A LOCAL EXISTENCE RESULT FOR A SYSTEM
OF VISCOELASTICITY WITH PHYSICAL VISCOSITY
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ABSTRACT. We prove the local in time existence of regular solutions to the system of
equations of isothermal viscoelasticity with clamped boundary conditions. We deal
with a general form of viscous stress tensor Z(F, F ), assuming a Korn-type condition
on its derivative D Z(F, F). This condition is compatible with the balance of angular
momentum, frame invariance and the Claussius-Duhem inequality. We give examples
of linear and nonlinear (in F) tensors Z satisfying these required conditions.

1. INTRODUCTION AND THE MAIN RESULTS

In this paper, we are concerned with the local in time existence of the classical
solutions to the system of equations of isothermal viscoelasticity. The system we study
is given through the balance of linear momentum:

(1.1) Eu — div(DW(vg) + Z(VE, vgg) —0 inQxR,,
and it is subject to initial data:

(1.2) €(0,) =& and &(0,)) =& inQ,

the clamped boundary conditions:

(1.3) £, X)=X VX € 09,

and the non-interpenetration ansatz:

(1.4) det VE >0 in .

Here, £ : Q x R, — R” denotes the deformation of a reference configuration 2 C R"
which models a viscoelastic body with constant temperature and density. A typical
point in €2 is denoted by X, and the deformation gradient, the velocity and velocity
gradient are given as:

F=VEER™, ov=¢&€RY, Q=V§=Vo=F R

In (1.1) the operator div stands for the spacial divergence of an appropriate field. We
use the convention that the divergence of a matrix field is taken row-wise. In what
follows, we shall also use the matrix norm |F| = (tr(FTF))'/2, which is induced by the
inner product: F : Fy = tr(FF,). To avoid notational confusion, we will often write
<F1 . F2> instead of F1 . FQ.
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1.1. The elastic energy density W. The mapping DW : R"*"™ — R™*" in (1.1) is
the Piola-Kirchhoff stress tensor which, in agreement with the second law of thermody-
namics [9], is expressed as the derivative of an elastic energy density W : R™*" — R,

The principles of material frame invariance, material consistency, and normalisation
impose the following conditions on W, valid for all F' € R™*™ and all proper rotations
R € SO(n):

(i) W(RF) = W(F),
(1.5) (ii) W(F) — 400 as det ' — 0,
(iii) W(Id) = 0.

Examples of W satisfying the above conditions are:

Wi(F) = |(FTF)Y? —1d)? + | log det F|?,
q

1
Wy(F) = |(FTF)Y? —1d)* + ‘— — 1| for det F' > 0,

det
where ¢ > 1 and W is intended to be +oo if det F¥ < 0 [23]. Another case-study
example, satisfying (i) and (iii) is: Wo(F) = |FTF —1d]> = (|FTF|? = 2|F|* + n).

We will assume that W is smooth in a neighborhood of SO(n). Since div(DW (V¢))
is a lower order term in (1.1), it follows that other properties of W play actually no
role in the proof of our main Theorem 1.1 and 1.2. We hence remark that the same
results are valid when div(DW (V¢)) is replaced by div(DW ((VE)A(X)™1)). Such term
corresponds to the so-called non-Euclidean elasticity, where the deformation £ of the
reference configuration strives to achieve a prescribed Riemannian metric g = AT A on
2. This model pertains to the description of prestrained materials and morphogenesis
of growing tissues [20, 19].

1.2. The viscous stress tensor Z. The viscous stress tensor is given by the mapping
Z R x R — R"*" depending on the deformation gradient F' and the velocity
gradient (). It should be compatible with the following principles of continuum me-
chanics: balance of angular momentum, frame invariance, and the Claussius-Duhem
inequality [9]. That is, for every F,Q € R3*® with det F' > 0, we require that:

(i) skew (F7'Z(F,Q)) =0, i.e. £ = FS with S symmetric.
(ii) Z(RF,RF + RQ) = RZ(F, Q) for every path of rotations R : R, —
(1.6) SO(n), i.e. in view of (i): S(RF, RKF + RQ) = S(F,Q) VR € SO(n)
VK € skew.
(iii) Z(F,Q):Q >0, i.e. in view of (i): S :sym(FTQ) > 0.
Examples of Z satisfying the above are:
Zn(F,Q) = [sym(QF )P
(1.7) Z\(F,Q) = 2(detF)sym(QF ") F~ 17T,
ZJ(F,Q) = 2Fsym(F"Q).
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We note that in the case of Z, the related Cauchy stress tensor Ty, = 2(detF) "1 Z, F'T =
2sym(QF~!) is the Lagrangean version of the stress tensor 2symVwv written in the
Eulerian coordinates. For incompressible fluids 2div(symVv) = Aw, giving the usual
parabolic viscous regularization of the fluid dynamics evolutionary system.

1.3. The main results. Our main assumption implying the dissipative properties of
(1.1) will be expressed in terms of the following condition on a (constant coefficient)
linear operator M : R™*" — R™*™:

(19 VGl <7 [ V0V Ve e WH(RYRY),

Note that (1.8) is a Korn-type estimate, reducing to the classical Korn inequality for
M (F) = symF and v = 2 [17]. Naturally, (1.8) is equivalent to (2.1) which is the same
estimate, but required for all ¢ € WZ(U, R") with (o = 0, on any fixed open bounded
set U C R"™. Further, it can be shown, via Fourier transform (see Lemma 2.2), that
(1.8) is also equivalent to the strict positive definiteness of the operator M restricted
to the space of rank-one matrices Q) = a ® b:

(1.9) Va,b e R"  |a*Ib)? = la@ b <y{M(a®b):a®b).
We point out that the above condition resembles, naturally, the local well-posedness

criterion for the inviscid elasticity system [16], where the validity of (1.9) for M =
DW (V&) is equivalent to the hyperbolicity of the first-order system (1.1) with Z = 0.

The main result of this paper is the following:
Theorem 1.1. Let €2 be a smooth bounded domain in R™ and let:
(1.10) S e W2(Q), & € W;’W”(Q) for some p>n+2,

satisfy:

Assume that the viscous tensor Z has the property that:
(1.11)
VX €Q, (1.8) holds with M = Do Z(V&y(X), VE (X)) and v independent of X.

Then there exists Tar > 0 such that the problem (1.1), (1.2), (1.3), (1.4) admits a
unique reqular solution & € W3*(Q x (0,T)) N Lo((0,T), W3 (S2)) with & € W (2 x
(0,7)) for all T < Tras-

The proof of Theorem 1.1 will be given in sections 2, 3, 4. In section 5 we show
that viscous stress tensors in (1.7) satisfy (1.11): for any initial data &y, & in case
of the linear (in Q) tensors Zy, Z}, Z}/, and for initial data enjoying additionally:
det sym(VE& (V&)™) # 0 in case of nonlinear (in Q) tensors Zi, Z5; see Lemma 2.3.
Thanks to this observation, Theorem 1.1 assures the mathematical well-posedness of a
class of physically well-posed models.
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With the same techniques of proof as in Theorem 1.1, one can show that:

Theorem 1.2. Let S be the solution operator of the problem (1.1) - (1.4) as described
in Theorem 1.1, given by:

8(507 51) = (gv gt)a
S W2(Q) x W22/7(Q)) — (Wﬁ’z(Q % (0,7)) N Lo ((0,T), W;(Q))) X W29 % (0,T)).
Then S is continuous.

We omit the proof of this result and refer instead to standard texts [1, 18, 21, 22], or
to an application of the same methods in a more current context in Theorem 1.2 [10].

1.4. Relation to previous works. The dynamical viscoelasticity (1.1) has been the
subject of vast studies in the last decades. For Z(F, Q) = @ conflicting with the frame
invariance (1.6) (ii), various results on existence, asymptotics and stability have been
obtained in [2, 26, 27, 13]. For dimension n = 1, existence of solutions to (1.1) has
been shown in [8, 4] for Z depending nonlinearly on Q).

Existence and stability of viscoelastic shock profiles for a large class of models orig-
inating from (1.1) has been studied, among others, in [3, 5].

Existence of Young measure solutions to system (1.1) was shown in [11], without any
additional assumptions on Z, but with condition (1.6) (iii) strengthened to the uniform
dissipativity i.e: Z(F,Q) > v|Q|*. These measure-valued solutions were shown to be
the unique classical weak solutions under the extra monotonicity assumption:

(1.12) (Z(F1, Q1) — Z(F2, Q) : Q1 — Q2) > k|Q1 — Q2> — | [} — [,

see also [28] for a treatment of slightly more general type of PDEs under the same
condition. As noted in [11], (1.12) is incompatible with the balance of angular mo-
mentum (1.6) (i). In particular, (1.12) is not satisfied by any of the examples in (1.7),
even Zy, 2|, 2}/ which enjoy condition (1.11) for all invertible F' = V&(X) and all
Q = V&(X).

From the theory of PDEs viewpoint, our present result is a rather straightforward
application of the theory of nonlinear (quasilinear) parabolic systems. Namely, we
apply the maximal regularity estimates to control the nonlinearities of the system
(1.1) by the dominating dissipative part. We choose the L,-framework in order to avoid
technical difficulties, but similar results to those of Theorems 1.1, 1.2 and estimates
therein are expected in the Besov spaces framework [10]. In a sense, our result is hence
a consequence of the classical theory of Ladyzhenskaya, Solonnikov and Uralceva [18],
which has been further developed in [1, 12, 21], and which is a powerful tool in the
study of the parabolic-elliptic systems [24, 25].

On a final note, observe that although we use the theory of quasilinear parabolic
systems, the equations in (1.1) are not of parabolic type, and consequently the existence
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result in Theorem 1.1 does not follow directly from the general theory in [7, 12]. To
see this, consider the simplest mono-dimensional linear reduction of (1.1):

(1.13) Ut — Ugy — Uz = 0 in R x (0,7).

The solution has the following form, in Fourier variable k:

u(z,t) = F* (exp ( —t IR + |k|2” L 4) d)
NSTAE ST =

where F~! denotes the inverse of the Fourier transform, and «, 3 represent the suitably
chosen initial data. For large k we see that:

u(-,t) ~ exp (—it)ﬁ for t € [0,7),

and in particular, we see that there is no smoothing effect. Hence (1.13), which is a
prototypical example of the system (1.1) should not be viewed as a parabolic problem.

1.5. Notation. By L,(Q2) we denote the space of functions integrable with respect to
the Lebesgue measure, with p-th power. By WE’Z(Q x (0,T)) for k,l € N we denote
the anisotropic Sobolev space defined by the norm :

ullyrt 0.y = ltellp@xomy + 1V 0, QullL,@xo.r),
where V* is the k-th space derivative and 0, is the time derivative. The isotropic
version is given by:
lullwy o) = lullz,@ + 1V*ul @

The space Wy */P(Q) is the trace (in time) space of W2HQ x (0,T)). For further
details we refer to [6].

Acknowledgments. The authors wish to thank Matthias Hieber, Jan Priiss and
Vladimir Sverak for helpful consultations. M.L. was partially supported by the NSF
grant DMS-0846996, and both authors were partially supported by the Polish MN
grant N N201 547438.
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2. THE CONSTANT COEFFICIENT PROBLEM
The following auxiliary result will be needed in the proof of Theorem 1.1:

Lemma 2.1. Assume that M : R™"™ — R"™" is a linear map satisfying the following
Korn-type inequality:

1) V20 <7 /Q (MVC): V¢ V¢ € WAQLRY) with (o = 0

Let Q C R™ be open and bounded, with the boundary of class C2. Then the solution to:
G—div(MV() =f inQx(0,T),

(2.2) (=0 on 092 x (0,7T),
admits the maximal reqularity estimate:
(2.3) 16, VEClz,@x01)) < Crpllflz@xcory + 1Golly2-2rm -

Towards a proof of Lemma 2.1, note first that for M = Id, i.e. when (2.1) holds
trivially, (2.3) is a classical maximal regularity parabolic estimate for the heat equation.
When M (F') = symF, i.e. when (2.1) reduces to Korn’s inequality, the proof of (2.3) is

also immediate. For, take div of the equation in (2.2), and note that div’ div(symV¢) =
div ($A¢ + 1Vdiv() = $(divA¢ + $Adiv¢) = Adiv( so that:

(div(); — A(div¢) = divf in Q x (0,7).
By the maximal regularity estimate for the heat equation:
(2.4) |Vdiv]| L, @x0.1) < Cpa (HfHLp(QX(O,T)) + ||diVC0||WI}—1/p(Q)> :

Now, (2.2) can be written as:
1 1
¢ — §AC =f+ §Vdiv( in Qx (0,7).
We hence obtain:

1 .. .
1S, VI, @x0m) < Cpa <||f + EVdIVCHLP(Qx(O,T)) + ||d1VCo||W§—1/p(Q)) :
which combined with (2.4) yields (2.3).

In the general case, Lemma 2.1 follows from the maximal regularity theory developed
for parabolic initial-boundary value problems in [12]. Under the ellipticity condition
(b) on page 98 in there (see also Definition 5.1), the estimate (2.3) is a consequence of
Theorem 7.11. We now prove that condition (2.1) implies that the constant coefficient
operator —div (M V() has its spectrum contained in the proper sector of the complex
plane, which immediately gives ellipticity in the sense of [12].
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Lemma 2.2. Conditions (1.8), (2.1) and (1.9) are equivalent. Moreover, under any
of these conditions the operator —div MV (-) is elliptic, i.e:
(2.5)

spec(—div MV () C {z € C:Rez >0, and arg z € [, '] with —g <a,<a’ < g}

Proof. 1. Conditions (1.8) and (2.1) are obviously equivalent, in view of the density
of C*(R™) in WZ(R™). To include condition (1.9), we use linearity of the Fourier
transform and Plancherel’s identity:

IVCllLa@n)? = (VO Mpo@n)® = . C(k) ® k[* dk

[ w0 ve = [ o) wom = [ uew o n: &)

Hence, (1.8) may be rewritten as:

20 WeW®R)  Keklie <y [ (MCeb:Cab ) d

It is therefore clear that (1.9) implies (2.6). On the other hand, given koy,ay € R”,
consider: G, (k) = <p},{2(k — ko) —|—p711{2(k + k:o)> ag, where p,, is the standard radi-
ally symmetric mollifier supported in the ball B(0,1/m). Applying (2.6) to (,(X) =
(Gn)N(—X) € WE(R",R") and passing to the limit with m — oo, yield (1.9) for the
rank-one matrix ) = ag ® ko.

2. To prove (2.5), consider the eigenvalue problem:

A —div(M(V()) =0  inR",
which after passing to the Fourier variable k£ € R™ becomes:
(2.7) M (k) = M(C(k) ® k)E.
Upon writing A = o|k|?, the problem (2.7) is equivalent to locating the eigenvalues o of
the family of linear operators { My} x=1, My : R® — R™ given by: Mj(a) = M(a® k)k.
Recalling (1.9), we see that each M, is strictly positive definite:
|2

k
My(a)-a=(M@a®k): (a®k)) > 7|a|2.
Consequently, spectrum of every M, which consists of the eigenvalues o, satisfies:

Re ¢ > 0. The inclusion (2.5) now easily follows by continuity with respect to the
parameter k& which varies in the compact set |k| = 1. |

Finally, we have the following:
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Lemma 2.3. The viscous stress tensors Z in (1.7) satisfy (2.1) with M = Do Z(Fp, Qo),
for every Fy, Qo with det Fy > 0, in the following manner:

(i) Z¢ with v = |Fy "2

(i) Z{ with v = |Fy|*(det Fp)~*.

(ili) Zo with v = 1| Fyl?.
If we additionally assume that det sym(QoF, ') # 0 then we also have:

(iv) 21 with v = 2|Fy*|sym(QoFy 1)~ 2.

(v) 25 with v = 2| Fy*|sym(QoFy ") [*.

The proof of Lemma 2.3 will be given in section 5. We now remark that in the
proof of the main Theorem 1.1, Lemma 2.1 will be used to the operators M = My =
DgZ(Fy, Qo), at finitely many spacial points X € €, where Fyy = V§y(X) and Qy =
V& (X). Tt is clear that when the initial data &, & with regularity (1.10) satisfy
det V& > 0 (or the two conditions det V& > 0 and det sym (V& (VE) ™) # 0 whenever
required) then the constants v in Lemma 2.3 have a common upper and lower bounds,
independent of X. Therefore, Lemma 2.1 and the estimate (2.3) may be used with a
uniform constant C, ;, also independent of X.

3. THE MAIN A-PRIORI ESTIMATE
Given &, & as in Theorem 1.1, let & € Wg’l(Q x Ry ) be the solution to:
(51)75 — Aél =0 inQx R+,

§1 - 0 on aQ X R+,
€1<O’ ) = gl in Qa
Define the extension € of &, so that 0,6 = &:
t
(31) E(t.) = o) + [ (s,2) .
0

By continuity, it is clear that: info, o7y det V§ > 0 for T sufficiently small. We define:
D = D(T) = ||&4, V& ||, 2x0,1))

and note that:

(3.2) lim D(T) = 0.

T—0

Lemma 3.1. Let &, & be as in Theorem 1.1 and assume that:
for every X € Q (1.8) holds with M = Do Z(V&(X), V& (X)).

Let & € W2 (Qx (0,Tp)) with & € W2 (Qx (0,Tp)) be a solution to the problem (1.1),
(1.2), (1.3), (1.4), and denote:

0 = O(T) = (€ = O)u, V(€ = il Ly@x 0.1
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where € is as in (3.1). Then, there exists Toy < Ty and a constant C, both depending
only on & and & (and, naturally, on Q and p), such that for every T' < Ty, we have:

(3.3) O <C(TY? + D+ (TY? + D)0 + 02 + 6%,
In particular:
(3.4) o) <C VT < Tho.

Before we give the proof of the lemma, we gather below some standard inequalities
that will be frequently used for different functions: w defined on  x (0,7"), and w
defined on 2. We always assume that 7" < 1.

(35) ||w||W§(Q) S Cp@HAwHLP(Q) when w‘ag = O,

(3.6) tes(ltl)g“) [u(t, ')ng—?/z’(g) < Cpa <||Ut - AUHLp(Qx(O,T)) + [Ju(0, '>||W§‘2/p(9))

when UlpQx (0,1) = 0,

(3.7) ||U)||LOO(Q) < Cp7Q||w||WI}—1/p in fact: Hw||CO,a(Q) < Ca’p7Q||wHWI}—l/p(Q),

(@)’

(3.8) [Vullgaarz < Ca,p,ﬂHUHWI%I(Qx(o,T))-

The inequality (3.5) is the usual elliptic estimate [15], and (3.6) is the parabolic estimate
from [6]. The Morrey embedding gives (3.7) for p > n+ 2 [15], while (3.8) follows from
the embedding VIW2'(Q x (0,T)) C Lo(Q x (0,T)), also valid for p > n + 2 [18].
We stress that the constants C in all the above bounds are universal, i.e. they are
independent of T'.

We further remark the following simple bound:

P 1/p
V?ull 1, @x (0,7 (/ / dt dX)

1/p
<o ([ [ arax) 090, 0

=T (V2w @x 0.1 + V00, )|z, @) -

v2ut ds + V?u(0, )

(3.9)

Let now ¢ and & be as in Lemma 3.1. Using (3.6) to (¢ — &); we obtain:
sup ||(§ )e(t, )Ly + sup V(€= &elt, )l @)
te(0,T)

(3.10) te@T ) )
< C (€ = Oullr,@xory + V(€ = il xory) < CO,

and consequently:

(3.11) 1€ = )il @xor) + IV(E = Eillz,@x.m) < CTY?O.
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By (3.7), (3.6) used to & — &, and (3.9), (3.11) we get:
IV (€ = llew@xomy = sup V(=&))L
te(0,T)

3.12 < sup ||[V(€=E) &, )| -1/m
( ) te(O,I;) H (5 5)( )HWp P(Q)

< C (1€ = illmy@xory + V(€ = Ollryxry) < CTVPO.
Likewise, using (3.7) and (3.6) to (¢ — £);, we directly obtain:

(3.13) 1€ = il @xo1) + IV(E = E)illLw@xory < CO.

In all the above inequalities (3.10) — (3.13), we write © = O(T"). The constant C
depends only on the initial data of the problem &g, &; (in addition to its dependence on
Q and p).

Proof of Lemma 3.1.

We will always assume that T < 1. Note that for T' < T sufficiently small, the
constraint (1.4) is a consequence of the same constraint on the initial data &y, by
continuity. Likewise:

(3.14) IDZ(VE, V&), D*Z(VE,VE), DPZ(VE, VE) | La@xory) < C.
1. The system (1.1) can be rewritten as:
(= g)tt —div (Z(Vé’, V&) — Z(Vg7 Vgt)) = div (DW(V¢)) + div (Z<V§a Vgt)) - gtt

and further, it has the form:

(3.15) (€ = &u — div (DZ(VE, VE)V(E - &),) = FIE, &,
where:

(3.16)

F[¢,€] = div (DW(VE)) + div (2(VE, V&) — &u
+ div (Z(Vf, V&) — Z(VE, Vft))
+div (Z2(VE, V&) — Z(VE, V&) — DoZ(VE,VE)V(E—€),)
— div (DW(V¢€)) + div (Z2(VE, V&) — &u
+div (DFZ(Vga VE)V(E — 5_))

+ div </0 (1 —5)D%,Z(sVE+ (1 —5)VEVE)NV(E-E) @V(E-E)) ds)

T div ( [ =908 Z(VE T+ (1L - T8 V(e - 8 V(e - €)) ds) |



VISCOELASTICITY WITH PHYSICAL VISCOSITY

We shall now prove the bound:

(3.17) IFE &L, @x0m < C (T + D+ (TY" + D)© + 0% + 01).

By (3.9) and (3.12) it follows that:

[div (DW(VE)) [z, 0x0m) < ID*W(VE | Laetx IV 001
< (|ID*W (v )HLOO +C|IV(E = )lr.) TP
(IVE = Oelle, + V€L, + V60l 2,00))
<CA+TY"0)TYP(1+ 0+ D)< CTY?(1+0)(1+6+ D).

(3.18)

Using (3.14) and (3.9) to &, we obtain:

[div (Z2(VE, V&) |l L,@x0.1)
(3.19) < |IDZ(VE V) | rw@xory) (V€ y0x01) + V& L @x01))
< C(TYPIV?E e, + TPVl + 1V2& L) < C(TYP + D).

By (3.14), (3.13), (3.9), (3.12) we get:

(3.20)
[div (DpZ(VE,VE)V(E = E)) ||z, @xo1)
<|I1D7r2(VE VE Lo (IV%EllL,x01)) + 1V Ly 0.)) 1V (E = E)lre
+ |DrZ(VE, VEN L IV (E = Iz, @x(0.1))
<O+ VE=illee) IV L, + 1V, + 1IV2(E = illz,) IVE = Olin
+C(1+ IV = illea.) IVZE =9Iz,
<C(1+0)(TY"+0+ D)TY"e + C(1+0)T"re
< CTYP(1+©+ D)O(1+ 0).

11



12 MARTA LEWICKA AND PIOTR B. MUCHA

and:
(3.21)

1
[div ( [ 0= 903265 + (1 - 9TETENTE - H 0 V(e - 6) ds) Lo
< sup [[div (D2pZ(sVE + (1 — $)VE VENV(E — &) & V(€ — ) ooy

s€[0,1]

ID°Z(sVE+ (1 = $)VE VE) o (IVZElz, + IVE = Oz, + V&I, ) V(€ = OIIL.

+[[D?Z(sVE + (1 = 5)VE VEN L. VA€ = L, V(€ - 5)!&4

SCA+VE=w + IVE=Elles) (TP + © + D)T?PO?
+C(L+IVE = llzw + IV = Oellr) T#70?

< CTYP(1+ 0+ D)e*1+0).

In the same manner, we see that:

(3.22)

1
[div ( | (- 9D 2(VE 576+ (1= ) VENVIE - 1 Vi - € ds) Lo

< C(LHIVE = illea) IV, +IVE = Eillr, + IV2&lIL,) IV(E = &l
+C (1 IVE=illre) IV(E = Oellr, IV(E = )il

<C(1+6)(TY"+0+D)e*+C(1+6)6

< O(TY? 40 + D)O(1 + ©)2

Combining (3.18) — (3.22), the bound (3.17) follows if only 7" < 1, ensuring D(T") < 1
by (3.2).

2. We will now work with the localizations of the system (3.15). Let {By}Y_, be a
covering of 2 by a finite number N = N(r) of balls By = B(X}, r) with centers X € Q
and radius r < 1. This family of coverings (parametrized by r) should be such that all
sets 2B, N Q are uniformly bilipschitz homeomorphic to each other after appropriate
dilations and that the covering numbers of {2B;, N Q};, are independent of .

Let 7 : R™ — [0, 1] be smooth cut-off functions satisfying: 7, = 1 on By, and 7, = 0
on R™\ 2By, where 2B), = B(X}, 2r), and ||V, < Cr~lel. After multiplying (3.15)
by 7, we obtain:

(3.23)

(me(€ — 6)),, — div( DQZ(V&(X1), VE(Xi)V (mu(€ — £)) ) = 16, + Gilé, &,
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where:

Gl€, €] =m diV([DQZ(Vé V&) — DoZ(Véo(Xk), V& (Xk))] V(€ — g)t)

~ (D2 (V&(X1), V(X)) V(€ — £).) Vmi
— div (Do Z(Véo(Xy), VE(Xk)) (€ — €): ® V).
We shall now prove the bound:
IGLIE &)l @Bex0.1)) SO + T V2(€ — )il 1, @2Box 0.1)

(3.24) Lo+ %)(Tl/p + D)O(1 + 0).

Using (3.11), we obtain:

| (DgZ(V&(Xk), VE(XR))V(E = &)t) Vil 2B x 0.1

(3.25) C

< guv(f —illz, < —T"r0%
r r
Likewise:
g 1 (PR, VA =00 V) lamromy
3.26) i : ) st i
~IV(E = ellz, + 51—~ Oellz, < STV,

Finally, by (3.14), (3.9), (3.13) and (3.8) we have:
(3.27)
7 div([DQZ<Vga V&) — Do Z(VE(Xh), VE(Xp)IV(E - §)t> L, 2Bx(0.1))
< C(IVZlL, + 1IV?&IL,) IV(E = &)l Lo,

+ |DZ(VE, V&) — DoZ(VEo(Xr), VE(Xi) Lo 2By x 000 1T V(€ = E)illL, 2B x (0.1))
<C(TV? + D)©

+ C (V€ = V& (Xi) | Lo @B 0y + [IVE — VE(XW) Lo 2Box (0,1))) -

Nme V(€ = E)ill 28, < 0.1)

< O + D)0 + O™+ T) (1€lwzs oy + €l ) 17eV(E = Ol 00001

Combining (3.26) — (3.27) and noting that ||¢, gll‘WE,I(QX(O’T)) < C where as usual C
depends only on & and &;, we conclude (3.24) in view of (3.2).

We now use Lemma 2.1 to the problem (3.23) in the domain €, i.e. we set ¢ =
(€& — &), M = Do Z(V&(Xk), VE(Xk)), where v is the uniform constant from the
assumption (1.11). By (2.3) we now obtain:

17k(€ = E)e, V(T (€ — )|, @x 0.1y < ClmiF €, €], GrlE, EllL,x 0.1 -
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which implies, in view of the localization 7, present also in Gy:

|7 (€ — é)tta VQ(Wk:(f - g)t)||Lp(2ka(0,T)) < C||m FE, g]a Grl€, g]HLp(szx(o,T)).
Summing over finitely many k: 1... N, we get by (3.24):

166 = ), V(€ = Eell@x 0.y < O +T2)|V(E = E):llr,@x0.m)
i ch/P<(1 +1/r)(TV? + D)O(1 + ©) + || F[€, €] HLP(Qx(o,T»)a

where, again, C' depends only on the covering number of { B}, on &, p and Q, but
not on 7, N, T or ©. Consequently, for » and T sufficiently small, we arrive at:

1
6 < CON'/? (1 + —) (T"?+ D+ (1" + D)© + ©° + ©*)
T
in virtue of (3.17). This concludes the proof of (3.3).

3. To prove (3.4), consider the functions:
g(©) =0 and g(0)=Cle+ €O+ O+ 6%,

where C' is a given constant and € > 0 is a small parameter.

Clearly, ¢g(0) < g.(0) for every e. Take now:

1 1
— —1
16C2%° 4C" !
and let ©p € (4C¢, 1) with Oy < 1. Then: max{Ce, Ce?0y, CO3,COL} < 2 and
hence g(©g) > g(Oo).

Taking now Tgg so small that, in addition to other requirements imposed in the course
of the proof, € = TP + D satisfies (3.28), we obtain that for every T' € [0, Ty) the

quantity ©(7") must stay below Oy, in virtue of continuity of the function 7' — ©(T)
and ©(0) = 0. This ends the proof of (3.4) and of Lemma 3.1. |

(3.28) € < min{

4. A PROOF OF THEOREM 1.1

We only outline the proof of Theorem 1.1, which is standard, and we point to its most
important steps. Let £ be as in (3.1). Recall that the system (1.1) can be rewritten as:

(4.1) (€ = &u — div (DoZ(VE, VE)V(§ — &) = FIE. €],

where the right hand side F[¢,&] is given in (3.16). We shall seek a solution £ as the
fixed point of the operator:

T(é - g) =§— E, ¢ is a solution to:

(4.2) (€ — &)y — div (DoZ(VE, VE)V(E —&)) = FIE, 4],
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in the Banach space:

(43) Eor = {U € Ly(Q2 x (0,7)); u(0,-) =0, u(0,-) =0, upaxo,r) =0,
4.3
uttavzut € Lp(Q X (OaT))}a

equipped with the norm:

||u’||EQ,T = @[u](T) = HutbvzutHLP(QX(O,T)‘

1. Following calculations as in the proof of Lemma 3.1, it results that:

VE—E€ Eqr  F[E € € LP(Qx (0,T).

2. Integrating (4.2) against ({ — &), on Q x (0,7) and using the estimate (4.5) in
Lemma 4.1 below with ¢ = (£ — £),;, we obtain:

sup [[(£—=€)e(t, -)||%2(Q) +||IV(€ - g>t||%2(QX(O,T))
te(0,T)
T ~ o —
< C/O /QFQ[S,Q dz dt + C[|(€ = £l @x 0

T - _ 5
SC/)/Fﬁéﬂdwﬁ+CTsm>W£—®ﬂwWh@7
0 Q

te(0,T)
which implies the following energy estimate, for T small:
T
(4.4)  sup [[(€ = Eult, ML) + IVE = el axory) < C/ / F2E, €] da dt.
te(0,T) 0 Q

In virtue of (4.4), the Galerkin construction of the approximants:

(En = &)=Y ay(uwi(x),

where {w;}72, is an orthonormal base of W;(f2), yields existence of a weak solution

§ — & =limy oo (§n — &) of the problem (4.2), with: (£ — &), € Loo((0,T), L2(£2)) and
V(€ — &) € La(2 % (0,77)).

3. A modification of arguments in section 3 implies that the weak solution ¢ is
actually regular in the class determined by (4.3), i.e:

§—E€Ear.

Moreover, for every small € > 0:

if O —&(T) < ¢ then O —&(T) <e
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4. In now suffices to show that the map 7 is a contraction in some ball B, C Eqor.
This is done by applying methods of (3) to the system:

(&1 — &) — div (D Z(VE, VE)V (& — &)y) = Flé1, €] — Flé, &),

where T(& — &) = & — €. For e > 0 sufficiently small it follows that:

N | —

Ol&1 — &(T) < 0[& — &(T),

which completes the proof. [ |

The key role above was played by the following estimate:

Lemma 4.1. Let T' < Ty be sufficiently small and assume that Z satisfies (1.11). Then
for every ¢ € W3 (Q x (0,T)) such that ¢(0,-) = 0 and {poxor) = 0, there holds:

T
(4.5) [IVCIZ,0x0m) < 4’7/0 /Q<DQZ(V§,V&)VC 1 V¢) dz dt + ClICI17,ax 0.

with a constant C' independent of C.

Proof. Consider a covering { By}, of Q by a finite number N = N(r) of balls By =
B(X}, r) with centers X, € Q and radius r > 0. This family of coverings (parametrized
by r) should be such that their covering numbers are uniform in r. Let {m;}2_, be a
partition of unity subject to { By }.
With a slight abuse of notation, we shall still write ¢ = ((¢,-) € W}(Q), for a fixed
€ (0,7). By (1.11) it follows that:

/Q (DoZ(Veo, VE)VC : V)

Z/ (Do Z(Veo(Xp), VE(X))V(m/*C) - V(m/*0) dx—i—Z/ B¢, €

1 1/2 112 3

where we accumulated the error terms in:
EL[&,€] =(DoZ(Véo, V&) *VC : m/* V()
~ (D2 (V&, V&)V (m %) - V(m/*0))
+([DQZ (Véo, Vér) = DoZ(V&(Xi), VE(XW))V(m/*C) : V(m/*()).
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Hence:

| Ee8del <] | (DoZ(Ve Ve, V290 (Co Vi)

By,

+] [ (Do2(VE&, VENC ® Vm?) : V(m*O) + Cr|V (1 *Ol2, 5.

By
1/2
< ColicllwyeoliClam + CrIVE Ol im0,

where C' is a universal constant depending only on the initial data and Z, while the
constant C, depends on the covering {By},. Taking r small, so that Cr < 1/(2v), by
(4.6) we now arrive at:

/Q (DoZ(V&.VE)VC : V()

1 12
2 5,2 N0 = ColiSlwa@ ¢y

N
N
1/2
> L Z 2V 5y~ Ozl
k;
1
> 519 = Cr (VG0 + 1 9C0 ).

where the last estimate follows through Young’s inequality. With e sufficiently small,
it yields:

(4.7 IVCIE o < 37 [ (DaZ (V60 V)V : V) + CICIE 0
Integrating in ¢, we eventually arrive at:

T
IVCIZ,@x 0.1y < 3’7/0 /Q<DQZ(V§07V§1)VC 2 V¢) dz dt + ClICIIT, ax o1y

T — —
< 3y /O /Q (Do Z(VE VE)VC : VC) da dt

+ CT|IV¢2 axory + ClICIZ, @x 0.
which for 7" small enough implies (4.5). |

5. A PROOF OF LEMMA 2.3
1. To prove (i), note that DgZ{(Fy, Qo)Q = 2Fysym(Fy Q) so that:
VQ e R (DqZy(Fy, Qo)Q : Q) = 2(sym(Fy Qo) : Fy Q) = [sym(Fy Q)[*.
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Take ¢ € Wy (2, R") with trace 0 on the boundary 9Q. We have:
[ 1wee < B [ V@R <218 [ lsymv(RL?
Q Q Q

= IF P [ (DoZi(Fa, QuVC: VO,
where we applied Korn’s inequality to the map x — FJ((z).
2. To prove (ii), observe that Do Z4(Fy, Qo)Q = 2(det Fy)sym(QF; )y "" so that:
(DqZy(Fp, Qo)Q : Q) = 2(det Fy)[sym(QFg ")|*.

Then, for any test function { as above, we have:

[ 19CE < IRE [ (VOFF do=|RP [ V(o (B o) Pdet By ) dy
Q Q

FoQ2

<ARPEF) [ (VO 0 B dy
Fo

— 9 Fy[2(det FiY)(det F) /Q sym((VO)F D)2 de

— Ry (det Fy) ! / (DoZh(Fy, Qu)VC : V),

where we applied Korn’s inequality to the map y +— ((F, 'y) on the open domain Fyf).
3. To prove (iii) — (v), observe that:

2m

(Do Zm(Fo, Q0)Q : Q) = <Z(Sym(QoFo_l)jsym(QFo_l)(Sym(QoFo_l)Qm‘j : QF0_1>

=0

_ <§:AjBA2mj LQF ),
j=0

where we denoted:
A=sym(QF; "), B=sym(QF;").

Since the matrix Z?;”O AT BA*~J is symmetric, it follows that:

2m
(DoZn(Fo, Q)Q: Q) = (Y A/BA*™ 7 B)
j=0
Let ¢ be a test function as in Lemma 2.1. By calculations similar to (5.1) we get:

[ 19¢P < SIRE [ (DozalFo @06 : 0,
Q Q
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proving (iii). To prove (iv), we compute:
(DoZ1(Fy,Q0)Q : Q) = (A’B : B) + (ABA : B) + (BA*: B)
= (AB : AB)(BA : AB) + |ABJ* = 2(sym(AB) : AB) + |AB/?
= 2|sym(AB)|* + |AB|* > |ABJ.

Therefore, by calculations similar to (5.1):

/Q V¢ < 2|RP / sym((VOE; P < 2R 2lA? / ABJ?
(5.2)

< 2R svm(QuFy ) [ (DaZi(Fo, Qu)VC s VO
Q
Finally, in order to prove (v) we derive:
(Do Zs(Fy, Q0)Q : Q) = (A*B + A*BA 4+ A?BA* + ABA® + BA* . B)
=|A’B + ABA|* + |A*B|* > |A’BJ?,

which, in the same manner as in (5.2) yields:
[ 1vep <amplae [ s
0 Q

< 2Ry lsym(QuFy ) 1! / (Do Za(Fo, Qu)VC - VO).

The proof of Lemma 2.3 is done.
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