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Department of Mathematics
University of Pittsburgh
MATH 1020 (Number theory)
Midterm 1, Fall 2018

Instructor: Kiumars Kaveh

Last Name: Student Number:
First Name:

TIME ALLOWED: 1 HOUR AND 20 MINUTES. TOTAL POINTS: 100

NO AIDS ALLOWED. WRITE SOLUTIONS ON THE SPACE PROVIDED.
PLEASE READ THROUGH THE ENTIRE TEST BEFORE STARTING
AND TAKE NOTE OF HOW MANY POINTS EACH QUESTION IS WORTH.
FOR FULL MARK YOU MUST PRESENT YOUR SOLUTION CLEARLY.

Question Mark
1 /15
2 /10
3 /10
4 /20
5 /20
6 /10
7 /15
8 2

TOTAL /100




1(a).[10 points| State the following theorems: Dirichlet’s theorem (on prime
numbers in an arithmetic progression), and the prime number theorem (on

distribution of primes). e
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1(b).[5 points] Define the greatest common divisor of two numbers.
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2.[10 points| Let a and b be positive integers. Prove that the greatest common
divisor d = (a, b) is the smallest positive integer that can be written as a linear

combination az + by for some z,y € Z. / " S d’,axo -'«-Bjo
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3(a).[5 points| Let n > 1 be an integer and let p be the smallest prime factor
of n. Show that if p > n!/? then either n/p is a prime or is equal to 1.
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3(b).[5 points] Prove that v/2 + /7 is an irrational number.
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4(a).[10 points] Find the (multiplicative) inverse of 97 (mod 121).
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4(b).[10 points] Write the number (1201);, in base 8.
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5(a).[10 points] Solve the linear congruence 25z = 10 (mod 160). How many
incongruent solutions (mod 160) does it have? \éo/s = 32

25X = (D (med 160) & Sx =2 (med 32)
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5(b).[10 points] Find smallest positive solution of the system of congruences:

r =1 (mod 3)
x =2 (mod b)
x =3 (mod7)
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6.[10 points| Recall that the Fibonacci numbers f, are defined inductively
as follows: fi =1, fo =1and forn > 2, f, = fu_1+ fuo Let a = %5
and 8 = %5 Prove that for all n > 1 we have:
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7.[15 points] Find all solutions of the polynomial congruence:

2% 4+ 8z + 4 = 0 (mod 250).
Hint: 250 = 2 - 53, use Hensel’s lemma.
3
250= 2x125= 2x 5
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8.[2 points] Draw the cartoon face of a number theorist.
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