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1(a).[5 points|] Give the definitions of a symmetric bilinear form and a scalar
product on a vector space V.

Lot V vec. spae over o field K
B:VxV-—"K iS a bilinem"com if B is linear in both o«rﬁumu\'l's.

B:VxU—K is Symm. if Vv,wely B@w=B (w,V).

-

Lt V be o vec space over K.
A SYpmm bilicear Fovm  B: V'V — R is a scalar F"°AM°"' f YueV B 20,

& woreover, Bvm=0 & V=0

(b).[5 points] Give the definition of a generalized eigenvector. State the
Spectral Theorem.

T.V—U |l mog.
o;b'\/ev is o W.ﬂ/\ucl eja,@ku- with e\aﬁV\VmQML A if for some in‘l'efjﬁ\" m>0
we have  (T-2D) (0 =0

Spectral Hheorom

V is Hre diect sum of ZMWAQW.LJ eig.ovspaces Lor T



2. Let V be a finite dimensional vector space and let P : V — V be a linear
projection i.e. P2 = P.

(a)[5 points] Prove that V' = Np @ Rp where Np and Rp are the null space
and range of P respectively.

Lt w=Pm € Rp: Swppose we NP = PP)=0. bk PV=Pv) = w=0. Thatis

RFGNP={0} On Hrt ofrev hand AimNP—\-cl\'mRP = din V. Thin  implier Hhat V=N,,ea[2‘,-

(b)[5 points] Show that P is diagonalizable.
[J_J\’ n:cla'mv/ k:-.clfm N? % n-k = dim RP
Lt Tov-rby basis for Np 8 Tby, 7b,) basis for Ro-
Clearly ‘92!& Np Pan=0 = v eigouve with ?J\gZMWQM 0 .
o

V‘UQR\; Pw=1r = v ﬁg,wwe.c. with &QIW\VAQML _l_
o¥

The banis {b\/"-/bh‘\f for V Consists of ?'igmve'c‘ = P &agmm@i%a\\o\e_.



3(a).[8 points] Find the characteristic polynomial of A. Find the minimal
polynomial of A. Find the generalized eigenspaces of A.

thr. Py of [1o]= £ - 1=

iadonall 0 110 0 0 0]
A \O\Odk Glmg/on L 090000 Mo pely e - oo oo = E-1) (E+)
4|0 0O)0 0 ‘ ””=[|] Al — Eter
“lo ol 1)o of g \:
000oO0f[o m['\’)ﬁ-\.\,e‘-e,_
chor- oy 0000 0[] -l
ob- Po o » ,
Pt = (D) (-t () = () ke £ Crar- pdy o [} 0)= (&1 2
o o o= E-DT
min. Po‘j. : Gem- eigenspace of 0 = spm i egy pan- Pty

. _Tro
Only eigon Vet = Ll«—’ Span{ &4}

. — an +€ ,C, ' . ei "
Gem a%msrau, f 1 =5p iel U 216} ?m &ZfﬁszPta.

m. &)= &0t t:
A
e{ymvalm= 1,450
Gew. eligms?a(z & -l = S?Miel’eﬂ
(b)[4 points| Let A be a square matrix. Suppose the characteristic polyno-

mial of A is (t —1)*>(t+ 1) and the minimal polynomial of A is (t —1)(¢ +1).
Find the Jordan canonical form of A. [} clej- char- pely- =4 = A s x4

min- Po\:)- = (‘l:—l)LJC-kl)-:) &%(AAVAQAMA ore. | ® -| tw e.acﬂ,\ one. \\M in(‘m ;.__

So e Sizes of Jordan blocks are —1____ Ths 4he Jordan  form is




4(a).[5 points] Let A be a 3 x 2 matrix and B be a 2 x 3 matrix. Show that
det(AB) = 0.

bt G % Cp be He CoF A ie A_H;JH

T the Coh oF AB are ln amb of C 8 C) - S AB her 3 cd x drey are lin.

Comb. of 2 ver G «C = "H\t:j Should be  lin. clef. = AA—(AB)::O

(b)[5 points] Let {ey,...,es} be the standard basis for R*. Let P be the
4 x 4 permutation matrix such that Pe; = e5_; for every i = 1,... ¢e4 (i.e.
Pe; = ey, Pey = e3 etc.). Find the determinant of P.

Matrix of P looks like : O [

b fhow Switchind o iy T % (D=1
5'-'““)'“\'*3 Ik 9. Hhcol A d 5 3d Gl WE %”} He "l’”"Hj

Py Switdirg of Coummy malhiplies Hhe dok by (-1). So dd(P)= (-N-n=1.



5.[8 points] Suppose A and B are complex 3 x 3 nilpotent matrices with
A? = B? = (. Prove that A and B have a common eigenvector.

Since Ay B are ni\Po‘\'em‘\' their on\j eigzmvdu.c. is _0_;

We cloim that dim N/-\ % dim N3 are. = -

o!0

Suppose dn Na=1 - Then 4 Jordan fom o A her ool 1 block % should be {o o ('3 ]

00

B Yom Aquo (r“_Hw A3=O> wWhidh is & Cortradiction. Simi\avb dim NB:I is nat PDSSiLlf-

Now if N-A n NB = {0'} = c{im (NA'*NB) 2 2+ =4 W\V‘AJI\ is net ?055\]0\1 becawre

Ko whele Spac is 3 dim.

Thuy Nﬁr\NB#-- = A % B have o wonZero ej\g,ww_c.



6.[4 bonus points| Let V' and W be finite dimensional vector spaces over R.
Let B:V x W — R be a non-degenerate bilinear form. That is, B is linear
in both arguments and the following holds: if B(v,w) = 0 for all w € W
then v = 0, and similarly if B(v,w) =0 for all v € V' then w = 0.

Prove that dim(V') = dim(W).

linear

Comid ta"map s L =B (v V— W’

Thakis, L is e Lo unchion® defirdd by [ 1= B (o).
Sioa. B is non-degmerste. fe mep g L, har null spee =35y,
& Mo is ore—to—ont. So we have @ oneto-one p from VoW’

Th Showdy ’“'\mﬂ' cleV £ dim W’z dim W -

Switding the roles of V& W we ser dinW < din V-

Thin Finishes the Fr°°¥'



