Marta Lewicka, Math 2302, Spring 2020

Homework 15 — due Mon April 20

1. Let p € [1,00], u € WHP(Q), and let f € C*°(R) be such that f(0) = 0 and f’ € L>. Prove that:
foueWhP(Q) and V(fou) = (f' ou)Vu.

2. Let p € [L,00], u € W2(Q) and let h : Q@ — Q be a diffeomorphism of class C* between the open

sets Q and . Assume that both detVh and detV(h~!) are in L. Prove that wo h € WHP(Q) and
V(uoh)=[(Vu) o h]Vh.

3. Let p € [2,00). We define:
WyP(Q) = closurey.p)Co” ().
Prove the following interpolation inequality:
Vu e W@ NWo Q) [ Vullr < Cllull [ VPull
where the constant C' depands only on € and p.
4. Let p € [1,00]. For u € WP(Q), define u™ = max(u,0).
(i) Prove that u™ € W1P(Q) and that:

_ | Vu ae in{z; u(z) >0}
v(®) = { 0 a.e. in {x; u(z) <0}.

(ii) Given ¢ € R, show that Vu = 0 almost everywhere in the (measurable) set {z; u(z) = c}.
(iii) Prove that if the sequence {u,} converges to u in W1P(Q), then also {u,;"} converges to u™.

5. Let O C R"™ be open, bounded and of class C!. Let u € W*P(Q). Using the established facts for
WLP(Q), deduce the following statement. If k < n/p then u € L(Q), where 1/q = 1/p — k/n and for some
constant C depending only on k,p,n and €2 one has:

llullLay < Cllullwer)-



