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1.[10 points] Find the exponential of the following matrix:
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2.[10 points] Let A be a real symmetric matrix (hence self-adjoint).

(a) Show that A2 is a positive matrix (in particular it is a symmetric ma-
trix).

(b) Show that if A is a positive matrix then there exists Q such that
QAQ⇤ = I (Q is not necessarily orthagonal).
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a) Firstly ( AYT= ( AAjT= ATAIAA  = A ?so At symm . D= diag Hi ' . .mn )
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A symm .  ⇒ FQ orthogonal st . DA a =D diagonal with real entries .

Then D
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= Data ,
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are eigenvalues of A? But Xp  30 ⇒ A
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which is also Positive & hence
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3.[10 points] Let A(t) be a matrix valued function such that A(0) = I and
A(t) is a unitary matrix for any t. Show that the derivative A0(0) is an
anti-self-adjoint matrix.
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4.[10 points] Suppose A is a real positive matrix. Suppose v is a vector such
that ||Av|| = ||A||||v||. Show that v is an eigenvector of A corresponding to
the largest eigenvalue of A.
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Since A self - adj . ⇒ 11 All =r( A ) = largest eigenvalne

Let { v
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This shows that v is an eigenvec . with eigen value in .



5.[10 points] Let A, B be n ⇥ n self-adjoint matrices. Suppose that A < B
and AB = BA. Show that eA < eB.
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AB =BA  ⇒ A ,B can be diagonal zed using the same unitary
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6.[2 points] (Bonus) Draw (cartoon of) a prelim exam torturing a student!
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