Matrices and Linear Operators

Huiqgiang Jiang

1. Fundamentals of Linear Spaces

A field K is a nonempty set together with two operations, usually called addi-
tion and multiplication, and denoted by + and - respectively, such that the following
axioms hold:

1. Closure of K under addition and multiplication: a,b € K = a+1b, a-b € K
2. Associativity of addition and multiplication: For any a,b,c € K,

a+(b+c)=(a+b)+c,a-(b-c)=(a-b) ¢

3. Commutativity of addition and multiplication: For any a,b € K,

a+b=b+a,a-b=b-a;

4. Existence of additive and multiplicative identity elements: There exists an ele-
ment of K, called the additive identity element and denoted by 0, such that for all
a € K, a+ 0 = a. Likewise, there is an element, called the multiplicative identity
element and denoted by 1, such that for all @ € K, a-1 = a. To exclude the
trivial ring, the additive identity and the multiplicative identity are required to be
distinct.

5. Existence of additive inverses and multiplicative inverses: For every a € K, there
exists an element —a € K, such that

a+ (—a)=0.
Similarly, for any a € K\ {0}, there exists an element a~! € K, such that a-a=! = 1.
We can define subtraction and division operations by

Y abtitb£0.

a—b+a+ (-b) and A

6. Distributivity of multiplication over addition: For any a,b € K,
a-(b+c)=a-b+a-c

Examples of field: R, C, Q. In our lecture, K will be either R or C, the elements
in K are called scalars.

A linearspace X over a field K is a set in which two operations are defined:
Addition, denoted by + such that

z2yeX=—=z+yelX
1
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and scalar multiplication such that
a€ Kandx e X = ar € X.

These two operations satisfy the following axioms:
1. Associativity of addition:

r+y+z)=(@+y +2
2. Commutativity of addition:
T+y=y+u

3. Identity element of addition: There exists an element 0 € X, called the zero
vector, such that x +0 =« for all z € X.
4. Inverse elements of addition: For every x € X, there exists an element —x € X,
called the additive inverse of z, such that

z+ (—z) =0.

5. Compatibility (Associativity) of scalar multiplication with field multiplication:
For any a,be K,z € X,

a(bz) = (ab) x.
6. Identity element of scalar multiplication: 1z = z.
7. Distributivity of scalar multiplication with respect to vector addition:

a(x+y)=azx+ay.

8. Distributivity of scalar multiplication with respect to field addition:
(a+b)x =ax + bx.
The elements in a linear space are called vectors.
REMARK 1. Zero vector is unique.
REMARK 2. (-1)z = —z.
ExampLE 1. R™, C™.
EXAMPLE 2. Polynomials with real coefficients of order at most n.

DEFINITION 1. A one-to-one correspondence between two linear spaces over the
same field that maps sums into sums and scalar multiples into scalar multiples is
called an isomorphism.

EXAMPLE 3. The linear space of real valued functions on {1,2,--- ,n} is iso-
morphic to R™.

DEFINITION 2. A subsetY of a linear space X is called a subspace if sums and
scalar multiples of elements of Y belong to Y .

The set {0} consisting of the zero element of a linear space X is a subspace of
X. It is called the trivial subspace.
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DEFINITION 3. The sum of two subsets Y and Z of a linear space X, is the set

defined by
Y+Z={y+zeX:yeY,z€Z}.
The intersection of two subsets Y and Z of a linear space X, is the set defined by
YNZ={zeX:zeY,zeZ}.

PROPOSITION 1. IfY and Z are two linear subspaces of X, then both Y + Z
and Y N Z are linear subspaces of X .

REMARK 3. The union of two subspaces may not be a subspace.

DEFINITION 4. A linear combination of m vectors x1,--- ,Tm of a linear space

is a vector of the form
m

chxj where ¢; € K.
j=1
Given m vectors z1,- - ,,, of a linear space X, the set of all linear combina-
tions of x1,--- ,x,, is a subspace of X, and that it is the smallest subspace of X
containing x1,- -+ ,%,;,. This is called the subspace spanned by x1, -+ , .
Definition. A set of vectors x, , ... , X, in X span the whole space X if everyx in
X can be expressed as a linear combination of x,, ... x,,,.
DEFINITION 5. The vectors x1,--- , &y, are called linearly dependent if there
exist scalars c1,- -+ ,cm, not all of them are zero, such that
m
Z CiTj = 0.
j=1
The vectors x1, -+ ,Tm are called linearly independent if they are not dependent.

DEFINITION 6. A finite set of vectors which span X and are linearly independent
is called a basis for X.

PROPOSITION 2. A linear space which is spanned by a finite set of vectors has
a basis.

DEFINITION 7. A linear space X is called finite dimensional if it has a basis.

THEOREM 1. All bases for a finite-dimensional linear space X contain the
same number of vectors. This number is called the dimension of X and is denoted
as dim X.

PROOF. The theorem follows from the lemma below. O
LEMMA 1. Suppose that the vectors x1,--- ,x, span a linear space X and that
the vectors y1, -+ ,Ym n X are linearly independent. Then m < n.
PROOF. Since x1,--- ,x, span X, we have
n
Yy = Z CiTy.
j=1
We claim that not all ¢; are zero, otherwise y; = 0 and y1,- - , ¥, must be linearly

dependent. Suppose ¢ # 0, then x; can be expressed as a linear combination of yy
and the remaining x;. So the set consisting of the z;’s, with z; replaced by y; span
X. If m > n, repeat this step n — 1 more times and conclude that y1, -, y, span
X. If m > n, this contradicts the linear independence of the vectors y1, -+ ,ym. O
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We define the dimension of the trivial space consisting of the single element 0
to be zero.

THEOREM 2. FEwvery linearly independent set of vectors yi,--- ,Ym in a finite
dimensional linear space X can be completed to a basis of X.

THEOREM 3. Let X be a finite dimensional linear space over K with dim X = n,
then X is isomorphic to K™.

THEOREM 4. (a) Every subspace Y of a finite-dimensional linear space X is
finite dimensional.
(b) Every subspace Y has a complement in X, that is, another subspace Z such that
every vector x in X can be decomposed uniquely as
r=y+z,yeY, ze .
Furthermore dim X = dimY + dim Z.
X is said to be the direct sum of two subspaces Y and Z that are complements

of each other. More generally X is said to be the direct sum of its subspaces
Yi,---,Y,, if every x in X can be expressed uniquely as

m
x = Zyj where y; € Y.
j=1

This relation is denoted as
X=Y18Y2® - &Yn.
If X is finite dimensional and
X=Y18Y20 - @Y,
then
m
dim X = " dimY;.
j=1
DEFINITION 8. For X a linear space, Y a subspace, we say that two vectors
1, X2 in X are congruent modulo Y, denoted
1 =3 modY
ifry—x0 €Y.
Congruence mod Y is an equivalence relation, that is, it is
(i) symmetric: if 1 = xo, then xzo = ;.
(ii) reflexive: x = z for all z in X.
(iil) transitive: if 1 = x5 and 29 = x3, then 21 = x3.
We can divide elements of X into congruence classes mod Y. The congruence
class containing the vector x is the set of all vectors congruent with X; we denote

it by {z}.
The set of congruence classes can be made into a linear space by defining
addition and multiplication by scalars, as follows:

{z} +{y} = {= +y},
a{x} = {ax}.

The linear space of congruence classes defined above is called the quotient space of
X mod Y and is denoted as X/Y.
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REMARK 4. X/Y is not a subspace of X.

THEOREM 5. IfY is a subspace of a finite-dimensional linear space X ; then
dimY + dim (X/Y) = dim X.
PROOF. Let z1, ---, x,, be a basis for Y, m = dimY. This set can be com-
pleted to form a basis for X by adding x,, 41, ,2n, n = dim X. We claim that

{Zm+1}, - ,{xn} form a basis for X/Y by verifying that they are linearly inde-
pendent and span the whole space X/Y. ([l

THEOREM 6. Suppose X is a finite-dimensional linear space, U and V two
subspaces of X. Then we have

dim (U +V)=dimU +dimV —dim (U NV).
Proor. If UNV = {0}, then U + V is a direct sum and hence
dim (U + V) =dimU + dim V.
In general, let W =UNV, we claim U/W + V/W = (U + V) /W is a direct sum
and hence
dim (U/W) 4+ dim (V/W) = dim (U + V) /W).
Applying Theorem 5, we have
dim((U+V)=dimU +dimV —dim (U NV).
O
DEFINITION 9. The Cartesian sum X1 @& Xo of two linear spaces X1, Xo over
the same field is the set of pairs (x1,x2) where z; € X;, i = 1,2. X1 & X5 is a
linear space with addition and multiplication by scalars defined componentwisely.

THEOREM 7.

More generally, we can define the Cartesian sum @}, X of m linear spaces
X1, X5, -+, X,pn, and we have

dim @, Xy = » _ dim X;.
k=1
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2. Dual Spaces

Let X be a linear space over a field K. A scalar valued function [ : X — K is
called linear if

lz+y) =1(x)+1(y)

for all z,y in X, and I (kz) = kl (x) for Vo € X and Vk € K.
The set of linear functions on a linear space X forms a linear space X', the
dual space of X, if we define

(I+m)(z) =1(z)+m(x)
and
(k1) (z) = k(I ().

THEOREM 8. Let X be a linear space of dimension n. Under a chosen basis
T1, -, Ty, the elements x of X can be represented as arrays of n scalars:

n

x=(c1, " ,¢n) :chxk.

k=1

Let aq,--- ,a, be any array of n scalars; the function | defined by

I(z)= Z axc,
k=1

is a linear function of X. Conversely, every linear function | of X can be so
represented.

THEOREM 9.
dim X’ = dim X.
‘We write
(L) =1(z)

which is a bilinear function of [ and z. The dual of X’ is X", consisting of all linear
functions on X'.

THEOREM 10. The bilinear function (I,z) =1 (x) gives a natural identification
of X with X"'. The map x — x** is an isomorphism where

(z*,1) = (I, z)
for anyl e X*.

DEFINITION 10. Let Y be a subspace of X. The set of linear functions that
vanish on 'Y, that is, satisfy

l(y)=0 forally €y,
is called the annihilator of the subspace Y ; it is denoted by Y.
THEOREM 11. Y+ is a subspace of X' and

dimY™* +dimY = dim X.
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PROOF. We shall establish a natural isomorphism 7": Y+ — (X/Y)": For any
l €Yt C X', we define for any {z} € X/Y,

(T1) ({}) = 1 (x).
Then T1 € (X/Y)" is well defined. One can verify that T is an isomorphism. Hence
dimY* = dim ((X/Y)’) = dim (X/Y) = dim X — dimY-
O
The dimension of Y+ is called the codimension of Y as a subspace of X.
codimY +dimY = dim X.

Since Y+ is a subspace of X', its annihilator, denoted by Y+, is a subspace
of X”.

THEOREM 12. Under the natural identification of X' and X, for every subspace
Y of a finite-dimensional space X,

YLL:Y

PrOOF. Under the identification of X” and X, Y C Y*+. Now dimY++ =
dimY implies Y+ =Y. (I

More generally, let S be a subset of X. The annihilator of S is defined by
St ={le X :l(x) =0 for any z € S}.
THEOREM 13. Let S be a subset of X.
S+ = (span S)™" .

THEOREM 14. Let ty,to,--- ,t, be n distinct real numbers. For any finite in-
terval I on the real axis, there exist n numbers my,mo, - ,my such that

[p®dt=3 mp )
1 k=1

holds for all polynomials p of degree less than n.
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3. Linear Mappings

Let X,U be linear spaces over the same field K. A mapping T : X — U is
called linear if it is additive:

Tx+y)=T(x)+T(y), for any z,y € X.
and if it is homogeneous:
T (kx) = kT (z) for any k € K and z € X.
For simplicity, we often write T (z) = T'z.
EXAMPLE 4. Isomorphisms are linear mappings.
EXAMPLE 5. Differentiation is linear.
EXAMPLE 6. Linear functionals are linear mappings.

THEOREM 15. The image of a subspace of X under a linear map T is a subspace
of U. The inverse image of a subspace of U, is a subspace of X.

DEFINITION 11. The range of T is the image of X under T'; it is denoted as
Ry. The nullspace of T is the inverse image of {0}, denoted as Nr. Ry and Np
are subspaces of X.

DEFINITION 12. dim Ry is called the rank of the mapping T and dim Np is
called the nullity of the mapping T .

THEOREM 16 (Rank-Nullity Theorem). Let T : X — U be linear. Then
dim Rt + dim Ny = dim X.
PROOF. Define 7T : X/Np — Rr so that
T{z} =Tx.
Then T is well defined and it is an isomorphism. Hence

dim Ry = dim X/Np = dim X — dim Np.

COROLLARY 1. LetT : X — U be linear.
(a) Suppose dimU < dim X, then Tz = 0 for some x # 0.
(b) Suppose dimU = dim X, and the only vector satisfying Tx =0 is x = 0. Then
Ry =U and T is an isomorphism.

COROLLARY 2. Suppose m < n, then for any real numbers t;;, 1 < i < m,
1 < j <mn, the system of linear equations

n
Ztijl‘j :0,1§i§m
j=1
has a nontrivial solution.

COROLLARY 3. Given n® real numbers t;;, 1 < i,j < n, the inhomogeneous
system of linear equations

n
Ztijmj :ui,l S ) S n
Jj=1
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has a unique solution for any u;, 1 < i < n iff the homogeneous system
n
Ztij:z:j:(),l SZS’H
j=1
has only the trivial solution.

We use L(X,U) to denote the collection of all linear maps from X to U.
Suppose that T, S € L (X,U), we define their sum T+ S by

(T'+ S)(z) =Tz + Sz for any x € X
and we define, for k € K, kT by
(kT) (z) = kT« for any x € X.

Then T+ S, kT € L (X,U) and L (X,U) is a linear space.

Let T € L(X,U) and S € L(U,V), we can define the composition of T' with S
by

SoT (z)=8Tx).
Note that composition is associative: if R € L(V, Z), then
Ro(SoT)=(RoS)oT.

THEOREM 17. (i) The composite of linear mappings is also a linear mapping.

(i) Composition is distributive with respect to the addition of linear maps, that is,
(R+S)oT=RoT+SoT

whenever the compositions are defined.

REMARK 5. We use ST to denote S oT, called the multiplication of S and T'.
Note that ST # TS in general.

DEFINITION 13. A linear map is called invertible if it is 1-to-1 and onto, that
is, if it is an isomorphism. The inverse is denoted as T1.

THEOREM 18. (i) The inverse of an invertible linear map is linear.
(i) If S and T are both invertible, and if ST = S oT is defined, then ST also is
invertible, and

(ST) ' =175,

DEFINITION 14. Let T € L(X,U), the transpose T' € L(U', X") of T is defined
by
(T' () (x) =1(Tx) for anyl € U’ and x € X.

We could use the dual notation to rewrite the above identity as
(T'l,x) = (I,Tx).
THEOREM 19. Whenever defined, we have
(ST) =T1'9',
(T+R)'=T+R,
(1Y = (@),
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EXAMPLE 7. Let T : R™ — R™ be defined by y = Tx where

Yi= Ztijzj'v 1 S 7 S m.
j=1
Identifying (R")/ = R" and (Rm)/ =R™, TV : R™ — R" is defined by v = T'u
where .
’Uj = Ztijui,l S j S n.
i=1

THEOREM 20. Let T € L(X,U). Identifying X" = X and U" = U. We have
T =T.

THEOREM 21. Let T € L(X,U).

R = Ny,
RT = Nflj;/.
THEOREM 22. Let T € L (X,U).
dim RT = dim RT/.

COROLLARY 4. Let T € L(X,U). Suppose that dim X = dim U, then

dlIIlNT = dimNT/.

We now consider L (X, X) which forms an algebra if we define the multiplication
as composition.

The set of invertible elements of L (X, X) forms a group under multiplication.
This group depends only on the dimension of X, and the field K of scalars. It is
denoted as GL (n, K) where n = dim X.

Given an invertible element S € L (X, X), we assign to each M € L (X, X)
the element Mg = SMS~!. This assignment M — Mg is called a similarity
transformation; M is said to be similar to Mg.

THEOREM 23. (a) Every similarity transformation is an automorphism of L (X, X):

(kM)S = kMS;
(M+K)S = MS+KS7
(MK)g = MsKs.
(b) The similarity transformations form a group with
(Ms)y = Mrs.

THEOREM 24. Similarity is an equivalence relation; that is, it is:

(i) Reflexive. M 1is similar to itself.
(ii) Symmetric. If M is similar to K, then K is similar to M.

(i4i) Transitive. If M is similar to K, and K is similar to L, then M is similar to
L.

THEOREM 25. If either A or B in L (X, X) is invertible, then AB and BA are
similar.

DEFINITION 15. A linear mapping P € L(X,X) is called a projection if it
satisfies P? = P.
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THEOREM 26. Let P € L(X,X) be a projection. Then
X = Np @ Rp.
And P restricted on Rp is the identity map.
DEFINITION 16. The commutator of two mappings A and B of X into X is

AB — BA. Two mappings of X into X commute if their commutator is zero.

4. Matrices
Let T : R™ — R™ be defined by y = T’z where

n
Yi= Ztijl‘j., 1 S 7 S m.
j=1
Then T is a linear map. On the other hand, every map T' € L (R™,R™) can be
written in this form. Actually, ¢;; is the ith component of T'e;, where e; € R™ has
jth component 1, all others 0.

We write
tir tiz -0 tin
tgl t22 Tt t2n
T = (tij)an )
tml tm2 e tmn

which is called an m by n (m x n) matrix, m being the number of rows, n the
number of columns. A matrix is called a square matrix if m = n. The numbers ¢;;
are called the entries of the matrix 7.

A matrix T can be thought of as a row of column vectors, or a column of row
vectors:

T1
T = (Cla ,Cn) =
Tm
where
1
cj = and Ti:(ti17"'7tin)~
timj
Thus

m
Tej —c]—E tije;
i=1

where we write vectors in R as column vectors.
Since matrices represent linear mappings, the algebra of linear mappings in-
duces a corresponding algebra of matrices:

T+ S = (tij + si5)
KT = (Ktij),, -

IfTeL®R",R™) and Se€L (Rm,RZ), then the product ST = SoT € L (R”,Rl).
For e; € R™,

mxn’

m
ST@;L = Stijezm = tijSegn = tijskiefc = (Z S/ﬂ‘ti]‘> 82,

i=1
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hence (ST),; = >_i% skiti; which is the product of kth row of S and jth column
of T

REMARK 6. If T € L (R",R™) and x € R"™, we can also view Tz as the product
of two matrices.

We can write any n X n matrix A in 2 x 2 block form
Ann A
A =
( Az Asp )
where A;; is an k x k matrix and Ay is an (n — k) x (n — k) matrix. Product of
block matrices follows the same formula.

The dual of the space R™ of all column vectors with n components is the space
(R™)" of all row vectors with n components. Here for [ € (R")" and = € R,

lr = Xn: lixi.
i=1

Let T € L(R™,R™), then T € L ((R™)', (R")'). Identifying (R")" = R" and
(]Rm)l =R™, T' : R™ — R” has matrix representation 77, called the transpose of
matrix T,

(TT)ij = Tji.

THEOREM 27. Let T € L(R™,R™). The range of T consists of all linear

combinations of the columns of the matriz T .

The dimension of Ry is called the column rank of T" and dim Rpr is called the
row rank of T'. Hence, the column rank and the row rank of T" are the same.

Any T € L(X,U) can be represented by a matrix once we choose bases for X
and U. A choice of basis in X defines an isomorphism B : X — R", and similarly
we have isomorphism C' : U — R™. We have M = CTB~! € L(R",R™) which
can be represented by a matrix.

IfT e L(X,X), and B: X — R" is an isomorphism, then we have M =
BTB~! € L (R",R") is a square matrix. Let C : X — R" be an isomorphism, then
N = CTC~! is another square matrix representing 7T'. Since

N =CB 'MBC™!,

M, N are similar. Simiar matrices represnts the same mapping under different
bases.

DEFINITION 17. Invertible and singular matrices.
DEFINITION 18. Unit matriz I.

DEFINITION 19. Upper triangular matriz, lower triangular matriz and diagonal
matrix.

DEFINITION 20. A square matriz T is called a tridiagonal matriz if t;; = 0
whenever |i — j| > 1.

Gaussian elimination.
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5. Determinant and Trace

A simplex in R” is a polyhedron with n + 1 vertices. The simplex is ordered if
we have an order for the vertices. We denote the first vertix to be the origin and
denote the rest in its order of ay,as, - ,a,. Our goal is to define the volumn of an
ordered simplex.

An ordered simplex S is called degenerate if it lies on an (n — 1)-dimensional
subspace. An ordered nondegenerate simplex

S = (07a17a27"' aan)
is called positively oriented if it can be deformed continuously and nondegenerately
into the standard ordered simplex (0, e1, €2, - - , e, ), where e; is the jth unit vector
in the standard basis of R™. Otherwise, we say it is negatively oriented.
For a nondegenerate oriented simplex S we define O (S) = +1 (—1) if it is

positively (negatively) oriented. For a degenerate simplex S, we set O (S) = 0.
The volume of a simplex S is given inductively by the elementary formula

Vol (S) = %Vol (Base) x Altitude.

And the signed volume of an ordered simplex S is
2 (S)=0(5)Vol(S5).
We view X (S) as a function of vectors (ai,as, -+ ,an):

1. X(S) =01if a; = ay, for some k = j.
2. X (9) is linear on a; if we fix other vertices.

DEFINITION 21. The determinant of a square matrizc A = (a1, a2, -+ ,ay) is

defined by
D (a1, a2, - ,a,) =n!X(S5)

where S = (0,a1, a2, - ,an).

THEOREM 28. (i) D (a1,a2, -+ ,an) =0 if a; = a for some k = j.
(i) D (a1,a2, - ,ay) is a multilinear function of its arguments.
(#ii) Normalization: D (e1,eq, - ,e,) = 1.
() D is an alternating function of its arguments, in the sense that if a; and a;

are interchanged, i # j, the value of D changes by the factor (—1).
(v) If a1, a2, -+ ,an are linearly dependent, then D (a1,as, - ,a,) = 0.

PROOF. (iv)

D (a,b) =D (a,a)+ D (a,b) = D (a,a+b)
=D(a,a+b)—D(a+ba+b)
=—-D(b,a+b)=—-D(b,a).

|

Next we introduce the concept of permutation. A permutation is a mapping p of

n objects, say the numbers 1,2, - - - ,n onto themselves. Permutations are invertible
and they form a group with compositions. These groups, except for n = 2, are

noncommutative.
Let x1,--- ,x, be n variables; their discriminant is defined to be

P(xq,- - ,xn):H(xi—xj).

i<j
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Let p be any permutation. Clearly,
H (xp(i) - xp(j))
i<j

is either P (zq, -+ ,2z,) or —P (21, ,zy).

DEFINITION 22. The signature o (p) of a permutation p is defined by

P (p1)s  Tpmy) = 0 (p) P (21, ) -

Hence, o (p) = £1.
THEOREM 29.

o (propz) =0 (p1)o(p2).

 Tpy(n))

PRrROOF.
P ‘r ’... "r n
o(p1ope) = ( p}m((xli zpl)m( )
b b n
_ P (xplp2(1)7. .. ,xppo(n)) ) P (pr(l),' .
P (Zpy1)s* + Tpy(m)) P(xy,
=0 (p1) o (p2) -

axn)

O

Given any pair of indices, j # k, we can define a permutation p such that
p(i) =idfori# jork, p(j) =k and p(k) = j. Such a permutation is called a

transposition.

THEOREM 30. The signature of a transposition t is —1. Fvery permutation p

can be written as a composition of transpositions.

PRrROOF. By induction.

O

We have o (p) = 1 if p is a composition of even number of transpositions and
p is said to be an even permutation. We have o (p) = —1 if p is a composition of
even number of transpositions and p is said to be an odd permutation.

THEOREM 31. Assume that for 1 < k <mn,

a1k
ap = . e R™.

The determinant

D(ay,--- ,an) = Za(p) Ap(1)10p(2)2 " * Ap(n)n

p

where the summation is over all permutations.
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PROOF.

n n
D(a1,~-~,an):D E ajlej,~~~, E ajnej
j=1 Jj=1
= > @ji105,2 - aj,nD (ej, - e5,)
1<jr<n,1<k<n

> (D) apyiap(ays - dpuyn
p

REMARK 7. Determinant is defined by properties 1,2,3 in Theorem 28.

DEFINITION 23. Let A = (a1, - ,a,) be an n X n matriz where ag, 1 <k <n
are column vectors. Its determinant, denoted as det A, is defined by
det A=D(ay, - ,an).
THEOREM 32.
det AT = det A.
THEOREM 33. Let A, B be two n X n matrices.
det (BA) = det Adet B.
PROOF. Let A = (a1, -+ ,an).
det (BA) = D (Bay,- -+ ,Bay).
Assuming that det B # 0, we define
Clag,-- s an) = dege(t%A) - D(Bai{et B,Ban)

We verify that C satisfies properties 1,2,3 in Theorem 28. Hence C' = D.
When det B = 0, we could do approximation B (t) = B + tI. O

COROLLARY 5. An n X n matriz A is invertible iff det A # 0.

THEOREM 34 (Laplace expansion). For any j =1,---,n,
det A = Z (71)i+j Qi det A”
i=1

Here A;; tis the (ij)th minor of A.i.e., is the (n — 1) x (n — 1) matriz obtained by
striking out the ith row and jth column of A.

Proor. The jth column a; = Zaijei. Hence,

n
det A = E aij-D(ala"' yAj—1,€4, Ajp1,y " 7an)
i=1

=Y (=1)" ay; det Ay
i=1
where we used the lemma below. O

LEMMA 2. Let A be a matrixz whose jth column is e;. Then
det A = (71)i+j det A”



16 HUIQIANG JIANG

PROOF. Suppose ¢ = j = 1. We define
1 0
C(All) = det ( 0 All ) =det A

where the second equality follows from the basic properties of det. Then C =
det A1; since it satisfies the properties 1,2,3 in Theorem 28. General cases follow
similarly or could be deduced from the case i = j = 1. O

Let A, «, be invertible. Then

Az =u
has a unique solution. Write A = (a1,--- ,a,) and & =) x;e;, we have
u = ijaj.
We consider
Ak = (Cll,' L, Ap—1,U, Qf41, """ ,Cln) .
Then
det A = ij det (a1, - ,ar—1,0;,Qxt1, " ,an)
= Tk det A,
hence
det Ak
TR = .
T et A
Since ‘
det Ay, = Z (=1)7 7w, det Ajy,
J
we have

n

; det Ay,
we=) (-1 R

j=1
Comparing it with = A~'u, we have proved

THEOREM 35. The inverse matriz A~ of an invertible matriz A has the form
1 det A ik
A—l =(=1 j+k J .
( )kﬂ (=1) det A
DEFINITION 24. The trace of a square matrix A, denoted as tr A, is the sum
of the entries on its diagonal:
n
trA = Z Qjj.
i=1

THEOREM 36. (i) Trace is a linear functional on matrices.
(i) Trace is commutative: tr AB = tr BA.

DEFINITION 25.

tr AAT = Z (aij)z
i,j=1
The square root of the double sum on the right is called the Fuclidean, or Hilbert-
Schmidt, norm of the matriz A.

The matrix A is called similar to the matrix B if there is an invertible matrix
S such that A = SBS—1.
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THEOREM 37. Similar matrices have the same determinat and the same trace.

REMARK 8. The determinant and trace of a linear map T can be defined as the
determinant and trace of a matriz representing T .

If A= (aij), ., is an upper triangular square matrix, we have
n
det A = Hakk.
k=1

More generally, if A is an upper triangular block matrix, i.e., A = (Ay;),, where
Aj; is an n; X n; matrix and A;; = O if ¢ > j, then we can show that

k
det A = [ det 4;;.

j=1

REMARK 9. If A, B,C, D are n X n matrices, we may not have

A B
det(c D)detAdethetC’detB.

Another guess
det( A B ) = det (AD — CB)

C D
is also false in general. For example,
10 0 0
0 0 01
01 00
0 010

THEOREM 38. Let A, B,C,D be n x n matrices and AC = CA. Then

A B
det( C D)zdet(AD—CB).

PRrROOF. We first assume that A is invertible. Since

A B I —A"'B\ [ A 0
c p)\lo I ~\c p-caB )

we have
A B _
det( c D ) = det Adet (D — CA™'B)
=det (AD — ACA™'B)
=det (AD — CB).
If A is singular, we consider A, = A + ¢l and then send ¢ — 0. O

THEOREM 39. Let A, B be n x n matrices. Then
det (I — AB) =det (I — BA).
REMARK 10. In general, it is not true that
det (A — BC) =det (A—CB).
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6. Determinants of Special Matrices

DEFINITION 26. Let n > 2. Given n scalars ay,--- ,ay, the Vandermonde ma-
triz V (a1, -+ ,ay) is a square matriz whose columns form a geometric progression:
1 e 1
a1 Gnp
Vv (0'17 ,Cln) = .
n—1 n—1
ay ap

THEOREM 40.
detV (a1, -+ ,an,) = H(aj —a;).

7>

PROOF. det V is a polynomial in the a; of degree less than or equal ton (n — 1) /2.
Whenever a; = a; for some i # j, we have

detV =0,
Hence, a; — a; is a factor of det V. Hence det V' is divisible by the product
11 (e —a)
J>i

which is also a polynomial in the a; of degree equal to n (n — 1) /2. Hence for some
constant c,,.

detV (a1, -+ ,a,) = an (a; —a;).
J>i
We consider the coefficient of a?~!, we have
Cn H (a; —a;) =detV (a1, -+ ,an-1) = Cp—1 H (a; —a;)
n>j>1 n>j>i
hence ¢, = ¢,,_1. Since ¢; = 1, we have ¢, = 1. O
EXAMPLE 8. Let
p(s) =x1 +x95+ - ,8" !
be a polynomial in s. Let a1, --- ,a, be n distinct numbers, and let p1,--- ,pn ben
arbitrary complex numbers; we wish to choose the coefficients x1,- -+ ,xy, so that
plaj)=pj, 1 <j<n
Then we have
Via, -+ ,an)x =p.
DEFINITION 27. Given 2n scalars ai,- -+ ,an, b1, -+ ,b,. The Cauchy matriz
C(ala"' 7an;b17"’ vbn)
is the n X n matriz whose 1j-th element is

1
ai+bj'
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THEOREM 41.
11 —a) I — )
j>i >i

H (a; + bj)

.9

det(al,-“ ,Gn3 b1, 7bn):

PrROOF. We have
[ (ai+b))det (ar, -, an;br, -+, bn)
4,J
= det Tij
where
T = H (ai + bg) .
k#j
One can show that for some constant ¢,,
H (a; + bj)det (a1, - ,an;b1,--- ,by) = an (a; —a;) H (b; —
i j>i §>i
Let a,, = b, = d, the coefficient of d>*~2 is
Cp, H (aj —ai) H (b] _bz) .
n>j>i n>j>i
On the other hand, since for 1 <1ij < n,
Tnn = H (d+bk) :dn71+"' )
k#n
Toj = [ (d+bx) =2d4""" 4,
y

ﬂn: H(ai+bk)a

k#n

Ty= (e +b0) = (@i+d) ] (ai+by),

k#j k#j,k#n
we see the coefficient of d?"~2 is decided by
n—1
d"" det (Tij) (—1)x (n—1)
= ¥ H (a; +bj)det (a1, -+ ,an—1;b1, -+ ,bp_1)

4,j<n—1

=" Ve, [ (@ —a) [T (05 =)

j>i j>i
Hence, we conclude ¢, = ¢,,_1. Since co = 1 we conclude ¢, = 1.
EXAMPLE 9. If we consider

ai :170'2:2’@3:3’
by = 1,by = 2,bs = 3.
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We have
P 7o
Tl
1 5 6
And

(2)° _ 1
2x3x4x3x4x5x4x5x6 43200
ExXAMPLE 10. Consider

"= (rom)
1+ a;a;

det A =

for n given scalars ay,--- , ay.
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7. Spectral Theory
Let A be an n X n matrix.

DEFINITION 28. Suppose that for a nonzero vector v and a scalar number X,
Av = .

Then X is called an eigenvalue of A and v is called an eigenvector of A corresponding
to eigenvalue .

Let v be an eigenvector of A corresponding to eigenvalue \. We have for any
positive integer k,
AFy = Ny,
And more generally, for any polynomial p,
p(A)v=pA)v.
THEOREM 42. X\ is an eigenvalue of A if and only if
det (AT — A) =0.
The polynomial
pa(A) =det (M — A)
is called the characteristic polynomial of the matriz A.

THEOREM 43. Eigenvectors of a matriz A corresponding to distinct eigenvalues
are linearly independent.

PROOF. Let Mg, 1 < k < K be distinct eigenvalues of A and v, 1 < k < K
be corresponding eigenvectors. We prove by induction in K. The case K = 1 is
trivial. Suppose the result holds for K = N. Now for K = N + 1, suppose for
constants ¢, 1 < k < N + 1, we have

N+1

(7.1) Z cpvr = 0.
k=1

Applying A, we have
N+1

Z CkAkUk =0
k=1

which implies

N

ch ()\k — /\N-i-l) Vi = 0.

k=1
Since v, 1 < k < N are linearly independent and A\ — Ay41 #0 for 1 <k < N,
we have ¢, =0, 1 <k < N, and (7.1) implies cy4+1 = 0. Hence the result holds for
K = N +1 too. O

COROLLARY 6. If the characteristic polynomial pa of the n X n matriz A hasn
distinct roots, then A has n linearly independent eigenvectors which forms a basis.

Suppose A has n linearly independent eigenvectors vy, 1 < k < n corresponding
to eigenvalues A\, 1 < k < n. Then A is similar to the diagonal matrix A =
[A1,++, An]. Actually, let S = (v, ,v,), we have

A=SAS™L
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EXAMPLE 11. The Fibonacci sequence fq, f1,-+- s defined by the recurrence
relation

fn+1 = fn + fn—l
with the starting data fo =0, f1 = 1. Let

0 1
a=(9 1)
fn _ fn—l
(nﬂ>‘A<fz)'

Simple computation yields
A=

o-(1)m-(L)

we have

Since

we have

which implies
oMM
Vs VB

THEOREM 44. Denote by \i, 1 < k < n, the eigenvalues of A, with the same
multiplicity they have as roots of the characteristic equation of A. Then

Z)\k =trA and H)\k = det A.
k=1 k=1
PROOF. The first identity follows from the expansion

pa (V) =det A = A) = "o (p) [[ Adpeh — ape)

P k=1
= A= (tr AN 4

The second identity follows from
(—=1)" J] A = pa(0) = det (—A) = (—1)" det (A).
k=1

O

THEOREM 45 (Spectral Mapping Theorem). (a) Let g be any polynomial, A a
square matriz, A an eigenvalue of A. Then q(\) is an eigenvalue of q (A).
(b) Every eigenvalue of q (A) is of the form q (), where X\ is an eigenvalue of A.
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PROOF. (a) Let v be the eigenvector of A corresponding to A. Then
g(A)v=q(A)v.

(b) Let p be an eigenvalue of ¢ (A), then
det (I —q(A)) =0.
Suppose the roots of ¢ (\) — u = 0 is given by \;, then

g\ —p=c[TA =),
which implies
[ det i1 - 4) =o.

Hence, for some A;, det (\;] — A) = 0. Hence i = q (\;) where \; is an eigenvalue
of A. O

If in particular we take ¢ = pa, we conclude that all eigenvalues of p4 (A) are
zero. In fact a little more is true.

THEOREM 46 (Cayley-Hamilton). Every matriz A satisfies its own character-
istic equation
pPA (A) =0.

PROOF. Let
Q(s)=sI—A
and P (s) defined as the matrix of cofactors of @ (s), i.e.
Py (s) = (=1)""7 Dji(s)
where D;; is the determinant of the ¢j-th minor of @ (s). Then we have
P(s)Q(s) = (det Q(s)) I = pa(s)].
Since the coefficients of () commutes with A, we have
P(A)Q(A) =pa(A) ],
hence p4 (A) = 0. O

LEMMA 3. Let
P(s)=> Pus’, P(s)=> Qus*, R(s) =Y Rys’

be polynomials in s where the coefficients Py, Qr and Ry are nxn matrices. Suppose
that

P(s)Q(s)=R(s)
and matriz A commutes with each Qy, then we have

P(A)Q(A) = R(A).

DEFINITION 29. A nonzero vector u is said to be a generalized eigenvector of
A corresponding to eigenvalue X, if

(A=XN)"u=0

for some positive integer m.
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THEOREM 47 (Spectral Theorem). Let A be an n x n matriz with complex
entries. Every vector in C™ can be written as a sum of eigenvectors of A, genuine
or generalized.

PROOF. Let 2 be any vector; the n + 1 vectors z, Az, A%z, --- , A2 must be
linearly dependent; therefore there is a polynomial p of degree less than or equal to
n such that

p(A)z =0

We factor p and rewrite this as
H(A—rjf)mj x=0.
J
All invertible factors can be removed. The remaining r; are all eigenvalues of A.

Applying Lemma 4 to p; (s) = (s —r;)"", we have a decomposition of z as a sum
of generalized eigenvectors. O

LEMMA 4. Let p and q be a pair of polynomials with complex coefficients and
assume that p and q have no common zero.
(a) There are two polynomials a and b such that

ap + bg = 1.

(b) Let A be a square matriz with complex entries. Then

Npg = N, ® N,.
Here Ny, Ny, and Ny, are the null spaces of p(A), ¢ (A), and p(A4)q(A).
(c) Let pr, k =1,2,--- ;m be polynomials with complex coefficients and assume that

pr have no common zero. Then
Npypm = Brz1 Ny, -
Here Ny, is the null space of py (A).

PROOF. (a) Denote by P all polynomials of the form ap + bg. Among them
there is one, nonzero, of lowest degree; call it d. We claim that d divides both p
and g; for suppose not; then the division algorithm yields a remainder r, say

r=p—md.

Since p and d belong to P so does r; since r has lower degree than d, this is a

contradiction. We claim that d has degree zero; for if it had degree greater than

zero, it would, by the fundamental theorem of algebra, have a root. Since d divides

p and ¢, and p and ¢ have no common zero, d is a nonzero constant. Hence 1 € P.
(b) From (a), There are two polynomials a and b such that

a(A)p(A)+b(A)q(A) =1
For any z, we have
a::a(A)p(A)x—i—b(A)q(A)xéxg—i—xl.

Here it is easy to verify that if x € Npq then 1 € Ny, 2 € N,. Now suppose
x € N, N Ny, the above formula implies

r=a(A)p(A)z+b(A)qg(A)z=0.
Hence Npq = N, © Ny. (]
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We denote by P4 the set of all polynomials p which satisfy p(A) = 0. Pa
forms a linear space. Denote by m = m 4 a nonzero polynomial of smallest degree
in P4; we claim that all p in P4 are multiples of m. Except for a constant factor,
which we fix so that the leading coefficient of m 4 is 1, m = m4 is unique. This
polynomial is called the minimal polynomial of A.

To describe precisely the minimal polynomial we return to generalized eigen-
vector. We denote by N,, = N, (\) the nullspace of (A — AI)™. The subspaces
N, consist of generalized eigenvectors; they are indexed increasingly, that is,

Ny C Ny C N3 C

Since these are subspaces of a finite-dimensional space, they must be equal from a
certain index on. We denote by d = d ()) the smallest such index, that is,

Ng = Ngyi for any k > 1,
Na—1 # Ng.
d (X) is called the index of the eigenvalue \.

REMARK 11. A maps Ny into itself. i.e., Ng is an invariant subspace under
A.

THEOREM 48. Let A1,---, A be distinct eigenvalues of A with index d; =
d(X;), 1<j<k. Then
(1)
C" = ®_1Ng, (A)),
(2) and the minimal polynomial
k
my = H (s—)\j)dj.
j=1

PrOOF. (1). It follows from the spectral theorem and Lemma 4.
(2) Since

k
Tr = E (Ej
J=1

where z; € Ny, (\;), we have

k k k
H (A— 1) Z(H(A—)\il)d’) z; = 0.

j=1 \i=1
Hence

(A—X\D% =o0.

k
=1

J
On the other hand, if

k
[Ta-xD% =0
=1
where e; < d; and e; < d;, we conclude

C" = @ Ne, (V)

which is impossible. O
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THEOREM 49. Suppose the pair of matrices A and B are similar. Then A and
B have the same eigenvalues: A1, --- , Ag. Furthermore, the nullspaces
Ny, (Aj) = null space of (A—X\;I)™,
M., (\j) = null space of (B —N\;I)™
have for all j and m the same dimensions.
PROOF. Let S be invertible such that
A=SBS,
then we have for any m and A,
(A= A" =S (B-A)"S™!
|
Since A — Al maps N;11 into N;; A — AI defines a map from N,;1/N; into
N;/N;_; for any ¢ > 1 where Ny = {0}.
LEMMA 5. The map
A— XM :Nyy1/N; — N;/N;—4
is one-to-one. Hence

dim (Ni—i-l/Ni) S dim (Ni/Ni—l)

PROOF. Let B = A — A If {B{x}N = {0}, then Bz € N;_,,

i+1/Ni}Ni/Nz'71
hence x € N; and {z}y, . /v, = {0bn,,, /n,- O

Next, we construct Jordan Canonical form of a matrix.

Let 0 be an eigenvalue of A. We want to construct a basis of Ng = Ng (0).
Step I. Let Iy = dim (Ng/Ng4—1), we construct x1, 2, - - - , 27, such that {x1}, {x2}, -
form a basis of Ng/Ng_1.

" {xlo}

Step IT. Let I; = dim (Ng—1/Ng—2) > lo, we construct Axy, Axo, -+, Axyy, Tig11, - X1y

such that their quotient classes form a basis of Ny_1/Ng_o.

Step III. We continue this process until we reach N;. We thus constructed a basis
of Nd.
Step IV. It is illuminating to arrange the basis elements in a table:

xr1 Axq ve - Ad_ll‘l
d—1
T, Axlo R A T,
d—2
Tig41 AT 0 ATTTen
x, Axll e Adizl‘ll

Ty 5+1

Tiy_q
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Noticing
d—1
dim Ny = E Iy
k=0

:dl0+(d—1)(l1—l0)+(d—2)(lg—l1)+-"1X(ld_l—ld_g).

Here in the above table, the span of the vectors in each row is invariant under
A. And A restricted to each row has matrix representation of the form

0 1

Im =

which is called a Jordan block where
Im (i,7) =11if j =7+ 1 and 0 otherwise.

THEOREM 50. Any matriz A is similar to its Jordan canonical form which
consists diagonal blocks of the form

Im (A) =

where \ is the eigenvalue of A.

THEOREM 51. If A and B have the same eigenvalues {\;}, and if
holds for any m,j, then A and B are similar.

REMARK 12. The dimension of Ny (A) equals the multiplicity of A as the root
of the characteristic equation of A.

THEOREM 52. Suppose
AB = BA.

Then there is a basis in C™ which consists of eigenvectors and generalized eigenvec-
tors of both A and B. Theorem remains true if A, B are replaced by any number of
pairwise commuting linear maps.

PRrROOF. Let {}; }§:1 be distinct eigenvalues of A, d; = d (\;) be the index and
Nj = Ng, (A\;) the null space of (A — )\jI)dj. Then

C" = @N;.
For any x, we have
B(A—-)\D% 2= (A-\I)" Bz

Hence B : N; — N;. Applying the spectral decomposition thereom to B : N;j — Nj,

we can find a basis of N; consists of eigenvectors and generalized eigenvectors of
B. O

THEOREM 53. Every square matriz A is similar to its transpose AT.
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PrROOF. Recall that
dimNA = dimNAT.
Since the transpose of A — Al is AT — \I it follows that A and A7 have the same
eigenvalues. The transpose of (A — A\I)"™ is (AT — A )m; therefore their nullspaces
have the same dimension. Hence A and AT are similar. O

THEOREM 54. Let A\, it be two distinct eigenvalues of A. Suppose u is an eigen-
vector of A w.r.t. \ and suppose v is an eigenvector of AT w.r.t. u. Then u’v = 0.

Proor. vTAu = u? ATv = MTu = puTv. O

8. Euclidean Structure

DEFINITION 30. A Euclidean structure in a linear space X over R is furnished
by a real-valued function of two vector arguments called a scalar product and denoted
as (z,y), which has the following properties:

(i) (z,y) is a bilinear function; that is, it is a linear function of each argument
when the other is kept fized.
(i) It is symmetric:

(z,y) = (y,z).

(i) It is positive: (x,x) > 0 except for x = 0. The Euclidean length (or the norm)

of = is defined by
[zl = / (2, z).
A scalar product is also called an inner product, or a dot product.

DEFINITION 31. The distance of two vectors x and y in a linear space with
Euclidean norm is defined as |z — y||.

THEOREM 55 (Schwarz Inequality). For all x,y,

() < Mzl lyll-
ProoOF. Consider the quadratic function

q(t) = |z +ty|*.

O
Suppose z,y # 0, we can define the angle 6 between x,y by
cosf = (2,9) .
[ [yl
COROLLARY 7.
=] = max (z,y).
llyll=1

THEOREM 56 (Triangle inequality).
&+ yll < llzll + [yl -
PRrOOF.

2 2 2
(@ +yz+y) = lzlI” + 2@ y) + lyl” < (=l + llyl)”
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DEFINITION 32. Two vectors x and y are called orthogonal (perpendicular),
denoted by x Ly if (x,y) = 0.
Pythagorian theorem
2 2 2
lz —ylI” = llzl” + llyll
holds iff z Ly.

DEFINITION 33. Let X be a finite-dimensional linear space with a Eulerian
structure. A basis x1, -+ ,x, is called orthononnal if

(j,2x) = 051, 1L < j,k < n.

THEOREM 57 (Gram-Schmidt). Given an arbitrary basis y1,--- ,yn in a finite
dimensional linear space equipped with a Fuclidean structure, there is a related
orthonormal basis x1,--- , Xy such that xy is a linear combination of y1,--- ,yx for
all k.

PROOF. Let

Y1
xry = .
[l
Suppose 1, - -,z is defined, we define

k
Yk4+1 — Zj:l (T, Yr+1) @5

Tk+1 =

k
Hyk-i-l = 21 (@5, Yrt1) @5

Under an orthonormal basis x1, - - , 2, suppose & = ) a;z;, we have
a; = (z,x;).

Suppose = Y a;jz; and y = Y bjx;, we have

n
(x,y) = Zajbj'
j=1
In particular,
n
2
lz]* = a5.

j=1

The mapping
x> (a1, s an)
carries the space X with a Euclidean structure into R™ and carries the scalar prod-
uct of X into the standard scalar product of R™.

Since the scalar product is bilinear, for y fixed (z,y) is a linear function of x.
Conversely, we have the following theorem.

THEOREM 58. Every linear function I (x) on a finite-dimensional linear space
X with Fuclidean structure can be written in the form

H(z) = (z,9)
where y is some element of X. The mapping | — y is an isomorphism of the
Euclidean space X with its dual.
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DEFINITION 34. Let X be a finite-dimensional linear space with Fuclidean
structure, Y a subspace of X. The orthogonal complement of Y, denoted as Y+,
consists of all vectors z in X that are orthogonal to everyy in'Y .

Recall that we denoted by Y the set of linear functionals that vanish on Y.
The notation Y introduced above is consistent with the previous notation when
the dual of X is identified with X. In particular, Y+ is a subspace of X.

THEOREM 59. For any subspace Y of X,
X=YaY"
In the decomposition & = y + y*, the component y is called the orthogonal
projection of x into Y, denoted by

y = Pyx.
THEOREM 60. The mapping Py ts linear and

P = Py.
THEOREM 61. Let Y be a linear subspace of the Fuclidean space X, x some

vector in X. Then among all elements z of Y, the one closest in Fuclidean distance
to x is Pyx.

We turn now to linear mappings of a Euclidean space X into another Euclidean
space U. Since a Euclidean space can be identified in a natural way with its own
dual, the transpose of a linear map A of such a space X into U maps U into X. To
indicate this distinction, the transpose of a map A of Fuclidean X into U is called
the adjoint of A and is denoted by A*.

Here is the full definition of the adjoint A*:

AU = X',

(AT)z =T (Ax)
T —y; AT — A%y

T (Az) = (Az,y)

(AT)z = (z,A™y)
AU —- X
(z, A%y) = (Az,y)

THEOREM 62. (i) If A and B are linear mappings of X into U, then
(A+ B)" = A* + B*.

(i) If A is a linear map of X into U, while C is a linear map of U into V, then
(CA)" = A*C™.
(iii) If A is a 1-to-1 mapping of X onto U, then
(A =(Aanh.
(iv) (A*)" = A.

PROOF. (iii) follows from (ii) applied to A7'A = I and the observation that
=1 O
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When we take X to be R™ and U to be R™ with their standard Euclidean
structures, and interpret A and A* as matrices, they are transposes of each other.

There are many situations where quantities z1,--- ,x, cannot be measured
directly, but certain linear combinations of them can. Suppose that m such linear
combinations have been measured. We can put all this information in the form of
a matrix equation

Ax=p

where pi1,---,pm, are the measured values, and A is an m X n matrix. When
m > n, such a system of equations is overdetermined and in general does not have
a solution. In such a situation, we seek that vector x that comes closest to satisfying
all the equations in the sense that makes ||Az — PH2 as small as possible.

THEOREM 63. Let A be an m X n matriz, m > n, and suppose that A has
only the trivial nullvector 0. The vector x that minimizes || Az —10“2 1s the unique
solution z of

A*Az = A%p.

REMARK 13. If A has a nontrivial nullvector, then the minimizer can’t be
unique.

PROOF. The equation has a unique solution iff the null space of A*A is {0}.
Suppose A* Ay = 0, then

0= (A"Ay,y) = | Ay|>,

hence y is a nullvector of A and y = 0.
The range of A is an n dimensional subspace. Let z be the minimizer, Az — p
should be perpendicular to R4, i.e., for any y € R"

(Az — p, Ay) =0,
(A*Az — A*p,y) = 0.

Hence we conclude

A*Az — A*p =0.
O
THEOREM 64.
Pp = Py.
PRrROOF.
(1, Pyxa) = (Pyx1, Pyag) = (Pyxr, x2) .
O

DEFINITION 35. A mapping M of a Euclidean space into itself is called an
isometry if it preserve the distance of any pair of points.

Any isometry is the composite of one that maps zero to zero and a translation.

THEOREM 65. Let M be an isometric mapping of a Fuclidean space into itself
that maps zero to zero. Then
(i) M is linear.
(i) M is invertible and its inverse is an isometry.
(ii) M*M = I and det M = +1.
Conwversely, if M is a linear mapping satisfying M*M = I, then M is an isometry.
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PROOF. (i). Writing Ma = a’. Then we have for any =,

'l = fll -
Since
2" =yl = llz =yl
we have
(@",y) = (z,9),
i.e., M preserves the scalar product. Let z = x + y, since
Iz" =2’ =yl = |z =2 -yl =0,
we conclude 2’ =z’ +y'. Let z = cy, we have
12" — eyl = Iz — eyl = 0,
hence, 2’ = cy’.
(ii) Trivial.
(iii) For any z,y,
(,y) = Mz, My) = (z, M"My),

hence M*M = I. det M = +1 follows from det M* = det M.
Conversely, if M*M = I, then for any z,y,

(Mz, My) = (x, M*My) = (z,y)
hence M preserves the scalar product and distance. (I

REMARK 14. A mapping that preserves distances also preserves volume.

DEFINITION 36. A matriz that maps R™ onto itself isometrically is called or-
thogonal.

The orthogonal matrices of a given order form a group under matrix multipli-
cation. Clearly, composites of isometries are isometric, and so are their inverses.

The orthogonal matrices whose determinant is plus 1 form a subgroup, called
the special orthogonal group.

PROPOSITION 3. A matriz M is orthogonal iff its columns are pairwise orthog-
onal unit vectors.

PROPOSITION 4. A matriz M is orthogonal if its rows are pairwise orthogonal
unit vectors.

PrOOF. M* = M1, O

An orthogonal matrix maps an orthonormal basis onto another orthonormal
basis.

We use the norm to measure the size of a linear mapping A of one Euclidean
space X into another Euclidean space U.

DEFINITION 37. The norm of A is defined by
[Al = sup [[Az|.

llzll=1
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THEOREM 66. Let A be a linear mapping from the Euclidean space X into the
FEuclidean space U. Then
(i) For any z € X,

[Az] < Al =]l -
(it)
[All= sup = (z,Az).
lell=1,]1zlI=1

REMARK 15. |a;;| < [|A]].
THEOREM 67. (i) For any scalar k,
[EA] = [E[ Al
(i) For any pair of linear mappings A and B of X into U,
A+ B[ <Al + Bl

(i4i) Let A be a linear mapping of X into U, and let C' be a linear mapping of U
into V; then

ICAl < [[CI 1Al
() | A*| = [|A]l.
THEOREM 68. Let A be a linear mapping of a finite-dimensional Fuclidean

space X into itself that is invertible. Denote by B another linear mapping of X
into X close to A in the sense of the following inequality:

1
|A=B| < 5=
A=l
Then B is invertible.
PROOF. Denote A — B =C, so that B= A — C. Factor B as
B=A(I-A"'C)=A(I-5)

where S = A~1C. Tt suffices to show that I — S is invertible which is equivalent to
show that the nullspace of I — S is trivial. Suppose that (I —S)xz =0, i.e., Sz ==z
for some x # 0. Hence ||S]| > 1. On the other hand,

ISl <[l A~ lcl < 1,
contradiction. O

Recall convergence and Cauchy sequence for real numbers. A basic property of
real numbers is that every Cauchy sequence of numbers converges to a limit. This
property of real numbers is called completeness. A second basic notion about real
numbers is local compactness: Every bounded sequence of real numbers contains a
convergent subsequence.

DEFINITION 38. A sequence of vectors {xy} in a linear space X with Fuclidean
structure converges to the limit x:

lim z, =z
k—o0

if ||lxx — x| tends to zero as k — oo.
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THEOREM 69. A sequence of vectors {xy} in a Fuclidean space X is called a
Cauchy sequence if ||z — x;|| = 0 as k and j — oo.
(i) Every Cauchy sequence in a finite-dimensional Fuclidean space converges to a
limit.
(i) In a finite-dimensional Euclidean space every bounded sequence contains a con-
vergent subsequence.

COROLLARY 8.
Al = max ||Axz| .

llzll=1

THEOREM 70. Let X be a linear space with a Euclidean structure, and suppose
that it is locally compact-that is, that every bounded sequence {xy} of vectors in X
has a convergent subsequence. Then X is finite dimensional.

DEFINITION 39. A sequence {A,} of mappings converges to a limit A if
lim [|4, — A]| =0.
n—oo
PROPOSITION 5. In finite dimensional spaces, {A,} converges to A iff for all
x, Apx converges to Ax.
PROOF. To show A,, is bounded, let e; be a basis,
A, e; is bounded,
For any x, we have

JAz] = |3 (2, e) Anes <c.

<C ‘Z (x,€;)

Complex Euclidean structure:

DEFINITION 40. A complex Fuclidean structure in a linear space X over C
s furnished by a complex valued function of two vector arguments, called a scalar
product and denoted as (x,y), with these properties:
(i) (z,y) is a linear function of x for y fized.
(i) Conjugate symmetry: for all x,y,

(xvy) = (y’ ‘T)
(i4i) Positivity: (x,x) > 0 for all x # 0
REMARK 16. For x fized, (x,y) is a skew linear function of y. i.e.,
(1’7y1) + (xva) = (‘T7y1 + y2) )
(z, ky) =k (2,y).
The norm in X is still defined by
2
]| = (z, z).
From

2 2 2
[ +ylI” = [lz]” + 2Re (z,y) + lly[I”,
one can prove the Schwarz inequality

@,y < [l lyll -
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Triangle inequality
o +yll < =l + [yl
thus follows.
We define the adjoint A* of a linear map A of an abstract complex Euclidean
space into itself by relation

(z,A%y) = (Az,y)
as before. Then A* = AT,
We define isometric maps of a complex Euclidean space as in the real case.

DEFINITION 41. A linear map of a complex Euclidean space into itself that is
isometric is called unitary.

PROPOSITION 6. M is a unitary map if and only if
M*M =1.
For a unitary map M, |det M| = 1.
Recall that the norm of A is defined by
[All = sup [[Az|.

llzll=1

THEOREM 71. Let A : R — R™ or A : C" — C™ be represented by A =

(@), ps then
JAl < (3 lal?) "

N|=

Proor. For any z € C",

[Az)® = aija;
i

%

2 2
<> Y lai] e
i j j
2 2
= i)
i

O

N

The quantity (Z la;; |2> is called the Hilbert-Schmidt norm of the matrix A.
We have
> aiP =tr A*A = tr AA”.

DEFINITION 42. The spectral radius r (A) of a linear mapping A of a linear
space into itself is
r(A) = max |\,
where the A\; range over all eigenvalues of A.

PROPOSITION 7.
| Al =7 (A4).
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A=S8BS™!
[Az|| = ||SBS~ x| < S| ||S~H 1Bl I«
On the other hand, we have
THEOREM T72. Gelfand’s formula

r(A) = lim (4%])F.

k— o0

LEMMA 6. Ifr(A) <1, then
lim AF =0.

k—o0

PRrROOF. For a s x s Jordan block,

A1 0 0
0 X 1 :
Js(N =110 o0 o |-
A1
0 0 0 A
we have . N .
AP DA QAR () AR
0 A (Bha 1
k
J¥ = 0 0 (/;))\k—2
: . .. 2R (/16)/\k71
0 0 0 AP
If A < 1,

lim J¥ (\) = 0.
Let J = S™'AS be the Jordan canonical form of A, we have
lim J* =0

if r(A) < 1. Hence
lim A* =1lim SJ*S™ = 0.

Now we prove the Gelfand’s formula.

PRrROOF.
[ A[| > 7 (A%) = (r (A)".
Hence,
1
F(4) < min (4
To show

1
r (A) > limsup (HAkH) ~
k—oo
we first assume that A is in its Jordan form. Let

A
A= r(A)+¢e’
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[4Z] <1
implies
HA"'H <(r(4)+ E)k,
hence )
lim sup (HAkH)? <r(A)+e.
k—o0

COROLLARY 9. Suppose A1As = AsAq, then
r(A1As) <r(Ay)r(A2).

PROOF. 7 (A1 A45) < H(A1A2)k "< ||Alf||% ||A]1€H%
Letting k — oo, we have
r(A1Az) <1 (A1)r(A2).

Without the assumption,

0 1 00
A1<0 o)’A2<1 0
1

0
w20 (00,

Let T denote a 3 x 3 matrix, its columns z,y, and z:
T=(zy,2)
For fixed x,y, det T is linear in z, hence, there exists w such that
detT = (w, 2).

It is easy to check that w is a bilinear function of z and y, and we write

o

W=z Xy.

9. Spectral Theory of Self-Adjoint Mappings of a Euclidean Space into
Itself

A linear mappings A of a real or complex Euclidean space into itself is said to
be self-adjoint if
A* = A.
Recall
(Az,y) = (z,A"y) = (z, Ay) .
When A acts on a real Euclidean space, any matrix representing it in an or-
thonormal system of coordinates is symmetric, i.e.
aﬁ = aij~
Similarly, when A acts on a complex Euclidean space, any matrix representing it
in an orthonormal system of coordinates is hermitian, i.e.,
a]—i = @

THEOREM T73. A self-adjoint map H of complex Fuclidean space X into itself
has real eigenvalues and a set of eigenvectors that form an orthonormal basis of X .
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PROOF. The eigenvectors and generalized eigenvectors of H span X. So it
suffices to show:
(a) H has only real eigenvalues.

Hx = Az,
(Ha,x) = (v, Ha)
A=A
) H has no generalized eigenvectors, only genuine ones. WLOG, suppose
is an eigenvalue, suppose H?z = 0, then we have

(b
A=0
0= (H?z,2) = (Hz,Hx),

hence Hz = 0., i.e., N1 (A) = N (A).
(c) Eigenvectors of H corresponding to different eigenvalues are orthogonal.
Hx = Az, Hy = py,
(Hz,y) = (z, Hy)
implies
(A —p) (z,y) =0.
O

COROLLARY 10. Any Hermitian matriz can be diagonalized by a unitary matriz.

ProoF. Let U = (21, -+ ,xy) where {z;} is an orthonormal basis consists of
eigenvectors of H. Suppose Hx; = A\;x;, then we have

HU:()\lxlv vAnxn):U[)\lv 7)\71}
i.e.,
H=UAU".
([l

THEOREM 74. A self-adjoint map H of real Fuclidean space X into itself has
real eigenvalues and a set of eigenvectors that form an orthonormal basis of X.

PROOF. Pick an orthonormal basis of X and let A be the matrix representing
H. Then A is a real symmetric matrix and we have A : R" — R™ if we identify X
with R™. We now extend A naturally as a map A : C" — C". Then A is hermitian

and Theorem 73 applies. We claim o (A) = o </~1) and
Na(A) =ReNj;(A).
Since
dimg Na (A) = dimc Nz (N),
we conclude
R™ = ®xeo(a)Na (A)

and we can find a set of eigenvectors that form an orthonormal basis of R™. O

COROLLARY 11. Any symmetric matriz can be diagonalized by an orthogonal
matriz.
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PrOOF. Let Q = (21, ,x,) where {x;} is an orthonormal basis consists of
eigenvectors of H. Suppose Hz; = \;z;, then we have

HU: ()\lml7"' a)\nxn):Q[A17 7)\77,]

ie.,

H = QAQ*.

Next, we consider the real quadratic function
q(y) = hijyiy; = (y, Hy)
where h;; = hj;. If we change variable x = Ly, then
q(L7'z) =q(y) = (y,Hy) = (L™ 'a, HL 'z) = (x, (L_l)THL_lx) = (z,Mz)

where
H=L"ML.

DEFINITION 43. Two symmetric matrices A and B are called congruent if there
exists an invertible matriz S such that

A=5"BS.
THEOREM 75. There exists an invertible matriz L, such that
q (Lilsc) = Z d;x?
for some constants d;. i.e., any symmetric matriz is congruent to a diagonal matriz.

PRrROOF.

q(y) = (y, Hy) = (y, QAQ"y)
= (Q"y, AQ"y).
Let z = Q*y, we have y = Qx, and

q(Qz) = (z,Az) = Z)\iyg.

REMARK 17. We could choose L so that d; =0 or £1.
Apparently such invertible matrices are not unique. However, we have
THEOREM 76 (Sylvester’s Law of Inertia). Let L be an invertible matriz such

q (Lflx) = Zdlx?

for some constants d;. Then the number of positive, negative, and zero terms d;
equal to the number of positive, negative, and zero eigenvalues of H.

that

ProoF. We denote by py,p_, and pg the number of terms d; that are positive,
negative, and zero, respectively. Let S be a subspace, we say that ¢ is positive on
the subspace S if g (u) > 0 for every u in S. We claim that

pr = max dimS.
q>0on S
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The right hand side is independent of the choice of coordinates, so we could choose
the coordinate x; such that
q= Z diz?.

We also assume that dy,--- ,d,, are positive and the rest nonpositive. It is obvious

< max dimdS.
Pt = ¢>0on S

We claim that the equality holds. Let S be any subspace whose dimension exceeds
py. For any vector u in S, define Pu as the vector whose x; components are the
same as the first p, components of u, and the rest of the components are zero.
The dimension py of the target space of this map is smaller than the dimension of
the domain space S. Hence there is a nonzero vector v in the nullspace of P. By
definition of P, the first p+ of the z-components of this vector are zero. But then
it follows that ¢(y) < 0; this shows that q is not positive on S. O

DEFINITION 44. The set of eigenvalues of H is called the spectrum of H.

The spectral theorem for self-adjoint maps asserts that the whole space X can
be decomposed as the direct sum of pairwise orthogonal eigenspaces:

X=al_N().

where A;, 1 < j < k are distinct eigenvalues of H. That means that each x € X
can be decomposed uniquely as the sum

QL‘:E T

where z; € N (\;). Applying H, we have

Hz = Z)\j(Ej.

Let P; be the orthogonal projection of X onto N ();), we have

=P
H=> \P;.

and

THEOREM 77. (a)
PP, =0 for j #k and P} = P;.
(b) Each P; is self-adjoint.

DEFINITION 45. A decomposition of the form
I=>"P

PjPy =0 for j # k and P} = P;.

is called a resolution of the identity.

where the P; satisfy

DEFINITION 46. Let H be a self-adjoint map,

H=> \P;.

1s called the spectral resolution of H.
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THEOREM 78. Let X be a compler Euclidean space, H : X — X a self-adjoint
linear map. Then there is a resolution of the identity

I:ZPj

PP, =0 for j #k and P} = P;, P} = P;

which gives a spectral resolution

in the sense

H=> \P;.
of H.
We have for any polynomial,
p(H)=> p(X)P

Let f (\) be any real valued function defined on the spectrum of H. We define

FH) = F () Py
For example,
BH = Z 6)\-7 Pj.

THEOREM 79. Let H, K be two self-adjoint matrices that commute. Then they
have a common spectral resolution. i.e., there exists a resolution of the identity

I=>"P
such that
H = Z)\ij,
K=> ;P

DEFINITION 47. A linear mapping A of Euclidean space into itself is called
anti-self-adjoint if A* = —A.

If A is anti-self-adjoint, iA is self-adjoint.
THEOREM 80. Let A be an anti-self-adjoint mapping of a complex Fuclidean
space into itself. Then

(a) The eigenvalues of A are purely imaginary.
(b) We can choose an orthonormal basis consisting of eigenvectors of A.

We introduce now a class of maps that includes self-adjoint, anti-self-adjoint,
and unitary maps as special cases.

DEFINITION 48. A mapping N of a complex Fuclidean space into itself is called
normal if it commutes with its adjoint:

N*N = NN*.

THEOREM 81. A normal map N has an orthonormal basis consisting of eigen-
vectors.
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Proor. If N and N* commute, so do

H:N+N
2

and NN
A=
2

Clearly, H is adjoint and A is anti-self-adjoint. According to Theorem 6 applied
to H and K = iA, they have a common spectral resolution, so that there is an
orthonormal basis consisting of common eigenvectors of both H and A. But since

N=H+ A N*=H — A,
it follows that these are also eigenvectors of N as well as of N*. O

THEOREM 82. Let U be a unitary map of a complexr Euclidean space into itself,
that is, an isometric linear map.
(a) There is an orthonormal basis consisting of genuine eigenvectors of U.
(b) The eigenvalues of U are complex numbers of absolute value = 1.

Let H be self-adjoint. The quotient

is called the Rayleigh quotient of H.
Ry is a homogeneous function of z of degree zero, i.e., for any scalar k,

Ry (kl‘) =Ry (3:) .

We can view Ry as a real continuous map on the unit sphere. Hence, Ry has a

maximum and a minimum. Let z with ||z|| = 1 be a critical point, we then have
for any v,
— R t
a,_, o (z +ty)
_d|  (x,Hx)+2tRe(z,Hy) + t* (y, Hy)
difiy  |lz|* + 2t Re (z,y) + |y

_ 2Re(z,Hy) (z,Hz)2Re(z,y)
[l (el
=2Re(z,Hy) — (z,Hx) 2Re (x,y)

=2Re(Hz,y) — 2Re ((z, Hz) z,y) = 0.

Hence, we have
Hx = (z,Hz) x.
i.e., x is an eigenvector of H with eigenvalue Ry (z) = (z, Hx).
Actually,

max Ry (z) = max A and min Ry (z) = min A\

) Aeo(H) A€o (H)
More generally, every eigenvector x of H is a critical point of Rpy; that is, the
first derivatives of Ry (x) are zero when z is an eigenvector of H. Conversely,
the eigenvectors are the only critical points of Ry (). The value of the Rayleigh
quotient at an eigenvector is the corresponding eigenvalue of H.



MATRICES AND LINEAR OPERATORS 43
REMARK 18. Rayleigh quotient gives a direct proof of the spectral decomposition
theorem for real or complex self-adjoint maps.
More generally, we have

THEOREM 83 (Minimax principle). Let H be a self-adjoint map of a Fuclidean
space X of finite dimension. Denote the eigenvalues of H, arranged in increasing
order, by A1, -+ ,An. Then

. (z, Hr)
Aj = min max
dim S=j z€S,2#0 (fE, (E)

where S denotes linear subspaces of X.

PRrOOF. Let x; be an orthonormal basis of X such that Hx; = Ajx;. For any

Tr = E CjTj,

we have
(o, H) _ Yles A,
(,2) Sl
For any 1 < j <k, let S; be the subspace spanned by z1,---,x;, then
min  max (z, Hz) < max (z, Hz) < Aj.
dimS=ja€Sa#0 (z,x) ~ 2€S;0#0 (x,7) /

On the other hand, for any .S with dim .S = j, we consider the projection of S onto
Sj—1. The null space has dimension at least 1, so we can pick z* # 0, such that

¥ = g CLT)-

k>j
Hence,
(z,Hz) _ (z*, Hz*) D op>; lexl” A
max = o . 2 Aj-
zeS,a#0 (x,x) (¥, x%) > ks lexl
Since S is arbitrary j dimensional subspace, we have

. (z,Hx)
min max
dim S=j z€S,z#0 (T, T)

> ).
O

DEFINITION 49. A self-adjoint mapping M of a Euclidean space X into itself
is called positive if for all nonzero x in X,

(x, Mxz) > 0.

Let H, M be two self-adjoint mappings and M is positive. We consider a

generalization of the Rayleigh quotient:
(z,Hzx)
R r) = ——H.
w (2) (x, Mx)

THEOREM 84. Let X be a finite-dimensional Euclidean space, let H and M be
two self-adjoint mappings of X into itself, and let M be positive. Then there exists
a basis x1,--- ,x, of X where each x; satisfies an equation of the form

HlL'j = )\Mitj
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where X is real, and
(332‘, Ml‘j) =0

fori#£j.

THEOREM 85. Let H and M be self-adjoint, M positive. Then all the eigen-
values M—YH are real. If H is also positive, all eigenvalues of M—YH are positive.

We recall the definition of the norm of a linear mapping A of a Euclidean space
X into itself

[All = max [[Az|.

llzll=1

When the mapping is normal, we have

THEOREM 86. Suppose N is a normal mapping of a Fuclidean space X into
itself. Then

NI =r(N).

PRrOOF. Let z; be an orthonormal basis of X such that Nz; = A;x;. Then we
have for any x = )" cjz; # 0,

2 2
[Nzl [N lggl <r(N).
|z e

THEOREM 87. Let A be a linear mapping of a finite-dimensional FEuclidean
space X into another finite-dimensional Euclidean space U. The norm

[All = v/ (A*A).

O

PROOF.
|Az||* = (Az, Az) = (z, A" Az) < ||z|| || A* Az[| < [|A"A| [|z]* = r (A*4) |z]?,

hence,

[Al < v/ (A*A).
On the other hand, let A be an eigenvalue of A*A such that A =r (A*A4) > 0, and
x be corresponding eigenvector, we have

|Az||® = (Az, Az) = (2, A*Az) = A ||z||* = r (A" A) ||z]*.

Hence,

Al = /7 (A ).

10. Schur Decomposition

THEOREM 88. Let A be an n X n matriz. There exists a unitary matriz U and
an upper triangular matriz, such that

A=UTU".
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PROOF. Let A\; be an eigenvalue of A and Ny = N (A — A\ I). Let dim Ny = k4
and z1,x, -+ ,Zk, be an orthonormal basis of N; and we complete it to a basis of
X: x1,29, -+ ,x,. Then we have

Al‘j = )\11‘]‘,1 S j S ]61,

Az Zzbijk,lﬁ-i-l <j<n

k=1
Hence,
Al B
A($1,x27~-~ 7xn):($1,$2,--- 737”)( lokl B;z )
where
b17k1+1 te bl,n
B _ .
Bas
buki+1 - bun
Let Uy = (z1,22, -+ ,2y,), we have
= Ml Biz *
A=U; ( 0 Bo > Uy,
ie.,

0 Bas

Let Ag be an eigenvalue of Bgs and N; = N (Bay — A2l), we can continue this
process to obtain Us so that

Ao, C .
B22U2< 20k2 C;z>U2

viav, = (M 82)

Hence
Ik1 0 " Ikl 0
(o Jurae (g,
_f Ik, O Ay, Bz I, O
0 Us 0 Bayo 0 Us
( )\1]](:1 B12U2 ) Al]kl )\ ]Bl2U2cv
= * = k
0  UsfBoUs 0 20 2 C;z
A1y B12Us
I, O ! Iy, 0
A:U1< 1 ) NIy, Chs ( 1 *>U1*.
0 U, 0 0 Con 0 U
This process can be continued until we obtain an upper triangular matrix. ([l

When we have a pair of commuting matrices, we have

THEOREM 89. Let A, B be a pair of commuting matrices, then A and B can be
simultaneously upper triangularized by a unitary matrix.

PROOF. Let A1 be an eigenvector of A and N = N (A—AI). Then N is
invariant under B. Let x; with ||z1]] = 1 be an eigenvector of B : N — N with
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eigenvalue p1. Then z7 is an eigenvector of both A and B. Let x1,--- ,x, be an
orthonormal basis and Uy = (21, -+ ,x,), then we have
_ A1 Apg «
A — Ul ( 0 A22 Ul 3
_ w1 Big ¥
B_U1<0 Bﬂ)Ul.

A, B commute implies Ass and Bss commute, so this process can be continued. [
THEOREM 90. Let A, B be a pair of commuting matrices. We have
r(A+B)<r(A)+r(B).
ProoF. Under an orthonormal basis, A, B are both upper triangular matrices.
O
11. Calculus of Vector- and Matrix-Valued Functions

Let A (t) be a matrix-valued function of the real variable ¢ defined in some open
interval I. We say that A (¢) is continuous at tg € T if

Jim [lA(8) — A (to)]] = 0.

We say that A is differentiable at to, with derivative A (o) = 4 A1), if

A(to+h) — Afto)

li
11m A

h—0

—A(tO)H =0.

REMARK 19. Different norms for finite dimensional spaces are equivalent.

REMARK 20. A(t) is continuous if and only if all of its components are con-
tinuous.

REMARK 21. A(t) is differentiable if and only if all of its components are
differentiable.

REMARK 22. If A(t) = (ai; (t)), then A (t) = (a; (t)).

Basic properties:

(1)
d d d
S AO+B(®) = ZA#)+ 2 B(0).
(2)
%(A t)B(t)) = (th(t)> B(t)+ A() %B (t).
(3)

G0 = (Fr0w0)+(+0.50).

THEOREM 91. Let A (t) be a matriz-valued function, differentiable and invert-
ible. Then A1 (t) also is differentiable, and
d

— A ()= —ATAAL.
7 (t)
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Proor.
APt 4+h) AT ) = AT+ h) (A — At +h)ATH().
O

In general, the chain rule fails for matrix valued functions. For example, sup-
pose A is a square matrix,

4
dt

if A and A don’t commute. We have for any positive integer k

A% = AA+ AA # 244

k
d o .
— Ak = AT AART,

THEOREM 92. Let p be any polynomial, let A(t) be a square matriz-valued
function that is differentiable. )
(a) If for a particular value of t the matrices A (t) and A (t) commute, then

dp(a)=p (4)A

(b) Even if A(t) and A (t) do not commute, a trace of the chain rule remains:

4 trp(A) = tr (p’ (A) A) :

dt
We extend now the product rule to multilinear functions M (z1,-- -, zx). Sup-
pose x1,- -+ ,x are differentiable vector functions. Then M (zq,--- ,x) is differ-
entiable and
d . .
%M(l‘l,"' ’mk):M(xly... ,mk;)+"'+M(.T1,"' 7Ik)-
In particular, for the determinant D (z1,- -+ ,x,), we have
d . .
%D(:Ela'” 73,'77() :D('r17"' amn)++D(I17 axn)-
If X (0) = I, we have
d .
— (det X (1)) =tr X (0).
dt t=0

THEOREM 93. LetY (t) be a differentiable square matriz-valued function. Then
for those values of t for which Y (t) is invertible,

%m (detY) = tr (Y—lY) :

ProoOF. For any fixed ty, we have
Y (1) =Y (to) (Y (t) Y (1)) -

Next, we consider

o0
A’ﬂ
e = Z !
= nl
which converges for any square matrix A.
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THEOREM 94. a) If A and B are commuting square matrices,

€A+B = GABB .

(b) If A and B do not commute, then in general
eATB £ eAeB.

(¢) If A(t) depends differentiably on t, so does e,
(d) If for a particular value of t, A (t) and A (t) commute, then
d .
£€At = A
(e) If A is anti-self-adjoint, A* = — A, then e? is unitary.
To calculate e, we could use Jordan canonical form A = SJS~!, then
et = Sel s

This can be used to show
dete? = ™4,

THEOREM 95. The eigenvalues depend continuously on the matriz in the fol-
lowing sense: If
‘lim AJ‘ = A,

j—o0
then o (A;) — o (A) in the sense that for every ¢ > 0, there is a k such that
all eigenvalues of A;, j > k are contained in discs of radius € centered at the
etgenvalues of A.

PrOOF. Roots of polynomials depend continuously on the coefficients. (I

THEOREM 96. Let A (t) be a differentiable square matriz-valued function of the
real variable t. Suppose that A (0) has an eigenvalue \g of multiplicity one. Then
for t small enough, A (t) has an eigenvalue A (t) that depends differentiably on t,
and X (0) = A.

PROOF. Let
p(At) =det (M — A(t)).
The assumption that Ag is a simple root of p (s, 0) implies

p ()‘07 O) = 07
—p(X0,0) #0.
P (30,0) #
From the implicit function theorem, the equation p (X,t) = 0 has a solution A = A (t)
in a neighborhood of ¢t = 0 that depends differentiably on ¢. O

Next we show that under the same conditions as in the above theorem, the
eigenvector pertaining to the eigenvalue A (¢) can be chosen to depend differentiably
on t.

THEOREM 97. Let A (t) be a differentiable matriz-valued function of t, A (t) be
a continuous function such that X (t) is an eigenvalue of A (t) of multiplicity one.
Then we can choose an eigenvector v (t) of A(t) pertaining to the eigenvalue X (t)
to depend differentiably on t.

We need the following lemma:
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LEMMA 7. Let A be an n X n matriz, p = pa its characteristic polynomial, X
some simple root of p. Then at least one of the (n — 1) x (n — 1) principal minors
of A — Al has nonzero determinant, where the i-th principal minor is the matriz
remaining when the ith row and ith column of \ are removed. Moreover, suppose
the i-th principal minor of A— Al has nonzero determinant, then the i-th component
of an eigenvector v of A pertaining to the eigenvalue X\ is nonzero.

Proor. WLOG, we assume A = 0. Hence,
p(0) =0, p' (0) # 0.

We write
A= (017... 7Cn)
and denote by eq,--- , e, the standard unit vectors. Then
sl — A= (se; —c1, -+ ,8€, —Cpn) .
Hence

P0) =D (—er e —en)

j=1
= ()" det 4;
j=1

where A; is j-th principal minor of A. p’(0) # 0 implies that at least one of the
determinants of A; is nonzero.

Now suppose the i-th principal minors of A has nonzero determinant. Denote
by v the vector obtained from the eigenvector v by omitting the i-th component,
and by A; the ith principal minor of A. Then v satisfies

Ai’l)(i) =
Since det A; # 0, we have v(*) = 0 and hence v = 0, a contradiction. O
Now we prove Theorem 97:

PRrROOF. Suppose A (0) = 0 and det 4; (0) # 0. Then for any ¢ small, we have
det (A; (t) = A (t) I) # 0 and hence the i-th component of v () is not equal to 0.
We set it equal to 1 as a way of normalizing v (¢). For the remaining components
we have now an inhomogeneous system of equations:

(Ai (1) = A () DD (1) = = (1)
where cgi) (t) is the vector obtained from i-th column of A; (t) — A(¢) I, ¢;, by
omitting the i-th component. So we have
WO == (@) =A0 D 1),

Since all terms on the right depend differentiably on ¢, so does v(*) (t) and v (t).
To obtain a differentiable v (¢) beyond a small interval, one could normalize the
eigenvectors to unit length. O

We show next how to actually calculate the derivative of the eigenvalue A (¥)
and the eigenvector v () of a matrix function A (¢) when A (t) is a simple root of
the characteristic polynomial of A (t). We start with the eigenvector equation

Av = v
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which leads to '
Av 4+ AD = Nov 4+ Mo,
Let u be an eigenvector of AT:
ATu = .
We have '
(u, Av) + (u, AD) = (u, \'v) + (u, \0),
ie.,
(u, Av) =\ (u,v).
We claim that (u,v) # 0. Suppose on the contrary that (u,v) = 0; we claim
that then the equation
(AT — )\I) w=1u
has a solution. Consider T'= AT — \I, we have
u € N7 = Ry.

N (u,fiv)'

" (w)

Hence,

And now .
(A—\)o = (XI—A)U
which has a solution since

()\’I—A) v e N} = Ry

The solution is unique if we require v (¢) be unit vectors and hence (v,v) = 0.
When the eigenvalue A is not simple, the situation is much more complicated.

For example, let
0 1

p(At) =N —t,
hence we can’t write A (t) as an differentiable function of ¢ even though A (t) is
smooth.
The next example shows that eigenvectors could be discontinued when A (t) is

smooth. let (b 1 c(t)
A(t)—(C d>_(c(t) 1+c(t)k(t)>

be a real symmetric matrix valued functions where
1 1
c(t) = exp <_|t|> k() = sin;
Then A (t) is smooth and A (0) = I. We have

brdEy/(b—d)+4 o4 ckte/RT+4
2 N 2

we have

A
Let v (t) = ( f; ) be an eigenvector corresponding to A1, then

(biAl)x+Cy:03
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ie.,
<ck + vk + 4)
— |z = ¢y,
2
ie.,
k+vVk?+4
R AL R P
2
It is easy to see that
lim v (¢)
t—0

does’t exist.

Nonetheless, one can find sufficient conditions on A (t) so that a differentiable
function v (¢) of eigenvectors exists. See for example Theorem 12 on page 137 of
Lax’s book.

There are further results about differentiability of eigenvectors, the existence
of higher derivatives, but since these are even more tedious, we shall not pursue
them, except for one observation, due to Rellich.

Suppose A (t) is an analytic function of ¢:

At) =" Ayt
k=0

where each Ay is a self-adjoint matrix. Then the characteristic polynomial of A (t)
is analytic in t. The characteristic equation

p(st)=0
defines s as a function of ¢. Near a value of ¢ where the roots of p are simple, the

roots A (t) are regular analytic functions of ¢; near a multiple root the roots have
an algebraic singularity and can be expressed as power series in a fractional power

of t: -
Aty =Y v,
k=0

On the other hand, we know that for real ¢, the matrix A (¢) is self-adjoint and
therefore all its eigenvalues are real. Since fractional powers of ¢t have complex
values for real ¢, we can deduce that the eigenvalues \(t) are regular analytic
functions of t.

12. Matrix Inequalities
We recall the definition of a positive mapping:
DEFINITION 50. A self-adjoint linear mapping H from a real or complex Eu-
clidean space into itself is called positive if
(z,Hz) > 0 for any x # 0.
And we write H > O.
Similarly, we can define nonnegativity, negativity and nonpositivity of a self-
adjoint map.
Basic properties:
(1) The identity map
I>0.
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(2) If A,B > 0 then sois A+ B and kA if k > 0.
(3) If H is positive and @ is invertible, then
QTHQ > 0.

(4) H is positive iff all its eigenvalues are positive.

(5) Every positive mapping is invertible.

(6) Every positive mapping has a positive square root, uniquely determined.
Proof: To see uniqueness, suppose S? = T2, where S > 0, T > 0. We
consider, for any ,

Re{(z,(S+T)(S—T)z)} = Re{(z,TSz) — (x,5Tx)}
=Re{(Tz,Sz) — (Sz,Tx)} = 0.
Now for any eigenvalue p of S — T with eigenvector z, then p is real, and
(0, (S +T) (S~ T)a) = ju (. (S + T) )
must be real too, hence, p = 0 since (x,(S+T)z) > 0. So we have
S—T=0and S=T.

(7) The set of all positive maps is an open subset of the space of all self-adjoint
maps.

(8) The boundary points of the set of all positive maps are nonnegative maps
that are not positive.

REMARK 23. In general, there are many solutions to S*> = H for given H > 0.

DEFINITION 51. Let M and N be two self-adjoint mappings of a Fuclidean

space into itself. We say that M is less than N, denoted as M < N if N — M 1is
positive.

The relation ”>" defines a partial order of self-adjoint mappings.
Similarly, we can define the relation M < N.

PROPOSITION 8. (1). Additive Property: If My < N1, and My < Na, then
My + My < N1 + Na;

(2). Transitive Property: If L < M and M < N, then L < N;
(8). Multiplicative Property: If M < N and Q is invertible, then

Q"MQ < Q'NQ.
THEOREM 98. M > N > 0 implies
0<M*t<nN!
PROOF. Method I: If N = I, trivial. In general, write N = R? where R > 0.

M > R?
if
RIMR'>1.
Hence,
RM'R<1I

which is equivalent to

M '<RZ2=N"1
Method II: Define
A(t) =tM + (1 —t)N.
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For t € [0, 1], we have A (¢) > 0. Since

d .
— AN t)=—A"TAA!
p (t) <0

we have
Ntl=A1t0)>At()=M"
O

LEMMA 8. Let A (t) be a differentiable function of the real variable whose values
are self-adjoint mappings; the derivative %A is then also self-adjoint. Suppose that
%A is positive; then A (t) is an increasing function, that is,

A(s) < A(t) whenever s < t.

ProOF. For any x # 0, we have

% (z,Az) = (JJ,AJJ) > 0.

O
The product of two self-adjoint mappings is not, in general, self-adjoint. We
introduce the symmetrized product
S=AB+ BA

of two self-adjoint mappings A and B. In general, A, B > 0 would not imply S > 0.
For any x # 0, we have
(x,Sx) = 2Re (Az, Bz) .
Take x = e;, we have
Re (Az, Bx) = (a1,b1)

where ag,b; are the first column of A, B respectively. Choose for example
11 1 -1
A:(l 2>andB:(_1 2),

(e1,Se1) =0.

we would have

However, we have

THEOREM 99. Let A and B be self-adjoint such that A > O and the sym-
metrized product
S=AB+ BA> 0.

Then B > O.

PRrROOF. Define
B(t) = B+ tA.
Then for any t > 0,
S(t)=AB(t)+ BA(t)
= AB + BA+2tA* > 0.

Since B (t) > 0 for t sufficiently large and B (¢) depends continuously on ¢, if
B = B(0) were not positive, there would be some nonnegative value ¢y such that
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B (tg) lies on the boundary of the set of positive mappings. Hence, 0 € o (B (o)),
let = # 0 be a corresponding eigenvector, we have

(2,5 (tg)x) = 2Re (Az, B (tp) ) =0

which contradicts to S (to) > 0. O

THEOREM 100. Suppose

O<M<N,
then
O <VM<+VN.
PROOF. Let
At)=tN+(1—-t)M >0

and

Then we have R?2 = A and
RR+RR=A=N-M >0.
Hence .
R>0
which implies R (0) < R (1), i.e., VM < v/N. O
On the other hand, we have
EXAMPLE 12. Let M = A+ B and N = A — B, we would have
M — N =2A,
M? — N? =2(AB + BA).

11 1 -1
i) ()

when t large, we have M > N > 0, but M? > N? doesn’t hold.

2 2 10
=(55)e=(a b))

we have A > B > 0, but A2 > B? doesn’t hold.

Let

EXAMPLE 13. Let

COROLLARY 12. Suppose
O<M<N,

then for any positive integer k,
O < M3F < N3,
For any A > 0, write A = UAU™, we can define
log A=U (logA) U™.
We can verify that A = elo8 4,

LEMMA 9. For any A > 0,
logA = lim m (A% — 1) .

m—r oo
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THEOREM 101. Suppose
O<M<N,
then
log M <log N.

DEFINITION 52. A real-valued function f(s) defined for s > 0 is called a
monotone matriz function if all pairs of self-adjoint mappings M, N satisfying
O < M < N also satisfy f (M) < f(N) where f (M), f(N) are defined by the
spectral resolution.

Hence, the functions
1

1
f(s)=—,logs, s2F
s

2

are monotone matrix functions while f (s) = s* is not.

REMARK 24. Let P, be the class of monotone matriz function of order n. Our
definition of monotone matriz function is Np>1F,.

Carl Loewner has proved the following beautiful theorem.

THEOREM 102. FEvery monotone matrix function can be written in the form of

f(s)=as+b— /Ooo (st *Slldtm (t)

where a is nonnegative, b is real, and m (t) is a nonnegative measure on [0,00) for
which the integral converges. Moreover, a function f can be written in this form if
and only if it can be extended as an analytic function in the upper half-plane, and
has a positive imaginary part there.

Next, we describe a method for constructing positive matrices.

DEFINITION 53. Let f1, -+, fn be an ordered set of vectors in a Euclidean space.
The matriz G with entries

Gij = (fzv f])
is called the Gram matriz of the set of vectors.

THEOREM 103. (i) Every Gram matriz is nonnegative.
(i) The Gram matriz of a set of linearly independent vectors is positive.
(#ii) Every positive matriz can be represented as a Gram matriz.

Proor. (i), (ii) follows from
(w,Go) =Y 2:Giyz; =Y @i (f5, [i) %
= (@1 @f:) = HZ T fi i
(iif) Let H = (h;;) be positive. Let f; = v/He;, we have
(fir £5) = (VHei, VHes ) = hij.
Alternatively, we could also define a scalar product (,), by
(@, y) g = (z, Hy).

Then
hij = (ei,ej)H .
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EXAMPLE 14. Take the Fuclidean space to consist of real-valued functions on
the interval [0, 1], with the scalar product

1
:/ f (@) g(2)de
0

Choose f; (z) =t i = 1,--- ,n, the associated Gram matriz is G = (Gyj), ...
with
_ 1
Y —1

DEFINITION 54. The Hadamard product of two m X n matrices A, B is
AoB= (A”BU)

mxn °

THEOREM 104 (Schur). Let A = (A;;) and B = (B;;) be nxn positive matrices.
Then M = A x B where

Mij = A'L'j Bij
is also a positive matriz.

PROOF. Suppose

= (fi. 1)) Zf’“

Bij = (9i,95) Zgzg]

where {f;} {g;} are two sets of linearly independent vectors.
2
Let h; = (ffgf)nx” € R™, then

Zf FEglgh = (hishy).

We claim h;, 1 < ¢ < n are linearly independent in R™. Suppose
LS WAL
i

we conclude for any [,

Z (cigh) fi =0,

i

hence c;g! = 0 for each 7,1 and hence c;g; = 0 for each i. So we conclude ¢; = 0. O

The determinant of every positive matrix is positive. Moreover, determinant is
a log concave function on positive definite matrices.

THEOREM 105. Let A and B be self-adjoint, positive n x n matrices. Then for
any t € [0,1],
det (LA + (1 — ) B) > (det A)" (det B)' ™"

PRrooF. For any invertible and differentiable matrix function Y (t), we have

% log (det Y (t))

=trY Y (1).
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Hence
2

d
p7E] log (det Y (t))

d .
=tr—-Y 'Y (¢
T (t)
=tr (fY*lYYle +Y 1y (t)) .
Now let Y (t) = tA + (1 —t) B, we have
d2
at?
since the eigenvalues of the product of a positive matrix and a self-adjoint matrix
are real.
Second proof: Define C' = B~ A, it suffices to show

det (tC + (1 — t) I) > (det O)".
Since C is the product of two positive matrices, it has positive eigenvalues A;. Now

det (t1C+ (1 =) ) =[x + (1 = 1)) = [N = (det C)'

log (det Y (t)) = — tr (y—le—lY) = —tr (Y—1Y)2 <0

J
follows from the fact that
tA+(1—t) >\
holds for any A > 0 and 0 < ¢ < 1 since ! is a convex function in ¢. O
Next we give a useful estimate for the determinant of a positive matrix.

THEOREM 106. Let H > 0. Then
PROOF. Let D = [VHy1, -+ ,v/Hpn] > 0 and

B=D'HD '>o0.

Then B;; = 1 and
det H

112

It suffices to show det B < 1 which follows from the arithmetic geometric mean

= det B.

inequality
Z)‘j " tr B\"
detB=||N < |=—| =|— ] =1
¢ H 7= ( n n
where A;, 1 < j < n are eigenvalues of B. O
THEOREM 107. Let T be any n X n whose columns are ¢1,--- ,cn. Then

det 7| < [T llesl-
PrROOF. We consider H = T*T. We have
|det T|* = det H < [ [Hy; =[] lles 1> -
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In the real case, the above theorem has an obvious geometrical meaning: among
all parallelepipeds with given side lengths ||¢;||, the one with the largest volume is
rectangular.

THEOREM 108. Let H be an n X n real, symmetric, positive matrix. Then

T3
_ —(z,Hzx)
= e dx.
vdet H /n
PROOF. Let y = v Hz, then

/ S W S A
n det vVH Videt H
O
Now we present a number of interesting and useful results on eigenvalues. Let
A be a self-adjoint map of a Euclidean space U into itself. We denote by p, (A)
the number of positive eigenvalues of A, and denote by p_ (A) the number of its
negative eigenvalues. Then p; (A) = maximum dimension of subspace S of U such
that (u, Au) is positive on S. p_ (A) = maximum dimension of subspace S of U
such (Au,u) is negative on S.

THEOREM 109. Let A be a self-adjoint map of a Euclidean space U into itself,
and let V' be a subspace of U such that

dimV =dimU — 1.

Denote by P orthogonal projection onto V. Then PAP is a self-adjoint map of U
into U that maps V into V; we denote by B the restriction of PAP to V. Then we
have:

(a)

p+(A) —1<py (B) <ps(4)
and

p-(A)—1<p_(B)<p-(4).
(b) The eigenvalues of B separate the eigenvalues of A.

Proor. (a) Let T' be a subspace of V of dimension p; (B) on which B is
positive. Then for any v € T, v # 0,

(v, Av) = (Pv, APv) = (v, PAPv) = (v, Bv) > 0.
Hence, A is positive on T" and
p+(A) > dimT =py (B).

On the other hand, let S be a subspace of U of dimension p; (A) on which A is
positive. Let T'= 5NV, then

dim7T > dim S — 1.
For any v € T, v # 0,
(v, Bv) = (v, PAPv) = (v, Av) > 0.
Hence B is positive on T', and

py (B) >dimT >dimS —1=p; (A) — 1.
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(b) We have for any ¢,
HAe€eao(A): x> c}
>H{A€a(B): A>c}
>Hreo(A): A>c}H -1
O

COROLLARY 13. Let A be an n x n self-adjoint matriz. For any 1 < i < n, the
etgenvalues of the i-th principal minor of A separate the eigenvalues of A.

PROOF. Let V be the subspace with i-th component 0. (|

THEOREM 110. Let M and N denote self-adjoint n X n matrices satisfying
M < N. Denote the eigenvalues of M by A < --- < A, and those of N by
p1 <o < pn. Then for1 < j<mn,

)\j<,uj.
PRrROOF.
M
A; = min max M7
dim S=j ¢€S,2#0 (x,x)
(z,Nx)

min  max

My = dim S=j z€S,2#0 (x,x) '

Denote by T the subspace of dimension j such that
(x,Nzx)

Hi= oo (x,z)
Since M < N,
(z,Nx)
pj = max
eeTa#0 (1,7)
M
S @ Mz) o 5.

max
z€T,x#0 (Jf, .Z‘)

REMARK 25. M < N implies A\j < ;.

THEOREM 111. Let M and N be two self-adjoint n X n matrices. Denote the
etgenvalues of M by Ay < --- < \,, and those of N by p1 < --- < py,. Then for
1 <5 <n,

|Aj — il < |M = NJ.

PRrROOF. Let d = ||M — N||. We have
N—dl <M< N+dIL

Wielandt and Hoffman have proved the following interesting result.

THEOREM 112. Let M, N be self-adjoint n xn matrices. Denote the eigenvalues
of M by A\y < --- < X\, and those of N by p1 < -+ < py. Then

2 2
>IN = wl* < (IM - N3

where ||-||5 is the Hilbert-Schmidt norm.
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Proor.
IM = N|2=tr (M — N)* = tr M? — 2tr MN + tr N2

2 2
= Z)\j — 2trMN+ZMj.
So it suffices to show
n
tr MN S Z)\]/,LJ
j=1
We could assume that M = [Ay, -+, A,], then

Jj=1

Let I" be the collection of all self-adjoint n x n matrices with eigenvalues p; < --- <
trn. Then I' is compact so there exists IV, € I' such that

tr M N,, = maxtr M N.
Nel’

We claim that M N,, = N,,M. Let A = N,,M — MN,,. Then A is anti-self-adjoint
and hence e is unitary so we have

N (t) = e N,e 4t e T.

Now
d
—tr M N (t
pricy (t)
= tr (MAeAtNme_At - MeAtNmAe_At)
= tr Me?* (AN,, — N,, A) et
Hence

0= itrMN(t)

dt =0
= tr M (AN,, — N,, A)
= tr A2

and we conclude A = 0.
Now M and N,, can be simultaneously unitary diagonalized. Hence

tr MN <tr MN,, = Z)\jﬂj < Z/\j,u]‘
J=1 j=1

where [i; is a rearrangement of ji;. O

THEOREM 113. Denote by Amin (H) the smallest eigenvalue of a self-adjoint
mapping H in a Euclidean space. Then Amin (H) is a concave function of H, that
is, for 0 <t <1,

Amin (tL + (1 — t) M) > tAmin (L) + (1 — t) Amin (M) .

Similarly, Amax (H) is a convex function of H.
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PRrROOF. Let x # 0 be a unit vector such that
Amin (L + (1 —t) M)
=(z,tL+(1—-t)M)x)
=t(z,Lz)+ (1—1t)(x, Mx)
2 tAmin (L) + (1 - t) )‘min (M) .

Let Z be linear mapping of a complex Euclidean space into itself.

Z+ 7"
2

H =

is called the self-adjoint part of Z, and
Z —7*
2
is called the anti-self-adjoint part of Z. And we have

A:

Z =H+ A.

THEOREM 114. Suppose

Z+Z*
2

Then the eigenvalues of Z have positive real part.

H = > 0.

PROOF. For any vector h,
1
Re(h, Zh) = 3 [(h,Zh) + (Zh,h)] = (h, HR) > 0.

Now let A € 0 (Z) and h be a unit length eigenvector, then
ReX =Re(h,Zh) > 0.
U

The decomposition of an arbitrary Z as a sum of its self-adjoint and anti-self-
adjoint parts is analogous to writing a complex number as the sum of its real and
imaginary parts, and the norm is analogous to the absolute value.

Let a denote any complex number with positive real part; then

_1—az
1+az

w

maps the right half-plane Rez > 0 onto the unit disc |w| < 1. Analogously, we
claim the following:

THEOREM 115. Let a be a complexr number with Rea > 0. Let Z be a mapping
whose self-adjoint part Z + Z* is positive. Then

W=(-aZ)(I+az)"

is a mapping of norm less than 1. Conversely, |W|| < 1 implies that Z + Z* > 0.
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PROOF. Z 4+ Z* > 0 implies Re XA > 0 for any A € o (Z). Hence I + aZ has
nonzero eigenvalues and is invertible. For any vector x # 0, we write

= (I+aZ)y,
hence

(I—aZ)y=Wuz.
Now

[Wa|* < |||
iff
(I —aZ)y|* < I +aZ)y|?
iff
—(y,aZy) — (aZy,y) < (y,aZy) + (aZy,y)
iff
(v, Zy) + (Zy,y) >0

iff

(W, (Z+2)y) > 0.

13. Polar decomposition and singular value decomposition

Complex number z can be written in the form of z = re* where r > 0 and
’ew‘ = 1. Mappings of Euclidean spaces have similar decompositions.

THEOREM 116 (Polar Decomposition). Let A be a linear mapping of a complex
Euclidean space into itself. Then A can be factored as

A=RU
where R is a nonnegative self-adjoint mapping, and U is unitary. When A is
invertible, R is positive.
PROOF. We first assume A is invertible. Let
R=VAA* >0
and
U=R"TA
Then U is unitary since
U'U=A*R 'R 'A=A*(44*) "A=1.
When A is not invertible, we can still define
R=VAA* > 0.
For any x, we have
|Rz||” = (Ra, Rax) = (Ax, A*z) = | A*z|?.

For any v = Rx € Rp, the range of R, we can define Vu = A*x. Then V is
an isometry on Rpg; therefore it can be extended to the whole space as a unitary
mapping. Since
A*=VR
we have
A=RV*=RU
where U = V* is unitary. ([l
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REMARK 26. A can also be factored as
A=UR
where R is a nonnegative self-adjoint mapping, and U is unitary.

REMARK 27. When A is real, we can choose R to be real symmetric and U = @
to be orthogonal. Polar decomposition implies that A is a composition of a map that
stretches the space along a set of orthogonal bases, represented by R, and a rotation
represented by Q.

REMARK 28. Every nonnegative mapping has a nonnegative square root, uniquely
determined. To see uniqueness, suppose S> = T?, where S > 0, T > 0. We con-
sider, for any x,

Re{(z,(S+T)(S—T)z)} =Re{(z,TSx) — (x,5Tx)}
=Re{(Tz,Sz) — (Sz,Tx)} = 0.

Now suppose p # 0 is an eigenvalue of S — T with eigenvector x, then w is real,
and

(2, (S+T)(S—T)x)=p(z,(S+T)x)

must be real too, hence, (x,(S + T)xz) = 0 which implies Sz = Tx = 0. So we have
(S—=T)xz =0 and u =0, a contradiction. Hence any eigenvalue of S — T must be
zero which implies S —T = 0.

According to the spectral representation theorem, the self-adjoint map R can
be expressed as

R=WDW~,
where D is diagonal and W is unitary. Hence

A=WDW*U =WDV

where V' = W*U is unitary. Such a decomposition is called the singular value
decomposition of the mapping A. The diagonal entries of D are called the singular
values of A; they are the nonnegative square roots of the eigenvalues of AA*.

Singular value decomposition can be generalized to any linear map A from one
Euclidean space into another Euclidean space.

THEOREM 117 (Singular Value Decomposition). Let A be an m x n matriz.
There exist an m x m unitary matriz U and an n X n unitary matriz V' such that

A=UxV"

where 3 1s an m X n rectangular diagonal matrixz with nonnegative real numbers on
the diagonal.

Proor. WLOG, we assume m > n.
Since

A*A > 0.
There exists an n X n unitary matrix V' such that

A*A=VDV*
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where D is a diagonal matrix with nonnegative diagonal entries. Now for any
zeCnr,

|AVz|? = (AVa, AVz) = (Va, A*AVz)
= (Va,VDV*Va) = (Va,VDzx)
2
= (z,Dzx) = HD%:UH .

Hence, there exists an isometry U from the range of Dz into C™ which maps Dig
to AVz. Hence, there exists a unitary map U from C™ to C™ such that

D3
()

1
AzU(DOZ )V*:UEV*.

ie.,

Given a singular value decomposition of A:
A=UXV".
We have
AA* =UXS*U™,
A*A=VE*2V™.
Hence the columns of V' are eigenvectors of A*A which are called right-singular
vectors and the columns of U are eigenvectors of AA* which are called left-singular

vectors. The non-zero elements of X are the square roots of the non-zero eigenvalues
of A*A or AA* which are called non-zero singular values of A.

REMARK 29. When A is real, we could choose U,V to be real.

REMARK 30. Suppose m > n. To construct the singular value decomposition,
we first calculate the eigenvalues and eigenvectors of AA* to obtain positive singular
values o1 > o9 > -+ > o, > 0 of A and the unitary map V. Writing U =
(U1, ,um), we have

1
up = —Avg, 1 <k <r,
Ok

and the unitary map U is obtained by completing ui, 1 < k < r into an orthonormal
basis.

REMARK 31. We could also write singular value decomposition in the form of

-
A= E akukvz,
k=1
a sum of rank one matrices.

Similar to eigenvalues, singular values have a variational structure. Let A be a
real m x n matrix. We define for u € R™ and v € R™ the bilinear form

o (u,v) = (u, Av) .

Since unit balls are compact, o achieves its maximum for |lul| = ||[v|| = 1.
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THEOREM 118. Let

A1 = max o (u,v) =0 (u1,v1)
lull=llvll=1
where ||ur|] = ||vi|| = 1. Then A is the largest singular value and uy, v1 are left
and right-singular vectors w.r.t. X\. Moreover,
Avy = Auy,

A*ul = )\11}1.
PROOF. )\; is the largest singular value follows from the observation

A= max o(u,v)= max (u,Xv).
lull=llvll=1 lull=llvll=1

For any vectors g, h, we have
f(S t)— U(U1+sg7vl +th) . (U1+89,Avl+tAh)
" a4 sgllllor +thll Tl + sgll [or + 2]

achieves its maximum at (0,0). Hence
s_O>

d 1
s 7t = = ’A A ds lluy + sall
Fs (8.l (a.0=0.0) = (9, Av1) + l(ds [us + sg

= (g, Av1) — M1 (g, u1)

since p
2
Gl sl =200
Similarly,
d 1
fe (3,0 (s.7=(0,0) = (u1, Ah) + Ay (ds|vl+th|| 5_0>
= (u1, Ah) — Ay (h,v7).
Hence

Avy = Mug,
A*uy = M.
It then follows
A*Avy = )\%vl,
AA U = Ny,

14. More Properties of Positive Definite Matrices

Let A > 0 be an n x n matrix. For 1 < k < n, k x k submatrix of A obtained by
deleting any n — k columns and the same n — k rows from A is called a k-th-order
principal submatrix of A. The determinant of a k£ x k principal submatrix is called
a k-th order principal minor of A.

THEOREM 119. Any principal submatriz of a positive matrix A is positive.

The leading principal minor is the determinant of the leading principal subma-
trix obtained by deleting the last n — k rows and the last n — k& columns.
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THEOREM 120 (Sylvester’s criterion). A is positive definite iff all of its n leading
principal minors are strictly positive.
Proor. Using 13. ]

Now we want to generalize Theorem 106 to block matrices.
THEOREM 121. Suppose

A= ( g* g ) >0
where B and D are square matrices of dimension k and 1. Then B > 0 and D > 0.
det A < det Bdet D.
We need the following lemma
LEMMA 10. Suppose A >0 and B > 0. We have
det (A + B) > det A + det B.
PROOF. First we show that for any B > 0,
det (I + B) > 1+ det B.
Let A\ > 0 be eigenvalues of B. We have

n n

det (I+B) =[] (1 +A) =1+ [[M =1+det B.
k=1 k=1

Next, we assume that A > 0 and B > 0. We have
det (A + B) = det Adet (I + A*%BA*%)
> det A (1 + det (A_%BA_%))
= det A + det B.

Finally, for A > 0 and B > 0, we take for every ¢ > 0, A, = A+ el > 0. Then
det (A: + B) > det A + det B.

Letting € — 0, we have
det (A + B) > det A + det B.

Now we are ready to prove Theorem 121:

PrROOF OF THEOREM 121. Let
_ 1. —-B~1C
Q - ( 0 Il ) I

we have
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Hence
det A = det (Q*AQ) = det Bdet (D — C*B~'C).
Now since C*B~1C > 0 and D — C*B~!C > 0, we have
det D =det (D — C*B~'C) + C*B~'C)
> det (D — C*B~'C) +det (C*B~'C)
> det (D —C*B~'0).
Hence, we have

det A = det Bdet (D — C*B~'C) < det Bdet D.

More generally, suppose the block matrix
A= (Aij)lxl >0
where A, 1 < k <1 are square matrices. Then
l

det A < H det App.
k=1

15. Idempotent and Nilpotent Matrices

An n X n matrix N is said to be nilpotent if for some k > 1, Nk = 0. The
smallest such k is called the degree of the nilpotent matrix V.

ExXAMPLE 15. Any triangular matriz with Os along the main diagonal is nilpo-
tent.

THEOREM 122. Let N be an n X n matrices. Then the following statements are
equivalent
. N s nilpotent.
The eigenvalues of N are all zeros.
The characteristic polynomial of N is A™.
The minimal polynomial of N is A\F for some 1 < k < n.
. tr(Nk) =0 for any k > 1.

G S0 e

PROOF. To see tr (N*) =0 for any 1 < k < n implies that the eigenvalues of
N are all zeros, we consider the eigenvalues A1, ---, A, of N. Then

pk=Z/\§:0,1§k§n.

j=1
Let e (A1, -+, An), 0 < k < n be the elementary symmetric polynomial that is the
sum of all distinct products of k£ distinct variables. Hence,
€y = ].7
n
e = Z )\j,
j=1
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Newton’s identities

k

kek = Z (—1)j_1 €k—jiPj, 1< k <n
j=1

imply that e, =0 for 1 < k <n. Hence

n

[T -2 =3 (1P eari = a

J=0

and \; =0for 1 <j <n. O

THEOREM 123 ( Jordan—Chevalley decomposition ). Every matriz can be writ-
ten as a sum of a diagonalizable (semi-simple) matriz and nilpotent matriz.

PROOF. From Jordan canonical form. O

An n x n matrix P is said to be idempotent (projection) if P? = P. The
minimal polynomial of P has three possibilities

AMA—LAN—1)

and hence it is always diagonalizable and its eigenvalues are either 0 or 1 and
tr P = rank P. A nonsingular idempotent matrix must be identity matrix. In
general, P is a projection onto its range.

PROPOSITION 9. P? = P iff
(I-P?=1-P

An nxn matrix A is said to be an involution if A2 = I. The minimal polynomial
of P has three possibilities

A1 A—1,(A=1)(A+1).

and hence it is always diagonalizable and its eigenvalues are either —1 or 1. A is
involutory iff

%(Au)

is idempotent.
Given a unit vector v € R, n > 2. A reflection about the hyperplane through
the origin is represented by a matrix

R, =1-2w".
A reflection matrix is an orthogonal matrix with determinant —1 and with eigen-
values —1,1,--- ;1. It has minimal polynomial
A -1

and hence it is diagonalizable.

LEMMA 11. Let uw # v be two vectors in R™ such that ||u|| = ||v||. There exists
a unique reflection R such that Ru = v.
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PROOF. We assume [Jul| = [jv]| = 1. Let w = p=py, and R =1 — 2ww?, then
2 (1 —
u:u—ng(u,u—v)

lu—vf|

C2=2(u,v)u—2(1— (u,v))u+2v (1 - (u,v))

= 2

lu —vf|
= .

To see the uniqueness, we observe that Rv = R2u=w and R(u —v) =v —u. O

THEOREM 124 (Cartan-Dieudonné). Every orthonal mapping on R™ which is
not identity can be written as a composition of at most n reflections.

PROOF. We proceed by induction on n. When n = 1, trivial. Suppose the
theorem is ture for n — 1, n > 2. Let @ # I be an orthogonal map on R™.
Case 1. 1 is an eigenvalue of @ with a unit eigenvector w. Let H = w' be the
hyperplane perpendicular to w. Then Q : H — H and Q|g is an orthogonal map
which is not identity. Hence from the induction,

QlH =RioRyo0--- R,

where s <n — 1 and Ry, 1 < k < s are reflections on H. We can extend R to a
reflection on X, still denoted by Ry, satisfying Ry (w) = w. Then we have

Q:R]_ORQO-”RS.
Case II. 1 is not an eigenvalue of @). Pick any nonzero w € X, then v = Quw—w # 0.

Let

*

R,=1-2——.
]l
Then from the above lemma,
R,Quw = w.

Since R, is an orthogonal map with eigenvalue 1, we have
RvQ:R10R2O"'Rs
for some s < n — 1, and
Q=R,0oRi0Ry0---R;.
The theorem thus follows from induction. (|
REMARK 32. Ewvery orthogonal map Q is the composition of k hyperplane re-
flections, where
k =n — dim (ker (Q — I))

and that this number is minimal.

16. Tensor Product

EXAMPLE 16. Let P, (z) be the space of polynomials in x of degree less than
m, and P, (y) be the space of polynomials in y of degree less than n. A natural
basis for Py, (z) is 1,2, ,2™~! and a natural basis for P, (y) is 1,y,--- ,y" L.
Their tensor product Py, (x) @ P, (y) is the space of polynomials in x and y, of
degree less than m in x, less than n in y. Hence P, (v) ® P, (y) has a basis z'y?,
0<i<m-—-1,0<j<n-—1. Anddim (P, () ® P, (y)) = mn.
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In general, suppose {e;};~, is a basis of the linear space U and { fj};;l is a

basis of the linear space V. The tensor product U ® V' can be defined as a linear
space with basis ¢; ® f;, 1 <i<m, 1 <j < n.

Such definition is not good since it uses basis vectors.

We can define U ® V' in an invariant manner. Take the collection of all formal

finite sums
E ;U @ v,

where u; and v; are arbitrary vectors in U and V', respectively and «; is a scalar.
These sums form a linear space F (U x V).
The linear space Z spanned by sums of the forms

(U1 +u2) @V —u1 @V — ug v,
u® (V1 +v2) — UV — U v,
and
(au) @ v — au® v,
u® (av) —au®v
are called the space of null sums.

DEFINITION 55. The tensor product U ® V' of two finite-dimensional linear
spaces U and V is the quotient space F (U x V') modulo the space Z of null sums.

For simplicity, we still use Y a;u; ®v; to denote the equivalent class of Y o;u; ®
v, E F(UXxV)inU®YV. It is easy to verify that in U @ V,

(U1 +u2) ®v =u1 @V + uz v,
u® (v +v2) = UV + u v,

and
(au) @ v =u® () = au  v.

THEOREM 125. Let {e;};", and {f;};_, be basis in U and V respectively. Then
ei® fj, 1<i<m, 1< j<n form a basis for U V.

PROOF. It is easy to see that e; ® f;, 1 <1 <m, 1 < j<nspan U®V.
Now we need to verify these mn vectors are linearly independent. Let {ef};", and
{f;‘ };l:l be the dual basis in U’ and V', we define for any fixed k,[, a map

br € (F (U xV))

Pkl (Z QUi & 'Ui) = Zaie;’é (ui) J" (v3).

Since Z € ker ¢ri, ¢p; induces a map ¢y € (U ® V). Now suppose

chijei®fj =0,

i=1 j=1

such that

applying ¢ we have c; = 0. Hence e; ® f;, 1 <4 < m, 1 < j < n are linearly
independent and they form a basis for U @ V. O
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When U and V are equipped with real Euclidean structure, there is a natural
way to equip U ® V' with Euclidean structure. Choose orthonormal bases {ei}?;l,
{fj}?zl in U and V respectively, we declare e; ® f;, 1 <i<m, 1 < j <n to be an
orthonormal basis for U ® V. It remains to be shown that this Euclidean structure
is independent of the choice of the orthonormal bases; this is easily done, based on
the following lemma.

LEMMA 12. Let uy,us € U and vy,vo € V, then
(u1 ® v1,u2 @ vp) = (u1,uz) (v1,v2) .

Finally, let’s rewrite the proof of Schur’s theorem on Hadamard product of
positive matrices.

PrOOF. Suppose A, B > 0. Then A, B can be written as Gram matrices:
Aij = (ui, uy)
where u; € U, 1 <1 < n, are linearly independent, and
Bij = (vi, vj)

where v; € V', 1 < i < n, are linearly independent. Now define g; = u; ® v;, then
g, € U®V,1<i<n are linearly independent and

(9i,95) = Ai;Bij.

Hence AxB is a Gram matrix of linearly independent vectors and hence positive. [

17. Gershgorin’s Circle Theorem

THEOREM 126. Let A be an n X n matriz with complex entries. Decompose A
as

A=D+F

where D = [dy,- - ,dy] is the diagonal matriz equal to the diagonal of A; F has
zero diagonal entries. Let f; be the i-th row of F. Define the circular disc C; to
consist of all complex numbers z satisfying

[z —dil <[l fill,, 1 <i<n.

Here the 1-norm of a vector f is the sum of the absolute values of its components.
Then every eigenvalue of A is contained in one of the discs Cj.

PROOF. Let u be an eigenvector of A, normalized as ||ul|,, = 1, where the
oo-norm is the maximum of the absolute value of the components of u. Clearly,
|uj] <1 for each j and |u;| = 1 for some ¢. The i-th component of

Au = Au
can be written as
diu; + fiu = Au;
which implies
|2 = dil <[ filly-
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REMARK 33. If C; s disjoint from all the other Gershgorin discs, then C;
contains exactly one eigenvalue of A. This follows from the Kato’s theorem on
the continuity of roots for polynomials, which implies that for continuous matriz
function A(t), t € [a,b] C R, there exists n contiunous functions i (t), t € [a,b],
1 <k < n such that for each t € [a,b], A\, (t), 1 < k < n are eigenvalues of A (t)
with the same multiplicity.

18. The motion of a rigid body

An isometry is a mapping of a Euclidean space into itself that preserves dis-
tances and an isometry M that preserves the origin is linear and satisfies

M*M =1.
The determinant of such an isometry is +1 and for all rigid body motions is 1.

THEOREM 127 (Euler). A nontrivial isometry M of three-dimensional real Eu-
clidean space with determinant 1 is a rotation; it has a uniquely defined axis of
rotation and angle of rotation 6.

PROOF. The eigenvalues of M has two possibilities: All real; one real and two
conjugate complex pairs. In the all real case, the eigenvalue is either 1,1,1 or
1,—1,—1, the 1,1,1 case implies M = I and the 1,—1,—1 case is a rotation of 7
angle. In the latter case, the real eigenvalue must be 1 and we claim M is a rotation
about the axis in v direction where vy is a unit eigenvector with eigenvalue 1. Let
v1, V2, v3 be an orthonormal basis, M under such basis has the form

1
M = a —0
g «
Since a? + B2 = 1, suppose a = cosf, 3 = sinf, then M is a clockwise rotation of
an angle 6 about v. O

REMARK 34. 6 can be calculated using
trM =1+ 2cosf.

We turn now to rigid motions which keep the origin fixed and which depend
on time ¢, that is, functions M (t) whose values are rotations. Differentiate

MM* =1,
we have
M,M* + MM} = 0.
Let A (t) = M;M*, we have
A+ A" =0,
i.e., A is anti-symmetric. Since
M, = AM,
A (t) is called the infinitesimal generator of the motion.
On the other hand, if A (¢) is antisymmetric and M (¢) is the unique solution
to
M, = AM,
M(0)=1,
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then M (t) is a rotation for each t. To see this, since A = M~1M; and A+ A* =0,
we have

M~ M, + M (M*) ™ =0
ie.
M M* + MM} =0.
REMARK 35. When A is a constant anti-symmetric matriz, we have
M (t) = e,
REMARK 36. In general, the solution to
M, = A(t) M,
M) =1,
is not given by
efJ A(s)ds

unless A (t) and A (s) commute for all s and t.

19. Convexity

Let X be a linear space over the reals. For any pair of vectors z,y in X, the
line segment with endpoints z and y is defined as the set of points in X of form

st+(1—9)y,0<s< 1.

DEFINITION 56. A set K in X is called convex if, whenever x and y belong to
K, all points of the line segment with endpoints x,y also belong to K.

Let [ be a linear function in X; then the sets {(z) = ¢, called a hyperplane,
l(x) < ¢, called an open half-space, I(z) < ¢, called a closed half-space, are all
convex sets.

EXAMPLE 17. X the space of real, self-adjoint matrices, K the subset of positive
matrices.

EXAMPLE 18. X the space of all polynomials with real coefficients, K the subset
of all polynomials that are positive at every point of the interval (0,1).

THEOREM 128. (a) The intersection of any collection of convex sets is convex.
(b) The sum of two convex sets is convex, where the sum of two sets K and H is
defined as the set of all sums x + vy, z in K, y in H.

EXAMPLE 19. A triangle in the plane is the intersection of three half-planes
and hence is convexr.

DEFINITION 57. A point x is called an interior point of a set S in X if for
every y in X, x + ty belongs to S for all sufficiently small positive t. A convex set
K in X is called open if every point in it is an interior point.

DEFINITION 58. Let K be an open convex set that contains the vector 0. We

define its gauge function (Minkowski functional) px = p as follows: For every x in
X,

p(w):inf{r>0:%€K}.
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EXAMPLE 20. Let K be the open ball of radius a centered at the origin in a
Fuclidean space X, then K is a conver set and

p(ﬂf):M~

a

THEOREM 129. (a) The gauge function p of an open convex set K that contains
the origin is well-defined for every x.
(b) p is positive homogeneous:

p(ax) = ap(x) fora>0.

(c) p is subadditive:
pl+y) <p(@)+p).
(d) p(x) <1iffxisin K.
PROOF. (a) Since 0 € K and K is open, {r >0:%¢€ K} is not empty.
(b) Follows from definition.
(c) For any € > 0, let s =p(z) + ¢ and t = p(y) + €. We have
Ty

-, - e K.
s

|

Hence the convexity of K implies

x + s T t
J_ -+ geK.
s+t s+ts s+ttt

By definition of p,
plx+y) <s+t=px)+py) + 2.
Since € > 0 can be chosen arbitrarily small, we have
ple+y) <p@)+p().
(d) Follows from the open and convexity of K. O

THEOREM 130. Let p be a positive homogeneous, subadditive function. Then
the set K consisting of all x for which p (x) < 1 is convex and open.

PRrOOF. Trivial. O

THEOREM 131. Let K be an open conver set, and let y be a point not in K.
Then there is an open half-space containing K but not y.

PrOOF. It is a consequence of Hahn Banach Theorem. We define a linear
function I on Y = span {y} so that [ (y) = 1. Then

(ty) < pic (ty) for any t € R,

ie, !l <pg onY. Extend [ to the whole space by Hahn_Banach theorem. Then we
have [ (y) =1 and [ (z) < pr (z) < 1 for any =z € K. O

THEOREM 132 (Finite dimensional Hahn-Banach theorem). Let p be a real-
valued positive homogeneous subadditive function defined on a linear space X over
R. Let U be a subspace of X on which a linear function [ is defined, satisfying

l(w) <p(u) for allue U.
Then I can be extended to all of X so that l(x) < p(x) is satisfied for all x.
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PROOF. Pick z ¢ U. Need to define [ (z) = a so that
Hutz2)=1l(uw)+a<pu+tz),
i.e.,
a<p(utz)—1(u)
for any v € U. We also need
lv=2)=1l(w)—a<pv-—2),
for any v € U, i.e.,
a>l(w)—pv—2).
Such a can be chosen if for any u,v € U
L) =pv—2) <p(utz)—1(u),
which is equivalent to
p(u+2)+p(—2)21(u+o)
which holds since
p(u+2)+p—2)2pu+o)=l(uto).
For such a, the linear extension ! defined on V = {tz+u:t € R, u € U} by
l(u+tz) =1(u) +ta
satisfies [ (z) < p(z) for all z € V. The theorem follows by induction. O
THEOREM 133. Let K and H be open convex sets that are disjoint. Then there
is a hyperplane that separates them. That is, there is a linear function | and a

constant d such that
l(z)<donK,Il(y)>donH.

PrOOF. K — H is an open and convex set. Since K and H are disjoint, K — H
does not contain the origin. With y = 0, there is a linear function ! that is negative
on K — H,ie.,

l(zx—y)<Oforze Kandye H.
We can rewrite this as
I(z) <l(y) forz € K and y € H.
Hence there is a number d such that
l(z)<d<l(y) forece Kandye H
Since both K and H are open, the sign of equality cannot hold. ([
DEFINITION 59. Let S C X. Its support function qs on the dual X' of X is

defined by

qs (1) =supl(z) for anyle X'.
€S

PROPOSITION 10. (a) qs is subadditive in l:
gs (I+m) < qgs (1) +gs (m).
(b)

(¢)

gs+r (1) = qs (1) +qr (1)

gsur (1) = max {qgs (1) ,qr (1)} .
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THEOREM 134. Let K be an open convexr set, qx its support function. Then
z e K iff
l(x) < qk (I) foranyle X'.

PROOF. From the definition, for any x € K, [ (z) < gi (1) for any | € X'.
Since K is open, equality can’t hold. On the other hand, if y ¢ K, there exists [
such that [ (y) = 1 but I (x) < 1 for any € K and hence [ (y) > gx (1) for such
l. O

REMARK 37. The above theorem describes open convex sets as intersections of
half-spaces.

DEFINITION 60. A convexr set K in X is called closed if every open segment
(I1—-t)x+ty, 0 <t <1, that belongs to K has its endpoints x and y in K.

REMARK 38. The intersection of closed convex sets is a closed convex set.

THEOREM 135. Let K be a closed, convex set, and y ¢ K. Then there is a
closed half-space that contains K but not y.

THEOREM 136. Let K be a closed, conver set, qx its support function. Then
x e K iff
l(x) <qk () foranyle X'.
REMARK 39. The above theorem describes closed convex sets as intersections

of half-spaces.

DEFINITION 61. Let S be an arbitrary set in X. The closed convex hull of S is
defined as the intersection of all closed conver sets containing S.

THEOREM 137. The closed convex hull of any set S is the set of points x

satisfying
I(z) <qs(l) foranyle X'
PROOF. Let K be the collection of x such that
I(z) <gs(l) for any [ € X'.
Then K is closed and convex. Let S C K’, where K’ is a closed and convex set.
Since
qs () < gk (1) for any I € X'.
We have for any = € K,
I(z) <qs(l) <qgr () forany [ € X'

Hence z € K'. So we have K C K’ and K is the closed convex hull of S. O

Let z1,--- ,x,, denote m points in X, and p1,--- ,pm, denote m nonnegative
numbers whose sum is 1. Then
Xr = ijxj

is called a convex combination of z1,--- ,x,.

REMARK 40. Let x1,--- , 2, belong to a convex set, then so does any convex
combination of them.

DEFINITION 62. A point of a convex set K that is not an interior point is called
a boundary point of K.
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DEFINITION 63. Let K be a closed, conver set. A point e of K is called an
extreme point of K if it is not the interior point of a line segment in K. That is,
z is not an extreme point of K if

x:yTH7y7zeK7y7éz'

REMARK 41. An extreme point must be a boundary point but a boundary point
may not be an extreme point.

DEFINITION 64. A convex set K is called bounded if it does not contain a ray,
that is, a set of points of the form x + ty, t > 0.

THEOREM 138 (Caratheodory). Let K be a nonempty closed bounded convex
set in X, dim X = n. Then every point of K can be represented as a conver
combination of at most (n+ 1) extreme points of K.

PrOOF. We prove this inductively on the dimension of X. The theorem obvi-
ously holds for dim X = 1. Suppose the theorem holds for dim X < n — 1. Now for
dim X = n, we distinguish two cases:

(i) K has no interior points. WLOG, we assume 0 € K. We claim that K does
not contain n linearly independent vectors; for if it did, the convex combination of
these vectors and the origin would also belong K; but these points constitute an
n-dimensional simplex, full of interior points. Let m < n be the largest number
of linearly independent vectors in K, then K is contained in an m-dimensional
subspace of X. By the induction hypothesis, theorem holds for K.

(ii) K has interior points. Denote by K{ the set of all interior points of K. It
is easy to show that K is convex and open and we further assume WLOG 0 € K.
We claim that K has boundary points; for, since K is bounded, any ray issuing
from any interior point of K intersects K in an interval; since K is closed, the other
endpoint is a boundary point y of K. Let y be a boundary point of K. We apply
Theorem 131 to Ky and y; there is a linear functional [ such that

l(y) =1,
[ (z9) < 1 for all zg € K.

We claim that { (z1) <1 for all ; € K. Pick any interior point zg € Kjp; then all

points x on the open segment bounded by zg and x, are interior points of K, and

so I (x) < 1. Tt follows that at the endpoint x7, I (x1) < 1. Let
Ki={zeK:l(x)=1}.

Then K is bounded and convex. Since y € K7, so K; is nonempty. We claim that
every extreme point e of K7, is also an extreme point of K; for suppose that

z+w
e =
2
for some z,w € K, then we have
l l
1:l(e)zw <1

which implies [ (z) = I (w) = 1 and hence z,w € K;. But since e is an extreme
point of K7, z = w. This proves that extreme points of K7, are extreme points of
K. Since K lies in a hyperplane of dimension = n—1, it follows from the induction
assumption that every point in K7, in particular y € K, can be written as a convex



78 HUIQIANG JIANG

combination of n extreme points of K7, and hence n extreme points of K. This
proves that every boundary point of K can be written as a convex combination of
n extreme points of K. Now let xg be an interior point of K. We take any extreme
point e of K and look at the intersection of the line through xy and e with K which
is a closed interval. Since e is an extreme point of K, e is one of the end points;
denote the other end point by y which clearly is a boundary point of K. Since by
construction z( lies on this interval, it can be written in the form

ro=py+(1—-pe

for some 0 < p < 1. Since y can be written as a convex combination of n extreme
points of K we conclude that xy can be written as a convex combination of n + 1
extreme points. The proof is then complete. ([

DEFINITION 65. An n X n matriz S = (s;;) s called doubly stochastic if
Sij > 07

Z sij = 1 for each j,
Z sij =1 for each i.
J

The doubly stochastic matrices form a bounded, closed convex set in the space
of all n x n matrices.

Given a permutation p of the integers (1,---,n), the permutation matrix P
associated with p is the matrix (p;;) such that

pi; = 1if j =p (i) and p;; = 0 otherwise.

THEOREM 139 (Denes Konig, Garrett Birkhoff). The permutation matrices are
the extreme points of the set of doubly stochastic matrices.

PROOF. Let’s show that any extreme point must be a permutation matrix.
Suppose S is not a permutation matrix. Then there exists ipjo such that s;,;, €
(0,1). Theres exists j1 # jo such that s;,;, € (0,1) which implies the existence of
i1 # o such that s;,;, € (0,1). There must be a minimal closed chain

ek = WJk+1 = et 1Jk+1 —> = = bm—1Jm — tmJm = LkJk-

A minimal chain contain either two or zero points in any row or column. Define
N such that its entries are alternatively 1 and —1 at the chain positions and zero
otherwise. Then S is the middle point of

S+teN

which, for e sufficiently small, are two distinct doubly stochastic matrices. Hence
S can’t be extreme point. ([

COROLLARY 14. FEvery doubly stochastic matrix can be written as a conver
combination of permutation matrices.

THEOREM 140 (Helly). Let X be a linear space of dimension n over the reals.
Let {K; };Vzl be a collection of N convex sets in X. Suppose that every subcollection
of n+ 1 sets K has a nonempty intersection. Then all K in the whole collection
have a common point.
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PrOOF. We argue by induction on N. It is trivial when N = n 4 1. Suppose
N > n + 1 and that the assertion is true for N — 1. Then for any set K, there

exists
T; € ﬂ K;.
1<i<N,i#j
We claim that there exists N numbers aq,--- ,ay not all equal to zero such that

N N
Zajxj =0 and Zaj =0
=1 j=1

since we have n + 1 equations for the N > n 4 1 unknowns. All a; can not be of
the same sign so we could renumber them so that aq,--- ,ar are positive, the rest
nonpositive. Let

k N
a = Zaj = — aj; > 0.

Jj=1 j=k+1

We define
R 1 &
Yy = E Zajxj = _E Z CL]'(EJ'.

Jj=1 j=k+1

Then y is a common point for all K in the whole collection. O

20. Positive matrices

DEFINITION 66. A real n x n matriz P is called entrywise positive if all its
entries p;; are positive real numbers.

THEOREM 141 (Perron). Every positive matriz P has a dominant eigenvalue,
denoted by X (P) which has the following properties:
(i) A(P) > 0 and the associated eigenvector h has positive entries.
(i) A (P) is a simple eigenvalue.
(iii) Every other eigenvalue p of P is less than A\ (P) in absolute value.
(iv) P has no other eigenvector with nonnegative entries.

PrOOF. (i) Let p (P) be the set of all nonnegative numbers A for which there
is a nonnegative vector x # 0 such that

Px > Ax,xz > 0.

We claim that p (P) = [0, A\*] for some A* > 0. It suffices to show that p (P) is
bounded and closed. The boundedness follows from

Mzl <2z"Pr<  max  pulz|?.
neT 7P+2PT)

p (P) is closed follows from the standard compactness argument.
We claim that A\* is the dominant eigenvalue. Let h > 0, h # 0 be such that

Ph > X\h.
We claim Ph = A*h. If not, then for some i, we have
> Pijhj > Xh,
> " Pijhy > Nhy for k # i,
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Now consider = = h + €e;, we have for £ > 0 sufficiently small,

Pz >Nz
which contradicts with the maximality of A*. Hence \* is an eigenvalue, and we
write A (P) = \*.

Now h > 0 follows from Ph > 0.

(ii) To see A (P) is a simple eigenvalue. First, the eigenspace of A (P) must have
dimension 1, otherwise it must contain an nonzero element with some zero entry.
Next, we need to show that A (P) has no generalized eigenvectors. Suppose

(P=XN1Dy=h

holds for some y, we can assume that y is positive by replacing y by y + Kh. Hence
for y > 0, we have
Py=Xy+h>\y
which is impossible.
(iii) Let p # A* be another eigenvalue with eigenvector y. We have for each 4,

S Pylysl = |30 Pous| = il = Iul .

Hence |p| € P (p) and |u| < A*. If |u| = A*, then |y;| = ch; for some ¢ > 0 and for
each 1,

> Pilyil =D Pyl -
5 i

Hence y; = cewhj for each j and p = A*, a contradiction.

(iv) Recall that the product of eigenvectors of P and its transpose PT pertaining
to different eigenvalues is zero. Since p? also is positive, the eigenvector pertaining
to its dominant eigenvalue, which is the same as that of P, has positive entries.
Since a positive vector does not annihilate a nonnegative vector, P has no other
eigenvector with nonnegative entries. O

DEFINITION 67. An n x n matriz S = (s;;) is called a stochastic matriz if
55 >0 for each 1 <4,5 <n
and
n
ZSU =1 for each 1 < j <n.
i=1

THEOREM 142. Let S be an entrywise positive stochastic matriz.
(i) The dominant eigenvalue X (S) = 1.
(i) Let x # 0 be any nonnegative vector; then

lim SNz =ch
N—oo

where h > 0 is the dominant eigenvector and ¢ > 0 is a constant depending on x.
Proor. (i) ST is entrywise positive. Since
1 1
ST : = :
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Perron theorem implies that 1 is the dominant eigenvalue of S7, and hence S since
they share the same set of eigenvalues.
(ii) Assuming that all eigenvectors of S are genuine, we can write

n
Tr = E thj
j=1

where h; is the dominant eigenvector and {h;} are eigenvectors forming an or-
thonormal basis. Then we have

n

N, _ AN

S x—ch)\jh]%clhlasN%oo.
Jj=1

1
To see ¢; > 0, denote & = - |, we have
1

(5N2.8) = (2, (8T ¢) = (,9),
hence
(c1h1,€) = e1 (h1,€) = (2,€) > 0.
In general, if h; is a generalized eigenvector for eigenvalue A; with |A;| < 1, we
still have
lim SNh; =0.
N—o0

Actually, restricting S to the invariant space Ng; (A;), it suffices to show that for
each y,

lim TNy =0
N —o00
if all eigenvalues of T has absolute value smaller than 1. (I

EXAMPLE 21. Let x; be the population size of the jth species, 1 < j < n; sup-
pose that during a unit of time (a year, a day, a nanosecond) each individual of the
collection changes (or gives birth to) a member of the other species according to the
probabilities s;;. If the population size is so large that fluctuations are unimportant,
the new size of the population of the ith species will be

n
Yi = g SijLjs
j=1

i.e.,

y =Sz,
The above theorem claims that as N — oo, such populations tend to a steady
distribution that does not depend on where the population started from.

Perron’s theorem fails if the matrix is only assumed to be entrywise nonnega-
tive. For example, we could consider matrices

(V)Y o) (o 1)

The first one has a dominant eigenvalue; the second has plus or minus 1 as eigen-
values, neither dominated by the other; the third has 1 as a double eigenvalue.
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THEOREM 143 (Frobenius). Fuvery nonnegative n x n matriz F # 0, has an
eigenvalue X (F) with the following properties:
(i) A (F) is nonnegative, and the associated eigenvector has nonnegative entries:

Fh=X(F)h,h>0.
(i) Every other eigenvalue p is less than or equal to A (F) in absolute value:
lul < A(F).

where k and m are positive integers, m < n.

PROOF. (i), (ii) follows from the continuity of eigenvalues.
(iii) Interested students could check the textbook by Lax for the proof. ]

21. Normed linear spaces

DEFINITION 68. Let X be a linear space over R. A function, denoted by |||,
from X to R is called a norm if it satisfies:
(i) Positivity: ||z|| > 0 for x # 0, ||0]] = 0.
(#) Subadditivity(Triangle inequality):
4+ yll < [lzll + [yl
for any x,y € X.
(iii) Homogeneity: for any real number k, |kz| = |k|||z|.
DEFINITION 69. A linear space with a norm is called a normed linear space.
Normed linear space is a metric space with distance defined for any z,y € X
by
d(z,y) =z —yl.
Hence, the open unit ball is defined by
{reX:|z| <1}
and the closed unit ball is defined by
{reX: |z <1}.
And in general, we can define the open ball
B(y,r)={veX:|z—-yl<r}.
REMARK 42. The balls are conver. Let K = B (0,1) and px its gauge function,
then for any x € X,
pi (z) = [lz] .
EXAMPLE 22. Given p > 1, we can define for any r € R™,

n P

lzll, = | D lasl”

j=1
When p = oo, we can define for any x € R™,

2]l o = éljagnlle-
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LEMMA 13 (Holder’s inequality). Suppose 1 < p,q < 0o and
1 1

42 =1
p q

)

then for any x,y € R",

(zy) <zl llyll, -
COROLLARY 15. Suppose 1 < p,q < oo and

1 1
+-=1,
p q
then for any x € R™,
x max (z,y).
ol = o, )

PROOF. Choose y such that

 sgnay "

Yi = p/a
(B
then [ly[|, = 1 and
(@,y) = |, -

([l

THEOREM 144. For 1 < p < oo, H||p is a norm on R"™ called the P norm

PROOF. One only need to verify subadditivity which is obvious if p = co

|z +yll, = max (z+y,2) < max (z,2)+ max (y,z2)
llzll,=1 llzll,=1 llzll,=1
= ll=ll, + llyll, -

(Il

REMARK 43. For any x € R™,

. = lim ],

And ||-||4 is the standard Euclidean norm.

DEFINITION 70. Two norms in a linear space X, ||-||; and ||-||, are called equiv-
alent if there are constants ¢ > 1 such that for all x € X,

lzlly < cllzlly and [lzll, < el -
THEOREM 145. In a finite-dimensional linear space, all norms are equivalent.

Proor. WLOG, we assume X = R". Let ||-|| be an arbitrary norm and ||-||, be
the standard Euclidean norm. It suffices to show these two norms are equivalent.

(a)

2

n n n n
2 2
lzl < Y lzgesl =Y lajllesll < | Yl > llesl
j=1 j=1 j=1 j=1

1
2

n
2
= 2 leill® ] izl
j=1
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(b) We claim that ||-|| is a continuous function in R™. To see this, suppose
limg o0 Ty = T, We have

Nzl = llexll] < llz = @l
N 2
2
<D lel” | lle = aell, =0
j=1
as k — oo. ||| is positive on the compact set
{z: flzlly =1},

hence,
inf |lz]|=m >0

”I H2:1
which implies
]l = m [l -
O

DEFINITION 71. A sequence {z;} in a normed linear space is called convergent
to x, denoted by

lim z; =z,
j—o0
if
lim |lz; —z|| =0.
J—0o0

In a finite-dimensional linear space, convergence is independent of the choice
of norms.

DEFINITION 72. A set S in a normed linear space is called closed if it contains
the limits of all convergent sequences in S.

DEFINITION 73. A set S in a normed linear space is called bounded if it is
contained in some ball.

DEFINITION 74. Cauchy sequence.

THEOREM 146. Let X be a finite-dimensional normed linear space X.
(i) Completeness: Every Cauchy sequence converges to a limit.
(i) Local compactness: Ewvery bounded infinite sequence has a convergent subse-
quence.

THEOREM 147 (Riesz). Let X be a normed linear space that is locally compact.
Then X is finite dimensional.

PROOF. Suppose dim X = oo; we shall construct a bounded sequence {y;} C X
which contains no convergent subsequence. Indeed, we shall construct a sequence
{yn} recursively such that

llyell = 1 for each k,
llye — wi]| > 1 for any k # L.
Choose any unit vector ||y1]|. Suppose {y; };:11 have been chosen; denote by Y the
space spanned by them. Since X is infinite-dimensional, there exists z € X\Y and
Yy €Y
d=inf ||z —y| = ||z — .
Jnf [l =yl = llz = ol
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Let

:a:—yo
Yk 7d )

then ||lyx|| = 1 and for any y € Y,

1
lyr —yll = P |z —yo — dy| > 1.
O

LEMMA 14. Let Y be a finite-dimensional subspace of a normed linear space
X. Let x € X\Y. Then

d=inf ||z —y|| >0
Jnf [l =yl
and the infimum is achieved.
ProOF. There exists y; € Y, such that
lim ||z —yxl| = d.
k—o0

Hence {yi} is a bounded sequence in Y and it contains a subsequence converging
to yo € Y. Hence
d = |lz —yol

Sincez €Y, d> 0. O

THEOREM 148. Let X be a finite-dimensional normed linear space, and T be a
linear function defined on X. Then there is a constant ¢ such that

|Tx| < c||z|| for any x € X

and T is continuous.

PRrOOF.

Tz| = [(z, y)| < |zl [lylly < cll=]]-
O

THEOREM 149. Let X be a finite-dimensional normed linear space. X' is a
normed space with the norm defined by

|7 = sup |Tx|.
[|z]l=1

Recall that we can identify X" with X
2 (1) =1(x).
THEOREM 150. Let X be a finite-dimensional normed linear space. The norm
induced in X" by the induced norm in X' is the same as the original norm in X.
PROOF.

[ = sup [z™* (1)] = sup [I(z)] <[]
=1 =1

On the other hand, we can construct, using Hanh-Banach theorem ||/|| = 1 and
()] = 1.

Let X and Y be a pair of finite-dimensional normed linear spaces over the reals.
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LEMMA 15. For any linear map T : X — Y, there is a constant ¢ such that for
allx € X,

[Tzl < cllzlly-
Hence T is continuous.

THEOREM 151. The linear maps between X and Y form a normed linear space
L(X,Y) with the norm

IT|| = sup [Tzl .

lzllx=

Let T € L(X,Y)and TV € L (Y, X’) be its transpose so we have for any [ € Y’,
(T'l,x) = (I,Tx).
THEOREM 152.
17l = 11T -
PROOF. Let L€ Y/ and m=T'l € X'.

177Ul = S, (T'1, 2)| = hnd (1, )| < [|Uly S, [Tzl = TN ly

hence

17 <7l
Similarly, we have

I < 1Tl -
Since T” = T, we conclude

1Tl = 17| -

O

Let T be a linear map of a linear space X into Y, S another linear map of YV
into another linear space Z. Then we can define the product ST as the composite
mapping of T followed by S.

THEOREM 153. Suppose X,Y, and Z above are normed linear spaces; then
ST < ST

A mapping T of one linear space X into another linear space Y is called invert-
ible if it maps X onto Y, and is one-to-one. In this case T has an inverse, denoted
as T71.

THEOREM 154. Let X and Y be finite-dimensional normed linear spaces of the
same dimension, and let T be a linear mapping of X into Y that is invertible. Let
S be another linear map of X into Y. Suppose that

1S =T <

1
1=
Then S is invertible.
PRrooF. It suffices to show that S is one-to-one. Suppose
Sxg=0

for some xy € X, we have
TfEO = (T — S) Zo,
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hence
2o =T (T —5S)x).
So
ol < [|T7HIT = S| [loll,
hence xy = 0. (I

REMARK 44. Above theorem holds for infinite dimensional normed linear spaces
which are complete.

DEFINITION 75. Let X, Y be a pair of normed linear spaces. A sequence {T},}
of linear maps of X into Y is said to converge to the linear map T, denoted as
lim 7, =T

n—oo
if
lim ||T,, — T = 0.

n—oo

THEOREM 155. Let X be a complete normed linear space, R a linear map of
X into itself with |R|| < 1. Then S =1 — R is invertible, and

st = f: R*.
k=0

THEOREM 156. Let X and Y be complete normed linear spaces, and let T be
a linear mapping of X into Y that is invertible. Let S be another linear map of X
into Y. Suppose that
1
1S =T < 5y
174
Then S is invertible.

PRrROOF.
S=S-T+T=TI-T""(T-25)).



