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Solutions



1(a).[5 points] Give the definitions of a symmetric bilinear form and a scalar
product on a vector space V .

(b).[5 points] Give the definition of a generalized eigenvector. State the
Spectral Theorem.
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Let Vvec . space over a field K .

B : VXV - K is a bilinear form if B is linear in both arguments .

B :V×V - K is symm . if th ,w EV Bcv ,w)= B ( w ,v ) .

*be a vec . space over R .

A symm . bilinear form B : V×V - R is a scalar product if V.v EV B ( v.v ) go ,

& moreover
,

Bcv ,v1=o <⇒ v =D .

T : V - V tin .  map .

o ,= vev is a generalized eigenvec . with eigenvalue X if for some integer m >o

we have ( T . XITW ) =o .

Spectral theorem

÷the direct sum  of generalized eigenspaces for T .



2. Let V be a finite dimensional vector space and let P : V ! V be a linear
projection i.e. P 2 = P .

(a)[5 points] Prove that V = NP �RP where NP and RP are the null space
and range of P respectively.

(b)[5 points] Show that P is diagonalizable.
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Let w=P(v ) C- Rp . Suppose we Np ⇒ PCPH )=0 , but P4n=p( vs ⇒ w=o . That is

Rpn Np = { o ) . On the other hand dim Np + dim Rp = dim V . This implies that  V=Np@ Rp .

Let n=dimV , k=dimNp & n - k = dim Rp .

let { bi ' ' - ' ' bk} basis for Np & { bk+ ,
"

" ibn } basis for Rp .

Clearly the Np pcv )=o ⇒ veigenvea
with eigenualue I .

ok

¥reRp Ru=u =>v eigenvec . with eigenvalue ±

The basis { be . . . ibn} for V consists of eigenvet  ⇒ P diagonal izable .



3(a).[8 points] Find the characteristic polynomial of A. Find the minimal
polynomial of A. Find the generalized eigenspaces of A.

A =

2

6666664

0 1 0 0 0 0
1 0 0 0 0 0
0 0 1 0 0 0
0 0 1 1 0 0
0 0 0 0 0 0
0 0 0 0 0 1

3

7777775
.

(b)[4 points] Let A be a square matrix. Suppose the characteristic polyno-
mial of A is (t� 1)3(t+1) and the minimal polynomial of A is (t� 1)(t+1).
Find the Jordan canonical form of A.
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A block diagonal char. poly .  of [ Ilo ]= E-I=HHt+D

min . poly . - . . -
.

. . -  - .  = ft- ljlttl )
- Eitez00

,
.

eigenvenjefl
,
}'II , - era

Char . poly . :

Pact ) = H- httthlttttlth = Htj4t+, ) t .

char . poly .  of [ if ]=H- I )?

Gen. eigen space of I = span { es } Min . poly of . . . .  = ft- 1) ?

min . poly .
:

only eigen vec  =P, )
MAH ' = # "

" H " 't '

gen. eigen space of z = span { enters , e
}

, eq '

gen. eigen space
- span { 9£43

Eg } of 1

eigen values : I , -1 , o

Gen. eigen space of -1 =

spank
,

- ei
- deg .

char . poly .  =4 ⇒ A is 4×4 .

min . poly .  = ( t - l ) ( ttl ) => eigenvalues are 1 & - 1 & each one has index ± .

so the sizes of Jordan blocks are I . Thus the Jordan form

isI



4(a).[5 points] Let A be a 3⇥ 2 matrix and B be a 2⇥ 3 matrix. Show that
det(AB) = 0.

(b)[5 points] Let {e1, . . . , e4} be the standard basis for R4. Let P be the
4 ⇥ 4 permutation matrix such that Pei = e5�i for every i = 1, . . . , e4 (i.e.
Pe1 = e4, Pe2 = e3 etc.). Find the determinant of P .
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let C
,

& Cz be the Col.  of A  ie . A  = [¢, 42] .

Then the Col. of AB are tin
. Comb

. of C
,

& Cz . Since AB has I col. & they are tin .

comb .  of 2- vea C
, &C2 ⇒ they should be tin . dep .  ⇒ def ( AB ) =D .

matrix of P looks like :

( p,£ ]
& then

switchingSwitching 1st & 414 col. ^ 2nd & 3rd an .

we get the identity matrix I & dettt )=1 .

Any switching of columns multiplies the det by (-1 ) . So det ( p ) = the - D= 1 .



5.[8 points] Suppose A and B are complex 3 ⇥ 3 nilpotent matrices with
A2 = B2 = 0. Prove that A and B have a common eigenvector.
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Since A & B are nil potent their only eigenvalue is § .

We Claim that dim NA & dim NB are 3 2 .

Suppose dim NA = 1
. Then the Jordan form of A has only 1 block & should be |§§§] .

But then Alto ( rather AID which is a Contradiction
. Similarly dim NB=1 is not possible .

Now if Nan NB = { o } ⇒ dim (Nat NB) 32+2=4 which is not possible because

the whole Space is 3 dim .

Thus Nan NBt{D ⇒ A & B have a nonzero eigenvec .



6.[4 bonus points] Let V and W be finite dimensional vector spaces over R.
Let B : V ⇥W ! R be a non-degenerate bilinear form. That is, B is linear
in both arguments and the following holds: if B(v, w) = 0 for all w 2 W
then v = 0, and similarly if B(v, w) = 0 for all v 2 V then w = 0.
Prove that dim(V ) = dim(W ).
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linnear
Consider the map v - lv = B ( v , * ) . V - W

'

on W

That is , lv is the tin . functionsdefined by lv ( w ) = B ( v ,
w ) .

Since B is non - degenerate the map v - lv has hull space = { o ) .

& thus is one - to - one . So we have a one . to - one iinnap from V to W !

This Shows that dim 'VE dim W '=dim W .

Switching the roles of V & W we see dim Wf dim V .

This finishes the proof


