THE MONGE-AMPERE SYSTEM: CONVEX INTEGRATION IN
ARBITRARY DIMENSION AND CODIMENSION

MARTA LEWICKA

ABSTRACT. In this paper, we study flexibility of weak solutions to the Monge-Ampeére system
(MA) via convex integration. This new system of Pdes is an extension of the Monge-Ampére
equation in d = 2 dimensions, naturally arising from the prescribed curvature problem and
closely related to the classical problem of isometric immersions (II).

Our main result achieves density in the set of subsolutions, of the Holder C*® solutions
to the Von Kérman system (VK) which is the weak formulation of (MA). The regularity
exponent « is any exponent satisfying a < m where d is an arbitrary dimension and
k an arbitrary codimension of the problem. At k = 1, this agrees with the regularity C** for
(I1) with any a < m, proved by Conti, Delellis and Szekelyhidi in [2]. At d =2,k =1,
this extends the initial findings by the author and Pakzad in [12] for (MA).

Our result seems to be optimal, from the technical viewpoint, for the corrugation-based
convex integration scheme. In particular, it covers the codimension interval k € (1, d(d+ 1))
so far uncharted even for the system (II), since the regularity C'** with any o < 1 achieved
by Kéllen in [8], strictly requires a large codimension. Our second main result reproduces
Killen’s result in the context of (MA), obtaining density in the set of subsolutions, of C**
regular solutions for any o < 1 whenever k > d(d + 1).

As an application of our results for (VK), we derive an energy scaling bound in the quanti-
tative immersability of Riemannian metrics, for nonlinear energy functionals modelled on the
energies of deformations of thin prestrained films in the nonlinear elasticity [9].

1. INTRODUCTION

This paper concerns regularity and density of solutions to a new system of Pdes, called the
Monge-Ampere system (MA), which is the multi-dimensional version of the Monge-Ampere
equation arising from the prescribed curvature problem. As explained below, (MA) is also
closely related to the problem of isometric immersions and the dimension reduction of thin
films. Namely, given F : w — R on a domain w C R?, we look for a vector field v such that:

v:w—)Rk,

Det V2’U = [<8i63v,8j8tv> — <8i6tv,8jﬁsv>]. .

4,7,8,t:1...d -

MA
F  in w. ( )

When d = 2, k = 1, recall that the Gaussian curvature of a surface described as the graph of
vis k= %. Replacing v by a family of shallow displacements {ev}._,o, we obtain:
€2 det VZu
(1+ €2[Vo[?)?

which yields the classical Monge-Ampére equation:

K= = 2 det V?v + o(€?),

v:iw— R,
det VQU = (9111}8221} — (812’0)2 = f in w,
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as the prescription of the (leading order term of) Gaussian curvature of a shallow surface
{(z,ev()); z € w} € R3. To apply the same heuristics in arbitrary dimension d and codi-
mension k, we consider the family of Riemannian metrics generated by immersions {u¢ =
(idg, €v) }e—yo and compute their Riemann curvatures in:

Riem((Vu)"Vu) = Riem(Idg + €2(Vv)T Vo) = —622€2((VU)TVU) + o(€?)

= Det V20 + o(e?).

The second order, linear operator €2 is given in (1.4) below, and it reduces to curlcurl in
our previous computation of , consistent with having in that context: curlcurl(Vv ® Vv) =
—2det V2v. Thus, the problem (MA) arises by prescribing the (leading order terms of) full
Riemann curvature tensor of the shallow manifold {(z,ev(x)); = € w} C R,

A necessary condition for (MA) to be well posed is that F' € Range(€?), with the equivalent
compatibility conditions for this to hold, specified in (1.9). Under these conditions F' = —¢?2(A)
for some matrix field A : w — R%*? and consequently (MA) can be restated as:

sym

Viw— ]Rk,
1
62(§(VU)TVU) =¢%(A) in w.

Observing that Kernel(¢?) consists of symmetrized gradients, the above reduces to the weak
formulation of (MA) called the Von Kdrman system, in which we look for v, w such that:

viw— R wiw—RY

1 (VK)
i(Vv)TVv +symVw =4 in w.

When d = 2, k = 1, the left hand side of (VK) is known in the theory of elasticity as the

the Von Kéarméan stretching content whose energy measures the stretching of a thin film with
midplate w, subject to the out of plane displacement v and the in plane displacement w.

The closely related problem to (MA) and (VK) is the problem of finding an isometric immersion

dxd

u of the given Riemannian metric g : w — Ry -, into a higher dimensional space R+

U w — RdHC,
(Vu)TVu=yg¢ in w.
Indeed, (II) reduces to (VK) when equating the leading order terms in the family of Riemannian
metrics {Idg+2¢2A} o and the metrics generated by the immersions {u€ = (idg+€w, €v) }c_0:
(Va)'va© =1dg + (Vo) Vv + 2symVw) + o(€?).
In this sense, the three problems (MA), (VK) and (II) are intrinsically related.

(1)

The purpose of this paper is to investigate existence of Holder continuous solutions to (VK)
and (MA), using the convex integration technique and motivated by the existing applications
of this technique to (II). We recall that when posed in arbitrary dimension d but codimension
k =1, it has been shown in [4, Theorem 1.1] that any local subsolution to (II) can be uniformly
approximated by a sequence of solutions {u,}>; of regularity C1®, for any Hélder exponent
a < ﬁ where d, = d(d + 1)/2 is the dimension of ngfg. On the other hand, as showed
in [8], regularity C1'® with any o < 1 can be achieved in sufficiently high codimension k;
however even for the local result this argument strictly requires k > 2d,, whereas it yields no
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outcome for k < 2d,. These two results, albeit both relying on convex integration, use different
constructions of the cascade of perturbations: Kuiper’s corrugations in [4] and Nash’s spirals
in [8], and one cannot be deduced from the other.

To our knowledge, there has been no result for the codimension interval k € (1, 2d,.) interpolat-
ing the regularity in [4] and [8], or even improving the exponent ﬁ without the requirement

k> 2d,. ! In our paper we achieve precisely this goal, for the system (VK). Our main result
states that any Cl-regular pair (v,w) which is a subsolution of (VK), can be uniformly ap-
proximated by a sequence of solutions {(vy,, wy)}5; of regularity C1 for any Hélder exponent
a < m, in case of arbitrary d and k. Our proof only uses corrugations, extending the

construction in [4] in an optimal manner. Clearly, the obtained critical regularity exponent
1/2 at k = 2d, is inferior to the exponent 1 from a version of the same construction as in [§8],
that we also demonstrate in our paper. We expect that the superposition of both techniques
should yield a tighter interpolation, which is the subject of the ongoing research.

We state our results and offer further discussion on the relation among the systems (MA),
(VK), (II), as well as their application to the energy scaling bound for thin multidimensional
films, in the subsections below.

1.1. Convex integration by corrugations, arbitrary d and k. The following theorem is

1
our main result. We refer to it as flexibility of (VK) up to ch TR

Theorem 1.1. Let w C R be an open, bounded domain. Given two vector fields v € Cl(w, ]Rk),
w € CH(@,R?Y) and a matriz field A € Coﬁ(w,deerg), assume that:
1
D=A- (i(Vv)TVv +symVw)  satisfies D >cldg on @,
for some ¢ > 0, in the sense of matriz inequalities. Fixz ¢ > 0 and let:

. (B 1
O<a<m1n{§,m}

Then, there exists © € C1*(w,R¥) and @ € C1*(w,RY) such that the following holds:

[0 —vllo <€, o —wllo <e (1.1);

1
A— (i(Vﬁ)TVfJ +symVw) =0  in . (1.1)9

This result generalizes [12, Theorem 1.1], where we proved flexibility for (VK) up to cL7 in
dimensions d = 2, k = 1. In that special case, motivated by theory of elasticity, the left hand
side of (VK) represents the Von Kdrmén content %Vv ® Vv + symVw written in terms of the
scalar out of plane displacement v and the in plane displacement w of the middle plate w of a
thin film. The case d = 2 is special and flexibility (in codimension 1) of (VK) holds up to C Ls
as shown in [2, Theorem 1.1] using the conformal equivalence of 2-dimensional metrics to the
Euclidean metric. In our first extension [10] of the present work, we likewise show that any

k > 1 allows for flexibility up to C L7 when d = 2. 2 After the submission of our both works,

L After submission of this paper, there appeared a new preprint [3] which states flexibility up to C L@z for (I7)

when k = d. This is consistent with our result, as = L If fact, we expect that the same techniques

1
T+2d./d — d+2°
as in the present paper may be applied for the system (II) as well, with the same regularity exponents as in
Theorem 1.1 holding locally and for compact manifold cases.

2 When d = k = 2, the same result for (II) has been included in [3] as flexibility up to chs.
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we learned of the recent preprint [1] in which flexibility of (VK) for d = 2, K = 1 has been

further improved to hold up to C L3, In our second extension [11] we combined the technique
2k 1

of [1] to show flexibility up to ChFFTT for any k and up to CY! for k > 4 when d = 2.

The main new technical ingredient allowing for the flexibility range stated in Theorem 1.1, is
the following “stage”-type construction in the convex integration algorithm for (VK):

Theorem 1.2. Let the vector fields v € C*(0,R¥), w € C*(@,R?) and the matriz field A €

Coﬂ(w,ngXrg) be given on an open, bounded domain w C R, Assume that:

1
D=A- (i(VU)TVv +symVw)  satisfies 0 < ||Dljo < 1.
Fiz two constants M, o such that:

M > max{||v[2, |w|2,1} and o >1.
Then, there exist o € C*(w,R¥) and @ € C*(@,R?) such that, denoting:

~ 1
D=A- (§(V®)TV® + symV),
the following holds:

1/2 1/2

[0 —vlL < CIDlly",  [lw—wly < C|Dly"" (1 + [[Vollo), (1.2)1

V250 < CMo®/*,  ||V%0[lo < CMo®/*(1 + | Vu]o), (1.2),
5 [[Allo, 2, [Pllo

1Dl < ¢ (S5 521P15"% + =), (1.2)s

where d, = d(d + 1)/2 and where the constants C' depend only on d,k and w.

We briefly outline how our construction differs from [12] and [4]. There, a stage consisted of
precisely d, “steps”, each cancelling one of the rank-one “primitive” deficits in the decompo-
sition of D. The initially chosen frequency of perturbation was multiplied by a factor o at
each step, leading to the increase of the second derivative by o% and thus to the exponent d,
replacing d /k in (1.2)2, while the remaining error in D was of order 1/0, leading to (1.2)s.

Presently, we first observe that k& such deficits may be cancelled at once, by using k linearly
independent codimensions. Further, when all the first order primitive deficits are cancelled, one
may proceed to cancelling the second order deficits obtained as the one-dimensional decompo-
sitions of the error between the original and the decreased D; the corresponding frequencies
must be then increased by the factor o/2, precisely due to the decrease of D by the factor
1/o. One may inductively proceed in this fashion, cancelling even higher order deficits, and
adding k-tuples of single codimension perturbations, for a total of N = lem(k,d,) steps. The
frequencies get increased by the factor of o over each multiple of k, leading to the increase of
the second derivatives by o, and by the factor of 01/2 over each multiple of d,, where the deficit
decreases by the factor of 1/0. In the final count, the total increase of the second derivatives
has the factor o™¥/%, while the decrease of the deficit has the factor 1/¢V/%. The relative
change of order is thus (N/k)/(N/d.) = d./k, as stated in Theorem 1.2.

We point out that for this scheme to work, it is essential to use the optimal “step”’-type
construction in which the chosen one-dimensional primitive deficit is cancelled at the expense
of introducing least error possible. Our previous definition from [12] would not work for this
purpose, and we need to superpose three corrugations rather than two.
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1.2. Convex integration by spirals, k > 2d,. For large codimensions, one can reach flexi-
bility of (VK) up to C!, motivated by a similar result for (II) in [8]:

Theorem 1.3. In the context of Theorem 1.1, assume that the codimension k satisfies k >
2d, =d(d+1). Then, the same result is valid for any exponent in the range:

I<ac< min{g,l}.
The “stage” construction allowing for flexibility as above, is the counterpart of Theorem 1.4:

Theorem 1.4. Let w C R% and k be as in Theorem 1.3. Fiz an exponent & > 0. Then, there
exists o9 > 1 depending only on w and §, such that we have the following. Given v € C*(@, RF),
w e C*(w,RY), Ac CO’B(@,RQI},XH?) and given two constants M, o with the properties:

1
D=A- (§(VU)TV’U +symVw)  satisfies 0 < ||Dljo <1,

M = maX{HUHQ, ||w||23 1}7 o 2 0o,
there exist 0 € C?(w,R¥), w € C?(w,R?) such that, denoting:

D=A- (%(V@)TVﬁ +symVa),

the following bounds are valid, with constants C depending only on d, k,w and J:

- 1/2 ~ 1/2
|9 —vll1 < CHDHO/ ;[ —wl)y < CHDHO/ (14 [ Vollo), (1.3)1
IV25]jo < CMa®,  |[V*Wllo < CMa®(1+ ||Volo), (1.3)
~ I Allo.5  ~n5/2 . IPllo
1Dl < € (532 ID115° + =12, (1.3)3

An outline of this construction, based on the approach in [8], is as follows. Firstly, each rank-one
“primitive” deficit is cancelled using two codimensions, via spiral-like perturbations of the fields
v, w, rather than via one-dimensional corrugations. This allows for a better order in the second
order deficit. Since we now have 2d, codimensions available, we may rank-one decompose the
new deficit as well and cancel it right away by adjusting the original perturbations. Proceeding
this way, it is possible to cancel arbitrarily high order of deficits, keeping the frequency at a
chosen value o while assuring that D is decreased by the factor 1/a, for arbitrarily large N.

1.3. The Monge-Ampére system. We now proceed to interpreting Theorem 1.1 in the
context of the Monge-Ampére system. Recall that for a matrix field A = [Ayj]; j=1..2 : R2 —
R2%2 the scalar field curl curlA is defined by taking the curl operator on each row of A, and
then applying another curl on thus formed two-dimensional vector field:
curl CUI’IA = curl [81A12 — 821411, 81A22 — 82A21]
= 0101 A2 — 0102491 — 0102 A12 + D202 A1

It is well known that the kernel of curlcurl when restricted to Rg;n% matrix fields, consists
precisely of symmetric gradients. We will be concerned with the following generalization of
curl curl, serving the same characterisation in higher dimensions:

Definition 1.5. Given a d-dimensional square matriz field A = [Aij]i,jzl...d cw— R4 op g
domain w C R%, we define €2(A) : w — RY" by:

@2(14)1']'7% = 8,-85Ajt + 8]-8,5Ai5 - &-@Ajs — 8]'83Ait for all ’i,j, S,t =1...d. (14)
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It can be checked that the components of the Riemann curvature tensor of a family of metrics
Id; + €A on w, are given, to the leading order, by the components of ¢2(A):

Riem(Idg + €A)ij o = —gCQ(A)ij,st +0(?) forall i,j,s,t=1...d. (1.5)

For dimension d = 2, the above formula yields the linearization of the Gaussian curvature:
r(Ida + €A) = —$Scurl curlA 4 O(e?). We have the following:

Lemma 1.6. Let w C R? be an open, bounded, contractible domain with Lipschitz boundary.

Given a symmetric matriz field A € LQ(w,ngXnﬁl), the following conditions are equivalent:

(i) A =symVw for some w € H'(w,R?),
(ii) €2(A) = 0 in the sense of distributions on w.

For A = (Vv)TVu given through a vector field v : w — R¥ a direct calculation yields:
@2((VU)TVU) = 2(0;0v, 0;05v) — 2(0;05v, 0j0,v).

When d = 2 and k = 1, the above reduces to the familiar formula: curlcurl(Vv ® Vv) =
—2det V2v. Following this motivation, we introduce:

©j,8t

Definition 1.7. For v : w — R* defined on a domain w C R?, we set Det Vv : w — R in:
(Det VQU)ij,st = (0;05v, 0j0pv) — (0;0pv,0;0sv)  for all i,j,s,t =1...d. (1.6)
Given F : w — Rd4, we call the following system of Pdes, the Monge-Ampére system.:
DetViu=F on w.

Lemma 1.6 can be restated in this context as follows. Given a matrix field A : w — Rgl;ngl on a

domain w C R?, the problem (VK) is equivalent to (disregarding the regularity questions):
viw —> Rk, (MA)
Det Vo = —€2(A),

which, for d = 2 and k = 1, is precisely the Monge-Ampére constraint det VZv = —curl curlA
appearing in the dimensionally reduced, linearized Kirchhoff’s theory of thin plates [6]. For
the family of immersions: ¢ = idg + €[0,v] + €2[w, 0] : w — R¥* one further notes that:

1
(Va“)'va = 1dg + 2€ (§(V1})TVU +symVw) + O(eh).

From (1.5), we thus see that the problem of finding a vector field v for which the Riemann
curvatures of the metrics Idg + €24 and the Riemann curvatures of the pull-back of Idg, via
the reduced maps u€ below, coincide at their lowest order terms in € on w:

u€ = idg + €0,v] : w — R
Riem(Idy + ¢2A) = Riem ((Vu)TVue) + o(€?)
is equivalent to the problem of finding v that can be matched by an auxiliary vector field w so

that the two Riemannian metrics families: Idg + €2 A, and the pull-back of Idgj via the maps
u€, coincide at their lowest order terms in € on w:

i€ = idg + €[0,v] + €[w, 0] : w — RITK,
Idg + €A = (Va©)TVas + o(e?).
Thus, the four problems (VK), (MA), (1.7) and (1.8) are equivalent.

(1.7)

(1.8)
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We further identify the range of €2, in terms of the derived symmetry and Bianchi identities:
Lemma 1.8. Let w C R? be an open, bounded, contractible domain with Lipschitz boundary.
Gwen F' = [Fij stlijst=1..d € L? (w,Rd4), the following are equivalent:

(i) F = ¢%(A) for some A € H?*(w,RIX%),

Sym

(ii) F satisfies the compatibility conditions, for alli,j,s,t,q=1...d:
Fijst = —Fji st = —Fijts, Fij st = Fa4,
Fijst + Fistj + Fit js = 0, (1.9)
04 Fij st + 0sFijiqg + 0t Fijqs =0 in the sense of distributions on w.

The above discussion motivates then the following;:

Definition 1.9. Assume that I’ € LQ(w,Rd4) given on an open, bounded, contractible domain

w C R with Lipschitz boundary, satisfies conditions (1.9). We say that v € H} (w,R¥) is a
weak solution to the Monge-Ampére system:

DetVo=F on w, (1.10)
provided that there exists w € VVi)C1 (w,RY) such that (VK) holds with €2(A) = —F, namely:

1 -
i(VU)TVv + symVuw = —(€?) 1(F) on w.

Ford=2, k=1, any F € L'*(w,R) can be expressed as the right hand side of (MA), because
writing A = vIds where Ay = —F in w, there holds: F' = —curlcurl A. In higher dimensions,
the solvability conditions are nontrivial and precisely given by (1.9) in Theorem 1.8. In view
of Theorems 1.1 and 1.3, we thus obtain the following extension of [12, Theorem 1.1] proved
there in dimension d = 2 and codimension k£ = 1, now to arbitrary d, k:

Theorem 1.10. Let F' € Loo(w,Rd4) on an open, bounded, contractible domain w C R with
Lipschitz boundary, satisfy (1.9). Fiz k > 1 and fix an exponent v in:

1
0<Q<m, 0r0<a<1incaseofk2d(d+1).
Then the set of C*(w,RF) weak solutions to (1.10) is dense in C°(w,R¥). Namely, every

v € CY(@,RF) is the uniform limit of some sequence {v, € CH*(@, R¥)}>_,, such that:

DetVu,=F on w, foral n=1...00.

1.4. Energy scaling bound for thin multidimensional films. As an application, we now
present an estimate on the energy functional that is the generalisation to arbitrary dimension
and codimension, of the non-Euclidean elasticity. For d = 2, k = 1, this functional models the
elastic energy of deformations of prestrained films, and various techniques have been applied to
its study [9]. From another point of view, given the Riemannian metric g on a reference con-
figuration 2, the energy £ below measures the averaged pointwise deficit of an immersion from
being an orientation preserving isometric immersion of g, for all weakly regular immersions.

More precisely, given w C R? we define the family of “thin films”, parametrised by h < 1:
Oh = {(z,2); v €w, z€ B(0,h) C Rk} c R,
Consider the Riemannian metrics on Q" of the form:

g" =1dgp, + 207728, where v > 0 and S € C(@w, R{&HR)x(d+k))

Sym
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We then pose the problem of minimizing the following energy functionals, as h — 0:
EMu) = ][ W ((Va)(g")~1?) d(z, 2) for all u e HY(Q", RITF). (1.11)
Qh

The function W : R(EHR)*(d+E) 5 [0 o] is assumed to be C2-regular in the vicinity of SO(d+k),
equal to 0 at Idg g, and frame-invariant in the sense that W (RF) = W (F) for all R € SO(d+k).
Questions on asymptotics of minimizing configurations to £ as h — 0, in function of the scaling
exponent 3 in: inf E" ~ ChP, received a lot of attention in the last decade, via the techniques
of dimension reduction and I'-convergence, starting with the seminal paper [6] (see also [9] and
references therein). Extending the analysis in [7, Theorem 1.4}, we get:

Theorem 1.11. Assume that w C R? is an open, bounded domain and let k > 1. Denote
s=d(d+1)/k, or s=1 when k > d(d+ 1). Then, there holds:

(1) Zf’}/ Z 4’ then infgh S Ch'ﬁy f07" every B <2 + %7
(ii) if v € (535, 4), then inf " < ChP for every B < %ﬁ:s);
(iii) if v € (0, %Jrs), then inf EM < Chﬁ} with 8 = 2.

We recall that for d = 2,k = 1, the asymptotic behaviour of the minimizing sequences to (1.11)
as h — 0, is fully understood in the scaling regime corresponding to 8 > 2 (see [9]).

1.5. Organization of the paper and notation. In section 2 we give two different construc-
tions of the single “step” of the convex integration algorithm, and recall a few auxiliary results.
The proof of Theorem 1.2 and the “stage” construction is carried out in section 3, based on the
corrugation “step” in Lemma 2.1. The proof of Theorem 1.4 and the corresponding “stage”
construction based on the spirals “step” in Lemma 2.3 is given in section 4. The Nash-Kuiper
scheme involving induction on stages is presented in section 5, and Theorems 1.1 and 1.3
are then deduced in section 6. In section 7 we discuss the Monge-Ampére system and prove
Lemmas 1.6, 1.8, and Theorem 1.10. Finally, in section 8 we prove Theorem 1.11.

By ngxnﬁl we denote the space of symmetric d x d matrices, and by ngxnﬁl,> we denote the cone
of symmetric, positive definite d x d matrices. The space of Holder continuous vector fields
C™%(w,R¥) consists of restrictions of all f € C"™<(R% R¥) to the closure of an open domain
w C RY. Then, the C™(w, R¥) norm of such restriction is denoted by || f||m, while its Holder
norm C™%(@, R¥) is || f|lm.a- By C > 0 we denote a universal constant which may change from

line to line, but which is independent of all parameters, unless indicated otherwise.

2. CONVEX INTEGRATION: THE BASIC “STEP” AND PREPARATORY STATEMENTS

In this section, we give two different constructions of the basic building block in the convex
integration algorithm towards the proof of Theorems 1.1 and 1.3. The first construction below
is based on Kuiper’s corrugations. A similar calculation in [12] had T' = 0, resulting in the
presence of the extra term —2al'(At,)sym(Va ® 1) in the right hand side of (2.3). With that
term, the corrugation-based double induction in the proof of a stage in section 3 would not be
possible, unless in a special situation when d, is a multiple of k.

Lemma 2.1. Let v € C*(w,RF) and w € C'(w,RY) be two vector fields on an open domain
wCRY Letn € RY and E € R¥ be two unit vectors and let X > 0, a € C%(w,R). We denote:

T(t) = 2sint, T(t) = —% cos(2t), T(t) = —%sin(Qt). (2.1)
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Denoting further t, = (x,n), we define:

o(z) =v(r) + %a(m)F()\tn)E

_ (2:2)
B(z) = w(z) — %a(m)F()\tn)V@(x), B) - %a( JE(A,)Va(z) + %a(aj)Qf(/\tn)n.
Then we have:
(}(V@)TV’T} + symVa) — (}(V”U)TVU + symVw) — a’n®@n
1 1,1 _ 1 - (2.3)
Xar(Atn)v?(v E) + A2( T(\t,)? —T(M\,))Va® Va — par(At,,)vza,

where 3T (t)2 —T'(t) = 1 — £ cos(2t).
Proof. By a direct calculation, it follows that:
1
Vo = Vv + XF()‘tn)E ® Va+ al’ (M) E @1,
which implies:

1 1 1 1
5(va)Tva — 5(W)Tvu = fa21“’()\tn)217 ®n+ XaI"()\tn)F(Atn)sym(Va ®n)

+ 2—)\21“()\75 )*Va ® Va.

+ (af’()\tn)sym((n ® E)Vv) + %F()\tn)sym((Va ® E)Vv)).
Similarly:
symVia — symVw = a?T' (At,)n @ n + %a( — ['(Mty) + 20(Mt,))sym(Va @ 1)
- %ar(m:,,)v%, B — %f‘()\tn)Va © Va— %af(Atn)V%
- (aP'()\tn)sym(n ® Vv, B)) + %F()\tn)sym(Va ® V{v, E>)).

Summing the above two identities and noting that:

1 = _ -
§(r’)2 +T'=1 and TI'T-T'+2I =0, (2.4)
we arrive at the claimed identity (2.3). The proof is done. |

We next observe that taking several perturbations in v of the form ;aI'(At,)E, and matching
them with the perturbations of w as in (2.2), accumulates the error in (2.3) in a linear fashion
as long as the directions E are mutually orthogonal. The same calculations as above, lead to:

Corollary 2.2. Let v € C?(w,R*) and w € C'(w,RY) be two vector fields on an open domain
w C RL Let {n; € RYYE_| be given unit vectors, and let {E; € R¥}r_ | be some orthonormal
basis of RE. Given {\; > 0}1 , and {a; € CH(w,R)}_,, we set:
oy
7~}:’U+ )\* i ()\'tm)Ez

1

Z/\f Nitn )V (v, Bi) = 3 sgail (Aity) Vaz—l—Z—a T (Aitn, )i,
i=1 =1 "7

8:
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where the functions T', T, T and ty are defined as in Lemma 2.1. Then we have:
1 1 k
(§(V1§)TV€; + symVa@) — (5(W)Tvu +symVw) =Y aln; @i
i=1

k k

1 11 _
T Z Yair(&tm)v%% Ei) + Z ﬁ(ir‘o‘itm)Q - F()\itm))vai ® Va;
i=1"" i=1 "
k
1 -
-2 ﬁaiF(/\itni)VQai-
i=1 "

The second basic “step” construction, exhibited below and parallel to that in Lemma 2.1,
utilizes Nash’s spirals. Observe that another choice of periodic functions satisfying (2.4), is:

_ 1 = 1
Iy(t) =2cost, T'a(t) = 5005(21&), Iy(t) = 3 sin(2t).

The above triple is conjugate to the triple in (2.1), in the sense that superposing the two
perturbations they respectively induce, in some two orthonormal directions F; and FEs, in:
o(z) = v(2) + ta(z)[(My)Er + +a(z)2(Mt,) B, together with the matching adjustments in
w, results in the cancellation of the error term %af‘()\tn)VQa in the right hand side of (2.3).
This is precisely the reason why the Newton iteration scheme in the proof of Theorem 1.4 via
Kallen’s approach (more precisely: the validity of the inductive estimate (4.7)s in section 4),
can be carried out. On the other hand, we emphasize that this construction requires a pair of

codimensions to cancel each single rank-one defect of the form an ® 7.

Lemma 2.3. Let w C R? be an open domain and let k > 2. Given v € C?(w,RF), w €
Cl(w,RY), a € C?(w,R), n € ST 1, X > 0 and two orthogonal unit vectors Ey, By € R¥, denote:

G(t) = sint, G(t) = cost,
and denoting further t, = (x,n), define:

3(z) = v(z) + %a(x) (GO B+ GO )

1 ) (2.5)
w(z) = w(x) — Xa(:r:) (G()\tn)v<v(x), Eqp) + G(Mty)V{v(z), E2>>
Then, there holds:
(%(V@)TV® + symVa) — (%(VU)TVU + symVw) — %a2n ®mn
(2.6)

a - 1
=-% (G(Atn)v2<v, B + G(A) V2 (v, E2>) + 555 Va® Va.
Proof. By a direct calculation, it follows that:

1 _ _
Vi = Vot (G()\tn)El n G()\tn)Eg) ® Va -+ a(G/()\t,,)El + G’(Atn)EQ) o1,

which implies:
1(v~)Tv~—1(v Y% Lee
5 v v 5 v v 2@ nen
= a(G' Ny )sym(V{v, Br) @) + G (My)sym(V (v, Fz) @ 1))

1 - 1
3 (G(/\tn)sym(V@, E1) @ Va) + G(Mty,)sym(V (v, E2) @ Va)) + ﬁVa ® Va.



THE MONGE-AMPERE SYSTEM 11
Similarly:
symViw — symVw = — a(G’(Atn)sym(V(v, E1) @n) + G (Mty)sym(V (v, E2) ® ?7))

- %(G()\tn)sym(V(v, E\) @ Va) + G(My)sym(V (v, B) © Va))

— %a(G()\tn)V%v, Ey) + f‘(Atn)V2<v,E2)).

Summing the above two identities we arrive at (2.6). The proof is done. |
Similarly as in Corollary 2.2, we note that:

Corollary 2.4. Let w C R? be an open domain and let k > 2d,. Given v € CQ(w,Rk),
w € CH(w,RY), {a; € C*(w,R)},, the unit vectors {n; € R4}% | and the frequency A > 0, set:

ds
8(e) = v(a) + 1 D @) (GO e + G e, 1)
=1

() = wiz)— < S ai(z) (G(Atm)vui(az) + Gy, )Vvd*“(:c)),
where the functions G,G and ty are defined in Lemma 2.3. Then, we have:

d*
1. - . 1 1
(i(Vv)TVU + symVw) — (E(VU)TVU + symVw) — 3 Zl ain; @ mn;
1 &

d*
o N
_ = . 2.1 2 dy«+1 . .
- (GO V20" + Gy, ) T2 ) 4 oI ;_1 Va; ® Vaj.

We now recall two auxiliary results from [4]. The first one gathers the convolution and com-
mutator estimates [4, Lemma 2.1]:

Lemma 2.5. Let ¢ € C° (R4, R) be a standard mollifier that is nonnegative, radially symmetric,
supported on the unit ball B(0,1) C R and such that Jga ® dz = 1. Denote:

di(z) = l%b(%) for all 1€ (0,1], z € R

Then, for every f,g € C°(R4,R) and every m,n >0 and 3 € (0,1] there holds:

IV % gl < o (2.7)
15 = £ % ¢ulo < Cmin {21V o, 19 Fllo, P s} (2.7)
IV ((£g) % 61— (£ % @)la = )0 < [V o Tl (2.7)3

with a constant C' > 0 depending only on the differentiability exponent m.

The next result states the decomposition of symmetric positive definite matrices which are
close to Idg, into “primitive matrices”, as proved in [4, Lemma 5.2]:
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Lemma 2.6. Given the dimension d > 1, let d. be the dimension of the space Rglyxn‘f, namely:
did+1
d, = dd+1) 5 )

There exist: a constant ro > 0, the linear maps {a; : ngxrg — R}?;l, and the unit vectors
{ni € R, such that for all A € B(Idg,70) C R, there holds:

dx

A= Zdi(A)m @mn; and a;(A) >ro forall i=1...d,.
i=1

3. THE “STAGE” FOR THE C1'® APPROXIMATIONS: A PROOF OF THEOREM 1.2

The following construction is the main technical contribution of this paper:
Proof of Theorem 1.2
The proof consists of several steps in an inductive construction below.

1. (Preparing the data) Recall that v, w, A are restrictions to @ of some v, w, A defined
on and, without loss of generality, compactly supported in R%. We set the mollification scale:
1/2

1Dl

l= € (0,1], (3.1)

and taking ¢;(z) = l%gb(x/l) as in Lemma 2.5, we define:

1
vg=v*@, wog=wx*¢, Ay=Ax¢;, Dy=Ay— (i(Vvo)TVvo + symeg).
From the estimates in Lemma 2.5, one deduces the initial bounds:

lvo — ol + lwo — wily < C| D), (3:2)1
|40 — Allo < CI?|| Ao g, (3:2)2
C
IV g lg + ||V gl < WHDHS)/Q for all m > 1, (3.2)3
C
IV Dyllg < 2 Dllo for all m > 0. (32)1

Indeed, (3.2)2 follows directly from (2.7)2, and (3.2); similarly follows by applying (2.7)2 to v,
Vo, w, Vw and noting that, in view of (3.1) we have:

lolla + Uwlla < 2| D]l (3.3)

Further, (3.2)3 follows by applying (2.7); to VZv and V2w with the differentiability exponent
m — 1 and again taking into account (3.3). To check (3.2)4, we write:

Dy =D x ¢ — %((Vvo)TV'UO — (Vv)'Vo) % ¢y),

and apply (2.7)1 to D, and (2.7)3 to (V)T and Vv, where the final bound is due to (3.3).

2. (Induction definition: frequencies) We now inductively define the main constants,
frequencies and corrections in the construction of (0,w) from (v, w). First, we write the least
common multiple of the auxiliary dimension d, and the codimension k, as follows:

N =lem(dy, k) = Sdy = Jk, S, J > 1. (3.4)



THE MONGE-AMPERE SYSTEM 13

Then, we set the initial perturbation frequencies as:

1 O.I/S
- AM=A=—.
I’ ! l
For every i = 2... N we define \; > 1 according to the mutually exclusive cases in:
(AD) if k| (—1),
ANi=Nc1- (A)Y2if d, | (i - 1),

Ao =

1 otherwise.
It follows that for all j =0...J—1and s =0...5 — 1 there holds:
Nl = (ADYIH2 0 for all i e (jk, (5 + 1)k] N (sds, (s + 1)d,]. (3.5)

3. (Induction definition: decomposition of deficits) First, let {ns € Rd}g*:l be the
unit vectors as in Lemma 2.6. For all s =0...5 — 1 we define constants Cs and perturbation
amplitudes vector a® [a5]5 | € C®(w,R%) by:

~ 2
Cs = %(WHDHO + ||Ds||0),
. 1 1/2
as(z) = (Csd(;(ldd + EDS(I‘))) forall 6 =1...ds, = €w.

Above, 19 > 0 and the maps ds are as in Lemma 2.6, so our definition is correctly posed because
Idg + #-Ds(x) € B(Idg, o) C Ry for all z € w. As Cldg + Dy = Cs(Idg + #-Ds), we get:

sym
~ d* ~
Cyldg + Ds = Z(a§)2n5 ®ns and (af;)Q >roCs in w, forall §=1...d,. (3.6)
0=1
Since {ns ® 775}?*:1 is a basis of the linear space R&:Y, we obtain:
la*llo < ClIC.ldg + Dslg* < CCY™. (3.7)
We also right away observe that, by the Faa di Bruno formula, there holds, for m > 1:
Iv™aglo<cl| 3 e H VOGP forall 5=1...d..

p1+2p2+..mpm=m t=1
Using the lower bound in (3.6) and the linearity of a5 in Lemma 2.6, we further get:

1
IV™as||y < C > SO TE H VD,

p1+2p2+..mpm=m

® (3.8)
< e 3 H (||V D, Ho)pf
p1+2p2+..mpm=m t=1
In particular, for s =0 and any = 1...d,, the bounds (3.7), (3.8) and (3.2)4 yield:
Co<C|Dll and [[V™a||q < 7 ”13”1/2 for all m > 0. (3.9)

4. (Induction definition: perturbations) For each i = 1... N we may uniquely write:
i=jk+v=sdi+9d with j=0...0J—-1, y=1...k,

s=0...S—1, 6=1...ds. (3.10)
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X(A)  x(AD)YV2 (A2 x(Al)
Ao A i SN N TN TN
0 1 k d, — sd, jk  N=Jk=Sd,
(Qoawo) (v, w1, Vi) (i, wi, Vy) (C1,Dy,at)  (Cs, Dy, a) (vn,wn, Vi)

(007 D07 ao)

FIGURE 1. Progression of frequencies \; and other intermediary quantities de-
fined at integers i = 1... N, where N = lem(k, d,).

Define v; € C*°(w, R¥F) and w; € C>®(w,RY) according to the “step” construction in Lemma 2.1,
involving the periodic profile functions I',I',I" and the notation ¢, = (z,n):

1
vi(z) = vi—1(x) + yag(a:)r()\it%)e,y,

1 s ]- S R S 1 S a
wi(z) = wi—1(x) — yaa(m)r()\itna)vv?q - ﬁa5($)F()\itna)VCL5 + yaa(x)zr()‘itm)%-

7 1

We observe that by construction of v;, the second term in w; can be rewritten as follows:

1 S 1 S
;iaa(:v)F(Mm)VvL = )\—iaé(x)l“()\itn&)Vv]k. (3.11)
We eventually define:
S—1 ~
U = vy, w=wn— » Csz. (3.12)
s=0

5. (Induction definition: deficits) For each ¢ = 1... N, we define the partial deficit:
1 T 1 T
Vi = (§(sz) Vu; + Symei) — (g(Vvi_l) V1 + symeZ-_l),

and for each s = 1...S we define the combined deficit Dy € C>®(w, R%X9) in:

sym
1 T 1 T
D= — (§(Vvsd*) Vg, + symVuwsg, ) + (i(Vv(S_l)d*) Vu_1ya, + syme(S_l)d*)
d* Sd*
+ Z(af;_l)Qﬁa ®ns = — Z (Vz — (a5 ")ms ® 775)7
5=1 i=(s—1)du+1

where in components of the last sum we used the convention (3.10), setting 0 = (i) = 1...d,.
By Lemma 2.1 and noting (3.11), for each ¢ = (s — 1)dx ... sd, as above, we get:

5T Lgrs I o 1m s—
Vi—(a5~")ns @y = — PR 1F(>\itna)v2“;‘yk ~ % T (Nitys ) V2ai™?
11 , - ' B B (3.13)
+ 2 (§F()‘itns) —D(Aity;))Vag;— @ Vas

where j =0...J — 1 is again set according to (3.10).
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6. (Inductive estimates) In steps 7-10 below we will prove the following estimates:
1/2
lvi = vially < €Y

forall i=1...N, (3.14);
[w; — mlm<mmWW-ﬂwww}

Am» 1
IV Do < C2E— (Y|Pl
! forall j=0...J, m>1, (3.14)

m—1

A
[V D llo < C=— (A7 D]y (1 + [ Vello)
G < S Do, VDL < o s Dljp forall s=0...S, m>0 (3.14)
s = ()\l)s 0, s||0 > ()\l)s 0 ce 9 - 9 . 3
AT
IV™as| < C()\lsi*/z HDHUQ forall s=0...S—1, m>0. (3.14)4

We observe that all the bounds are already valid at their lowest counter values: by (3.2)3 there
holds (3.14)y for j = 0, the first bound in (3.14)3 and the bound in (3.14)4 at s = 0 have been
established in (3.9), while the second bound in (3.14)3 at s = 0 is exactly (3.2)4. To show
(3.14); at i =1, we use (3.9) and (3.2)3 in:

Vel
)

Jor = ol < (el + < CIPI (14 5p) < Il

[Va®|[5 + [1a®]lo]| VZa®|o
)\2
n |a°[|o[|Va®[lo + [Va® o] Vvollo + |ao||0\|V2U0|o>
A

Jwr = wolli < C(lla®llolIFwollo + ol +

1/2
< OIDYlg"* (1 + |V elh).
because Al > 1 and ||Vugllo < [|Vollo + C||D||V/? < C(1 + ||Vollo) from (3.2);.

7. (Proof of estimate (3.14);) For i € (1, N], we write:

i € (jk, (5 + 1)k N (sdx, (s + 1)dy]
with j,s as in (3.10). By (3.14)4, we get:
HVGSHO)
A ()\l)s/2
where we used that Al > 1 and Azq, ! < A;l, due to ¢ > sd,. The bound for the w-increment
follows by (3.14)y at m = 1, (3.14)4, (3.14); and (3.2);:
IVa*[lg + lla®llol VZa®lo

22
n IVa®[lollVvjkllo + lla®]lol|V?vikllo + HQSHOIIVGSHO)
\

Asd., 1/2
+5%) < Cpl”,

llvi —via|1 < C’<||a5||0+ ||D||1/2(

s = wicalle < C(lla*llol[Vosallo + lla”|13 +

LA AL (M) 1/2
< D 1/2 Sdx sd« 1 < D /

where again we used Agq,l < \;l due to i > sd*, and ()\l)j < N\l due to i > jk.
8. (Proof of estimate (3.14)3) Let i =1... N and m > 1. Write:
€ ((J — Dk, jk] N (sdx, (s + 1)d.]
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withj=1...J,s=0...5—1. Then:

m+1 1/2
Ai|| D
IV (v, — vi_1)|lo < C g )\f*1HV afllo < CAP! Z Asa. Al Pllo

p+q=m+1 )\q )\l o2
< on Al - o O o
because A\gq, < A; due to i > sd,, and in fact from (3.5):
()\Z)j+8/2
i = i .
The above justifies:
ik
IV D 0r = vgenllo < Y- IV (0 —via)ll < AT u|u>u”2,
i=(j—1)k+1

since i — A; is a nondecreasing function. Further, by (3.2)3 we get:

Ao

IVl < b2 = ¢ 2 < oxnr A oy

The above two bounds prove the first statement in (3.14)s.
Towards proving the second bound, we note that the increment in w is estimated:
1 -1 1
IV wi —wima)llo <€ Y ATV @a o[ Vg ayllo
p+qg+t=m+1

+C > (NTIVDa oIVt + X IVDato 7P o).
pt+g+t=m-+1

(3.15)

We split the first sum in the right hand side above into cases ¢t = 0 and ¢ > 1, so that by (3.14)4
and (3.14)2, together with (3.14); and (3.2);:

Y XIVOalol Vg apllo

p+q+t=m+1
<Vogourllo Do XTHY@a o+ Y NTHV@ar o[Vl
ptq=m+1 pt+q+t=m
A N ol e AL, Al (A)TYID|
sow(uuwuo)zisfg N P '
o N Y - S R P TP
DIL/2 A )i—1-5/2
< ONP IR 1+ 190l) + ool 2

where in the last bound we used the fact that A\gq, < A; due to ¢ > sd,, and )\(j,l)k < \; due
to i > (j — 1)k. The second term in (3.15) is similarly estimated:

> (IV@a oIVt o+ XV Wato[VOao)

p+qg+t=m+1
+t+1 +t
coxr Y (D[Pl A Il gyl
T pkedSan N0 T (1) (A1)
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Summing the last two displayed formulas, gives in view of (3.15):
A (Al)I—1=9/2
+
(A)s/2 l

I 4) w; = wi-)llo < ONP DY ) (1+ 190]o)

1/2
< ox= O o214 wu).
The above implies the second statement in (3.14)2, in view of (3.2)3 resulting in:

IV Do < Sy < ot O oy

and since i — A; is a nondecreasing function, which yields:
kj
IV (wg —wip o < Y IV (wi — wisy)lo
i=(k—1)j+1

< o O D (14 9.

9. (Proof of estimate (3.14)3) Let i =1... N and m > 0. Write:
S (]kv (.7 + 1)k] n ((8 - 1)d*73d*]
with j=0...J—1,s=1...5. Denoting 6 =i — (s — 1)ds, we use (3.14)2, (3.14)4 in (3.13):

IV (Vi = (@5 Prs@mo) [y <€ D0 ATHIV@a oV usifo
ptq+t=m

¢ 3 NIV o Ve o + 9 Da ol Ve o)
p+g+t=m
YR M] (s=1)/ N2
conpply( Y Cenel QDT IR, s Sene 1y

g+t q+t+2 s—1
pHgt+t=m A ptgt+t=m A (A1)

Since A(s_1)q, < Ai by @ > (s — 1)dx, and \jp, < \; by i > jk, we simplify the above estimate:

A==z XL )

[V (Vi = (575 @ ms) |y < ONP Do (57— + =53 (M)t

L
< 7
=“up
where the last bound follows since A\; > A(s_1)q, (A)Y/2 by i > (s — 1)d,, and since (3.5) yields:
Ai = A)THE=D/2,

Note that having the second power of the quotient A(,_1)4, /A; was essential to provide the

missing multiplier 5; in order for both considered error terms to have the right order C AL o =[1D]|o-
It is precisely at this point where we are using the step construction in Lemma 2.1, and where
the previous construction in [12, Lemma 2.2] would not be sufficient.

Consequently, summing the partial deficits in Dy, we obtain the second bound in (3.14)3:

S

A Asd
VD, < © L |IDllg < €2 1D,
i=(szl):d*+l (AL)? (A1y?
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as \; < A\gq, for all i < sd,. The first bound in (3.14)3 is now also immediate:

[Dllo
(A)®

Cs < O( s +1P:llo) < 575 1Pl

C
[CUR

10. (Proof of estimate (3.14),) Let s =1...5 — 1. From (3.7) and the first bound in
(3.14)3, we readily deduce (3.14)4 at m = 0:

1/2
la®]lo < D)

G

For m > 1, we use the preparatory bound (3.8) in which we take account of (3.14)3 and (3.14)3:

(m) s 1/2 . tpe (_IIPllo \P < Aod, 1/2
Iv auo_ws/gu It > M (ye) ) = ot

p1+2p2+...+mpm=mt=1

1Dllo
A)sCy =

in virtue of having < C. This completes the proof of all the inductive estimates.

11. (End of proof) We now show that (3.14); - (3.14)4 imply the bounds claimed in the
Theorem. Recall (3.12), and use (3.14)1, (3.14)3 and (3.2); to conclude (1.2);:

1/2
[0 = vy < flvo — vl +Z||Uz vicalh < €D,

=1
S—1
1/2
[ —wll < Hwo—leJrZsz wist 1 +C Y G < CIDII* (1 + [[Vollo)-
i=1 s=0

By (3.14)2 with m = 1, there follows (1.2):

J
IV23lo = [ V2unllo < c@nﬂnéﬂ =CM(\)’ = CMo'/$ = CMo™ /¥,
V20 = 192w lo < X021 + [Vollo) = CMo™ (1 + [Vl

where we used the definition o = (M)® and the fact that:

J _J N _ds

STN'S &
Finally, (3.2)2, and (3.14)3 applied with m = 0 yield (1.2)3:
IDllo = [I(A — A¢) — Dsllo <[4 — Aolo + I Psllo

D
< o114l + 1211)

40512, 12y
o (F5 2Pl + 1)

)
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in view of the following direct decomposition:

D= (A—Ay) +Dy— ((E(Vf))TVf) + symVa) — (%(VU())TVUO + symeo))

Sdx

=(A— A0+D0+ZCIdd—Z ooy

s=1i=(s—1)d++1

S—1 S ds«
= (A— Ay) +ZCIdd+ZD DO (a5 )0 @
s=0 s=0 s=1 =1
= (A— Ao) +Ds
The proof is done. |

4. THE “STAGE” USING KALLEN’S APPROACH: A PROOF OF THEOREM 1.4
In this section, we prove flexibility of (VK) up to regularity C!, provided that k > 2d,.

Proof of Theorem 1.4
1. (Preparing the data) We set the mollification scale [ and the frequency A:

D 1/2 1/N

PI™ ¢ 0,1, a=2
M l

Taking ¢;(z) = l%(b(x/l) as in Lemma 2.5, we define:

l=

1
>1 where 5 <NeN. (4.1)

1
vg=vx¢@;, wo=wxq¢, Ag=Ax¢;,, Dg=Ag— (E(VUO)TVUO + symeg).

and observe the initial bounds (3.2);-(3.2)4 exactly as in the proof of Theorem 1.2 in section 3.

2. (Induction definition: improving the deficit decomposition) Let {n; € S~ 1}2 1
ro > 0 and the linear maps a; be as in Lemma 2.6. For »r = 0... N we iteratively define the
perturbation amplitude vectors a” = [a}]%, € C®(w,R%), by setting:

A(x)=0 forall i=1...d,, v€@,

)

- 1/2
aj(x) = <2ai(CIdd + Dy(x) — 5,«_1(3:))) forall i=1...d, r=1...N, z €,

K3
a0
with € = = (|[Do-+ [Polo).

where the error fields &, € C*(w, ngxn‘f) are given by the right hand side of (2.6):
1 &

ST——)\i:1ai<G()\t V20 + G(Aty, ) V20 ) QAQZW ®Va! forall r=0...N.

Our definition of a” is correctly posed if only Id; + %(Dg(:c) — &-1(x)) € B(1dg, o) C RLXE

Sym
for all z € w. To this end, we will prove that Al large enough (in function of w and N) implies:

C
1€ 1o < 7“07 forall »=0...N —1. (4.2)
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Note that then automatically there holds for all » =1... N:

dx

~ 1 \2
Cldg+Dy — &r—1 = 2;(%) 7 @ 1

and  (a})?>2rC in @, forall i=1...d,.

(4.3)

We now develop some preliminary estimates. Firstly, by the linearity of a; in Lemma 2.6:

1/2

la" o < C||CTda + Do — E—1lls”> < C(IDllo + 1€--11l0) (4.4)

Secondly, by the Fad di Bruno formula, exactly as proved in (3.8), there holds for m > 1:

m), 7 r . vO(D — & bt
V™ a” o < Clla"llo 3 11 (H ( Oé 1)Ho> . (4.5)

p1+2p2+..mpm=m t=1

Thirdly, applying Faa di Bruno’s formula to the inverse rather than the square root, we get:
1
Ve (——=)llo
a; +a;

¢ 1 (VY (e +a Yoy ,
gm Z H( Gz > forall i =1...d..

(4.6)

p1+2p2+..mpm=mt=1
The formulas (4.4), (4.5), (4.6) hold for all » = 1... N with constants C' depending on w, m.

3. (Inductive estimates) In the next step we will prove the following estimates:

la"[lo < C|ID|IS*  forall r=1...N, (4.7)

IV™a||o < C’);\—ZHDHé/Q forall r=1...N, m>1, (4.7)5
)\m

IV (& — E—1)lo < CWHDHO forall r=1...N, m >0, (4.7)3

with constants C' that depend only on w, 7 and m. In general, C' — oo as m — 0o or r — 00,
so it is crucial that eventually only finitely many of bounds above are used. In particular, we
note that (4.7)s implies (4.2) provided that Al surpasses the sum of constants C' corresponding
tom = 0and r = 1...N. This is achieved by taking ¢ = (M) > oo where the constant
0o ~ CY/% > 1 depends only on w and 4.

We now check that (4.7)1-(4.7)3 are already valid at their lowest counter value r = 1. Indeed,
(4.7)1 is a consequence of (4.4), while (4.7)y further follows from (4.5) in view of (3.2)4:

" m V(t)D pt
IV™ally < Clla*|lo > I1 (HCOHO)

p1+2p2+..mpm=mt=1

1/2 1 (Do _ C 1/2 AT 1/2 AT 1/2
< = < —_— = _— < —_— .
capi* Y TT(BlY" < Sion - ey < A imig

p1+2p2+..mpm=mt=1

For the estimate (4.7)3, with the help of the above we compute at m = 0:

HGIHOH ;21}0”0 ” Cang HZHO HEHO HZHO
< —+ < < LB
I1llo < C( ) \2 ) = C( A (Al)2) SO
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and further, for all m > 1 in view of (3.2)3 and with C' depending on w and m:

[V™elo < Y0 V@l o] VERuglly +C Y0 AT VO alo[ VO et
pt+g+t=m q+t=m
+t+2

)\* APJF A\ \m
so( X Flvle+r X & Wn o+ 32 AQW)2||D||0)_ c57 1D

p+g=m p+q+t=m,q#0

4. (Proof of the inductive estimates) Assume that (4.7);—(4.7)3 hold, up to some
counter value 1 <r < N —1 and all m > 0. We will prove their validity at r 4+ 1. By (4.4) and
(4.7)3 we directly get (4.7)1:

T 1/2
a0 < C(IPlo + 311 = i-1llo) < C(1+ ) IPIG” < CIplg”.
j=1

A)

Similarly, from (4.5) and (3.2)4 we conclude (4.7)2 with C' depending on w and m:

T IVODollo + 305 IV (€ = Ei—1)lloy e
||v(m)ar+1H0 < CHGT—HHO Z H ( J=1 )
p1+2p2+..mpm=m t=1 ¢

1/2 i 1 )\t bt
el > IG+5)
p1+2p2+..mpm=mt=1
1/2 A™ 1/2
< CDlly > W < ||D|| :
p1+2p2+..mpm=m
Towards showing (4.7)s, we first deduce from the identity in (4.3) that:
1 d*
57" - 571,1 = _5 Z ((a;drl)? - (a:)Q)nl & i,
i=1
and hence for all m > 0 we get:

s T m )\m N
IV (@52 = (af)?) o < CIVI™(E — E—1) o < 0( i Do forall i=1...d,. (4.8)
This in particular implies that by recalling the lower bound in (4.3):
lai*t — af]lo < (@) = (a})?[lo < V2 forall i=1...d.. (4.9)
01/2 ()\l)
To estimate derivatives of (a"*! — a”), we recall (4.6) and observe that for every m > 1:
1 C Ay pe A
Hv(m)<r+177‘)H0S =172 Z H( ) ﬁi for all Zzld*,
a; T c/ p1+2p2+..mpm=mt=1 cl/z M
which in combination with (4.8) yields for all m > 1:
m T /f' T 1
IV (@ =)o < C D0 IV (@) = @) ol VO (S ) o
g+t=m a; + a;

A" ||D X || Do At
X Ho+ S o X 1Dl

=0 e N G2 Al (4.10)

1/2

< (/\) forall i=1...d,,
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We are now ready to estimate the derivatives of:
5r+1 g - _ )\ Z r+1 _ r ( ()\tm)VQ + F()\tm)VQ d*+z>
1 *
t o Z ((Vaf“ —Va}) ® Va[ ™' + Va] @ (Va[ ! - Vag)).

Namely, we get for all m > 0:

IV (Esr =Ello < C Y0 WV (@ —a”) o VP uglo

ptgt+t=m
+C Z )\—2Hv(q+1)(ar+1 _ar)HO(||v(t+1)ar+1HO+ Hv(t-ﬁ-l)arno)
qg+t=m
)\ q+1 )\t+1 A
< pUa D A2 < C————|D|o.
g oo lo+C 3 N oy 1Pl < O Pl

This ends the proof of the last inductive estimate (4.7)3. Observe that the closing of the bounds
as above, was possible due to the absence of the error term %af()\tn)v% in the right hand
side of (2.6), in the step construction generated by Nash’s spirals. This term, appearing in
(2.3) as the second order deficit generated by Kuiper’s corrugations, would result in &.41 — &,
containing expressions of the form %a'gf()\tm)(v%"ﬂ —V2a") which do not allow for the gain

in the power of (\l), because each ||a"||o is only of order 1 in C, see the bound in (4.7);.

5. (End of proof) Define & € C*®(w,R¥) and @ € C*®(w,R?) according to the “step”
construction in Lemma 2.3, involving the periodic functions G, G and the notation t,, = (x,n):

0 = vy, vi(x) = vo(x )\ Za G(Aty,)e; + G(Aty, )ed. 1),
(4.11)

- 1 & S .
W = wy — Clidy, wi () = wo(x) — X Z al (2) (G(\ty,) Vvl + G\, ) Vo).

We now show that (4.7); - (4.7)3 imply the bounds claimed in the Theorem. To prove (1.3)1,
we use (4.7)1, (4.7)2 and (3.2)1, (3.2)s:

. Ve |lo 1/2 1 1/2
= vl < llvo = vl + C(fla™ o + f) < C|D)g* (1 + ) < CIPl",
Va [|ol|[Vvollo + HGNHOHV%OH(J)
A
1/2 1/2
(D> + [Vollo) + 1Pl )
Al

@ = wilt < Jlwo = wlly +C(C + 1™ ol Veollo +

< cIplly + cIp)g? (1Pl + (1Pl + 1Vvllo) +

< C|D|Is* (1 + [Vollo).
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Similarly, there follows (1.3) when we recall that M = o'/N < 60 from (4.1):

!V2aNHo)
)
< C||D||1/2< +A) = CM(1+\) < CMa'™,

192500 < 11V2w0llo + € (Ala™llo + 7V lo +

IV2@llo < [V*wollo + C(M\aNlloHVvollo + (IIVa™ ol Vvollo + lla™ [0l V*vo o)

N IV2a™ o[ Vvollo + [[Va ol V2vollo + ||aNH0HV3UOHo)
A

umW3

A2

<COM@A+MN)(1+ Hwno) < CMaYN (1 +||Vullo).

< CIDIE (5 + (A+ AP +190llo) +

Finally, (2.6) and (4.3) yield (1.3)3, because we decompose:
d*
. 1 -
D= (A - AO) + DO - (* Z(GZN)Q’I% & ;i + SN — CIdd) = (A — Ao) — (5]\[ — EN—l),

2 4
=1

and further, in view of (3.2)2, (4.7)3:
IPllo < 14 = Aollo + €N — En-1llo

< C(zBHAHOIB + (|§)HO> _ C’(HA|

The proof is done. |

Spr2 . 1Pl
2Ip)ig + 1)

5. THE NASH-KUIPER SCHEME IN C1:®

To perform induction on stages we need the following argument, similar to [4, Theorem 1.1]:

Theorem 5.1. Let w C R¢ be an open, bounded domain and let k > 1 and v > 0 be such that
the statement of Theorem 1.2 holds true with v replacing the exponent d./k in (1.2)s, provided

that o > og where og > 1 depends only on w and v. Then we have the following. For every
v e Cw,RF), we C?(w,RY), A e O (@,REY), such that:

sym
1
D=A- (i(Vv)TVv +symVw)  satisfies 0 < |Dllo <1,
and for every a in the range:

I3 1
1
()<oz<mln{2 1+2’y} (5.1)

there exist © € C1%(w, R¥) and w € CY*(w,RY) with the following properties:
|6 vl < CIDI, @ —wly < CIDI (1 + [Vollo), (5:2)1
A— (g(va)Tva +symVid) =0  in @, (5.2)2

where the constants C' depend only on d, k and w.
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Proof. 1. Because of the assumption (5.1), there exists an exponent:

2ya Pall] }
(I-a) "(2-5)
We let o > o¢ be a sufficiently large constant, in function of ¢, a, 7, ||Vvl|o and all constants C

in the assumed assertions of Theorem 1.2 (these constants depend only in d, k,w).
We further set vg = v, wg = w, Dy = D, and take My > max{||vg||2, ||woll2,1} that is again

<5< min{ (5.3)

sufficiently large, now in function of |’AHO,5HDH€/ >~159 and constants C' indicated before. By
successive applications of Theorem 1.2 with the chosen o and constants {M; > 1}9°, in:

M= (G0 + ||Vv\|0)07)iM0

where C' > 1 is again some large constant (in function of the aforementioned C), we obtain se-
quences {v; € C?(w,R¥)}2,, {w; € C?(@,R%)}$2, and the related deficits {D; € CO(w, R9X4)}2,:

sym
D, =A— (§(VUZ~)TVUZ- + symei).

We see that, as long as there holds:

0<[Dillo <1 and  M; > max{|vl2, [will2, 1}, (5.4)
we have, with the constants C' depending only on d, k and w:
i = vilh < CIDi, wisr = wlh < €Dl (1 + |V oillo), (5.5):
[vit1llz < CMio”,  [witallz < CMio” (1 + [[Vuillo), (5.5)2
A I Dillo
MP o

)

Below, we inductively validate (5.4) for all ¢ > 0, and in fact we show that:
1
”DzHO < WHDHO forall i=0...00. (5.6)
o

Before doing so, note that (5.6) actually implies both statements in (5.4). Indeed, by (5.5)a:
[vitille < OMio? < My,
[wisall2 < CMio? (1 + [[Vuillo) < CMio? (1 +2C + [[Vvllo) < Miya,

since by the first bound in (5.5); and (5.6) there follows, provided that ¢%/2 > 2:

1—1
IVvillo < [Vollo + > Vi1 — Vusllo < [ Vol +02 D515
Jj=0 7=0
D)y C 12 (5.7)
< Vol +cz 55 = IVello + 7——551Dllg
< |[Vollo + zanu”? < 2C + || Vollo.

2. Clearly (5.6) holds at ¢ = 0. To prove it at (i+1), use (5.5)3 and the induction assumption:

A DB/ D D
D [ Allo,5IPllo IPllo 1Pllo ¢
. < 3. J—
IDitallo < C( Miﬁjazﬂ/z a5i+1) 05(i+1)( Miﬁgzsw/%&(ul) 01*5)’ (58)
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and check that both terms in parentheses in the right hand side above are not greater than
1/2. For the second term, this is readily implied by taking o large enough that o'~ > 2C, in
view of 1 — ¢ > 0 in (5.3). For the first term, we note that
2-1 B/2—1 B/2-1
CllAloslPle™ ™ _ ClAloslIPll™ 0" sispispisa o ClAlosl Dl o’
Miﬁo&ﬁ/%&(iﬂ) - Mﬁ M’B

since the exponent §i — v3i — §3i/2 is non-positive, due to § < 276 in (5.3):

—yBi —6Bi)2 = = ((2—ﬁ)—2yﬁ)§0 for all ¢ > 0.

In conclusion, the expression in parentheses in (5.8) is bounded by 1, provided M, has been
chosen sufficiently large. This ends the proof of (5.6).

3. From (5.5)1, (5.7) and (5.6) it follows that for alli =0...00
1/2 1/2
[vigr — will1 < 51/2 IDI6%, Mwiss —willa < 51/2 1Dl (1 + [190]lo),

Hence, both sequences {v;}3°,, {w;}32, are Cauchy in C!(w) and as such they converge to the
limit fields, respectively:

veCl(w R,  wecltw R
that satisfy (5.2); and (5.2)2, in virtue of || D;ljo — 0 as i — oo.

It remains to show that @ and @ are CH®regular. To this end, we use the estimate:

Vi1 = vill2 + [[wits — willa < CM;o” (14 [|Vv]lo)

~ i+1
< C(C(l + HWHO)UV) Mo,

[0}

resulting from (5.5)2 and (5.7), in the interpolation inequality | - [|1.o < C|| - |1~ - |I$:
[vi41—vil[1,0 + [wit1 — will1,a

) (i+1)a+(1—a)Mgam(iﬂ)_&u_a)p

< CIplly =" (C+ 1 Vello)

= CC - M|D|I (1 + | Vo)lo) o™

C(L+ [[Vullo)*y
' ( gd(1—a)/2-ay ) ‘
Since the exponent §(1 — «)/2 — vy is positive, in view of § > ZLZ in (5.3), we see that both
sequences {v;}3°;, {w;}32, are Cauchy in C*(w), provided that o is sufficiently large to have:

C* (1 + [[Vullo)®

ogd(1—a)/2—ay <1

In conclusion, ¥ € C*(w,R¥) and @ € C*(w, R?) as claimed. The proof is done. [ |

Taking now v = d,/k or taking an arbitrary v < 1 as guaranteed by Theorem 1.2 and
Theorem 1.4, respectively, Theorem 5.1 implies:

Corollary 5.2. For every v € C*(@,R¥), w € C*(@,R?) and A € COP (0, RLXY) defined on an

sym
open, bounded domain w C R, and such that:

1
D=A- (i(VU)TVv +symVw)  satisfies 0 <|Dllo <1,
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and for every exponent o in the range:

1
0<a<min{§,1_|_2d*/k}, or 0<a<min{§,1} when k > d(d+ 1),
there exist © € C1%(w, R¥) and w € CY*(@w,RY) with the following properties:
- 1/2 N 1/2
[o —vlls < CIDI, & —wly < CIDI (1 + [ Vollo), (5.9)1
1
A— (§(V®)TV6 +symVad) =0  in o, (5.9)2

where the constants C' depend only on d, k and w.

6. PROOFS OF THEOREM 1.1 AND THEOREM 1.3

The final auxiliary result that we need, is a combination of the local decomposition into
“primitive metrics” with a partition of unity - type statement from [15, Lemma 3.3]:

Lemma 6.1. Given the dimension d > 1, there exists a constant Ny and sequences of unit

vectors {n; € R4}, and nonnegative functions {p; € C?(Rg;rg7>,R) ® ., such that:

A= "i(A)?ni@n  foral AcRYL
=1

and such that:

(i) at most Ny terms in the above sum are nonzero,
(ii) every compact set of matrices K C R‘Sjyxncf,> induces a finite set of indices J(K) C N,
such that @;(A) =0 for all A€ K and all i ¢ J(K).

Equipped with Lemma 6.1 and the “step” construction in Lemma 2.1, one easily deduces the
deficit decrease - approximation result in C', which is the multidimensional version of the basic
“stage” construction in [12, Proposition 3.2]:

Theorem 6.2. Let w C R be an open, bounded domain. Given two vector fields v € C*® (c, ]Rk),
w € C®(w,RY) and a matriz field A € C®°(w,RIX4), assume that:

sym
1
D=A-— (i(VU)TV’U +symVw)  satisfies D> cldg on @

for some ¢ > 0, in the sense of matriz inequalities. Fiz e > 0. Then, there exists © € C*(w, R¥)
and @ € C®(w,RY) such that, denoting:

~ 1
D=A- (§(V6)TV6 + symV),
the following holds with constants C depending only on d,k and w:

Io—vlo<e [o—wlo<e (6.1
~ 1/2 ~ 1/2 1/2

IV(@ = v)llo < CIDII?,  IV(@ —w)llo < CIDII (1D + Vello),  (6:1)2

Do <e and D>éldy for some é > 0. (6.1)3

Proof. 1. Since D(w) is a compact subset of Rg},xnﬁl7>, Lemma 6.1 yields a finite set of indices for

which the decomposition into “primitive matrices” is active. Without loss of generality these



THE MONGE-AMPERE SYSTEM 27

indices are {1. N }. Then, with the unit vectors {n; € R‘} | and the nonnegative functions
{b; € C*>(w, R) ¥, defined by b;(x) = ¢;(D(x)), there holds:

N
= Zbi($)277i R n; for all x € @.

We now define the modified nonnegative amplitude functions {a; € C*°(w,R)}Y, by:

€

a; = 1—(51/2197; on w, where § = min
(1-3) {33775

Observe that:

N
D — Za?m ®mn; =0D > dcldy.
=1

2. We set v1 = v and w; = w. We then inductively define the vector fields {v; €
C® (@, RF)}INA and {w; € ¢®(w,RY)}IN1! by applying Lemma 2.1 to each consecutive pair
(vi,w;) with the given unit vector 7;, an arbitrary unit vector F € R¥, the given amplitude a;
and a frequency A; > 0 that is sufficiently large as indicated below. We finally set:

= UN+1, W= WN+1-

S

It is clear that by taking {)\;}/Y, large, one can ensure the validity of (6.1);. Further, by (2.3):

~ 1 1
D=D-— ((§(VUN+1)TV’UN+1 + SymeN+1) — (§(VU1)TVU1 + symel))

N
= (D - Za?m ® 77i)
i=1
N

1
(( (Vvis1) Vot + symVaw;y) — (i(Vvi)TVvi + symVw;) — aZn; ® m)

7

=1
N
_ |az||0HV2vz||0 [Vail|? + [laillo]| VZallo
B Z T A2 ’
: 1

which implies (6.1)3 with ¢ = dc/2, provided that {\;})¥, are sufficiently large.

3. It remains to check (6.1)2. By Lemma 6.1 (i), we get for each = € w:

N
< Z al
=1

Consequently, the definition (2.2) yields, with sufficiently large {\;}Y;:

)< Ny Zb 212 = N2 (Trace D(x))/* < CNy?|D|IY>.

||Mz

VaZ
VG 0l < 3 Vo - Varlo 213 asfo + ¢ 3 1Vl ”0 < ||,

=1 =1 =1



28 MARTA LEWICKA

In a similar fashion, and using the above bound, we obtain:

N N
I9(@ = )l < > 1Vwiss = Vwillo < €| 3 (19villo + llaillo) e
=1 =1

0

N
oy [Vaillol|Vuillo + [|aillol|VZvillo + lladll§ + llasllol| Vaillo

)\.
i=1 v

N
Vaillol|VZasllo + [|aillo]| Vaillo
+C> v
=1 ?

1/2 1/2 1/2
<Pl sup (IVeillo+ Jlaillo) < CIPI (IVeollo + IPlg).

This ends the proof of (6.1)s and of the theorem. |

We remark that having the upgraded version of the “step” in Lemma 2.1 was irrelevant to the
proof above, and that the sub-optimal construction in [12, Lemma 2.2] would still suffice.

We are now ready to give:

Proofs of Theorem 1.1 and Theorem 1.3
In order to apply Corollary 5.2, we need to increase the regularity of v, w and decrease the
deficit D. Take € < 1 that is sufficiently small, as indicated below. First, we let v; € C (@, R¥),
wy € C®(@,RY) and A; € C“(Q,Rg;n‘f) be such that:
lor —oll <€, o —wlh <€, (A= Allo < €,
1
D =A — (i(Vvl)TVUl + symel) > c1Ild;  for some ¢; > 0.

The last property follows from the fact that:
D1 — Dllo < 3¢* + €| Vllo (6.2)
Second, use Theorem 6.2 to get vy € C*°(w,R¥), wy € C>(w, R?) such that:
vz — villo < €%, [Jwa — willo < €7,
1902 = o0)llo < CIPullg™ < CIDI + /2 + [ Vullg"?).
Dy = Ay — (%(VUQ)TVUQ +symVuwy)  satisfies ||Daflo < €3,

where we applied (6.2) in the gradient increment bound of v.
Clearly, if the deficit D3, defined below:

1
Dy =A— (§(VU2)TVU2 + symeg)
is equivalently zero on w, then we may simply take v = v9 and W = ws to satisfy the claim of
the theorem. Otherwise, we use Corollary 5.2 to va, wy and A, since:

0 < [[Dsllo < [|A — Ao + [|Def| < 26° < 1,
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and consequently obtain © € Cb* (@, R¥), w € C*(w, R?) such that:
|15 — vallo < C¥2,

& — wallo < CE2(1 + | Vusllo) < Ce2(1+ | D|ly* + | Vollo),

1
A= (5(VO)'Vi+symVd) =0 in @
It now suffices to observe that, taking e sufficiently small (in function of ||D||(1)/2, |Vvl|lo and of
constants C' that depend only on k, d and w), we get:
15— vllo < 1|5 = vallo + [[vz — vilo + [[or — v]lo < Ce¥? <,
N N 1/2
@ = wllo < @ = wallo + s — willo + [[wr = wllo < C/2(1 + [ DIl + [Vollo) < e.

The proof is done. |

7. THE MONGE-AMPERE SYSTEM: PROOFS OF LEMMA 1.6, LEMMA 1.8 AND THEOREM

1.10
We remark that when d = 2 then the formula (1.5) rests in agreement with the expansion
of the Gaussian curvature: r(Idy + €A) = —Scurl curl4 4+ O(€?), because we have:
curl curl4 if (ig,st) € {(12,12),(21,21)},
C3(A)ijst = { —curleurld if (ig, st) € {(12,21), (21,12)},
0 otherwise.

We now give:

Proof of Lemma 1.6
The implication (i)=-(ii) follows by a direct inspection:

2% (symVw)ij st = 8;05 (05w’ + Opw’) + 9;04(d;w® + dsw’)
— 0:0:(0w° + dgu’) — 0;04(Byw' + ') = 0.
To prove that (ii)=-(i), note that condition:
C%(A)ijst = 0;(0sAjr — 0 Ajs) — 9;(0sAit — O Ais) =0

implies, for each fixed s,¢: 1...d, that the vector field [0sAj; — 0y Ajs]j=1..a must be a gradient
of some scalar field —¢4:, where we used the Poincaré Lemma on the contractible domain w.
We thus write:

85Ajt — GtAjs = _aj¢st for all j, s, t= 1...d. (71)

Observe that V(¢ + ¢rs) = 0, so without loss of generality, ¢s; = —¢ys and ¢ss = 0. The
following matrix field is thus skew-symmetric:

¢ = [Bstlst=1..a : w — so(d). (7.2)
Consequently, permuting the indices in (7.1), leads to:
0sAjt — Ot Ajs + 0jpst =0  and 03 Ajs — 0;Ast + Ospyj = 0.
Summing the above two expressions, we get:

0sAsj — 0jAis + 0sprj — Ojprs =0 forall j,s,t=1...d.
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Hence for any i = 1...d, the i-th row [A;; + ¢ji]j=1..4 of the matrix field A + ¢ is a gradient
of some scalar field w® on w, where we again used Poincaré’s Lemma. Writing w = [w'];=1. 4 :
w — R?, we obtain the claim by taking the symmetric parts of the resulting identity:

A+ ¢ =Vuw,
and invoking the skew-symmetry in (7.2). The proof is done. [ |
Note that the operator €2 can be interpreted as curl curl, in any dimension d. To see this, recall

that when d = 2, 3 then the coefficients of curl w for a Vector‘ﬁeld w= [w'];=1..4, coincide with
the coefficients of the exterior derivative da = }_,_, (9w’ — d;w')dz; A dxj of the 1-form

o= Zle w'dz;. Given a matrix field A in any dimension d, we may still apply d row-wise:

dA = [ D7 (9 A — 0 Ais)dws A dy| ;

s<t =

returning a vector of 2-forms, and then apply d to each vector of coefficients in dA:
d2A = [Z (62-(35Ajt — atAjs) — aj(asAit — atAls))dCCZ A dl‘]}
1<j

= [; Q:Q(A)Z‘j’stdxi A dl’j] etld

s<t:1..d

Next, we show the equivalent solvability conditions determining the range of ¢2:
Proof of Lemma 1.8

The implication (i)=-(ii) follows by a direct inspection. To prove (ii)=(i), observe first that
for a skew-symmetric matrix field B : w — R to be of the form: B = (Vw)T — Vw for some

skew
w = [w' ]Z 14w — R% the sufficient and necessary condition is:
0;Bjq + 0;Bgi + 0¢Bij; =0 forall i,j,q=1...d. (7.3)

This claim follows by taking the exterior derivative of the 2-form in:

( Y. BjedwjAdag) = > 9;Bjydwi Aday Aday

Jjq=1...d i,5,q=1...d
=2 Z (6iqu + 8quz‘ + 8qBij)dSUi A dl’j A diL'q,
i<j<q:l..d

where we used the skew-symmetry assumption, and invoking Poincaré’s Lemma on the con-
tractible domain w.

For every s,t = 1...d we apply the above criterion to B = [F}j st); i,j=1..d- Since the first
and third conditions in (1 9) validate the skew-symmetry of B and (7.3), we get existence of

d? vector fields ¢g = [gbst] j=1...d on w, satisfying:
Fij,st = i¢st - j¢st for all 4 j, S, t=1...d. (74)

By the first condition in (1.9), we note that 8;(¢, + ¢7,) — 0j(¢%, + ¢iy) = 0 for all i, j, s, ¢,
which implies that each ¢g + ¢ is a gradient. Thus without loss of generality we may take:

¢st = —¢rs  forall s,t=1...d.

For every t = 1...d consider now the skew-symmetric matrix field B = [qbgt — @5ljs=1...d-
Condition (7.3) holds, in virtue of (7.4) and the second condition in (1.9):

il — ¢5) + 05(d5; — Oly) + Os (%t 1) = Fijst + Fuije + Fjs i = 0,
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and so there follows existence of vector fields 1 = [1{]s=1..4 on w, such that:
Ty — % = Oim; — Qs forall js,t=1...d. (7.5)
We now finally define:

1 . .
Ayj = —5(77§~+?7§) for all 4,5 =1...d.

The matrix field A = [A;j]; j=1...4 is obviously symmetric, and from (7.5) and (7.4) we get:
2€%(A)ijot = —0i0s(n] + 1)) — 0;00(nl +m7) + 0i0e (] +13) + ;05 (nf + )
= at(¢§'s — ¢l,) + 05(d3; — ¢%) + Os(¢, — ¢§t> + i Zj )
= Fyijs + Fisti + Ftjsi + Foitg = 2(Frijjs + Fijsi) = 2Fst05 = 2F555

for all 7,5,s,t = 1...d, where in the last three equalities above we used the first and second
conditions in (1.9). The proof is done. |

Observe that for d = 3 and k = 1, any choice of 6 functions Fi2 12, F12,13, F12,23, F1313, F13,23,
Fy393 € L*(w,R) gives raise to F' € L?(w,R¥) satisfying (1.9). Indeed, the first condition
holds by defining the remaining components of F' appropriately, while the second and the
third conditions are implied automatically by these symmetries. In this case, (MA) consists
of 6 equations in a single unknown v € R, while (VK) consists of 6 equations in 4 unknowns
(v,w) € R, Although both formulations seem to be largely overdetermined, this paper actually
shows that the set of their solutions is dense in the space of continuous functions on @.

We are now ready to give:

Proof of Theorem 1.10

By the construction in Theorem 1.8, there exists a matrix field A € Cl’l(w,ngXn(f) such
that €2(A) = —F. Given v € CY(@,R¥), we apply Theorem 1.1, or Theorem 1.3 in case of
codimension k > 2d,, to e = 1/n and v, w = 0, A+ Cldy. The constant C' > 0 is taken large

enough to have, in the sense of matrix inequalities:
1
A+ Cldg > i(Vv)TVv on @.

The resulting v, = © provides the n-th member of the claimed approximating sequence for v.
When v € C%(w, R¥), the sequence is obtained using a density argument. |

8. ENERGY SCALING BOUND FOR THIN MULTIDIMENSIONAL FILMS: PROOF OF THEOREM
1.11

In this section, we estimate the infimum of the energy £"(u) defined in (1.11), interpreted
as the averaged pointwise deficit of a weakly regular immersion v from being the orientation
preserving isometric immersion of the metric g” on Q". When d = 2, k = 1 then £"(u) is
the elastic energy (per unit thickness) of the deformation w of a thin film with midplate w,
thickness 2h, elastic energy density W, and the prestrain tensor g".

Proof of Theorem 1.11
1. Fix a € (O,l—is). By Theorem 1.1, there exists v € C»*(w, R¥) and w € CH(@w,RY),
solving (VK) with the right hand side given by the d x d principal minor of S:

1
i(Vv)TVv + symVw = Sgxq- (8.1)
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We regularize v, w to ve € C®(@,RF), w, € C®(w, R?) convolving with the kernels {¢()}e_s0
as in Lemma 2.5, where € is a positive power ¢ of h, to be chosen later:

Ve =V * Py,  We = W * P, e = ht.

By (2.7)2 and a version of (2.7)3 in: [[(fg) * ¢ — (f * ¢e) (g * de)|lo < Ce**|| f

0.all9ll0,a, We get:
1 T
”§(VU€) Ve + symVw, — SdXdHo
1
< Hi(Vve)Tva + sym Vwe — Sgxd * el|, + [1Sdxd * de — Saxallo-
Since sym Vwe — Sgxg * ¢ = —%((VU)TVU) * (¢, this leads to:

1
Hi(va)TVve + symVw, — SdXdHo < CE2QHV’UH%7Q + C2|| V23S xallo < Ce*. (8.2)

Further, by (2.7); and a version of (2.7)2 in: |V(f — f * ¢c)|lo < Ce* 1| f|l0.a, We obtain:

IVvello + [Vwello < €, [V?vello + [[VPwello < Ce* ™. (8.3)

2. Denote § = /2 and define u" € C®(Q" R4*) as follows:

u(x,2) = idgyy, + hO? + 1 e

Ve 0
— (V)T ] [ 25
n (h‘w ( v ) n 3o dxk + h36/23($))z

0 | | Skxk — 3(Vve) (Vo) "
S S

where we denote: S = dxd | Ddxk )
Skxd | Skxk

and where the higher order correction field B € C° (@, R(4TF)*k) is given by:

—(Vve) T Skxk + (Vo) T (Vo) (Vo) T + (Vwe) T (Vo) T

B(z) =
QSym((VUE)Ska)

It follows that for all 2 € @ and z € B(0,1) C R¥ there holds:

0 ‘ — (Vo)
Ve

+ h(g vwe QSka

Vu'(z, hz) = Idgyp + h%/?
* 0 0 ‘ Skxk - %(VUE)(VUE)T

+ B39/2 [0 ‘ B} — pito2 [(0:05ve, 2)] 41 ‘ 0
0 0

+ O (R (1 + [[V20cllo) + O(R39/2)|| V2w o
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We now observe that: (¢")~%/? = Idgys, — h®S + O(h*), and proceed with computing:

Vwe — Sd><d 0
0 |—5(Vu)(Vo)"

(Vuh(gh>_1/2)(xa hz) = Idd+k —+ Ph + h5

o 2 | (72 S | L (V00 (Vo) Ve + (V) (Vo)
—(Vve)Saxa Skxd(Vve)"

_ pl+o/2 [(9i0;ve, zﬂi,j:l.‘.d ‘ 0
0 \ 0
+ O(R®) + O(W' ) (1 + ||[V2uello + || V2wel|o)-

Above, we used the following skew-symmetric matrix field:

h 0 " h 5/2 T | 16
P" = , p'=—h (VUG) 4+ h°Sgxk.
("7 0
For future purpose, it is convenient to compute:
(Vv )TV, 0
0 |(Vo)(Tuo)

(Vve) ' Skxd 0
0 ‘ (V’Ue)Ska

(P2 = —n? + 2139 2gym + O(h%).

3. Consider the rotation fields Q" € C*°(@,SO(d + k)), defined by:
1, pe 1

5 ~(P")? +O(h*).

Q" = exp(—P") = 1dayr — P" + .

(P")
Then we get:

$(Vve) Ve + Vwe — Sgxa | 0
0 0

L skew ((Vve)T Skxa) ‘ (Vwe)T (Vo) T N
— (V) Vw, ‘ skeW(Skxd(Vve)T)

(Q"Vu"(g") V) (2, h2) = Tdgyy + 1°

_ plHo/2 [<8iaj“6>z>]i,j:1...d ‘ 0
0 0
+ O(h*) + O ) (1 + [ VZve|lo + |V2wello)-
Finally, we apply another rotation field Q" € C* (@, SO(d + k)):

Q" = exp(—P") = Idgx — P" + O(h%),

—

skew (RO, + h¥/2(Voo)T Sia) | W3/2(Vwo)T (Vo)

where PP =
(V) Vo, | 195/25kew (Sixa(Vo)T)

*Ph3
+3( )7
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to get:

%(V’UE)TVUE + symVwe — Sgxd ‘ 0
0 0

(Q"Q"Vu"(g") ) (w, h2) = Tdays + h°

_ plto/2 [<8iajvf’z>]i,j:1...d ‘ 0
0 0
+O(h?) + O ) (1 + [[V2vello + (V2w lo).
4. In conclusion, we obtain the following energy bound below, valid provided that we may

use Taylor’s expansion of W up to second order in perturbation of Idg;x, which here holds
when h19/2(||V20|jo + || V?wello) — 0 as b — 0, implied by limp,_,q (R1+9/2¢271) = 0:

inf £ < Eh(u) = ][

W (Q"Q"vu" (") (w, h2) ) d(w, 2)
Ql

1
<C (h%\i(we)Twe + symVawe — Saxa|” + B2 (| V20 |2 + V2w |2) + h45> d(z, 2).
Ql

Recalling (8.2) and (8.3), the obtained bound further leads to:
inf& < C(h25€4a + B2+8 202 + h45) _ C(h26+4ozt + h2+5+(2a—2)t + h,46).

Minimizing the right hand side above is equivalent to maximizing the minimal of the three

exponents. For § < 2, we hence choose the exponent ¢ in ¢ = h! so that 2§ +4at =
24§+ (2a — 2)t, namely t = 220;52. Consequently, we get:

it £ < C(ZHE 1 1) < o)~y )

upon recalling the range of admissible exponents a. On the other hand, when ¢ > 2, then we
choose t close to 0. The conclusion of Theorem 1.11 follows by a direct inspection. |
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