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1(a).[5 points| Give the definitions of the following: dual X’ of vector space
X, and dual 7" of a linear map 7' : X — U (where X, U are vector spaces).
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(b).[5 points|] Give the definition of the following: the direct sum of two
vector spaces X and U.
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2.[10 points| Let T': X — U be a linear map where X, U are vector spaces
and X is finite dimensional. Prove that dim(N7) + dim(Ry) = dim(X).
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3.[10 points] Let X be a finite dimensional vector space. Prove that a linear S“Lsyqu-
map T : X — X is one-to-one if and only if it is onto. (beCame RT < ><
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4.[10 points] Let p be a permutation of {1,...,n} and let P be the corre-
sponding permutation matrix i.e. the i-th column of the matrix P is the
standard basis element e,;). In other words, P is obtained from the identity
matrix by permuting the columns using p. Let D be a diagonal matrix:

D = diag(dy, ..., d,).

Show that the matrix P~*DP is again diagonal and in fact it is equal to
diag(dp(l), PN ,dp(n)).
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5.[10 points| Let P, P» be two projections from a finite dimensional linear
space X into itself. Suppose Rp, = Np, , is it always true that PP, = 07
Prove it or provide a counter example.
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