability of the
xit event, and the probability of the 2d on fuppofition
the x ft happens by prop. g. Wherefore the probability
that any two independent events both happen is a ra­
tio compounded of the probability of the rk and the.
probability of the ad. And in like manner confidering
the yA and 2d event together as one event; the proba­
bility that three independent events all happen is a ratio
compounded of the probability that the two ik both
happen and the probability of the 3d. And thus you.

bilities of each.

be accompanied with another to be determined at the Came time >
In this cafe, as one of the events is given, nothing can be due
for the expectationof it; and, confepuently, the value of an ex"
pe@ation depending on the happening of both events muk be the
fame with the value of an expectationdepending on the happen­
ing of one of them. In other words; the probability that, when
one of two events happens, the other will, is the Came with the
probability of this other. Cal l s t hen the probability of th is

other, and if — be the probability of the given event, and

the probability of both, becaufe . = — y gs g = ­ — thepro­

bability mentioned in thefe propofitions.

p b
N N



may proceed if there be ever Co many fuch events;
from whence the proposition is manifest.

Cor. r. If there be Ceveral independent events, the
probability that the xi' happens the 2d fails, the 3d
fails and the yth happens, 8cc. is a ratio compound­
ed of the probability of the rent, and the probability
of the failure of the 2d, and the probability of the
failure of the gd, and the probability of the yth, Rc.
For the failure of an event may always be conCidered
as the happening of its contrary.

Cor. z. If there be Ceveral independent events, and
the probability of each one be a, and that of its fail­
ing be b, the probability that the I & happens and the
2d fails, and the 3d fails and the pth happens, Rc.
will be ubba, Rc. F o r , according to the algebraic
way of notation, if a denote any ratio and b another,
a b b a denotes the ratio compounded of the ratios
@, $, b, a. This corollary therefore is only a particular
caCe of the foregoing.

Definition. I f i n c o n fequence of certain data
there arifes a probability that a certain event should
happen, its happening or fa i l ing, in confequence
of theCe data, I call i t's happening or failing in
the yk tr ial. And if the Came data be again re­
repeated, the happening or failing of the event in
confequence of them I cal l its happening or failing
jn the 2d trial; and Co on as often as the fame data
are repeated. And hence it is manifest that the hap­
pening or failing of the fame event in fo many diPe­
triais, is in reality the happening or failing of Eo
many diking independent events exactlyCimilar to
each oth«.

PROP,
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If the probability of an event be u, and that of its
failure be b in each fingle trial, the probability of its
happening p times, and failing g times in p+q trials

occurs u'b' when the binomial a + +~ is ex­
panded.

For the happening or failing of an event in difer­
ent trials are fo many independent events. Vfhere­
fore (by cor. z. prop. 6,} the probability that the event
happens the IA trial, fails the 2d and 3d, and hap­
pens the gth, fails the gth, Sec. (thus happening and,
failing till the number of t imes it happens be p and
the number it fails be y } is ubbab Rc. t i l l the
number of a's be p and the number of b's be y, that
is; 'tis a' b'. In like manner if you confider the event
as happening p times and failing g times in any other
particular order, the probability for it is a' b'; but
the number of di&erent orders according to which an
event may happen or fail, fo as in all to happen p
times and fail y, in P + y trials is equal to the num­
ber of permutations that auaa bbb admit of when
the number of a's isp, and the number of b's is y.
And this number is equal to E, the coefficient of the
term in which occurs <~ b' when u~+b ~+' is ex­
panded. The event therefore may happen p times
and fail y in p +y trials E difFerent ways and no
more, and its happening and failing theCe several dif­
ferent ways are fo many inconCi&ent events, the pro­
bability for each of which is ~~ b', and therefore by

is I' a' b' if E be the coeRicient of the term in which

pl op­
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prop. r. the probability that fome way or other it
happens p times and fails q times in P + q trials is
E a~ b'.

S E C T I 0 N I I .

Postulate, r. I SuppoCe the fquare table or plane
ABCD to be fo made and levelled, that if either
of the balls o or W be thrown upon it, there fhall
be the fame probability that it re<is upon any one
equal part of the plane as another, and that it mug

necessarilyreft fomewhere upon it.
2, I fuppofe that the ball W Quail be if ' th rown,

and. through the point where it re&s a line os kali be
drawn p'arallel to A D, and meeting CD and A B in
s and o; and that af terwards the ball 0 Qaall be
thrown p+ y or g times, and that its re&ing between,
AD and os after a 6ngle throw be called the hap­
pening of the event M in a fingle trial. Thefe things
fu p poi'ed,

Lem. <. The proba-g, >' ~ 8 H .< J< ~ L
bility that the point p
will fall between any
two points 1n the l i ne
A B is the ratio of the
diihnce between the
two points to the whole
line AB.

Let any two points
be named, as f and b
i n the l ine AB , and@
through them parallel
to A D draw fF, bL
meet1ng C D 1n P and
L. Then i f the reP..­
angles Cj; Fb, L A are
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commenfurable to each other, they may each be di­
vided into the Came equal parts, which being done,
and the ball W thrown, the probability it wil l re{t
Comewhere upon any numb"r of thefe equal parts
will be the Cu~n of t'ne probabilities it has to refk upon
each one of the.n, b"caufe its reAinp upon any difFer.­
ent parts of the plan A C are io many inconCiRent
events; and this fum, becaufe the probability it should
reR upon any one equal part as another is the Came, is
the probability it Qiould reft: upon any one equal part
multiplied by the number of parts. Confequently, the
probability there is that the ball W &ould reR Come­
where upon F b is the probability it has to re& upon one
equal part multiplied by the number of equal parts in Fb;
and the probability it reib Comewhere upon Cf or LA,
i.e. that it dont re& upon F b (becaufe it muk re& Come­
where upon A C ) is the probability it reks upon one
equal part multiplied by the number of equal parts in
C f, LA taken together. Wherefore, the probability
it refts upon F b is to the probability it dont as the
number of equal parts in Fb is to the number of
equal parts in Cf; LA to g e ther, or as Fb to Cf,'
J A together, or as jb to BJ, Ab together. Where­
fore the probability it reft upon Fb is to the proba­
bility it dont as fb to Bf, Ab together, And I'com­
ponend0 inverse) the probability itreAs upon Fb is to
the probability it reks upon Fb added to the proba­
bility it dont, as fb to A B, or as the ratio offb to
AB to the ratio of AB i:o AB . B u t t h e p r obabi­
lity of any event added, to the probability of its failure
is the ratio of equality; wherefore, the probability it

re<uponFb is to theratio of equality as the ratioof
Jb to AB to the ratio of AB to A B , o r t he r a t io
of equality; and therefore the probability it reft; upon

Fb
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Fb is theratio of fb to AB. But ex bypctbe/~' ac­
c ording as the ball W fa l ls upon F b o r no t t h e
point o will lie between f and b or not, and there­
fore the probability the point o will lie between / and
b is the ratio of jb to A B .

Again; if the reQangles Cf, Fb, I A are not
commenfurable, yet the la& mentioned probability
can be neither greater nor lefs than the ratio of j'b to
A B; for, if it be lefs, let it be the ratio of fc to AB,
and upon the linej 'b take the points p and r, fo
that pt &all be greater than gc, and the three lines
Bp, pl, r A commeniurable(which it is evident may
be always done by dividing A 8 into equal parts leis
than half cb, and taking p and r the nearest points
of diviiion to f'and c that lie upon j'b ). Then
becaufe Bp, pt, t A are commenfurable, fo are the

rectanglesC p, D r, and that upon p r compleating
the fquare AH. Wherefore, by what has been faid,
the probability that the point 0 will lie between p and,
t is the ratio of pl to A B. Bu t i f i t l ies between p
and t it muA lie between f' and b. Wherefore, the
probability it Gould lie between j and b cannot be
leis than the ratio of' p t to A B, and. therefore muk
be greater than the rat!o of Je to AB (fmce pt is
greater than fc). And after the fame manner you
may prove that the forementioned probability cannot
be greater than the ratio of j'b to A B, i t mu& there­
fore be the fame.

I ; em. 2, The ball W having been thrown, and
the line os drawn, the probability of the event M
i n a fingle trial is the ratio of A0 to A B .

For, in the Kame manner as in the foregoing lem­
ma, the probability that the ball 0 being thrown ihall

remi.



re< Comewhere upon Do or between AD and so is
i ; the ratio of Ao to AB . B u t t h e r e l hng of the
ball 0 between AD and sg after a Cingle throw is
the happening of the event M i n a C i ngle t r ia l .
Wherefore the lemma is manifest.

P R 0 P. 8 .

If upon BA you ere' the figure BgbikmA
whoCe property is this, that (the bafe 8 A being di­
vided into any two parts, as A b, and 8 b and at the
point of' diviCion b a perpendicular being erected and
terminated by the figure in m; and y, x , r r e p re­
Centing reCpeQively the ratio of bm, Ab, and Bb to
AB, and E being the the coefBcient of the term in
which occurs a~ b' when the binomial a~+b '+' is
expanded) y E x~ r~. I Cay that before the ball W
is thrown, the probability the point 0 fhould fall be­
tween j and b, any two po ints named in the l ine
A 8, and withall that the event M should happen p
t imes and fail y in p + y t rials, is the ra t io o f
fghikmb, the part of the f igure Bgh i k m A i n­
tercepted between the perpendiculars fg, bm raiCed
upon the line AB, to CA the quareupon A B.

D E MON S T R A T I O N .

For if not ; i k l e t i t be the ratio of D a figure
greater than f g h i k m b to C A, and through the
points e, d, c draw perpendiculars to f'b meeting the
curve A m i g B in h , i , k ; the point d being Co

placed that di Sall be the longe& of the perpendi­
culars5
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culars terminated by the line fb, and the curve
A mi g B; and the points e, d, c being Co many and
Co placed that the reQangles, bk, ci, e i , fh taken
together &all difFer leCs from f g h i k m b than D
does; all which may be easily done by the help of the
equation of the curve, and the difFerence between D
and the figurefghikmb given. Then Cince d'i is
the longeR of the perpendicular ordinates that indi<
upon f'b, the re& will gradually decreaCe as they are
farther and farther from it on each Cide, as appears
from the conkruQion of the figure, and conCequently
eh is greater than gf or any other ordinate that in­
Ciks upon ef;

Now if Ao were equal to Ae, then by lem. 2.
the probability of the event M in a fingle trial would
be the ratio of Ae to AB , and conCequentlybycor.
Prop. r. the probability of it's failure would be the
ratio of Be to AB. W he r e fore, i f x and r be the
two forementioned ratios reCpeQively, by Prop. 7. the
probability of the event M happening p t imes and
failing q in p + q trials would be E x~ r~. But x
a nd r being reCpeQively the ratios of Ae to A B
and Be to A,B, if y is the ratio of eh to AB, then,
by conkruQion of the figure AiB, y Ex~ r'.
Wherefore, if Ao were equal to Ae the probability
of the event M happening p t imes and failing y in

p+g trials would be y, or the ratio of eh to A B,
And, if Ao were equal to Af, or were any mean be­
tween Ae and Ag t he l aA m en t ioned probability
for the Came reaCons would be the ratio of jg or Come
other of the ordinates infightingupon e j,' to A B. But
e h is th greateR of all the ordinat:s that indi& upon
e f. XVherefore, upon Cuppofition the point fhould lie

Vor,. LIII, E ee any
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any where betweenf and e, the probability that the
event M happens p tissues and fails q in p +q tri­
a ls can't be greater than the ratio of eb to A B .
There then being thele two fubgquent events, the

t hat the point 0 wil l l ie between e and j t h e
zd that the event M wil l happen p t imes arid f»i q
in p+ q t rials, and the probability of the i': (by
lemma ik ) is the ratio of eg' to AB, and upon «p­
po6tion the i R happens, by what has been now
proved, the probability of the 2d ~annot be gre~ter
than the ratio of eh to A 8, it evidently follows (from
Prop. 3.) that the probability both together will hap­
pen cannot be greater than the ratio compounded of
that of eg to A B and that of eb t o A B , which
compound ratio is the ratio of j'b t o CA W here- .
fore, the probability that the point u will lie between

j' and e, and the event M happen p t imes and fail
q, is not greater than the ratio of f b to C A. And
in like, manner the probability the point 0 will lie be­
tween e and d', and the event M happen and fail as
b-fore, cannot be greater than the ratio of ei to C A.
And pgain, the probability the point n will lie between
~j and c, and the event M happen and fail as before,
cannot be greater than the ratio of ci t o C A. A n d
]aAIy, the probabilitythat the point 0 will lie between
c and b, and the event M happen and fail as before,
cannot be greater than the ratio of h k to C A, Add
now all thefe several probabilities together, and their
Sum (by Prop. i. } will be the probability that the po int

will lie Comewhere between f' and b, and the event
M happen p ti~e~ and fail q in p +q trials. Add
likewife the correfpondent ratios together, and their
fum will be the ratio of the fum of the antecedents

tO
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to thei. common confeciuent, i. e. the ratio of fb,
ei, ci, b k together to C A; w h i c h r a t io is J e fs
than that of D t o C A , bec a u k D i s gre a t e r
than fb, ei, ci, bk together. And therefore, the
probability that the point o will l ie betweenf and b,
and withal that the event M w i l l happen p t imes
and fail q in p + q trials, is lefs than the ratio oi
D to CA; bu t i t was fuppofed the fame which is
abfurd. And in like manner, by infcribing rectangles
within the figure, as eg, db, dk, c m, you may prove
that the la& mentioned probability is greater than the
ratio of any figure lefs than f g b i k m b to C A.

Wherefore, that probability mutt be the ratio of
f 'g bi kmb to CA.

Cor. Before the ball W is thrown the probability
that the point o will lie fomewhere between A and B,
or fomewhere upon the line AB, and withal that the
event M will happen p times, and fail q in p + q
trials is the ratio of the whole figure Ai B t o C A .
But it is certain that the point o will l ie fomewhere
upon A B. W h erefore, before the ball W is thrown
the probability the event M wil l happen p times and
fail q in p + q t rials is the ratio of A i B to C A.

P R 0 P. 9.

If before any thing is difcovered concerning the
place of the point o, it &ould appear that the event
M had happened p times and failed q in p + q trials,
and from hence I guefs that the point o lies between
any two points in the line A B, as f and b, and con­
fequently that t!~= p".obability of' the event M in a fin­
g l- trial wa". somewhere between the ratio of A b t o
A. Band that of A j ' to A 8 : t h e probability I am in

Eee 2 the
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the right is the ratio of that part of the figure A i B
defcribed as before which is intercepted between
perpendiculars erected upon A. B at the points f'
and b, to the whole figure A i B.

For, there being thefe two fubfequent events,
the firk that the point u wil l l ie between f'and b;
the fecond that the event M &ould happen p times
and fail q in p+ q trials; and (bycor. prop. 8.) the
original probability of the fecond is the ra t io o f
A i B to C A, and (by prop. 8.) the probability of
both is the ratio of f'g $im b to C A; wherefore
(by prop. g) it being firftdifcovered that the fecond
has happened, and from hence I guefs that the
f irA has happened alfo, the probability I am i n
the right is the ratio of fgbi mb t o A iB , t he
point which was to be proved.

Cor. The fame things fuppofed, if I guefs that
the probability of the event M l ies fomewhere be­
tween o and the ratio of A b to A B , my c h ance
to be in the right is the ratio of A b m to A i B.

S cH o L i U M .

From the preceding propofition it is plain, that
in the cafe of fuch an eventas ItherecallM, f rom
the number of times it ha pens and fails in a cer­
tain number of tr ials, wi t out knowing any thing
more concerning it, one may give a guefs where­
abouts it's probability is, and, by the ufual methods
computing the magnitudes of the areas there menti­
oned, fee the chance that the guefs is right. And that
the fame rule is the proper one to be ufed in the cafe
of an event concerning the probability of which

WC
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we abColutely know nothing antecedently to any
t! ials made concerning it, Ceems to appear from tl!e
following confideration; viz. that concerning Cuch
a!i event I have no reaCon to think that , in a ce r ta i ! i
number of trials, it ihould rather happen any one
poCC! ble number of t imes than another. F or , o n
this account, I may juftly reaCon concerning it as if
i ts probability had been at firft: unfixed, and then
determined in Cuch a manner as to give me no reaion
to think that, in a certain number of trials, it ihould
rather happen any one poiTible number of t imes
than another. But th is is exactlythe cafe of the
event M. For before the ball W is thrown, which
determines it's probability in a Cingle trial, (by cor.
prop. 8.) the probability it has to happen p t imes
and fail y in p + y or n trials is the ratio of Ai B to
C A, which ratio is the iame when p + y or n is
given, whatever number p is ; as w i l l appear by
computing the magnitude of Ai B by the method
+ of Ruxions. And confequently before the place
of the point o is diCcovered or the number of t imes
the event Mhas happened in n trials, I can have no
reaCon to think it Chould rather happen one poC­
Cible number of times than another.

In what follows therefore I ihall take for granted
t hat the rule g iven concerning the event M i n
prop. 9. is alfo the rule to be ufed in relation to any
event concerning the probability of which nothing

e' It will be proved prel'ently in art. 4,. by computing in the
method here mentioned that A i B contraEted in the ratio of E

to i is to C A as x to u + z x E: from whence it plainly follows
that, antecedently to this contraQion, A i B muk be to C A in
the ratio of z to!s + z, which is a constant ratio when n isgiven,
whatever p is.



:;t all is known antecedently to any t i jaj ' made or ob­
Cerved concerning it. And Cuch an event I lh~ll call

<or. Hence by Cuppn6n~ th." o."dinates in the fi­
gure A iB to be contraQed in tl at- ratio of E to one,
which makes no alteration in ",he proportion of the
parts of the figure intercepted betw-en them, and
applying what is Caid oC. the event M to an unknown
event, we have the following propoiition, w,sich gives
the rules for 6nding the proi~ability of an event >rom
the number. of times it aalu;~lly happens and fails.

a n u n known event.

P R OP . i o.

If a figure be deCcribed Upon any baCe AH (Vid.
Fig.) having for it's equatior; y =@~ r' ; where g',
~, r are reCpeQively the r" t ios oC an ordinate of the
f igure infixing on the baCe at right angles, of th­
Cegment of the bafe intercepted between the ordinat­
and A the beginning of the bate, and of the other
Cegment of the bafe lying betw-en the ordinate and
the point H, to the bate as their common conCequent.
I Cay then that if an unknown event has happened
p times and failed y in p+q trials, and in the baCe
AH taking any two points asf' and r you ereQ the
ordinates f c, t F at r ight angles with it, the chance
that the probability of the event lies Comewhere be­
tween the ratio of Af' t o AH a nd t hat of Ar t o
A H, is the ratio of t F. C f, that part of the before­
deCcribed figure which is intercepted between the two
ordinates, to A C F H t h e w h o l e fi g u re inCi&ing on
the bafe AH.

This is evident from prop. 9. and the remarks made
in the foregoing Ccholium and corollary.

Now5



0Now, in order to
reduce the forego­
ing rule to praQ;ce,

fcribed and the fe­

lar to its bafe. For

P+3

we rnufl: hnd the
valu- of the area
of the figure de­

veral parts of it fe­
parated, by ordi­
nates perpendicu­

w hich purpofe, tuppofe A H = x an d H O t h e
f quare upon A H likewife i , and Cj 'w i l l be y ,
and Af' x, and H f r , be c aufey, x and r denote
the ratios of C j; A j ; and EI j ' refpeQively to AH.
And by the equation of the curve y @~r~ and(be­
caufe A f + j'H AH) r + x r . V f h e refore

y=x'><t~x' x ' — q x +qx q­i g x

x q-> xq-2 x > + Sec. Now the abfciQe being

x and the ordinate ~ th e co r re fpondent area is x

(by prop. ro. caf z. Quadrat. Newt. ) ~ and the ordi­

nate being qx t h e a rea is qx ; andinlikem»­

3 p p+r

p
33

S

p+r p+ a

I+ i

P+r p+a

+ Tis very. evident here, without having recourfe to Sir Efaac
Nexvton, that the Ruxion of the area A Cf being y~ = >~~­

p+ p+ a'
+ qxq-r ~ pj Rc. the Ruent or area itfelf is s

p+a A+
p+ 2 2i p+$

p+ I
x~p + yXq- I X ~ ~ Rc.
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P+2 P+3

P+2 2 P+3

AH

p p + x
ner of the reA. Wherefore, the abfciEe being x 2nd

the ordinatey or x -yx + kc. the correfpondent

area is x -gX> + g X g-< X~ -gXq- i X

q-2 X x + Rc. Wherefore, if x

and y — C f'= C f, then A Cf'

X x +gXf I X 4 ~8cc.

From which equation, if q be a Cmall number, it is
eaCy to find t >e value of the ratio of A C j ' to H O.
and in like manner as that was found out, it will ap­

pear that the ratio of HCj' to HO is r — p >c

P+ i P+2 P+3

P+ I P+2 P+3 2

p+g

p+4 AH

p+ i

H O p+ x
ACf'= x

Af Af,

/+I

q+r
q'+ I V+3 e+o

+P XP-t X~ — PXP-I XP-2X ~
g+2 2 g+ 3 2 3 g + 4

which Ceries will conf i{t oF few terms and therefore
is to be uCed when p is Cmall.

2. The fame things Cuppofed as before, the ratio of

AC+ to HO isx ~~+y xx r~ '+y x

q t Xx r~ +g Xf > X f > X « ~ +

p+ I p

P+i P+ I P+2 P+Z

P+3 p+w

P+7 P +3 P + < P +2 P+3 Pi %



e+r

e +x p+x p+ R

p+x l +s W » + '

p+x

p+2 p+r

p+.2

Qc,+g @gag-g g b& . g t whe r eN =

p+ q. For this feries is the Came with x — q x

Lc. kt down in Art. rA. as the value of the

ratio of AC @' to HO; as will eafilybe feen byput­
ting in the former in&cad of r i ts value x-x, and,
expanding the terms and ordering them according to
the powers of x. Or, more readily, by comparing the
fluxions of the two feries, and in the former in&cad
of i Eubkituting -x»'.

s' The iluxion of the fi r feries is > r k + g« ~ «+

p+ xg-x p+ >q­s p+ a~
r~ + g xq-x x« ~ +graf-x xs r

t< 3 Sxc. or, fubKtuting a fox' <s

5

p f p + x

P+~

p+3

p+~ $'+s p+x

e finÃiQn of the latter Cel

or of « — ~ >< «kc. The thoro feries therefor«re

A' r' « g Ã r'~ a + f Ã

p+? p+>

p+> p +x p + a
terms after the fi r deQroy one another, is equal «>~ <
«> x x — «lr«= «>k x x — q«+g<f — » >c = *

p+ x p+ R

p+ x p+0

p+r p+s

VoL. LIII. F ff Ill

l +~ P+' p+r

p < «hc. ~h>ch, as all the

the fame.
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I I

p+ I

p+ 2 P+ 3 P+ 1

P+2 2 P+3

q+r q+2 q+3

q+t q+ I q+ > q + < q+ 2 q+ 3
Rc.

P+3 p+> p+ >

I I

n+x p+ z p~ g e

3. In like manner, the ratio of HC f' to HO is

r xp +p>«r x ' +pgp i gr x +

g. If E be the coeRicient of that term of the bi­
nomical a~+b p+q expanded in which occurs ap bq>
t he ratio of the whole figure AC F H t o H 0 i s

g ­ .,nbeing p +q. For, when Af'=AH
x= I, r o . W herefo r e , a l l the terms of the Ce­
ries fet down in Art. 2. as expreAmg the ratio of
ACf' to HQ wi l l vanik, except the la&, and that

becomes g — y — x Bcc. g ­ . But E

being the coe <cient of that term in the b inomial

a+ P" expanded in which occurs a b is equal to

y Sec. x . And, becaufe Af'is fup­

pofed to become A H, ACf ' A C H , Fro m
whence this article is plain.

5. The ratioof AC f' to the wholefigure ACFH

is (by Art. r. and y.) n+ i y E y x — q g

x +q z q­ t x x &c . . and if, as < expreQes

the ratio of A f' to AH, X Gould express the ratio
of At to A H ; th e rat i o o f AF t to A C F H

wouldbe n+ x g E >< X — qX +qgq-r

)< X — Rc. and confequently the ratio of tF Q'

to A CFH is n + x g g x alto the difference

p+x p+ 2

2

P+3

between
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bete'een the two.feries. Compare this with prop. I-o.
and we Quail have the following praQical rule.

If nothing is known concerning an event but that
it has happened p times and failed q in p +q or n trials,
and from hence I guefs that the probability of its
happening in a Ciog'te trial lies fomewhere between
a ny two degrees of pr.obability as X and x , t h e
chance I am in the r ight in my guefs is n+ r
g E g in t o the difference between the feries X

+ g )( q-r x X — Rc. and the

the two Ceriei'es.

P+ I P+2 2 P+3

p+a p+3 p+r

p+ 2, P+3
p+r p+ ? P+3

ferie~ x — qx +q )( q-r Xx

being the coefFicient of a~ br when a',+ > ' is expanded.
'fhjs is the proper rule to be ufed when q is a Email

number; but if q is large and p fmall, change every
where in the feries here fet down p into q and q into p
and x into r or r-x, and, X into R = r-X ; wh ich
will not make any alteration in the difference between

Thus far Mr. Bayes's egay.

With refpeQ to the rule here given, it is further
to be obferved, that when both p and q are very large
numbers, it will not be pofHble to apply it to practice
riefes in it will contain. Mr. I sayes, therefore, by

Fff a gfL

— Sec. E

on account of the multitude of terms which the fe­
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an investigationwhich it would, be too tedious to give
here, has deduced from this rule another, which is as
fellows.

If nothing is known concerning an event but that
it has happened p times and failed q in p + q «<
trials, and from hence I guefs that the probability of

its happening in a fingle trial lies between — ~a and

- — z; if m' ­

'
a= —, b= ~, EthecoefBcient

of the term in which occurs n> b< when u +b' is

— )< E a~ b' ~

Ss

Pg 8 8

»

g X

Q X n

Pl

2» 3» /Pl 9

expandcds and Z =

by the feries ma ­ — +
m' a' »-a »- 4. n 6 ­ r»~ a'x — + — 'x x x

my chance to be ln the right is greater than

l + 2E a>br + 2E a>b< + and lefs than

I-2 E dpb~ 2 E d> b<. And lf p g l11y chaQce

is 2 X exactly.
a In Mr. Bayes's manufcript this chance is made to be gaea«r

x+a E a> b< r — a E a> h~'

»

y g~ g,~ p g g ppg~ g ~ e-g Xe-g

2s x 3»

t han — . and lefs than­

in the two divifors, as I.have given them, being 'omitted. But
this being evidently owing to a fmaQ overflightin the deduction
of t»s rule, which I have reafon to thinit Mr. Bayes had himfelf
difcovered, I have ventured to correl his copy, and to give the
rule as I am fatisfied it ought to be given.
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In order to render this rule fit for ufe in all cafes
it is only neceffary to know how to find within fuffi­
cient nearnefs the value of E a> b< and alfo of the

feries m a ­ — Rc +. %'ith refpeG to the former

Mr. Bayes has proved that, fuppofing K to Ggnify the
ratio of the quadrantal arc to it's radius, E a> b< wil.

be equal to — g b y th eratio whofe hyperbu­

ssc logarithm is — ><­ — — — — — — g —,
— — ,

n p g 36o n ' p '

xa6o n ' p ' q' x68o n ' p '

+ — x ­ — ­ — Rc. where the nutne­
xx88 n' p '

• • I I I X

r I I I I

ral coefficients may be found in the following xxxan­
n er, Call them A, B, C, D, E, Bcc. T h e n A ­

9

.8 ­ — —.C

xoB+ A x 3g C +ax B+A

xa6C+84D+ 36B + A

n A very few terms oF this feries will generally give the hyper­
bolic logarithm to a fu8icient degree oF exa&nefs. A fimilar fe­
ries has been given by Mr. De Moivre, Mr. Simpfon and other
eminent mathematieians in an expre%on for the Curn of the Io~
garithms of the numbers xp 2, 3~ 4q 5 to A', which fum they
have afferted to be equal to —,' log. r + n + ~ X log. x — n +
, ',„— ~s~ ' + —,­*~„' R'c. c denoting-the circumference oF a
circle whofe radius is unity. But Mr . Bayes, in a preceding pa­
per in this volume, has demon&rated that, though this expre8ion
will very nearly approach to the value of this fum when only a
proper number of the frit terms is taken, the whole feries cannot
exprefs any quantity at all, becaufe, let n be what it will , there
will be always a part oF the feries where it will begin to diverge.
V'his obfervation, though it does not much aff'eQ the ufe of this
feries, feems well worth the noticeof mathematicians. 46a

3 3 4 5 3 2. 6o 7

D .E=
a. 8. 9 7 go XP eXX

2e x?a x 3
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lows.
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46s D + 33o C + r6g K .+ gg 3 + A

efficients of B, C, D, E, F, Sec. in the values of
D, E, F, ccc. are the z, 3, g, Rc. highest coefFici­
ents in a +b', a+ b s, a + b *',8cc. expanded;
affixing in every particular value the leak of theCe
coefRcents to B, the next in magnitude to the fur­
ther letter from B, the next to C, the next to the
««hek but one, the next to D, the next to the fur­
th«but two, and Co on

Kith refpeQ to the value of the Ceries ma

+ ­ )< Rc. he has obferved that it may be
calculated direQ}y when m a is leCs than z, or even
not greater than g>. but when rjsa is much larger
it becomes impraQicab e to do this; in which caCe he
Quws a way of eafily 6nding two values of it very
nearly equal between which it's true value mulct lie.

The theorem he gives for this purpoCe is as fol­

Let K, as before, Aandfor the ratio of the qua­
drantal arc to its radius, and H for the ratio whofe

hyperbolic logarithm is ­ , +

>c. where the co­

I 2 — I R ~ X

'I 3 3

s68o n', 8cc. Then the Ceries er a ­ — 8u.millbe

greater or leCs than the Ceries - g — ­ )cn+ Z ~~ n+ >

I RI B R~ ~ + a m x."­. + 2

4 K s

+ This method of finding thefe coeScients I have deduced
f rom the demon&ration of the th ird lemma at the end of Mr.
Simpfon's Treatife on the Nature and Laws of Chance.

g 3s



before it.

QPg n 3x5 xn n

++ 2 n+ 4 . ) (n+ 6 x 8m'a ' >+ > n+gxn+6xn+8xIe> ~~

g~2 Pal 2 z — x) 'a'n + g
X - - ­

,, I ­ — X

— Rc. continued to any number of terms, accord­
ing as the la& term has a po{itive or a negative fign

From fubkituting thefe values of E a> b< and me

+ X Rc. in the Zd rule arifes a

gd rule, which is the rule to be ufed when nga is of
fome conCiderable magnitude.

m' Z3 n 2, g yp ' g '

3 2n 5

R UL E

I f nothing is known of an event but that i t has
happened p times and failed q in P + y or n trials,
and from hence I judge that the probability of it' s

happening in a fingle trial lies between ­ + a and

p my chance
n

2PB R
n 2

N'Zpqxh

ZV Kp q+h n —,' + h n

X z ­ -+
multiplied by the 3 ter©S 2 H­

z and lefs than

to be right is greater than

n+z z
X "H ­ X X

<Kpq x h
<pq-hn~-hn

n+z
n+ 2

n+2 mK

— X

Z Zm R ­ + Z hf2 n

5+ Z I Z -Zm'2' —,+ 2

n+4. 2m s 5

and H Rand for the quantities already explained.

where m', K, bX , , X
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An Application of the foregoing Rules to Come parti­

E 6rk rule gives a direr and perfect Colution
in all cafes; and the two following rules are

only particular methods of approximating to the Co­
lution given in the firft rule, when the labour of ap­
plying it becomes too great.

The firs: rule may be uCed in all cafes where either
p or y are nothing or not large. Th e Cecond rule
may be ufed in all caCes where mz is lefs than Q~,.
and the gd in all caCes where rn'z is greater than

z and leCs than —, if n is an evennumber and very

large. If n is not large this laCt rule cannot be much
wanted, becaufe, m decreafing continually as n is
diminifhed, the value of z may in this cafe betaken
large, (and therefore a conCiderable interval had be­

tween -z and ­ + z,) and yet the operation be

carried on by the 2d rule; or mz not exceed ~3.

But in order to Sew diRinEtly and fully the nature
of the preCent problem, and how far Mr. Bayes has
carried the Colution of it ; I & a l l g ive the refult of
this Colution in a few caCes, beginning with the loweR
and moit Cimple.

cular Cafes.

Let
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fgr an even cl'-face.

nothing, the expreQion n+ r g X

Let us then firk CuppoCe, of Cuch an event as that
called M in the eEay, or an event about the proba­
bility of which, antecedently to trials, we know no­
thing, that it has happened once, and that it is en­
quired what conclu6on we may draw from hence
with refpeQ to the probability of it's happening on a
/~cond' trial.

The anfwer is that there would be an odds of three
to one for Comewhat more than an even chance that
it would happen on a Cecond trial.

For in this cafe, and in al l o thers where y is

P+r P+ i

I J p+ I p + I
or X — x ' gives the Colution, as will appear
from con6dering the 6rk rule. Put therefore in this

expression p+r ­— 2, X x and x .* andit will be
x — g' or .'; which thews the chaoce there is that
the probability of an event that has happened once
lies Comewhere between z and . *; or (which is the
Came) the odds that it is Comewhat more than an
even chance that it will happen on a Cecond, trial +'.

In the Came manner it will appear that if the event
has happened twice, the odds now mentioned will be
Ceven to one; if thrice, 6fteen to one; and ingene­
ral, if the event has happened p times, there will be
an odds of 2>+ ' — x to one, for more than an equal
cQance that it will happen on further trials,

Again, CuppoCe all I know of an event to be that
it has happened ten times without failing, and the

~ There,":~n, I fuppofe, be no reason for obferving that on
this fu>je& ; i'y is always made to ftand for certainty, an8 —,

VoL. LII1. enquiry



enquiry to be what reaCon we &all have to think we
are right if we gueCs that the probability of it s hap­
pening in a Cingle trial lies Comewhere between *,'

and.;, or that the ratio of the cauCes of it's happen­
ing to thoCe of it's failure is Come ratio between that
of Cixteen to one and two to one.

Herep+ r i r , X ,*' and x ' and X
— x>+' : ; g *' ­ >' *

.5oz3 Rc. The anCwer
therefore is, that we Eall have very nearly an equal
chance for being right.

In this manner we may determine in any cafe what
concluCion we ought to draw from a given number
of experiments which are unoppoCed by contrary
experiments. Every one fees in general that there is
reaCon to expel an event with more or lefs confidence
according to the greater or leCs number of times in
which, under given circumstances, it has happened
without . failing; but we here Cee exaQly what this
reaCon is, on whatprinciples it is founded, andhow
we ought to regulate our expectations.

But it will be proper to dwell longer on this
head.

Suppofe a Colid or die of whofe number of fides
aiid conftitution we know nothing; and that we are.
to judge of th«e f rom experiments made in
throwing it'.

In this caCe, it +ouid be obCerved, that it would
be in the higher degree improbable that the Colid
Qaould, in the Cir< trial, turn any one Cide which could
be aRigned before hand; becauCe it would be known
that Come Clde it mull turn, and that there was an in­
fini(y of other Cides, or Cides otherwiCe marked, which
i t was equally likely that it kould turn, The firh

throw
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throw only kews that it has the Cide then thrown,
without giving anyreaCon to think that it has it any
one number of times rather than any other. I t w i l l
appear, therefore, that after the fir[I throw and nut
before, we Qiould be in the circum stances required
by the conditions of the preCent problem, and t»t
the whole efFeQ of this throw would be to bring
us into theCe circum stance.. That is: t l ie turning
the Cide fir& thrown in any CubCequent Cingle trial
would be an event about the probability or improba­
bility of which we could form no judgment, and
of which we fhould know no more than that i t
lay Comewhere between nothing and certainty. Wit l i
the Cecond trial then our calculations muR begin;
and if in that trial the PuppoCed Colid turns again the
Came fide, there will ariCe the probability of three
to one that it has more of that fort of fides than of
a>l others; or (which comes to the Came) that there
is Comewhat in its constitution difpoCing it to turn that
fide oftenek: And this probability will increaCe, in
the manner already explained, with the number of
times in which that fide has been thrown withou".
failing. It should not, however, be imagined that any
number of Cuch experiments can give Cufficient reaCon
for thinking that it would never turn any other fide.
For, CuppoCe it has turned. the Came Cide in every

would be an improbability that it had le fs than
i.4,oo,ooo moreof theCe fides than all others; but
there would alCo be an improbability that it had above
z.6oo,ooo times more. The chance for the latter is
expressedby *, ' '. ~' ', raiCed to the millioneth power
CubkraQed from unity, which is equal to.ybp7 Rc. and

Ggg z the

trial a million of times. In theCe circumAances there



the chance for the former is equal to ', ' ', '. '. ', ', raife4
to the fame power, or to.y89g; which, being both lefs
than an equal chance, proves what I have faid. But
though it would be thus improbable that it had ubo~~e
x.6oo,ooo times more or k Js than x.go­ .,ooo tie.~es
more of thefe fides than of all others, it by no means
follows that we have any reafon for judging that the
true ptoportion in this cafe l ies fomewhei= between
that of x.6oo,ooo to one and x .goo,ooo to one.
For he that will take the pains to make the calcula­
tion will find that there is nearly the probability ex­
preQed by .527, or but l i t t le more than an equal
chance, that i t l i es f omewhere between that of
6oo,ooo to one and three millions to one. It may
deserve to beadded, that it is more probable that this
proportion lies fomewhere between that of 9oo,ooo
to x and x . 9oo ,ooo t o x th a n b e t w een any other
two proportions whofe antecedents are to one another
as 900 ooo to x.900 ooo, and confequents unity.

I have made thefe obfervations chiefiy becaufe they
are all AriQly applicable to the events and appear­
ances of nature. Antecedently to all experience, it
would be improbable as infinite to one, that any par­
ticular event, before-hand imagined, should follow
the application of anyone natural objet to another;
becaufe there would be an equalchance for any one of
an infinity of other events. But if we had once feen
any particular effects, as the burning of wood on
putting it into fire,, or the falling of a antone on de­
taching it from all contiguousobjects,then the con­
clufions to be drawn from any number of fubfequent

i» the fame manner with the conclufions juft: men­
tioned relating to the confhtutioxx of the folid I »«

fuppofed

events of the fame kind would be to be determined
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Cuppofed, In other words. The firk experi­
ment CuppoCed to be ever made on any natural objet
would only inform us of one event that may follow a
particular change in the circumkances of thoCe objeQs;
but it would not Cuggek tu us any ideasof uniformity
in nature, or give us the leak reafon to apprehend
that it was, in that in&ance or in any other, regular ra­
ther than irregular in its operations. But if the Came
event has followed without interruption in any one
or more CubCequent experiments, then Come degree
af uniformity will be obCerved; reaCon will be given
to expel the i'arne CucceCs in further experiments, and
the calculations di rected by the Colution of this pro-­
blem may be made.

One example here it will not be amrCs to give.
Let us imagine to ourfelves the cafe of a perfonjuk

brought forth into this, world and left to coiled from
his obCervation of the order and courCe of events what
powers and cauCes take place in it. The Sun would,
probably,.be the firk objet thatwould engagehis atten­
tion; butafter lofing it the firk night he would be en­
tirelyignorant whether >«ouid ever Cee it again. He
would therefore be in the condtion of a perCon making a
firk experiment about an event entirely unknown to
him. But let him Cee a Cecond appearance or one
return of the Sun, and an expectationwould be raiCed
in him of a Cecond return, and he might know that
there was an odds of g to i for fome probability of this.
This odds would increaCe, as before repreCented, with
the number of returns to which he was w i tneCs.
But no Finite number of returns would be Cufficient
to produce abiolute or phyC>cal certainty. For let it
be iuppoCed that he has Ceen it return at regular and
Rated intervals a million of times. The concluCions

this
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this would warrant would be Cuch as follow — —­
There would be the odds of the mi l l ioneth power
of 2, to one, that it was likely that it would return again
at the end of' the uCual interval. Therewould be the
probabi|ity expreQed by .gggz, that the odds for this
was notgrea/er than r.6oo,ooo to r; And the pro­
bability expreCCed by .5r op, that it was not kfs than
i.goo,ooo to r.

It fhould be carefully remembered that theCe de­
duQions CuppoCe a previous total igno"ance of nature.
After having obCerved for Come time the courCe of
events it would be found that the operations of nature
are in general regular, and that the powers and laws
which prevail in it are Aable and parmanent. The
conCideration of this w ill cauCe one or a few experi­
ments often to produce a much wronger expeQation of
CucceCs .'n further experiments than would otherwife
have been reaConable; just as the frequent obCervation
that things of a Cort are diCpoCed together in any place
would lead, us to conclude, upon diCcovering there
any objet of a particular fort, that there are laid up
with it many others of the Came fort. It is obvious
that this, Co far from contradictingthe foregoing de­
duQions, is only one particular cafe to which they are
to be applied.

What has been Caid Ceems CufBcient to Sew us
what conclusions to draw from uniforms experience.
It demonttrates, particularly, that in&cad of proving
that events will aheays happen agreeably to it, there
will be always reaCon against this concluiion. In other
words, where the courCe of nature has been the moR
con@ant, we can have only reaCon to reckon upon a
recurrency of events proportioned to the degree of

this
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this conAancy; but we can have no reaCon for thin k­
ing that there are no cauCes in nature which will ever
inrerfere with the operations of the cauCes from which
this conAancy is derived, or no circumAances of the
world in which it will fail. And i f t h is is true, Cup­
pofing our only data derived from experience, we fhall
f ind additional reaCon for thinking thus i f we ap ­
ply other principles, or have recourfe to Cuch confi­
derations as reaion, independently of experience, can
CuggeA.

But I have gone further than I intended here; and
it is time to turn our thoughts to another branch of
this Cubje8: I mean, to caCes where an experiment
has Cometimes Cucceeded and Cometimes failed.

Here, again, in order to be as p la in and expl ici t
as possible,it will be proper to put the following
cafe, which is the eafieA and iimpleA I can think

Let us then imagine aperionprelent at the drawing
of a lottery, who knows nothing of its Ccheme or of
the proportion of Blanks to Prizes in it. Let it further
be tuppoied, that he is ob»ged to infer this from the
number of' blanks he hears drawn compared with the
iiumber of' prizes; and that it is enquired what con­
clufions in theCe circumAances he may reafonably

Let him FirA hear ten blanks drawn and ant prize,
and let it be enquired what chance he will have for be­
ing right if he gueAes that the proportion of bjank~ to
prizes in the lottery lies fomewhere between the pro­
poit>ons of 9 to i and i I ' to I .

Here taxing X ­ *, .*, ~= ', , p= t o , y= r, n =- i r ,

r i, the required chance, according to th««
rule,

make.
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II

IR

II l2 II I1

xo x 0 .0 7699

bcc. There would therefore be an odds of about gag
top6, or nearly t2 to r again/t hisbeingright. Had
he gueffed only in general that there were leis than
9 blanks to a prize, there would have been a proba­
bility of his being right equal to .6)89, or the odds
of 6g to 3g.

Again, fuppofe that he has heard 2o blanks drawn
and 2 primes; what chance will he have for being
right if he makes the Came gueCs >

Here X and x being the fame, we have n — 22,
.p 2o, q 2, E zg r, and the required chance

equal to,,+ x x E )( X - y X + g )< IF-I")< X
p+ x p +> p+'3

p+x p+ a p+3
X Px + g )(|t' I ) (X

p+x p+ a p+3

p+ x p + > p + g

—. I08$3 6cc.

He will, therefore, have a better chance for being
right than in the former inftance, the odds again{t
him now being 892 to xo8 or about 9 to x. But
Gould he only guefs in general, as before, that there
were lefs than 9 blanks to a prize, his chance for be­
ing right will be worfe; for in&cad of .6589 or an
odds of near two to one, it will be .g8y, or an «ds
of g8g to yx5'.

~ w ewe e x

Suppofe,
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Suppole, further, that he has heard 4.o blanks

drawn and 4. prizes; what will the before-mention­
ed chance~ be ~

The antwer here is . xg2g, for the former of thefc
chances; and .527, for the latter. There will, there­
fore, now be an odds of only g. * to x again st the
proportion of blanks to prizes lying between 9 to x
and xx to x; andbut little more than an equal chance
that it is lefs than 9 to x.

©nce more. Suppose he has heard xoo blanks
drawn and xo prizes.

The anfwer here may Rill be found by the 6rk
rule; and the chance for a proportion of blanks to
prizes leJi than 9 to x will be .yg x o9, and for a pro­
portion greater than x x to x .go82. It wou ld there­
fore be likely that t'here were notgevver than 9 or
rngre than x x blanks to a prize. B ut at the fame time
it will remain unlikely that the true proportion
Qould lie between 9 to x and x x to x, the chance
for this being.2go6 8cc. There will therefore be
still an odds of near g to x again& this.

From thefe calculationa it appears that, in the cir­
cumfhnces I have Cuppofed, the chance for being
right in gueAing the proportion of blanks to prizes to
be nearly the fame with thas of the number of blanks

+ I Cuppofe no attentive perfen will find anydifhculty in this.
It is only Caying that, CuppoCxng the interval between nothing
and certainty divided into a hundred equal chances, there will be
g4, of them for a lefs proportion of blanks to primes than 9 to x,
3x fo r a greater than xx to x, and 2g for Come proportion be­
tween 9 to x and x x to x; in which i t i s obv ious that, though
one of thefe Cuppofuions mu& be true, yet, having each of them
more chances against them than for them, they are all Ceparateiy
unlikely.

Vox,. LIII, Hhh drawn
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drawn in a given time to the number of prizes drawn,
is continually increaCing as theCe numbers increaCe;
and that therefore, when they are confiderably large,
this concluCion may be looked upon as morally cer­
tain. By parity of reaCon, it follows unive;Cally, with
reCpeQ to every event about which a great number
of experiments has been made, that the cauCes of its
happening bear the Came proportion to the cauCes of
i ts failing, with the number of happenings to the
number of failures; and that, i f an event whoCe
cauCes are CuppoCed to be known, happens oftener or
Celdomer than is agreeable to this conclusion, there

cauCes which disturbthe operations of the known
ones. With reCpe&, therefore, particularly to the
courCe of events in nature, it appears, that there is
demonstrative evidenceto prove that they are derived
from permanent cauCes, or laws originally ehabliChed
in the constitution of nature in order to produce that
order of events which we obCerve, and not from any
of the powers of chance+. This is juk as evident
as it would be, in the cafe I have infixed on, &at the
reaCon of drawing to t imes more blanks than primes
in millions of trials, was, that there were in the wheel
about Co many more blanks than prizes.

But to proceed, a little further in the demon&ration
of this point.

We have Ceen that Cuppofing a perCon, ignorant of
the whole Ccheme of a lottery, should be led to con­
jeQure, from hearing ioo blanks aad ro prizes drawn,

~ See Mr, De Moivre's Doctrine of Chsaces, pag. a5o.

that

will be reaCon to believe that there are Come unknown.
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that the proportion of' blussks to psizes in the lottery
was fomewhere between 9 to x and rx to g, t h e
chance for his being right would be .ago6 Rc. Let
now enquire what this chance would be in fome
higher cafes.

Let it be fuppofed that blanks have been drawn
oooo times, and prizes coo times in groo trials.

In this cafe the powers of X and x rife fo high,

and the number of terms in the two feriefes X

— y X Rc. and x — y x Rc.become

fo numer'ous that it would re ,uire immenfe. labour
to obtain the anfwer by the hr ru le. 'Tis nece8ary,
therefore, to have recourfe to. the.fecond rule. But
in order to make ufe of it, the i rrterval 'between X
and x mu&, be a little altered. .*"' ­ '~ is ~~ , an/
therefore the interval between , '' — ~~ and ~~
+, ~ w i l l be nearly the fame with the interval be
tween ' and ' ,', only fomewbat larger. IE then
we make the questionto be; what chance there
iwould be (fup~Cing no more known than that bl ahs
have been drawn oooo times and prizes roe times
in rroo trials } that the probability of drawing a
blank in a fingle trial would lie fomewhere between

and *; +, , *~ we Gull havea question
of the fame kind, with the preceding versions, and
deviate but little Prom the limits a8igne in &em,

The anfwer, according to the fecon4 NQe, is th<

tbis chance is greater than r-a a> &+a as' r

p+r

p+r p+ r p+

p+ R p+ r p + g.

Hhh s
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and lefs than r-a < a> b< - 2 E as' br, E being n+ r

X~P X E . P X
. ­

e

<F~

I l I X I I I I

p g 3 6 o n' p' q' aa6o ~' p'

pa' z' n m' R '

'V s 3 >+ 5
Sy making here r ooo p ro o y r r oo = n

=z, m= " = r.og88o8,Ea b =

being the ratio whofe hyperbolic logarithm is —,* —. X

— - — - - - — X ­
,

- —, - —, + — X —,- — — — ~c.

and K the ratio of the quadrantal arc to radius; the
former of theCe expreffrons will be found to be .795g,
and the latter .9yo5 Sec. The chance enquired after,
therefore, is greater than .7gg3, and leCs than .9$05'.
That is; there will be an odds for being right in gueQ­
ing that the proportion of blanks to prizes lies nearly
between 9 to r and r r to r, (or exa8ly between 9 to
r and rrrr to 99 ) whichis greater than g to r,
and IeCs than r6 to r.

Suppofe, again, that no more is known than that
blanks have been drawn r o,ooo times and prizes r ooo
times in rrooo trials; what wil l the chance now
mentioned be >

Here the fecond as well as the 6rk rule becomes
ufelefs, the value of sss z being Co great as to render
it Ccarcely poRible to calculatedirectlythe Ceries mz­

+ x - Sec. The third rule, ther««e,

muk be ufed; and the information it gives us is, that
the required chance is greater than .97qar, or more
thananoddsof go to r.

F l $ s r~ a ts' z

3 2» 5
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By calculations Gmilar to theie may be determined
univerCally, whatexpectationsare warranted by any
experiments, according to the difFerent number of
times in which they have fucceeded and failed; or
what fhould be thought of the probability that any
particular cauCe in nature, with which we have any
acquaintance, will or wil l not, in anyfingle trial,
produce an efFeQ that has been conjoined with it.

Molt perCons, probably, might expel that the
chances in the Cpecimen I have given would, have been
greater than I -have found them. But this only fhews
how liable we are to error when we judge on this
CubjeQ independently of calculation. One thing,
however, fhould be remembered here; and th a t
i s, the narrowneCs of the interval between,' a n d
, '.*, or between *', + ~ and ',~ ­ , *.. Had
this interval been taken a little larger, there w'ould
have been a con6derable difFerence in the refqj)s of
the calculations. Thus had it been taken donable,or

* , it would have been found in the fourth in­
Aance that in&cad of odds againn: there were odds
for being right in judging tha< the probability of draw­
ing a blank in a Cingle trial Hes between ' ',+ ~~ and

The fore oing calculations further fhew us the
uCes, and de eQs of the rules laid down in the eQay.
'Tis evident that the two la& rules do not give us
the required, chances within Cuch narrow limits as
could be wifhed; But here again. it should be consi­
dered, that theCe limits become narrower aqd narrow­
er as q is taken larger in reCpe8 of p; aqd whenp
and y are equal, the exaQ Colution is given ip all cafes
by the Cecond rule. TheCe two rules theref'ore afFord

a direQion

~ •
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4"~ga586r'1" te'ogp<jtidgwant that may be of:confider­
'gbk;QCel@B<46N'I pat'Cok Q>all diCcover a bi:tter ap­
Qrogjtriecien>te~'.this valise of the two feries s in the
fQ'g fgQljc" if~ f t'„! ,i,)i)i) .i".3,„'..ll! '.,

'<.„'::!BBtrIkvhatI'66k "of'Ill: recommends the Colution in
th'is Sg$ Si t lllia'I"'.'l't ks 'compleat in thoCe cafes where
j lrikirrriati46 Vt@ mokl'.marited and where Mr. De
MoiA!ejkl:&lntio@:!<ef' t' he inverfe problem can give
'libel e''- o)i no d' i 'IreBi6I,!i<".'-I mean, in all caCes where ei­
44eti p',er'::"P" ~ere':of"::Ao' conCiderable magnitude In
'ethpt!' &fp's,'.hatt ®Ben.hath p and y are very conCider-'
@bk,: >Et ilgietI dMicul't' to perceive the truth of wha't
4gi l'Iced <~e de&o6&zated, or that ther'e is reaCon to
'believe::-lri gefiltlrll fk4t"the chances for the happening
Io8-"an,-'-eve!@t cia::to<t4ts"'charices for its failure in the
f@W ratjo with tb4t o6p to y. But we fhall be greatly
.dgeejvedlif Jsvve'jgd Iei nobis manner when either por
j>N8 frgjaN!''-' And'tho':lri C:uch caies the Daiu are not
fu<eldNt tbf8ifteve'i'-the'exaQ probability of an event,
y@t it N<ry'agtttehb1ti.fo:be able to 6nd the limits be­
t~en '%h'fch""it:"'ls Veafqriabl''e to think it muk lie
a5jj to ge abk:to:dele''fdine the preciCe degree of aQent
.Qhjch- is,-d joe. te,;:aeg'-:concluCions or assertions relating
to them.

',* "j "-'Sire&lthis' w'as"'QRtteIi' I have found out a method' oF corili­
geraMy,",,'. imp'oVih'g"."she'".'a'lsptbximation in the ad and gd rules by

dqpengrptigggg) thj eypqcSonI+a Ku>b<+ a a b< comes

6 y 4'I'jia It'3.'*Ebme', liat, 1'efs".,-'' It feem snecessaryto hint this here'
t' fi h'the' jr45f'' cjoy it oannbt be given.

2 Z

n
a( og as pear to hetrijjj ya:l pe wanted as there is reafon to delire,

LIII. An


