QUANTITATIVE IMMERSABILITY OF RIEMANN METRICS
AND THE INFINITE HIERARCHY OF PRESTRAINED SHELL MODELS
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ABSTRACT. We propose results that relate the following two contexts:

(i) Given a Riemann metric G on Q' = w x (—3,1), we study the question of what is the
infimum of the averaged pointwise deficit of an immersion from being an orientation-preserving
isometric immersion of G|gr on QF = w x (—%, %), over all weakly regular immersions. This deficit
is measured by the non-Euclidean energies £", which can be seen as modifications of the classical
nonlinear three-dimensional elasticity.

(i) We complete the scaling analysis of &M in the context of dimension reduction as h — 0,
and the derivation of I-limits of the scaled energies h™2"&", for all n > 1. We show the energy
quantisation, in the sense that the even powers 2n of h are indeed the only possible ones (all of them
are also attained).

For each n, we identify conditions for the validity of the scaling h?", in terms of the vanishing of
Riemann curvatures of G up to appropriate orders, and in terms of the matched isometry expansions.
We also establish the asymptotic behaviour of the minimizing immersions as h — 0.

1. INTRODUCTION

In this paper, we propose results that address and relate the following two contexts:

(i) Quantitative analysis of immersability of Riemann metrics.
(ii) Dimension reduction in non-Euclidean elasticity of prestrained thin films.

It is a well-known fact that a three-dimensional Riemann metric G has a smooth isometric im-
mersion in R3, if an only if its curvature tensor R(G) = {Rabcd}abed=1..3 vanishes identically. The
smoothness requirement may be replaced by the orientation-preservation of a Lipschitz continu-
ous immersion; then condition R(G) = 0 automatically yields smoothness and uniqueness, up to
rigid motions. When R(G) # 0, one may pose the question of what is the infimum of the average
pointwise deficit from being an orientation-preserving isometric immersion, over all, weakly regu-

lar, immersions. We study this question on a family of thin films {Qh = w X (—%, %)} o around

a given two-dimensional midplate w, where the said deficit is measured by the energy: &£"(u) =
fon dist?((Vu)G~1/2,80(3)). Our first goal is to determine the possible scalings: inf £ ~ h?, as
h — 0, in terms of powers 3 of the thickness h. We are then interested in identifying properties of
G, that correspond to each scaling range, in function of the curvatures. Finally, we want to predict
the asymptotics of the minimizing immersions as h — 0.

Similar questions arise in the context of the so-called prestrained elasticity. A prestrained elastic
body is a three-dimensional object, modeled in its reference configuration by a domain and a Riemann
metric G, which is induced by mechanisms such as growth, plasticity or thermal expansion. The body
wants to realize the distances between its constitutive cell elements, which are set by G, by deforming
its shape. This realization, taking place in the flat three-dimensional space, is impossible unless
R(G) = 0, which is precisely equivalent to having the stored non-Euclidean energy of deformations
infimize to zero (one can prove that the zero infimum is always attained as a minimum). In the
variational description of thin prestrained films Q", we thus study the nonlinear energies: {8 hu) =

1
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fﬂh W((VU)G_I/ %)}, 0 and, as above, want to determine the viable scalings of their infima, their
singular limits as A — 0, and the asymptotic behaviour of the three-dimensional minimizing shapes.

In our previous works [28, 6] we analyzed the scenario: inf &* ~ h2, whereas in [29, 30] we showed
that the next limiting energy level beyond h? is: inf EM ~ 4, arising when {R12 g }q,p=1..3 = 0 on w.
Then we observed that the further scaling level is: inf £ ~ hS and that it corresponds to R(G) = 0
on w. In the present paper, we complete this analysis and provide the derivation of the I'-limits Zo,,
to scaled energies h=2"E", for all n > 1. We prove the previously conjectured energy quantisation so
that h%" are indeed the only possible scalings, all of them attained (by G = e%3Id3). The obtained
singular limits {Zap}n>1 should be compared with the hierarchy of plate models in the classical
nonlinear elasticity [9], as follows. The energy Zs consists of pure bending, quantifying the curvature
under the midplate isometric immersion constraint. This is a Kirchhoff-like model, relative to the
ambient metric G. The next energy 7, consists of linearised first order bending and second order
stretching; this is a von Karman-like model, augmented by terms carrying the relevant components
of the Riemann tensor R(G). Each higher order energy Zy,, consists of linearised bending augmented
by the the order-related covariant derivatives of R(G) on the midplate. This is a linear elasticity-like
model, in the present context valid in the quantized scaling regimes n > 3, whereas in the classical
case appearing in the regimes h? for all 8 > 4.

Before we describe the set-up and the obtained results, we point out that recently, there has
been a sustained interest in studying shape formation driven by internal prestrain, through the
experimental, modelling via formal methods, numerics, and analytical arguments [36, 18, 14, 7].
Beyond the context of the present paper, higher energies inf " ~ h# with g € (0,2), have been
shown to result from the interaction of the metric with boundary conditions or external forces,
leading to the “wrinkling-like” effects. Indeed, our setting pertains to the “no wrinkling” regime
where 8 > 2 and the reduced prestrain Gays on w, admits a W?2? isometric immersion in R3.
While the systematic description of the singular limits at scalings 8 < 2 is not yet available, there
exists a variety of studies of emerging patterns: compression- driven blistering [15, 3, 4], buckling
[10, 11, 12], origami patterns [5, 39], conical singularities [33, 34, 35], coarsening patterns [1, 2, 38].
In [24, 25, 27], derivations similar to our results were carried out under a different assumption on
the asymptotic behavior of the prestrain (here, constant), which in particular allowed for the energy
scalings h? in non-even regimes of 3 > 2. General results have been presented in the abstract setting
of Riemannian manifolds [20, 19, 32]. On the frontier of experimental modelling of shape formation,
we point to [17, 16, 40, 21, 13] and to references therein.

1.1. The set-up of the problem. Let w C R? be an open, bounded, connected set with Lipschitz
boundary. We consider a family of thin hyperelastic sheets occupying the reference domains:

h h
272
A typical point in Q" is denoted by x = (21,2, x3) = (2, x3). We often use the unit-thickness plate
Q! as the referential rescaling of each Q" via: Q" 5 (2, x3) — (2/,23/h) € QL.

Qh:w><<— >CR3, 0<h<l.

The films Q" are characterized by given smooth incompatibility (Riemann metric) tensor:
G e C®(QN R3S ),

Sym,pos
and we want to study the singular limit behaviour, as h — 0, of the following energy functionals:
1
(1.1) EMwh) = h/ W(Vuh(:z)G(m)*l/z) dz :/ W(Vuh(a:’,hxg)G(x’,hxg)*l/Q) dz,
Qh fo}!

defined on vector fields v € W12(Q" R3) that are interpreted as deformations of Q". Above,
G(x)~'/? stands for the inverse of the square root of G(x). When G = Ids, the functionals £"
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are the classical Hookean nonlinear elastic energies of deformations, with the density W obeying
properties listed below.

In the present general setting, £"(u") is designed to measure the deviation of u” from being an
(equidimensional) isometric immersion of G’ on Q". Indeed, by polar decomposition theorem:

(1.2) FG™'/?2 € S0(3) ifandonlyif: F'F=G and detF > 0.
The Borel-regular, homogeneous density W : R3*3 — [0, o0] is thus assumed to satisfy:
(i) W(RF) = W(F) for all R € SO(3) and F € R3*3,
(ii) W(F) =0 for all F € SO(3),
(ili) W(F) > C dist®(F, SO(3)) for all F' € R¥*3, with some uniform constant C > 0,
(iv) there exists a neighbourhood U of SO(3) such that W is finite and C? regular on U.
By a more refined analysis [28] one can prove the global counterpart of the pointwise statement

(1.2), namely that: infyy1.2 E* = 0 if an only if all the components of the Riemann curvature tensor
of G vanish identically: {Rgp.cd}ap,cd=1..3 =0 on Ok,

In this paper, we determine the possible energy scalings: inf £” ~ hP in the limit of vanishing
thickness h — 0, and study the corresponding variational limits (I-limits) Zg of h=PEM, in the
regime B > 4 that has not been analyzed before. We thus complete the discussion of weakly
prestrained films, started in our previous works [28, 6, 29, 30|, that covered the range 5 € [2,4].
The energies Zg are typically of the form Z = ||Tensor(y)||3, defined on the appropriate sets of
limiting deformations/displacements y of the midplate w. They quantify the resulting curvatures in
Tensor(y) relative to G at the level induced by /3, and in the following weighted L? space on w:

(1.3) E = (L2(w,R22), [ - o), I1Flo, = (/ Qy(', F (') dx/)1/2.

Above, the quadratic form Qs carries the two-dimensional reduction of the lowest nonzero term in
the Taylor expansion of W close to its energy well SO(3). More precisely, we define:

Q3(F) = D*W (Id3)(F, F)

1.4 - - -
( ) QQ(ZE/, F2><2) = min {Qg (G(.I/, 0)_1/2FG($,,O)_1/2); F e R3X3 with F2><2 = F2><2} .

The quadratic form Qs is defined for all F' € R3*3, while each Qa(2’,-) is defined on Fhyo € R2X2,
Both Q3 and all Qs are nonnegative definite and depend only on the symmetric parts of their
arguments, in view of assumptions on W. The minimization problem in (1.4) has thus the unique
solution among symmetric matrices F', which for each 2/ € w is determined via the linear function
denoted by c(2’,-). More precisely, there exists the following map:

(1.5) Foyo +— c(x', F2><2) S R? with: Qg(x/, F2><2) = Q3 (G(l‘l,0)71/2(F5X2+C®63)G(x/, 0)71/2>,
where F35, 5 is the 3 X 3 matrix with the principle minor F>y2 and all other entries equal 0.

1.2. Description of the main results of this paper. As already pointed out, we will be con-
cerned with the regimes of curvatures of G, yielding the incompatibility rate, quantified by inf £,
of order higher than h* in the thickness h — 0. We first recall the following result from [30]:

1
(1.6) }ILiIr(l) 7 infé"=0 < Rapca(z',0) =0 forall 2/ € w, forall a,b,c,d=1...3.
—

The above conditions are further equivalent to existence of smooth vector fields g, 51, 52 cw — R3,
defined uniquely up to rigid motions, such that for the smooth R3*3 matrix fields on @:

Bo = [01yo, doyo, b1, By = [91b1, 9sb1, b)),
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there holds:
BiBy = G(2',0) with det By >0,

1
(1.7) and (BSBI)Sym = 583G(33,70)7

- - - 1
and ((Vyg)TVb2)S m T (Vbl)TVbl = *633G($/,0)2><2.

Note that the last equality above 1mphes that we can uniquely define a new smooth vector and
matrix fields: b3 @ — R? and By = [81b2, 8262, bg] so that: (BTBQ)Sym + BTBl 1833G(£L‘ 0)
This condition, together with the first two equalities in (1.7) is jointly equivalent to:

2 2
(1.8) (Z :Z%: Bk)T<Z g;;?" Bk> Gz’ x3) + O(R®) on Q" ash—0.

In conclusion, the following three conditions: the two conditions in (1.6) and the one in (1.8), are
equivalent. Our first main result generalizes this statement to all even order powers 2(n + 1) in
the infimum energy scaling, for any n > 2. Moreover, these scalings exhaust all possibilities in the
remaining regime: inf E® ~ h? with g > 4:

Theorem 1.1. The following three statements are equivalent, for each fixed integer n > 2:

(i) Riz12(a’,0) = Rig13(2',0) = Rya03(2’,0) = 0 for all ' € w, and ) Ris j3(x',0) = 0 for all
¥ ew,allk=0...n—2and alli,j=1...2.
(ii) inf &M < CR2nHD),
(iii) There exist smooth fields yo, {bk}"+1 @ — R3 such that calling {Bk = [815k, 825k, 5k+1] }Zzl,
in addition to By = [81y0, 0230, bl] satisfying det By > 0, we have:

37]§ T 373 / n+1 h
(1.9) (Z X Bk) (Z i Bk> G z3) +OMB"™) on Q" ash—0.
k= k=
Equivalently: Z <7§> BLB,_k — 8§m)G($/, 0)=0 forallm=0...n, for all 2’ € w.
k=0

We further show compactness and the lower bound, at any of the new viable scaling levels inf £" ~
h2("+1) - completing thus the analysis done for n = 0 in [28, 6] and for n = 1 in [29, 30]:

Theorem 1.2. Fizn > 2 and assume that any of the equivalent conditions in Theorem 1.1 holds.
Let the sequence of deformations {u" € WH2(Q" R3)},0 satisfy: EM(u) < Ch2 D). Then, the
following convergences hold up to a subsequence which we do not relabel:

(i) There exists R" € SO(3), ¢ € R3 such that the displacements {V" € W12(w, R3)}, ¢ in:
1 h/2 B
Vh(m’) = ][ (Rh)T (uh(x',xg) ( )+ Z 3 bk ) dzs
R J_ns2
converge as h — 0, strongly in W12(w,R3), to the limiting displacement:

(1.10) Ve, = {V € W2(w,R%); ((Vyo)'VV)_ =0 a.e. in w}.

sym
(i) The above condition V € V,, automatically defines p € W12(w,R?) such that:
(Bg [VV, 17]) =0 a.e nw,

sym
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o L hon
and we have: hlern_gglf mg (u") = Zony1)(V), where:

1 N ' n— 2
Ig(n+1)(V) :ﬂ . H(VyO)TVp + (VV)'Vb + ay [8§ 1)Ri3,j3] @j:l_,_gl 0,
- 2
(1.11) + - [[Bsy (08 Rugal, oy )| o

o 2
+ Vn H]P)Syo ([aé I)Rig’j?’] i,jzl"'Q) H QQ.

Above, Sy, is the following closed subspace of the Hilbert space E in (1.3):

Sy = closure]E{((Vyo)TVw)sym; w E Wl’Q(w,R3)},
whereas ]P’gy0 and ]P)S?!L denote, respectively, the orthogonal projections onto the space Sy, and
0

its orthogonal complement SyLO in E. The coefficients in (1.11) are:
0 for n odd

an = 3
27 (n+3)(n+1)!

for n even

1 1 for n odd
1.12 Bn = 2 L ’
(1.12) 22n+3(2n 4 3) ((n + 1)!) CEEIE for n even
n+1)2
1 En+2§2 for n odd
Tn = 3" 2 .
2203 (2n 4 3)((n + 1)!) (173)2 for n even
n

(iii) There holds on w:

n— 7 = n+1 T T
2 [0V Ri ja( )], ., =2((Vy0) Vbus1),... + < )(ka)Tvan_k
(1.13) 7 i N

— " G(-, 0)9x0.

We list a few related observations:

(i) When G = Ids, then each functional in (1.11) reduces to the classical linear elasticity. We
have: yo = id, by = e3 and V = {(oza:l +B,v); a €R, B €R? v € W2’2(w)}, and for

1
V' €V there holds: p'= (—=Vwv,0). Consequently: Zy(;,41)(V) = 24/ Qs (7, V%) dz’ yields

the classical biharmonic energy, in function of the out-of-plane scalar displacement v.
(ii) In the present geometric context, the bending term is given by: (Vyo)'Vp+ (VV) Vb, Tt
is of order h"x3 and it interacts with the curvature [aén_l)Ri&jg(-,0)]2.].:1.“2, which is of

order :ch+1. The interaction occurs only when the two terms have the same parity in x3,

namely at even n, so that a,, = 0 for all n odd. The two remaining terms in (1.11) measure
the (squared) L? norm of [8§n_1)Ri3,j3(-, O)]z’jzl,..Z’ with distinct weights assigned to the S,

and (Syo)L projections, again according to the parity of n.
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(iii) In the same line, the quantity %jnf T5(n+1) is precisely the square of an appropriate weighted
Yo

L? norm of [V(”*l)Rabﬁd] restricted to w, as it is quadratic in [6§n_1)R1‘37j3(', 0)]”.:1 , and:

%}anQ(n—i—l) >y - || [a?gn_l)Rig‘J?*("O>]i,j:1...2||292’
Yo

1

(530 + Ba) - 1105V Rz, 0)] 12,

lanQ(n—i-l) < Dyny1)(0) <

1 _
We note that: ﬂai + B = (223 (20 + 3)((n + 1)1)?) ' Also, it follows from Theorem 1.3

that: ianQ(n+1) = miDIQ(n+1).
(iv) The formula in (1.13) relates the quantities appearing in conditions (i) and (iii) of The-

orem 1.1. The curvature [Gén_l)Rigng(-,0)]1.].:1“.2 is thus precisely the coefficient of the

discrepancy of the order A"*! in (1.9) at the 2 x 2 minor, scaled by the (n + 1)!/2 factor.
(v) The finite strain space S,, can be identified, in particular, in the following two cases. When
yo = idg, then Sy, = {S € L3(w ngme) curl"curlS = 0}. When the Gauss curvature
£((Vyo) Vo) = £(Gaxa) > 0 on @, then Sy, = L?(w,RE%2), as shown in [26].
Our next result proves the upper bound that is consistent with Theorem 1.1 and yields the I'-
convergence of the rescaled energies h~2("*1) M to the dimensionally reduced limits Tyn+1) in (1.11):

Theorem 1.3. Fiz n > 2 and assume that any of the equivalent conditions in Theorem 1.1 hold.
Then for every V € Vy, in (1.10), there exists a sequence {u" € WH2(QF R3)}), 0 so that:

h/2
(1.14) o ][ (2, z3) <y0 + Z —bk> dzs =V ash—0, strongly in W% (w,R3),
h/2

1
and that: hn%) Wgh(uh) = To(n41)(V), where the limiting energy functional is as in (1.11).
ﬁ

It is worth noting the following self-evident application of Theorems 1.1, 1.2 and 1.3:

Corollary 1.4. Under either of the equivalent conditions in (1.6), assume that for some n > 2 there
holds: ng) [Ri3vj3("o)]i,j=1...2 =0onw, forallm=0...n—2, but 8‘%”71) [Rigﬂ'g(-, 0)]1.7].:1“.2 £ 0.
Then there exist ¢,C > 0 such that:

(1.15) ch? D) < inf gh < op2 D).

Moreover, the scaled energies E", T-converge to the limiting functional Doty in (1.11),

1
h2(n—1)
effectively defined on the space Vy, of first order infinitesimal isometries in (1.10).

For completeness, we note that the conformal metrics of the form: G(a/, z3) = e20(*3) [ d4 provide

a class of examples for the viability of all scalings in (1.15). Indeed, the trace midplate metric
20(0)1dy has a smooth isometric immersion yy = €?idy : w — R2, and the only possibly nonzero
Riemann curvatures of G are given by: Ri2 12 = — ¢ (z3)%e20(®3) Ri313 = Rog23 = —qb”( ) 2¢(s)
By Corollary 1.4 we see that inf £¥ ~ h2™ if and only if $*)(0) = 0 for k = 1...n—1 and ¢(™ (0) # 0.
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1.3. The structure of the paper. In sections 2 and 3 we work under the assumption (iii) of
Theorem 1.1. First, in Lemma 2.1, we give an easy proof of the implication (iii)= (ii). The obtained
energy-consistent deformation field is further used as the local change of variables allowing for the
application of the nonlinear rigidity estimate [8] in the present context. This is done in Lemma
2.2 and Corollary 2.3, and it yields an approximation of an arbitrary energy-consistent deformation
gradient Vu", by a non-symmetric square root of the n-th order Taylor expansion of the metric G,
derived from the expansion guaranteed in (iii). Both the approximation error and the L? norm of
the gradient of the rotation field component are energy-controlled. In Lemma 2.4 we then prove the
compactness part of Theorem 1.2. In Lemma 2.5 we conclude a preliminary lower bound estimate,
involving a version of the functional Z5(,41), whose curvature terms are still expressed in terms of
the expansion fields in (iii), as suggested in the right hand side of (1.13).

In section 3, we develop a geometric line of arguments, serving to prove (in Corollary 3.6) the
identity (1.13) under assumption (iii). In Lemmas 3.1 and 3.2, we partially reprove the equivalent
conditions valid at the previously analyzed scalings h? and h*. These statements are then generalized
in Lemma 3.5, where we show the implication (iii) = (i), resulting also in the existence of a one
order higher approximate field 5n+1, that is given solely through the Christoffel symbols of G on w.

In section 4 we finally prove Theorem 1.1, showing equivalence of the stated three conditions, by
induction on n > 2. We also finish the proof of Theorem 1.2 by: improving the lower bound from
section 2, identifying its curvature components via (1.13), and separating the bending and the excess
terms. In section 5 we prove Theorem 1.3, constructing a energy-consistent recovery sequence.

1.4. Notation. Given a matrix F' € R™*", we denote its transpose by F" and its symmetric part
by Fyym = 3(F + FT). The space of symmetric n x n matrices is denoted by R, whereas REZE o
stands for the space of symmetric, positive definite n x n matrices. By SO(n) = {R € R"*"; R" =
R~ and det R = 1} we mean the group of special rotations; its tangent space at Id, consists of
skew-symmetric matrices: Trq,SO(n) = so(n) = {F € R"*"; Fym = 0}. We use the matrix norm
|F| = (trace(FTF))Y/2, which is induced by the inner product (F; : Fy) = trace(Fy Fy). The 2 x 2
principal minor of F' € R3*3 is denoted by Fhys. Conversely, for a given Foyo € R?*2, the 3 x 3
matrix with principal minor equal Fyx2 and all other entries equal to 0, is denoted by F5, 5. Unless
specified otherwise, all limits are taken as the thickness parameter h vanishes: h — 0. By C we

denote any universal positive constant, independent of h.

1.5. Acknowledgments. Support by the NSF grant DMS-1613153 is acknowledged.

2. A PROOF OF THEOREM 1.2: COMPACTNESS AND A PRELIMINARY LOWER BOUND

In this section, assuming condition (iii) of Theorem 1.1, we derive the compactness and (a version
of) the lower bound in Theorem 1.2. We first observe the implication (¢i7) = (i¢) in Theorem 1.1:

Lemma 2.1. Assume that condition (iii) in Theorem 1.1 holds, for some n > 2. Then we have:

inf " < Cp2 ),
n+l
Proof. Define u"(z', x3) = yo + Z %gk, so that:
k=1
n+1

Tl) [815n+1, Oobni1, 0].

Vu (2, z3) Z%B =+
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Consequently, (Vu")G~1/2 is positive definite for all small z, and modulo a rotation field it equals
the following matrix field on Q" where we used the assumption (1.9):

V(Tu)G172) (Tuh)G12) = \[Tds + G-12((Vuh)TVul — G) G/
= \/Id3 + O(h"+1) = Ids + O(h™1).
1

This implies: £"(u") = - / W (Ids + O™ 1)) dz < Ch*™ D as claimed. |
Qh

1
Recalling results (1.6) and (1.8) quoted from [30], we already see that }Lir% i inf £" = 0 auto-
%

matically implies: inf £* < ChS. Before addressing compactness at h%" with h > 3, we develop the
nonlinear rigidity estimates applicable in the present context.

Lemma 2.2. Assume that condition (iii) in Theorem 1.1 holds, for some n > 2. Let V C w be an
open Lipschitz subdomain such that yo is injective on V. Denote VI =V x (— h %) Then for every
ul € WH2(Vh R3) there exists R" € SO(3) such that:

1 h phN~ T g2 1/
h/Vh\vu szok!Bk| dxgc(h

W((Vu")G?) dz + h2”+1|vh|).
Vvh

The constant C' is uniform for all V' € Q' that are bi-Lipschitz equivalent with controlled Lipschitz
constants.

n+1 k:
Proof. Define Y = yg+ Z bk, and observe that for h sufficiently small, Y is a smooth diffeomor-

phism of V" onto its 1mage U h c R3. Consider the change of variables v = u" oY__1 € Wh2(U" R3)
and apply the fundamental geometric rigidity estimate [8], yielding existence of R" € SO(3) with:

/ Vol — RM? < c/ dist* (Vo™ SO(3)).
uh uh
Changing variable in the left hand side gives:

/ Vol — B2 = / (det VY) - [(Va") (YY) =R >C [ |Vu - R'VY
Uh Vvh Vh

n_o .k
—c | |V =B BB +c [ om*h),
Vvh k' Vvh
k=0
Changing now variable in the right hand side and using (VY)G~Y/2 € SO(3)(Id3 + O(h"*1)), as

established in Lemma 2.1, results in:

/ dist?(Vo", SO(3)) = / (det VY') - dist? ((Vu")(VY) ™, 50(3))
Uh Vvh

<O | dist?((Vo"G7YV2,80(3)(VY)G~1/?)
Vh

<C | dist?(Vo"G7V2,80(3)) +C [ O D).
Vvh Vvh
Combining the three displayed inequalities above proves the result. |

The well-known approximation technique [9] together with the arguments in [29, Corollary 2.3],
yield the following estimate, whose proof we leave to the reader:
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Corollary 2.3. Assume condition (iii) in Theorem 1.1, for some n > 2. Then, given a sequence

{ul € WH2(QP R}, 50 such that E*(u) < Ch*™ V) | there exists { R" € W2(w, SO(3))}n_y0 with:

1 D gk
- / |Vul — R" S "’“L?’Bk{? dz < CR*™Y)  and / |VR"(z')|? dz’ < Ch?".
h Jaon k| "

We now show the compactness part of Theorem 1.2:

Lemma 2.4. Assume condition (iii) in Theorem 1.1, for some n > 2. Let the sequence of deforma-
tions {u" € Wh2(QF R3) V0 satisfy: EM(ul) < Ch2 D) Then:
(i) The averaged displacements V" converge, up to a subsequence, to the first order isometry V
as in Theorem 1.2 (i).

1
(ii) The scaled strains E((Vyo)TVVh)Sym converge, up to a subsequence, weakly in L?(w, R?*?)
to some S € Sy, .

— n —1
Proof. 1. Define the following rotation: R" = IPSO(3)][ (Vuh)(zx—?’Bk) dz. In order to
Qh

observe that the above definition is legitimate, we write:
. h -

dlst2<]€h(Vu )(Z = Bk> dz, SO(3

< 2][ \(Vuh)(z % f) " RMde 2\(][ R da') — R"(2/)?

n Qh k! w ’

and upon integrating dz’ on the domain w while noting Corollary 2.3, obtain:

—1 2
‘ (Vah) x?’ =B () de— R
Qh 0

dist2< 7[ (vuh)(f: f?‘ka)_l de, 50(3)) < Ch2HD) 4 opn < OR2n
Qh .

Consequently, there also follows:

—1 _ .12 _
(2.1) (Vul) xi” Bk> da — Rh‘ < Ch?, ][ |R" — RM|? da’ < Ch?™.

‘Qh

Set now ¢" € R? so that fw VP da' =0. We get:

1 k2 _ —
vV = n][ (R [one", 00ul] = (RUTRM (3 3 Be) ) ds
B N o Pl 3x2
(2.2) \ h/2 xlg
+S ][h/2 (Z;) k! Bk)3x2 des,

where we define the following matrix fields whose convergence (up to a subsequence) results from
the second bound in (2.1) and from Corollary 2.3:

(2.3) sh=— ((Rh) Rh — Idg) S weakly in W12 (w, R¥3).
We also note that S € so(3) a.e. in w. Since the first term in the right hand side of (2.2) converges
to 0 in L?(w), in virtue of Corollary 2.3, we conclude the following convergence, up to a subsequence:

vvh = (SBo)sx2 = SVyy  strongly in LQ(w,R3X2).
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It also follows that the limit SVyo € W1?(w,R3%?). A further application of the Poincare in-
equality to the mean-zero displacements V*, yields their strong convergence (up to a subsequence
in W12(w,R3)) to some V € W22(w,R3) satisfying VV = (SBy)sx2. By skew-symmetry of S, it
follows that (Vyo)"VV is skew a.e. in w, proving (i).

2. We observe that the first term in the right hand side of (2.2) has its L?(w) norm bounded

by Ch?, in view of the first estimate in Corollary 2.3. Consequently, in the decomposition of
1
E((VyO)TVVh)Sym, parallel to that in (2.2), the corresponding first term has a weakly converg-
ing subsequence. The remaining second term equals:

L(Tyo) s (Tu+ Oh2)) =

- - h(Vyo)TSh Vo + O(h|S™)).

sym

The L?(w) norm of the second term above clearly converges to 0, whereas the first term obeys:

1 hn—l
(2.4) ESShym = (8M)TS" -0 strongly in L?(w,R3*®).
This ends the proof of the claim. |

We are now ready to derive the lower bound on the scaled energies h=2("*D &R (yP) in terms of
the expansion fields yo, {b;}}*] in condition (iii) of Theorem 1.1:

Lemma 2.5. In the context of Lemma 2.4, there holds:

o L hon
llzn;gfmg (u™)

1 _’ —
= /1 Q <$l’ S = 041 ((V90) Vbnr1) o, + 23((Vy0) VI + (VV)V)
Q

x?“ n—+1

+ m<2((Vyo)TVgn+1)Sym +) < § )(ka)Tvz?nHk - a§”+”G(x’,0))) dz,
’ k=1

with the coefficient d,41 given by:

1
(2.5) Ont1 = (n+2)12n+1
0 for n even

for n odd

Proof. 1. By Corollary 2.3, the following matrix fields {Z" € L?(Q', R3*3)},,_0 have a converging
subsequence, weakly in L?(Q!, R3*3):

2.6 (e 0a) = — (Vo ha) — R @) S B an) = 2
( : ) (‘T a:l:3) = pntl u (:Ev "L‘3) ('1") k! k‘(:E) .
k=0

Ny
. h\T h,t 3
We write: (R")'Vu"(z', hxs) = g I
k=0

By, + h"TL(R™)T 2" and observe that:

£ (uh) = / W ((R") V(! has) G (e haes)~Y?) da
(2.7) o

> / W(\/Idg + G(2, haz)~ Y2 JhG(2, ha)~1/?) dz,
{12h2<4}
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where the intermediary field J” has the following expansion, on the set {|2"|? < 1} c Q'

J ! x5) = ( " x3 ) <Z hhaf Bk) G(2, ha3)

k
+2hn+1<< h;?’Bk) (Rh)TZh> 2D (ZhyT Zh

k=0 sym

prtigntt D ip 41 n
-t (B (1)@ B odero)
k=1

+ 2hn+1 (Ba(Rh)Tzh)Sym 4 O(hn-‘rl)
Consequently, we get from (2.7) and Taylor expanding W at Ids:
1 hy, h 1 ’ ~1/2 h / 4/2)
- > =
) 2 /{|zh|2g;} 0; (G(J;  has) (hnHJ +0(1))G (', has)™V/?) da.
Since BF(R")TZ" converges weakly in L2(Q!,R3*3), up to a subsequence, to B{RTZ, for some
R € SO(3) (which is an accumulation point of R" in the proof of Lemma 2.4), the above results in:

h
i iat € 0)

1 n+1 n 41 n 3
(2.8) = 2/91 Q3<2(23+1)|G($,’0)_1/2(Z (n ' >(Bk)TBn+1—k — +1)G(x/,0)>G(x/,0) 1/2
' k=1

+G(2',0)71/? (BoR'2),,, G, 0)—1/2) dx
2. We need to identify the relevant 2 x2 minor of the limiting term (Bg R Z ) sym in (2.8). We apply
the finite difference technique [9] and consider the following fields {f5" € W12(Q!, R?)}s=0.ns0:
s n k k
_ h t
o (z) = ][ h(RMTZM(a! w3+ ) + 5" (”“‘;;,HB,C(;];') dt es
0 .

k=0

1 _ k
— T (Rh)T (’U,h([L‘/, h($3 + S)) _ uh(:p h$3 ][ Z h 133 +t bk+1 dt.
5 0

where S" is defined in (2.3). Recall that, as proved in Lemma 2.4, VV = (SBg)sx2 and that S is a.e.

in s0(3). It follows that the vector 7 defined in Theorem 1.2 (ii) must coincide with SBges = Sb;.
Consequently, using the first definition above it now easily follows that:

(2.9) foh — Sby =7 strongly in L?(Q',R?).
Using the second definition, we further compute the in-plane derivatives of f*" for j =1...2:
0 f*"(x) = hiﬂ(_h)T(ajuh(fah(% +5)) — Oju" (', hz)) ][ Z il xg +t Opbr41 dt
= (R (2" w5+ 5) — B m3) ey
+ hiﬂ (Ids + h"S™) é Zj ((x3 + ) — 25) Bye; — hin ][0 é W@ﬁkﬂ dt.



12 MARTA LEWICKA

1.
The first term in the right hand side above converges to —R"(Z (2, x5 + s) — Z(a', 23))e;, weakly in
s

L?(Q',R?), whereas the last two terms may be rewritten as:

n k n+1

1 . h L1 .
Y (Ids + h Sh)z px (x5 + 8)" — 25) ;b — S Z (x5 + 8)* — 25)0;b;
k=1

- 1 -
h E k n+1 n+1
— Sh ZIS‘3 + S - $3)8jbk — m((l’?, + 8) +1_ ;133+ )ajbn+1

- Sﬁjbl - '(($3 + 5)"tt zgﬂ)aﬁnﬂ weakly in Wh2(Q! R?).

1
s(n+1)!

In conclusion, and recalling (2.9), we obtain the following convergence, weakly in W2 (w, R3):

1~ - 1

_rs,h - pT / _ / ) ) _ n+l n+1 =

0; f¥"(x) = SR (Z(2', 23+ s) — Z(2/, x3))e; + SO;b1 75(71_1_1)!((:1:3—1-3) )0;bns1 = 9;P.
We thus see that:

R (Z(x’, z3) — Z(z, 0))ej = 23(0;7 — SOB1) + —

1a 7 .
m%?Jr ajbn+1 for ] = 1.. .2,

which finally yields:
(BSRTZ(x’,xg))QXQ - (BgRTZ(x',O))

(2.10) 22

+ a3 ((T90) VF+ (VV)TVEL) + 25+ (Ty0) V.

1
(n+1)!

3. We now compute the symmetric part of the trace term (Ba R Z(a, 0))2X2 sym and conclude

the proof of the Lemma. It follows from (2.2) and the definition of Z in (2.6) that:
/2
A / (RM)T 25 das + §™ (Vo + O(h2))
~1/2
In virtue of (2.6), (2.10) and (2.4), we obtain convergence, weakly in E:
12 ntl

%((V%)Tvvh)sym N ((VyO)TRTZ(q;/,O)gxz)Sym +/ dxg((vyo)Tv5n+1)

3
—1/2 (n + 1)'

sym’
which allows to conclude, by Lemma 2.4 (ii):

(2.11) (BERTZ(2',0)) 5,05 sm = S = 0n1((Vy0) V1)
This ends the proof of Lemma, in virtue of (2.8), (2.10), (2.11) and recalling definitions (1.4). H

sym °

3. RELATIONS BETWEEN (I) AND (I1I) OF THEOREM 1.1 AND A PROOF OF THEOREM 1.2 (III)

In this section we show the relation between the defining quantities appearing in conditions (i)
and (iii) of Theorem 1.1. Equivalence of (i) and (iii) at n = 2 has been shown in [30], building on
the previous results in [6, 29], while the proof of the general case will be carried out by induction on
n > 2. We start by introducing some notation that allows for a systematic approach.

Define the smooth matrix fields {T', : Q' — R3*3},_; 3 by setting their coefficients (I'y)p. = I'2,

3
1
to be the usual Christoffel symbols FZC =3 Z G (8aGmc 4+ 0:Gma — 8mGaC) of the metric G.

m=1
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Recall the standard notation for the coefficients of the inverse: (G™1)q, = G®. Since the Levi-Civita
connection is torsion-free, it follows that I'ye, = I'ye, for all a,b = 1...3 and also, the Riemann
curvature tensor is expressed by, for all ¢,d=1...3:

[Rfcalapr. 3 = (0cTa+TcLa) = (ale +Tale),
[Rab,cd] ab=1..3 G[ g,cd] ab=1..3 "

Given a matrix field F : Q! — R3*3, we define: V F = 9, F + I'oF for each ¢ = 1...3, so that
(Vo F)ey coincides with the usual covariant derivative of vector fields: V,(F'ep). It also follows that:

VeViF —=VqVeF = [Rf 4],y oF  and  Vo(F1Fy) = (VoF1)Fy + F10,F.

We now partially reprove the mentioned statements at n = 1,2 for completeness of presentation.

Lemma 3.1. Assume that there exist smooth fields yo,l;l : @ — R3 such that the matriz field:
By = [alyo, 0290, bl] has positive determinant and such that:

B{By = G(2',0) and ((Vyo)Tvzi) = %83(?(:1:’, 0)2x2 for all «' € w.

sym
Then:

(i) 0;Bo = Bol'; for alli=1...2, and in particular: Bigl = Bol'se;.
(i) Rj;;(2',0) = Rap5(2",0) =0 for all 2’ € w and all a,b=1...3,i,j=1...2.

(iii) There exists a unique smooth field by : @ — R3 such that defining the matrix field By =
[8151, 8251, 52], there holds: (B(-]I—Bl)

1
m = 583G($',0) for all ' € w. Moreover:
Bl = Borg and 6152 = Bovirgeg fO’f’ all 1=1...2.

Proof. 1. One easily calculates, by a repeated use of the assumed identities, that: <8iy0,8j51> =
@Gig — <8ijy0,b1> = ajq}g — (%ng + <8jyo,8ib1) and thus: 83Gz-j = <az‘y0,8jb1> + <6jy0,8ibl> =
0;Gi3 — 0;G3+2(0jy0, 0;b1), for all 4, j = 1...2, where all the identities are taken on w x {0}. Thus:

o1
(3.1) <8jy0, a¢b1> = 5(63Gl-j + aing — ajGig = (Grg) for all 1,5 =1...2.

7t
Secondly: (9;y0, Oikyo) = 9iGjk — (Okyo, Dijyo) = 0iGji — 0;Gik + (9iyo, Ijkyo) = 0iGjk — 0;Gik +
OrGij — (0590, iryo), which results in:

1 .
<3jy0, 8iky0) = 5(&ij + 8kGZ] — 6szk) = (Gl“i)jk for all 1,7, k=1...2.
Thirdly, from (3.1) we obtain:
. . 1 ,
(b1, 9ikyo) = 0iGr3 — (9ib1, Okyo) = 5(81'Gk3 +0Giz — 03Gir) = (GTy),,  forall 4,k=1...2.

Finally: <51,8i51> = %aiGgg = (GFZ-)B:,,,
Bjo;By=GT; forall i=1...2, on wx{0}.

so that the last two identities yield:

This proves (i) and further: 81‘51 = Bol';es3 = Bgl'se;, as claimed.
2. Using (i) we compute:
0 = 835 Bo — 0;1Bo = 0;(BoT';) — 8;(BoT:) = BoT'\Tj + Bod,Tj — (BoT ;T + BodiT)
= —Bo[Rg;;(~0)], 4 5 forall ij=1...2

S,8]
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which implies (ii). For (iii), uniqueness of 52 is obvious, while 52 = ByI'ses follows from the requested
defining identity, in view of (3.1). The covariant derivative formula is a consequence of (i). [ |

Lemma 3.2. Assume that there exist smooth fields yo,gl,gg :w — R3 such that the matriz field:
By = [81y0, 0290, bl] has positive determinant and that together with By = [61b1, Oob1, bg] it
satisfies:

BjBy = G(2,0) and (BjBi). = %83(;(3:’,0)

sym
- - - 1
((Vyo)Tng)sym + (Vbl)TVbl = 5833G<3?/,0)2><2 fOT' all ' € w.
Then:

(i) Rapca(z’,0) =0 for all 2’ € w and all a,b,c,d =1...3.
(ii) There exists a unique smooth field by : @ — R3 such that defining the matrix field Bo =
o - o 1
[31172, O2ba, bg], there holds: (BaBg)Sym + B{By = 5833G(x/,0) for all ¥’ € w. Moreover:
B2 == BQVgFg and 8153 == Boviv;grgeg fO’F all 1=1...2.
Proof. Observe first that for all a,b=1...3 we have:

<833G6a, €b> = 83(<GF36,1, 6b> + (Grgeb, ea>)

3.2
( ) = (ngaeg, G€b> + (Vngeg, G€a> + 2<Gl“3ea, P3€b>.

Consequently, and using Lemma 3.1 (iii), the last assumed condition is equivalent to:
0= (Boei, 8j52> + 2<8i51, 8j51> + <Boej, 8152> - <833G6i, 6]‘>
= (Gei, VjF3€3> + 2(GF3€,’, P3€j> + <G€j, V,’F363>
— ((V;},F]’eg, G61> + <V3Fi63, G€j> + 2<GF36]', F3€j>>

= <G€i7 [jo?)('v 0)] azln,3> + <G6j, [jo?)(" 0)] a:l...3>
=2R;3;3(-,0) on w, forall i,j=1...2.

The above proves (i), in virtue of Lemma 3.1 (ii) that guarantees Rgp;(-,0) =0 for all a,b=1...3,
i,7 =1...2. To show (ii), we observe that by Lemma 3.1 and by (i):

Bgei = 8262 = Bovirgeg = BQVgFieg = B()ng‘gei for all i,j =1...2

1
and also, (B(-)I—BQ)Sym + B-{Bl — 5833(1(1'/,0) = (B(-)I—Bg)sym + F;GFg — ((GVgFg)Sym + F%—Grg), n

view of (3.2), so By = BgV3I's satisfies the defining relation. Finally, 81-53 = 87;(30V3F363) =
ByV;V3Ises results from Lemma 3.1 (i). [ |

We state the following two useful observations:

Lemma 3.3. For all n > 0 there holds:

n n - 1 - n—
oG, 0) =26V )F3>sym - (n—;— >(V§k 1) GOy for all o' € w.
k=1
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Proof. The proof follows by induction. For n = 0, the statement is obviously true. Assume that it
is true for some n — 1, then:

8(n+1)G($/,0) 283< (Gvgn 1) Sym +Z< > 3k: 1)F) Gvgn 1— k)rg)

= Gv{r; + (v(”)rg) G+TGav VT + (Vi ITs)"ary

+Z< )( 13) GV Ty + (V) 6w 0y

= GV + (VITs) G + 156V VT + (v VTs) TGy

() ()t mress o,

(O>FTGV(” Vs + <n” )(v(” U13)TGrs.

Collecting all the terms and recalling that (}) + (,",) = ("Zl) implies the result. [ |
Lemma 3.4. Assume that Ri212(2',0) = Ri2.13(2',0) = Ri223(2',0) = 0 for all 2’ € w and also

that 8§k)Ri37]‘3(x’, 0)=0forallk=0...n,alli,j=1...2 and all x’ € w. Then all the mixed partial
derivatives of both Ry cq and R,‘;}cd, of any order up to n, are zero on w, for all a,b,c,d=1...3.

Proof. The proof proceeds by induction on n. For n = 0 the result is obviously true. Assume that
it is true for some n > 0 and let the result assumption at n + 1 hold. Then:

8(k)Rb d(7,0) =0 Ry q(2’,0) =0 forall k=0...n, a,becd=1...3
6§”+ )Rig,j:;(.%/,()) =0 forall 7,57 =1...2, = w,

and we need to show that any partial derivatives of order n+ 1, of the Riemann tensor’s components
is zero on w. This is certainly true for partial derivatives containing 9; for some ¢ = 1...2, so it

(n+1)

suffices to prove the claim for 0y
and a,b=1...3. Firstly:

. Below, we consider various combinations of indices ¢,j = 1...2

(33) a(nJrl)Rb 47 8(n)v3Rb i aign)( - v’iRl?,jS - ijl?,Sl) = 8§n)( - 81Rg,j3 - ajRg,Sl) =0,

where we used the induction assumption in the first and the third equalities and the second Bianchi
identity in the second one. Secondly:

(34) " Rapiy = 0" (Gap] iy (B )1 ) = (Gl oy oo [057 U RE ] o) = 0

where we used the induction assumption and (3.3) in the last equality. Thirdly:

(n+1) (n+1) a a (n+1) .
(3.5) 95 bz = 03 <[G p]p:l...3’ [pr 13];;—1 3> <[G p]p:L..3’ [83 pr7i3:|p:1...3> =0,
by using (3.4) and the result assumption at n + 1, in the last equality. Finally: 8§"+1)Rab,cd =0 by
(3.4) and the result assumption. |

The following is the main result of this section:
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Lemma 3.5. Fizn > 2. Assume that there exist smooth yo, {Ek}zzl : @ — R3 such that the matriz
fields: By = [813/0, D20, 51] with positive determinant and {By = [815k, 625k, gk+1:|}z;11; satisfy:

Z (7;) BiB—k — 8§m)G(x', 0)=0 forall m=0...n—1,
k=0
n—1

2((V90) " Vbn) yu + (Z) (Vo) Vb = OVG(a/,0)axa  for all @' € w.
k=1

Then:

(i) The condition in Theorem 1.1 (i) holds.
(i) There ewists a unique smooth field b,1 : @ — R3 such that defining the matriz field B, =

n

[815n, 825n, gn+1], there holds: Z (Z) BiB, ) = 8?()")G(:c’,0) for all ¥’ € w. Moreover:
k=0

Bn=ByV{" VT3 and 0Oibps1 = BoViVy YTses  forall i=1...2.

Proof. 1. The proof proceeds by induction. The statement at n = 2 has been shown in Lemma 3.2.
We now assume it to be true for some n > 2. By Lemma 3.4, we get:

All mixed partial derivatives up to order n — 2, of all components of the

(3.6) Riemann curvature tensor, are 0 at w x {0}.

Since By, = [algn, 825n, 5n+1] with 5n+1 as in (ii), and recalling Lemma 3.3, we obtain for all 2’ € w:
- L /n+1 - - n
2((VY0) Vhns1) o + ( . >(ka)TVbn+1_k — "G 0)gxs
k=1

= 2((Vy0)TV5n+1)Sym +) (BZBnH—k)QXQ
k=1

n - +1 _ .
- <2(Gvg ) m + 5 (” i >(v§f“ V1) avy ’%3)
k=1

- 2((vy0)Tv6n+1 - Gvg")rg)sym =2 [(Gei, v,V Uges — v§">rgej>]

(3.7)

2x2

4,j=1...2, sym

2[(Ge:, 7,95 ey — Vi Tjes) |

4,j=1...2, sym ’
By (3.6) we can consecutively swap the order of all the covariant derivatives on w x {0} in:

Vv = vav, v = vV, v = vV VTS = (L) = v,
so that:

n—1 n n—1 n—1 a
(3.8) Vs Ty - VI, = VT (V05 - Valy) = VTV [Re () 0)] 4 per. 3
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In conclusion, using (3.6) again, the formula in (3.7) becomes:

. LI "
2((Vy0) Vns1)y + ( ¥ >(ka)TVank — "G, 0)axa
k=1

(3.9) = [(Geis [V RS jala',0)],y_g) + (Gey, [0 R (@, 0)]

a=1... azl---3>L,j:1...2

= 2[8§n_1)Ri37j3(w’,0)} for all 2’ € w,
ij=1..2

proving (i) in view of the second assumption at n + 1.

2. For (ii), observe that B, is indeed uniquely defined, by choosing 5n+2 = B, 41e3 such that:
n+1
1
> <”Z )BanH_k =" G(,0)  for all o' € w,
k=0

since the principal 2 x 2 minors of both sides in the above formula coincide by assumption. Further,
by (3.8) and the already established (i) at n + 1, we get:

Bni16i = Oibpi1 = 0; (Bovgn_l)r?)e:z) = BoVNé”_”erz

— BoV{ Ties + V5 VRS ;5(«,0)],_, 5 = BoVS Ties

= Bovg,n)l’gei forall i=1...2 andall 2’ € w.

Hence, there must be 5n+1 = BOVé")Fg, as claimed. This ends the proof of the Lemma. |

We note that the argument in the proof above leading to (3.9), automatically gives:

Corollary 3.6. For any n > 1, condition (iii) in Theorem 1.1 implies the formula (1.13).

4. THE END OF PROOF OF THEOREM 1.2 AND A PROOF OF THEOREM 1.1

The following statement concludes the proof of Theorem 1.2, assuming (iii) of Theorem 1.1:

s 1 h(, n
Lemma 4.1. In the context of Lemma 2.4, there holds: h}ln_gglf Wf (u") = Zyny1)(V).

Proof. By Lemma 2.5 and Corollary 3.6, we get:

L 1 1 - | -
lim inf mgh(uh) > /Q D (:c’, S = 0n41((V50) " Vlns1) iy +23((Vyo) VB + (VV) V1)

_l’_

_ (08" Ris ja (', 0)]2',]'—1..‘2) dz.
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Denoting the z’-dependent tensor terms at different powers of z3 in the integrand above by I, 11
and II1, and recalling the definition of d,4; in (2.5), the right hand side becomes:
1

2/ QQ(JC', I—I—xgll—i—:l:g“III) dx
Ql

/ 2, T+ / @ dag) 17 + 1o (/) 11+ 12(/1/2 252 dag) I17)
12 3 24 2 ’ 1 3 3

1/2 1/2

< / 2742 dgg) — (/ s d$3)2 - 12(/ i+ dx3)2> Qs (', II1) da’
(4.1) -2 e e

(2, S— 5n+1((Vy0)TV5n+1)Sym +5n+1[8§n71) Rz j3(2',0)] ij=l. 2> da’

[\ \

l\D\r—l
E\Hs\

/ 2< (Vo) "V + (VV)'Vb; + o, [8( _1)Ri3,j3($/70)]1‘7j1_,_2) dz’

+'yn/ Q9 <96', [83n_1)Ri37j3(x,70)L,j1...2) da’,

where by a direct calculation one easily checks that the numerical coefficients «,, and =, have the
form (1.12). Further, since S — §,,41 ((VyO)TVan)Sym € Sy, the first term in the right hand side
above is bounded from below by:

1

L. n— 62, . n—
5 distd, <5n+1 (05" Ris ja (@', 0)], ,_, . 5yo> = n+1dlst2éz([3§ DRis s (@', 0)], 2, o Syo)

_ e HPS ([65" Y Ris ja(a', 0)] )

i) | o,

Decomposing the third term into:

([8("_1)R‘3 '3(1" 0)] ‘ )H2 + 2
7 3 13,1 ) i,j=1..2/ || g, n

Ps,, ([0 Riz ja(a’, 0)] I ‘

Q,’
52
the claim follows by checking that: n2+1 + Y = Bp in (1.12). [ |

We are now ready to give:

A proof of Theorem 1.1. The proof is carried out by induction on n > 2. When n = 2, then (i)
is equivalent with (iii) by facts recalled in the preliminary discussion in section 1.2. Condition (iii)
implies (ii) by Lemma 2.1, whereas (ii) implies (i) again in view of (1.6).

Assume now the equivalence of the three conditions at some n > 2. We want to show the
equivalence at n + 1. Condition (i) implies (iii) by Corollary 3.6. Condition (iii) implies (ii) by
Lemma 2.1. Finally, assuming (ii) at n + 1 allows to write:

1 1
0 = lim inf " = lim ——— &M (M) > Loty (V)

h—0 h2(n+1) h—0 h2(n+1)
B 2
= Y- H (05 Ris,jz(xl’o)]ijzlmzH )
’ Qs
for some infimizing sequence {u" € W12(Q" R3)}, o and a resulting V from Theorem 1.2. This
establishes (i) at n + 1, in view of the inductive assumption. [ |

For completeness, we state the following auxiliary observations:

Lemma 4.2. In the context of Theorem 1.2, we have:
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(i) The bending term (Vyo)™Vi+ (VV)'Vb; is symmetric and it equals:

[(vjes, [ (Vvomn } )= (0, 5”]1-,3-:1...2'
(ii) Under any of the equivalent conditions in Theorem 1.1 at n+ 1, we have:
Ker Zy(p41) {Syg+c S € so(3), CER3},
and the following coercivity estimate holds:
dist%VQ,z(W) (V, Ker Iyns1)) < Copnyny(V) for all V€V,
with a constant C' > 0 that depends on G,w and W but is independent of V.
Proof. The symmetry of the bending term in (i) follows from:
(D50, 059) + (9;V, 0;01) = 0;({Diyo, D) + (V. b1)) — ((Dijyo, D) + (933 V. b))
= —(Oiy0, P) — (05V,by)  foralli,j=1...2.

The coercivity statement in (ii) has been proved in [30, Theorems 8.2, 8.3]. |

5. A PROOF OF THEOREM 1.3

In this section, we prove the upper bound result of Theorem 1.3. In view of the already established
Theorem 1.1, it suffices to show:

Lemma 5.1. Fiz n > 2 and assume condition (i) in Theorem 1.1. Let V € Vy, be a first order
isometry displacement as in (1.10). Then, there erists a sequence {u" € WLH2(Q" R®)}, 0 of

1
0 h2(n+ )gh(uh) = I2(n+1)(v)'

deformations satisfying (1.14), and such that: hm

n+1 k
Proof. 1. Denote Y (2, 23) = yo + Z —bk and define:

ul (o x3) = Y (2!, x3) + b (a') + A" (&) + hasp’ (2) + R L asd (o)
(5.1) 22
+ Wko(x’) + h”%f’h(w’) for all (z/,23) € Q"
We now introduce terms in the above expansion. For a fixed small € > 0, the truncated sequence
{vh € W22(w,R3)},_,0 is chosen according to the standard construction in [8] (see also references
therein), in a way that:

o =V strongly in W2%(w,R3) as h — 0,

(5.2) .
R [[v™ lyy2.00 o rsy < € and ;lfi%hT {2’ e w; v "'y # V(z')} =o0.

The sequence {7 € W (w, R?)};,_0 is defined by:

(5.3) Blp" = [_(V%h)Tgl] so that (Bg [V, ﬁhDsym = <(Vyo)TVUh>*

sym
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The sequence {w" € C*(@,R?)};_,0 is such that, recalling (2.5):

n—1
((V?JO)vah>sym = —0nt1Ps,, <[8§ )Ri3j3]ij—1...2>
(5.4) strongly in E = L?(w ngﬁﬁ) as h — 0,

12y h _
Jim A 72wl yyr2.00 o p3) = O

Finally, ko € C®(@,R?) and {F* € (@, R*)}1_0, {F" € L®(w, R3)},_,0 are defined by:

- - L /n+1 - - n
2B(T)k0 = c(x’, 2((Vy0)TVbn+1)Sym + ; ( & >(ka)TVbn+1k — 8§ -H)G(x’7 0)2><2>

n

n+1 - -
2y < ) (Vbpt1-1) " Vbiia
| k=0 n [

26§"+1)G(x’, 0)31732]

St 4 oG (!, 0):
(5.5) > (n > (Vbrs1) Vs 3 (@, 0)s3
k=
V)b
Bgih:c(x',((Vyo)Tth)Sym)— ( O) 1],
= (Vvh)ng
Bl =c(a', (Vyo)VE" + (Vo) Vb ) — S
ot =l ) (. ba)

Further, we choose {7 € C*°(@,R3)},_,o to satisfy, in view of (5.2):

. h ~h _ : 1/2)|=h _
(5.6) lim |7 — 7 2pe) = 0 and mh/ 7|10 (o 2) = 0.

2. By (5.4) and (5.6) we easily deduce (1.14). Compute now, for all rescaled variables (z', z3) € Q:

hy./ - hk333 hn“ 5 P L
Vu' (2, has) = h"' [V ]+ Z i -y i) [01by 1, Dabny1, ko
i !

+ B g [Vpt, ] 4 R [th, "] + O™ ) (1 + V7" + | V).
Consequently, it follows that for h small enough we have:

dist ((Vu")G~Y2,50(3)) < O(|Vu" — Boy| + h) < Ce,
which justifies writing, by Taylor’s expansion of W and taking e < 1:

W ((Vuh)G=Y2) (\/Id3+G V(T — G)G1/?)

—w(1d; + 5G—l/z((vu 'Vl G)GTV 4 O(|(Vut) TVl - GP) )
= w (1ds + %G(x’, 0)~2((Vu)'Vul — G)G(a, 0) 12
+O(B|(Vu")Vul = G) + O(|(Vul) Vul - G|2))
_ égg (G0 2 (Vv — G)G! 0 ?)
+ O(h|(Vu")'Vu" — GI?) + O(|(Vu") V" — GP).
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This implies that:

h
h2n+25 (u")
1
(5.7) = 8/ Q3<hn+1 (2',0)"V2((Vul) ' Vul (2, has) —G(x’,hxg))G(x’,O)*l/Q) dz
1 1
+ /91 WO(h[(Vuh)TVuh -GP) + h2n+2(’)(\(Vuh)TVuh ~GP) dz
We thus compute, for all (2/,z3) € Q'
(Vul)"Vu" (2, has) — G(a', has) = 20" ((Vyo) Vo )sym
thrl TL+1 n n -+ "
P 0 0 )0
k=
+ 2h" g (BOT (V" Fh])sym + 20"y (BT [V, ﬁh])sym
+ 20 (Bg [Vu', @), + Ra

where:
R" = o(h™™) + O(h" ) (|VF"| 4 [V25"]) + O(h*™")| V25" > + O(h*"H2)|[ V25" .
3. We now estimate the two last (error) terms in the right hand side of (5.7). Observe that:
(Vu")' V" — Gl = O™ (1 + Vo' + [Vo'| + 57| + V"] + 1§ + [7])
+ R+ O ((Vyo) V") |
= O(h" ™) (1 + |[Vo"| + [V20"| + h=120(1)) + O(h™)| (Vo) Vo)
+O(h*)|[ V"2 + O(h*"+2) V2" 2,

where we have repeatedly used (5.3), (5.4), (5.5) and (5.6), Consequently:

1
h2n+2

sym |

O(|(Vu")TVul — G}) = Oh" ) (1 + [V |2 + |[V2" 2 + h=320(1)) + O (R4 V2|6
+ O )| Vo"® + O(B"2)|((Vyo) Vo) [P

The first two terms in the right hand side above converge to 0 in L!(w!) by (5.2) and (5.4). The L!
norm of the third term is bounded by C’h‘m_QHVvhH;fVL2 and thus converges to 0 as well. The final
fourth term is bounded, in virtue of (5.2) by:

1
72 /‘((Vyg)TVvh)sym ‘2 dz < %(vahn%o@ + V20" ||3) / dist?(2/, {v" = V}) do’

sym

{oh £V}
Ce? . Ceé? 2
(5.8) < s /{vh;ﬂ/} dist?(z/, {o" = V}) da’ < Fan2 ‘{vh #V}H
C 2
< h2”€+2 R . 0(1) -0 ash — 0.

This completes the convergence analysis of the second error term in (5.7). For the first term, we get:

1

ez O (M(Vu") V" — GIP) = O(h) (1 + | V0" 2+ [V20" 2 + h™ho(1)) + O | Vo' [*

LO(((V0) V") 0 )

+ O(h2n+3)’v2vh|4 + -
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As before, the first three terms converge to 0 in L'(w), whereas convergence of the last term follows
by (5.8). Concluding, and since ﬁRh converges to 0 in L?(2!), the limit in (5.7) becomes:

1

3 h(, h
M & ()
1 1
(59) = ]{%g /Ql Qs (WG(;];/’O)*1/2((vuh)Tvuh(xljth) _ G(IL’/, hfL’g))G({EI,O)il/z) dx

T | ’ oN—1/2 b I \—1/2
= lim ngg(a(x,()) KMo, 3)G(',0) )dx,

where for a.e. (z/,73) € Q! we define:
2

Kh(az', x3) = N

((Vyo) V")

sym

xg—i—l ~ (n+1 T (g ¥ 7 7 (n+1) /
(TL T 1)' Z k BanJrlfk + Q(BO [816n+1, aan+1, ko])sym — 83 G(.’IJ ’0)
T Nk=1

+2z5(B] [Vi", ] + (B [V&", 5"]) +2(B [Vuw", §"])

sym ) sym *

In view of (5.8) and since |7 — #"|| ;2 converges to 0 as requested in (5.6), the compatibility in the
definition (5.5) now yields from (5.9):

: h(, h
& ()
1 mn-i—l R n n+1 . .
= lim 7 Lo | 2 T bn, bi)" bpt1—
s o Q2<x’2(n+1)!< (Vyo)'V +1)Sym + ( f )(V %) Vi1 _k
(5.10) k=1

B §"+D6Kwﬂ0hx2)

+ x3 ((Vyo)TVﬁh + (vuh)Tvzi) + ((Vyo)Tth)sym> da’.

Decomposing the integrand above as in the proof of Lemma 4.1, formula (4.1) and recalling conver-
gences in (5.2), (5.4), we conclude that the right hand side of (5.10) equals Zy(,11)(V), as claimed.
|

It is worth observing that directly from Theorems 1.2 and 1.3 we obtain:

Corollary 5.2. Each functional Ly, 1) attains its infimum and there holds:

. . h .

}1113%) PEICES)) inf £ = min Zy(,,11).

The infima in the left hand side are taken over W12(Q,R3) deformations u", whereas the minimum
in the right hand side is taken over admissible displacements V' € Vy,.
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