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Part 1: Mathematics of Networks 
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The representation of networks 

l  The network consists of entities connected with each 
other 

l  The structure of these connections are represented 
through graphs 

l  A graph is represented by two sets 
§  A vertex set V of the entities participating in the network. In the 

rest of the slides typically, n will be the number of vertices 
ü Also called node or actor set 

§  An edge set E of the connections between vertices.  In the rest 
of the slides typically, m will be the number of edges 
ü Also called link or tie set 
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Graph terminology 

l  A graph whose vertices are connected by at most one link 
is called simple network or simple graph 
§  Most of the graphs we will examine will be simple 

l  When two nodes connect with more than one edge, we 
refer to all those edges collectively as multiedge 
§  The corresponding graph is called multigraph 

l  Depending on the type of connection a node might be 
connected to itself 
§  Self-edges or self-loops 
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Example 
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6.2 THE ADJACENCY MATRIX  

There are a number of different ways to represent a network mathematically. Consider an 
undirected network with n vertices and let us label the vertices with integer labels 1 . . . n, as we 
have, for instance, for the network in Fig. 6.1a. It does not matter which vertex gets which label, 
only that each label is unique, so that we can use the labels to refer to any vertex unambiguously. 

If we denote an edge between vertices i and j by (i,j) then the complete network can be specified 
by giving the value of n and a list of all the edges. For example, the network in Fig. 6.1a has n = 6 
vertices and edges (1,2), (1,5), (2,3), (2,4), (3,4), (3,5), and (3,6). Such a specification is called an 
edge list. Edge lists are sometimes used to store the structure of networks on computers, but for 
mathematical developments like those in this chapter they are rather cumbersome. 

 

Figure 6.1: Two small networks. (a) A simple graph, i.e., one having no multiedges or self-edges. 
(b) A network with both multiedges and self-edges. 
  

A better representation of a network for present purposes is the adjacency matrix. The adjacency 
matrix A of a simple graph is the matrix with elements Aij such that 

 

(6.1) 
  

For example, the adjacency matrix of the network in Fig. 6.1a is 

 

 

 

 

 



The adjacency matrix 

l  If we label the nodes with IDs 1, 2, … n we can denote each 
edge as a pair (i,j) 
§  This is an edge list specification  

ü Good for storing and processing networks in computers, but not for 
mathematical development  

l  The adjacency matrix A of a simple graph is a matrix with 
elements Aij such that: 
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Aij =
1,
0,

 if there is an edge between vertices i and j
otherwise
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Example  

7 

 

(6.2) 
  

Two points to notice about the adjacency matrix are that, first, for a network with no self-edges 
such as this one the diagonal matrix elements are all zero, and second that it is symmetric, since if 
there is an edge between i and j then there is an edge between j and i. 

It is also possible to represent multiedges and self-edges using an adjacency matrix. A multiedge 
is represented by setting the corresponding matrix element Aij equal to the multiplicity of the edge. 
For example, a double edge between vertices i and j is represented by Aij = Aji = 2. 

Self-edges are a little more complicated. A single self-edge from vertex i to itself is represented 
by setting the corresponding diagonal element Aii of the matrix equal to 2. Why 2 and not 1? 
Essentially it is because every self-edge from i to i has two ends, both of which are connected to 
vertex i. We will find that many of our mathematical results concerning the adjacency matrix work 
equally well for networks with and without self-edges, but only if we are careful to count both 
ends of every edge, including the self-edges, by making the diagonal matrix elements equal to 2 
rather than 1.45 

Another way to look at this is that non-self-edges appear twice in the adjacency matrix—an edge 
from i to j means that both Aij and Aji are 1. To count edges equally, self-edges should also appear 
twice, and since there is only one diagonal matrix element Aii , we need to record both appearances 
there. 

To give an example, the adjacency matrix for the multigraph in Fig. 6.1b is 

 

(6.3) 
  

One can also have multiple self-edges (or “multi-self-edges” perhaps). Such edges are 
represented by setting the corresponding diagonal element of the adjacency matrix equal to twice 
the multiplicity of the edge. 

 

 

 

 



Observations 

l  For the (typical) case of no self-loops, the diagonal of the 
matrix is all 0 

l  For undirected networks, since the existence of edge (i,j) 
assumes the existence of the edge (j,i), matrix A is 
symmetric 

l  If node i has a self edge then we set Aii=2 (why?) 

l  Multiedges are represented by setting the corresponding 
entry equal to the number of distinct edges 
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Weighted networks 

l  Some relations are not simple on/off (1/0) relations 

l  In a weighted network links can have weights  
§  The corresponding adjacency matrix entry is equal to the weight 
§  Weights can represent the frequency of contacts between the 

actors, the capacity of a channel connecting two routers etc.  

l  When weights are integer it might be convenient to think 
of the weight as multiedges 
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Directed networks 

l  In some phenomena the direction of the underlying 
relation between two nodes matters ! relations are not 
reciprocal 
§  E.g., twitter connections, world wide web links, paper citations 

etc. 

l  These relations are captured through directed networks/
graphs 

l  The adjacency matrix of a directed graph (or a digraph) is 
given by: 
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Aij =
1,
0,

 if there is an edge from j to i
otherwise
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A is in general not symmetric 

Self edges are  
represented by setting Aii=1 



Example 
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6.4 DIRECTED NETWORKS  

A directed network or directed graph, also called a digraph for short, is a network in which each 
edge has a direction, pointing from one vertex to another. Such edges are themselves called 
directed edges, and can be represented by lines with arrows on them—see Fig. 6.2. 

 

Figure 6.2: A directed network. A small directed network with arrows indicating the directions 
of the edges. 
  

We encountered a number of examples of directed networks in previous chapters, including the 
World Wide Web, in which hyperlinks run in one direction from one web page to another, food 
webs, in which energy flows from prey to predators, and citation networks, in which citations point 
from one paper to another. 

The adjacency matrix of a directed network has matrix elements 

 

(6.5) 
  

Notice the direction of the edge here—it runs from the second index to the first. This is slightly 
counter-intuitive, but it turns out to be convenient mathematically and it is the convention we 
adopt in this book. 

As an example, the adjacency matrix of the small network in Fig. 6.2 is 

 

 

 

 

 

 

(6.6) 
  

Note that this matrix is not symmetric. In general the adjacency matrix of a directed network is 
asymmetric. 

We can, if we wish, think of undirected networks as directed networks in which each undirected 
edge has been replaced with two directed ones running in opposite directions between the same 
pair of vertices. The adjacency matrix for such a network is then symmetric and exactly the same 
as for the original undirected network. 

Like their undirected counterparts, directed networks can have multiedges and self-edges, which 
are represented in the adjacency matrix by elements with values greater than 1 and by non-zero 
diagonal elements, respectively. An important point however is that self-edges in a directed 
network are represented by setting the corresponding diagonal element of the adjacency matrix to 
1, not 2 as in the undirected case.48 With this choice the same formulas and results, in terms of the 
adjacency matrix, apply for networks with and without self-edges.

 

 



Co-citation coupling 

l  The co-citation of two vertices i and j in a directed network 
is the number of nodes that have outgoing edges pointing 
to both nodes i and j 
§  So in order for node k to contribute to the co-citation of i and j, 

the following needs to be true: AikAjk=1 
§  Hence the co-citation of nodes i and j is: 

l  The nxn adjacency matrix of the corresponding co-citation 
network is:  
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Cij = Aik
k=1

n

∑ Ajk = AikAkj
T

k=1

n

∑

C = AAT

6.4.1 COCITATION AND BIBLIOGRAPHIC COUPLING  

It is sometimes convenient to turn a directed network into an undirected one for the purposes of 

analysis—there are many useful analytic techniques for undirected networks that do not have 

directed counterparts (or at least not yet). 

One simple way to make a directed network undirected is just to ignore the edge directions 

entirely, an approach that can work in some cases, but inevitably throws out a lot of potentially 

useful information about the network’s structure. A more sophisticated approach is to use 

Ācocitation” or “bibliographic coupling,” two different but related ideas that derive their names 

from their widespread use in the analysis of citation networks. 

We briefly discussed cocitation in the context of citation networks in Section 4.2. 

The cocitation of two vertices i and j in a directed network is the number of vertices that have 

outgoing edges pointing to both i and j. In the language of citation networks, for instance, the 

cocitation of two papers is the number of other papers that cite both. Given the definition above of 

the adjacency matrix of a directed network (Eq. (6.5)), we can see that AikAjk = 1 if i and j are both 

cited by k and zero otherwise. Summing over all k, the cocitation Cij of i and j is 

 

(6.7) 

  

where  is an element of the transpose of A. We can define the cocitation matrix C to be the n 

× n matrix with elements Cij , which is thus given by 

 

(6.8) 

  

 

Vertices i and j are cited by three common papers, so their cocitation is 3.

 

 

 

 

 

 



Co-citation coupling 

l  The non-diagonal elements can be larger than 1 
§  Either we consider it as a weighted undirected graph or we map 

every non-diagonal entry greater than 1 to 1 

l  The diagonal elements of C can be non zero  
§  Since either Aik=0 or Aik=1 (assuming a simple graph – no 

multiedges) 

§  Cii provides the number of nodes that point to node i 
ü In constructing the co-citation network we set by definition all the 

diagonal elements to zero!  
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Cii = Aik
2

k=1

n

∑ = Aik
k=1

n

∑



Bibliographic coupling 

l  The bibliographic coupling of two vertices i and j in a 
directed network is the number of nodes that they both 
point to 
§  So in order for node k to contribute to the bibliographic coupling 

of i and j, the following needs to be true: AkiAkj=1 
§  Hence the bibliographic coupling of nodes i and j is: 

l  The nxn adjacency matrix of the corresponding 
bibliographic coupling network is:  
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Bij = Aki
k=1

n

∑ Akj = Aik
T Akj

k=1

n

∑

B = ATA

  

Note that C is a symmetric matrix, since CT = (AAT )T = AAT = C.
 

Now we can define a cocitation network in which there is an edge between i and j if Cij > 0, for i 
� j, i.e., an edge between any two vertices that are cocited in the original directed network. (We 
enforce the constraint that i � j because the cocitation network is conventionally defined to have no 
self-edges, even though the diagonal elements of the cocitation matrix are in general nonzero—see 
below.) Better still, we can make the cocitation network a weighted network with positive integer 
weights on the edges equal to the corresponding elements Cij. Then vertex pairs cited by more 

common neighbors have a stronger connection than those cited by fewer. Since the cocitation 
matrix is symmetric, the cocitation network is undirected, making it easier to deal with in many 
respects than the original directed network from which it was constructed. 

The cocitation network turns out to make a lot of sense in many cases. In citation networks of 
academic papers, for instance, strong cocitation between papers is often a good indicator of papers 
that deal with related topics—if two papers are often cited together in the same bibliography they 
probably have something in common. And the more often they are cited together, the more likely it 
is that they are related. 

The cocitation matrix thus plays a role similar to an adjacency matrix for the cocitation network. 
There is however one aspect in which the cocitation matrix differs from an adjacency matrix: its 
diagonal elements. The diagonal elements of the cocitation matrix are given by 

 

(6.9) 
  

where we have assumed that the directed network is a simple graph, with no multiedges, so that 
all elements Aik of the adjacency matrix are zero or one. Thus Cii is equal to the total number of 

edges pointing to i—the total number of papers citing i in the citation network language. In 
constructing the cocitation network we ignore these diagonal elements, meaning that the network’s 
adjacency matrix is equal to the cocitation matrix but with all the diagonal elements set to zero. 

 

Vertices i and j cite three of the same papers and so have a bibliographic coupling of 3. 
  

Bibliographic coupling is similar to cocitation. The bibliographic coupling of two vertices in a 
directed network is the number of other vertices to which both point. In a citation network, for 
instance, the bibliographic coupling of two papers i and j is the number of other papers that are 
cited by both i and j. Noting that AkiAkj = 1 if i and j both cite k and zero otherwise, the 

bibliographic coupling of i and j is 

 

 

 

 



Bibliographic coupling 

l  The diagonal elements of B can be non zero  
§  Since either Aki=0 or Aki=1 (assuming a simple graph – no 

multiedges) 

§  Bii provides the number of nodes that node i points to 
ü Again when considering the bibliographic coupling network, we set 

by definition all the diagonal elements to zero! 

l  The off diagonal elements of B can again be greater than 0 
and hence, we can define a weighted undirected network 
§  We can also map any positive off diagonal element to 1  
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Bii = Aki
2

k=1

n

∑ = Aki
k=1

n
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Notes on coupling 

l  While both coupling methods are similar they can give 
completely different structures 
§  Co-citation is heavily based on incoming edges, while 

bibliographic coupling on outgoing edges 

l  They can be used for vertex similarity 
§  E.g., the highest the co-citation of two papers in a paper citation 

network, the more possible is that these papers deal with similar 
topics 

l  While these coupling methods help us convert a directed 
network to undirected, we lose some structural 
information during this transformation    
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Acyclic directed networks 

l  A cycle in a directed network is a closed loop of edges 
with the arrows on each of the edges pointing the same 
way around the loop 
§  Networks without cycles are called acyclic, while those with 

cycles are called cyclic 
ü Self edges also count as cycles 

l  An acyclic network can be drown with all edges pointing 
downward (not necessarily unique drawing) 
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6.4.2 ACYCLIC DIRECTED NETWORKS  

A cycle in a directed network is a closed loop of edges with the arrows on each of the edges 
pointing the same way around the loop. Networks like the World Wide Web have many such 
cycles in them. Some directed networks however have no cycles and these are called acyclic 
networks.49 Ones with cycles are called cyclic. A self-edge—an edge connecting a vertex to 
itself—counts as a cycle, and so an acyclic network also has no self-edges. 

 

A cycle in a directed network. 
  

The classic example of an acyclic directed network is a citation network of papers, as discussed 
in Section 4.2. When writing a paper you can only cite another paper if it has already been written, 
which means that all the directed edges in a citation network point backward in time. Graphically 
we can depict such a network as in Fig. 6.3, with the vertices time-ordered—running from bottom 
to top of the picture in this case—so that all the edges representing the citations point downward in 
the picture.50 There can be no closed cycles in such a network because any cycle would have to go 
down the picture and then come back up again to get back to where it started and there are no 
upward edges with which to achieve this. 

 

Figure 6.3: An acyclic directed network. In this network the vertices are laid out in such a way 
that all edges point downward. Networks that can be laid out in this way are called acyclic, since 
they possess no closed cycles of edges. An example of an acyclic network is a citation network of 
citations between papers, in which the vertical axis would represent date of publication, running up 

 

 

 

 



Determining if a network is acyclic 

l  A simple algorithm for determining whether a network is 
acyclic is:  
§  Find a vertex with no outgoing edges (step 1) 
§  If no such vertex exists, the network is cyclic. Otherwise, if such 

a vertex does exist, remove it and all its incoming edges from 
the network (step 2) 

§  If all vertices have been removed, the network is acyclic. 
Otherwise go back to step 1 
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Adjacency matrix of an acyclic network 

l  If we construct an ordering of the vertices of an acyclic 
graph as per the previous algorithm, there can be an edge 
from vertex j to vertex i only if j > i 
§  Adjacency matrix is triangular (only the elements above the 

diagonal have non zero entries) 
ü More precisely, since the acyclic graph does not have self loops, 

the diagonal elements are zero à strictly triangular matrix 

l  All of the eigenvalues of an adjacency matrix are zero if 
and only if the network is acyclic 
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Bipartite networks 

l  In bipartite networks (aka two-mode networks) there are 
two kinds of vertices 
§  One type represents that original vertices (e.g., people) and the 

other represents the groups – or affiliations or foci – that the first 
type of vertices belong to (e.g., company) 

l  The edges of a bipartite network run only between nodes 
of different type 

l  A bipartite network is defined by the incidence matrix B. If 
there are n number of actors and g number of groups:

  

20 
Bij =

1,
0,

 if vertex j belongs to group i
otherwise
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One-mode projections 

l  We can use the bipartite network to infer connections 
between nodes of the same type 
§  Projection on the actors à n-vertex network, where nodes are 

the actors of the original bipartite graph and an edge between 
two actors exists if they participate to at least one common 
group 

§  Projection on the groups à g-vertex network, where nodes are 
the groups of the original bipartite graph and an edge between 
two groups exists if they include at least one common actor 

l  One mode projections discard a lot of the information 
present in the structure of the original bipartite graph 
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Projections 
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mode bipartite form. As an example, consider again the case of the films and actors. We can 
perform a projection onto the actors alone by constructing the n-vertex network in which the 
vertices represent actors and two actors are connected by an edge if they have appeared together in 
a film. The corresponding one-mode projection onto the films would be the g-vertex network 
where the vertices represent films and two films are connected if they share a common actor. 
Figure 6.5 shows the two one-mode projections of a small bipartite network. 

When we form a one-mode projection each group in the bipartite network results in a cluster of 
vertices in the one-mode projection that are all connected to each other—a “clique” in network 
jargon (see Section 7.8.1). For instance, if a group contains four members in the bipartite network, 
then each of those four is connected to each of the others in the one-mode projection by virtue of 
common membership in that group. (Such a clique of four vertices is visible in the center of the 
lower projection in Fig. 6.5.) Thus the projection is, generically, the union of a number of cliques, 
one for each group in the original bipartite network. The same goes for the other projection onto 
the groups. 

 

Figure 6.5: The two one-mode projections of a bipartite network. The central portion of this 
figure shows a bipartite network with four vertices of one type (open circles labeled A to D) and 
seven of another (filled circles, 1 to 7). At the top and bottom we show the one-mode projections 
of the network onto the two sets of vertices. 
  

The one-mode projection, as we have described it, is often useful and is widely employed, but 
its construction discards a lot of the information present in the structure of the original bipartite 
network and hence it is, in a sense, a less powerful representation of our data. For example, the 
projection loses any information about how many groups two vertices share in common. In the 
case of the actors and films, for instance, there are some pairs of actors who have appeared in 
many films together—Fred Astaire and Ginger Rogers, say, or William Shatner and Leonard 
Nimoy—and it’s reasonable to suppose this indicates a stronger connection than between actors 
who appeared together only once. 

 

 



Mathematics of actors one-mode projection 

l  Two actors i and j belong to group k iff BkiBkj=1 
§  The total number of groups Pij that i and j belong is given by: 

l  The nxn matrix P=BTB is similar to the adjacency matrix 
for the weighted one-mode projection onto the n vertices 
(actors) 
§  Why only similar and not the same?  
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Pij = Bki
k=1

g

∑ Bkj = Bik
TBkj

k=1
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Trees 

l  Connected, undirected network with no closed loops 
§  They are usually drawn in a rooted manner 

ü A root node at the top and a branching structure going down 
ü Vertices at the bottom of the tree, connected only to one other 

vertex are called leaves 
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Figure 6.6: Two sketches of the same tree. The two panels here show two different depictions of 
a tree, a network with no closed loops. In (a) the vertices are positioned on the page in any 
convenient position. In (b) the tree is a laid out in a “rooted” fashion, with a root node at the top 
and branches leading down to “leaves” at the bottom. 
  

 

 



Trees 

l  Since there are no closed loops there is exactly one path 
from every vertex to any other 
§  This property is important because it makes some calculations 

particularly simple 

l  A tree with n vertices has exactly n-1 edges 
§  Reverse is also true!  
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Degree 

l  The degree ki of a vertex i in a graph is the number of 
edges connected to it 
§  For undirected graphs we have: 

§  And the number of edges of a graph is given by: 

l  Mean degree c of a vertex in an undirected graph is:  
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ki = Aij
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i=1
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∑
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n
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Connectance 

l  The maximum number of possible edges in a simple graph 
is           

l  Connectance or density ρ of a graph is the fraction of 
these edges that are actually present:      

§  A network for which the density ρ tends to a (positive) constant 
as nà∞ is called dense 

§  A network for which the density ρ tends to zero as nà∞ is called 
sparse  
ü This basically means that in a sparse network c tends to a constant 

when n increases arbitrarily  
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Degrees in directed networks 

l  In a directed network each vertex is associated with two 
degrees 
§  In-degree is the number of incoming edges to a vertex 
§  Out-degree is the number of outgoing edges from a vertex 

l  The total number of edges in a directed network is: 

§  Thus, mean in (cin) and out (cout) degrees are equal 
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Paths 

l  A sequence of vertices such that every consecutive pair of 
vertices in the sequence is connected by an edge in the 
network 
§  For directed graphs the edges traversed from the path needs to 

be traversed in the correct direction 
§  Paths that do not intersect with themselves are called self-

avoiding paths 

l  Length of a path is the number of edges traversed along 
the path 
§  When a path traverses the same edge e two times, e is counted 

twice 
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Paths in undirected networks 

l  The product AikAkj is 1 iff there is a path between i and j 
through k (a path of length 2) 
§  Hence, if we want to find how many length 2 paths between i 

and j exist: 

§  This can easily be generalized to: 

l  [Ar]ii gives the number of length r paths that originate and 
end at node i (cycles) 
§  Hence if we want to find the number Lr of length r cycles in a 

graph  

30 

Nij
(2) = AikAkj

k=1

n

∑ = [A2 ]ij

Nij
(r ) = [Ar ]ij

Lr = [Ar ]ii
i=1

n

∑ = TrAr



Paths in undirected networks 

l  A is symmetric ! has n real, non-negative eigenvalues 
§  A = UKUT 

ü U orthogonal matrix of eigenvectors 
ü K diagonal matrix with eigenvalues 
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Ar = (UKUT )r =UKrUT

Lr = TrA
r = Tr(UKrUT ) = Tr(UTUKr ) = TrKr = κ i

r

i
∑

κi is the i-th eigenvalue of matrix A  



Paths in directed networks 

l  The adjacency matrix of a directed network is in general 
non symmetric and hence not diagonalizable  

l  We will use the Schur decomposition 
§  A=QTQT 

ü Q is orthogonal  
ü T is upper triangular 

o  Its diagonal elements are its eigenvalues 
* They are equal with those of A (why?) 
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Lr = TrA
r = Tr(QT rQT ) = Tr(QTQT r ) = TrT r = κ i

r

i
∑



Geodesic paths 

l  A geodesic path (shortest path) is a path between two 
vertices such that no shorter path exists 
§  The length of this path is called geodesic (or shortest) distance 
§  If two nodes are not connected with any path their geodesic 

distance is infinite  

l  By definition shortest paths are self avoiding (why?) 

l  Diameter of a network is the length of the longest 
geodesic path between any pair of vertices in the network 
for which a path actually exists 
§  Other definitions are extensively used in the literature as well, 

such as, the average value of all geodesic paths in the network 
etc. 33 



Eulerian and Hamiltonian paths 

l  An Eulerian path is a path that traverses each edge in a 
network exactly once 

l  A Hamiltonian path is a path that visits each vertex exactly 
once 
§  Self avoiding 

34  

Figure 6.11: The Königsberg bridges. (a) In the eighteenth century the Prussian city of 
Königsberg, built on four landmasses around the river Pregel, was connected by seven bridges as 
shown. (b) The topology of the landmasses and bridges can be represented as a multigraph with 
four vertices and seven edges. 
  

More precisely a network can have an Eulerian path only if there are exactly two or zero vertices 
of odd degree—zero in the case where the path starts and ends at the same vertex. This is not a 
sufficient condition for an Eulerian path, however. One can easily find networks that satisfy it and 
yet have no Eulerian path. The general problem of finding either an Eulerian or Hamiltonian path 
on a network, or proving that none exists, is a hard one and significant work is still being done on 
particular cases. 

Eulerian and Hamiltonian paths have a number of practical applications in computer science, in 
job sequencing, “garbage collection,” and parallel programming [81]. A Hamiltonian path problem 
was also, famously, the first problem solved using a DNA-based computer [7]. 

 

 

Konisberg Bridge Problem 



Components 

l  A network for which there exists pairs of vertices that 
there is no path between them is called disconnected 
§  If there exists a path between any possible pair of vertices in a 

network the latter is called connected 

l  Component is a maximal subset of vertices of a network 
such that there exists at least one path from every vertex 
of the subgroup to any other 
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6.11 COMPONENTS  

It is possible for there to be no path at all between a given pair of vertices in a network. The 
network shown in Fig. 6.12, for example, is divided into two subgroups of vertices, with no 
connections between the two, so that there is no path from any vertex in the left subgroup to any 
vertex in the right. For instance, there is no path from the vertex labeled A to the vertex labeled B. 
A network of this kind is said to be disconnected. Conversely, if there is a path from every vertex 
in a network to every other the network is connected. 

The subgroups in a network like that of Fig. 6.12 are called components. Technically a 
component is a subset of the vertices of a network such that there exists at least one path from each 
member of that subset to each other member, and such that no other vertex in the network can be 
added to the subset while preserving this property. (Subsets like this, to which no other vertex can 
be added while preserving a given property, are called maximal subsets.) The network in Fig. 6.12 
has two components of three and four vertices respectively. A connected network necessarily has 
only one component. A singleton vertex that is connected to no others is considered to be a 
component of size one, and every vertex belongs to exactly one component. 

The adjacency matrix of a network with more than one component can be written in block 
diagonal form, meaning that the non-zero elements of the matrix are confined to square blocks 
along the diagonal of the matrix, with all other elements being zero: 

 

(6.36) 
  

Note, however, that the vertex labels must be chosen correctly to produce this form. The visual 
appearance of blocks in the adjacency matrix depends on the vertices of each component being 
represented by adjacent rows and columns and choices of labels that don’t achieve this will 
produce non-block-diagonal matrices, even though the choice of labels has no effect on the 
structure of the network itself. Thus, depending on the labeling, it may not always be immediately 
obvious from the adjacency matrix that a network has separate components. There do, however, 
exist computer algorithms, such as the “breadth-first search” algorithm described in Section 10.3, 
that can take a network with arbitrary vertex labels and quickly determine its components. 

 

 

 

 

How can the adjacency matrix of a network  
with more than one component be written? 



Components in directed networks 

l  There are many different types of connected components 
that we can define for a directed network 

l  Assuming no direction on the edges, we can identify 
connected components as in an undirected graph 
§  Weakly connected components 

l  Imposing a constrained on the direction of the edge we get 
the strongly connected components 
§  Maximal subsets of vertices such that there is a directed path in 

both directions between every pair in the subset 
ü Every vertex belonging to a strongly connected component with 

more than one vertex must belong to at least one cycle (why?) 
36 



Visually 
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6.11.1 COMPONENTS IN DIRECTED NETWORKS  

When we look at directed networks the definition of components becomes more complicated. The 
situation is worth looking at in some detail, because it assumes some practical importance in 
networks like the World Wide Web. Consider the directed network shown in Fig. 6.13. If we 
ignore the directed nature of the edges, considering them instead to be undirected, then the network 
has two components of four vertices each. In the jargon of graph theory these are called weakly 
connected components. Two vertices are in the same weakly connected component if they are 
connected by one or more paths through the network, where paths are allowed to go either way 
along any edge. 

In many practical situations, however, this is not what we care about. For example, the edges in 
the World Wide Web are directed hyperlinks that allow Web users to surf from one page to 
another, but only in one direction. This means it is possible to reach one web page from another by 
surfing only if there is a directed path between them, i.e., a path in which we follow edges only in 
the forward direction. It would be useful to define components for directed networks based on such 
directed paths, but this raises some problems. It is certainly possible for there to be a directed path 
from vertex A to vertex B but no path back from B to A. Should we then consider A and B to be 
connected? Are they in the same component or not? 

 

Figure 6.13: Components in a directed network. This network has two weakly connected 
components of four vertices each, and five strongly connected components (shaded). 
  

Clearly there are various answers one could give to these questions. One possibility is that we 
define A and B to be connected if and only if there exists both a directed path from A to B and a 
directed path from B to A. A and B are then said to be strongly connected. We can define 
components for a directed network using this definition of connection and these are called strongly 
connected components. Technically, a strongly connected component is a maximal subset of 
vertices such that there is a directed path in both directions between every pair in the subset. The 
strongly connected components of the network in Fig. 6.13 are highlighted by the shaded regions. 
Note that there can be strongly connected components consisting of just a single vertex and, as 
with the undirected case, each vertex belongs to exactly one strongly connected component. Note 
also that every strongly connected component with more than one vertex must contain at least one 
cycle. Indeed every vertex in such a component must belong to at least one cycle, since there is by 
definition a directed path from that vertex to every other in the component and a directed path back 
again, and the two paths together constitute a cycle. (A corollary of this observation is that acyclic 
directed graphs have no strongly connected components with more than one vertex, since if they 
did they wouldn’t be acyclic.) 

 

 

 



Out-components 

l  The set of vertices that are reachable via directed paths 
from node A (including A), form its out-component 
§  Out-component is a property of both the network and the 

starting vertex 
ü Hence, a vertex can belong to more than one out-components 

l  All members of the strongly connected component that A 
belongs to, are members of its out-component 

l  All vertices that are reachable from A are also reachable 
from any other member of its strongly connected 
component 
§  Out-components really “belong” not to individual vertices but to 

strongly connected components 38 



In-components 

l  The in-component of a specific vertex A is the set of all 
vertices (including A) from which there is a directed path 
to A 

l  All the members of a strongly connected component have 
the same in-component 

l  A’s strongly connected component is the intersection of 
its out- and in-components 
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Independent paths and connectivity 

l  Two paths connecting a given pair of vertices are edge 
(vertex)-independent if they share no edges (vertices other 
than the starting and ending vertices) 
§  Two vertex-independent paths are also edge-independent (the 

opposite is not true) 

l  The number of independent paths between a pair of 
vertices is called connectivity of the vertices 
§  Edge- and vertex-connectivity 
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6.12 INDEPENDENT PATHS, CONNECTIVITY, AND CUT SETS  

A pair of vertices in a network will typically be connected by many paths of many different 
lengths. These paths will usually not be independent however. That is, they will share some 
vertices or edges, as in Fig. 6.10 for instance (page 140). If we restrict ourselves to independent 
paths, then the number of paths between a given pair of vertices is much smaller. The number of 
independent paths between vertices gives a simple measure of how strongly the vertices are 
connected to one another, and has been the topic of much study in the graph theory literature. 

 

Figure 6.15: Edge independent paths. (a) There are two edge-independent paths from A to B in 
this figure, as denoted by the arrows, but there is only one vertex-independent path, because all 
paths must pass through the center vertex C. (b) The edge-independent paths are not unique; there 
are two different ways of choosing two independent paths from A to B in this case. 
  

There are two species of independent path: edge-independent and vertex-independent. Two 
paths connecting a given pair of vertices are edge-independent if they share no edges. Two paths 
are vertex-independent (or node-independent) if they share no vertices other than the starting and 
ending vertices. If two paths are vertex-independent then they are also edge-independent, but the 
reverse is not true: it is possible to be edge-independent but not vertex-independent. For instance, 
the network shown in Fig. 6.15a has two edge-independent paths from A to B, as denoted by the 
arrows, but only one vertex-independent path—the two edge-independent paths are not vertex-
independent because they share the intermediate vertex C. 

Independent paths are also sometimes called disjoint paths, primarily in the mathematical 
literature. One also sees the terms edge-disjoint and vertexdisjoint , describing edge and vertex 
independence. 

The edge- or vertex-independent paths between two vertices are not necessarily unique. There 
may be more than one way of choosing a set of independent paths. For instance Fig. 6.15b shows 
the same network as Fig. 6.15a, but with the two paths chosen a different way, so that they cross 
over as they pass through the central vertex C. 

It takes only a moment’s reflection to convince oneself that there can be only a finite number of 
independent paths between any two vertices in a finite network. Each path must contain at least 
one edge and no two paths can share an edge, so the number of independent paths cannot exceed 
the number of edges in the network. 

The number of independent paths between a pair of vertices is called the connectivity of the 
vertices.68 If we wish to be explicit about whether we are considering edge- or vertex-
independence, we refer to edge or vertex connectivity . The vertices A and B in Fig. 6.15 have edge 
connectivity 2 but vertex connectivity 1 (since there is only one vertex-independent path between 

 

 

 



Cut set 

l  A vertex cut set, is a set of vertices whose removal will 
disconnect a specified pair of vertices 
§  This set can be thought as the bottleneck for the connectivity of 

this specific pair of nodes 

l  An edge cut set, is a set of edges whose removal will 
disconnect a specified pair of vertices 

l  A minimum cut set is the smallest cut set that will 
disconnect a specified pair of vertices 
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Menger’s theorem 

l  The size of the minimum vertex cut set that disconnects a 
given pair of vertices in a network is equal to the vertex 
connectivity of the same vertices 
§  The same holds true for edges 

l  The edge version of the theorem is important for the 
maximum flow problem 
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Max-flow/min-cut theorem 

l  In the general case we have weighted networks 
§  Minimum edge cut set is a cut set such that the sum of the 

weights on the edges has the minimum possible value 

l  The maximum flow between a given pair of vertices in a 
network is equal to the sum of the weights on the edges of 
the minimum edge cut set that separates the same two 
vertices 
§  Intuitively, the “low” weight edges form bottlenecks that do not 

allow the flow between the two vertices to increase. 
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Diffusion 

l  Suppose we have some commodity on the vertices of a 
network (vertex i has amount ψi) 

l  The commodity moves along an edges from j to i with a 
rate C(ψj – ψi) 
§  C is a constant (diffusion constant) 
§  Hence, the rate at which ψi changes is: 
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dψi

dt
=C Aij (

j
∑ ψ j −ψi )⇒

dψi

dt
=C Aij

j
∑ ψ j −Cψi Aij

j
∑ =C Aij

j
∑ ψ j −Cψiki =C (Aij −δij

j
∑ ki )ψ j



Diffusion 

l  Using matrix notation we have  

l  D is a diagonal matrix with the vertex degrees along the 
diagonal 

l  We define: L = D – A and hence:  

§  The above is similar to the ordinary diffusion equation for gas, 
where the Laplacian operator has been replaced by matrix L 
ü L is called graph Laplacian 
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d

ψ
dt

=C(A−D)

ψ

d

ψ
dt

+CL

ψ =

0

Lij = δijki − Aij



Solving the diffusion equation 
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l  We write vector ψ as a linear combination of the 
eigenvectors vi of the Laplacian (why is this possible?): 

l  We substitute at the diffusion equation and we get: 

l  Since the Laplacian is symmetric its eigenvectors are 
orthogonal ! multiplying with any eigenvector vj we get: 


ψ(t) = αi (t)

vi
i=1

n

∑

d αi (t)
vi

i=1

n

∑
dt

+CL αi (t)
vi

i=1

n

∑ =

0⇒ (dαi (t)

vi
dti=1

n

∑ +Cαi (t)L
vi ) =

0
Lvi=λivi

⇒ (dαi (t)
dt

+Cλiαi (t))
vi

i=1

n

∑ =

0

dαi (t)
dt

+Cλiαi = 0,∀i⇒αi (t) =αi (0)e
−Cλit



Eigenvalues of the Laplacian 

l  The eigenvalues of the Laplacian are real (L is symmetric) 
and also non-negative 

l  Let one end of an edge annotated with 1 and the other with 
2.  Then we can define the mxn edge incidence matrix 

l  BkiBkj is non zero (actually -1) iff vertices i and j are 
connected through edge k 
§  Since we consider a simple graph, taking the sum of all the 

above factors over k will be either -1 (iff vertices i and j are 
connected through an edge) or 0 (iff i and j are not neighbors)  
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6.13.2 EIGENVALUES OF THE GRAPH LAPLACIAN  

This is the first of many instances in which the eigenvalues of the Laplacian will arise, so it is 
worth spending a little time understanding their properties. The Laplacian is a symmetric matrix, 
and so has real eigenvalues. However, we can say more than this about them. In fact, as we now 
show, all the eigenvalues of the Laplacian are also non-negative. 

Consider an undirected network with n vertices and m edges and let us arbitrarily designate one 
end of each edge to be end 1 and the other to be end 2. It doesn’t matter which end is which, only 
that they have different labels. 

Now let us define an m × n matrix B with elements as follows: 

 

(6.49) 
  

Thus each row of the matrix has exactly one +1 and one í1 element. 
The matrix B is called the edge incidence matrix. It bears some relation to, but is distinct from, 

the incidence matrix for a bipartite graph defined in Section 6.6. 
Now consider the sum �kBkiBkj. If i � j, then the only non-zero terms in the sum will occur if 

both Bik and Bjk are non-zero, i.e., if edge k connects vertices i and j, in which case the product will 
have value í1. For a simple network, there is at most one edge between any pair of vertices and 
hence at most one such non-zero term, so the value of the entire sum will be í1 if there is an edge 
between i and j and zero otherwise. 

If i = j then the sum is , 2 which has a term +1 for every edge connected to vertex i, so the 
whole sum is just equal to the degree ki of vertex i. 

Thus the sum �kBkiBkj is precisely equal to an element of the Laplacian �kBkiBkj = Lij—the 
diagonal terms Lii are equal to the degrees ki and the off-diagonal terms Lij are—1 if there is an 
edge (i, j) and zero otherwise. (See Eq. (6.43).) In matrix form we can write 

 

(6.50) 
  

where BT is the transpose of B.
 

Now let vi be an eigenvector of L with eigenvalue Ȝi. Then 

 

 

 

 

 

 



Eigenvalues of the Laplacian 

l  If i=j, the previous sum is equal to the degree ki of vertex i 
(why?) 

l  Hence, L=BTB 

l  Consider vi being an eigenvector of L with eigenvalue λi 

l  Hence λi ≥ 0 

l  It is easy to see that (1,1,…,1) is an eigenvector of the L 
with eigenvalue 0 
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Lvi = λi
vi ⇒

vi
TLvi =

vi
Tλi
vi ⇒

vi
TBTBvi = λi

vi
T vi ⇒ (Bvi )

T ⋅ (Bvi ) = λi



Components and algebraic connectivity 

l  Suppose a network with c components 
§  First component has n1 vertices, second has n2 and the c-th has 

nc 
§  The Laplacian (just as the adjacent matrix) can be written in a 

block diagonal form 
§  There are c eigenvectors of L with eigenvalue  
zero à vectors that have ones in all positions  
corresponding to vertices in single components 
and zero elsewhere.  E.g.,  

l  The number of zero eigenvalues is exactly equal to the 
number of connected components 
§  The second eigenvalue λ2 (algebraic connectivity or spectral 

gap) of the Laplacian is non-zero iff the network is connected 49 

6.13.3 COMPONENTS AND THE ALGEBRAIC CONNECTIVITY  

See the discussion of block diagonal matrices in Section 6.11. 

Suppose we have a network that is divided up into c different components of sizes n1, n2, ..., nc. To 
make the notation simple let us number the vertices of the network so that the first n1 vertices are 
those of the first component, the next n2 are those of the second component, and so forth. With this 
choice the Laplacian of the network will be block diagonal, looking something like this: 

 

(6.54) 
  

What is more, each block in the Laplacian is, by definition, the Laplacian of the corresponding 
component: it has the degrees of the vertices in that component along its diagonal and í1 in each 
position corresponding to an edge within that component. Thus we can immediately write down c 
different vectors that are eigenvectors of L with eigenvalue zero: the vectors that have ones in all 
positions corresponding to vertices in a single component and zero elsewhere. For instance, the 
vector 

 

(6.55) 
  

is an eigenvector with eigenvalue zero. 
Thus in a network with c components there are always at least c eigenvectors with eigenvalue 

zero. In fact, it can be shown that the number of zero eigenvalues is always exactly equal to the 
number of components [324]. (Note that the vector 1 of all ones is just equal to the sum of the c 
other eigenvectors, so it is not an independent eigenvector.) An important corollary of this result is 
that the second eigenvalue of the graph Laplacian Ȝ2 is non-zero if and only if the network is 
connected, i.e., consists of a single component. The second eigenvalue of the Laplacian is called 
the algebraic connectivity of the network.75 It will come up again in Section 11.5 when we look at 
the technique known as spectral partitioning.
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Random walks 

l  A random walk is a path across a network created by 
taking repeated random steps  
§  Start at a specific vertex 
§  Choose uniformly at random one of the edges of this vertex and 

move along the edge 
§  Arrive at the vertex at the other end of the edge and repeat the 

above steps 

l  Let pi(t) be the probability that after t random steps the 
walk is at vertex i  
§  If the walk is at vertex j at time t-1, the probability of taking a 

step along any particular one of the kj edges of j is 1/kj 
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pi (t) =

Aij
k j
pj (t −1)

j
∑ ⇒

p(t) = AD−1 p(t −1)



Random walks 

l  Since we are interested for the steady state distribution 
(i.e., t!∞), we have:  

l  The above equation can be written as: 

§  Hence, D-1p is an eigenvector of L with zero eigenvalue 
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pi (∞) =
Aij
k j
pj (∞)

j
∑ ⇒

p = AD−1 p

(I − AD−1) p = (D− A)D−1 p = LD−1 p =

0



Random walk on a connected graph 

l  In this case we know that there is only one null eigenvalue, 
which corresponds to an eigenvector with all components 
equal: 

 
§  In a connected network the probability that a random walk will 

be found in a vertex is proportional to its degree 

l  If we pick constant α to normalize pi properly we have: 
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D−1 p =α

1⇒ p =αD


1⇒ pi =αki

pi =
ki
k j

j
∑

=
ki
2m



Random walk and first passage time 

l  The first passage time for a random walk from a vertex u 
to another vertex v is the number of steps before a walk 
starting at u first reaches v 

l  Absorbing random walk: there is one or more absorbing 
states, that is, vertices that the walk can arrive but not 
leave 

l  We can answer questions about the first passage time by 
considering the probability pv(t) that a walk is at vertex v 
(absorbing) after time t 
§  The probability that a walk has first passage time exactly t is 

then pv(t)-pv(t-1) 
§  Then the mean first passage time τ is: 

53 τ = t[pv (t)− pv (t −1)]
t=0

∞

∑



Random walk and first passage time 

l  Here we have a “semi”-directed graph; the walk can get in 
v (Avi is not necessarily 0) but cannot move out of it (Aiv = 
0 for all i) 

l  For any i≠v 

l  In the sum there are no terms Avj and hence we can write: 

§  Where vector p’ does not include the entry for v and matrices A’ 
and D’ do not include the v-th row and column 
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pi (t) =
Aij
k j
pj (t −1) =

Aij
k j
pj (t −1)

j (≠v)
∑

j
∑


!p (t) = !A !D −1 !p (t −1)⇒ !p (t) = [ !A !D −1]t !p (0)



Random walk and first passage time 

l  Since p’ does not include the entry of pv we have: 

l  Substituting we get the mean passage time: 
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pv (t) =1− pi (t)
i(≠v)
∑ =1−


1T $p (t)

τ = t[pu(t)− pu(t −1)
t=0

∞

∑ ]= t[1−

1T

t=0

∞

∑ 
$p (t)−1+


1T $p (t −1)]= t


1T [ $p (t −1)− $p (t)]=

t=0

∞

∑

= t

1T [( $A $D −1)t−1 $p (0)− (

t=0

∞

∑ $A $D −1)t $p (0)]= t

1T $p (0)[( $A $D −1)t−1 − ( $A − $D −1)t ]

t (Mt−1−Mt )
t=0

∞

∑ =[ I−M ]−1

⇒
t=0

∞

∑

τ =

1T [I − $A $D −1]−1 $p (0)



Random walk and first passage time 

l  If we further simplify: 

l  We get:  

§  Where L’ is the v-th reduced Laplacian 
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[I − "A "D −1]−1 = I − ( "A "D −1)−1 = I − "D "A −1 = "D ( "D −1 − A−1) = "D ( "D − "A )−1 = "D "L −1

τ =

1T !D !L −1 !p (0)


