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1(a).[5 points] Give the definitions of the following: dual X 0 of vector space
X, and dual T 0 of a linear map T : X ! U (where X,U are vector spaces).

(b).[5 points] Give the definition of the following: the direct sum of two
vector spaces X and U .
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X '={ l :X - K / l linear }
X

'

vec . space over K with addition & scalar multi .  of functions
.

T
'

: U
'

- X
'

linear map
defined by : T 'll ) =loT .

XoU={ ( x.us/xeX.ueU }

×@U vec . space with Component wise addition & scalar multi .



2.[10 points] Let T : X ! U be a linear map where X,U are vector spaces
and X is finite dimensional. Prove that dim(NT ) + dim(RT ) = dim(X).
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lstproof Let { bio . . ibm ) be a basis for NT ,
where m = dim ( NT) .

Extend this to a basis { by . . . . bm . × , a. , xnm ) for X ,
where h= dim ( X ) .

we claim that { TH ,) / . . ./T(×n . m ) ] is a basis For Rt .

Firstly . { This , :sH×nmD is tin .

Ind. became if §gqTix ; )=o⇒T(§I9×il=0

⇒ §d;x; E NT ⇒ €fi×i- fnjdibi for some scalars dj .
Since { briibmik " "  ' Xn . m }

is tin . Ind. it follows that CF ' . - ton . m=o . i.e. {TKD , . . Tllxnm ) } is tin . ind .

Secondly . { TH ' ) '
'

's Tlxn .  m
) ] spans RT , because if y=TC× ) ERT then

×=§,djbjt§ci×i .  =) y=Tw=#THj)+§ciTcx; ) =§ GTHD .

It follows that dim ( RT ) = n - m as required .

÷dpro= we show that %
,

= Rt ' The isoit is given by

F : ×+ NT - TK ) . To show F is well - defined note that if xtN,
= × ,

+ NT

then x ,
- k= he NT .  ⇒ TH , ) - Tah )=Tm=o ⇒ TTX ,+Nt)=F( x ,

+ Nt ) .

It is dear that F is onto . To show that 5 is one - to . one note that Nt =

{ ×tNTl×£NT}={o+NT)={D ' So F is one - to - one .

finally we know ( from a Previous thmj that dim ( %
,
) = dim ( X ) - dim ( NA .

This finishes the proof .



3.[10 points] Let X be a finite dimensional vector space. Prove that a linear
map T : X ! X is one-to-one if and only if it is onto.
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Subspace

( because RT CX )

First note that T is onto <⇒ R ,

=X←→
dim RT - dim X

Also T is one - to - one # NT#
<⇒ dim NT =D .

It is dear that if T is one - to - one then NT ={ o ) .

Conversely if NT=§] & Tall ) = TH ) ⇒ TH ,
- x

,
) to =) x - Xz=o ⇒x=×z ,

Thus T one - to - one .

Now Since dim NT + dim R ,
= tax we have :

din NT=o # dim Rp - din X . This finishes the proof



4.[10 points] Let p be a permutation of {1, . . . , n} and let P be the corre-
sponding permutation matrix i.e. the i-th column of the matrix P is the
standard basis element ep(i). In other words, P is obtained from the identity
matrix by permuting the columns using p. Let D be a diagonal matrix:

D = diag(d1, . . . , dn).

Show that the matrix P�1DP is again diagonal and in fact it is equal to
diag(dp(1), . . . , dp(n)).
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( Remember : ( ¢,
. . ..¢n]h5P= aol.ve . xf , + .  : txfn .)

entities.se?tEYtHEtiey?.ai:Fi*t#:i:iiitr:tHr::eea)

flj:?g]§|i . " find =

§ ,:| as
.  . ' '

dpffpcn
))

And hence :

d
pa

Fbef :EfIµ:|"
.  "

dpafpinf
= (ji : Ppp



5.[10 points] Let P1, P2 be two projections from a finite dimensional linear
space X into itself. Suppose RP1 = NP2 , is it always true that P1P2 = 0?
Prove it or provide a counter example.

6

Rp
,

= Np
,

implies that Pzp ,
=o .

It is not in general true that P, Pz =D .

Exult let X= pi .

Let P,
= Proj .

on x - axis parallel to y - axis ( Rp,=<eD , Np
,

= < ez > )

Matrix of P,
= [ 1 ° ] .

( Easily checked ftp. ) .

o o

Let R= Prj . on the line x=y parallel to × . axis . (N%=<e ,
> ,

R ,z=< eitez > ) .

i.e. Pi=R '

Clearly . R proj .
. Also Rp

,

=
Nps× - axis =< ei > .

But Rpz ¢ Np
,

because Rq=<9teD & Np
,

- Gz > . So Pip to .

o IMatrix of R=[ o , ] .


