MODELS FOR ELASTIC SHELLS WITH INCOMPATIBLE STRAINS
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ABSTRACT. The three-dimensional shapes of thin lamina such as leaves, flowers, feathers,
wings etc, are driven by the differential strain induced by the relative growth. The growth
takes place through variations in the Riemannian metric, given on the thin sheet as a
function of location in the central plane and also across its thickness. The shape is then a
consequence of elastic energy minimization on the frustrated geometrical object. Here we
provide a rigorous derivation of the asymptotic theories for shapes of residually strained
thin lamina with nontrivial curvatures, i.e. growing elastic shells in both the weakly and
strongly curved regimes, generalizing earlier results for the growth of nominally flat plates.
The different theories are distinguished by the scaling of the mid-surface curvature relative
to the inverse thickness and growth strain, and also allow us to generalize the classical
Foppl-von Kédrman energy to theories of prestrained shallow shells.

1. INTRODUCTION

The physical basis for morphogenesis is now classical and elegantly presented in D’arcy
Thompson’s opus “On growth and form” as follows "An organism is so complex a thing,
and growth so complex a phenomenon, that for growth to be so uniform and constant in all
the parts as to keep the whole shape unchanged would indeed be an unlikely and an unusual
circumstance. Rates vary, proportions change, and the whole configuration alters accord-
ingly.” From a mathematical and mechanical perspective, this reduces to a simple principle:
differential growth in a body leads to residual strains that will generically result in changes
in the shape of a tissue, organ or body. Eventually, the growth patterns are expected to
themselves be regulated by these strains, so that this principle might well be the basis for
the physical self-organization of biological tissues. Recent interest in characterizing the
morphogenesis of low-dimensional structures such as filaments, laminae and their assem-
blies, is driven by the twin motivations of understanding the origin of shape in biological
systems and the promise of mimicking them in artificial mimics [12, 13, 5]. The results lie
at the interface of biology, physics and engineering, but they also have a deeply geometric
character. Indeed, the basic question may be characterized in terms of a variation on a
classical theme in differential geometry - that of embedding a shape with a given metric
in a space of possibly different dimension [23, 24]. However, the goal now is not only to
state the conditions when it might be done (or not), but also to constructively determine
the resulting shapes in terms of an appropriate mechanical theory.

While these issues arise in three-dimensional tissues, the combination of the separation
of scales that arises naturally in slender structures and the constraints associated with the
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prescription of growth laws that are functions of space (and time) leads to the expectation
that the resulting theories ought to be variants of classical elastic plate and shell theories
such as the Foppl-von Karman or the Donnell-Mushtari-Vlasov theories [1]. That this is
the case, has been shown for bodies that are initially flat and thin i.e. elastic plates with no
initial curvature, using analogies to thermoelasticity [22, 20], perturbation analysis [4, 5],
and rigorous asymptotic analysis [14] that follows a program similar to the derivation of
the equations for the nonlinear elasticity of thin plates and shells [7, 6, 16, 17, 18] and a
linearized theory [19] for residually strained Kirchhoff plates [11]. However, most laminae
are naturally curved in their strain-free configurations, as a consequence of slow relaxation,
perhaps following a previous growth history. Since even infinitesimal deformations of a
curved shell will potentially violate isometry relative to its rest state, one expects that
differential growth of such an object will likely lead to a variety of possible low dimensional
theories depending on the relative size of the metric changes imposed on the system. This
potential multiplicity of asymptotic theories is of course presaged by a similar state of affairs
for the derivation of a nonlinear theory of elastic shells [8, 18].

Here, we continue and extend the discussion in [20, 21, 14] and present a rigorous deriva-
tion of a series of asymptotic theories for the shape of residually strained thin lamina with
nontrivial curvatures, i.e. growing elastic shells. As our starting point for a similar theory
for growing curved shells, we use the observation that it is possible to change the shape of a
lamina such as a blooming lily petal by driving it via excess growth of the margins relative
to the interior, rather than via midrib deformations [27]. Here, a thermoelastic analogy
[22] suggests a natural generalization of the Donnell-Mushtari-Vlasov shell theory [1] to
growing shells [21], proposed as a mathematical model for blooming, activated from the
initial (transverse) out-of-plane displacement vy of a petal’s mid-surface. When vg = 0 the
equations (6.5) reduce to the prestrained von Kérmén equations (6.3) proposed in [20] and
rigorously derived in [14] from non-Euclidean elasticity, where the imposed 3d prestrain is
given via a Riemannian metric, whose components display the appropriate target (linear)
stretching tensor €, (of order 2 in shell’s thickness h), and the bending tensor x, (of order
1 in h, see (3.1)). Therefore, we focus on a particular regime of scaling for the prestrain
tensor (2.6) which corresponds, a posteriori, in all different regimes of shallowness studied
here, to von-Karman type theories.

We start with a few comments regarding this particular choice of the scaling regime.
From a mathematical point of view, the von-Karman regime, where the nonlinear elastic
energy per unit thickness scales like the fourth power of thickness h, usually corresponds
to sub-linear theories, i.e. the first nonlinear theories which arise (in a given context) when
the magnitude of forces or of prestrain includes the elastic lamina to pass the threshold
of linear behavior and to manifest phenomena such as buckling. For the same reason, the
sublinear theories are also the least complicated among the nonlinear theories of plates
and shells arising in the literature, and they are popular with engineers, physicists and
applied mathematicians. More sophisticated technical challenges must be addressed when
deriving lower order nonlinear theories by I'-convergence. Thus it makes sense to begin the
analysis of nonlinear shallow shell models, so far neglected in the literature, with the von
Kérman regime. In a forthcoming paper [15], the authors address a shallow shell model
arising in a force regime equivalent to the energy scaling h® for 8 < 4, where, analogous to
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[8], technical obstacles regarding properties of the Sobolev solutions to the Monge-Ampere
equations must be addressed, before establishing the corresponding I'-limit result.

In Section 2, we formulate our main results, in terms of a scaling analysis that leads
to the hierarchy of limit models, in the corresponding prestrain and shallowness regimes.
In Section 3 we argue that for non-flat mid-surface S (of arbitrary curvature or for the
referential out-of-plane displacement vy # 0), the variationally correct 2d theory coincides
with the extension of the classical von Kdrmdn energy to shells, derived in [16]. In the special
case vg = 0, this energy still reduces to the functional whose Euler-Lagrange equations are
those derived growing elastic plates in [20]. In Section 4, we discuss a new shallow shell
model, valid when the radius of curvature of the mid-surface is relatively large compared to
the thickness. This limit is a prestrained plate model which inherits the geometric structure
of the shallow shell. In Section 5, we consider the case where the radius of curvature and the
thickness are comparable in magnitude, and appropriately compatible with the order of the
prestrain tensor. We show that equations for a growing elastic shell can be formally derived
by pulling back the tensors ¢, and r,, from shallow shells (Sy,)" with reference mid-surface
Sy, given by the scaled out-of-plane displacement hwvy, onto a flat reference configuration.
Furthermore, we argue that this theory for growing elastic shells is also the Euler-Lagrange
equation of the variational limit for 3d nonlinear elastic energies on (S,)". In Section 6 we
proceed to discussing the models where the shallowness overcomes the given magnitude of
the growth-induced prestrain. In this case the limit energy is impervious to the influence
of shell’s geometry, but the effects of growth may not be neglected, and indeed they lead
to the the generalized von Karmén equations for a growing flat plate. In Section 7, we
justify that under our prestrain or growth scaling assumptions, the derived models are the
relevant ones when no boundary conditions or forces are present. Finally, in Section 8, we
conclude with a discussion of the present results and prospects for the future. Since the
proofs of the theorems consist of tedious yet minor (though necessary) modifications of the
arguments detailed in [16, 14, 17], we refer the interested reader to the Appendix, where
they are given for completeness.

2. PRELIMINARIES AND SCALING LIMITS

Let vy € CY1(Q) be an out-of-plate displacement on an open, bounded subset Q C R,
associated with a family of surfaces, parametrized by v € [0, 1]:

(2.1) Sy = ¢,(2), where ¢,(z) = (z,vvo(z)) Vo = (x1,29) € 0,
The unit normal vector to S, at ¢,(x) is given by:
i71(z) = 20E) X bol) ! (—d1vo(x), —yDvo(x), 1) Ve Q.

0194 (2) X a0y ()] /T + A2Vl
For small i > 0, we now consider thin plates Q" = Q x (—h/2,h/2) and 3d shells (S,)":
22 (8,) = (B, 23); @ € 9, w3 € (—h/2,h/2),

where the extension ¢, : Q" — R? of ¢, on Q" in (2.1) is given by the formula:

(2.3) Oy (2, 23) = oy () + 23707 (2) V(z,z3) € Q"
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For an elastic body with the reference configuration (S,)" we assume that its elastic
energy density W : R33 — R, is C? regular in a neighborhood of SO(3). Moreover, W
satisfies the normalization, frame indifference and nondegeneracy conditions:

Je>0 VFeR¥ VYReSO@B) W(R)=0, W(RF)=W(F),

(2.4) W(F) > ¢ dist*(F, SO(3)).

Above, F stands typically for the deformation gradient Vu relative to the reference config-
uration (S,)". In the setting of the prestrained materials with the prestrain, given by the
Riemannian metric:

p"=(d")"¢" on (5)"

the tensor F' = Vu is replaced by F' = Vu(q")™!, so that the thickness averaged elastic
energy is given by:

1 1
(2.5) I""M(u) = —/ W(F) dz = — W(Vu(g")™) dz,  Yue W"2((S,)", R?).

hJ s h J s,y
Letting €,, /i, : © — R3*3 be two given smooth tensors, for each small h we define the
growth tensors ¢" on (S,)" by:

(2.6) q"(¢(x) + 237 (7)) = Id + hPe,(x) + hazr,(z) V(z,z3) € Q"
The corresponding metric p" = (¢")7¢" on (S,)" is then:
(0 (7) + 2377 (2)) = Id + 2h*sym €,(x) + 2hzzsym ky(z) + O(R?).

An important part of our study focuses on the asymptotic behavior in the limit of van-
ishing thickness h — 0 of the variational models 1" in (2.5), when v = v(h) = h* for a
given exponent 0 < a < +oo. The regime o« > 0 corresponds to the study of a shallow
shell. However, we will identify three distinct shallow shell limit models, depending on the
asymptotic behavior of the ratio y/h, which in our setting depends only on the value of
«. This allows us to rigorously derive the I'-limits: I'-limy,_, #[ hh and show that under
suitable incompatibility conditions on the strain tensors €, or x4, the infimum of energies
I" " scales like h* irrespective of the value of . This justifies our choice of the energy
scaling and lends credibility to limiting models as physically relevant in the corresponding
scaling regimes.

To get a sense of our results it is useful to summarize our analysis in terms of the I'—limit
of 2 """ which can be identified as follows:

(7, if a=0

I if 0<a<l1
(2.7) - lim — """ =

4
R0 h T if a=1

L Z) if a>1.
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The above four theories collapse into one and the same theory when vy = 0. Otherwise we
must deal with four distinct potential limits depending on the choice of parameters, in the
following order:

Case 1. a = 0. This corresponds to v = 1 where the 3d model is that of the prestrained
non-linear elastic shell of arbitrarily large curvature (no shallowness involved). We will
show that the I'-limit in this case leads to a prestrained von Karman model Z, for the 2d
mid-surface S7. This will be described in a more general framework in Section 3.

Case 2. 0 < a < 1. This corresponds to the flat limit v — 0 when the energy can be
conceived as a limit of the von Kdrman models Z, for shallow shells S,. In other words, this

h
limiting model corresponds to the case when: ]llirr(l) % = 00, and it can be also identified
_>
as:

1
T = el (1 ),
by choosing the distinguished sequence of limits, first as A — 0 and then v — 0. In Section
4 we will see that Z7° is formulated for displacements of a plate but it inherits certain
geometric properties of shallow shells S,, such as the first-order infinitesimal isometry
constraint.

Case 3. a = 1. This corresponds to the case Ilzin% v(h)/h = 1. The limit model Z},
%

derived in Section 5, is an unconstrained energy minimization, reflecting both the effect of
shallowness and that of the prestrain. It corresponds to a simultaneous passing to the limit
(0,0) of the pair (y,h) in (2.5). The Euler-Lagrange equations (6.5) of Z} were suggested
in [21] for the description of the deployment of petals during the blooming of a flower.

v(h)

Case 4. « > 1. Finally, the I'-limit for all values of a > 1, i.e. when ’llir%T =0,
—

coincides with the zero thickness limit of the degenerate case v = 0, which is the prestrained
plate von Kérman model, discussed in [14]. This limiting energy can be obtained by taking
the consecutive limits: .
79 = - lim (T lim - 1),
4 hlir(l) ’ylg% h4
3. THE PRESTRAINED VON KARMAN ENERGY FOR SHELLS OF ARBITRARY CURVATURE:
a=0

When the parameter a = 0, the 3d variational problem associated with (2.5) is reduced
to the 3d nonlinear elastic energy on the thin shell S?, where S; is the graph of vg. It is
useful to discuss this model in a more general framework. Let S be an arbitrary 2d surface
embedded in R3, that is compact, connected, oriented, and of class C*!. The boundary
0S of S is assumed to be the union of finitely many (possibly none) Lipschitz continuous
curves. We consider the family {5}~ of thin shells of thickness h around S:

h h
Sh:{zzx—i—tﬁ(aj);xGS,—§<t<§}, O0<h<hyxl

where we use the following notation: 7(z) for the unit normal, 7,.S for the tangent space,
and II(z) = V7i(x) for the shape operator on S, at a given = € S. The projection onto S
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along 7 is denoted by =, so that 7(z) = z for all z = z + tii(x) € S*, and we assume that
h < 1 is small enough to have 7 well defined on each S". B
The instantaneous growth of S” is described by smooth tensors: €, k, : S — R3*3, by:

(3.1) a" = [a;‘j] . Sh— R, a"(x + ti) = Id + h%e,(x) + htky(w).

The growth tensor a” is as in [20, 14], now in a general non-flat geometry setting. Given the
elastic energy density W : R3*3 — R, as in (2.4), the thickness averaged elastic energy
induced by the prestrain a” is given by:
1
(3.2) I"(u"y = 7 W(Vu"(a")™) dz, vu € Wh2(S" R3).
Sh

Taking the asymptotic limit (the I-limit as h — 0, see Theorem 3.1 and Theorem 3.2
below) of the energies I" (note that I" = I in the notation of (2.5)) then leads to the
variationally correct model for weakly prestrained shells. It corresponds to the following
nonlinear energy functional Z, acting on the admissible limiting pairs (V, B):

1 1
VvV eV VBeB 7,(V,B) :5/ Q5 (:c, B — §(A2)tan — (sym eg)tan)
S

1
+ 2 s Q, (:1:, (V(AR) — All)44p, — (sym Kg)tan>.

(3.3)

Here, the space V consists of the first-order infinitesimal isometries on S, defined by:
(3.4) V={VeW>?*S,R*; 7-0,V(z)=0 Vae.z€S VreT,S},

that is those W?2? regular displacements V for whom the change of metric on S due to the
deformation id+€V is of order €%, as € — 0. Furthermore, for a matrix field A € L?(S, R3*3),
let Ajun(x) denote the tangential minor of A at x € S5, that is [(A(z)7)n]rper,s. The
skew-symmetric gradient of V' as in (3.4) then uniquely determines a W? matrix field
A: S — so(3) so that: 0,V (z) = A(x)7 for all 7 € T,.S. Hence, we equivalently write:

V={VeW>*S,R%; JAecW"(S,R*>®) Vae zeS VreTl,s
0,V (z) = A(z)r and A(z)" = —A(z)}.
For a plate, that is when S C R?, an equivalent analytic characterization for V =

(VL V2 V3) € Vis given by: (V!,V?) = (—wy,wz) + (b1, by), while the out-of-plane dis-
placement V3 € W?22(S,R) remains unconstrained.

The space B in (3.3) consists of finite strains:

(3.5) B= {L2 — limsymVu'; w' € WH(S, R3)},
€E—

which are all limits of symmetrized gradients of sequences of displacements on S. By
symVw(z) we mean here a bilinear form on 7,5 given by: (symVw(z)7)n = 3[(d-w(z))n+
(Oyw(x))7] for all 7,n € T,S.

It follows (via Korn’s inequality) that for a flat plate S C R?, the space B consists
precisely of symmetrized gradients of all the in-plane displacements: B = {symVw; w €
W12(S,R?)}. When S is strictly convex, rotationally symmetric, or developable without flat
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regions, it has been proven in [16, 26] that B = L*(S,R2x%), i.e. it contains all symmetric
matrix fields on S with square integrable entries.

Finally, in (3.3), the quadratic forms:

(3.6) Q3(F) = D*W(Id)(F,F), Qu(x, Fign) = min{Qs(F); F € R¥? (F — F)yqn = 0}.

where the form Qj is defined for all F' € R3*3, while Qy(x,-) for a given x € S is defined
on tangential minors Fj,, of such matrices. Both forms Q3 and all Qy(x, ) are nonnegative
definite and depend only on the symmetric parts of their arguments.

We now have the following results, stating in particular that the functional Z, is the
[-limit [3] of the scaled energies h™41":

Theorem 3.1. Let a sequence of deformations u" € W12(S" R?) satisfy I"(u") < Ch*.
Then there exists proper rotations R" € SO(3) and translations ¢ € R® such that for the
renormalized deformations:

_ h
y"(x +tii(z)) = (R") u"(z + th—ﬁ) — .G R?
0
defined on the common thin shell S™, the following holds.

(i) y" converge in W12(S™ R?) to .
(ii) The scaled displacements:

ho/2
(3.7) Vh(z) = h‘lj[ Y (x4 1) — o dt
—ho/2
converge (up to a subsequence) in WH2(S,R3) to some V € V.
(iii) The scaled averaged strains:

(3.8) B"(z) = h'symVV"(2)
converge (up to a subsequence) weakly in L*(S,R**?) to a limit B € B.
(iv) The lower bound holds:
liminf A= 1" (u") > Z,(V, B).

h—0

Theorem 3.2. For every couple V€V and B € B, there exists a sequence of deformations
uh € WH2(Sh R3) such that:
(i) The rescaled sequence y"(z + tit) = u"(z + th—hoﬁ) converges in WH2(Sho R3) to .
(ii) The displacements V" as in (3.7) converge in W'2(S,R3) to V.
(iii) The strains B" as in (3.8) converge in W2(S,R**?) to B.
(iv) There holds:
lim h~*1"(u") = Z,(V, B).
h—0
The proofs follow through a combination of arguments in [14] and [16], which we do
not repeat here but instead comment on the functional (3.3) and its relation with the
prestrained von Karméan equations for plates.
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Here, in analogy with the theory for flat plates S C R? with incompatible strains [14],
in (3.1) we have assumed that the target metric is 2nd order in thickness h for the in-
plane stretching (sym €;), and 1st order in h for bending (sym x4). Due to this particular
choice of scalings the limit energy Z, is composed of exactly two terms, corresponding to
stretching and bending. The argument of the integrand in the first term, namely B —
%(AQ)t(m — (Sym €,)tan, represents the difference of the second order stretching induced by
the deformation v" = id + AV + h?w" from the target stretching (sym ¢,), with V € V
and symVw”" — B. The argument of the integrand in the second term (V (A7) — AIl)san —
(Sym Kg)ian, represents the difference of the first order bending induced by v from the
target bending (sym &,).

In general, the second order displacement w can be very oscillatory. Due to the non-
trivial geometry of the mid-surface .S, the finite strain space B is usually large and hence a
bound on the L? norm of the symmetric gradients symVw" implies only a very weak bound
on w". The limiting tensor B can hence be written only as the symmetric gradient of a
very weakly regular distribution (not a classical higher order displacement).

Remark 3.3. When the mid-surface S is elliptic, then for any first order isometry V € V
there exists B € B = L*(S,R2x%) such that B — 1(A?)ia — (Sym €g)san = 0 (see [17]). This
implies that for any V' there exists a higher order modification w” for which in the limit,

the second order target stretching is realized. Thus, the energy Z, reduces to:

1
- L /S 0, (1, (V(AR) — All), — (sym o)

i.e. the bending term which is to be minimized over the space V. Note that this variational
problem is convex (minimizing a convex integral over a linear space V), and hence it admits
only one solution (up to rigid motions). Following the analysis in [17], we see that for
elliptic surfaces, all limiting theories for A="I" under the energy scaling 3 > 2, coincide
with the linear theory Z, as above, while the sublinear theory, to be used in the description
of buckling, is the Kirchhoff-like (nonlinear bending) theory corresponding to f = 2 and
derived in [19].

(V)

4. THE PRESTRAINED SHALLOW SHELL WITH A FIRST-ORDER ISOMETRY CONSTRAINT:
O<axl

When the parameter 0 < o < 1, the highest order terms (of order h?®) in the prestrain
metric p" on (S,)" pulled back on the flat reference configuration Q" turn out to be
“compatible”, i.e. entirely generated by the reference displacement h%vy. In other words,
the shallow shell will easily compensate for these terms by rigidly keeping its structure at
the h® order and only will make adjustments at higher orders to the prestrain induced by
€g and ry. In the limit as h — 0 we therefore expect that the effective energy functional on
2 will depend only on the out-of-plane and the in-plane displacements of respective orders
h and h%. Yet, as we shall see below, the residual curvature of mid-surfaces will appear
in a two-fold manner: as a linearized first-order isometry constraint on the out-of-plate
displacement (4.3), and also as a defining constraint on the space of admissible in-plane
displacements. The mid-plate 2 will inherit the space of first order infinitesimal isometries
(3.4) and the finite strain space (3.5), in the asymptotic limit of vanishing curvature shells.
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The space of finite strains B,, C L*(2,R?*2) is defined as:

sym

B,, = {L2 — hH(l) (symVuw® + sym(Vo© ® Vug)); w® € WH(Q,R?), v° € Wl’z(Q,R)}.
€E—
We now identify B,, with each of the finite strain spaces of the shallow surfaces S.:

Lemma 4.1. Let the surfaces S., be as in (2.1). Then for all v # 0, the finite strain spaces:
B = {L2 — lli% symVuw®; w® € Wl’Q(SV,RS)},
are each isomorphic to B,, via the linear isomorphism:
T L*(S,, L2, (TS,,R)) — L*(Q,R2<?).

sym sym
Here, L*(S,, L2,,,(T'Sy,R)) is the space of all L*-sections of the bundle of symmetric bilinear

forms on S, and T7 is naturally defined by:

[T7(0)(@)]ij = 0(94(2))(0i05(2),0;0,()) VaexeQ VYoe LS, L], (TS, R)).
Proof. Let w € W2(S,,R3) and write w = (w1, Ws, W3) = w o ¢, € W?(Q,R3). Then, for
1,7 = 1,2 we have:

ij

(symVw)(Dir,, Dyb,) = % (04 8,0, + 0,10 - 0i6,) = [sym(ar, o) by sym(Vits@ V)|

Take now a sequence w® € W?(S,,R?) such that lim._,osymVw* = B, € B?. Then:
T7(B,) = lim T (symVu) = lim (symV (@, 5) + sym(V(75) © Vo) ) € B,

which proves the claim. [ |

The following is a consequence of Lemma 4.1, [16, Lemma 5.6] and [26, Lemma 3.3]:

Corollary 4.2. Assume that:
(i) either: vy € C*1(Q) NCY(Q) and det V2vg > ¢ > 0 in Q,
(i) or: vy € C*(Q) with det V2vy = 0 in Q, and V?vy does not vanish identically on any
open region in ).
Then:

(4.1) B,, = L*(Q,R%2).

sym

Indeed, in [17] we proved that for any strictly elliptic surface S, its finite strain space B
equals L*(Q,R2x%). Since every S, is strictly elliptic under the assumption (i), the result
follows by the equivalence of spaces B” and B,, in Lemma 4.1. The same observation can

be derived directly, as follows. Given B : © — R2x2 smooth enough, we first solve for v in:

(4.2) cof V2vg : V2v = —curl’curl B in Q,
’ v=20 on 0f).

Then we have:

curl” curl B = —cofV?v : V2 = curl” curl(Vo @ V) = curl” curl (sym(V'U ® Vvo))

(see also Remark 4.7), and therefore:

B = symV (v, v2) + sym(Vv ® Vi),
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for some in-plane displacement (vy,vs) : © — R2 The density of smooth fields B in the
space L*(Q2, R?*2) now yields the result.

sym
Remark 4.3. We expect that the property (4.1) is satisfied for a generic vy, whenever V2uyg
does not vanish identically on any open region of 2. The argument requires studying very
weak solutions of the mixed-type equation (4.2). When this equation is degenerate (vy = 0),
B,, coincides with the space of all matrix fields in the kernel of the operator curl” curl and

hence it is only a proper subset of L*(€2, Rg;ﬁl) consisting of symmetric gradients.

We now present the main I'-convergence result for the shallow shell regime 0 < a < 1.
The proofs which consist of tedious modifications of the arguments in [16, 14], are outlined
in the Appendix.

Theorem 4.4. Let 0 < o < 1. Assume u" € W"2((Spe )", R?) satisfies """ (u") < Ch*,
where " is given as in (2.5). Then there exists R" € SO(3) and ¢ € R? such that for
the normalized deformations:
Y, t) = (RMT (u" o gpe)(, ht) — " : Q1 — R3
with ¢~ and v = h* as in (2.1), we have:
(i) y"(x,t) converge in W12(Q, R3) to w.

(ii) The scaled displacements V" (x f152 (x,t) —x — h*vo(x)es dt converge (up
to a subsequence) in WH 2(Q,]R?’) to (0,0,v)T where v € W*2(Q,R) and:
(4.3) cof VZuy: V=0 inQ.

(iii) The scaled strains:
1
Bi= <symV(V1h, V) + hsym(VV @ v%))

converge (up to a subsequence) weakly in L* to some B € B,,.
(iv) Moreover: liminf;,_o h=41"""(uh) > I2°(v, B), where:

1 1
(4.4) Z;°(v, B) = / Qs (B + §VU ® Vv — (sym eg)mn) +— o / Qs <V2v+(sym /-@g)tan>
Q

with Qo defined in (3.6).
Theorem 4.5. Let 0 < a < 1. For every v € W?%(Q,R) satisfying (4.3) and every
B € B,,, there exists a sequence of deformations u" € Wh2((Spa ), R3) such that:
(i) The sequence y"(x,t) = u(x + h%q(x)es + htii?(x)) converges in W2(Q) to x.
(ii) The scaled displacements V" as in (ii) Theorem 4.4 converge in W12 to (0,0, v).
(iii) The scaled strains B" as in (iii) Theorem 4.4 converge weakly in L* to B.
(iv) limy,_o A=A (uh) = Z9° (v, B).
In the special cases of Corollary 4.2, we have:
Theorem 4.6. Assume additionally that vy is such that (4.1) holds. Then, for every
v € W22, R) satisfying (4.3), there exists a sequence u € W12((Spa )" R3) such that (i)
and (1) of Theorem 4.5 hold, and moreover:

1
R
}lllif(l)h I (U ) 24 / Q2 <V v+ (Sym Kg)tan)
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Remark 4.7. Comparing functionals (4.4) with (3.3), note that the space V(S,) of first-
order infinitesimal isometries on S, is made of displacements V : S, — R? of the form:
V(g (x)) = (yv1(x), hva(x), v3) Vo €,

4.5
(4:5) such that (vi,vq,v3) € W*2(Q,R*) and symV(vy,vs) + sym(Vus ® Vug) = 0.

Indeed, similarly as in the proof of Lemma 4.1, the condition symVV = 0 on S, becomes:

0= S (OV 00,)- 0,6, +0,(V 0.6,) - 016r) = sym(V(vs, 1) + Vs ® Vol
We also see that vs can be completed by (vq,v2) to V€ V;(S},) as in (4.5) only if:
(4.6) cof Vv : V23 = 0,
the latter being also a sufficient condition when €2 is simply connected. This follows from:

curl” curl (Sym(VU3 ® Vvo)) = curchurl(va ® VUO)
= (922(811)3 : 612}0) + 811(52U3 : 821)0) - (912(81113 : 621}0 + 32U3 : 8100)

= —<811U3 . 822’00 + 8221]3 . 6111)0 — 28121}3 : 8121)0) = —COfV2U0 . V2U3.

Hence, the admissible out-of-plane displacements v3 relevant in (3.3), must obey for the
least the constraint (4.6), which appears in the 2-scale limiting theory (4.4) as constraint
(4.3). This is in contrast with the unconstrained 2-scale limiting theory (5.3) developed in
the next section.

Remark 4.8. To put the last two results in another context, we draw the reader’s attention
to the forthcoming paper [15], where we analyze the I'-limit of the shallow shell energies
hQTIHI Rk on shells with curvature of order h®. This energy scaling is produced by forces
of appropriate magnitude or by prestrains of a different order than those considered in the
present paper. Our main result in [15] concerns the case a < 1, where we can establish
that in the special case det V2vy = ¢y > 0, the I'-limit is a linearized Kirchhoff model with

a Monge-Ampere curvature constraint:
(4.7) det Vv = det Vv,

on the admissible out-of-plane displacements v € W?2%(Q). The constraint (4.3) can be
interpreted as a linearization of (4.7), thereby highlighting the relationship between the
two models for elliptic shallow shells.

5. THE GENERALIZED DONNELL-MUSHTARI-VLASOV MODEL FOR A PRESTRAINED
SHALLOW SHELL: o« =1

When the parameter o« = 1, i.e. the curvature of the mid-surface co-varies with the
thickness, so that v = h. For small h, the growth tensors on (Sy,)" are then defined by (2.6)
and the corresponding metric p" = (¢")T¢" is given by:

ph(cbh(x) + xgﬁh(x)) = Id + 2h’%sym €4(7) + 2hxgsym ry(x) + O(h3).
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Let v = u" o ¢, € WH2(Q" R?), via diffeomorphisms ¢y, in (2.3). By this simple change of
variables, we see that:

I (uh) = % . W (Vu"(¢")™) = %/Q W((Vvh)(Véh)*l(qh o &h)%) -det Vo, d(z, z3)

- /Q WV - det Vi, de, ).

where: . )
b" = (¢" 0 o)V on.
In order to understand the structure of " we need the following result:

Lemma 5.1. The pull-back of the metric p" through ¢y, satisfies:
V(z,a5) € Q" g"(x,23) = (Vo) (0" © 61) (Vn)
= Id + h? (28ym €g(z) + (Voo(z) ® Vvo(a:))*>
+ 2hx; (sym Ky(z) — (V2U0($))*) + O(h?),
where F* € R3*3 denotes the matriz whose only non-zero entries are in its 2 X 2 principal
minor given by F € R?*2,
Proof. By a direct calculation, we obtain:
O = (1 — w3h0%, vy, —13h3H0, halvo) + O(h?),
8ggz~5h = ( — 23h0%v0, 1 — 2300500, h@gvo) + O(h?),
O30 = 71" = ( — hdyvy, —hdavy, 1 — %h2|w0|2) + O(h?).
Hence:
(Von)" (Von) = Ids — 223h(V?0)" + h* (Vg ® Vg)* + O(h?)
(Vén)" (2h%sym €, + 2hassym k,)(Vy) = 2h*sym ¢, + 2hazsym r, + O(h®),
in view of V¢, = Ids + O(h), and the result follows. u

Note that: (0")Tb" = g and therefore by the polar decomposition of matrices:
V' = R(z, x3)a" on Q"

for some R(x,z3) € SO(3) and the symmetric growth tensor a” given by:
1
(5.1) a" = +/gh =1d + h? (sym €5+ §(VU0 ® Vvo)*) + has <sym Kg — (V2v0)*> + O(h?).

For isotropic W it directly follows that:

") = %/Qh W((Vvh)(ah)_lR(x)_l> -det Vo, d(, x3)

1

(5.2)
= L W) - (1 0) deaa)
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Heuristically, modulo the change of variable ¢y, the problem reduces then to the study of
deformations of the flat thin film Q" with the prestrain a”. Indeed, by exactly the same
analysis as in [14] Theorems 1.2 and 1.3, we obtain in the general (not necessarily isotropic)
case, the following result:

Theorem 5.2. Assume that u" € W'((S,)" R?) satisfies I""(u") < Ch*. Then there
exists proper rotations R" € SO(3) and translations ¢ € R3 such that for the normalized
deformations:

yh<x7t) = (Rh>T(uh ° &h)(‘ru ht) o Ch Q' — R
defined by means of (2.3) on the common domain Q' = Q x (—1/2,1/2) the following holds:
(i) y"(x,t) converge in W12(Q, ]R3) to x.
(ii) The scaled displacements V" (x) = h™1 f152 (x,t) —x dt converge (up to a subse-
quence) in W2(Q,R3) to the vector ﬁeld of the form (0,0,v)" and v € W*?(Q, R).
(iii) The scaled in-plane displacements h=*V,!  converge (up to a subsequence) weakly in
Wh2 to w € WH(Q, R?).
(iv) Moreover: liminfy,_,o =4 I"M(u") > T} (w,v) where:

1 1 1
T, (w,v) = = / Qs (syran + -Vov® Vv — -V ® Vyy — (sym eg)wn>
53) 2 Jq 2 2
‘ 1

+ ﬂ Q, (V% — V2o + (sym Iig)mn>.

In the same manner, applying the proof of Theorem 1.4 of [14] to (5.2), yields:

Theorem 5.3. For every v € W*2(Q,R) and w € WH2(Q,R?), there exists a sequence of
deformations u" € Wh2((S,)" R3) such that:
(i) The sequence y"(x,t) = u(x + hv(z)es + htii"(z)) converges in WH2(QL R3) to z.
(ii) The displacements V" as in (ii) Theorem 5.2 converge in W12 to (0,0,v).
i

)

ii) The in-plane displacements h=*V" converge in W2 to w.
p p tan g

(iv) limy,_yo A4 (u) = T, 4 (w, v).

6. THE PRESTRAINED PLATE MODEL AND THE EULER-LAGRANGE EQUATIONS: a > 1

When the parameter o > 1, we calculate the pull-back of the induced metric p* = (¢")T¢",

to the flat plate Q", via the change of variable qgﬂ, as in (2.3). Just as in Lemma 5.1, we
obtain:

= (¢na)"p" = Ids + h** (Vg @ Vug)* — 2h%x3(V20p)*

(6.1) ) 5
+ 2h*sym €, + 2hazzsym ky + O(h°).

It is therefore clear that the prestrain terms (¢4, k,) take over the effect of shallowness and
hence the limiting theory in the scaling regime h?* is that derived in [14], coinciding with
results of Theorem 5.2 and Theorem 4.4 for the case vy = 0 and with the results of Theorem
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3.1 for S C R?:
Yo € W*2(Q,R) Yw € WH(Q,R?)

1 1
(6.2) T)(w,v) = 5 /Q Q, (syme + §Vv ® Vv — (sym eg)tan)

+ i 9, <V2v + (sym Iig)t(m>.
24 /g

Indeed, consider the prestrained von Karman shell model Z; discussed in Section 3 for a de-

generate situation S C R%. The term B—1(A?),, reduces to: 3 (Vw + (Vw)™ + Vv ® Vo),

where w and v = V? are respectively the in-plane and the out-of-plane displacements of S.

The term (V(A7) — AIl);ap reduces also to: —V?v. Therefore, when S C R?, Z, coincides

with the model Z and with the models Z5° and Z} in the degenerate case vy = 0.

Remark 6.1. We point out a qualitative difference between the out-of-plane displacements
v in the argument of Z9 and Z; and those appearing as the arguments of Z°. The former
are the net lowest order out of plane displacements of the limit deformations which are of
order h, as suggested by Theorem 5.2 (ii), but, according to Theorem 4.4 (ii), when o < 1,
the latter are the second highest order term of the expansion of the deformation after h®vy.
Hence, one should replace v in (5.3) or (6.5) through a change of variables by v + h* ',
in order to quantitatively compare this model with the variational model Zg° in (4.4).

As shown in [14], under the assumption of W being isotropic, the Euler-Lagrange equa-
tions of Z; under this degeneracy condition (or equivalently the Euler-Lagrange equations
of ZJ) can be then written in terms of the displacement v and the Airy stress potential ®:

{ A?D = Y (det Vv 4 ),)

6.3
(6:3) ZN% = [v, ®] — 29, |

where Y is the Young modulus, Z the bending stiffness, v the Poisson ratio (given in terms
of the Lamé constants p and A), and :

Ay = curl? curl (€g)2x2 = O2a(€g)11 + O11(€g)22 — Or2 <(€g)12 + (€g>21)7
(6.4) Q, = divTdiv ((/{Q)QXQ + v cof (I{g)gx2>

= 0n <(“g)11 + V(F«'g)22> + Oa2 ((59)22 + ’/("fg)n) +(1 - ’/)812((59)12 + (ﬁg)m)-

Equations (6.3) are based on a thermoelastic analogy to growth [22, 20] and can also be
derived using a formal perturbation theory [4].

On the other hand, the following system was introduced in [21], as a mathematical model
of blooming activated by differential lateral growth from an initial non-zero transverse
displacement field vy:

{ A*d = —Y (det Vv — det Vg + \,)

(6.5) Z(A*0 — A?y) = [v,®] — Z9, ,
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A similar calculation as in [14] then shows that (6.5) can be viewed as the Euler Lagrange
equations corresponding to the energy functional Z}. We will now show that (6.5) can be
directly derived from the equations (6.3).

Proposition 6.2. The system (6.5) can be derived from the equations (6.3) by pulling back
the prestrain tensors €, and k4 from a sequence of shallow shells (Sp)" generated by the
vanishing out-of-plane displacements huy.

Proof. By Lemma 5.1 we see that the growth tensor on Q" is given by (5.1). Applying (6.4)
to the modified strain and curvature in a”, to the leading order, we obtain:

1
Ay (v9) = curl” curl ((sym €g)tan + §Vv0 ® Vv()) =\, + det Vv

Qy(vo) = divldiv (((sym Kg)tan — V2v0) + v cof ((sym Kg)an — V2vo)>

= Qg - A2U0,
where the last equality follows from div cof V?vy = 0. Consequently, (6.3) for the growth
tensor (5.1) becomes exactly (6.5). |

7. THE ENERGY SCALING

A straightforward consequence of our results is the following assertion about the scaling
of the infimum elastic energies of the thin prestrained shallow shells in the von Karmén
regime (2.6).

Theorem 7.1. Let a > 0 and let the sequence of thin shells (S.)" be given as in (2.2) with
the elastic energies of deformations I'"" as in (2.5). Assume that:

(7.1) curl (sym Kg)an Z0  in S

Then, there exists constants ¢,C' > 0 for which:

1 e
7.2 V0 < h <1 < inf — ") < C.
( ) < €= u€W1»2(1(I}9ha)h,R3) h4 (U) -

Indeed, the condition curl(sym £g), = 0 is equivalent to (sym kg )ian = V?2v, for some
v: Q — R. If not satisfied, the bending term in (4.4) is always positive, yielding the lower
bound in (7.2). The existence of a recovery sequence in Theorem 4.5 and Theorem 5.3 and
[14] implies the upper bound.

Remark 7.2. The incompatibility condition (7.1) can be relaxed depending on the specific
value of o, and the assumed energy level, see e.g. [14] for a more involved scaling analysis
when o > 1. Heuristically, conditions of similar type imply that the Riemann curvature
tensor of the induced metric p” is non-zero and hence, in view of [19, Theorem 2.2], they
guarantee the positivity of the infimum of 17", In a further step we observe that, when p"
is close to be flat, the scaling regime depends on the magnitude of the first non-zero term
of the expansion of its curvature tensor. Note also that when o < 1, the first two non-zero
terms after identity in (6.1) have no bearing on the first non-zero terms in the expansion
of the curvature. Analogously, the induced prestrains £, = Vv and €, = 5(V?vy ® V)
corresponding to the scalings h* and h** do not satisfy neither conditions (1.13) nor (1.14)
of [14]. Therefore the energy infimum must naturally fall below h?, i.e. in the regime h?*+2.
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8. DISCUSSION

Our analysis has rigorously derived a general theory of shells with residual strain arising
from relative growth, inhomogeneous swelling, plasticity etc. In fact, there are many such
theories; each is a consequence of the scalings of shell’s curvature relative to the magnitude
of the strain incompatibility induced by curvature growth tensors. Indeed, for any exponent
a > 0 we considered the following energies of deformations on the weakly prestrained
shallow shells:

Pla)= [ WY e (5" R,

h J (s

with the growth tensor ¢" given by (2.6), on thin shells of the form (2.2) around the mid-
surface:

She = 0pa(Q),  Pna(z) = (2,h%(2)), v € CH(QLR).
We have established that, disregarding the value of «, the scaling for the infimum of the
energy is always determined by the prestrain and have to be of order h* under our current
assumption (7.1). When o > 1, the prestrain takes over the effect of shallowness and hence
the limiting theory is the one derived in [14], coinciding with results of Theorem 5.2 for the
case vp = 0 and yielding the Euler-Lagrange equations (6.3). When « = 1 one recovers the
recently postulated model [21], discussed in the present paper.

For the case 0 < a < 1, the limiting theory reduces to a new constrained theory. It can
be viewed as a plate theory where the non-trivial geometric structure of the shallow shell
is inherited by the plate, or equivalently it can be considered as the natural limit of the
generalized von Karmén theories (3.3) on the shallow midsurface S, as v — 0. In contrast,
a similar problem is considered by the authors in [15], where the I'-limit is discussed under
energy regime of order h?**2. This order is compatible with the curvature, where the
shallow shell is affected by the body forces or prestrains of large enough magnitude, and
yet the choice of o has a bearing on the limit model. For simplicity of presentation, our
analysis in the present paper and in [15] is limited to a subset of vast possible scenarios.

A natural generalization of our results would be to allow for different scaling regimes
for the growth tensors in search of other possible limiting theories. Overall, there are
three independent parameters: one associated with scaling of the shallowness, and two
incompatible strains characterized in terms of their dependence on the thickness h in the
form h®. The resulting theories depend on the choice of scalings for these three parameters.
Thus, there is no single correct model in general, but of course when dealing with a concrete
situation, a choice of particular scalings for the relative magnitude of the thickness, the
shallowness and the differential growth determines the effective theory.
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Appendices

Here we provide a proof of Theorem 4.4 and Theorem 4.5. We first derive bounds on
families of vector mappings {u"};~o, defined on (S,)" as in (2.1) and (2.2), under the
assumption of smallness on their energy and when v = h* for the scaling regime 0 < a < 1.
In what follows, by C' we denote an arbitrary positive constant, depending on vy, but not on
h or the vector mapping under consideration. In all proofs, the convergences are understood
up to a subsequence, unless stated otherwise.

APPENDIX A. PROOF OF THEOREM 4.4

Let a sequence of deformations u” € W2((S,)" R3) satisfy:
1
—/ W((Vu")(¢")™") dz < Oh*,
hJs,n

where, recalling the definition of ¢, : Q x (=h/2,h/2) — (S,)" in (2.3), we have:
¢" 0 ¢, = 1d + h%¢, + haxsr,.

The following approximation results can be obtained by combining arguments in [16] and
[14], in view of the seminal work [8].

Lemma A.1. (Parallel to [16, Lemma 3.1], [14, Theorem 1.6].) There exists a matriz field
R" € W12(S,,R3*3) with values in SO(3), and a matriz Q" € SO(3), such that:
N
(i) EHVU]Z - Rh”%%sg) < COh',
(i) [VRM|L2s,) < Ch,
(iif) [(@MTR" —1d||1r(s,) < Ch, for allp € [1,00).
Lemma A.2. (Parallel to [16, Lemma 3.2].) Let R" Q" be as in Lemma A.1. There holds,
or all p € [1,00):
(i) lim (QMT'R" o ¢, = 1d, in WH2(Q) and in LP(Q).
—

Moreover, there exists a W2 skew-symmetric field A : S — so(3), such that:

1
(ii) ,llir% 7 ((QMTR" —1d) o ¢, = A, weakly in W*(Q) and (strongly) in LP(S).
—
1 1
(ifi) lim sym (@"TR"—1d) 0 ¢, = 5142, in LP(9).

Proof. The convergences in (i) follow from Lemma A.1. To prove (ii), notice that:
1
Al = - (@"TR"—1d) o ¢,

is bounded in W12(Q2) and so it has a weakly converging subsequence, as h — 0. Conse-
quently, convergence is strong in LP(2). One has:

(A1) Al (AT = = ((Q")"R" + (R")"Q" — 21d) = —h(AM)T A"

SRS
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The latter converges to 0 in LP(€2), and therefore the limit matrix field A is skew-symmetric.
The above equality proves as well that:

1 h_ Ly
hin 7 Sym A 2A
in LP(Q2), which implies (iii). |
Consider (and compare with Theorem 4.4) the rescaling:
y"(x + ti () = u" (x + th/heii" () Ve e S, Vte (—ho/2, h/2),

so that y" € W'2((S,)" R3). Also, define: V,y"(x + ti¥(x)) = Vu" (z + th/hei?(x)). In
what follows, IL, = Vii” denotes the second fundamental form of S,. By a straightforward
calculation we obtain:

Proposition A.3. (Parallel to [16, Proposition 3.3].) For each x € S,, t € (—ho/2,ho/2)
and T € TS, there hold:

Ory(x + ti") = Viy" (v + ti7) (1d + th/hoIlL, (z)) (Id + tIT,(z)) "7
Oy (w + i) = hivhyh (x+tn")n ().
0
Moreover, for I"(y") = %f(sw)h W ((Vuh)(¢")~™1) one has:

I"(y") = i W(Vhy (z + ") (¢") ") - det [(Id + th/holL,) (Id + ¢IL,) ']

h0/2
/ W (Vo (2 + t77)(g") 1) - det [Id + th/holL, (z)] dt de.
—ho/2

Directly from Lemma A.1 (i) and Lemma A.2 (ii) there follows:
Proposition A.4. (Parallel to [16, Proposition 3.4].)
(i) [IVay" — Rh”B( Syhoy = Ch*.
(ii) lim — ! ((Qh)TVhy —1Id)o b, = A, in L2(QM).

h—0 h

We consider the corrected by rigid motions deformations g" € W2((S,)" R3) and
averaged displacements V" € W2(S  R3):

1 h0/2
= @) - VPV =g ) -t
hJ o2
where the constants ¢ are chosen so that fQ Vhog, =0.
Lemma A.5. (Parallel to [16, Lemma 3.5].)
(i) Im (5" 0 ¢y — ¢,) =0 in W*(Q").
—
(ii) }lLir%(Vh op,) =V in WH2(Q).
—

The vector field V in (ii) has reqularity W*2(Q2,R3) and it satisfies 0.V (x) = A(x)T for all
T € R%S. The W' skew-symmetric matriz field A : S —s so(3) is as in Lemma A.2.
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Proof. 1. In view of Proposition A.3 and Proposition A.4 we have:

[Viand" = (Q")R"),,,, - (d + th/hoIT}) (Id + 11,) 7| , roy < Ch?
(A.2)
H myh||L2 ((S,)M) < C’hHVhy HL2(Sh0 < Ch.

h )
To prove convergence of V" o ¢, consider for z € S,:

1 h0/2
V() = = ][ Vi (& 4+ #77)(1d + 411.) — 1d dt
h —ho/2
A3 L o -
(A3) -2 ][ i (Viand" — (@7 RY),,, (1d + £IL)~") (1 + 11L,) d
- %((Qh)TRh(x) — Id) = Ao (¢,)"t + O(h).

We also have: V(V"o0 ¢,) = (VV" 0 ¢,)(Ve,), hence:

h 1 [hol? ~h
v(rtes) =[G f Vi1 1L) ~ 14 ) 06:] ¥,

[l ][// (Veand?" — (@) RY),,,, (10 +111,) ) (1d + 11L,) ) 0 6, ] Vo,

(@R @) ~14) )o0,] Vo, = A"Vo, + Oh).

Therefore, V(V" 0 ¢,) converges to Az, in L*(Q2) and since fo Vho ¢, =0, we may use
Poincaré inequality on  to deduce (ii).

2. To prove (i), notice that by (A.2) and Lemma A.2 we obtain the following convergences
in L2(Qho):

lim V(5" 0 6,) ~ Vé, = lim (V5" ~ 1d) 0 6, ) Vé, =0,
. ~h TN s _~h 7 _
lim 05(g" © ¢,) = lim (9 5") © 6, = 0.

Therefore V(7" 0 ¢,) — V¢, converges to 0 in L2(Q"). Since the sequence {V" o ¢} is
bounded in L*(Q), it also follows that:

ho/2 ~
/ 7" (py) —x dt

—ho/2

= 0.
L2(Sy)

(A.5) lim

h—0

Now, let g(x +tii?) = |det (Id + ¢II,(x))|~'. Consider the two terms in the right hand side

of:
~ ~ g ~ g
(yh—ﬁ)—/ (7" —m)- /h(yh—ﬂ)-
(Sy)o Jisyyno 9 Sy° Jisyyho 9

The first term can be bounded by means of the weighted Poincaré inequality, by ||V (7" —
)|l 125" and therefore it converges to 0 as h — 0. The second term converges to 0 as well,
vy

+
L2((S4)"0)

17" =7 || 25,0y <
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h0/2 ho/2
// h_ o dt do / gt = dt
Sy h0/2 —ho/2

in view of (A.5) and:

/ (§" — )
(S5)"o

Proposition A.6. We have:

1 -
(i) lim — ((gh 0 ) — q:) — vpes in WH2(Q, R?),
h—0 h®
(ii) cof VZvy : V2V? = cof Vv : Vv =0 in Q.
Proof. The statement (i) easily follows from Lemma A.5 (i). By (A.4) and (A.1) we calcu-
late:

<C

L2(S5)

Vi,jg=1,2 2<az¢'y7 symVVh J¢'y> = < Vh © ¢v) j¢v> + <aj(vh © ¢7),8@-¢7>

= <6j¢wAh i¢v> + <ai¢wAhaj¢v> + O ) = O(h)7

and hence, denoting: V" o ¢, = (v, vl vh), we get:

O(h) = 2(0io, (symVV") )0;6-) = (0i( (V"0 ¢,), 0j¢+) + (95 9;(V" 0 ¢,), 0, iby)
= 2{e;, (symV (v}, v5) + h*sym(Vv} @ Vvg))e;) -
Dividing by h* and passing to 0 in A we obtain:
. 1
Ilzli% (Sym(va ® Vug) + h—symV(v1 : 112)) =0.

On the other hand V" o ¢, converges to V in Q and so symVV = 0 imply that (v}, vl)
converge to a constant, while v converges to V3 = v € W2(Q2). Passing to the limit we
obtain:

1
sym(Vv ® va) =— hr% h—symV(v1 ) = —symVi,

for some w € W'%(Q) (we used Korn’s inequality for deducing the existence of w). By
applying the operator curl” curl on both sides, we conclude:

cof Vv, : V20 =0,
as claimed in (ii). |
We now need to study the following sequence of matrix fields on (.S,)":
1 -
Gh = E((Rh)TVhyh - Id) o,

In view of Proposition A.4 (i), the tensor 2sym G" is the h? order term in the expansion of
the nonlinear strain (Vu)TVu", at 1d.

Lemma A.7. (Parallel to [16, Lemma 3.6].) The sequence {G"} as above has a subse-
quence, converging weakly in L*(Q") to a matriz field G. The tangential minor of G is
affine in the ez direction. More precisely:

ho /2

G, )ans = Gol@)ana — —V20(x), with Go(x) :][ Gla, 1) dt.

ho —ho/2
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Proof. 1. The sequence {G"} is bounded in L?*(Q") by Proposition A.4 (i). Therefore it
has a subsequence (which we do not relabel) converging weakly to some G. For a fixed
s > 0, consider now the sequence of vector fields f*" € W2((S, )" R3):

1

oMo +ti?) = Ve [(hogjh(:c+(t+s)ﬁ’7) —h(:c+(t+s)ﬁ7)> — (hog]h(x+tﬁ7) —h(a:+tﬁ”)>]
s

We claim that f" o gzgv converges in L?(2") to Aes. Indeed, by Proposition A.3 one has:

1 t+s
Fh (i) = — ][ (had "z + o) — hii") do
t

2
1

t+s
= E][ ((Qh)TVhyh(:z: + o) — Id) i do,
t

and the convergence follows by Proposition A.4 (ii).

2. We claim that this convergence is actually weak in W12(Q"). First, notice that the
x3 derivatives converge to 0 in L?(Q2") by Proposition A.4 (ii):

0u(f* 0.8y) = — [(@V (Vg (& + (¢ 4+ 5)") — V(o + 1)) 0 6|7 (x).

We now find the weak limit of the tangential gradients of f*". By Proposition A.3:

0.(f*" 0 d,) = # [(1oV3" (2 + (¢ + 8)iT)(1d + (¢ + )TL) (1d 4 #11,)

— hoVij" (a + tit") — hsTL,(Id + tHv)’lﬂ o ¢,0ip,

— % [(Qh)T (Vhyh(:r + (t+s)") — Vay"(z + tW)) (Id + th/holL, ) (Id + tHW)‘l] 0 &, 0h6
+ ﬁ [<<Qh>thyh(x + <t + S)ﬁv) o Id) SHv(Id -+ tﬂw)il] o Q;v&i(ﬁ'y.

By Proposition A.4 (ii), the following expression in the right hand side above:

% (@)™ (@ + (¢ + )i") ~ 1)L, (1d 4+ 41L,) ]| 0 6,

converges in L2(™) to 0. On the other hand, the first term in this expression converges
weakly in L2(2") to:

h

—(Gla,t +5)) = Glx,1)),
by Lemma A.2 (i). This establishes the (weak) convergence of f&" in W12(Q").

3. Equating the weak limits of tangential derivatives, we obtain:

(Aes)(x) = "2 (G, (¢ + 9)) — Gl

S

This proves the lemma. [ |

Finally, we have the following bound for convergence of the scaled energies I".
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Lemma A.8. (Parallel to [16, Lemma 3.7] and [14, Theorem 1.3].)

1 1 1
lim inf mlh@ﬂl) > 5/ Q2 ((Sym (G0)2><2 — (Eg)2><2) + ﬁ/ QQ (VQ'U + (’K‘:g)2><2) .
S S

h—0
In view of Lemma A.5 and Lemma A.8, it remains to understand the structure of Gj.
Lemma A.9. (Parallel to [16, Lemma 3.7].) Let Gy be as in Lemma A.7. Then we have
the following convergence (up to a subsequence) weakly in L?(2):

1 1
(A0) i3 (056 (sm TV'T06,)00,) = (e (sm Gt 347) ).
2x2

Proof. We use the formula (A.3) composed with ¢, to calculate %(sym VV") o@,. The last
term in the right hand side gives:

1 1
zsym ((QY'R" —1d),,, 06, = 5sym (Q")'R" —1d),, 0 0y,

which converges in L?(Q2) to 1/2(A?);4, by Lemma A.2 (iii). To treat the first term in the
right hand side of (A.3), notice that for every 7 € 1,5,

ho/2

1 ho/2
<ﬁ [][_ Vi (z + i) (Id + t1L,) — (Q")" R"(z) dt] 0 By, T)

ho/2 ho/2
][ Viy"(z +t77) — R"(x) dt + ][ th/hoVy"IL, dt
—h0/2 —h0/2

= 5 {(@")" © §,T)

1 T ph
= QR (x)

ho/2
][ (RMYI'Vpy" —1d dt| o ¢, 7)
—ho/2

ho/2

* %((Qh)T[][ t(Viy" = R'm) dt

—ho/2

H”/(*’”)) 0 by, T),

where we used Proposition A.3. Now, the second term in the right hand side above converges
in L?(Q2) to 0, by Proposition A.4 (i). Further, the matrix in the first term equals to:
ho /2

(@B f  GHattin) d)oo,
—ho/2

and by Lemma A.2 (i) and Lemma A.7, it converges weakly in L?(Q) to G. This completes

the proof, in view of the fact that V¢, converges to (eq, ez). [ |

Conclusion of the proof of Theorem 4.4
It now remains to identify B as a member of B,,. We have:

1

(061 (1sym V(V')] 0 6,)0i6) = 1 (e, (symV (ol o) + Wosym(Vel © Vo)),

Therefore:

(A7)

A2
Sym(Go)QXQ = B — 7
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where B is given by the following limit:
1
B = lim B" = lim — [symV (o], v}) 4+ h%ym(Vo! ® Vvo)] € B,,,
h—0 h—0 h

whose existence is assured by Lemma A.9. [ |

APPENDIX B. PROOF OF THEOREM 4.5

Let v and B be given as in the statement of Theorem 4.5. Since v satisfies the constraint
(4.3) on a simply-connected €, there exists a displacement field w € W%2(2, R?) for which:

symVa + sym(Vo @ Vug) = 0.

Let V., = (yw,v) o (¢)~". Then it is straightforward as in (A.7) to verify that V, is a first
order isometry of class W?? on S, i.e. symVV, =0 on S,. Also, using the isomorphism
77 in Lemma 4.1, we let B, = (T7)"*(B) € B", where the latter space is identified in [16]
as the finite strain space of S,. Given V, and B, as above, we proceed as in [16, Theorem
2.2], as follows. With a slight abuse of notation, we write:

(B.1) Qs (, Fian) = min { Q3(Fian + c® €3+ €3 @ ¢); ¢ € R*}.

The unique vector ¢, which attains the above minimum will be denoted c¢(z, Fy.,). By
uniqueness, the map c is linear in its second argument. Also, for all F € R**3, by I(F) we
denote the unique vector in R3, linearly depending on F, for which:

sym(F - (ngg)*) = sym(l(F) ® 63).

Recall that v = h® Given B, € B7, there exists a sequence of vector fields w" €
Wh2(S,,R?) such that ||sym Vw" — B, | 12(s,) converges to 0. Without loss of generality,
we may assume that w” are smooth, and (by possibly reparameterizing the sequence) that:

B.2 lim VA w" ||z (s,) = 0.

(B.2) Jm Vh[[w* | w2ee(s,) =0

In the same manner, we approximate V, by a sequence v" € W2*(S,,R3) such that, for a
sufficiently small, fixed ¢y > 0:

lim [v" = Villwezs,) =0, Allo"{lwzes,) < €,
(B.3) 1 b
lim 5 {z € 85 v'(x) # V(2)} =0.

h—

The existence of such v" follows by partition of unity and a truncation argument, as a
special case of the Lusin-type result for Sobolev functions (see [8, Proposition 2]).
Finally, define the sequence of deformations u" € W2((S,)" R?) by:

u(x +ti7) = x + h'(2) + h2w"(z)
(B.4) + ti?(z) + th <vaﬁan - V(vhﬁ7)> (x)

1
—th?(i") ' Vw" + th*d""(z) + Qtzhdl’h(x).
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The vector fields d*", d"" € W>°(S, R3) are defined so that:

(B.5) lim Vh (|l s,y + [ldY" [wr.oes,)) = 0

and that, in L?(Q):

B0 }SL%‘ZM op, =l(e,) — —]Vv]zeg + c(B - —Vv ® Vv — (sym 69)2><2)
B.6
lim d"" o ¢, = I(k,) + C< — V?0 — (sym ng)2x2>-

h—0
Now, the convergence statements of Theorem 4.5 are verified by straightforward calculations
as in the proofs of [16, Theorem 2.2] and [14, Theorem 1.4].

Remark B.1. One may define the recovery sequence explicitly on €2, without the diagonal
argument presented in the proof above. Namely we proceed as follows.
We approximate V' = (i, v) by a sequence V" = (w", v") € W2°°(Q, R3) such that, for a

sufficiently small, fixed ¢, > 0:

lim [V = V][wee@) =0,  h||[V"|weeq) < o,

h—0
(B.7) 1 ,
}lgnﬁ p{reQ; Vi) £V(z)} =0.

Also, let w" :  — R? be such that
B= ’llir% [symV(w?, wh) + sym(Vw! @ Vvo)].
—

Without loss of generality, we may assume that w” are smooth, and that:

(B.8) hm\/_||w w200 = 0.

The recovery sequence is then given by:

y"(x,t) = u"(x + h®vo(x)es + thii?)

:{h%j’o(m)}rh[ha Z()x)]nthz{hwg 3]
Mz

(B9) +th [ _havlv()(x) ] +th[ 1” ) ]

3 0 3, 10,h 1 3,2 71,k
—th {h_avwg]%—htd (:v)—l—thd (x),

where the vector fields d®", db" € W1°°(Q, R?) are defined similarly as before.
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