
Marta Lewicka, Math 2301, Fall 2019

Homework 7 – due Fri Oct 25

1. (i) Let µ∗ be an external measure (i.e. a measure generator) on X. Assume
that for some A ⊂ X there holds: µ∗(A) + µ∗(X \A) = µ∗(X) <∞. Does A have
to be measurable with respect to µ∗?
(ii) Give an example of an external measure which is not a measure.

2. Let p, q ∈ (1,∞). For which functions f the operator of multiplication by f is
continuous from Lp[0, 1] to Lq[0, 1]?

3. Prove that a linear functional on a normed space (with values in R) is bounded
iff its kernel is closed.

4. Let f, {fn}∞n=1 : X −→ R be µ-measurable functions, for some measure µ on a
σ-algebra M⊂ 2X . We say that fn converges almost everywhere to f if:

lim
n→∞

fn(x) = f(x)

for every point x outside some subset of measure 0.
We say that fn converges in measure to f if for every ε > 0:

lim
n→∞

µ (x ∈ X; |fn(x)− f(x)| ≥ ε) = 0.

(i) Prove that if µ is a finite measure then convergence almost everywhere
implies convergence in measure.

(ii) In (i), can we omit the assumption of finiteness of µ?
(iii) In (i), is the converse implication true?

5. In the setting of problem 4:

(i) Prove that if fn converges almost everywhere to some f and if fn converges
almost everywhere to another function g, then f(x) = g(x) for every point
x outside some subset of measure 0.

(ii) The same for convergence in measure.
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