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1.[10 points] Let V be a finite dimensional vector space over C with a scalar
product (·, ·). Let A : V → V be a linear transformation. Define the notions
of operator norm, Hilbert-Schmidt norm and spectral radius of A.
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2.[10 points] Let V be the vector of functions in variable x spanned by
{1, x, sin(x), cos(x)}. Let D be the differentiation operator with respect to
x. Find the eigenvalues and eigenspaces of D. Find the characteristic poly-
nomial and minimal polynomial of D.
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3.[10 points] Let A be n × n complex matrix such that ||A|| = ||A−1|| = 1
(where || · || denotes the operator norm). Show that A is unitary.
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4.[10 points] Suppose A is an n× n matrix such that A3 = I. Prove that A
is diagonalizable.
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5.[10 points] Suppose A and B are positive definite matrices that commute
i.e. AB = BA. Is it true that if A > B then A2 > B2?
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