THE MONGE-AMPERE SYSTEM IN DIMENSION TWO: A FURTHER
REGULARITY IMPROVEMENT

MARTA LEWICKA

ABSTRACT. We prove a convex integration result for the Monge-Ampere system introduced
in [11], in case of dimension d = 2 and arbitrary codimension k¥ > 1. Our prior result [12]

1
stated flexibility up to the Holder regularity C L TFa7R , whereas presently we achieve flexibility

ok 1
up to C*' when k > 4 and up to Cch T for any k. This first result uses the approach
closest to that of Killen [9] in the context of the isometric immersion problem, while the
second result uses the double iteration procedure from [11] combined with the approach of
Cao-Hirsch-Inauen [1], agreeing with it for k£ = 1 at the Holder regularity up to cui/s,

1. INTRODUCTION

In this paper we present a new bound for the admissible Holder continuity exponent for weak
solutions of the Monge-Ampere system in dimension d = 2 and arbitrary codimension k > 1:

DetVZu=f in wcCR?

where Det VZy = (0110, O22v) — ‘812v|2 for v:w — RF,

(1.1)

The closely related problem of isometric immersions of a given Riemannian metric g:
(Vu)TVu=yg¢ in w,

for uw:w — R*TF, (1-2)

reduces to (1.1) upon taking the family of metrics {g. = Ida+€A}. 0, each a small perturbation
of Idy, making an ansatz u, = idy + ev 4+ €2w, and gathering the lowest order terms in the e-
expansions. This leads to the following system:

1

(Vo) 'Vo+symVw=A in w,

5(V) y (1.3)
for v:w—RF, w:w— R

On a simply connected w, the system (1.3) is equivalent to: curlcurl (3(Vv)? Vo) = curlcurl A,
and further to: et V2v = —curl curl A, reflecting the agreement of the Gaussian curvatures of
ge and the surfaces u(w) at their lowest order terms in €, and bringing us back to (1.1).

Systems (1.1) and (1.3) were introduced and studied in [11] for arbitrary dimensions d and
k, where their flexibility, in the sense of Theorem 1.1 below, was proved up to the regularity
Cl’m. For d = 2, this means flexibility up to C 1’TE/’C, and when k = 1 this result agrees
with flexibility up to ClL% obtained in [13], which was subsequently improved to cls in 2]
(and to CHTRTE for k arbitrary in [12]), and further to cl3 in [1]. The main purpose of the
present paper is to increase the aforementioned Holder exponents in the case of codimension
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2k 1

k > 1, obtaining flexibility up to C'"! when k& > 4 and up to ChFITT for arbitrary k£ > 1.
Consequently, this sets the state of the art in establishing the density of C1'® solutions to (1.1)
in CY, as follows:

k=1wa<1/3, k=2~a<3/T, k=3~a<T/15, k>4~ a<l.

The large gap between exponents at £k = 3 and k = 4 is due to the two different techniques in
the Nash-Kuiper iteration scheme: for k£ > 4 our approach is closest to that used by Kéllen [9]
(in the context of isometric immersions, and without specifying the resulting Holder regularity),
while for arbitrary k& we utilize the double induction procedure from [11] combined with the
decomposition lemma of Cao-Hirsch-Inauen leading in [1] to the aforementioned regularity at
k = 1. This approach seemingly yields only the critical exponent 1/2 as k — co. Combining
the two approaches towards a better interpolation between their corresponding exponents is
an open problem.

We also point out that according to a result due to Poznak (see [7, Chapter 2.3]), any smooth
2-dimensional metric has a smooth local embedding in R* namely a solution of (1.2) with
k = 2. Our type of density results, albait only addressing the Holder continuous solutions, are
stronger in the following sense: rather than yielding existence of a single solution, they imply
that an arbitrary subsolution to (1.3) or (1.2) can be approximated by a C1® solution.

Indeed, our main result pertaining to (1.3) states that a C'-regular pair (v,w) which is a
subsolution, can be uniformly approximated by exact solutions {(v,,wy)}>2,, as follows:

Theorem 1.1. Let w C R? be an open, bounded domain and let k > 1 be the given codimension.
Given the fields v € C'(@,R¥), w € C' (0, R?) and A € COP(w,R2X2), assume that:

sym

1
2
for some ¢ > 0, in the sense of matriz inequalities. Then, for every exponent o with:

D=A—( (Vo) I'Vu + symVw)  satisfies D> cldg on @,

a<min{é,1} for k>4
2 (1.4)

(B 2F—1 )

a<m1n{§,m} for any k,
and for every € > 0, there exists © € C1%(w,R¥), @ € CH*(@,RY) such that the following holds:
[0 —vllo <€ [[0—wlo<e (1.5)1

1

A= (5(VO)'Vi +symViw) =0 in &. (1.5)

The above result implies the aforementioned density of solutions to (1.1), as in [11]:

Corollary 1.2. For any f € L>®(w,R) on an open, bounded, simply connected domain w C R2,
the following holds. Fix k > 1 and fixz an exponent o in the range (1.4). Then the set of
CH(w, R¥) weak solutions to (1.1) is dense in C°(@,R¥). Namely, every v € C%(w,R¥) is the
uniform limit of some sequence {v, € CH*(@w,R¥)}2,, such that:

DetViu,=f on w foral n=1...00.

The main new technical ingredient allowing for the flexibility stated in Theorem 1.1, is the
“stage”-type constructions in the following two results:
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Theorem 1.3. Let w C R? be an open, bounded, smooth planar domain and let k > 4. Fix
an exponent v € (0,1) and an integer N > 1. Then, there exists ly € (0,1) depending only
on w, and there exists oo > 1 depending on w,v, N, such that the following holds. Given
v € C?(@ + By(0),R¥), w € C*(@ + By(0),R?), A € C%(w + By(0), ]ngxfl) defined on the
closed 2l-neighbourhood of w, and given constants I, \, M > 0 with the properties:

1<ly, AN7>00, M >max{|v]a, w1}, (1.6)
there exist v € C?(w + By(0),R¥), @ € C?(w + B;(0),R?) such that, denoting the defects:
1 ~ 1
DZ&4—(?VWTVW+Wme% ZL:A—(;VQTV@+wmvm)
the following bounds are valid:

I5 = vlly < OX72(|D]lg/* + 10),

(1.7
1@ — wlly < CXY(IDIY? + 1) (1 + | DYIY? + IM + [ Vollo),
19730 < CON(IPlg* +10), (1.7)
)2
IV2@[lo < CANT (I D)l + 1) (1 + |1Dllg/% + 1M + [ Volo),
N
IDllo < C71Allos + (Il + (1M)?). (1.7)3

The norms of the maps v, w, A, D and v, W, D are taken on the respective domains of the maps’
definiteness. The constants C depend only on w,~, N.

Theorem 1.4. Let w C R? be an open, bounded, smooth planar domain. Given any codimen-
sion k > 1, the result in Theorem 1.3 holds true, for each sufficiently small v (in function of
N, k), with (1.7); — (1.7)s replaced with:

5 —vlly < OXV2(|D|Y* + 1M),
[0 — ]l

(1.8)1
& —wly < CAV(ID]l? + 1) (1 + | Dy + 1M + [[Vuo),
N+1y~v/2
vzl < oA (o 4,
(1.8)2
~ bY/ N+1)\7
vzl < ¢ COTX (DI 4 1a0) (14 D2 4104 + [ 9vil),
- Y
1Dllo < € (1)1 Allos + e (IDllo + (11)?)). (1.8);

(\) N (- (5es))

By assigning N sufficiently large, we see that the quotient r of the blow-up rate of || V2%||o with
respect to the rate of decay of ||D|lp can be taken arbitrarily close to 0 in Theorem 1.3 and

arbitrarily close to ﬁ in Theorem 1.4. Since the Holder regularity exponent equals ﬁ

1

k
(see section 5 and Theorem 5.1), this implies the respective ranges in (1.4).
The layout of the paper is as follows. In section 2 we gather the preparatory results: the mol-
lification and the commutator estimates, followed by two decompositions of the ngxnf—valued
matrix fields on w C R?, into a symmetric gradient and a multiple of Ids. The first decompo-
sition, used towards Theorem 1.3, passes through solving the Poisson equation with Dirichlet
boundary data and thus it does not commute with differentiation. The second decomposition,
on which Theorem 1.4 relies, uses convolution with the Poisson kernel and thus it has the
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desired properties including commuting with differentiation. We then present two convex inte-
gration “step” constructions: the first one with Nash’s spirals as the oscillatory perturbations
added to the fields (v, w), and the second one with Kuiper’s corrugations.

Section 3 contains a proof of Theorem 1.3, where Kéllen’s iteration procedure is used in codi-
mension k > 4 allowing for an almost complete absorption of the diagonalized deficit field D
in a single step. Section 4 contains the proof of Theorem 1.4, which combines iterating on the
codimension with Kallen’s iterations within each step, that instead of absorbing the full error as
explained before, essentially transfers one of its (diagonal) modes onto the other existing mode.
In [1] this observation allowed to argue that a single convex integration step, necessitating only
one codimension k = 1, suffices to absorb the first order deficit, thus yielding the regularity
exponent 1/3. Presently, we iterate this construction over k codimensions, superposing pertur-
bation with appropriately increasing frequencies. Each iteration then reduces the deficit by a
factor commensurate with the ratio of the current and the previous perturbation frequencies,
while the second derivative of v increases by the factor of the next frequency times the square
root of the deficit, see the estimates (4.4); - (4.4)3. This leads to the relative estimates in
(1.8)2 and (1.8)3 whereas the C'! norm of the accumulated perturbation remains controlled as
in (1.8);. An interpolation to C1'® and the Nash-Kuiper iteration on stages is the content of
section 5, where we complete the proof of Theorem 1.1, frequently referring to [12].

We point out that our presentation is modular, namely we separate the “stage” estimates in
Theorems 1.3 and 1.4, from the Nash-Kuiper iteration in Theorem 5.1. This latter construction
automatically yields a density result with the maximal Holder regularity exponent given in
function of the respective rates of second derivative blow-up and of the deficit decrease in a
stage. This way, a future improvement of the stage estimates will directly yield the regularity
improvement as well. This important point was more convoluted in the presentation of [1].

1.1. Notation. By Rg;rﬁ we denote the space of symmetric 2 x 2 matrices. The space of
Holder continuous vector fields C™%(w, R¥) consists of restrictions of all f € C™*(R? R¥) to
the closure of an open, bounded domain w C R2. The C™(w, R*) norm of such restriction is
denoted by || |, while its Holder norm in C™7 (@, R¥) is || f|lm,. By C we denote a universal
constant which may change from line to line, but it depends only on the specified parameters.

2. PREPARATORY STATEMENTS

In this section, we gather the regularization, decomposition and perturbation statements
that will be used in the course of the convex integration constructions. The first lemma below
consists of the basic convolution estimates and the commutator estimate from [3]:

Lemma 2.1. Let ¢ € C°(R%,R) be a standard mollifier that is nonnegative, radially symmetric,
supported on the unit ball B(0,1) C R and such that Jga @ dz = 1. Denote:

di(z) = l%b(%) for all 1€ (0,1], z € R

Then, for every f,g € C°(R4,R) and every m,n >0 and 3 € (0,1] there holds:

C
IV (f = @0llo < 32 1£ o, (2:1)s
1f = 1+ dullo < Cxin {2V o, UIV fllo, 1”1 fllo5} (21)2
IV ((£9) o0 = (f * 80)(g * @) o < CE [V f[ol| Vg]lo. (21)s

with a constant C' > 0 depending only on the differentiability exponent m.
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The next two auxiliary results are specific to dimension d = 2. They allow for the decomposition
of the given defect into a multiple of Ids (thus two primitive defects of rank 1) and a symmetric
gradient, in agreement with the local conformal invariance of any Riemann metric:

Lemma 2.2. Let w C R? be an open, bounded and Lipschitz set. There exist maps:

U L3 (w,R¥2) - HY(w,R?), a: L*(w,R2?) — L*(w,R),

Sym sym
which are linear, continuous, and such that:
(i) for all D € L?(w,R%%2) there holds: D = a(D)Idy + symV (¥(D)),

Sym

(i) ¥(Id2) =0 and a(Id2) =1 in w,

(iii) for allm >0 and~y € (0,1), if w is C™ "% regular then the maps VU and a are continuous
from C™7 (w0, R2X2) to C™ 17 (w0, R?) and to C™7(w,R), respectively, so that:

Sym

1€ (D)llm+14 < ClDllmy and [|a(D)llmy < CllDllmy  for all D € L*(w,RET).  (2.2)

sym

The constants C' above depend on w, m,vy but not on D. Also, there exists lo > 0 depending
only on w, such that (2.2) are uniform on the closed l-neighbourhoods {w + By(0) }ic(0,14) of w-

The proof of the above [2, Proposition 3.1] is direct, namely one may assign: a(D) = D3 —
O11A7Y (D11 — D12) — 912A7Y(2D13), where A~ corresponds to solving the Poisson problem
on w with the Dirichlet boundary condition. Consequently, a does not commute with taking
partial derivatives of the input matrix field D. An improvement of this construction, which is
crucial for the proof in [1], is given in:

Lemma 2.3. Given a radius R > 0 and an exponent v € (0,1), define the linear space E
consisting of C%-reqular, R2X2-valued matriz fields D on the ball Br C R2, whose traceless

. Sym —
part D =D — %(tmce D)Idy is compactly supported in Br. There exist linear maps ¥, a in:
¥ : E — C'Y(Bg,R?), a:FE — C"(Bg),
E={D e C"/(Bg,RE:2); D e ClV(Br,RY2)},

sym sym
with the following properties:
(i) for all D € E there holds: D = a(D)Idy + symV (¥(D)),
(ii) ¥(Id2) =0 and a(Id2) =1 in Bg,
(iti) [[¥(D)1, < C|Dllo and ||a(D)|lo < C||Dllo with constants C depending on R,~,
(iv) for all m > 1, if D € ENC™Y(Bg,R2X2) then ¥(D) € C™1(Bg,R?) and a(D) €

sym

C™7(Bg), and we have:
019(D) = ¥(9;D), 0ra(D) = a(9d;D) for all |I| < m.
(v) for allm > 1, if D € ENC™Y(Bg,R%:2) and if additionally Das = 0 in Bg, then:

sym

105 a(D)[lo < CIOS Dloy, 101V a(D)lo < ClIAVOETV Do,

for all s,t > 0 such that s < m, t+ s+ 1 <m, and with C depending only on R,~.
Proof. For f € C.(R?) we set ¢[f] =T « f € C}(R?) with I'(z) = 5= log |z|, namely:

Wlfl@) = 5= [ Tosle = l7(w) dy.

:27r
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Recall [6] that the operator 1[-] is well defined, linear and satisfies for any v € (0,1) and m > 1:
if f€C27(R?) then ¥[f] € C*7(R?) and Aw[f] = f in R?, (2.3)1

if f € C(R?) then W[f] € C"F27V(R?)

and Ory[f] = ¢[0r f] for any multiindex I with |I| < m. (2:3)2

Moreover, if supp f C Bpr then the following holds with a constant C' depending only of R, ~:

IV fllerr gy < Cllifllon (2.3)
Given D : B — ngxnzl such that D € C.(Br, ngxrﬁ), define the continuous vector field on R?:

(D) =¥(D) = (81¢[D11 — D] + 029[2D12], 019[2D12] — Oo9p[ D11 — D22])-

If D e C07(Bg,R2%2) then (2.3); implies that ¥(D) € C17(R2,R2), together with 9, ¥! —

Sym

0oW?2 = Ap[D11 — Dag] = D11 — Dag and 9, W2 + W' = Arp[2D15] = 2D19, so that:
D —symV(¥(D)) = (D11 — 6191 (D))Idy = (Dag — 059%(D))1do.
Consequently, there follows (i) and (ii) if we set, for all D € E:
a(D) = D11 — 0,9 (D) = Day — 8,0?(D).

Clearly, (iii) follows from (2.3)s3 while (iv) is a consequence of (2.3)2. For (v), the above
definition of @ and the assumption Dyy = 0, yield:

o8 a(D) = —0f (D) = ~0129(205 D1a) + 000[05” (D11 — Do),
8§t+1)8§S)EL(D) _ —8§t+1)8§s+1)\i’2(D)
= 01208705V Dyg) + 01900 08 (Dyy — Dag)].
This ends the proof in virtue of (2.3)s. |

As the final preparatory result, we recall two different single “step” constructions from [11].
The first one uses Nash’s spirals, necessitating two codimension directions in order to cancel
each of the non-zero entries of the given nonnegative defect in the diagonal form:

Lemma 2.4. Assume that k > 4. Let v € C3(R%,R¥), w € C'(R%, R?), A > 0 and a € C*(R?).
Denote I'(t) = sint, I'(t) = cost and define:

— v+ @ (1"(/\3;1)@1 + f‘()\xl)eg + F(/\:L‘Q)eg + f()\$3)€4>7

’ A (2.4)
W=w— ;) (F()\xl)VUl + T(A\z1)Vo? + T (Azo) Vod + f()\xQ)Vv4).
Then, the following identity is valid on R?:
(%(V@)TV@ + symVip) — (%(W)Tvu + symVw) — “(;”)21d2 05
— _g (P(Axl)v%l + T (\z1) V2302 + T (\ag) V203 + f(Axg)v%‘*) + %W ® Va. '

The second “step” construction uses Kuiper’s corrugations, in which a single codimension is
used to cancel one rank-one defect of the form a(z)%e; ® e;:
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Lemma 2.5. Let v € C?(R%,R*), w € CY(R%,R?), A > 0 and a € C*(R?) be given. Denote:
[(t) = 2sint, T'(t) = —1sin(2t), and for a fizedi=1...2 and j = 1...k define:

, 2

v=v+ CL(/\HC)F()\:L‘i)ej, W=w— a()\x)l“()\mi)ij + a(i)

Then, the following identity is valid on R?:

f()\xz)ez (2.6)

1 1
(§(V6)TV6 + symVw) — (i(Vv)TVv +symVw) — a(z)?e; ® ¢; o
2.7

. 1 1-
= —gI‘()\xi)Vva + 2—)\2F()\$i)2Va ® Va — XF()\.%‘Z') sym(V(a®) ® ¢;).

>

3. A PROOF OF THEOREM 1.3

In the proof below, the constants C' > 1 may change from line to line, but they depend only
on w, v, m and r (and thus, ultimately, on N), unless specified otherwise.

Proof of Theorem 1.3

1. (Preparing the data) Let y be as in Lemma 2.2, and ¢; as in Lemma 2.1. For [ € (0, lo]
we define the following smoothed data functions on the I-thickened set w + B;(0):

vo=v*xq¢;, wog=wx*q¢, Ag=Ax¢;, Dy=Ay— (%(VU())TVUO + symeg).
From Lemma 2.1, we deduce the initial bounds, where constants C depend only on m and w:
lvo — v||1 + [Jwo — w|1 < CIM, (3.1)1
|40 = Allo < C17]|Allo s, (3.1)2
V™ Daglo + |V g < Z%ZM for all m > 1, (3.1)3
VDl < %(IIDHO L (M) forall m > 0. (3.1)4

Indeed, (3.1)1, (3.1)3 follow from (2.1)2 and in view of the lower bound on M. Similarly, (3.1)3
follows by applying (2.1); to V2v and V2w with the differentiability exponent m — 1. Since:

1
Do =D x ¢ — 5((VUO)TVUO — ((VU)TVU) * qﬁl),
we get (3.1)4 by applying (2.1); to D, and (2.1)3 to Vo.

2. (Induction definition: iterative decomposition of deficits) Let the linear maps a, ¥
be as in Lemma 2.2. Also, let ro > 0 be a constant depending on w, 7, such that [|a(D)—1o < %
whenever || D —Idaljoy < 79. For r =0... N we iteratively define the perturbation amplitudes
a, € C®(w + B;(0),R) and the correction fields ¥, € C*(w + B;(0), R?) by setting:

- 1/2 o
a=0,  ap = (2a(01d2 4+ Do — gr_l)) U, =(Cldy + Dy — &_1),
2 1 )
with €= = ([ Dollos + 35 (IPllo + (1M)?) ),
and with the error fields &, € C*(w, ngﬁg) given by the right hand side of (2.5), namely:
; _ - 1
& = —% (r(m)v%l + (1) V202 + T(Aa2) V208 + r(m)v%‘*) + 13 Var ® Va,.
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Our definition of a, is correctly posed if only ||Dg—&-—1/lo, < roC. To this end, we right away
observe that || Dyl|o,y < 70C/2, while we will prove that the second condition in (1.6) implies:

1€ lloy < TC forall r=0...N — 1. (3.2)
Note that then automatically there holds for all r =1...N:

- 1
Cldy + Dy — & _1 = =(a,)%Idy 4+ symV ¥,
2 0 1 2( ) 2 Yy (3.3)

and  (a,)? € [C,3C] in @ + By(0).

For the future estimate of derivatives of a, of order m > 1, we use Fad di Bruno’s formula,
(3.1)4 and the bound (2.2) in Lemma 2.2 in:

(m) 2(1/2—p1—...—pm) (t) 2Pt
LARCUEL D DR 11902,
p1+2p2+..mpm=m t—
1 LI o
<C Y Femoen L C Dol +1€-1lla)™ (3.4)
p1+2p2+..mpm=m =1

. Ere
< 001/2 Z H <lt ||

p1+2p2+..mpm=mt=1

)

Additionally, applying Fad di Bruno’s formula to the inverse rather than square root, we get:

. 1 C VO (a" + a1
IVt )<ar n aT_1> lo = =172 > H ( c2 O) (3.5)

p1+2p2+..mpm=m t=1

The formulas (3.4), (4.10) hold for all » =1... N with constants C' depending on w, v, m

3. (Inductive estimates) In steps 4-5 we will prove the following estimates, valid for all
r=1...N, with constants C' depending, in line with our convention, only on w, v, m, r:

laylo < CCM/2 (3.6)1
V™a, o < C%CA/Q for all m > 1, (3.6)2
IVE, o < C);\l c for all m >0, (3.6)3
IV (&, = &1)llo < cw?i;;mé for all m > 0. (3.6)4

In general, C' — oo as m — oo or  — 00, so it is crucial that eventually only finitely many of
bounds above are used. We now check that (3.6)1, (3.6)2 are already valid at » = 1. Indeed,
(3.6)1 is a consequence of (3.3) since & = 0, whereas (3.6)2 follows from (3.4):

IV™ay o < C
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We now observe that (3.6)3 always follows from (3.6); and (3.6)2, because:

Vel < > W HIV@aro v Pullo +C Y7 AV Dy ol|VEal
p+q+t:m q+t=m

\P— 1/2 AP Ha—=1 )7 ~1/2 NGHt+2)\2y
<o ¥ Mletunse Y o O + 3 Saas0)
pHt=m p+q+t=m,q#0

qg+t=m
" 1 Y peal
<oy oot X (M)t+2+q§:: O L)< C C

ptt=m pt+q+t=m,q#0

if only A?7 < M. Strengthening this working assumption to:

Al 20
.7
/\27 “rg’ (3.7)

we additionally arrive at (3.2). Concluding and since (3.6)3, (3.6)4 are equivalent at r = 1, we
note that we have proven (3.6); - (3.6)4 and (3.2) at their lowest counter r value.

4. (Proof of the inductive estimates) Assume that the bounds (3.6);-(3.6)4 hold up to
some 1 <r < N —1. We will prove their validity at » + 1. By (3.2) and (3.3) we directly get
(3.6)1, whereas (3.4) and (3.6)3 yield (3.6)2, since for all m > 1:

m

t
IV™a, 110 < CCY? Z H (llt n %)pt

p1+2p2+..mpm=mt=1

< CCY? Z H(A )\"Y>

p1+2p2+..mpm=mt=1

- A7\ P1t+p2t..pm AT\Y
— 1/2ym < 1/2
CC2A E (7)\l> <C——— Y C

p1+2p2+..mpm=m

We have already justified (3.6)3 and (3.2) in the previous step, so it remains to show (3.6)4.
Towards this end, note first the rough bound below, in view of (4.10) and (3.6);—(3.6)4:

[vim ( +GT)H < 01/2 3 ﬁl(A;Alv)pt < CS/Q)\’”.

p1+2p2+..mpm=mt=

Further, since (a,11)? — (a,)? = —2a(&, — &-_1), it follows that:

1
190 (are1 = ar)llo < € 37 IV ((ar)? = (@)?) ol VO (o= ) o
qg+t=m

jr— (3.8)

c t ~1/2ym
A1/2 Z 1€ = Er—tllgnA” < CC P2\ (A7

qg+t=m

for all m > 0. Finally, writing:
Erit — & = — % (F(Aml)vzvé + D(A2) V202 + T(Aaa) V203 + f(AxQ)v%é)

+ )\12 ((Var+1 Va,) @ Vari1 + Va, @ (Varsr — VQT))7
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we conclude, in virtue of (4.14), (3.6)2 and (3.1)2:
IV G =& <€ 32 XTITD (a1 = ) ol VDl

ptgt+t=m
+C Z AV (a0 = a) o (VT Hagsa o + |V Da, o)
qg+t=m
. A(@2r—1)y ZM )\q+1/\(2r Dy \t+1y7
< oCcY? Apta—l +CC A2
<coxm > AT v e
ot MDA (AD)r+1 (AD)r+1

This ends the proof of (3.6)4 and thus of all the inductive estimates, under (3.7).

5. (End of proof) Define § € C>(@ + B;(0),R¥) and & € C>(& + B;(0),R?) according to
the “step” construction in Lemma 2.4, involving the periodic functions I', I":

V=1 + L( ()\:vl)el + F()\J:‘l)€2 + F()\xQ)eg + F()\wg)&;)
@ = wo — 7( (Az1)Vod + T(Az1) Vol + D(Az2)V20d + f(Axg)wé) Uy — Cids.

We now show that (3.6); - (3.6)4 imply the type of bounds claimed in the Theorem. Observe
first that, in virtue of (3.7):

1P| < C||CId2 + Do — En—1lloy < CC,
- - C AN -
IV2T |l < C||Clds + Do — En—1]l1 < c(c + TC) <O
To prove (1.7)1, we use the above, (3.6)1, (3.6)2 and (3.1)1, (3.1)s:

3 A - .
15 —vll1 < flvo — vl + c(HaNHo + W) < C(ZM +CY2 4 WCW) <cc'?,
5 ~ Va Vo + ||a V2
45— wll < o — wly + € (€ + ol o WavlolVeolo +lenTol¥wolo) | g,

A7 - .
< 1/2 ez 1/2

(v +¢ IVoollo + - - Mea +56 IVeollo +C)
< OCYV2(1+ || Vuollo + 1M + CY?) < CCY2 (14 CY2 4 ||Vojo).

Similarly, there follows (1.7)a:

- VZa
1928l < I9%ollo + O(Alaxlo + [Vax o + 1 -10)

Y ~ ~
<c(Mm+ (AT +2)C2) < eaC?,
IV2@lo < [IV2wollo + C(/\IICLNHOIIVUOIIO + (IVanllolIVvollo + llanllo[I¥vollo)

n 1V2an ol Vuollo + | Van]lol[VZvollo + llan ol VPuollo
A

§C<M+ (1+ A+ l)01/2(HVv||o+lM) CY2M +1C)
< OXCY2 (14 CV2 + | Vo)o).

)+ 1% o
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Finally, (2.5) and (3.3) yield (1.7)3, in virtue of the decomposition:

~ 2 ~
D = (A — Ao) + Dy — ((a];]) Ids + En + symVV N — CIdg) = (A — Ao) — (SN — 5N_1),
and further, in view of (3.1)2, (3.6)4:

5 )\2(]\/ )’y _
IDllo < 14 = ollo + llE — En-1llo < € (Pl Allos + C=5755-C):

We now summarize the obtained bounds, under the assumption 2 /\27 > (), in the following form:
|5 = vl < CX2( Dy + 1),
i — wlly < CAY (DY + 10) (1 + DY + 1M + [Vollo),
V250 < CAX2(I D))y + 1),
V2@l < CAN (D]l +1:) (1 + | D}y + 10 + [ Vo]o),

AZN’y
1Pllo < C (1Pl Allo,s + A~y OON ~ (IDllo + (101)?).
The claimed (1.7); - (1.7)3 are obtained by rescaling 2N+ to . The proof is done. [ |

4. A PROOF OF THEOREM 1.4

In the proof below, the constants C' > 1 may change from line to line, but they depend only
on w, v, k, m, s, t and r (and thus, ultimately, on N), unless specified otherwise.

Proof of Theorem 1.4

1. (Preparing the data) Fix R,ly > 0 so that @ C Bg and 2lp < 1 < dist(w, 9Bg). Given
l,v,w, A as in the statement of the Theorem, we define the smoothed data on & + By_j/(2x):

1
Vo = Uk Pryak)y, Wo =Wk Pyar), Ao=Axdyar), Do=Ao— (§(VUO)TVUO + symVuwy),

where we used the mollifier ¢;/(ox) as in Lemma 2.1. Similarly to Step 1 of the proof of Theorem
1.3, there follow the bounds (3.1); - (3.1)4 with constants C' depending only on w, k£ and m.

We also set a cut-off function xo € C°(w + Byy—/(2k), [0, 1]) with xo = 1 on @ + BQZ_l/k, and
for all i = 1...(k — 1) we set the intermediate cut-off functions x; € C2°(w + By /i, [0, 1])
with x; = 1 on @ + By_(i41y/k- When lp < 1, it is possible to request that for any f €
C™(@ + Boj—j) and any multiindex I with |[I| < m, there holds:

1
l0:0Nllo <€ 32 Nonxillolldnflo <€ > 57 10n Sl (4.1)
Ii+12=1 I +1Ix=I

with constants C' depending only on w, k and m.

In the course of the proof below, we will inductively construct the intermediate data:
v;i € C%°(@ + By, RY),  w;i € C(@ + By i, R?),

1 _
D; = Ag — (i(vUi)TWi +symVw;) € C®(w + By, RYZ)  forall i=1...k,
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and, eventually, set (0,w) = (vg, w). All definitions will rely on the family of pairs of frequen-
cies {\;, )‘i}f:o that will be specified later, assumed to satisfy the monotonicity property:

- 1

)\02)\0:7 A=A <A SN <N S A < Ny (4.2)
and on the positive constants (where we set C_; = 0):
. 2 A IDlo+ (M) o AT |
Ci = —|xiD; A - CiaN(~—=—x+ %) for i=0...k (43
TOHX oy + A; ul)2 + Ci1A; <(>\i/)\i1)N + )\) or i (4.3)

The first term above is crucial, while the other two terms follow from the technical considera-
tions and are of at most the same order. We will show that for all i = 1...k there holds:

o =l < Oy, i = wlly < CCo* (14 G + [ Vullo), (44);
1—1 1—1
[Vuillo < cZé;/zm, IV2willo < €Y G Nua (14 G + Vo), (449,
s C;
180859, < CpMA;,  forall 5,20, (4.4)3

7

Observe that (4.1) and (4.4)3 result in:
Hﬁy)aés) (XiDi)|lo < CCININS for all s,t > 0. (4.5)
The bounds (4.4)3, (4.5) are already satisfied at i = 0 because of (3.1); - (3.1)4, and we have:

Co < C = (IDllo + (1M1)?). (4.6)

2. (Induction definition: iterative decomposition of deficits) We now define the
main quantities in the construction of (v;, w;) from (v;—1,w;—1) for i =1...k.
Let the linear maps a,¥ be as in Lemma 2.3. Also, let rg > 0 be a constant depending on w,
7, such that ||a(D) — 1H0 < 1 whenever 1D — IdgHoﬂ/ <rg. Foralli=1...kandr=0...N,
we define the perturbation amphtudes al € C*°(Bgr) and the corrections \I/Z € COO(BR,]R2) by:

a =0, (@) = a(Cildy + D - ).
il — \if(CN'iIdz-l-XiDi—Xigﬁﬂ)a for i=0...k—1,r=1...N.

The error fields & € C*°(& + By_/(2r), R352) above are given by the right hand side of (2.7)
(taken with 4, j = 1) after removing their [-]22 entries, namely:

& =— &F(Aixl)(v%é (Da20)e5?) +

: )\2 L(\zp)? (Va ® Val — (8:at)%e ®2)

N

- yf‘(/\ixl) sym(V(aﬁ,)2 ®ey) for i=1...k.

Note that C’Z‘Idg +x:D; — Xié’f_r} belongs to the space F as in Lemma 2.3, and so our definition

of ai*! is correctly pPSed if only ||x:D; — X15Z+1H0 4 < roC;. To this end, we right away observe
that ||x:Dillo,y < r0C;/2, while we will show that the second condition in (1.6) implies:

I:EH oy < TOQ’ forall 0=1...k—1, r=0...N—1. (4.7)
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Also, then automatically there holds, forallt=0...k—1,r=1...N:

éiIdQ + xiD; — g;,—’—i = (a i+1)2 Ids + SymV\I’ffl
. C; 3C;
+1\2 ~ 2
and (a;)* € [2 -

} in Bp.

3. (Inductive estimates) Fix i =0...k — 1 and assume (4.4)3. We right away note that
at i = 0, we indeed have (4.4)3 because of (3.1)4. In steps 4-6 below we will prove the following
estimates, valid for all r = 1... N, with constants C depending, in line with our convention,
only on w, k, v, t, s, r:

1857 (@210 < €A and (|05l |g < CCH2N for all s> 0, (4.9),
) B )\t+1>\8
H8§t+1)858) (Cbﬁ_l)QHO < CCi(Ll/)\)
A/ X )\t+1)\s for all s,t >0, (4.9)9
and [oalPai+! |y < céj/zL
! 2 ( H—l/)‘z)
)\(T_l)V
100057 (g1 — g71)||g < CCiN: Hvﬁ for all s,t>0. (4.9)3
z'Jrl 7

We observe that, at any counter value r > 1, the latter estimates in both (4.9); and (4.9)2
follow from the former ones, in view of (4.8). Indeed, this implication in (4.9); is trivial at
s = 0, whereas for s > 1 we use the Fad di Bruno formula:

||8§s)a§+1“0 < CH Z (a z+1)2(1/2 P1—.—ps) H ‘8 (a2 [P

p1t+2p2+...sps=s z=1

< CHG;—HH Z H (Ha l+1) ||0) < 0611/25\;;

p1+2p2+...sps=s 2=1

0

For (4.9)2, we apply the multivariate version of the Fad di Bruno formula. We note that the
above estimate is just a particular case of the more general formula below, but we first separated
the more familiar one-dimensional version for clarity. Let II be the set of all partitions 7 of the
initial multiindex {1}**! + {2}* into multiindices I of lengths |I| € [0, + s+ 1] (some of them
possibly empty). Denoting by |7| the number of multiindices in the given partition 7, we have:

1+1 HO

Ha?*”ﬁé“ai“l!o < CH Z(ai+1)2(1/2—|7r\) Haf(aiﬂ)QHO < Cllai* o Z H ||<9I

mell Ienm mell Ierm

1/2yt4175s 1/2yt41ys A
< OO Z( I - ><CC’ NN
n€ll  Ienm, 1€l it i1
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Additionally, applying Faa di Bruno’s formula to the inverse rather than square root, we get:

o1 ¢ 108G + aihlloyee _ C
H@é) 1 ) o £ =5 Z H 1 E < 12)‘57
<a7~ +a r+1 ) Ci/ p1+2p2+...5ps=s 2= 1< / ) C/
t+1 s 7 a —|r ) 7
Hai )65 )( T z+1 > o < CH Z +1 +1 —1—|m| H al(ar—i-l + ar—_i-’_ll)HO
mell Ien
i (4.10)
10ra o + 10rait i llo
= ~1/2 Z H C~,1/2
i mell Ien i

C i C i

)\t—‘rl)\s G < )\t—‘rl)\s 7

—~12 i+1 Z “ ) = 172 +17%
Cz/ nell (Iem 1el /\H'l) C; / i1

4. (Induction base: r = 1) In this step, we check that (4.9); — (4.9)3 are valid at the
lowest counter value r = 1. Indeed, for all m > 0 there holds, by Lemma 2.3 (iii) and (iv):

IV @20 = 3 Jla(0r(Citda + xiD3) )
[[=m (4.11)
<c|vm (éiIdQ + x:Di)lloy < C(éi + Hv(m)(XiDi)HO,'y) < CCAY,
in view of (4.5) and since £ = 0. This yields, as explained in step 3, that |[V(™a/ ™|, <
6’1/25\7." implying (4.9)1 and (4.9)2, as Ai;1 > A;. Further:

0007 o< C 3T M IV o T g

pP1+qr+z1 =t
q2 + 22 =35

+C Z /\€i12”v(q1+q2+1)azi+l”0||v(z1+z2+1)ai1+1||0 +C Z )\?4:11||v(q+8+1)(a§+1)2”0

pL+q+z1=t p+q=t
q2 +22 =8

AP~ 1)\q1+q2 )
<C Z (H‘lilc/ (lM)—i-/\pl 2X11+Q2+21+22+2 >+C Z )\+1 ;]_:,_34_1

[71t+z2+1
Pr+qrt+z1=t¢ pre
G2+ 22 =5
) B N\ IM i
N \ i \qtzitl i \q1+z1+2
< CCZ)\Z'-H)‘i Z ()\7) (N ])F1 22+ + ()\ ) )
it =t i+1 CZ()\zl) i+1

Ai \qr1 o AL
+ OO X8 )T <o
1 p;q:t( ¢+1) (Nir1/ M)

for all s,¢ > 0, because (IM)/(A\l) < ~i1/2 by (4.3). The above is precisely (4.9)3 since & = 0.

5. (Proof of the inductive estimates (4.7), (4.9); and (4.9)2) Assume that the bounds
(4.9)1 — (4.9)3 hold up to some 1 <7 < N — 1. We will prove their validity at r + 1. We start
by noting a direct consequence of (4.9)3 in view of (4.1) and the interpolation inequality:

™y

, . N
1087057 (xa (€7 — €1 [lony < CON AT forall s,t> 0. (4.12)
(Nir1/ M)
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Further, since & = 0, it follows that:

r A7 A7
o €N oy < OO L) < cOoN ASLL. 4.13
1017057 (F Moy < OCNy > vl NGy ()
In particular, the requirement (4.7) is automatically justified, because:
i s A T 0@‘
XiE M oy < CC—H— < ==,
I o (Ait1/ i) 2
provided that the following working assumption holds:
7 _i 2 .
Qiet/d) S 20 =0 k1. (4.14)

v
/\z+1 To

To prove (4.9)1, we use Lemma 2.3 (iii), (iv) and argue as in (4.11) in view of (4.13):

1057 (@) o = fla(25” (Cilda + xiDi — i) |,
A S S 7 2 NS )\;Y S\f NS
< (G + 1087 06Pilos + 1057 06 ™)l ) < OG (14 37 + 535 ) < O

Finally, (4.9)2 follows by additionally invoking Lemma 2.3 (v) in:
Ha§t+1)a§s)(aiill)2”o < H (a(tJrl)a(S) (C Tds + s Z))Ho + H8£t+1)8§s) (a(Xigiﬂ))Ho
< C (105 (xDi) oy + 100705 (i) o, )

\Y
< OC (AN + AL et ) < oG, AT
( + Ait1 ()‘i—l—l/)\i)) it+1

6. (Proof of the inductive estimate (4.9)3) Noting that:
(a;31)? = (") = —a(xa(EH - €711))

and recalling the inductive assumption (4.9)3, we get from Lemma 2.3 (v) and (4.12):

S 7 7 S 7 7 s A:ﬂ/
1057 (@5£3)° = (@)l < €l (& = £ o < CON 20,
188188 ((a71)2 = (@) o < €100 (€ = E741) o (4.15)

ALY
< CC At-l—l)\s$_l7
T N /)
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valid for all s, > 0. We now combine the above with (4.10) to get:

S ) 3 ? 7 1
||6§ )(arJ—rl-ll - T+1 =< ¢ Z Ha(P rj—ll - ( —H H Ha ( i+1 z+1) HO
ptq=s A1+ ar
AT
<00 Pyl
T T /)T
1 i i
16 V05 (a3 — alt)]lo
7 7 1
<c Y 8PVl ((aifh)? — (aith)?)lo]| o 85" (7Z+1 N aH'l) lo  (4.16)
prta=t+1 @41
p2+q2 =35
< 001/2)\154-1)\3 )‘% + Céil/2 Z )\p1+q1 /\p2+qQ )‘nl

T (N /) N OV Y

prta=t+1
p2+q2=s,q1 > 1

A
< Ccl/QAtJrl)\s#il‘
T N /)

Towards proving (4.9)s, we first write:

it1 i+1 a:ill —a; 24 ®2
=& == Tm@) (Vi - (Da2vh)es
i+l

1 ) ) ) . ) .
——T(Aiy121)? ((va;fl ~Vait) @ Vait] + Vait! @ (Valtl — Vaitt)

2

+
— ((020i11)? — (Daaft1)?)e5?)

! T(Xip1z) sym(V((a17)* = (aF)?) @ e1),

Aig1

with the goal of estimating, for all s, > 0:

1008 (g1 — g+ |y

r

<C Z )\ﬂ_zlnag]l)aéfn)(aﬁ_ll _ af“+1)||0Hv(21+22+2)UOHO
p1tq1+z1 =1t
G2 +22 =5

+C Z >\P112||a q1 8(q2)V( :"J—ri-ll _ H—I)H %

p1t+q1+z1 =1
g2+ 22 =35

(4.17)

x (165652 Vai o + 965 Vait o)

+0 3 N800V ((@iFh)? — (@i o

pt+q=t
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The first term above is bounded, in virtue of (4.16) and (3.1)2, by:

ccPani, (Y A A1
L S R Qe e
g2+ 22 =358

+ ¥ R L S )
\atatl (Ai—ﬁ-l/;\i)r—H [A1tz2+1

p1t+aq1+z1=t¢ i+1

q 21
q2 + 22 = s

_ _ 1 AT 1 AL,

< OO ML L )
1 +1 pl_’—Zth ()\i+1l)21+1 ()\i+1/)\i)T p1+(hz+:21t (/\i+1l)z1+1 ()\Hl/)\i)r—l-l

R i
< CON N ———
B i /)

in virtue of (4.3). Similarly, the third term in (4.17) is estimated through (4.15), by:
_ 5\$+1 /\TW’ 3 )\TW B _ /\TW
CON (5 L I =R BN 5167 ) | M—" s = W—
T\ iz (N /N7 2 (Aig1/xe) /)

p+q=t, ¢>1

For the middle term in (4.17), we obtain the bound:

A2FTIN™Y Nq2t+1lyry
CCit LA Ay yeetl 1A i1 51 jeatl
Bas A2, (N /) + 242 () L
qo+z2=5 i+1( z+1/ z) pito =t )\i+1 ( 1+1/ z)
z1 > 1
q2 +z2 =35

q1+1yg2 7Y
LA AT A a2

+ Z ALFZ (N /) @

p14+q =t i+1

@ =1
g2+ 22 =5
+15 T
. 3 L AL AL A3 gt
p1+qr+z1=t )\g—li-—il_21+2 (Ai+1/)‘i)r+l B
g1 > 1,z1>1
q2 + 22 =35
e A
< CON N ———
= 41" (Ai+1/)\i)r+2
where we repeatedly used (4.16) and (4.9)1, (4.9)2. In conclusion, (4.17) yields (3.6)4:
. , . _ AT
(t) 5(8) ( cit1 _ i+l B\ s i+1
1010, (5r+1 &, )||0 < CCiAiA; 7()\“1/5\1‘)”1'

This ends the proof of all the inductive estimates, under the assumption (3.7).

7. (Adding the first corrugation) Define the perturbed fields v; € C*°(w + Bgl_il/k, R¥)
and w; € C™®(w + By,il/k, R?) in accordance with Lemma 2.5 (here, i = 1...k):
i

a at < akb)? - - -
Vi = Vj—1 + )\—]YF(Aixl)ei, W; = Wij—1 — TNF(/\Z'JH)V’U(Z] + ( ;\V) F(/\iflfl)el + W?\T — Ci_1ids.
i i i
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Observe that, recalling (4.9)1, (4.9)2, there holds for all s,¢ > 0
1017057 (0} —vi Dl < € 37 A 0170 ay o
r (4.18)
1/2 1 A 1 :
<CCZ/1)\’L i— 1()\+ Z )\2)<CC>‘1 i— 1)\7

' pra=t, ¢>1

1 =0p):

In particular, by (3.1)1, (3.1)3, the above yields (since v¢_

15 = v/l < llvo — vllx + 115} = vi_y |1 < COM +C}3) < CCy?, (4.19)

Ha S)v2 ZHO < ||v(t+s+2),0 H + CC1/2>\t+1)\s < 001'1/2)\;‘&1)\;9_1

by (4.6) so that (IM)? < CCy, and by (4.3) which yields [M < 01/2()\ l), and as long as
(4.20)

Ci_1 < CC.

Now, by Lemma 2.3, (4.5), (4.13) and (4.14) we obtain

1N 11 < CIxi-1Di-tlloy + lIxi-1EN—1lloy) < CCiy,

A A N AN o N
v? < C(||xi—1Ds— i1E% < C(Cisi\ ) <CCiii N,
1729l < C(lhi-1Pi-tllg + [xi-1€v-ilia) < C(Gimdins + 755C) < OCiny

and consequently, (4.9)1, (4.9)2 (3.1)1, (3.1)3 result in the estimate

;= wimtll < €(Cimt + laiy loll Veollo + @)l
9ol Pvollo + Ieiloll el + 19 (¢l

Ai
~1/2
M
l o2y C)

1/2
< —
_C(CZ 1+ G 1IVwollo + 5 o 1/A IVollo + W
< CC2([Vuollo + C/3) < CCHMA (1M + C2 + || V]lo)

< CCP(CY? + | Vullo),
V2wi_1[lo < |V*Unllo + C()\i(|’a§v||0HVU0||O + || (aly)?[lo)
: \2

|V2w; — V1|0 <
+ (IVaillollVoollo + llai [l V?vollo + 1V (aly)?[l0)
HvzaNHOHVUOHU + [[Vaiy llolV?uollo + llafy lloll V3vollo + V2 (ay)? ||o)
Ai
QlM)
l

< C()\'éi 1+ ()\z‘ + Xz,l)ézlﬁ(HVvHo + ZM) + Cl/

< ONC (M + G + [Voullo) < CCiani(C!® + ([ Vollo)
(4.21)
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Finally, we note that (2.7) and (4.8) yield the decomposition on @ + Bgl_il/kl

D; = Ag — ( (V0:) ' V; + symVa;)

aN 61 e + 5N + SymV\IIN éi_lldg)

1 i (4.22)
— ( TN ()\ .731)8221)0 2)\22]:‘(/\1'1'1)2(62611\7)2) e X eo

) . . ai . .
= —(5;\] — g]ZV—l) + <<aZN)2 + TNP(/\j.I’ﬂ@QQ'Ué ()\ xl) (82@%)2>€2®62.

2)\2

8. (Adding the second corrugation) We now update of v;, w;, to new fields v; € C*°(w+
BQZ,il/k,Rk), w; € C®(w + BQI,il/k,]RQ) by using Lemma 2.5 (with ¢ = 2,7 = 1) and the
perturbation amplitude dictated by (4.22), namely:

) (4 ) () 2
v; = U; + b ( ) ()\ .Tg)el, w1 = Wy — bEi)F(XﬁL‘Q)V@i + b (71‘) F()\il‘g)eg,
. , (4.23)
. . a . .
where (b%)% = (a¥y)? + )\—]\"I’()\ixl)aggvé - WP()\ixly(agaﬁV)z.
Firstly, we argue that b € C*°(@ + By_; i) is well defined, since by (3.1)3, (4.9)1, (4.9)2:
aly i 1 2 i \2 1/2 (M) Aic1 5 i
5O dnath = 35T ) (@2, < c(¢hs SELRCE (2 v ) ) <CCis =
Assigning \;_1/); small as guaranteed by (4.14), the bound in (4.8) implies:
: Ci1 = ) _
()2 e [—1,2@_1} in @+ By (4.24)
Likewise, for every t,s > 0 we obtain the first set of bounds in:
10570920 < COadiy 10108 ()20 < CCaANEY, (4.25)

185 b g < CC3Ns, 12l lo < CCL NN

while the second set of bounds follows by the Faa di Bruno formula as in step 4. Further:

1057 (i —ah) o < € S YO0 <ccf/?-%

pt+g=s
t+1 s), i i yp—1 t+1 i
Jof Vo) i = wllo < € > Aol v g (4.26)
ptqg=s
<coiix Y MAEL _ caig i
— i—17" q-l—l — i—17\ "M 5\2 )
ptg=s i
as in (4.18), which combined with (4.19) implies that:
v} = vl < |5} — v l1 + CCY3 < CCy?,
(4.27)

[V20l|o < Céil_/i ()\i + X+ /_\1;1) < Céil_/?;\i,
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and further:

lwi —wi—1|]1 < ||w; —wi—1|h

i i i Vo (ol VE o + 160l V220 + [V ()20

I e RS A RS oty
< CC (G + G5 + 11Vullo) < CCL3 (G + [Vulo).
1V2wi = V2w llo < V205 = V2w llo + C (A (16 oll Voillo + 116 21lo) (4.28)

+ V6 ol V5o + 161101725 10 + IV (6°)?[lo

n V20 lol[ V5o + IVE ol V25 llo + [16*[lol V255 0 + HVQ(bl)2Ho>

Ai

< CCMAN(C? + G2 |1 Vollo) < CCM2N (G + | Vollo),

where we used ||[V32¢]|p < C’éjﬁ)\?

Finally, Lemma 2.5 implies:

bi)262 ® e + F

—

(%(Vvi)TVvi + symei) — (E(V@i)TV@- + symVu’)Z-) =
(4.29)

, b 4 1 .
with F' = - T(\iz2) V20! + ﬁr(&@)?vw ® Vb — Tr(AZ-:z;z) sym(V(b')* @ e2),
where the bounds (4.25), (4.19) yield for all s,¢ > 0:
S el S Ve 1 S v
pt+q+z=s
+C Y XTIV o057V o+ C D0 ATV () o
pt+qtz=s p+q=s

oI NNA M aH Y
< Cszl)‘zs( Z W + Z W + Z F) < CCi,l)\fy,

p+qt+z=s i ptrqtz=s i ptrg=s i t
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Hai(tJrl)a;S)]:iHO <C Z )\plea fI2)a q1) bz”ona z2) 21 V2 z”

pP1+q1+z1=s
q2+22 =t+1

+C Z )\pl 2”8 q2) fh)VbZH Ha 22) Zl Vsz

pP1+q+z1=s
q2+z2 =t+1

+0 Y et al0v (02

ptq=s
3\ 1yg2—1
B _ )\Ql )\t+2>\21 )\Ql+ )\ _
1 —1
<CCi1 A8 5 U B E Zizl Th \zAla
¢ /\Q1+21+1 )\q1+z1+1 i i—1
Pitqitz=s i pP1+q1+2z1=3s i
q2+z2=1t+1, g2 >1
¢I1+1 q2yz2 yz1+lyqi+1
+ E )\ >\t+1/\21+1 + 2 /\7, )\ifl)\ifl )\ifl
)\q1+21+2 @ ;\q1+z1+2
p1tqi+2z1=s p1+q1+z2z1=s %
g2 +z2=1t+1, 2,22 > 1
1
>\t+1 q+ )\
+ E ) <00 1)\t+1)\5
)\CI+1 )\
pta=s "M

Since the new defect can be written in virtue of (4.22) and (4.29) as
_ 1 1
D, =D; — ((E(Vvi)TVvi + symei) — (g(Vﬁi)TVﬂi + symvwl))
_(S}LV - g}i\ffl) - ]:ia
then (4.9)3 together with the above developed bounds on the derivatives of F imply:

16705 D;llo < CCi1 AN 1i+0q IR
(Ai/Aim1)V Ai
N(V-1) \ (4.30)
<COC NN (i 1+ 29) forall t,s>0.
B o Z<()\i/)\z‘1)N - )\i> oran he =

9. (Conclusion of the proof) From (4.30) we see that (4.4)s is satisfied, together with:

(N=1)v 2
. S (A A\ |, 1o (Dllo + (1M)?)
Ci<CO N (2t 4 25 4 X) -
= i ((Ai//\i_l)N * )\i) * (nil)2
Also, from (4.27), (4.28) we get (4.4)1, (4.4)2, provided that (4.14), (4.20) hold, namely:
C; <CCy and Qifdic) S 2C =1k (4.32)

¥ =
oy 0

forall i=1...k. (4.31)

We now make a scaling assumption, towards obtaining the final form of the constants C;. Set:

Ai Ai \N .
= <X2~_1) for all i = 1...k, (4.33)
which equivalently reads: )\ﬁvﬂ = S\J\ij\il and further: (Ai/j\i,l)N = (S\i/j\i,l)N/(NH). We
also assume the following condition:

(Ni/Ai-1) S (E)N“

W = ro fOI' alle=1...k. (434)
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Observe that the above implies the second condition in (4.32) because:

AifNic1 _ AifAic1 i/ him\ VW) 20
i = X _<)\(N+1)7) > —

ro
whereas the first condition in (4.32) also then holds, as (4.31) becomes in view of (4.34):

Y A L (IDllo + (1M)?)
C; <CC;_ = )
= CE AN T e
e G o 5o 1Pl + (121%)
= (N A WD/ (VD) i (D)2 ’

so that a straightforward induction argument shows that:
~ éo é[) .
C; < C()\i/)\o)(N—l)/(NJrl) C()\il)(N—l)/(N-i-l) foralli=1...k. (4.35)

Also, we note that the monotonicity of the sequence:

1 - AN+ . .
l—/\og( )l =A< . <ALl < Ay (436)

implies the monotonicity properties in (4.2), because then \; = (MAN )V/VHD > X, | in view
of (4.33) and thus also \;/\; > 1, foralli=1...k.

Finally, we assign the progression of frequences in (4.36) motivated by (4.4)2, namely we
request:

C’ll_/?f\z < CC’S/Qj\l foralli=1...k, (4.37)
which in view of (4.35) is implied by: \;l < C(S\il)(S\i,ll)(N_l)/(Q(N“‘l)). We thus set:

Nl = C(E\il)(;\i_ll)(Nil)/(Q(NJrl)).
The above is a straightforward recursion, which in the closed form yields the formula:

- - 1- (2(]>[\f+11))Z

T 2(N+1)
that indeed is compatible with (4.36). Towards verifying (4.34), the above implies:

Wit | (D ey, _ QD1 N e )
5\]‘V(N+1)'y (Xll)N(N—i-l)'yai )\N(N+1)fy y

Since the exponent in the numerator term above, for every ¢ = 1...k can be estimated by:
N -1 )k

2N+1)/ "

if only ~ is sufficiently small in function of N and k, we see that (4.34) is implied by:

N1 \k 1
g — . >
@i — a1 — N(N + 1)ya; + Ny > (2(N - 1)) YN(2N +3) > (

- (20 ()’ (4.38)

AZN (72%Vf11))kv Mo
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while (4.4)1-(4.4)3 result in:

loe — v]l < CCL*, Jwi —wly < CCY2 (14 Cy% + [|Vollo),
HVZ’l)kHO < CC /2)\1, ”VQU}kuo < 063/25\1 (1 + 03/2 + HVUH()),
Dy | <CCk <C Cl

k110

= e
We now summarize the obtained bounds, under the assumption (4.38), in the following form:
lox = vll < CX2(ID)lg/* + 101),
lwx = wlly < CXV (DIl +1M) (14 D]}y +1M + [ Veo).

PVALER DY v/2
Iv2ulo < ¢ A (2 4 ),
AN+
2wl < QX (D2 400 (14 DI + 101+ [),
A7
[Dello < C w (IDllo + (101)?)

(D) e (1*(25@11))

The claimed (1.8); - (1.8)3 follow by rescaling 2N(2(N+1)) ~ to 7. The proof is done. [ |

5. A PROOF OF THEOREM 1.1

The proof of Theorem 1.1 relies on iterating Theorems 1.3 and 1.4 according to the Nash-
Kuiper scheme, whose proof and estimates involving the Holder exponent, as in the decompo-
sition Lemma 2.2, were given [12]. We need to further adjust these iteration estimates in view
of the new assumption in (1.6). Recall the following:

Theorem 5.1. [12, Theorem 1.4] Let w C R be open, bounded and smooth, and let k,J,S > 1.
Assume that there exists lo € (0,1) such that the following holds for every | € (0,l]. Given
v € C3@ + By(0),RY), w € C*(@ + By(0),RY), A € C%F(w + By(0),RYD), and ~, A\, M with:

cO,  A>q Mmax{lol fwls 1}, (1)
there exist © € C?(w + By(0),R¥), w € C*(w + By(0), R?) satisfying:
15— wlly < OX2(|Dl* + 101),
[ = wlly < CAY(IDllg/* + 1) (1 + D]}y + 1M + [[Vo]lo),
1230 < O xor2(ipyy 4 1ar),
V20| < cAD” ) XN (D)8 +1M) (1 + D)% + 1M + || Vollo),

1Dlo < c(zﬁnAuo,a + s (1Dl + (1M)?)).

AY
(M)
with constants C' depending only on w,k,J, S, '7, and with the defects, as usual, denoted by:
D=A-(3(Vv)'Vv+symVuw) and D= A — (2(VD)TVE + symVd).
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Then, for every v,w, A as above which additionally satisfy 0 < ||D||o < 1, and for every a in:

)
pacmn{f 51 ;2
B Ry (52)
there exist v € C1*(w,R¥) and w € C1*(w,RY) with the following properties:
_ 2 1/4 _ 1/4
[ =l < O+ Vo))’ [Dolly™, o~ wlh < O+ ([Vo]0)?ID]",

1
A-— (§(V6)TV5 +symVa) =0 in @.
The constants C above depend only on w,k, A and «.

The above formulation does not allow iterating on the construction in Theorems 1.3 and 1.4,
because of the assumption A =71 > 0. We however observe:

Lemma 5.2. Theorem 5.1 remains valid if (5.1) is replaced by a more restrictive assumption:
ye(0,1),  AT>00, M >max{[|v]lz, [wllz, 1}, (5.3)
where oy > 1 is a given constant depending on w,k, S, J, .

Proof. We only indicate changes in the proof of Theorem 1.3 in [12], referring to the formulas
numbering in there. In step 1, the general requirement (4.3) is now replaced by:

l; _
liy1 < é, li)\,} 7> 09, M; > max{|vilz, |will2,1}, M; /oo,
1Dillo < (LiM;)?,  1;M; — 0,

taking into account the middle assumption in (5.3). In step 2, formulas (4.6), (4.8) and (4.11)
are augmented by the additional requirement on b in the definition \; = b/1¢:

bl/2 > agg.

Steps 3 - 5 remain unchanged. In steps 6 and 7, we augment (4.22) and (4.24) by the same
bound above, and proof of their viability is the same. Step 8 remains unaltered. |

We note that Lemma 5.2 automatically yields the following result below, where we compute

% = ﬁ, with: % = % — 0 as N — oo when k > 4, while in the general case:

J N+3 1 2k—1
R — = as N — oo

S aN-1)- ()Y 20— 21

Corollary 5.3. Let w C R? be an open, bounded and smooth domain, and let k > 1. Fiz any o
as in (1.4). Then, there exists ly € (0,1) such that, for everyl < ly, givenv € C*(w+By(0), R¥),
w € C?(@ + By(0),R?), A € COP(@ + By(0), R2X2), such that:

Sym

1
D=A-— (Q(VU)TV’U +symVuw)  satisfies 0 < |Dllo <1,
there exist v € CH*(w,RF), w € CH*(w, R?) with the following properties:
- 1/4 - 1/4
15— vl < CO+ IVell)IDI", 1@ - wli < O+ [Volo)* Pl

1
A= (3(VO)'VD+symViw) =0 in &.

The norms in the left hand side above are taken on @, and in the right hand side on @+ Bg(0).
The constants C' depend only on w, k, A and a.
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The proof of Theorem 1.1 is consequently the same as the proof of Theorem 1.1 in [12], in
section 5 in there. We replace w by its smooth superset, and apply the basic stage construction

in

order to first decrease ||D||o below 1. Then, Corollary 5.3 yields the result. [ ]
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