MATH42122 Galois Theory. Solutions IX.

1.

(a)

(b)

The roots of f are €a with i = 0,1,2,3,4 where a = ¥/2 and € =
exp(%). Hence E = Q(a, e, €2a, €3, e*a) = Q(a, €) is a splitting
field of f inside C.
The field F can be obtained from Q by two consecutive simple ex-
tensions, namely, by first adjoining o and then adjoining e. The
minimum polynomial of o over Q is 2> — 2 which is irreducible by
Eisenstein’s criterion. Hence (Q(«) : Q) = 5. By the tower law, 5
divides the degree (E : Q). The minimum polynomial of € over Q is
2+ 23+ 22+ 2+ 1. It is irreducible by Ex.VIIL8. Consequently, the
minimum polynomial of € over Q(a) has degree at most 4, and then
the tower law gives that (E : Q) < 20. On the other hand, F can be
obtained by fist adjoining € and then . Now, (Q(¢) : Q) = 4, and
hence 4 divides the degree (E : Q). Since the only number < 20 that
is divisible by both 4 and 5 is 20 itself, it follows that (£ : Q) = 20.
Being a splitting field in characteristic zero, F is a normal extension
of Q, and hence |G| = (E : Q) = 20.
Since F is generated by « and €, each Q-automorphism of F is com-
pletely determined by its effect on o and €. Since any such automor-
phism maps « to a zero of £° — 2, there are 5 possible images for
a, namely e'a with i = 0,1,2,3,4. Also, since any Q-automorphism
maps € to a zero of z* 4+ 3 + 22 +x + 1, the possible images for € are
¢/ with j = 1,2, 3,4. Hence there are precisely 20 possible images for
the pair «, € and since the order of G is 20 all 20 of these possibilities
give us actual automorphisms in G. For 6 and o we have

0’7 (a) = €', 0 (e) = .
As j runs over 0,1, 2, 3, the power 2/ mod 5 takes the values 1,2, 4, 3,
respectively, and hence each automorphism is of the required form.

We have that 6 and all of its powers fix e while 6°(«) = ¢’a. Hence
the order of § is 5. On the other hand, o fixes o and o7 (e) = 2.
Hence the order of o is 4.

We have

oho (o) = 08(a) = o(eq) = 2a = 62 (a)
and
0o (e) = 0003 () = db(®) = 0 (€3) = 8 = € = 6 (e).

Hence ofo~! = 62. Tt follows that the cyclic subgroup (#) is nor-
malized by the cyclic subgroup (o), and hence it is normalized by

G = (0) (o).



(f)

(0) has order 5, and hence ®((6)) is a degree 4 extension of Q. Since
0 fixes €, and (Q(e) : Q) = 4, it follows that ®((0)) = Q(e).

(o) has order 4, and hence ®((0)) is a degree 5 extension of Q. Since
o fixes a, and (Q(a) : Q) = 5, it follows that ®({0)) = Q(«).

The subgroup H od G that is generated by 6 and ¢ has order 10 (in
fact, since 02002 = 0* = §~', H is isomorphic to the dihedral group
of order 10). Hence ®(H) is a degree 2 extension of Q. Since both 6
and o2 fix e + €* = € + 0%(e), it follows that ®(H) = Q(e + ¢*) (Note
that e+e* ¢ Q because it it is not fixed by o: o(e+e€*) = €2 +¢€* which
is a negative real number whereas € + ¢* is a positive real number).

The roots of f are e'a with i = 0,1,2,3,4,5 where a = ¥/2 and € =
exp(%). Hence E = Q(a, ea, 2, ..., e%a) = Q(a,¢€) is a splitting
field of f inside C.

The field E' can be obtained from Q by two consecutive simple ex-
tensions, namely, by first adjoining o and then adjoining e. The
minimum polynomial of o over Q is % — 2 which is irreducible by
Eisenstein’s criterion. Hence (Q(«) : Q) = 6. The minimum poly-
nomial of ¢ = exp(25%) = (1 + iv/3) over Q is 2% — z + 1. This
stays irreducible over Q(«) since its two roots are non-real complex
numbers and Q(«) consists entirely of real numbers. Consequently,
(F : Q(a)) = 2, and then the tower law gives that (F : Q) = 12.
Being a splitting field in characteristic zero, F is a normal extension
of Q, and hence |G| = (E: Q) = 12.

Since F is generated by « and €, each Q-automorphism of F is com-
pletely determined by its effect on o and €. Since any such automor-
phism maps « to a zero of % — 2, there are 6 possible images for «,
namely e'a with i = 0,1,2,3,4,5. Also, since any Q-automorphism
maps € to a zero of 2 — z + 1, the possible images for € are € and
€® = €. Hence there are precisely 12 possible images for the pair o, €
and since the order of G is 12 all 12 of these possibilities give us

actual automorphisms in G. For 6 and o we have
0'(a) = €'a, 0'(e) = e.

and

Oo(a) = ¢éa, 0o (e) ==
Hence each automorphism in G is a product of powers of o and e,
and so these automorphisms generate G.

We have that 6 and all of its powers fix e while 6'(a) = ¢’a. Hence
the order of @ is 6. On the other hand, o fixes @ and o2(¢) = €. Hence

the order of o is 2.



()

We have
() = 00(a) = o(ea) = ea = €a = 0°(a)

and
000 () = 0bo(e) = 00(€) = 0 (€) = € = 6°(e).

Hence ofo~! = #°. It follows that the cyclic subgroup (f) is nor-
malized by the cyclic subgroup (o), and hence it is normalized by
G = (0)(0). Moreover, G is generated by 6 of order 6 and o of order
2 and oo~ = §~!. So @ is isomorphic to the dihedral group of
order 12.

(#) has order 6, and hence ®((f)) is a degree 2 extension of Q. Since
0 fixes €, and (Q(e) : Q) = 2, it follows that ®((8)) = Q(e).

(o) has order 2, and hence ®({c)) is a degree 6 extension of Q. Since
o fixes a, and (Q(a) : Q) = 6, it follows that ®({0)) = Q(«).

(6) has order 2, and hence ®((6%)) is a degree 6 extension of Q.
Since 6° fixes € and a? = /2, and since (Q(e, V/2) : Q) = 6, it follows
that ®((0)) = Q(e, V/2).

The roots of f are e’a with i = 0,1,...,7 where @ = ¥/2 and € =
exp(%). Hence E = Q(a, ea, 2a, ..., e a) = Q(a,¢€) is a splitting
field of f inside C.

It is not true that z* + 1 stays irreducible over Q(a). In fact,
1= (22 V2 +1)(2?+V2+1),

and since v/2 = a* € Q(«), this is a factorization over Q(«).

We have €2 = i € E. Hence E = Q(a,¢,i). But e = %(1 +1i) =

0‘74(1 + ). Consequently, E = Q(«, 1), as required.

The field E can be obtained from Q by two consecutive simple ex-
tensions, namely, by first adjoining « and then adjoining ¢. The
minimum polynomial of o over Q is 28 — 2 which is irreducible by
Eisenstein’s criterion. Hence (Q(«) : Q) = 8. The minimum polyno-
mial of i over Q is 2% +1. This stays irreducible over Q(«) since its two
roots +i are non-real complex numbers and Q(«) consists entirely of
real numbers. Consequently, (F : Q(a)) = 2, and then the tower law
gives that (F : Q) = 16. Being a splitting field in characteristic zero,
E is a normal extension of Q, and hence |G| = (E : Q) = 16.

Since F is generated by « and i, each Q-automorphism of E' is com-
pletely determined by its effect on « and 4. Since any such automor-
phism maps « to a zero of z® — 2, there are 8 possible images for

a, namely e'a with j =0,1,...,7. Also, since any Q-automorphism



(f)

(2)

maps i to a zero of x2 + 1, the possible images for i are 4. Hence
there are precisely 16 possible images for the pair «,i and since the
order of G is 16, all 16 of these possibilities give us actual automor-
phisms in G. In particular, G contains the automorphisms € and o
as required.

We have
4 )t
f(e) = 0 (?(1 +i)> =0 ((1+z)> = (2) (1+1)
ea)t €)4(a)* —
R R

We have

0(a) = ea, 0 (a) = —€%a, 0*(a) = €a, 0*(a) = —a,

0 (a) = —ea, 0%(a) = a, 07(a) = —€'a, 03 (a) = a

while 7 is fixed by 6 and all its powers. It follows that 6 has order 8.
Of course, o is just complex conjugation and therefore of order 2.

We have
oo () = dbo(a) = ob(a) = o(ea) = €a = €'a = 63 (a)
and
oo (i) = 000 (i) = 00(—i) = o(—i) = i = 63(i).
Hence oo~ = #3. From here we easily calculate
00?071 =0°% 0030 =0, 00t = 6%,
000 =07, 005t =63 o070l =65

It follows that the cyclic subgroup (6) is normalized by the cyclic
subgroup (o), and hence it is normalized by G = (0) (o).

Any element in G has a unique expression as a product #’c’ where
0<i<7andj=0,1. From (i) we have that 0 = 635. Using this,
we easily calculate
(00)? = Bobo = 00300 = 64,
(00)3 = 000 = 650,

and, finally,
(60)* = ((60)2) = (8%)2 = 0° = 1.

Hence the order of 6o is 4. So G has at least three elements of

order 4, namely 6o, 6% and 6. Hence it cannot be isomorphic to



the dihedral group Dig which has only two elements of order 4 (all
elements outside the cyclic normal subgroup of order 8 in D15 have
order 2).

(k) (#) has order 8, and hence ®((#)) is a degree 2 extension of Q. Since
0 fixes 4, and (Q(i) : Q) = 2, it follows that ®({d)) = Q(q).
(6?) has order 4, and hence ®((6?)) is a degree 4 extension of Q.
Since #? fixes o' = /2 and 4, and (Q(v/2,1) : Q) = 4, it follows that
o((0)) = (Q(V2,4) : Q) = 4.
(6*) has order 2, and hence ®((*)) is a degree 8 extension of Q.
Since #* fixes a? = v/2 and i , and since (Q(v/2,7) : Q) = 8 (see
Ex.VIL1), it follows that ®({62)) = Q(v/2,4).
(o) has order 2, and hence ®({0)) is a degree 8 extension of Q. Since
o fixes a, and since (Q(a) : Q) = 8, it follows that ®({6?)) = Q(«).
The group H = (#*,0) is generated by two commuting elements of
order 2, so it is a Klein four group of order 4. Hence ®(H) is a
degree 4 extension of Q. Since both 6* and ¢ fix a®> = v/2, and
(Q(v/2) : Q) = 4, it follows that ®(H) = Q(v/2).

4. Let o be an automorphisms of R that fixed all rational numbers (in
fact, since Q is the prime subfield, any automorphism of R will be a
Q-automorphism). Let @ € R with @ > 0. Then /a € R, and we
have o(a) = o(y/ay/a) = (o(y/a))? > 0. It follows that if « > 3 then
o(a) > (). Consequently, if {a,} and {b,} are sequences of rational
numbers converging to « such that a,, > a > b, for all n, we get that
an, = o(ay) > o(a) > o(b,) = b, for all n, and hence o(a) = «, i.e. o is

the identity map.



