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ABSTRACT. We revisit the convex integration constructions for the Monge-Ampere system
and prove its flexibility in dimension d = 2 and codimension k = 3, up to ch1VE L T
our knowledge, it is the first result in which the obtained Holder exponent 1 — % is larger

than 1/2 but it is not contained in the full flexibility up to C*'' result. Previous various
approaches, based on Kuiper’s corrugations, always led to the Holder regularity not exceeding
C1’1/2, while constructions based on the Nash spirals (when applicable) led to the regularity
C*!'. Combining the two approaches towards an interpolation between their corresponding
exponent ranges has been so far an open problem.

1. INTRODUCTION

Consider the following Monge-Ampere system, posed on a 2-dimensional domain w, to which
we seek a 3-dimensional vector field solution v:

DetVZiu=f in wcCR?
where Det VZy = (0110, O22v) — ‘8120‘2 for v:w — R3.
System (?7?) together with its weak formulation (?7?) below, was introduced in [?], in the full

generality of arbitrary dimension d (now equal 2) and codimension k (now equal 3). Flexibility
of both systems, in the sense of Theorem 7?7 and Corollary ?? below, was proved in there up

1
to the regularity Cl’”d(d“)/’“, and also up to C''! when k > d(d + 1). For d = 2, the former

1
assertion means flexibility up to chires k and when k = 1 this result agrees with flexibility up

(1.1)

1
to C'% obtained in [?], which was subsequently improved to cls in [?] (and to cHIFTE for k
arbitrary in [?]), and further to Cl3 in [?]. The findings of [?] allowed to obtain [?] flexibility

2k 1

up to CH! when k > 4, and up to ch I for arbitrary k£ > 1. Note that this last exponent
is less than 1/2 for any k and, in particular, at & = 3 it equals 7/15.

The purpose of this paper is to revisit the previous constructions and, by adding a new ingre-
dient, show flexibility of (??) in dimension d = 2 and codimension k£ = 3 up to:

61,171/\/5.

To our knowledge, ours is the first result in which the obtained Hélder exponent is larger than
1/2 but it is not covered by the full flexibility up to C*!. Indeed, the large gap between the
exponents’ ranges corresponding to codimensions 3 and 4 at the dimension 2 (or codimensions
k=d(d+1)—1and k = d(d + 1) at arbitrary d) was due to the two different techniques
in the Nash-Kuiper iteration scheme, based, respectively, on Kuiper’s corrugations and on
Nash’s spirals. Combining the two approaches towards an interpolation between their resulting
exponents has been so far an open problem.
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Recall that the closely related problem of isometric immersions of a given Riemann metric g:

(Vu)IVu=yg¢ in w,

1.2
for u:w — R, (1-2)

reduces to (??) upon taking a family of metrics {g. = Ida+2¢2A}._,0 each a small perturbation
of Idy with A : w — Rg;n% satisfying —curlcurl A = f. Making an ansatz u. = ids + ev + 2w
and gathering the lowest order terms in the e-expansions, leads to the following system:

1
5(V1})TV?} +symVw =4 in w, (1.3)

for v:w—R3 w:w— R

On a simply connected w, the system (??) is further equivalent to: curlcurl (3(Vo)TVov) =
curl curl A, which is Det V20 = —curlcurl A. This brings us back to (??), reflecting the agree-
ment of the Gaussian curvatures k of g. and of surfaces u(w), at their lowest order terms:

r(ge) = —€*curl curl A + o(€?),

2
k((Vu)TVue) = —%curl curl ((VU)TVU + 2symVw) + 0(€?) = 2Det V2 4 o(€?).

Our main result pertaining to (??) states that a Cl-regular pair (v, w) which is a subsolution,
can be uniformly approximated by exact solutions {(vp,w,)}5 ;, as follows:

Theorem 1.1. Let w C R? be an open, bounded domain. Given the fields v € C'(@w,R3),
w e CH(@,R?) and A € COP(@,R2%2), assume that:

sym
A > (%(Vv)TVv +symVw)  on @, (1.4)

in the sense of matrixz inequalities. Then, for every exponent o with:

a<min{§,1—\}g} (1.5)
and for every € > 0, there exists € CH*(w,R3), @ € CH*(@w,R?) such that the following holds:
[0 —vllo<e,  flw—wlo<e,
A-— (%(V@)TV{; +symVad) =0  in ©.

As a byproduct, we obtain the density of solutions to (?7?) in the space of continuous functions:

Corollary 1.2. For any f € L>®(w,R) on an open, bounded, simply connected domain w C R2,
the following holds. Fixz an exponent o in the range (?7). Then, the set of C1*(@,R?) weak
solutions to (77) is dense in C°(@,R3). Namely, every v € C°(@,R3) is the uniform limit of

some sequence {v, € C1%(w,R3)}°2,, such that:

DetVZu, =f on w forall n>1.

We now give an overview of the techniques and results prior to the present paper.
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1.1. An introduction of the method and the proofs in [?]. Seeking a solution to (?7?)
starts with specifying a subsolution, namely a pair (v, w) that satisfies (??). The goal is now
to modify the fields v, w within their e-neighbourhoods in C°(@), with the goal of canceling the
positive definite defect field D = A — (%(VU)TVU + Syme). This is achieved by an induc-
tive procedure of subsequent modifications, referred to as the Nash-Kuiper iteration scheme.
Therein, each modification, called a “step”, is performed by adding an oscillatory perturbation
with values along a chosen codimension direction E € R3, having the typical form:

x %a(:c) sin(A(z,n))E. (1.6)

Above, A is a (large) amplitude, sin is an appropriate periodic function, while the effective
amplitude a and the oscillation direction 7 correspond to one of the three modes in the decom-
position of D into the rank-one “primitive” defects:

3
D(x) =Y a;(x)’n @, (1.7)
=1

The number three of these modes is due to the space R2%Y having dimension 3, and (??) is in
fact only valid in the vicinity of a fixed positive definite matrix, the limitation circumvented
by scaling the original D and adding Ids to it. In any case, the aforementioned modification
removes the single mode a?n ® 7 of D at a cost of introducing a higher order error, consisting
of the following three types of terms:
2 2
NVOE) G n), Y)Y 2V 0@ ). (18)
A 22 A2

Consider the first term above, which is of the leading order. In magnitude, it is the quotient of
the effective amplitude ||a||o in (??) times the Hessian ||V?(v, E)||¢ of the current field v’s appro-

priate component, and the frequency A. Since ||a||o has the order of HDH(I)/ ? as seen from (?7),

the single mode a?n®n of D in there is replaced by the error of the order HDHé/Q V2 (v, E)|lo/A;
while at the same time the second derivatives of v increase by the factor A due to the form
of the perturbation (??). The same is true for the second and third modifications, provided
that we choose their codimension directions F linearly independent. Concluding, after three
steps (three modifications), together constituting what is called a “stage”, ||D||o decreases by
the factor of A, and ||V2v||o increases by \, while the updated field v differs from the original

one in its C! norm by the order of ||a||o or equivalently of ||D| é/ ?. Continuing in this manner
by iterating on stages, we observe blow-up of the C2 norm ||v||3 at the rate A" and the decay of
the defect || D||o also at the rate A", which translates to the control of ||v||; at the rate A="/2.
By interpolation, this iterative sequence is Cauchy in C* and yields a solution to (??) for any
exponent « such that o — (1 — «)/2 < 0, namely for a < 1/3. This is precisely the result in [?]
for d =2, k = 3.

1.2. The improved method in [?, ?]. The idea employed in [?] and following [?, ?] was to
replace (??) by another decomposition:

D(z) = a(x)*1dy + symVd(z), (1.9)

and transfer its second term in the right hand side into symVw. Then, it is only necessary
to cancel two rank-one modes a?e; ® e1 and aey @ es in a2Idy rather than the three modes
in (??), and it is done using two oscillatory perturbation (??) achieving values in the two
orthogonal codimension directions E; and FEs. The remaining direction F3 may be further
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used to cancel one of the modes in the decomposition (?7?) of the resulting decreased defect.
The fourth modification whose frequency we denote by u, removes then the second primitive
defect in there, but introduces a further error, now of the order ||D||(1]/2||VQU||0)\/,u. To match
this term with the previous one, we are bound to choose ;1 = A2, which in turn implies the
new increase of |[V2v|o by the factor of A\?. After completing six steps of this kind, together
constituting a “stage” that removes the defect up to the third order, we have decreased ||D||o by
the factor of A3, while increasing || V2v||g by the factor of A2. Iterating on stages, the blow-up
rate of ||v||2 is thus A?" and the decay rate of the defect ||D||o is A3", which translates to the
control of ||v]|; at the rate A=3"/2. Invoking an interpolation argument as before, the sequence
of consecutively perturbed fields v (and likewise w) is Cauchy in C%* for any exponent a such
that 2a — 3(1 — «) /2 < 0, namely for o < 3/7. This was the result obtained in [?] for k = 3.

1.3. A further improvement and proofs in [?, ?]. A subsequent improvement of the Holder
regularity exponent as in Theorem ??7, was motivated by the approach of [?] where, before
assigning the effective amplitude a in (??) and before cancelling the first mode a?e; ® ej, one
iterates the decomposition (??7) on consecutive errors. This way, an entire block of errors, say
up to order N, may be absorbed at once. If the single error consisted only of the first type
terms in (77), the resulting defect would have the advantageously high order:

IPllo (%)N (1.10)

where v = || V2v||o/ HDHé/ ? is the frequency at which v oscillates. However, the presence of the
second term in (??) precludes this construction. This is because each ||V2al|op has the order
of the second derivative of the previously incorporated error which includes terms of the same
second type, thus it is of order 1 in A. Consequently, the order of the defect does not improve
upon iteration. An ingenious observation put forward in [?] allows to circumvent this problem,
relying on a parallel decomposition construction of the form (?7?) which, if only applied to D
with its Do component removed, trades one 0y derivative for one d» derivative in estimating
the derivatives of a. Hence, the worst 011a component of V2a, computed from the previous
error, is now only of the order 1 in v instead of A. After N such iterations, the eventual
error quantities are all proportional to (?7). One then proceeds to canceling the second mode
a’es ® ey augmented by the so far neglected Dy components, through the second modification
(a “step”) of the form (??), using the same codimension direction, say E1, as before, a frequency
w1 and the oscillation direction 17 = es. This construction only affects the component vy of the
field v, increasing its second derivative ||[V2vi|o by a factor p. At the same time, the new
defect consists of the previously generated errors bounded by (??), plus terms of the new order
ID|lol|V?v1]lo/(1/X) due to the neglected components oscillating on the length scale A. This
suggests taking p = AV, Consequently we obtain, to the leading order and when N is large,
the increase of ||V2v1 o by the factor 1 and the decrease of ||D||o also by the factor p. If k = 1,
as in [?], this procedure constitutes a ”stage”, which if iterated upon yields the convergence in
che for a < 1/3.

If kK = 3, as in the present case, the procedure in [?] (which covers arbitrary k& > 1) continues
from the procedure indicated above with the next pair of modifications (steps), towards can-
cellation of the present defect. The modifications as in (?7?) achieve values along the second
codimension direction Fs and oscillate with frequency denoted by ps. Only the component v
is affected and its second derivatives ||[V2vs||o are of the order (||D]|o/x) Y ? 112, hence we are
bound to take g = p?/? to achieve matching the order of ||V2v;|g, namely pu. The current
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defect decreases by the factor ps/u, implying the original defect ||D||o decrease by the factor
wo. Finally, the remaining third codimension direction Fj is employed and we add the two new

modifications, now with a frequency u3. The order of the obtained ||V2v3]|o is (HDH()/,U,Q)l/Q,LLg,

hence we take ug = ,uué/Q = 1"/* to match with the order p1 of | V2w ||o. The final, third order
defect displays therefore the decrease by the factor ps/ug, which in terms of || D]y yields the
decrease factor us. The described construction constitutes a single “stage”. Iterating on stages,
the blow-up rate of ||v||s becomes x", with the decrease rate of ||D||g being 1”4 and implying
the decay of ||v||; at the rate p~™/8_ By interpolation, the resulting sequence is Cauchy in C1@
provided that o — 7(1 — «)/8 < 0, i.e. a < 7/15. This was precisely the result in [?] for k = 3.

1.4. Proofs in the present paper. The main new idea behind the proof of Theorem ?7 is to
iteratively use the decomposition (??) as described in subsection 1.3., but instead of cancelling
the two principal defects in a?Idy within a single codimension direction, use now two distinct
codimensions. These are assigned to the defects of consecutive orders in a circular fashion:
E\, E5 are assigned to the cancellation of the initial defect D (with p as the frequency of the
corresponding second modification), then FE3, E1 to the cancellation of the first order defect
(with frequency ps), then Eo, E3 to the second order defect, then Fj, Es to the third order,
etc. Upon reaching some prescribed order K, we declare this to be a complete “stage”. The
viability of such construction relies on the set of algebraic conditions satisfied by the progression
of frequencies {y;}%£,. One can check that these indeed hold for a specific sequence derived
from the Fibonacci sequence, which justifies the presence of the golden ratio in the resulting
Holder exponent range (?7?). More precisely, the main ingredient allowing for the flexibility in
Theorem (?7), is the following “stage” construction:

Theorem 1.3. Let w C R? be an open, bounded, smooth planar domain. Fix two integers
N,K >4 and an exponent v € (0,1). Then, there exists ly € (0,1) depending only on w, and
there exists oy > 1 depending on w,vy, N, K, such that the following holds. Given the fields
v € C®(@ + By(0),R3), w € C*(@ + By(0),R?), A € CY8(w + By(0),R2X2) defined on the

Sym
closed 2l-neighbourhood of w, and given the positive constants I, \, M with the properties:

1<lp, A7 >00,  M>max{|[v]a,|wls,1}, (1.11)
there exist © € C?(w + By(0),R¥), w € C*(w + By(0),R?) such that, denoting the defects:
1 ~ 1
D=A- (i(vu)Tw +symVw), D=A- (i(w)Tw + symVib), (1.12)
the following bounds are valid:

15— vlls < CX2(IDIIg + M),

1@ — wlli < CXY(IDlg + 1M) (1 + Dl + IM + [Vullo), (113)

V23]l < C (M)(FKH_QH(?H_I)N/QW? (D)8 +1M),

IV2w|jp < C (M)(FKH_?H;FKH_UN/W (ID8"> + IM) x (1.13)2
x (14 [Dllg" + 1M + [|Vv]lo),

1Bl < € (1405 + e (100 + (LM)7)). (113)s
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Above, {F}}72, is the Fibonacci sequence, given by the recursion:
Fo=F =1, Frio=Fip+ Frq for all k> 0.

The norms of the maps v,w, A, D and 0,w,D in ?? - ?? are taken on the respective domains
of the maps’ definiteness. The constants C depend only on w,~vy, N, K.

By assigning N sufficiently large, we see that the quotient 7 n of the blow-up rate of |V2¥]|o

FK+1—1
4(Frg—1)°

this last quotient approaches the quarter of the golden ratio ¢ = %(1 + \@) for large K:
(Fr41—2) + (Fr41 — 1)N/2

whereas

with respect to the rate of decay of | D||o, can be taken arbitrarily close to

lim lim rgy = lim lim
' K

K—00o N—oo —00 N—o0o 2N(FK—1)
F -1 1 F
= lim —2t = = lim K—H:f.
N—o0 4(FK—1) 4 N—oo FK 4

Since the Holder regularity exponent deduced from iterating the “stage” as in Theorem 7?7
depends only on the aforementioned quotient of the blow-up rates, and in fact it equals m

(see section 7?7 and Theorem ?7), this implies the range claimed in (77).

1.5. The organization of the paper. In section 7?7 we gather the preparatory results: the
convolution and commutator estimates; the precise formulation of the decomposition (??) and
its properties; and the “step” construction for the convex integration algorithm, in which the
oscillatory modifications of the form (??) are used to cancel a single rank-one primitive defect
of the form a?(z)e; ® e;. In section ?? we carry out the Killen-like iterations, shifting the
D11 component of the defect D onto its Dyo component and absorbing a large number N
of higher order defects obtained by the consecutive application of the decomposition (77).
Section 7?7 determines the sufficient conditions allowing for the iteration: first the conditions
on the two frequencies A, p of any pair of the modifications that cancel the current defect;
then the conditions on the progression of the couples of frequencies {)\;, m}fil in the K pairs
of “steps” within a single “stage”. In section 77 we declare specific frequencies derived from
the Fibonacci sequence, and show that they satisfy the aforementioned conditions, leading to
a proof of Theorem ??7. Finally, section 77 gathers our previous results on the iteration on
stages, which convert the estimates in Theorem 77 into the final result of Theorem ?7.

1.6. Notation. By Rzyxn% we denote the space of symmetric 2 x 2 matrices. The space of
Holder continuous vector fields C™ (@, R¥) consists of restrictions of all f € C"™%(R? R¥) to
the closure of an open, bounded domain w C R2. The C™(w, R¥) norm of such restriction is
denoted by || f|lm, while its Holder norm in C™7 (@, R¥) is || f||m,,- By C we denote a universal
constant which may change from line to line, but it depends only on the specified parameters.

For a matrix D € R%2*2 we denote by D" the matrix with its Doy component removed.

2. PREPARATORY STATEMENTS

In this section, we gather the regularization, decomposition and perturbation statements
that will be used in the course of the convex integration constructions. The first lemma below
consists of the basic convolution estimates and the commutator estimate from [?]:

Lemma 2.1. Let ¢ € C°(R%,R) be a standard mollifier that is nonnegative, radially symmetric,
supported on the unit ball B(0,1) C R and such that Jga @ dxz = 1. Denote:

oi(x) = lldqﬁ(%) forall 1€ (0,1], z € RY
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Then, for every f,g € CO(R%,R) and every m,n > 0 and 3 € (0, 1] there holds:

C
IV (S an)llo < 711 llos (2.1)1
1f = £ % illo < Coin {2V Fllo, UV Fllo, 7 Fllo5} (21),
[V ((£9) * 61 = (f + &) (g én))llo < CL7" [V £l Vgl (2.1)3

with a constant C' > 0 depending only on the differentiability exponent m.

The next auxiliary result, put forward in [?] (for a self-contained proof, see also [?, Lemma
2.3]) is specific to dimension d = 2. It allows for the decomposition of the given defect into a
multiple of Idy (thus two primitive defects of rank 1) and a symmetric gradient, in agreement
with the local conformal invariance of any Riemann 2d metric:

Lemma 2.2. Given a radius R > 0 and an exponent v € (0,1), define the linear space E

consisting of C7-reqular, Rg;rg—valued matriz fields D on the ball Br C R?, whose traceless

part D =D — %(tmce D)Idy is compactly supported in Br. There exist linear maps ¥, @ in:
U:E—CY(Bg,R?Y), a:E—C"(Bp),
E ={D € C*(Br,R%2); D€ C¥(Br,RE2)},
with the following properties:
(i) for all D € E there holds: D = a(D)Idy + symV (¥(D)),
(ii) ¥(Id2) =0 and a(Id2) =1 in Bg,
(iti) [ ¥(D)1, < C|Dllo and ||a(D)|lo < C||Dllo, with constants C depending on R,~,
(iv) for all m > 1, if D € ENC™(Bg,R2%2) then ¥(D) € C™t1(Bg,R?) and a(D) €

sym
C™7(BRr), and we have:

81\11(D) = \I/(a]D), (91&( ) = a(&ID) for all |I| <m.
(v) for allm > 1, if D € ENC™(Bg,R%%2) and if additionally Das = 0 in Bg, then:

Sym
1057a(D)lloy < €105 Dlloy, 10805 a(D)llo,, < Cl05705 ) Dlfos
for all s,t > 0 such that s < m, t+ s+ 1 <m, and with C depending only on R,~.

As the final preparatory result, we recall the “step” construction from [?, Lemma 2.1], in which
a single codimension is used to cancel one rank-one defect of the form a(z)?%e; ® e;:

Lemma 2.3. Let v € C2(R%,R¥), w € C}(R%,R?), A > 0 and a € C%(R?) be given. Denote:
_ 1 = 1 = 1
I'(t) =2sint, I'(t) = 5 cos(2t), TI'(t)= —5 sin(2t), T'(t)=1-— 5 cos(2t),

and for a fired i =1,2 and j =1...k define:

0 =v+ a()\x)l“()\:vi)ej, W =w— a()\x)F()\xi)ij + a/(\f)f‘()\xi)Va(x) +

Then, the following identity is valid on R?:

1 1
(f(Vﬁ)TVf; + symV@D) - (i(Vv)TVU + symVuw) — a(z)’e; ® e

1 =
= )\ T(\z;) V27 + — )\2 T(\z;)VZa + ﬁf()\xi)Va ® Va.



8 DOMINIK INAUEN AND MARTA LEWICKA

3. THE KALLEN ITERATION PROCEDURE

Recall that our Nash-Kuiper iteration scheme will proceed as induction on “stages” speci-
fied in Theorem ?7?. Each such stage is built as an iteration of a given number K of “steps”,
consecutively decreasing the current defect D towards the resulting defect D, given as in (?7).
In turn, a single step consists of a double application of Lemma ??. The first application (cor-
rugation) shifts the D;; component of the current defect D, after its off-diagonal components
have been removed via an application of Lemma 77, onto its Doy component, which is then
removed using the second application of Lemma ??. This defect shift, put forward in [?], is
achieved by N iterations of the Kéllen procedure, presented in this section.

Towards its eventual application in section 77, the field H in Proposition 7?7 below should be
thought of as the (scaled) defect field D, whereas @ is the (scaled) second derivative VZv of
the current displacement. For a matrix D € R?*? we denote by D’ the matrix with its Dao
component removed, namely:

DN=D— Doses ® eo.

Proposition 3.1. Let w C R? be open, bounded, smooth and let N > 1 and v € (0,1). Then,
there exists lg € (0,1) depending only on w and o9 > 1 depending on w,~y, N such that the
following holds. Given the positive constants 6,n, t, X and an integer M, satisfying:

| —

0,m < 2, Ww> -, M7 > oy, M >0, (3.1)

3

and given the fields H,Q € C*°(& + By1y(0),R2X2) with the properties:

Sym

—

||V(m)H||0§Mm forall m=0...M + 3N,

3.2
IV™Qllo < ™+ forall m=0... M+ 3(N —1), (3:2)
there exist a € C*°(w + Bs(0),R) and ¥ € C*°(@ + Bs(0),R?) such that, denoting:
_ 1 = A
F = a2ldy + symV¥ — H + ( - %r(ml)@ + %I‘()\xl)vza + 5O Vae va) ,
there hold the estimates:
> ~1/2 ~1/2
E'Lﬂ <a?< %,Lﬂ and CT,Lﬂﬂ <a< 3¢ w2, (3.3)1
)\m
IV™all < CM7/2)\/7 forall m=1...M, (3.3)2
1)y < CuY and  [[V*T(l < Cu7A, (3-3)3
)\m
V™) Fllo < CmmNW forall m=0...M. (3.3)4

The constant C in ?? depends only on w,vy. Other constants C' depend: in 77 on w,v, N, M
and only M 4+ 3(N — 1) + 1 derivatives of H and M + 3(N — 2) + 1 derivatives of Q; in 7?
on w,v, N and only 2+ 3(N — 1)derivatives of H and 2+ 3(N — 2) derivatives of Q; in 7?7 on
w,v, N, M, necessitating the full condition (?7).

Proposition 7?7 follows from more detailed estimates, that we gather in:
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Theorem 3.2. Let w,v,N,lo,00 be as in Proposition 77. Given the positive parameters
d,m, py N, M satisfying (??), and given the fields H,Q € C*(w + B5+77(0),R§;n21) such that:
IV™H|g<p™  forall m=0...M+ 3N,

3.4
V@ o < u™ ! for all m = 0. M +3(N - 1), o

there exists a family of fields:

N

n=1
1

A2

{an € C(@+ B5(0),R), ¥, € C¥(@+ B5(0),R?)}

such that, denoting & = 0 and &, = —a—nF(Aazl)Q + i—gf(Axl)V%n + f(Awl)Van ® Vay,

A
forn=1...N, there holds:
a?ldy +symVV,, = H - &),  forall n=1...N, (3.5)

together with the following bounds, likewise valid for alln =1...N:

/2 301/2

flﬂ <ad’ < T/ﬂ and T/ﬂ/Q <a, < T/ﬂ/Q, (3.6)1
Haés)aillo <COu'p®  and  ||03an|o < C’;ﬂ/Q,uS forall s=1...M, (3.6)2
t+1,,s
|0 Vol ailo < O =5
s forall s+t+1=1...M, (3.6)3
and 080 anlo < Cpr22 K
A
[Wallh < Cu? and  [|[V?Wylo < Cp A, (3.6)4
s )\t s
10785 (£ — €0-1)llo < Cp XD (A/Z)" forall s+t=0...M. (3.6)

The constant C in ?? depends only on w,~. Other constants C' depend: in 7?7, 7?7 on w, v, m, M
and only M + 3(n — 1) + 1 derwatives of H and M + 3(n — 2) + 1 derivatives of Q"; in 77
on w,v,n and only 2 + 3(n — 1)deriwatives of H and 2 + 3(n — 2) derivatives of Q"; in 7?7 on
w, v, N, M, necessitating the full condition (77).

Proof. 1. (Preparatory observations) We fix a radius R > 0 depending only on w, such
that @ + B4(0) C Bg(0). Also, given 0 < 6,1 < 2ly we set a cut-off function xy € C°(w +
Bs45(0),[0,1]) with x = 1 on @ + Bs(0). When [y < 1, it is possible to request that for any
function f € C"™(@ + Bs4,(0),R) and any multiindex I with |I| < m, there holds:

orcello <€ Y lonxllolonfllo < C Y~ w™Miar flo, (3.7)

I1+1x=1 I1+1x=1

with constants C' depending only on w and m. Further, we directly observe that the second
bound in 77 is implied by the first one, because:

1

a(x) a(x)’
o - < |40 1)<

A1/2,,7/2 A 71’§
C’/N’Y/ C,U,’y
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Next, in both ?7, 7?7 the second bounds follow from the first ones, in view of 7?7, and they
necessitate the same number of derivatives bounds in condition (??). In ??, we use the one-
dimensional Faa di Bruno formula:

H@;s)anHo < CH Z ai(l/Q*p1f...fps) ﬁ ‘aéz)QQ D

p1+2p2+...sps=s

8 2
< CHanHO Z H (H C,Uﬂ ||0> < C/ﬂ/Q,LLs.

p1+2p2+...sps=s 2=1

For 7?7, we apply the multivariate version of the Fad di Bruno formula. Let II be the set of all
partitions 7 of the initial multiindex {1} +{2}* into multiindices I of lengths |I| € [1,t+s+1].
Denoting by || the number of multiindices in a partition 7, we have:

{08 a0 < || 3 a2/ T 072 < Clanl ZH”aI“n”O

mell Ienm mell Ienm
t+1

cormee s (T ) <o

mell Iem, 1€l

Finally, applying Fad di Bruno’s formula to inverse rather than square root, 7?7, 77 yield:

(s) 1 C ||8 an 1+an)”0 Pz C s
10 ( <% Y I G} < S

a a
n+1+ n p1+2p2+...sps=s z=1

Hc‘)£t+1)3§s)< )”0 < CH Z (ant1 + ap) =11 H r(ans1 + an)
An+1 + ap WGH o 0 53)
1 0ran+1llo + ||0ran|lo '
m/2 ;g Cl/QW/Q

s C )\t+1 s
W/2)\t+1u Z( H /\/,u,> w2 N

well Ten, 1el

with the the same dependence of constants and using the same number of derivatives of H and
Q" as in the corresponding bounds on a,, and a,1.

2. (Induction base n = 1 and definition of C) Let the linear maps a, ¥ be as in Lemma
7?7, applied with the specified R, 7. From (??) and using the bound on ||H|; in (??), we get:

laGxcH)llo < ClixHlloy < C(I1H o+ [Hllg M IVOH)IG) < Ci?

where C depends on w, 7. We declare C to be four times the final constant above, leading to:

fatct) o < S (39)
This results in the validity of the first bound in 7?7 in view of (?7), where we set:
a? =Cu’ +a(xH), U =V(xH)— Cuidy, (3.10)
while the identity (??) holds (on @ + Bs(0) where x = 1), because:
xH = a(xH)Idy + symV (¥ (xH))
= (a?1dy — Cp1dy) + (symV ¥ + Cp'1dy) = a?Idy 4+ symV ;.
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Further, using (??) and the bound on ||H||p;41 in (??), we obtain for all m = 1... M:
192y = (V™ ()l < CIV () o
< OVl + IV IV ) (341)
< C(um + Mm(l—v)u(m+1)7) < Cuvum,

where C depends on w, vy, M. The above implies both bounds ?? and ?? for a?. Towards ??,
we apply (?7) and use (??) to estimate | H||pr43 and [|Q"] 5 in:

||8£t)a§S)5{\HO <C Z (/\m—l||V(Q1+q2)a1||0Hv(z1+z2)QA||0

p1+q+z1 =t
q2 +22 =8

+ )\prZHv(qﬁqurl)alHOHv(zHrZQH)alHO + )\pl*2||V(q1+q2)a1HO|’V(21+22+2)6L1H0>

< C Z (AP1*1M7/2MQ1+¢12 M21+Z2+1 4 /\p172lu'yluq1+q2+zl+22+2)
p1t+q+z1=t¢t
q2 +z2 =35
)\t s )\tus >\t,U/S
<Cu ( + ) <O ,
A (A w)? A1

valid for t + s < M, with C depending on w,~y, M. The above is precisely 7?7 since & = 0.

3. (Induction step: bounds ?? — ??7) Assume that ?? — 7?7 and ?? hold up to some
1 <n < N — 1, necessitating (?7?) to estimate derivatives of H only up to M + 3n and of Q"
up to M + 3(n —1). We will prove the validity of ?? — 7?7 and ?? at n + 1, necessitating (?7)
to estimate || H||ar43n+1 and [|Q" || ar43(n—1)+1. We start by noting that, as a consequence of
??7 in view of (?7), forall j=1...nand s+t =0... M we have:

s 1y o AT\
||a§t)a§’(x<sj—sjfl>)Ho_c N (57,)

with C' depending on w,~y,n, M. This yields:

s NEYEY
109057 (x(&; = 1) losy < CHINw (57 (3.12)

necessitating the bounds on ||H |7 43041 and [|Q" || apr4143(n—1)+1. Since & = 0, it follows that:

s =AY\ . AT/ A s
008 )l < ot S (5-) < ot (2SR < cwn T (3
j=1

L=X7/(A/ ) — A
as AV /(A\/p) < 1/0g < 1/2 from the third assumption in (??). In particular, we get:
LN _C
"o < A <=
la(x&)llo < ClixEx oy < A/u < e

provided that og is large enough, in function of w,~,n. Recalling (?7), the above yields the
well definiteness of a? 41 together with the first bound in 77, upon defining:

al, =Cu' +a(xH —xE)),  Vpp1 =T (xH —xEY) — Cpids. (3.14)

The identity (??) clearly holds from Lemma ?? (i). Towards proving 7?7, we apply (?7) and
the bound on ||V (xH)|lo, in (?7), to get:

1050 a2 41 1o < €105 (X H — xEL)

o,7§0u7u5< N )<Cu p
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for all s =1... M. The estimate in ?? follows by additionally recalling Lemma ?? (v) in:

1050 a2 [l < €10V S (xH) o + IOV O (EM o,

t+1,,s
0

ANw

SC“W( s+t+1+)\t s+1 AT ) <C’/ﬂ)\t s+1 <CM
A

forall s+t+4+1=1...M. In both bounds above the constant C' depends on w,~y,n, M and
condition (77?) has been used only up to M + 3n+1 in derivatives of H and up to M + 3(n — 1)+
1in QM.

4. (Induction step: the bound ??) In this step we continue the inductive step argument

and show 7?7 at n + 1, necessitating (??) to estimate derivatives of H up to M + 3(n + 1) and
of Q" up to M + 3n. From the definitions (?7?) and (?7?), it follows that:

a?z—&-l - agz = a(X(gn - gnfl)/\)'

Consequently, recalling (?7?) we get:

(a2 1 — a2)lo < C105 (x(En — En1)ow < CHp ()"
107 (@er = an)llo < Cl0Y7 (X(En = En) oy < C7w(370)
A7

|00 1 — ad)llo < OO (x(En = E01) oy < CHPN ()"
which together with (?7?) implies:
() _ < @2 2 (a) 1
1057 (@n+1 an)Ho_Cp;q:S!@g (ans1 — az)llo[| 0y (an+1+an)H0
Y
<C ’Y/2 S n
1 (W)
1 s
16005 (an 41 — an)lo (3.15)
1
<O O @y — o]0 o (),
b=t 1 n+1 n
p2t+q2=s
)\H—lus 27
<C v B A
TN (A/u

foralls=0...M and s+t+1=1... M, with C depending on w,y,n, M and where we used
bounds in (??) on the derivatives of H up to M + 3n + 1 and of Q" up to M + 3(n — 1) + 1.
Towards proving 77, we first write:

n - Un 12
Epy —EN =— %F(Axl)QA + FF(/\xl)(anHV%nH — anVQan)A
1

/\212“()\351) (Van41 @ Van — Va, ® Van)A
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with the goal of estimating, for all s+¢ = 0... M, contribution of the three terms above in the
quantity H@Et)@és) (Eng1 — En)/\Ho. The first term is:

H8£t)8§5)<an+l>\ ()\«Tl Q/\>H0 <C Z APL— lua(lh qQ)(an—&-l )HOHV(z1+ZQ)Q/\HO
p1+q+z1 =t
g2 +z2 =35

t, s
Z AP =la a2 itz < o 7/2( AT e A — O/ 2 \m Xp

)\W ) A
M Mp TR e

= C’ﬂ/Q(A/
7

pP1t+q1+z1=t
g2+ 22 =5

where we used (??) and the bounds in (??) on the derivatives of H up to M +3n+1 and of Q"
up to M +3(n—1)+ 1. For the second term, we employ the identity: an+1V2an+1 —a,Va, =
(@ns1 — an)VZ2an + any1V>?(ans1 — ay,) and thus obtain:

Ha(t)ﬁ(s ()\2 (/\:U1)(an+1vzan+1 - anvga”)A> HO

< > (1010 (anir — an)lo (105205 an o + 0T 0L* an)

p1+qi+z =t

g2 +2z2 =s
2 1 1 z z
+ (Ha(tth )3(q2)(an+1 —ap)llo + Ha§q1+ )8§Q2+ )(an+l . an)”0)||a§ 1)35 2)an+1”0>
P! +2,u22 A\ +2HQQ

< Apl 2 AQI q2 )\Zl 22
- p _ ( Mo A : )

p1t+q+tz=t

g2+ 22 = s
t, s t, s

< C )"Y ”)‘ 1% Yyyn__ )‘ 1%

N7 C/'L ’
S viYP YT
where we used (77?), the already established bounds 7?7, ?? up to counter n+ 1, and the bounds
in (??) on the derivatives of H up to counter M +3n+3 and of Q" up to M +3(n—1)+3. For
the third term, we use the identity: Van4+1 ® Vap+1 — Va, ® Va, = V(ap+1 — an) @ V(ap+1 —
an) + 2sym(V(an+1 —ap) ® Van) and estimate:

o0 (15T

< > w2101 V0 (s — an)llo (10705 V (@n i1 = an)llo + 10765 Vay o)

p1t+q1+z1=t
ge + 22 =s

(A21)(Vani1 ® Van1 = Van @ Van)A> lo

+ 1010 (a1~ an) o0 05 anlo)

7Y )\Q1+1uq2 )\21+luz2 )\Zl+1MZQ
<Cu APL—2 U
(/\/M) 2 ( A Ap A )

p1+q+z=t
g2+ 22 =5

t t
(A M o N
M (A/u) (A/p)+2
where we used (?77?), the already established bounds 77, 7?7, and the bounds in (??) on the
derivatives of H up to M + 3n + 2 and of Q" up to M + 3(n — 1) + 2. In conclusion:
t, s

(t) (s) A n A
”81 82 (5n+1_€n) HO < COp'\Y ()\/ >n+1’
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which is exactly 77 at n + 1 and with the right dependence of constants and order of used
derivatives, as claimed.

5. (The bound ??7) From the definitions (??7), (??) we obtain, for all n =1... N in virtue
of Lemma ?7 (iii), (??) and the third assumption in (?7?):

Y
[Wnlly < C(u" + [IxH oy + IXER-1ll05) < Cp (1 + m) < Cu’

A7
IVl < VOl + IVOER1lon) < O A7) < Cur,
with C depending on w,v,n and where we used the bounds in (??) on the derivatives of H up
to 2+ 3(n — 1) and of Q" up to 2 + 3(n — 2). This ends the proof of Theorem ?7. [ |

We observe that Proposition 77 easily follows from Theorem ?77:

Proof of Proposition 77
Declare a = ay, ¥ = ¥Uy. Then, 7?7 becomes 77, while ??7 and 77 imply ?? since u < A.
Further, ?? becomes ??, and ?? follows from ?? and (??), because:

F =a%1dy +symVUy — H +EN =EN —EN_1.
The proof is done. |

4. THE DOUBLE STEP CONSTRUCTION AND ITS ITERATION

The proof of Theorem 7?7 relies on iterating the corrugation construction which utilizes
Proposition 7?7 in one codimension direction e, and augments it by cancelling the bulk of
the defect Do, now accumulated in its Do component, via the application of Lemma 77 in
another codimension direction eg. In preparation for this recursion, carried out in Proposition
7?7, we first present its building block, relative to a chosen pair a # 5, and whose bounds we
index using the eventual recursion counter k. The given quantities are referred to through the
subscript k£ while the derived quantities carry the consecutive subscript £+ 1. Namely, we have:

Proposition 4.1. Let w C R? be open, bounded, smooth and let N > 1 and v € (0,1). Then,
there exists ly € (0,1) depending only on w, and oy > 1 depending on w,~y, N such that the
following holds. Given the positive constants 9,7, the positive frequencies:

=1 < M < pe < A1 < g,

the positive auziliary constants C’k, Ay, B, and an integer M, satisfying:

1 _
5777 S 2107 Mk Z ;7 )\]i_i_}/ Z HETQ, M 2 07
~ 4.1
PE (ﬁ)lﬂ Pl o max{()\k+1)(N—1)/2 (Ak+1)N—1 (Bk/Ck)l/Q} (4.1
k-1~ Cy’ Akl Mk Nk i/ Ne
and given vy € C*(@+ Bs15(0),R?), wy, € C=(@+ Bs5(0), R?), Ag € C>(@+ Bs(0), RI),

such that together with the derived field Dy = Ag — (%(Vvk)TVvk + symek), the following
bounds hold relative to the two chosen components o # 3 € {1,2,3}:

IV Dy lo < Crpg? forall m=0...M+3(N +1),
V™ +2p2 | < A11€/2N2n_+11 for all m=0...M + 3N, (4.2)
HV(mH)U;fHO < B;/Q/\Z‘+1 forall m=0...M+1,
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there exist vi11 € C®(w + Bs(0),R3) and wk+1 € C®(w + Bs(0),R?), such that denoting the
new derived field Dy4q = Ao — (% (Vor1) T Vogyr + bymek+1), there hold the estimates:

(wrs1 — o)l + [ (wrsr — )P 11 < OO, (4.3)1
m 1/2 v/2\m
IV, o < OC )2 at!
) 5 12 /2 . forall m=0...M, (4.3)3
IV D08 o < CCY ) i,
anJ—U%m«<cc“2””uwwmm+annm+c”2””% (4.3)
-9)2
12 (wi 1 — wi)llo < CC 2> (IV0llo + 1V o + Cr* 1) g1,
IV Digallo < CCRg ALY Vi for all m =0... M. (4.8)s

M (N1 /)N
Above, constants C depend: in 7?7, 77 onw,v,N; in 7?7, 77 on w,~v, N, M.

Proof. 1. (Applying Proposition ??) We apply Proposition ?? to the same w,~, N, ly, oo,
d,m, M, N as in there, and with:

1 1
M= U, >\:>\k’+1> H= TDk’) Q: ~ VQ’Uk,
C C,i/z

upon validating conditions (??) in view of (??) and (77?):
IV H || < p for all m=0...M +3(N +1),

m+1 forall m=0...M + 3N.

A _
IVeMQlg < (ZE)VPEEL L mt <

C Mk

Having thus obtained the fields a, ¥, F with properties ?? — 7?7, we define ax11 € C*(w +
B;(0),R), Upyy € C®(@ + B5(0),R?), Fiy1 € C°(w + Bs(0), R33) by:

Sym

a1 = 02/2(1, i1 = Oy T, Fir1 = CpF,

so that:
Fit1 = apy11ds + symV ¥y g — Dy
Qo1 2,0 G+l 2 L 3 w2\ (44)
+ (- LD k) VA + ST ) V2agss + 55— (i) (Vag) )
k+1 k+1 k+1
and the following bounds hold:
cc 3CC, cr2el? 3C1/2¢1/2
Tkﬂz < CLiﬂ < Tkﬂz and %MZQ <apg1 < %M;mv (4.5)1
Am
V™ agyqllo < 001/2 Z/Zﬁ forall m=1...M +5, (4.5)2
N1/ Bk
[Wrirls < CCrpy and  [|[V*Wppallo < CCRuAk11, (4.5)3
)\m
V™ Frpallo < CCk;ﬂ)\VN kL forall m=0...M. (4.5)4

R (N1 / )N

where the constant C' depends only on w, v, while the constants C' depend on: in ?? on w,~, N;
in??,7? on w,v, N, M.
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2. (Adding the first corrugation) We define the intermediate fields o € C*(w +
Bs(0),R?), 1 € C*®(@ + Bs(0), R?) by setting, in accordance with Lemma ?? for i = 1,j = a:

Q41

V= v + . 1F(>\k+1x1)ea,
+
2
~ a a
W = Wk — )\k—H ()\k-Jrlxl)v’Uk + - k+1 ()\k+1$1)vak+1 + Air()\k+1$1)€1 + \Pk-+1
k+1 k+1 k+1

By 77, 7?7, we directly get for all m =0... M:

- o Va ~
16 = 0 < Clawnlo+ I210) < 062

VTG —u)llo <O > M IV@agiflo < OO A
p+q=m-+2

(4.6)

where C' in the first bound depends on w,~y, N, while in the second bound on w,~, N, M.
Combining that last bound with (??) yields:

”V (m+2) ~o¢H0 < 001/2 ’Y/QA;n_:—ll +A1/2 m+1 < Cvcvl/2 7/2)\7]2:-11 (4.7)

Similarly, 7?7 — 7?7 and (?7) result in the estimates:

[0 — wellr < C(C’kul + k1ol Vegllo + llars1 I3

+ IVarslloll Voo + lakr1ll0lV? 0 llo + llakr1llol[Variaflo

Akt1
||Vak+1||0HV2ak+1Ho + Hvak+1H0>
Mt

< OGP (19 ogllo + G 1),
12 = @)llo < C (CurfAnss + M (laxsalloFogllo + a1 ]13)

+ (IVags1 llol Voo + llars1lloV2vg llo + llak+1llol Var1llo)
n 1V2ak 1110l Voillo + [[Varri o[ V20 lo + llak1llol V3og]lo
Ak41

lars1llollVart1llo + I Vars1ll3
Akt1
||a1c+1||0HV3ak+1Ho + || Vag1lo ||V2ak+1!0>
Ao
1/2 2 1/2 2
< CC / ’Y/ (Hv’l)k HO + C / ’Y/ ))\k+1

(4.8)

+




THE MONGE-AMPERE SYSTEM IN DIMENSION TWO AND CODIMENSION THREE 17
with constants C' depending on w,y, N. Finally, we note that (??) and (??) yield:
~ 1
D= Ay - (§(V17)TV17 + symVi)

=D — a%Hel ®e; —symVUy g
1

a =
_ <* ML (g1 21) V20 + )\kH (Akt121)V2agsr + r()\k+1x1)(Vak+1)®2)

Akt1 k+1 )‘%H (4.9)

= —Fpy1 + (ak+1 + )\ki (Ak+171)O22v)
ay, I =
B )\2+1 (et 121)0220k41 = 15— F(/\k+1x1)(82ak+1)2)62@62'
k1 k1

3. (Adding the second corrugation) We define the final fields vz41 € C>(w+Bs(0),R?),
wpy1 € C®°(w + Bs(0),R?) by using Lemma ?? (with i = 2,5 = ) and the perturbation
amplitude dictated by (??), namely:

b
Vg1 = 0+ M—Jrf(ukﬂccz)eﬁ,

k+1
- bry b+ b2

Wt = B — D (g 122) Vo + LT (g 22) Vi + T (g1 22) e,

Hk+1 HE+1 Hi+1 (4.10)

Qa
where b ) = aj,; + )\kﬂ (Akt121) O20);
k+1
ag 1 =
- )\QH (Ak+171)O22ak 41 — VIR T (Mer121) (O2ak 1)
k+1 k+1

Firstly, we argue that b1 € C>(w + Bs(0)) is well defined and it satisfies:
éck

n Y <bi ., <2CCkpu) andso  |bgya| < CC';/QMZ/Q, (4.11),
- A
Vb llo < CCH2Y2 2R forall m=1...M +3, 4.11),
koM
N1/ Bk

where C' in 77 depends on w, v, N, and in ?? on w, vy, N, M. Indeed by ??, 2?7, (??), and (?7)
we get, with C' depending on w,~, N:

ékﬁﬂ C ék
b2 _ g2 0<CC1/2A1/2 v/2 Hk— 1—1—0 7Nlc <C k< W
where the last estimate follows by taking g1/ suﬂi(nently large in function of w,~, N,
which in turn follows from the third assumption in (??) if oy has been assigned large enough.
Combined with ??, the above yields ?7?. Towards 7?7, we similarly get, forallm=1... M + 3
and C depending on w,~y, N, M:

IV — ko< (30 MAIVDarnlol Vil

pHgtz=m
+ Y NIV Pai o VEPaggaflo + 1V Dagia o]V Z+1)ak+1H0>
pHatz=m
01/2A1/2 0 \m
<C)\ ( v/2 k +Ck k ) <CC k+1
pt1 \ Mk Akt1/ Hk—1 N1/ ke k)\k-i-l/,uk
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Since the same bound is enjoyed by V(" )ak+1v it follows that:

A\
v(m)p2 <cC v_Tktl
IV 1l < OO ~EE

In view of 7?7 and via the application of Faa di Bruno’s formula we conclude ?7:

Pz

HV(m)kaHO < C’H Z big}{?—m—..-—pm H }v(z ka

p1+2p2+..mpm=m

v >b 0 . A
<ty Y ] (S keloy < gy Mo

p1t2p2+..mps=m z=1 Ccklﬂ >\k+1/ﬂk

We are now ready to carry out the bounds similar to those done with the first corrugation in
step 2. By 7?7, 7?7 we have for allm=0... M:

b -
16— sl < CQltun o+ 222100 < 0622
+

(4.12)
VDG —u)lo <€ S0 WV Dbl < CC Pt

ptHq=m-+2

where C' in the first bound depends on w,y, N, while in the second bound on w,~y, N, M. At
this point, recalling (??) we conclude ??, because vf, | = 0“ and v,f = P, We likewise get 77,
recalling (??7) and deducing from (?7?) and (??) that:

||v(m+2 1”0 < 001/2 7/2%3:?1 +Bl/2)\m+1 < C,01/2 w/2ﬂz~f11’

where in the last bound we used (?7) to observe that:

1/2 ~1/2 k+1 ~1/2
By N, < O B < )P
Ak41

Finally, we observe that the formula for wg1 — @ is exactly the same as that for wy —w, where
ar+1 is exchanged for by 1, Apy1 for pr41 and Vop to va, and minus the term W,,. Hence,
the same estimate as in (??) now yields, in view of 7?7, 2?7, (77?):
1/2 ~/2 ~1/2 /2
@ = wiplls < CC2 2 (190 llo + C21%),
1/2 v/2 1/2 ~/2
IV2(@ — wr1)llo < CC 2 (190 llo + G > 12 e,

with constants C' depending on w,~v, N. Recalling (??7), the above yields 7?7, where we note
that we necessitated bounds on HUng and ||bg+1]|3-

4. (The bound on the derived deficit) It remains to show ??. To this end, we use

Lemma ?? and recall that D = —Fj4q + bz+162 ® eg from (?7?), to write:
Dk+1 = @ - bi+1€2 & ez — Sk+1 = —-7'—k+1 - Sk:-i-l,
b1

bp+1 = 1 =
F(Mk+1$2)vzv£ + 2+1 T (ppr172) Vibii1 + 3 T (prr172) (V1) 2.
k+1 Hiey1 Hit1

where Spy1 = —
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We now use (??) and 7?7, 7?7 to get, for all m =0... M:

IV Siiallo < O( > i VDb allo VETD0l o

pratz=m
> VDbl VDb flo + IV Db o]V Db o) )
ptgtz=m
1/2 /2 1/2 ) )\Z+Z+2 (413)
<C (ﬂ Ty N+ ék/ﬂ+71)
pﬂ; B e k1 Be Ak R T
~1/2 1/2 m
~ 1 M1
< Cuptey (1! Qki + Gy CCppt) L
e (O G P in) < OO ™
where the last bound follows from the last assumption in (?7) because:
B;i/2 < OL/2 Pk Pt 1 1

et/ M 0 M Ao e /i) N T (N /)Y
P12 Akt1 Akt1\N—1 Akt 1 Ak 1\ N
and () > (——) =(—)

Ak’ g ik 1k ik
Recalling ??, the bound in (?7) yields:

M

vmp < CCORpNY, — 1kl

| kil SR O )Y

for all m = 0... M and with C depending on w,~y, N, M. We note that for carrying out the

whole argument, we necessitated bounds on a1 and vy up to max{M + 4,5} derivatives,
B

on v, up to max{M + 2,3} derivatives, and on Fj41 up to M derivatives. This justifies the
derivative count in (??). The proof is done. [ |

We are now ready to present the main result of this section, in which Proposition 77 is
iterated with the consecutive choice of a4, in the mod 3 arithmetic. This construction
necessitates specific assumptions on the ratios of the employed frequencies. The viability of
these assumptions and existence of frequencies satisfying them will be shown in the next section.

Proposition 4.2. Let w C R? be open, bounded, smooth and let N K > 1 and v € (0,1).
Then, there exists lyg € (0,1) depending only on w, and oy > 1 depending on w,~y, N, K such
that the following holds. Given the positive constants l,n, g such that:

1
I+ Kn < 2y, to > 5, (414)
and given vy € COO((IJ+BZ+K77(O), R3), wo € COO(Q+BI+K77(O),R2), Ay € COO((D—l—BHKn(O) ]ngxrﬁ)

such that together with the derived field Dy = Ag — (%(vvo)TV’UU + symeo), the following

bounds hold with some auxiliary constant Cy > 0:

IV Dol < Copg’
1o forall m=0...3K(N +1), (4.15)
[V w0 < G

one can apply Proposition 77 consecutively for k=0... K — 1 with:

ar = (2k) mod 3 + 1, Br=(2k+1) mod 3+1 (4.16)
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and with the frequencies {/\k,uk}i{:l as long as the following conditions are satisfied:

ﬁ)N
AT ol
N
e >max{( Me M1y vje (Mw/ii-1) (M1 / pi—2)N/?
Ak fe—1 pe—2’ Lb—1/ N1

AT > o forall k=0 K—1, K>

N/2

% {( AK )N/2 ()\K/MK—1)N()\K—1/MK—2)

N Z max ) }a
K [Li—1 fE-1/AK-1

} forall k=2...K —1, (4.17)

to obtain v € C*®(w+ By(0),R?) and w € C*(w+ B;(0),R?), such that denoting the new derived

field D = Ay — (%(V@)TV@ + symV), the following bounds hold:

15— woll1 < CCy/*A72,

K-2

i . 1 (Ar—1/pK—2
VZ'U < CCl/2A’Y/2 R 1 + )
[VZ=ollo < CCy “K(kno ()\k+1/uk)N/2)< PK K1 )

1@ — wolli < CCy*A7([Vwollo + Cy?)

)N/2

K2
- 1
IV2(@ — wo)llo < CO "Nk ( [ m———573 ) ¥
’ (kl;IO ()\k+1/uk)N/2)
A1/ 1 —2)N/? ~1/2
x |1+ Vullo+Cy' "),
(1 = =) (Il + o)
i K-l )
Dllo < CCA TT ———
1Pl < CCo kl;[o (N /)Y

Above, constants C' depend on: w,v, N, K, and we denoted: A = Hszo(uk)\,iV).

(4.18);

(4.18)

(4.18)s

(4.18)4

Proof. 1. (Setting the inductive quantities) For k =0... K — 1 we will define the fields:

Ukt1 € C(@ + Biy (k—(e41))ms R®)s w1 € C(@ + By (— (ot 1)) R?),

1
Dyy1 = Ag — (i(Vka)TVka + symVwg1),

by applying Proposition ?? to the previous fields v € C*(0 + By (k—kyy, R?), wp € C®(@ +
Bl+(K—k)na R?) with the fixed parameters N, v, the given frequencies up_1 < M\ < i < App1 <

tr+1 the inductive parameters oy, n, satisfying dx + nx < 2y and My > 0 where:

po1=2Xo =po,  Op=l+E—-(k+1)n, m=mn  Mpy=3(K-(k+1){N+1),

and the auxiliary constants Cy, Ag, By, defined as follows:

Ay = Ay = By = Cy,

A A “Z)‘Zﬁ

Cri1 =0C,—F"—= forall k=0...K —1,
T v )N

Ak:CC'k,QuZ_Q forall k=2...K +1,

By = CCr1p1]_, forall k=1...K,

(4.19)
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where constants C' depend on w, vy, N, K, k. The codimension components ay, O are as in (?7)
and we call v, € {1,2,3} \ {ak, B} the remaining component:

Yk = ap+1 = (2k + 2) mod 3 + 1.

The applicability of Proposition 7?7 relies on the following bounds, that will be validated
throughout the proof for all K =0...K:

IV Do < Cropal?, VDl < A2t (4.20)
IV 20k, < BY2Am L IV k ) < A2 mett,

Eventually, we will set ¥ = v and W = wg and deduce the bounds 77 — 77.

2. (Induction base k =0 and k = 1) We have ap = 1, 5p = 2, 70 = 3 and so (??) holds
with & = 0. We now check conditions in (??). The first five conditions are valid by assumption,
while the last one becomes: p1/A\1 > (A1/po)N =1 and it is implied by the third assumption in
(??). Consequently, Proposition 77 yields:

m ~ py A m m 21/2 /2 m+1 - pl/2\m
IV Dy o < CCO/%)\?NW = O, [Vl < CC P At = By,
m “1/2 /2 m41 - 41/2 m m /2 o 1/2 m
||v( +2)U%” < CC / ’Y/ I +1 - AZ/ " +1’ Hv +2) 3H / +1 < Al/ T +1

where constants C' depend on w,v, N, K and where we defined the new quantities C, By, Ao
according to (?7?). The above bounds are exactly (??7) at k = 1.

Continuing, for £k = 1 we have oy = 3, 1 = 1, 71 = 2. We need to the check the last two
conditions in (??). This is validated as follows, in virtue of (?7?):

(é)l/QZ (Al/MO)N/2 < (&)N/2< (&)1/2< &
Ch Cugﬂ)qN/Q Mo RS o’
(é)(]\/—l)/? < (E)N/Q < (éﬁ)N/Q < &7
1 1 B o A2
(Q)N—l(Bl/Cl)l/2 _ (Az//ﬁl)N_l(C(M/uo)N)m - o/u)N (M /po)N? C _ b2
1 p /M p1/ A ATY - pa/ A Aofpa T A2
provided that oy has been chosen large enough (in function of w, vy, N, K) to ensure that the last

quotient above is less than 1 in virtue of the first assumption in (??) at k£ = 1. Consequently,
Proposition 77 implies:

IV Dallo < CCuAT 72 = Oon's VOl < CO A = By g,
||V (m+2) 1” <CCI/2 7/2 m+1 . A§/2M;n+17 ||v<m+2>u§|\0= HV(mH)U%HoSA;/QMTH

where constants C' depend on w,~y, N, K and where we relied on the definition (??). The above
bounds are exactly (??) at k = 2.

3. (Induction step) Let now £k = 2...K — 1 and assume (??). To verify the fifth
assumption in (?7), we use (?7) and (?7) in

(ﬂ)m: (CCk 24ty 2)1/2 ( Cu_y )1/2
Ck Cy (Cr/Cr-1)(Cr_1/Cr—2)
(C()\k/uk—l)N(Ak—l/Mk—@ )1/2 <cf hye )\k—l)N/Q ol o Hk

1 AN [ok—1 fok—2 e T Hk—1]
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because A\, /pi—1 is larger than the constant C' depending on w, v, N, K provided that ¢ in the
first assumption in (??) is sufficiently large. For the last assumption in (?7), we first observe:
()\k+1)N—1(Bk:/ék)1/2 _ ()‘k—i-l/,uk)Nl( Crg_y )1/2 (N /)N ! (C()\k/ﬂk—l)N)l/Z
[k [/ Ak [/ Ak Cr/Ch1 1/ Ak AN
< Nt /)™ /)% € < Prt1
- 1/ Ak N1/t~ Akt

where in the last bound above we used (?7?) and, again the fact that \gy1/pux > C is op if
sufficiently large. It remains to estimate (App1/p) N ~1/2. In case of k < K — 2, we get:

()\k+1)(N71)/2< (>\k+1)N/2< ()\kJrl Ak N/2 Pkt
Mk Tk T ke Mg T Akl

by (??). Likewise, for k = K — 1:

()\/1221)(1\/—1)/2 < (HiKl)Nﬂ < % _ 'L;ZH’
- +1

This ends the verification of (?7). We may now apply Proposition 7?7 to get:

~ Hi - A
VD ]lo < CCRuIAN, 2 = Gl
|| +1|| Hp A kg1 ()\kJrl//J/k)N +1ME11

[V 2ufio = V020t lo < OGN = BANES,

k+1 k+1 k+1
2 2 ~1/2 2 1 - 1/2 1
[V 205 o = IV 20 o < OGP = Al
2 2 2 1/2 1
920 o = IVt o = 9020 o < A

where we used (?7), to obtain (?7) at k + 1.

4. (Gathering bounds on vk, wg) Recall that we have set ¥ = vg, W = wg and hence
D = Dk. Applying (?7?) at the final counter value K and recalling the progression in (?77?), we
obtain the following bounds, in which C depend on w,~y, N, K:

K-1 YN K-1

N
A A FArg ~ 1
Dkllo < Cx < CC — T < CChAY S —
Pl ’ kl;[o (A1 /1) ’ ,};[O (A1 /1)
which is exactly ??. Further, by (77) we get:
V2vgc|o < A}(/Z,UJK—l + B%Q)\K + A}(/?HMK < C(é]l{/EQIU’}/{/EQMK—l + 6}1(/31#}(/31/”()
K-3  v/2yyN/2 K—2  ~v/2\yN/2
= P At /2 P At /2
< CGy? e VW 1 + e Vg ik
’ <( ,EO (Ak+1/uk)N/2) K2 ( kl;[o (Ak+1/uk)N/2) K= > (4.21)
5 1 1 (Ar—1/pr—2)N?
< CCYPNI - ,
’ (k:O (Ak+1/ﬂk)N/2>( i/ i —1 )uK

which is ??7. To obtain 77, we sum the estimates 77 in:

K—1 K—-1 K—-1
lvie —voll1 < Z [vk+1 — vkl < C Z é;/QMZ/Q < 003/2 H Mz/z < Céé/zf\y/?’
k=0 k=0 k=0



THE MONGE-AMPERE SYSTEM IN DIMENSION TWO AND CODIMENSION THREE 23

because for all k = 1... K —1 there holds: Cyy1 < CCypuy /oY by (??). Similarly, there follows
the first bound in 77, in view of 77 and the previous estimate:

K-1
o~ < 3 lkss — sl <€ 3 G (9l + G2
k=0 k=0

K-1
< 003/2( I1 7/2) (HVUOHO + a2 H m”) < CCY2AT (| Vo] + 3.

k=0
To complete the claim in 7?7, we use the second bound in 7?7 to get:
K-1
IV (wi —wo)llo < D IV (whga — wr)llo
k=0
K—1
1/2 ~/2 ~1/2 ~/2
<0 G i (1Vonllo + G )
h=0 (4.22)
K—1 K—1
1/2 ~/2 1/2 2
<c S ¢y Mk+1<||VvoHo+C/ 11 ! )
k=0 k=0
(HVUOHO —I-C ( H M’Y/?) Z Cl/QM’Y/QMk_H
Observe now that {C’;/ 2 Mkt 1 uz/ 2}5:_02 is a nonincreasing sequence, because from (77?):
/2 v/2 A N/2 C \ N/2
1 o (Ow/ i) < A/ D77y ol k=1... K—2.

Cr WP NIN (g Jp) — AL/ B ey / Ak

Indeed, the first term in the right hand side above is less than 1 for oy large enough by the
first condition in (??), while the second term is less than 1 by the second and third conditions
n (??). Consequently, using the calculation in (?7?), estimates in (?7?) yield:

~1/2 2 1/2 2 =1 2
IV (wi —wo)llo < C(”VUOHO "’Cé/ )< H uZ/ )(CK/ 2“?(/ oMK -1 +CK/ 1/‘% 1“K)

k=0
K—2
s 5 1 (Ar1/prc—2)N/?
< CCY2 (Voo + Y2 A — )1+ .
=~ 0 (H OHO 0 ) ( kl;[() ()\k+1/ﬂk)N/2) < NK/MK—l ) K
This is exactly the second bound in ?77. The proof is done. |

5. THE FIBONACCI FREQUENCIES AND A PROOF OF THEOREM 77

In this section we complete the inductive procedure put forward in Proposition 77, by spec-
ifying a progression of frequencies which satisfy all the conditions in (??). We will then prove
the single “stage” estimates in Theorem 7?7, which will yield Theorem 7?7, as described in the
next section. We use the Fibonacci sequence {F}}7° ), where:

Fy=F =1, Fyio=Fp+ Fyyq  forall kE>0.
Proposition 5.1. Let N > 1, K > 4 and let v € (0,1) satisfy:
1
< .
(Fr42 —3)(1+ N/2)
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Then, for every parameters g, og,0 > 1 such that:

ooy = o2

conditions (?7) are satisfied for the sequence { i, g Y1, defined in:

A = poo Fer2=2)H(Fip2—3)N/2
ik = pooFera= 24 (Fgs-aynyp [ Joralb k=1 K= (5.3)
Ag = MOJ(QFK—2)+(FK+2—3)N/27 LK = M00(2FK—2)+(3FK—3)N/2'

Proof. 1. (Conditions not involving ~) We first directly derive the formulas on the quotients
of the frequencies {\;, u1;}, which will be used below:

Ak =gl @ZJF’““N/Q forall k=1...K —1,
HEk—1 Ak
\ (5.4)
K _ 2Fx—Frq1 _ UFK,27 HE o3Fx—FrsaN/2 _ [ Fr_2N/2
MK -1 AK

We now validate all conditions (??), apart from the first one, as equalities. All formulas follow
by (??). Regarding the second condition, we have:

HL _ _FaN/2 _ N _ (ﬁ)N

A1 Ho
The third condition holds, because for k =2... K — 1:

( Ak /\kfl)N/z = gt Fr1)N/2 _ [ FraN/2 Hk

MEk—1 Pk—2 A’
e/ pt—1)N N1/ pi—2) N2 _ GFN+F N2 FiN/2 _ FepN/2 _ P
Pk—1/Ak—1 hye

Likewise, the last condition in (??) follows from:
( AK V2 = G Fr-aN/2 - BK
[k —1 Ak’

i/ pre—1)N N1/ prc—2)N/? _ Fx-aN+FK_1N/2-FiN/2 _ Fix_aN/2 _ MK
pK -1/ K1 AK

2. (Condition involving v) To prove the first condition in (??), we use (?7) to check that
for all k =1... K — 1 there holds:

1—
)\k‘ v . 1 )\k O'Fk g O-(Fk_l)_(Fk+2_3)(1+N/2)’Y > g

= = = 2 00,
Pk—1 AL k-1 AL (moo)Y (poo)?
by (??7) and because (Fj, — 1) — (Fi42 — 3)(1 + N/2)v is always nonnegative. Indeed, at k =1
this expression is null, while for & > 1 it is at least 1 — (F12 — 3)(1 4+ N/2)7. The assumption
(?7) guarantees that this last expression is nonnegative. Similarly:

1—
AL Ak o 0 (me ) (R (N2 s O S
-\ -\ = = = 90
Pr-1 A pk-1  Ag (poo)? (oo)™
since (Fx—2 —1) — (Fx4+2 —3)(1 + N/2)y > 0 when K > 4 and under (?7?). [ |

It is useful to separately derive the quantities that appear in the estimates 7?7 — 77, under
the definition of frequencies in (??). These are:
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Lemma 5.2. Let N, K >4, g > 1 and let {\g, up 1| be given by (??). Then there hold:

K-1
1
k:l_IO )\Ic—l—l/Hk o2(Fxk—1)N’ (551
K2
(Ak—1/pr—2)N/? (Fis1-2)+(Fis1—1)N/2
1+ < 2o P =2+ (Fre . (5.6
MK( H /\k+1//~Lk N/2>( fur [ HE -1 ) Ho (5:6):

k=0

J
Proof. Using (??7) and the formula Z F; = Fj1 o — 2, we obtain 77:
i=1

K-1 1
I1 ( — o~ S BN p—Fg N _ [ —(2Fk—2)N_

o Nkr /)Y
Towards ?7?, note that:
3Fk =34+ Fx—1— (Fk41+ Frx—2—2)=2Fx — Fg_o—1=Fg41 — 1,
which implies, for N > 4:
K—2 N/2

(I ) (4 )

2FK72)+(3FK73)N/2

o (i Fo)N/2 (1 * JFK72(1+N/2))
(2Fk—2)+(3FKk—3)N/2 O'FKle/2

oFr-1N/2

_ MOU(

§2M00

' = (Fr41-2)+(Fg+1—1)N/2
o(Fr1=2)N/2 oFx—2(1+N/2) = 2ppo " K K+1 ’

since then Fx_o(1+ N/2) < 2Fk_3+ Frx_oN/2 < (Fx_3+ Frx_2)N/2. The proof is done. W

We are now ready to complete the “stage” construction in our convex integration algorithm:
y p g g g

Proof of Theorem 77.

1. (Setting the initial quantities) For given N, K > 4 and ~ that satisfies (?7), we take
lp as in Proposition ?? and oq increased (K + 1) times. Let v, w be as in the statement of the
theorem, together with the positive constants I, A\, M satisfying (??). Denote:

l

TSRS

Mo =

d\l—t

We first construct the fields vy € C®(@ + By iy(0), R3), wo € C®(w + By iy (0),R?), Ag €

C>(@ + Bitry(0), ]RSYXH%) by using the mollification kernel as in Lemma ?7:

1
Vo = VK G, Wo =Wk o, Ao = Ax ¢y, Do= Ag— (§<V'U0)TVU() + symeo).
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From Lemma ?7?, we deduce the initial bounds, where constants C' depend only on w, K, m:

oo — vll1 + lwo — w]ly < CIM, (571
140 — Allo < CIP||Allo.5, (5:7)z
C
IV g o + |V D lo < M forallm =1, (5-7)3
C

Indeed, 77, 77 follow from ?7 and in view of the lower bound on M. Similarly, 77 follows by
applying ?? to V2v and V2w with the differentiability exponent m — 1. Since:

Dy =Dt by — 5 (Vo) Voo — ((V0) Vo) % 6,72).

we get 7?7 by applying 7?7 to D, and 7?7 to V.
2. (Applying Proposition ??) Since [ + Kn < 2] < 2, we may apply Proposition ?? to
v, Wo, Dy with the parameters:

- K+1
Co=C(||D]jo + (IM)?), Xo=po= —

consistent with ??, and with frequencies {Ag, ux H-_| given in Proposition ?? for o > 1 in:
o Al A7
o= so that: = > >0
(o) — (K+1)A)7 = K+1= 7"
In conclusion, Proposition ?? yields © € C*(@ + By(0),R3), w € C*°(w + B;(0), R?), with ?? -
?7?. These imply, in virtue of Lemma ?? and the initial bounds 77 — ?7:
15— vl < CA2(ID)) + 1Mm),

- 1/2 1/2
1@ — wlly < CAY(| DIy +IM) (1 + DIl + iM + [Vllo).

1V25]|o < CAY/? () Frcir=2)+(Fr 1 —1)N/2
- l

(A Fr+1=2)+(Fre 1 —1)N/2
l

(1Pl + 1M), (5.5)

IV2@]lo < CAY (ID118"> + IM) (1 + IDIIY? + 1M + [|Vollo),

~ 1
1Dllo < Ct°||Allos + CA™* 5 (IDllo + (1AM)?),

(\)2(Fx
with C' depending on w, vy, N, K. The quantity A, may be estimated by:

& N K(N+1) P(N,K) ()\l)P(N’K)
A= LA < g o) < O

k=1
where P(N, K) is a second order polynomial in NV, with coefficients depending on K.
3. (Reparametrizing «y) Since P(N, K) is (much) larger than (2Fx — 2)N, we get:
P(N,K)— K(N+1)>2(Fx —2)N — K(N +1)
=(Fxg —K)N+1)+ (Fxk —2)(N —3)+2(Fx —3) >0,
because N, K > 4. Consequently:
A < CAPNK)

so that in (?7?) one can replace each occurrence of A7 by A7 with 4 = yP(N, K) > ~. However,
condition A7 > o implies A!=71 > og, so the bounds (??) imply those in ?? — ??, albeit
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within a smaller range of v than that indicated in (?7), still depending only on N, K. Similarly,
we finally observe that if the statement of Theorem ?7 holds for all sufficiently small ~, then
it is valid for all v € (0, 1), as stated. The proof is done. [ |

6. THE NASH-KUIPER SCHEME AND A PROOF OF THEOREM 77

The proof of Theorem 7?7 relies on iterating Theorem ?? according to the Nash-Kuiper
scheme. We quote the main recursion result given in [?, ?]:, similar to [?, section 6], but now
involving the Holder norms, as is necessary in view of the decomposition Lemma 77.

Theorem 6.1. [?, Theorem 1.4] [?, Lemma 5.2] Let w C R? be an open, bounded and smooth
domain, and let k,J, S > 1. Assume that there exists |y € (0,1) such that the following holds
for every 1 € (0,1y]. Given v € C*(& + By (0),R¥), w € C*(w + By(0),R?), A € C¥(w +
B9 (0), ngxn‘f) and v, A\, M which satisfy, together with oq > 1 that depends on w,k,S,J,y:
S (07 1)7 A > 00, M > maX{HUH27 ”wH27 1}7 (61)
there exist © € C?(w + By(0),R¥), w € C*(w + By(0),R?) satisfying:
|15 —v]y < CX2(|D))* +1M),
| = wly < ONV (Dl +1M) (1 + [Pflg”” + 1M + [ Velo),
(D)7
l

IV23]lo < 22 X72(I D)y + IM),

Al
vz < A m<uD\|1/2+zM)(1+||D||1/2+1M+uw||o),

1Dllo < € (¥ )1Allos + g (1Pl + (1M)?) ).

(A )

with constants C' depending only on w, k, J,S,~, and with the defects, as usual, denoted by:
1 ~ 1
D=A- (i(Vv)TVv + symVuw), D=A- (i(Vﬁ)TVf) + symVa).

Then, for every triple of fields v,w, A as above, which additionally satisfy the defect smallness
condition 0 < ||D|lo < 1, and for every exponent o in the range:

g8 }
2
O<oz<m1n{2 RN (6.2)
there exist v € CH*(@,R¥) and w € CY*(w,RY) with the following properties:
_ 1/4 _ 1/4
[o— vl < C+1IVollo)*[Dollg™*, [l — wlh < C1+ [Vollo)* D",

1
A= (3(VO)' Vo +symVo) =0 in .
The constants C above depend only on w,k, A and «.
Clearly, Theorem 7?7 and Theorem ?? yield together the following result below, where we
compute % = ﬁ, with ¢ denoting the golden ratio in:
J (FK+1—2)+(FK+1—1)N/2 Fr_1-—1
- = — K —
S ON(F — 1) A(Fr—-1 © >

Frg_1—1 _>£_1+\£
4Fg—1) "4 8

and: as N — oo.
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Corollary 6.2. Let w C R? be an open, bounded and smooth domain. Fiz any o as in (77).
Then, there exists lo € (0, 1) such that, for everyl € (0,lo], and for every v € C%(@+DBy(0),R3),
w € C%(@w + By(0),R?), A € COP(w + By (0), R2X2) such that:

Sym

1
D=A-— (Q(VU)TV’U +symVw)  satisfies 0 < |Dllo <1,
there exist © € CH* (w0, R3), @ € C1*(@,R?) with the following properties:
N 1/4 - 1/4
|5 —olh < CO+IVell)?IDl", 1@ —wly < O+ [Volo)*| DIy,

1
A- (§(Vﬁ)TV@ +symVad) =0 in ©.

The norms in the left hand side above are taken on @, and in the right hand side on @+ Bo(0).
The constants C' depend only on w, A and .

The proof of Theorem ?? is consequently the same as the proof of Theorem 1.1 in [?], in section
5 in there. We replace w by its smooth superset, and apply the basic stage construction in
order to first decrease || D||o below 1. Then, Corollary ?? yields the theorem. |
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