Marta Lewicka, Math 2302, Spring 2020

Homework 14 — due Wed April 1

1. Let 1 < p < oo. For every f € LP((0,00)), define:

/f dt Vo e (0,00).

Prove that F € L?((0,00)) and:
p
Flpr < — p.
1P < =2l

[Hint: Assume first that f is nonnegative and compactly supported in (0,00). Integrate by parts and
notice that xF'(x) = f(x) — F(x).]

2. Using Jensen’s inequality, prove:

(i) Holder’s inequality [Hint: Use ¢(x) = 2P and consider first the case of f, g nonnegative and such
that ||g|lpa = 1.]

(ii) Minkowski’s inequality (that is, the triangle inequality for the norm in LP [Hint: Use ¢(z) =
(1 — 2'/P)P and assume first that f, g are nonnegative, f <1 and ||f + g|/z» = 1.]

9

3. For which functions f € LP and g € L*" we have “equality” in Holder’s inequality?:

gl = Il F e llgll Lo

4. Prove the converse of the Riesz - Frechet - Kolmogorov theorem. Assume that a subset F of LP(R")
has compact closure. (We assume that 1 < p < oo.) Then there holds:
(i) 3IC >0 VfeF I fllrrry < C,
(ii) Ve>0 36>0 VheB(0,0) VfeF  |mf—fllermn) <
(i) Ve >0 3Q € Ly, bounded VfeF | fllrr@mma) <e

5. Let Q C R™ be open, bounded and of (Lebesgue) measure 1. Let f € L'(). Prove that:

i ([ |f|p>l/p —exp ([ mir).

[Hint: Use Jensen’s inequality to prove <. For the converse inequality, notice that In|z| < |z| — 1 and
limy, o (|27 = 1)/p = In |zl ]



