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1(a).[10 points] State the following theorems: Dirichlet’s theorem (on prime
numbers in an arithmetic progression), and the prime number theorem (on
distribution of primes).

1(b).[5 points] Define the greatest common divisor of two numbers.
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Dirichlet 's than :
Let Cab )=l

.
Then the

a. BE IN

set { aktb I KEN } contains infinitely many primes .

Prime number theorem :
Let Mex ) =/ { P IPpr,Ine }

,

that is : Iim
=/

.

Then Thx ) ~ xx xllnx

lnx

D= Ca ,
b ) if :

① dla & dlb

③ If Cla & Clb then old .



2.[10 points] Let a and b be positive integers. Prove that the greatest common
divisor d = (a, b) is the smallest positive integer that can be written as a linear
combination ax+ by for some x, y 2 Z.
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{ axtby I AT EZ and d '= mins
,

dtaxotbyo
Let S =

axtby > o }
r = a - qd

'
= a- qaxo - qbyo = all -9×0 ) t

Let a =9d 't r ⇒ be -970 )

which shows that res or r=o .
If RES then red '

which is not possible so r=o i. e .
d

'

I a . Similarly dgb

& thus d
'

is a
Common

divisor  of a & b .

Now if C la & Cl b then CI axotby ,

=
d

'

.

the greatest common
divisor of

a & b .

This proves
that d

'
is



3(a).[5 points] Let n > 1 be an integer and let p be the smallest prime factor
of n. Show that if p > n1/3 then either n/p is a prime or is equal to 1.

3(b).[5 points] Prove that
3
p

2 +
p
7 is an irrational number.
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Suppose Xp is neither L nor a prime .
Then it has at least

two prime factors q
, ,qz .

That  is , Xp = 9,9 ,
X for Some X > I .

By ass . p is the smallest prime factor  in n ,
hence PE 9 ,

' 92

⇒ rip =9,9zX z p } > p
-

⇒
N z p

}
⇒ n

'S
> p which

Contradicts p > n

" ?W D

let a
then 43=2+57  ⇒ (2-25=7

⇒ (43-2)? 7  = o i.e .
X is a root of the monic poly .

( with int .

coeff ) +6-4×3+4170 .

By a thin .
from class x is either

irr .
on an integer .

But Is 3¥ a 2 because
44749 ⇒

2h57 ⇒

442+7<5 ⇒ I # LEFT LTS =3
.

So THE not an integer .

suppose with ( P , 9) =L .

-

Alt .
solution :

F- is inn .

because
^ TF  =L

Then 7g2=p2⇒ 7 lP2⇒7Ip ⇒721792--27192=7719
, %

,
Idiots

Now if 3M¥ =§ where a. BEZ then 2+57  = § ⇒ F=g÷ - z

is rational ,

Contradiction to above .



4(a).[10 points] Find the (multiplicative) inverse of 97 (mod 121).

4(b).[10 points] Write the number (1201)10 in base 8.
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121 Xo t 97 To = I 121=97 . I + 24

97 x
,

t 249 , =L → Xi + To 97  = 24 . 4 t I
T , = Xo

24 Xz t I . 92=1 7×2=9, -14K ,92--4×2=1
s 92=-23 ⇒ y

, = , -4,23 ) = 93 ⇒ yo = 1-23 ) - 93

X
,

= - 23 =
- 116

- 116 E 5 ( nod 121 )

974=5(modl2#

1201 = 8 . 150 + I → 90=1

150 = 8 . 18 t 6 → 91=6

18 = 8 . 2 t 2 → Az = 2

2 = 0 .
2 t 2 → 93=2

(l20l),o=(226l)#



5(a).[10 points] Solve the linear congruence 25x ⌘ 10 (mod 160). How many
incongruent solutions (mod 160) does it have?

5(b).[10 points] Find smallest positive solution of the system of congruences:

x ⌘ 1 (mod 3)

x ⌘ 2 (mod 5)

x ⌘ 3 (mod 7)
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160/5 = 32

25 X I 10 ( mod 160 ) ⇐ 5 x = 2 ( mod 32 )

5-
I

mod 32 = 13 ( 13×5--65=1 ( mod 32 ) )

X = (5
'

) .
2 = 26 ( mod 32 )

There are

5int
Sol .

mod 160 .

S = god ( 25 , 160 )

26t32kk=o,1,2,3

X = M
,

Y
, 91 t Mz 'd -292 t M 37393

sf

k¥71
!

,

bish
!

4=43
mod 3

21
- I 15

- I

mod 5 mod 7

× = 35 . 2 ' I t 21 . 2 . I t 15 . I . 3 = 157  = 52 ( mod 105 )

105=3×5×7

52smaHestpositinesolutionofthesysten



6.[10 points] Recall that the Fibonacci numbers fn are defined inductively

as follows: f1 = 1, f2 = 1 and for n > 2, fn = fn�1 + fn�2. Let ↵ = 1+
p
5

2

and � = 1�
p
5

2 . Prove that for all n � 1 we have:

fn =
↵n � �n

p
5

.

Hint: ↵, � are roots of x2 � x� 1 = 0.
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f
,

= _ = F¥= I fz=d÷I= 9¥ .

xtp-a-p-l.fn.it
fn = ap + a÷=KIa7-(rp#

is
2

=

a

" '

( Ita ) -
( B

"  - '

CHP ) ) but Ita =D so

-
Its =p2

JS
ntl htt

=
a

" ? a

'
- p

"

.'p2 a - p

-
=

§
= £+1 .
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7.[15 points] Find all solutions of the polynomial congruence:

x3 + 8x+ 4 ⌘ 0 (mod 250).

Hint: 250 = 2 · 53, use Hensel’s lemma.
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250 =
2×125=2×53

Need to find Sol .

for X 3+8×+4=0 ( mod2) ①

{ x' + 8×+4=-0 ( mod 53 ②

① X 3+8×+4 I X 3=-0 ( mod 2) ⇒ x E o ( mod 2)

② First we Solve x ? 8×+4=0 ( mods ) ⇒ XE - I ,
- 2 ( mods )

ft - 1) = 3+8=1 ( mod 5)

* o

ooo
flex ) = 3×2+8

÷By Hensel 's Lemma :
r

,
=

- I ⇒ razr
, IfCri ) . fir ,j)

( - I ) -
( - S ) . I

= 4
check :

( f (4) = 43+8.4+4 =100=0 God52 ))

Again : rz = rz -
fcrz ) .

f- In ,5
'

= 4 -
too . I =

-96

,
X = -96 is a Sol .

for +3+8×+4 z o
God250 )

Since -96=0 ( mod 2) f

. X =
- 2 ( mod 5) ⇒ ft -21 = 3.4 t 8 Eo (mod 5)

•
-

fl - 2) = - 8 - 16+4=-20 # o (mod 52) so C by second part  of tteensnela
's )

no
Solution  mod 52 & hence mod 5 ?



8.[2 points] Draw the cartoon face of a number theorist.
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