
MATH42122 Galois Theory. Exercises VIII.

A Larger Example of the Galois Correspondence

Let E be the splitting field of the polynomial f = x4 − 2 over Q.

1. Show that E = Q(α, i) where α = 4
√

2.

2. Prove that (E : Q) = 8.

3. Show that the Galois group G = Γ(E : Q) is generated by the automor-
phisms σ and τ where

σ : α 7→ iα, i 7→ i,

τ : α 7→ α, i 7→ −i.

(Hint: Show that σ has order 4, τ has order 2, that τ /∈ 〈σ〉, and deduce
that each element of G is of the form σiτ j with i ∈ {0, 1, 2, 3} and τ ∈
{0, 1}).

4. Make a table showing the effect of the 8 automorphisms σiτ j with i ∈
{0, 1, 2, 3} and τ ∈ {0, 1} in G on the elements α and i.

5. Prove that
(σiτ j)(σkτ l) = σi+(−1)jkτ j+l

where the exponents at σ and τ are understood to be taken modulo 4 and
2, respectively.

6. Determine the orders of all elements of G.

7. Make a list of all cyclic subgroups of G.

8. Show that the centre of G is the cyclic subgroup Z(G) = 〈σ2〉.

9. Show that the only proper non-cyclic subgroups of G are

〈σ2〉 × 〈τ〉 = {1, σ2, τ, σ2τ}

and
〈σ2〉 × 〈τσ〉 = {1, σ2, στ, σ3τ}.

10. Show that

(a) Φ(〈σ〉) = Q(i),

(b) Φ(〈σ2〉 × 〈τ〉) = Q(
√

2),

(c) Φ(〈σ2〉 × 〈τσ〉) = Q(i
√

2).

11. Show that Z(G) = 〈σ2〉 is the only normal subgroup of order 2 in G.
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12. Show that

(a) Φ(〈τ〉) = Q(α),

(b) Φ(〈σ2〉) = Q(i,
√

2),

(c) Φ(〈στ〉) = Q((1 + i)α).
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