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Abstract

We prove partial regularity of minimizers of certain functionals in the cal-
culus of variations, under the principal assumption that the integrands be uni-
formly strictly quasiconvex. This is of interest since quasiconvexity is known in
many circumstances to be necessary and sufficient for the weak sequential lower
semicontinuity of these functionals on appropriate Sobolev spaces. Examples
covered by the regularity theory include functionals with integrands which are
convex in the determinants of various submatrices of the gradient matrix.

1. Introduction

This paper establishes the partial regularity of minimizers for certain func-
tionals in the calculus of variations, described as follows. Let n, N be positive
integers, denote by M™*" the space of all real nx N matrices, and suppose
Q2 CR* is open, bounded, and smooth. Then, for v: 2 ->R¥, consider the
functional

(1.1) Iv]l = fF(Dv) dy,
2

where

o
DU—((axa)) (I=a=nl=i=N)

is the gradient matrix of v and
F: MnXN R

is given. Two principal tasks of the calculus of variations are (a) to prove the
existence of minimizers of I[-] subject to given, but here unspecified, boundary
conditions and (b) to study the smoothness of such minimizers.
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For n, N> 1 the real breakthrough regarding problem (a) was MORREY’s
paper [14], which isolated a property of F which is necessary and sufficient, in
many circumstances, for the weak sequential lower semicontinuity of I[-] on
certain Sobolev spaces. This condition is that F be quasiconvex,* namely

(1.2) [F(A)dy < [ F(4 + D¢) dy
0 0

for all smooth, bounded, open domains 0 C R”, all matrices 4¢€ M"**¥, and
all ¢c C'(0;R") with ¢ =0 on 20. MORREY’s techniques have recently been
refined by Acersl & Fusco, who proved the following.

Theorem 0 ([1]). Assume F: M"*N R is continuous and
(1.3) 0SF(P)=C(+[P]) (PeM™Y)

Jor some constant C and 1< g <<oco. Then I['] is weakly sequentially lower
semicontinuous on the Sobolev space W'(Q,RM) if and only if F is quasiconvex.

When 1< g << oo, Theorem 0 and an additional coercivity assumption of
the form

(1.4 FP)=b|PY, (b>0,PcM")

imply the existence of at least one minimizer of I[-] for given Dirichlet boundary
conditions (cf. MORREY [15, Thm. 4.4.7]). This result and its various extensions
provide a fairly satisfactory understanding of problem (a). Additionally, BALL
[4], [5] has modified MORREY’s ideas and derived important existence assertions
for several problems in nonlinear elasticity. A related paper concerning quasi-
convexity and uniqueness is KNOPS & STUART [12]; see also MEYERS [13] for higher
order problems.

Progress concerning the regularity problem (b) has to date been less definitive.
When ¢ =2, and F is a uniformly strictly convex C? function with bounded
second derivatives, G1usTI & MIRANDA [11], using a blow-up argument, and
GiusTI & GIAQUINTA [9], using direct methods, have shown that any minimizer
u has Hélder continuous first derivatives on some open set 2, C £, with
H™ 72\ Q,) = 0 for some p > 2 (cf. also MORREY [16]). This in turn implies
that u is C* on 2, provided F is C*, though examples (cf. [8, p. 51-63]) demon-
strate that the singular set may be nonempty. Furthermore, these regularity
proofs require that F be convex, a hypothesis which is strictly stronger than quasi-
convexity and so not satisfied by many interesting examples to which the existence
theorems apply.

This paper partly closes the gap between the existence and regularity theorems
by demonstrating the partial regularity of minimizers of I[-] under the principal
assumption that F be uniformly strictly quasiconvex, that is,

(1.5) f(F(A) +y|D¢|*) dy = fF(A + D¢) dy
6 6

* The reader should be warned that this is MORREY’s original terminology, which
he changed in writing section 4.4 of his book [15].
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for some y > 0 and all smooth, bounded open domains O C R”, all matrices
Ae M™N, and all ¢€ CY(O;R") with ¢ =0 on 80. Stated succinctly, the
advance here is to take quasiconvexity, the primary hypothesis of the lower
semicontinuity theorems, and to show that, slightly strengthened, it forces partial
regularity. The basic new technical observation is that (1.5) permits the proof
of a so-called “CaccioppoLi inequality” for a minimizer, after which the partial
regularity follows easily from a variant of the blow-up method of Grusti &
MiranDA [11].

Full statements of the hypotheses and theorems may be found in section 2
below. As the proof of the main Theorem 2 is rather complicated, I have also
chosen to present a simpler case, Theorem 1, whose proof displays the main ideas;
this is given in sections 3—4. Sections 5-7 contain the proof of Theorem 2, while
the concluding section 8 describes a broad class of interesting examples covered
by Theorem 2 but beyond the scope of previous theory. These include functionals
with integrands which are convex in the determinants of various submatrices
of Duv.

Remarks on connections with geometric measure theory. After this work was
substantially completed 1 looked at the survey paper [2] of ALLARD & ALMGREN
and realized the strong similarities between the results described above and
various lower semicontinuity and partial regularity theorems in geometric measure
theory, especially in the work of ALMGREN, FEDERER and BoMmsieri. Indeed, if
S is an n-rectifiable subset of R"*Y we may define

1S} = [F&)dH",
M

where X = 2(y) denotes the approximate tangent n-plane to S at (H") almost
all ye S,

F:GIN +nn—R

is given, and G(N -+ n, n) denotes the Grassmann manifold of n-plane directions
in R**N, By definition, I[-] is elliptic provided there exists y > 0 such that

(1.6) y[H"(S) — H(D)] = I[S] — I[D]

for each flat n-disk D in R"*N and each n-rectifiable S with 85 = &D. Then
basic theorems of geometric measure theory assert (i) that I(-) and its various
generalizations to more complicated n dimensional “surfaces” are lower semi-
continuous with respect to appropriate topologies (cf. FEDERER [7, 5.1.5]) and (ii)
that minimizers of I[-] are in fact C! manifolds except possibly for a ‘“small”
singular set (cf. ALMGREN [3], ALLARD & ALMGREN [3, 7-10], and FEDERER [7,
5.3.14-5.3.17]). These regularity proofs likewise use blow-up arguments (intro-
duced originally by DE GioraGi, whose work was historically the inspiration for
Giusti & MiIranDA [11]).

1 am not sufficiently versed in geometric measure theory to understand fully
the connections, but it is clear that the regularity theorems in this paper are
analogues for nonparametric calculus of variations problems of the results for
parametric problems discovered by ALMGREN [3]. Note in particular that since
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¢ =0 on 20 we can rewrite (1.5) in the form
%) y [(4+ D¢|* — |4]>)dy < [(F(4 + D¢) — F(A)) dy,
0 0

and this is certainly analogous to the ellipticity condition (1.6). More to the
point, a recent paper of BOMBIERI [6], which gives a new proof of partial regularity
for minimizing and almost minimizing currents, seems to have some technical
points in common with this paper; compare, in particular, Lemmas 10 and 11
in [6] with the Caccioppoli inequalities, Lemmas 3.1 and 5.1, derived below.
All this being said, I should also note that the calculus of variations— partial
differential equations conclusions and the geometric measure theoretic results
remain dissimilar in several important ways: for example, in the latter theory
there are difficulties in showing that the minimizer is locally a graph, whereas in
the former theory there are problems concerning the growth of F and its deriv-
atives at infinity.

In any case, it is certainly clear that the accomplishments of geometric measure
theory outshadow the current state of non-parametric calculus of variations and
nonlinear elliptic systems. I hope that this paper, although none of its results will
surprise geometric measure theory experts, will nonetheless prove interesting to
others. In particular, whereas the analogy between uniform strict quasiconvexity
(1.7) and ellipticity (1.6) is obvious, I have not been able to find any explicit men-
tion of this in print.

Notation. For the most part I have adopted the notion of GIAQUINTA [8].
In particular I use the summation convention that Latin indices run from 1 to
N and Greek indices from 1 to n, while the letter C throughout denotes various
constants depending only on known quantities.

Other notational conventions are these:

B(x,r)z{yER":|x~yl<r}, B(r)=B(0,r), B=B().
|A?=d\dl, (4= (@))eM™

1
f;ffdxzmgffdx,

W)y, = f udy, (Du),,= § Dudy.
B(x,r) B(x,r)

(u)r = (u)O,ra (Du)r = (Du)O,r'
ClD={pcC'(2):$=0 on 20}.

Acknowledgment. 1 am very grateful to JoHN BALL for stimulating my interest in
this problem and for many comments. I have incorporated some simplifications sug-
gested by MicHEL CHIPOT in the proofs of Lemmas 3.1, 5.1; he has also noted that a
simple alternative proof of Lemma 8.1 follows from a homogeneity and compactness
argument.

This work was partly supported by NSF Grant MCS-8301265 and ONR Grant
01-S-28708.
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2. Hypotheses and statements of theorems

Throughout we assume that the function F: M™*N - R is at least twice
continuously differentiable.

As noted in the introduction it seems best first to present the proof for a
special case. Accordingly let us now suppose y > 0 and that

(H1) f (F(A) + y | Dp|?) dy = f F(A4 4+ D¢) dy
B(x,r) B(x,r)

for all x€R”, r>0, A4¢ MY and ¢¢€ Cy(B(x, r); RY). Assume also that
(H2) |D*F(P)| < C
for some constant C and all P¢ M™*¥V,

Hypothesis (H2) implies that
@1 |FP)|=cd+ PP, |DFP)|=C(1+|P)) (PeM™)
for some appropriate constant C, and thus (HI) is valid also for ¢¢
HY(B(x, ry; RM).

We now call uc HY(2;R") a minimizer of I[-] provided
2.2 Iu] = Nu + ¢]
for every ¢ € HY(R2;RM).

Theorem 1. Suppose F satisfies (H1), (H2) and let uc W-(2;R¥) be a
minimizer of I[']. Then there exists an open subset Q, of Q such that

19\90120

and
Dug C¥(Qo; M™M)
Jor each 0 < oo < 1.

Remark. If, in addition, F& C®(M"*¥;R), a standard bootstrap argument
shows that u€ C*(Q,; R").

The proof of Theorem 1 is fairly straightforward, but unfortunately the
hypotheses that u be Lipschitz and D?F be bounded are too restrictive and: ex-
clude many interesting examples (see section 8). We therefore next modify our
approach to allow for polynomial growth of D?F; this in turn requires a modifica-
tion of the quasiconvexity hypothesis. Thus assume that ¢, 2 < g < oo, is given
and that F satisfies, for some y > 0,

(H3) [ (F(4) +y(1 + | D$|*"%) Do) dy = [ F(4 + D) dy

B(x,r) B(x,r)
for all x€R”, r>0, 4c¢ M"Y, and ¢€ C§(B(x, r); R"). Suppose also that
(H4) |D*F(P)| = C(1 4 | P|*™?)

for some constant C and all Pe M™*V.
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Assumption (H4) implies
23) |F®)ZCA+ [P, |DFP)<CA+ [Pl (PeM™N)

for some appropriate constant C, and so (H3) is valid also for ¢¢
W3(B(x,, r); RM).
We call u€ WY(Q;R™) a minimizer of I[-] provided

24) Iu] = I[u + ¢]
for every ¢ € Wa9Q2;RV).
Theorem 2. Assume that 2 = q << oo, the function F satisfies (H3), (H4),

and uec WY(Q;RY) is a minimizer of I[]. Then there exists an open subset
Qo of 2 such that

I‘Q\QOI =0
and

Duc C(Rqy; M™*N)
Jor each 0 << x < 1.

Remark. As before if also F& C®(M"*N;R), then u€ C¥(2,;R"Y).

In section 8 we shall discuss a class of examples satisfying (H3), (H4), and
in particular demonstrate the following

Theorem 3. Assume 2 =< q << co. Suppose that the C* function
G: MM >R
is quasiconvex and satisfies
| D*G(P)| < C(1 + | P|*"?)
for some constant C and all P€ M™*N. Then
F(P)=a|P|> + b|P|" + G(P), (PeM™ V)
verifies (H3), (H4), provided a, b > 0.

PART 1. PROOF OF THEOREM 1

3. A Caccioppoli inequality

For this section we assume that Fsatisfies (H1), (H2) and that u ¢ W-=(2;R")
is a minimizer of 7[-]. First we give a ““Caccioppoli type” inequality (cf. GIAQUINTA
[8, p. 76-77)).
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Lemma 3.1. There exists a constant C, such that

C
3.D f lDu——Alzdyér—z1 flu—a— Ay —x)|dy

B(x,r{2) B(x,r)

for all B(x,r)C R, acR", and Ac M™*V.

Proof. We may assume x = 0. Let r/2 <t < s =< r and choose ¢ C&(Q;R)
so that

{=1on B@t), (=0 on 2\ B(s)

0=, D= ——.

s—1
Define
¢=Clu—a—4y, yp=0-0@W—a—4y);
then
3.2) D¢ + Dy =Du— A.

Since { =0 on 0B(s), the hypotheses (H1) and (H2) imply
[ [F(4) +» |Do|*1dy = [ F(4 + D¢) dy
B(s) B(s)

3.3 = [ F(Du— Dy)dy by (3.2)
B(s)

< [ [F(Du) — DF(Du) Dy + C | Dy|*] dy.
B(s)

Since u is a minimizer, we have by (3.2)
[ F(Duydy < [ F(Du—D¢)dy = [ F(4+ Dy)dy
B9 B(s) B(9

< [ [F(4) + DF(4) Dy + C|Dy|*] dy.
B(s)

This inequality combined with (3.3) gives

Y Bt£> | Do|? dy = B({){[DF(A) — DF(Du)] Dy + C|Dy|*} dy.
Then (H2) and the definition of ¢ imply
(3.9 B(ft)IDu—A|2dy§CB(js‘)(|Du—A|IDtpi+|D1p|2)dy.

Now =0 on B(t) and
|Dy| = |(1 — &) (Du — A) — DI @ (u — a — Ay)|

C

gC]Du—A|-}—S_t

|u—a— Ayl
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on B(s)\ B(t). Hence (3.4) yields
3.5

[|Du—APdy=cC [ IDu—AIza'y—I-—C——2 [lu—~a— A4y]*dy.

B B(N\B() (s — 1% 55
We add C [ |Du[*dy to both sides, thus obtaining

B
C
[1Du—AlPdy<6 [|Du—AlPdy+—— [lu—a—4dy|*dy
B) Bls) (s — 1) 5y

for
0=—"—<1.

This inequality is valid for r/2 <t <s < r. We may therefore apply Lemma
V.3.1 of GiaQuINTA [8] (cf. also Lemma 5.2 below) to derive

C
f|Du—-A|2dy§—-2 f|u—a—Ay|2dy,
B(r/2) " Bir)

as required. O

Remark. The proof from (3.5) onward uses a technique due to GIAQUINTA &
Grustt [10].

4. Blow-up procedure

Next we adapt the blow-up technique of GiusTt & MIRANDA [11] to obtain
a basic estimate for the mean squared oscillation of Du over small balls. Since
we have no control on D?u, we must use Lemma 3.1 to modify the concluding
steps of their argument.

Let us write

(CR)) Ux,r)= § |Du— (Du),,|*dy.
B(x,r)

Lemma 4.1. There exists a constant C, with the property that for each
0 << v << 1/4 there exists &(t) > 0 such that, for every B(x,r) C 2, the relation

“4.2) U, r) = e(r)
implies
“4.3) U(x, tr) < C,r2U(x, 1).

Proof. Let C, be a constant, which will be determined later, and fix
0< << 1/4
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Were the assertion of the lemma false, there would exist for m =1, 2, ...
balls B(x,,, r,,) C 2 such that

4.4 U@y ) =22, -0 as m— oo,
but
4.5 U(x,,, Try) > Ct22, (m=1,2,..).
Define

4= Ware V= Wi 20, " = s, oy
4.6)

Am = (D u)xm,rma B" = (D u)xm,Ztrm’ Cm = (D u)xm,rrm,
and then set

_ U(Xy + 1yz) — @ — 1, A"z

@.7 "(z) = o (z€ B).
Thus
(4.8) Don(z) = 240m l'”'z) — A"
and also
v, =0, (Dv™), =0.

Define
“9) "= (") "= ("),

D™ = (Dv™),,, E™ = (Dv™),.
Now (4.4) implies
4.10) Bf |Dv™|2dz = 1.
Since (v™), = 0, we have
4.11) Bf]v'"szg C, m=1L12.)
On the other hand, (4.5) gives
@.12) FIDv" — E™2dx > Cv?, (m=1,2,..)

B()
Now, since u is Lipschitz continuous, we have

4" <C (m=1,2..).
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In view of this estimate, (4.10) and (4.11), there exists a subsequence, which
upon relabeling we index also by m, such that

A" — A in M™*N
4.13) vt > strongly in L*(B;RM)
Dv™ — Dv  weakly in L?*(B; M"*N)

for some 4¢ M"Y and vc H'(B;RN).
For future reference we set

d= (U)Zﬂ €= (l’).,
D= (DU)ZU E= (D v)‘!‘

We now claim that v is a weak solution of the linear elliptic system

(4.14)

4.15 d (_ZF A =1 N

@15 G @) =0 G=1.m

in B. Indeed, since u is a weak solution of the Euler-Lagrange equations
d (2F D 0 (@G=1 N
dys (3pa( u)) ¢=L-M

in £, we observe from (4.8) that v™ satisfies

lf[a,(le—i— ] dz =0
for all ¢¢€ C{(B;N). Hence

(4.16) f[f o 2] Sl V" _f_Am)ds}vm;- dz = 0.

Since we may assume 4,, Dv™ — 0 a.e., the hypothesis (H2) and (4.13) together
give

a I

1
[ D*F(s,, Dv™ + A™) ds— D*F(A)
0

strongly in L2, We can now pass to limit in (4.16) and complete the proof of
(4.15).

We next recall from MORREY [15, Theorems 4.4.3 and 4.4.1] or FEDERER
[7, Theorem 5.1.10] that (H1) implies the strong Legendre-Hadamard condition

2

F
irf > 2 2 N [
o 571 T EEa = v |2 In]* (E€RY, neRY).

Thus from the theory of linear elliptic partial differential equations (cf. MORREY
[15], GiaQuinTa [8]) it follows that v is smooth and

sup |[DW|2<C JC |Dv|2dz < C.
B(1/2)
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Consequently
f |Dv— D|*dz < Cr?,
B(27)
and so

lim { |v"—d"—D"z|*dz= { |[v—d— Dz|*dz

m=>% p(27) B(27)

417 =Ct? § |Dv— D|*dz < Cr*.
B(27)

But Lemma 3.1 provides the estimate

C,
Du— B"?dy<—— u—b"— B™(y — x,)|* dy,
B(xp,trp) | *dy (2tr,)? B(x,,?,cznm) | o I*dy
which upon dividing by 42, and rescaling gives
C
f |Dv" —D"*dz < — § |V —d" — D"z|* dz.
B@) T° B(2»)
This and (4.17) imply
limsup { |Dv" — E™|>dz <lim sup { |Dv™ — D™|* dz
m— oo B m— oo B

. C
< lim = f |v" —d™ — D"z|? dz < Cy72,
m—>o T B2

contradicting (4.12) provided we choose C, > Cj. O

Proof of Theorem 1. This is now a routine consequence of Lemma 4.1; see
GIAQUINTA [8, p. 95-96] or the analogous argument in section 7 below. O

PART 11. PROOF OF THEOREM 2

5. A Caccioppoli inequality

We devote the next three sections to a proof of Theorem 2, following the
general lines of the proof of Theorem 1. For these sections we therefore suppose
2 = g < oo, the function F satisfies (H3), (H4), and u€ W"(2;R") is a mini-
mizer of I[-].

Lemma 5.1. For each L > 0 there exists a constant C,(L) such that

(5.1)
f (14 |Du— A1) |Du— AP dy
B(x,r{2)

1 1
écl(L)(—z flu—a—Ay—x)Pdy+—= f Iu—a—A(y—x)l"dy)
" Bx,r) r

B(x,r)
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for all B(x,r)C 2, acRY, and Aec M™N with
(5.2 |4 = L.
Proof. We may assume x=0. Let r2=r<s=r and choose (¢
Co’(2;R) satisfying
=1on B(), (=0 on 2\ B()

C
0=l=1, IDC|§S_t-
Define
¢=lu—a—4y), yp=(1—-0@u~—a—4y);
then
(5.3) D¢+ Dy=Du—A.

Since { =0 on 9B(s), the hypotheses (H3) and (H4) imply
[ [F(4) + y(1 + | D$|*"?) | D$|*] dy
B(s)
< [ F(4 + D¢) dy

(5.4) i
= [ F(Du— Dy)dy by (5.3)

B(s)

< [ [F(Du) — DF(Du) Dy + C(L + | Du|*? + | Dy|*") | Dy "] dy.
B(s)

Since # is a minimizer, we have

[ F(Du) dy < [ F(Du — D¢) dy
B(s) Bys)

— [Fd+Dy)dy by (53)

B(s)

< [ [F(4) + DF(4) Dy + C(1 + | Dy|*~?) | Dy[*] dy,
B(s)

according to (H4) and (5.2). This inequality combined with (5.4) gives

(5.5)
y [ (L4 |Dg|*7) | D] dy

B(s)
=< [{[DF(4) — DF(Dw)] Dy + C(l + |Dul*"? + | Dy|*"%) | Dy|*} dy
B(s)

=C [[(+ |Dul* *)|Du— A||Dy| + (1 + | Du|*" + | Dy|*~?) | Dy[*] dy,
B(s)

where we have once again used (H4) and (5.2).
Now (5.2) implies

6) | Dul™ < C(1 + | Du — 4|*7?).
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Furthermore D¢ = Du— A on B(t) and =0 on B(f). Recalling the
elementary inequalities

5.1 ATt B9, TS+ (v, f20),
and inequality (5.5), we obtain the estimate

[+ |Du— A" | Du— A dy
B(t)

(58 =C [ [+ |Du— A" |Du— AP+ (1 +|Dy|""?)|Dy[]dy.
B(s)\B(1)
Since

|Dy| = C|Du— A + 77— — Ay,

-
from (5.8) it follows that

f(l 4 |Du— A7) | Du— AP dy

B(1)

<cC f (14 |Du— A"~ | Du— AP dy
B(s)\B(?)

lu—a— AyP* |u—a— Ayl
e e

dy.

Consequently
[+ |Du—~ Al |Du— AR dy
B(t)

<0 [(1+|Du— A" |Du— AP dy
B(s)

C C
— [|lu—a— Ay|*d —[——— u—a——A 74
for
6= ¢ 1.
cri-
We now use the following lemma to complete the proof of (5.1). O

Lemma 5.2. Let
S 1r/2, 71— [0, 00)
be bounded and satisfy

A n B
(s—1)? (s—1)
for some 0<<1 andall r2<t<s=r.

(59 f(#) = 0f(s) +
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Then there exists a constant C = C(0, q) such that

(5.10) r()=sc(E+ 2).

Remark. This is a variant of as result of GIAQIUNTA & Giusi [10], whose proof
we adapt to the case g > 2.

Proof. Set

tkzr(l —;) k=01..)

where v (<C1) is a constant which will be selected later. Then

, .
to lim ey, =1r, fey1 — fk:_z"(l *T)Tfk.

T2 ke
According to (5.9) we have

B
(tesr — 1) + (tes1 — 1)°

C A B
§ef(tk+1)+;k—q(72‘+g) k=01,..).

ft) = 0 1) +

Iterate this inequality to obtain
. A B\*3l(0\!
< —_ 1 — _
S(to) = 05(n) + C(rz + rq)g) (Tq) .

Choose 7 <1 so that 6 <17 <1 and then send k to infinity.

This completes the proof. [J

6. Blow-up

We next modify the argument of section 4 for ¢ = 2. The main difficulties
here arise from the nonhomogeneity of estimate (5.1).

Define
6.1 Ux,r)= §{ (1+ |Du— (Dw),,)*"*|Du — (Du),,|* dy.

B(x,r)

Lemma 6.1. For each L > 0 there exists a constant C,(L) with the property
that for each 0<<v<<1/4 there exists &(L,7)>0 such that for every
B(x,r) C 2,

6.2) {Dw, | =L, |(Du)ee| =L,

and
(6.3 Ulx,r) = &L, 7)
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imply
6.4 Ux,tr) < Co(LYv2U(x, ).

Proof. Given L >0, we let C,(L) > 0 be a constant which we shall deter-
mine later. Also fix 0 << 7 << 1/4.

Were the assertion of the lemma false, there would exist balls B(x,,, r,) C 2,
m=1,2,..., such that

(6.5) |(Pus,rl <L, [(DW)yr, | S L,
(6.6) U(Xpy t) =A%, —0  as m— oo,
but
6.7) U(x, 1) > Co(L) 72, (m=1,2,..).
Define

=Wy =W = Waer,s
(6.8)

Am = (Du)xm,rm9 B" = (Du)xm,Ztrm9 Cm = (Du)xm,rrma
and then set

_u(Xy + 1pz) — @ — 1, A"z

6.9) v™(z2) i (z¢ B).
Thus
D _ m
(6.10) Doz = 24 +l"”z) 4
and
@), =0, (D), =0.

Set

dm = (vm)Zn em = (vm)r
(6.11)

D" = (Dv™)y, E™=(Dv"),.
Now (6.6) implies '
(6.12) f A+ 272D ") [ Do P dz = 1
B

and, since (¥™); = 0, we also have

(6.13) florPdz<C (m=1,2..).
B

Furthermore (6.7) gives
(6.14)

QA+ 472Dy — E"Y) | Dim — E"Pdz> )T (m=1,2,..).
B(r)
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Now in view of (6.5)
A" <L (m=12,..).

This bound, together with (6.12) and (6.13), implies the existence of a subsequence,
which upon relabeling we continue to index by m, such that

A" > 4 in M™*N
6.15) v v strongly in L*(B; R")
Dv™ —~ Dy  weakly in L3(B; M"*N)
for some A€ M™N and ve H'(B;R"), with
(6.16) |4 <L.
For future reference, set
d= (0)z, e=(v),
D = (Dv),,, E= (Dv),.

In view of Lemma 6.2 below, v is a weak solution of the linear elliptic system

d:(a:z;() )— (i=1,...,N)

in B. Furthermore, hypothesis (H3) implies (H1), which in turn, as seen in section 4,
gives the strong Legendre-Hadamard condition

(6.17)

2
apL. opf

Finally note from (H4) and (6.16) that
| D*F(4)| = C(1 + |L|*7).

-(A) EEnans Z v |E12 9> (E€RN, neR).

Consequently, standard estimates for linear elliptic partial differential equations
show v to be smooth and provide the estimate

sup | D*v|* < C(L) f |Dv|? dz < C(L).
B(1/2

Hence

(6.18) f |Dv — E|? dz < C(I) 7*;
B(2r1)

the reader should note carefully here (cf. (6.17)) that E is the average of Dv over
B(7), not B(27).

Therefore
lim § [V —d" — E"z]*dz= § |v—d— Ez|*dz
M= pir) BGr)
(6.19) = Cr? f |Dv — E|? dz < C(L)+*.

B2
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We next claim that if ¢ > 2, then

(6.20) lim %72 f |v" — d™ — E™z|7dz = 0.

m—>oco BCY)

To see this, fix any g << r and set

qn .
if2<g<n
q*E n—
r if n < g<<oo.
Then 2 << g<g* and so

1 l—a o

q 2 g
for some 0 <<« < 1. Consequently

-2 [ |v"—d"— E"z|"dz
B(27)
(I—x)q aq
|v"™ — d™ — E™z|? dz) 2 ( [ |v" —am— Emz|” dz) a
B

< a2 (
f (27)

B(27)

(6.21) o
< C(L, 7) /17,;2( [ |o" — dam — Emz|* dz)q_'_ by (6.19)
B{(2)
= CL,7) 3.;’,,_2( f | Dv™ — E™|? dz) ,
B{(27)

according to the Sobolev-Poincaré inequality.
Now

|E™|* =

f Dv" dzldé C f |Dv|?dz
B(r) B27)

and so

[ |Dv" — E™7dz < C(x) [ |Dv"|*dz.
B(Q27) B(27)

Insert this inequality into (6.21) to obtain

272 [l —d"— E"z['dz < C(L, v) 2% 2 (f | Dv™ | dz)
B(2v) - B
< C(L, 7) K720 (f B [ Don dz)
B
< (L, 'r) 253—2)(1—00

by (6.12). The last term goes to zero as m—oo, since 4,—>0, 0 <<a <1
and g > 2, proving (6.20).
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We now recall Lemma 5.1, which provides the estimate

§ (A +|Du—Cm*?|Du—C" [ dy

B(xp,trp,)
1
< - —p _ My — 2
= Cl (L) ((z_rrm)z Bix f,2"'m) | u b C (y xm)l dy

1

T u—b"—C"y —x "d);
T (2zr,)* B(x,,:thrm) | o4 ml &y

note from (6.5) and (6.8) that |C™| < L, as required. We divide the inequality
above by A2, and rescale to obtain

Jf 1+ A;’,,"Z | Dv™ — E"’|q”2) | Dv™ — E"’|2 dz

B(r)

1 Z};,_Z

§C(L)(—2- f [V —d™— Emz{?dz + [ |v’"—~d’”—E"’z|qdz).
T B(2v) B{(27)

In view of (6.19) and (6.20) we have

limsup f (1 + 4% ~2 | Dv™ — E™|97%) | Dv™ — E™|? dz < Ci(L) 7%,
B(t)

contradicting (6.14) provided we choose C,(L) > C;(L). O

Lemma 6.2. The function ve H'(B;RY) is a weak solution of the linear
elliptic system
d [ &°F .
7 (3pa ap,(A) vzﬂ) 0 (=1,...,N)
in B.
Proof. It is not difficult to prove from (H4) that « is a weak solution of the
Euler-Lagrange equations

dj“(aF( u))—o G(=1,...,.N)

in Q. Thus, for each ¢& C3(B;RY), the relation (6.10) implies

0 ! 2:—Z.D A" A™) | ¢, d.
=;;Bf apL( v + )———( )| ¢, dz

1
= f[ oL o J(sl Dv™ —I—A’”)ds}v;”%‘zadz
622 % t°

[y
= YR {759 o z
5 P ops p

1
8°F F -

" " — m JF i
" Bf{J 9p’. pf (A D"+ A") = oo o9} (“ )ds} oigl dz =1+ 11
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Clearly (6.15) implies

0*F -
7oA
(6.23) I— Bf P %] (4) v_,ﬂdS,a dz as m—>oo.

We furthermore claim that
(6.24) II-0 as m—>oo.

To see this, fix ¢ > 0. Owing to (6.15), we may assume A, Dv"— 0 a.. as
m—oo. Hence there exists a measurable subset £ B such that

(6.25) |E| < &
and
(6.26) An D™ — 0  uniformly on B\ E.

From hypothesis (H4) we obtain the estimate

1
|\IT < [ [ |D*F(sh,, Dv™ + A™) — D*F(A™)| ds | Dv™| | D¢| dz

B\EO
+ C [(1+ 47| Dv""2) | Dv"| | D$| dz= A4 + B.
E
Using (6.26), we see that
12
A=Ze¢ (ﬂf | Dv™|? a'z) <& for m=me).

On the other hand, if g > 2,
B C f | Dv™| dz + CA4? f|Du’"|"‘1 dz
E E

1/2
< C|E|"? (f[Dum|2 dz) + CA2 [(C(e) + ¢ | Dv™|9) dz
B B
< Ce+ C) M2+ ¢ [M 72| Do) dz
B

< Ce+ CE) 152 by (6.12)

= Ce for m = m,(e). a

7. Proof of Theorem 2

Lemma 7.1. For each L >0 and each v satisfying
1.1 0< < CQRL)™
there exists a number n(L,7) > 0 such that, for every B(x,r) C 2, the inequal-
ities
(72) I(Du)x,rl g L’ | (Du)x,rrl é L’
and
(7.3) Ux,r) = n(L, 1)
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imply
7.4 Ux,7'r) < C,2L)72U(x,r) (=1,2,..).

Here C,(2L) is the constant from Lemma 6.1, with 2L replacing L, and U(x, r)
is defined by (6.1).

Proof. Given L >0, we fix 0 <7< Cy(2L)"'? and then define

TZn 2
(7.5) n(L,7) = min {e(zL, 7),——[1 — VC,2L) 112}
where &(2L, ) is the constant from Lemma 6.1, with 2L replacing L.

Assume that (7.2) and (7.3) hold. We shall prove by induction that (7.4) is
valid for /=1,2,... The case /=1 is immediate from Lemma 6.1, since
Ulx, r) = n(L, 7) = (2L, 7).

Now assume that (7.4) holds for /=1, ..., k. We claim that

(7.6) | (Dt) k| < 2L,
(77) |(Du)x,rk+1r[ = 2L,
(7.8) U(x, 7r) < 2L, 7).

Once these relations are verified, Lemma 6.1 (with 2L replacing L and *r te-
placing r) yields

U(x, 7 11r) < C2L) P?U(x, T°7) < (C(2L) D U(x, 1),
and this proves (7.4) for I=k + 1.

Proof of (7.6). For /=0,1,... we have
I(Du)x,tI'Hr - (Du)x,rlrl é f IDu - (Du)x,'tlrl dy ‘

B(x,rl+1r)
(79 1 |
- _ — 3
== (B( f , | Du — (Du)y |2 dy) < — Uk, 703
Consequently,
k—1
|(Du)x,1kr| é IZI I(Du)x,tl+1r - (Du)x,r’rl + {(Du)x,rl
k—1
g% > U, 7N+ L by (7.9), (7.2)
1=1
k—1
(7.10) < % Z‘, [(C2L) & U(x, N]'* + L

A

(LD VD ) +L by (13)

A
BlE -

by (7.5).
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Proof of (7.7). According to (7.9),

[(Du), ik +1, — (Du), ok, | < -:7 U(x, 7°r)'?

1
= = (GQL " U, '

= (L, v)'?

5 by (7.3)

A

L by (7.5
2 y M )'
Hence (7.10) implies
I(Du)x,rk+1rl g I(Du)x,‘rk‘l'lr - (Du)x,tkri + l(Du)x,zkrI § 2L

Proof of (7.8). From (7.3) and (7.5) it follows that
U(x, 7°r) = (C,2L) 2% U(x, r)
S U, nEnL,7v)=e2L, 7). O

The basic idea of this proof is taken from Giusti & MiraNDA {11, Lemma 6].

Proof of Theorem 2. Set

2,= {xe Q: lim (Du),, = Du(x), lim § |Du — (Du),,|"dy = 0;.
r\NO r’\G B(x,r)

Since ue WH(Q;R") it follows that |Q\ 2,] = 0.
We shall prove that £, is open and that Du¢ C*(£2,) for each 0 < & << 1.
Indeed, for each x¢€ 2, there exists a number L = L(x) such that

(7.11) |(Du); | <L for all 0<s< dist (x, 292).

Fix &, 0<<x <1, and then select 7, 0 < 1 < C,(2L)"'2, so that
(7.12) G <1,

Next choose r, 0 << r << dist (x, 202), such that

(L, r)) .

E

f IDu - (Du)x.rlq dy < (
B(x,r) \ 2

this is possible since x¢ £2,. Then

Ux,ry)= § |Du— (Dw)|*dy + § |Du— (Du),,|"dy

B(x,r) B(x,r)
2/4
(7.13) g( f | Du — (Du)|? dy) + f |Du— (Du),,|?dy
B(x,r) B(x,r)

L, L, q/2
<n(2 r)+ (n(2 r)) < (L, 7).
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Also (7.11) implies
(7.14) [P, | <L, |(Du)r| < L.
Furthermore, since the mappings '
x> Ux, 1), (Du)y,,  (Di)ysr

are continuous, we have

(7.15) Uz, r) < n(L, 7)
and
(7.16) [(Du),.| <L, [(Du).| <L

for each z€ B(x,s) for some s> 0. Consequently Lemma 7.1 implies
Uz, 7r) < (G20 ) Uz,r) (=1,2,..)

for each z€ B(x,s). In view of (7.12), we have

(7.17) Uz, ©'r) < 70Uz, 1) < (@) C(r, 7)

for I=1,2,... and z€ B(x, s). Finally, since

U(Z’ t) g :)c lDu - (Du)z,tl2 dy’
B(z,t)

the estimate (7.17) and the standard theory of partial differential equations
(cf. GraQuinTa [8, p. 70-72]) imply

Du e C*(B(x, s/2)).

In particular, therefore, B(x, s/2) C 2, and so £, is open. O

PART 11. PROOF OF THEOREM 3

8. A class of examples
In this section we shall consider a fairly broad class of non-convex examples
satisfying hypotheses (H3) and (H4) of the partial regularity Theorem 2, as well
as the existence hypotheses described in section 1. We assume henceforth
2 << g<oo.
Lemma 8.1. There exists a constant ¢ > 0 such that

1
8.1 (A7 2+ |BI") < [ (1 —s)|4+ sB[" 2 ds
0

for all A, Bc M™*V,
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Proof. Let A be a positive constant, which will be explicitly determined later.
We treat two cases.

Case 1. |B| = A |A]. We have
1
_ q—2 >~ : q—2
8.2) Of (1 —9)|4A+sB? ?dx= %1/221%1 |4 + sB|2*.
Now, for 1/2 < s=< 1, we have
|B]*72 = C[sB|"? = C(14 + sB|""? + | 4]"7?)

Lk}

(8.3)

= C(IA + sB|772 4
Since g > 2 we may choose /1 so large that

84 A1z =1

Then (8.3) implies
|Bl*2< C|A+sBI*? (12=s5<1),
and so (8.12) gives

1
[ (1~ 5|4+ 5Bl 2ds= C|BI""2 2 04172 + | Bl
0

for some o >0, since |B|= A|4]|.

Case 2. |B| = A |A|. We have
1
— -2 4o > _ i q-2
(8.5) of (1—s)|4+ 5B 2ds= A1 — 4) 021211A+s3| ,

where 4, 0 << 1< 1, will be chosen later. Then for 0 < 5 < A,
|4j72< C(|4 + sB|" 2+ |sB|*) < C(|A4 + sB|972 + 4972 | B|*7?)
< C( A+ sBlT72 + 27724972 {4772,

Fix A so small that

(8.6)

CAT2A972 < 1)2;
then (8.6) implies
|[Al" 2 < ClA+sB|72 (0=s=]A).
Thus (8.5) yields
1
JU—=5)]4+sBI"2ds=C|Al > = o(4|"* 4 |B]*?)
0

for some o >0, since |B| < A|A]|. O
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Lemma 8.2. There exists » > 0 such that
®.7) [ (AP +%|Dé|ydy< [ |A+ D|*dy

B(x,r) B(x,r)
for all x€R", r>0, Ac M"Y and ¢ € CYB(x, r);R").

Proof. Define
HP)=|P|" (PeM™N);

then
oH g2 i
(8.8) —8—1',7(1’) = q|P|""* pa
and
PH pipj
_ - a-2 {5 _ ) ae8
(89) 3171’; apé'(P) q |PI (6116049 + (q 2) |P|2) ’

for Pe M™¥, 1<« f<n and 1<i j<N. Fix any 4, Pc M"™*V
and set
hs)=H(A+sP) (0O=s=1).

Then
(8.10) K (s) = DH(A + sP) P,
8.11) K'(s) = PTD2H(A + sP) P,
and
1
(8.12) h(1) = h(0) + #'(0) + Of (1 — s) A"'(s) ds.

Using (8.9), (8.11), we see that

1 1
JUA~5)(s)ds=q|PP [ (1 —s)|A+ sP|" *ds = x| P|

0 0

for some x>0, according to Lemma 8.1. Hence setting P = D¢ in (8.12)
and recalling (8.8) and (8.10) gives

|4+ Dgl" = | 4] + q|4]*7> 4 D$ + x| Dg[".
Integrating over B(x, r) and recalling that ¢ =0 on @2B(x,r) completes the
proof. O
Proof of Theorem 3. Assume that G is quasiconvex and that
|D*G(P)| = C(1 + | P|"7?)
and
F(P)=a|P|* +b|P]"+ G(P) (PcM™T)

for some constants a, b > 0. Then clearly (H4) is valid.
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We check (H3) by fixing x€ R", r >0, A€ M"Y, ¢ ¢ C}(B(x, r); RY), and
calculating
[ F(4+ D¢)dy= [ la|d + D$|* + b|4 + D$|? + G(4 + D$)] dy

B(x,r) B(x,r)

= [ [a|4]* + a|D¢|* + b|A|* + bx | D|* + G(A)] dy;

B(x,r)

here we have used Lemma 8.2 and the quasiconvexity of G. Thus

[ [FA) + 7 (1 +|Ds[* D) | Defldy =< [ F(A+ D¢)dy

B(x,r) B(x,r)

for y = min (a, xb) > 0. O

In order to construct specific applications, we recall that a form of degree &,
1 < k < min (n, N),
a(Py= A7k pipl, .- Pk, (P = (P €M),
is called alternating if 1 <, =n 1< =< N(Q=Xr,s<k), and
a(P) = CdetQ,

where C is a constant and @ is the k£ Xk submatrix ((p:‘r)). BALL in [4] has called

a function G polyconvex if it can be expressed in the form

G(P) = g(a\(P), ..., a(P))

where g:R'—R is convex and the a,-) are alternating forms of (perhaps
different) degrees k;, 1 < k; < min(n, N), 1 =i </ MORREY proved in [14]
that polyconvexity implies quasiconvexity.

Accordingly it is easy to construct specific nonconvex examples satisfying
the hypotheses of both the existence theory described in section 1 and the partial
regularity result of Theorem 2. An important case here is the function

F(P)=a|P|* + b|P|? + f (det P),

where n= N, g=nk + 2), a, b >0, and §:R — [0, o0) is a convex C? func-
tion satisfying 8'(r) < C(1 + |r|¥) for reR.
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