NON-LOCAL TUG-OF-WAR WITH NOISE FOR THE GEOMETRIC
FRACTIONAL p-LAPLACIAN

MARTA LEWICKA

ABSTRACT. This paper concerns the fractional p-Laplace operator A}, in non-divergence form,
which has been introduced in [2]. For any p € [2,00) and s € (3,1) we first define two families
of non-local, non-linear averaging operators, parametrised by ¢ and defined for all bounded,
Borel functions u : RY — R. We prove that Aju(x) emerges as the e?%-order coefficient in the
expansion of the deviation of each e-average from the value u(z), in the limit of the domain
of averaging exhausting an appropriate cone in RY at the rate ¢ — 0.

Second, we consider the e-dynamic programming principles modeled on the first average,
and show that their solutions converge uniformly as ¢ — 0, to viscosity solutions of the
homogeneous non-local Dirichlet problem for Af,, when posed in a domain D that satisfies the
external cone condition and subject to bounded, uniformly continuous data on RY \ D.

Finally, we interpret such e-approximating solutions as values to the non-local Tug-of-War
game with noise. In this game, players choose directions while the game position is updated
randomly within the infinite cone that aligns with the specified direction, whose aperture angle
depends on p and N, and whose e-tip has been removed.

1. INTRODUCTION

This paper concerns a version of the fractional p-Laplace operator, which has been introduced
in |2]. More precisely, for p > 2, s € (%, 1), and for a given bounded function v : RV — R that
is of regularity C1!(x) with Vu(z) # 0, one defines:

Byula) = Cuvps [
0,00, Vu(z)
T (Futon)

u(x + z) +u(x — z) — 2u(x)
|Z’N+25

dz. (1.1)

Above, Cy p s is a specific constant depending on N, p, s, whereas the integration occurs on the
infinite cone T, S’M(%) C RY whose centerline is aligned with the vector %
aperture angle o depends on N,p. In particular, for p = 2 we have a = § so that the said

cone becomes the half-space and (|1.1]) is consistent with the familiar formula: —(—A)%u(z) =
Cn.s fRN (ﬁl‘;ﬁgl dz. On the other hand, when p — oo then a — 0 and the cone reduces to
a line, consistently with the parallel definition for fractional infinity Laplacian AS_u(z) in [1].

and whose

As pointed out in [2], definition arises naturally when extending the game-theoretical
interpretation to the non-local, non-divergence version of the classical p-Laplace operator Ap,.
The interpretation for Ap has been originally put forward in [12] and it is based on the Tug-of-
War game with random noise, which in its turn can be seen as the interpolation between the
pure Tug-of-War developed for the co-Laplacian A in [11], and the random walk description of
the linear harmonic operator A, which is classical. In order to emphasise the importance of the
choice of the integration cone Tg’oo and to distinguish the formula 1’ from the divergence form
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of the fractional p-Laplacian arising through the Euler-Lagrange equations of an appropriate
non-local energy [5], we call the operator A}, above the “geometric” p-s-Laplacian.

The purpose of this paper is to rigorously define the non-local version of the noisy Tug-of-
War game and prove that its values converge to viscosity solutions of the Dirichlet problem for
Ay, posed on a sufficiently regular domain D C RN:

ASu=0in D, wu=F in RY\D. (1.2)

We remark that condition p > 2 which we assume throughout, can be relaxed to cover the
full range p € (1, 00), by replacing the cone T}, with the complement of its doubled version for
p € (1,2). This construction has been proposed in [2, Remark 4.5]. We now describe our main
results. The said game will be modeled on the dynamic programming principle that involves
an appropriate average, in whose asymptotic expansion the operator Aj, arises as the highest
order term, in the vanishing limit of the expansion parameter €. Hence, our first set of results
develops such asymptotic expansions, reminiscent of the well known local and linear formula:
2

&
fd@MMdy:mm+2

s AU ToE)as a0+ (1.3)

1.1. Asymptotic expansions. More precisely, we define the following non-local and non-
linear averaging operator:

u(x + z) u(x + z)

1
Acu(x i(sup][ dz—l—inf][ 7dz),

where the integration takes place on the truncated infinite cones T5™(y) = Ty (y) \ B:(0),
each oriented along its indicated unit direction vector y and having the aperture angle a as
in . The integral averages f are taken with respect to the singular measure |z| N 25 dz.
Note that A.u is well defined for any bounded, Borel function u, and in particular it does not
necessitate the existence or the knowledge of Vu(z), which was essential in . The form of
Ae is justified by the following expansion, which we prove to be valid for functions u that are
C? in the vicinity of a given 2 € RV with Vu(z) # 0, and uniformly continuous away from x:

S

Aculz) =u@) + 55N T =

g . Aju(r) + (%) as ¢ = 0+. (1.4)

We also propose another nonlinear average of a combined local - non-local nature:

- L (1-8)(N+p—2)
Acu(z) = Nip_ 212 - Acu(x)

s(N +2) ][ s(p—2) 1 .
: d 5( f u).
N+p—2+2s BE(:E)U(y) y+N—|—p—2+2s 2 E:I(I;)U+B15n(x)u

Note that the three positive multiplication factors above add up to 1. We prove that the result
as in (1.4]) similarly holds for A.:

Acu(z) = u(z) + 2(N +p—2+2s)

Expansion (1.5)) is superior to (1.4), because the error quantity o(¢2*) in ((1.4)), which we make
precise in the paper, blows up to oo as s — 1—, whereas o(¢2*) in (1.5 is uniform in the whole

g2 Aju(r) + 0(e%) as € > 0+. (1.5)
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considered range s € (%, 1). When s — 1, the expansion 1) becomes:
N +2
N+p

p—2 1 :
u(y) dy + -=( sup u+ inf wu
][Be(x) (v) dy N+p Q(Be(oc) Be(z) )

2
€
= u(z) + ———|Vu(z)|> PAyu(z) + o(e?),
@)+ 5y VU P Apu(e) + o)
which in turn yields (1.3]) for p = 2. We recall in passing that ([1.6)) is a convex combination of
(1.3) and the asymptotic expansion for the infinity Laplacian in:

2
1( sup u+ inf u) = u(z) + E—Aoou(gu) + 0(?) as € — 0+,
2 B.(x) Be () 2

(1.6)

with the weights corresponding to the following identity for the classical p-Laplacian in non-
divergence form: |Vu[>"PApu = Au+ (p — 2)Axu.

Asymptotic expansions for gradient-dependent operators have been recently discussed in
[3,/4]. However, the averages in there depended on Vu(x), which is a drawback in the context
of our further applications, based on solutions to the truncated expansions We seek
these solutions among the natural class of Borel functions. Indeed, they are at most continuous
and become higher regular only generically and in the limit as € — 0, so no notion of pointwise
gradient may be feasible in the definition of an average.

The idea of the local correction in the average A., and of the expansion with no reference
to the gradient, first appeared in |7] in the context of the fractional oo-Laplacian A5 . We also
observe that the case p = co where a = 0 in TS’OO, is independent and cannot be deduced
from the present work. Expansion when Apu = 0, and the related characterisation of
p-harmonic functions in the viscosity sense, have been studied in [10]. This expansion informs
a game-theoretical interpretation of the p-Laplacian (alternative to the one originally carried
out in [12]) only for p > 2, when the weight coefficients are nonnegative. Another expansion,
yielding a family of Tug-of-War games in the whole range p € (1, c0), was proposed in [§].

1.2. Dynamic programming and Tug-of-War. The second set of results in this paper
concerns the operator A. and the truncated version of the expansion , aiming at an
approximation scheme for solutions to . More precisely, given an open bounded domain
D C RY and a bounded Borel data function F': RV \ D — R, we consider the following family
of non-local averaging problems:

Acus(z) forz €D

ue(w) = { F(z) for € RV \ D. (DPP).
We prove that for every € > 0 there exists exactly one wu. satisfying the above, which is
bounded Borel on RY (and continuous in D). We then show, for D satisfying the exterior cone
condition and for uniformly continuous F', that any sequence {u. }.—o has a further subsequence
converging uniformly in RY to a continuous limit u that is a viscosity solution to . To this
end, each u.(z) is shown to be the value of the following zero-sum two-players game, which is
a non-local version of the Tug-of-War with noise introduced in |12].

In this game, each Player chooses a unit direction vector according to their own strategy,
based on the knowledge of all prior moves and random outcomes. With equal probabilities,
direction from Player 1 or Player 2 is picked; this resulting direction is called y. The current
game position x,, is then updated to a next position x,41 within the shifted and truncated cone
Ty + T ™ (y), randomly according to the probability-normalisation of the measure |z|~¥ ~2%dz



4 MARTA LEWICKA

on Tp™(y). Such process, started at a point zg € RY is stopped the first time when z, & D,
whereas Player 1 collects from their opponent the payoff given by the value F(x,). We show
that the expected value of the payoff, under condition that both Players play optimally, has
the min-max property, yielding the solution u. to the dynamic programming principle

Convergence as € — 0 is obtained by showing the approximate equicontinuity of the family
{ue}e—s0, for which the sufficient condition is expressed via “game-regularity” of the boundary
points. This general condition, implied in particular by the exterior cone condition on 9D, is
similar in spirit to the celebrated Doob’s boundary regularity criterion for Brownian motion.
The order of arguments follows then a general program in the context of Tug-of-War games (see
a recent textbook [9]), which has been put forward in [11] and which has so far yielded results
for p-Laplacian, obstacle problems, subriemannian geometries and time-dependent problems.
The fact that this program can be carried out in the present non-local setting, is not obvious,
and it is another main result of this work.

1.3. Outline of the paper. We set the notation and introduce the main integral operators in
section [2l The non-local asymptotic expansions and , together with precise bounds
on their error terms, are proved in sections [3] and [4] respectively. The dynamic programming
principles are discussed in section [5| The fact that the uniform limits of their solutions
{ue }es0 are automatically viscosity solutions to , is shown in section@ The non-local Tug-
of-War game is defined and proved to yield solutions u. in section [7] Proofs of the asymptotic
equicontinuity and game-regularity are carried out in sections[§ and [0}, where we rely on further
analysis of a barrier function from [2].

2. THE FRACTIONAL QUOTIENTS AND THE FRACTIONAL p—LAPLACIAN

We consider the following measure on the Borel subsets of R :

. C(N,s) 43sT (4 + s 1 —cos(z,e1) | \~1
dply (2) = e dz  where C(N,s) = (5 +s) (/RN - dz) ,

7TN/2F(1 _ 8) || N+2s
where the exponent s in this paper is assumed to belong to the range:
1
S € (5, 1) .

One can show [6] that C'(N,s) = s(1 — s)cn,s where ey s is bounded and positive uniformly in
s. The role of the normalizing constant C' (N, s) is to ensure that the operator —(—A)*, given
by: —(=A)*u(z) = — [pnv u(z + 2) +u(z — 2) — 2u(z) dul (2), is a pseudo-differential operator
with symbol ||,

Definition 2.1. Fix p € [2,00). We define the infinite cone T}, and the spherical cup Ap:
Tp = {z € RY; Ller,2) <ap},  Ap=Tpn{lz|=1},

where ap € (0, 7] is the angle such that:

B pr (z,e1)? do(z)

B pr<Z’ e2)? do(z)

For every 0 < a < b < oo and |y| = 1, we also have the truncated cones:

Tg’b(y) ={z € RY: /(y,2) < ap and a < |2| < b}, Tg’b = Tg’b(el).

-1

(2.1)
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Further, for two unit vectors y # § we define the rotation Rj, € SO(N) as the unique
orientation preserving rotation, in plane spanned by y,y, and such that Rj,y = y. When

y = i, we set: Ry, = Idy. Note that: To?(y) = Ry ¢, T3 and T, = T3™ = Ty (e1).
The well posedness of this definition and its rationale will be explained in Lemma [2.5

Definition 2.2. Fix an exponent p € [2,00). Given a bounded, Borel function u : RV — R,
we define the following family of integral operators, parametrised by & > 0:

Ciplul@) = sup [ ule+2) (o) 4 )+ it [ et 2) - ula) du (o)
ly|=1JT5* () lWI=1 J 15> (3)

When additionally u € C!(x) and the corresponding gradient-like vector p, # 0, we have:

Loplal@) = [ Lu(w.z2) ¥ (o),
Tp ™ (15%)

where for each z, z, 7 € RY we set:

Ly(z,2,2) =u(z + 2) + u(x — 2) — 2u(x).

Remark 2.3. Recall that u € OV (z) provided that there are p, € RY and Cy,r, > 0 with:
lu(z + 2) — u(x) = (pa, 2)| < Cylz|? for all |z| < ry. (2.2)
One immediate consequence of is that:
|Lu(x,2,2) = (pz, 2 — 2)| < Co(|21* + |2?) for all |z], |Z] < 7. (2.3)

Also, when u € C%(B,,), where B, denotes the open ball centered at z and with radius r,,
then condition (2.2) holds automatically with p, = Vu(z) and Cy = ||Vl 100 (B, )-

Since puN (T5>°) < oo, each integral fTs,oo(y) u(z + z) dplY (z) and consequently L5 [u](z)
p b
are well defined and finite for any bounded, Borel u. On the other hand, uY (Tp) = o0, s0 a
corresponding formulation Egp is in general not valid. We now observe:

Proposition 2.4. Let u: RN — R be a bounded, Borel function. Then:

[ oo

125l ()] < 2C(N, )| Ap] - L

for all z € RY.

If moreover u € CH1(x), then L5 ,[u](z) are uniformly bounded in e and:

7n2—2s wll 7 oo
L5 plul@)], 1Lsplul ()] gC(N,s)|Apy.(Cw 2 2l )

— 2s
1—s sTZ

Proof. The first claim is self-evident, because: ulY (I5™) = C(N,s) [ % dt = C(N, s) el
For the second claim, by changing variables we deduce that:

Ciplil(@) = sup inf [ (oot 2) ule - Ryye) - 2u) ded 2)
ly|=1191=1 /15> (y)
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Then, by (2.3) we get, for any |y| = |g| = 1:
| / o+ 2 ule =~ Byy2) = 20@) ) = [ ooz = Ryy) dnd ()
£, oo TS

()

< / 2C, | Ayl (=) + / Al A (2)
T5"* (5) 5= )

P

Cr® | 2||u||Loo>
—s sr2s )’

= C(N,5)|4p| - (=
On the other hand:

sup inf Py 2 — Ry yz) dﬂév(z)
ly|=1181=1J 157 (y)

= sup inf <pm,/ zdp? (2) —/ z duiv(z)> =0.
lyl=1191=1 57 () T3 (3)

This results in:

L5 plul(@)| =

LS p[u] () — sup inf / (P2, 2 — Ry y2) d,uév(z)
’ ly|=1191=1J 157 (y)

< swp | / o +2) (e — Ryy2) —20(0) ) = [ oz = Byy2) )
\yl |gl=1 S 5™ (y)

ending the proof of the bound for |£5 ,[u](z)|. The statement for |Ls p[u](x)| follows similarly.

|
We close this section by noting some useful identities:
Lemma 2.5. For every p € [2,00) there exists ap € (0, 5] such that (2.1) holds. Moreover:
(i) / z,e9)? do(z) = A and / (z,e1)? do(z) = p7|A |. We also have:
— 2’ Ap ’ N + P
C(N,s)|Ap| 2-2
d 5.
/T8,5<z,e2> W () = R ETEny
(ii) When V?u(z) and p, = Vu(z) # 0 are well defined, then:
N,s)|A \ _ -
Vul(z) : 2@ 2) du® (2 il P €272 p. PP Apu(x).
Proof. We consider the following function, which is continuous on (0, 7):
fA(a dO’( )
o — ,  where A(a) ={|z| =1; ZL(e1,2) < a}.
Q) = 7 BT (@) = {J2l = 15 L(e1,2) < a}
Since Q(5) = 3 f{‘z| 1} (z,e1)? do(2)/ (% f{m 1} z,e2)? do(z)) = 1, while lim,—,0 Q(a) = o0, it

™

follows that for each p — 1 € [1,00) there indeed exists oy € (0, 5] satisfying Q(ap) = p — 1.
To prove (i), we compute, putting Ap = A(ap):
1, 140(:) = (N = 1) [, (2, €2)? do (2 1

e} = T (zrea do(2) =Gt Y
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which implies that: pr<z,eg>2 do(z) = ﬁpﬂ’ and consequently: pr<z,el>2 do(z) =1—
(N —1) pr<z, e2)? do(z) = +2=. On the other hand:

~ N+4p-2°
N &€ tQthl
[ et ale =cms) [ [ ek a
To* 0 Ap
52725
= C(N,s) /Ap<z,62)2 do(z) - 575"

To prove (ii), observe that:

[zozad@ =diag( [, e o), [ sea? du o))
Y Y Y

p

fy /7:0,5<z’€2>2 d,uév(z) IdN"_ (‘/,TO,E<Z761>2 d/j/év(z) - /1:07E<27 €2>2 dﬂév(z))el ®€1

p P p

= [, e @) (1 + =2 e )

P
C(N, s)|Ap|

- (N+p—2)(2—25)5272s' (de+(p—2) el ®e1),

where we used:
Jroe(zne1)? A (2)

Jroe (e e2)? dull (2)

:Q(O‘p) =p—L

It thus follows that:

<V2u(x) : /TO’S( o) Z2Q® % duév(z)>

P \pz|
C’(N, 5)\Ap| 2-2 2 Dz Pz
= e (Voulz): Idy + (p —2)— ® — ),
FrpoaGys (V@ Ty + (e -2 e )

which completes the argument, upon recalling the formula: Apu = [VulP~? (Au+ (p—2)Ascu)
and the definition of the co-Laplacian: Asou = (V2u : ‘g—z' ® ‘g—zl>. |

Remark 2.6. In [2][Section 4.1.2], the fractional p-Laplacian Aju has been introduced by
means of a scaled version of the operator L, p[u]. In particular, when p, # 0 it follows that:
2—2s N+p-2

Nu@) = oy A Lenlil@)

3. A NON-LOCAL ASYMPTOTIC EXPANSION

In this section we prove the formula (1.4) with a precise form of the error term. In what
follows, we denote B, = B,(x) for a fixed referential point x € RN, Given a function u : RY —
R that is uniformly continuous on RY \ B,, we denote its modulus of continuity by:

wy(a) = sup {|u(z) —u(2)|; 2,2 € RM\ B, , |z—2z| < a}.
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Theorem 3.1. Let u € C?(B,,) satisfy p. = Vu(z) # 0, and denote C, = %HVQUHLoo(B%).
Assume that u is uniformly continuous on RN \ B, with modulus of continuity w,. Recall that:

Acu(zx) = 1( sup ][ u(z 4 z) dpl¥ (2) + inf ][ u(z + 2) du?(z))
2\ =11 () =175 (y)

Then there holds:

s
Acu(z) —u(z) — WgQSL&p[u](x)
) p
s ) ) p2-25 _ 2-2s , % 1, (3.1)
S E . Cxﬁ + € s<4301~11f8 s Mg + (7’; s + ﬁrx_ 5) . wu(mg)>,
where we define:
B I6(N+p—2) Cp 2s—1 72725 272
Me = max p—1 e 1—s el g2 fEp
(3.2)
N —92 8 2s—1,.—2s 4 1-2s
Ke = Sup {m; m € [0,2] and m* < +p1 : (TLO’TL) . 281 T;S 173023 }
pP— Dz ETAS — 1y

Before giving the proof, a few observations are in order:

Remark 3.2. (i) Using the crude bound w, < 2||u(|e, it follows that for all € < %= we have:

< (16||UHL°° N + P— 2 %frw—zs + T;_QS)I/Q
e > . .

A p-1 el=2s — =%
- S(Hullm NAp-2 4 ri‘z’s)l/?gs_l/z
T\ |pal p—1 25 —1 '

In the second inequality above we used that ¢ < 5 implies: gl=25 pl=2s 5 gl=2s(1 21-2)
and that 1 —2172% > (25 — 1) In /2 > 254;1 in the range s € (%, 1). Since the first quantity
in m, is of order 2*~!, the bounding coefficient of order £2* in becomes:
[[ufl Lo
[P
where C'(a) depends only on the indicated quantity a.
(ii) When u € CO%(RN \ B,,) with a € (0,1), then w,(m) = [u]om® and we similarly obtain:

1

o< (2o N¥Po2 n s g
[Pz ] p—1 2s—1

Cnp,sC(rz) - C( ) ) (Cx58_1/2 I wu(Es—l/Q))7

)

resulting in the following bounding constant:

a a.2371
CrvpsC(ra) C’(EZ]’)e =

(iii) When w is Lipschitz on RY \ B, with the Lipschitz constant Lip,,, we get:

32Lip, N+p—2 r;> ‘1'7“;-_28823—1
[Pz p—1 25 -1

g = 9

so both quantities in m, are of the same order £2*~! and:

32 ‘ N+p-—-2 20,7272 Lip, - (r; % +rl=2) }525_1

me < — 7-max{ ,
7 pel p—1 1—s 2s — 1
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Consequently, the discussed bounding expression becomes:

CNp,sC(rz) - C(C’z, —_ Lipu)es?s*l.

||

In order to estimate the difference of L5 ,[u] and Lsp[u] when p, # 0, we will analyze the
behaviour of approximations to the extremizers y, 4 in Definition The proof below follows
the outline of the proof of [7, Theorem 1] in the fractional co-Laplacian setting.

Lemma 3.3. Under the same assumptwns and notation as in Theorem [3.1], for every e < ry

there holds, with the quantity me is as .

2 plul(e)= | e Tal2,2) 4R )

[P (33)
7‘3_28 o 62_28 r;Qs 7,316—23
< C(N, 8)] Ap| - (4mC 2= 20, (o) ( e -)).

Proof. 1. For every € < 1, and every § > 0 satisfying:

(16Cs fpee |22 Al (2)) -

T pel Jrgre(ze1) dpf(z) '
let |y5| = 1 be such that sup / u(z + 2) dpl¥ (2) < / u(z + z) dp (2) + 6. Then:
lyl=1/T5> (v) Tp ™ (y5)

52 [ e dd@- [ et i)
T () 5™ (5)

> /T”z u(z + z) —u(z + Ryg’lpilz) duév(z) — wu(|IdN - Ryg e |) . /Trzm(l + |2|) d,uév(z),

5 (%) Px ‘ b
because:
/ ‘ (x+ 2) *U($+Ry€7pzlz ‘ )| AN (2)

< /TW( . (12D sup {lut) — )l w10 @ Brs o =12l < My = R e |} ()
P

Pz

<wulllay =Ry [ 041D dud o).

P

Call m = “g—’”‘ — yg‘ and note that [Idy — Ry IT—’fz‘| = m. Recalling 1} further leads to:
z 7 |px

4] 2/ <Vu(a:+z) (Idn — Ry, B )z> dpl (2)
T () .

~Co [ P ) —enm) [ (1) dl()
P P
(3.5)
> Pz, (Idy — Rye po ) zdpX (2)
- L N y 8 pz| ETz( ) s
\P:c\

— Cym(2+m)- / 122 A (2) — wa(m) - / (1+ |2]) du (2),

£,Tx ;00
P

P
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since |Vu(z + 2) — Vu(z)| < 2C;|z| for all z € B,,.
We now observe that: ng,m(&) 2 dpll (2) = [pera(z,e1) dpll (2) - £ {22, which yields that the
L [P B
first term in the right hand side of (3.5)) equals:

Pz
[ e @) (o Gy~ By o) 22) = [ i) au¥ ) (o 25 = )
5 Tg"® |pa|

Y5 Tea] |px| x
Finally, noting the identity:

_M Y-

% 2 p
_2*2< = ay§> <Px7 ° 7y§>a
|px’ |pw‘ |pz|

the discussed term becomes:
Ny M2l
(s en) dpl () T
T;ﬂ“ac

Consequently, it follows by (3.5) that:

D ACm [ |2 A (2) 4 () frgee (1 412 ()

2
m” < (3.6)
el Jrere (zoen) il (2)
2. We now analyze the bound (3.6)) in the following distinct cases. In the first case:
32C, [ers |2]? d
m? < 40 < ( fT Hs (Z)> 7 (3.7)
P2 fTS” (z,e1) dpl¥ () x| ngv” Zs 61> dﬂs (2)
where we used (3.4]) in the second inequality. In the reverse case, we get:
L 16Cam [z 22 A (2) + deu(m) frpeoe (14 [2]) A (2)
m S N = Il + IQ.
el Jgare (22 e2) Al (2)
When Iy < I, then the above yields the same bound as in (3.7)), namely:
< 320 fTs rz Z|2 dus ( ) B 16090 25 — 1 rg—Qs _ 52—23
= |pal fTs re{z,e1) duN(2)  |pal pr<z,61> do(z) 1—s el=2s—p, 125"
When I; < I, then:
2 8wy, (m fTrz oo (1 + |2]) dud (2) _ 8wa(m) ' 25125 4 pl-2s
IPa| Jpzre (2, €1) dudl (2) Pal £, (z,€1) do(z)  el=2s —pp72
so that m < k. as pr (z,e1) do(z) > pr<z, e1)? do(z) = N+ . Hence m < m, in both cases.

3. By the same analysis as in step 1, we see that the unit vector 75 satisfying:

inf u(z + 2) —u(z) dpl (z) > / u(z + 2) —u(z) du (2) -6,

lyl=1 J 15 (y) 5 (—35)
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differs from the unit vector 22 at most by m.. Note that:

Pz
/ Lu(w,2,2) du¥ (2) - 8
T ™ (5)
= / u(x + 2) —u(x) dul (2) + / u(x + 2) —u(x) dul (2) — 6 < LS plul(z)
5™ (35) T3> (=35)

N N
< /vaw(yg) u(z + 2z) —u(x) dug (2) + /Tmo u(z + 2) —u(x) duy (2) + 0

P
- / Lz, 2,2) dul (2) + 6,
T5 (y5)

which yields:

£ plulo) - [

o> ({£2)
’ (3.8)

[P
where: J(y) = / u(z + z) —u(x + Rywl’izc‘Z) +u(r —2) —u(z — Ryy%z) dp? (2).
TS,OO(%) Pz Pz

Lu(,2,2) dud ()] < 6 +max {|7(s5)], [ 35])},

We now estimate the two terms J(y5), J(95) and show that they are bounded independently

of 6. This will allow to pass § — 0 in (3.8]) and directly conclude the claimed estimate ([3.3)).
We start by splitting the integral in J(y5) in two terms: |J(y5)| < Ji + Jo, where:

Jp = ‘ / u(x+z) —u(x + Rye pe 2) +ulx — 2) —u(z — Ryg,&z) d,uév(z))
T (8%)

Y5> Tpa] Tpe]

yé"Pz‘ 8 |pz

< / )(Vu(a:—i—z),z — Rye me z) — (Vu(z — 2),2 — Ry sz2>‘ dp? (2)
To" (15%7)

[P

+ / 2C,m?|z)? du® (2)
TS

< (4m + 2m?) Colz)? dp® (2) < 8mC, |2|? dp? (2).

€T E,Tx
TP TP

The remaining estimate is:

] Y5> Tpa]

Jy = ‘/ w(a +z) —u(x + Rye pe 2) +u(@ —z) —u(@— Ry e 2) dpd (2)
Tgxwoo( Px

[pa|
<2w,(m) [ (4D 42
g
In conclusion, we obtain:

T(45)] < 8m.Cs / 122 AN (2) + 2wa(me) / (1+20) du (2).
TS T,

T , 00
p

Clearly, |J(75)| enjoys the same bound. The result in Lemma now follows by ({3.8)). [ |

By Remark [3.2| (iii) we see that in case of u which is Lipschitz on R™ \ B,_, the order of the
error bounding quantity in Theorem is C(s) - (e**71 + &%) as € — 0+, where C(s) blows
up as s — 1—. This drawback will be remedied by means of another asymptotic expansion in
Theorem proved in section [dl We are now ready to give:
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Proof of Theorem [3.1]

In view of ([2.3) we get:
Loplil@) = [ Lu@zndd @< [, L) dd (o)
T3> (1£) T (£)
52—25
< C(N7 S)IAP| : Cxi
Consequently, Lemma yields:
4C(N,s)|A
£ plul(e) — Lopul(w)| < Tl aae oy
C(N,s)|Ap| —2s 25 19 C(N,s)|Ap| 2-2s
The result follows by collecting terms and scaling by the factor: W)‘AMEZ‘;. |

4. A LOCAL - NON-LOCAL ASYMPTOTIC EXPANSION

In this section we present a refined version of the argument in Theorem We need one
more estimate before giving the proof of expansion (1.5 in Theorem |4.2

Proposition 4.1. Let v € C?(B,,) satisfy: p. = Vu(x) # 0. For every ¢ < 1, such that
e|V2u(z)| < |ps|, denote B. = B.(x). Then there holds:

C(N, s)|Ap| 95 (P —2 .
‘(N—i—p—Q)(l —c ( 5 (sg?u—i-lgsfu) + (N—|—2)][Eu(y) dy — (N—i—p)u(x))
C(N,s)|A _9s
[ mawm) and o) < SR 2 (92uy) - VR
Ty’ (;ﬁ) s yE€Be
LN Al P2 s VEu(@)
1—s N+p-2 Ipe|

Proof. An application of Taylor’s expansion and the identity in Lemma (iii) results in the
following estimate:

N,s)|A
[ Btz il (e) - e
TOS (22

(N+p-—2)(2—2s)

22|, PP Apu()|

< /05 |Lu(z, 2, 2) — (Vu(z) : 2 ® 2)| dpl (2)
70,

N, s)|A
< [, 1R @) sup (9%uty) — Vou(w)] = SRl 272 s [920(y) - TPt
© yeB: 2-12s yeB:

We now invoke the following folklore claim (whose proof we recall below):

’(p — 2)(sgpu + i]rglefu) +2(N + 2)7[ u(y) dy — 2(N + p)u(z) — 52|pm‘2—PApu($)

(4.1)

2U T 2
Nru@)l® | e(N +p—2)- sup [VZu(y) — Vu()|.

<4e’(p - 2)
’p$| yEB:

Summing up the scaled versions of the last two displayed formulas completes the argument. W
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Proof of claim (4.1)).

1. We first deduce the bound in the particular case when ¢ = 1, x = 0 and u is a quadratic
polynomial with gradient given by a unit vector p € RY and Hessian given by a symmetric
matrix B € RV*Y gatisfying |B| < 1:

u(z) = (p,z}—i—%(B 2 ®2).

It is straightforward that:

1 1 1
]{91 u(z) dz = §<B : ][81 2@z dz> = mUdN : B) = mAu(O). (4.2)

In order to address the nonlinear averaging quantity supp, u+infp, u, consider 2,4, € By that
is a maximizer of u. Note that |z4.| = 1, because |Vu(z)| = |p+ Bz| > 1 — |B| > 0 for all
|z| < 1. Further, since u(2mqaz) > u(p), there holds:

1
<pazma1’> 2 1 + §<B :p®p_ Zmax ®Zma1’> 2 1 - ‘Zmaa: _p’ : |B‘

Consequently: [Zmaz — P? = 2 — 2(2Zmaz> D) < 2|Zmaz — p| - | B, so that:
|Zmax _p| < 2|B‘
Noting that (p, Zmaer — p) < 0, we hence arrive at:

1
0< U(Zmam) - u(p) = <p’ Zmazx —P> + §<B ! Zmaz © Zmaz _p®p> < ‘Zmax _p’ : |B| < 2|B|2

An entirely similar argument yields the bound for a minimizer z,;, of v on By:
0> U(Zmin) - U(—p) > _2‘B|27
which results in the bound:
’ sup u + inf u — AOOU(O)’ = |u(zmax) + u(Zmin) — (B :p ®p>’
B B (4.3)
= |u(zma:r:) - u(p) + U(me) - U(*p)’ < 4|B‘2
The estimate follows in the present case summing scaled by 2(N + 2) and
scaled by p — 2.

2. For the general case, we may still assume z = 0 and u(0) = 0. Define u(y) = (pz,y) +
3(V2u(0) : y ® y) and note that:

W-‘éeu(y)dy—]éaﬁ@) dy

< &% sup [VZu(y) — Vu(0)],
yEB:

, ‘(supu+ infu) — (supﬁ—i—infa)’
B. P B. P (4.4)

by means of Taylor’s expansion. We now apply the conclusion of step 1 to the rescaled function:
1 Pa 1, V2u(0)
ulez) =(+—,2) + 7<5
€lpe| (e2) <|me A

It follows that for all € satisfying £|V?u(0)| < |pz|, we get:

—2 2(N +2 Au(0 V2u(0
‘p (sup @ + inf @) —|—7( * )][ u(y) dy — (6 u(0) +(p—2)<6 u0) : p—x®p7x>>‘

E‘p:p| B. Be 5|px| - |p:v| |p:v| |pz‘ |px|

[V2u(0)|?

Ipz)? 7

:z®z> for z € B;.

||

<4e* - (p-2)
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which yields:

2
|(p — 2)(supﬂ + i]gf ﬂ) +2(N +2) ][ u(y) dy — g2 |px|2_pApu(0)} < 453(p )\Vp(’)
Be e - T
Combined together with (4.4)), the above estimate ends the proof of (4.1)). |

Theorem 4.2. Under the same assumptions and notation as in Theorem[3.1], for every e < ry
such that €|V2¢(x)| < |ps|, denote B. = B.(x) and consider the average:

T (I-s)(N+p—-2) 1 ][ N : N
Acu(z) = - —|{ sup u(z + z) dpg (2) + inf u(x + 2) dug (2
© ( ) N+p—2+28 2<y|:1 500() ( ) ( ) |y|:1 Tg’oo(y) ( ) ( ))
sp—2) 1 s(N +2) ][
f .

Ntp—2+2s 2(S§p“+1§ u) + Ntp—2+2s u(y) dy

Then there holds:
(1—s)s N+p-2

Acu(z) — u(z) —

. =28
S A N ap oot S Lenlul(@)

4s(N +p —2) 2-2s _ _2-2s\  _2s
< — .
SNipo2r2s0er &) etme
(1=s)(N+p—2), o 25 196\ 2
Nip—2+2s (™ gy g ) ()
s(N+p-2) 2 2 2s(p —2) 5| VZu(z)?
-e” sup |Vou(y) — Vu(x)| + -€ ,
Ntp—-2+2s yeé’s‘ ) ()] N+p—_2+2s s ]

where the quantity me is as in the statement of Lemma (3.3

Proof. We sum up formulas in Lemma and Proposition [4.1} and multiply the result by the
. _(=s)s N+p—2 2
factor: N ga " Nap-24s '€ - u

Remark 4.3. (i) Analysis similar to Remark (3.2 allows for computing the order of the error
bound in Theorem when u € C%° (RN \ BTI). In particular, when o = 1 then the
bounding quantity becomes:

Cvps (C(Co o Lin) - C)e™ ™+ C(T2u(w)]. o)+ 0fe?)).

Ipal”

When additionally u € C*!(B,,), the above quantity has order e**~1 4 &3, which further
reduces to €3 when s = 1.
(ii) For a more precise analysis of the asymptotic expansion when s — 1—, note that:

B2wy(m) N+p—2 r;>+r > 5
bl  p-1 251 J
81IV2ul| o (B, ) 25— 1yt 8/|V2ull L~ (,,)

P R T
The first bound above is valid when ¢ < % (see Remark 2| (i)), while for the second

bound we used that: r2=25 — 2725 < (2 — 25)(Inr, — Ine)r2=2% < 4(1 — s)|Ine|r2=2%, valid
for all e < e~1"7el. Tt is thus clear that m. < o(1) as ¢ — 0+, independently of s € ( ,1)

Ke < sup {m; m € [0,2] and m? <

167272 In gL
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bounded away from % In particular, for each fixed e, the bounding quantity in Theorem
[4.2] converges to:

-2 2 2 N -2
P -g3|v u()| +P -2 sup ‘V u(y V2u(x)|
N+p 24 N +p yEB.

as s — 1—, which is consistent with (4.1]).

5. THE AVERAGING OPERATOR A. AND ITS DYNAMIC PROGRAMMING PRINCIPLE

Let D C RY be open, bounded and let F' : RY — R be bounded, Borel. In this section we
discuss the non-local Dirichlet-type problem in:

Acu(z) forx €D
u(w) = { F(z)  forz € RN\ D. (DPP).

Equivalently, the above equation can be written as v = S-u, where the operator S, applied
on a bounded Borel function v : RN — R returns the bounded Borel function:

S.o=1p- - A.v+ ]IRN\D - F (5.1)

The main result of this section is the following observation:

Theorem 5.1. For any bounded Borel data F : RN — R, the problem (DPP)_| has the unique
bounded Borel solution uf : RN — R and there holds: |[ul'||pe < ||F|pe. Moreover, the
solution operator to|(DPP) | is monotone, that is F < F implies uf < uf

Before the proof, we derive another useful property:

Lemma 5.2. Let v : RY — R be bounded Borel. Then the following functions of x:

inf ][ u(z + z) dul¥ (2), sup ][ u(z + z) dul (2), Acu,
RN > (v)

lyl=1 ly|=1

are uniformly continuous on RY.

Proof. Denote any of the three listed functions by f and observe that, for a fixed z,z € RV
satisfying |« — z| < 1 there holds:

7o)~ f |<sup\fm ula+2) dul (=) - fs,m()u<a:~+z>du§<z> (5.2)

ly|=1

For any |y| = 1, we may write:

‘][ :c+z)d,us( ) — ][ u(:f+z)d,uév(z)‘
£, oo 5,00( )
C(N s / u(z) / u(z)
= 700 — = dz — —__dz
(TE ’ z+Tg > (y) ’.’L‘ - Z|N+2S 4T (y) ‘aj - Z|N+25 ‘

C(N s)||u||Loo | (/ R S D
- e (T) (TS (y))NE+TE® () |17 — 2N ¥ [T — 2| NH2s

+ / B T / g )
Py - S dz ).
(AT N\ @E+TE = () |7 — 2N+ (TS N\ @+T= () 12— 2"+
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We now estimate the three last integral terms above. Since |z — z| > |z — z| whenever
|x — z| > 2, it follows that for any r > 2 there holds:

1 1

Z[N+2s - |7 — 2| NF2s dz

/(I+TS’°°(y))ﬂ(x+T§’°°(y)) ’ |z —

1+ 2N+2s N+2
g/ +dz—|—/ e (5.3)
erT;’oo x

|z — z[N+2s o ENTIHES
1 4 2NV+2s o (N +28)rN B
S el rrss 14l |2 - 2,

where we also used that: ||z — 2|7V 72 — |z — 2|7V 72| < 81]V\7+Jﬁ§s |z —Z| for z € (z+T(y))N
(2 4+ Ty (y)). On the other hand, we have:

/ e
——dz
(e TE > N EHTE> ) [ = 22 (5.4)
Al 20 | 1per i (2 x !
< ST EH TN (@ - 2) + T W) - s

Further, it easily follows that:

lSTlpl TS () \ (7 — 2) + T5=(y))] §| |s1|1p |\T§”\(Z+T,§’°°)} < |OT5™) + Bla—sy|-
yl= z|[<|x—T

In conclusion ([5.2)) becomes, in view of (5.3 and (5.4)):

C(N, s)|ullr= (3 4 QN+2s

ST’N
10) - )] < Lol 2 S

NeN+1+2s

|[Apl -7 + [ Ap| - |z — 2|

2
+[(OTS") + Bo_a| - ?NHS).

It is clear that by taking r large and then |x — Z| appropriately small, the right hand side above
can be bounded by any é > 0. This proves the claimed uniform continuity. |

Proof of Theorem [5.1]

Define vp = inf F' and set v, = (S:)"vg, where the operator S is as in . Each function
vp : RY — R is continuous in D by Lemma and hence Borel in RY. The sequence {v,}>,
is uniformly bounded: ||vy| L < ||F||L~ and nondecreasing because vy < vy, and S; is order-
preserving. Thus, {v,}5°, has a pointwise limit v : RY — R which is bounded Borel and obeys
the same bound: ||[v||zee < || F||poe.

We now show that one can take ul” = v. Indeed, for every = € D there holds:

mﬂm—&wmzﬁ%w—&WMSmyﬁw|mﬁw@+mmﬂw
lyl=1JT5"> (y)

1
S -
s (T'™)
by the monotone convergence theorem. We thus obtain: v = S.v on D, as claimed.

To prove uniqueness, assume that v, v are two bounded, Borel solutions of Clearly
v =10 on RN\ D and denote M = supp [v — 0|. For every = € D we observe that:

/ (v —v)(z + 2)] dul¥(2) =0 asn — oo,
RN\B.

Ta,diamD)

v—20)(x)| = |Av(x) — A0(x su v—10)(z Ny .'uéV(P—
|(v = 0)(2)] = |Acv(z) — A:0()] §|y:%]£+TS’°°(y)’( )(2)| dps (2) < M N (15
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N e,diamD
Hence: M < M - %, so there must be M = 0 and thus v = v in D.
s p
Finally, the claimed monotonicity of the solution operator to follows from the mono-
tonicity of S.. The proof is done. |

6. CONVERGENCE TO VISCOSITY SOLUTIONS OF A;u =0.

In this section we will identify the limits of solutions to the non-local dynamic programming
principle in the vanishing removed singularity radius ¢ — 0, as viscosity solutions to
the homogeneous Dirichlet problem for Af,.

Theorem 6.1. Let F' : RV — R be uniformly continuous and bounded, and let D be an
open, bounded subset of RN . Assume that {u.}ec is a sequence of solutions to|(DPP)_| which
converges as € — 0, € € J uniformly, to some continuous limit function u € C(RY). Then for
every x € D, r > 0 and every ¢ € C*(RY) such that ¢(x) = u(x) and Vé(x) # 0, we have:

(i) if > u on l?r(:r) \ {z}, then ESP[QE] () >0,
(11) if @ <u on By(x)\ {x}, then Lsp[¢](z) <0,

where we denoted: ¢ = 15, (2) ¢+ 1py\ B, (2) - U-

Remark 6.2. Recall by Remarkthat L p differs from AJ, only by a multiplicative constant,
depending on N, s, p. It is also clear that u as in Theorem satisfies u = F in RN \ D. A
function u satisfying only the one-sided comparison with test functions (i) (rather than both
conditions (i) and (ii)) is called a viscosity subsolution to the non-local Dirichlet problem:
ASu=0 inD, wu=F inRY\D. (6.1)

When (i) is replaced by (ii), then wu is called a viscosity supersolution. Satisfaction of both
conditions is referred to u being a viscosity solution of (6.1). See also |2, Definition 4.4].

Proof of Theorem [6.1]

1. Let ¢,r and = € D be as indicated. We will show that (ii) holds, while the property (i)
can be deduced by a symmetric argument.

For all j € N such that Bl/j(x) C D, define €; > 0 by requesting that:
1
lue —ullpe <= min  (u—¢) for all e <egj, e € J.
2 B (@)\By/; ()
Without loss of generality, the sequence {¢;}; o is decreasing to 0. Let {z. € D}.cs be a
sequence with the property that:
(ue — @) (xe) = _min)(uE — &) and ze € Byjj(x) forall e € (gj41,65]NJ.
1/5&
Then, for all Z € By.(z) \ By/;(x) we have:
1 1
(ue =¢)(Z) 2 (u—=0)(T) —5  min  (u—¢)>5  min (u—9¢)
2 Br()\By /() 2 Br()\By;(x)
> (ue —u)(x) = (ue — @) (x) 2 (ue — ¢)(2).
This implies:
(ue — @) (xe) = m%n)(u8 —¢) forall eeJ and xe >x as € =0, e € J (6.2)
By (x

T
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2. Since u. satisfies it follows that:
Aaqg(xs) - (J;("L‘E) = (.Asgg(xs) - Qf;(CCE)) - (Asus(xs) - us(xs))

< sup][ e + 2) — ue(e + 2) — Do) + ueze) A (2).
lyl=1JT5>(y)

We fix [y| = 1 and estimate the integral above. By it follows that ¢ (- + 2) —ue (e +2) <
¢(ze) — ue(ze) whenever z. + z € B,(z), so the said integral is bounded by:
1
p (To™) /Ts""’(y)\Br(HE)
~ 1 (T W)\ Br(z — )

(e + 2) — ue(ze + 2) — P(we) + us () dul (2)

: (2||u - UEHL"O + |U(x5) - d’(xa)D

- P (1)
Hence we get:
Aebe) — 3 < P (o e+ ) — )] + 9(e2) — )
€ € g) = M:]SV(TS7OO) el|lL € € (6.3)
=o0(e*) as £ — 0.
3. In this step, we show that:
L5 p[0)(w2) = Lspldl(w=)| = 0(1)  as e — 0. (6.4)

The argument relies on verifying the proof of Lemma With the parallel notation m =

|§ % — Y5 ‘, where pf, = Vé(x.) # 0, and where the unit vector y5 is an almost maximizer of the

function y — fTs,oo(y) bz + 2) dul (2), we get the following replacement of 1)

2 Z) d:“*{ev (Z)

g

62/  plaetz)— e+ R
el () g

[p%

s —|Te—x|,r+|re—
P

v

(vt =R o) [ 24 () — O()m — 01w (m) — O —
o Tp5l JrgrIreT (2e)

[P

m2 £
s [tz du e - o),
TS,T/Z

where O(1) depends on N, s, p,r and ||¢|| -, V29| oo (B, (x))- Consequently:

0(1) 0(1) ,,_
2 < g2571, 6.5
T PEl Jperra(zien) duf(2) T Il (65)

m

Further, as in (3.8) we get:

€5, 18)(ze) - /Tm( o Lolres ) ) S50+ e
p [p%|
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where:

J1 < ‘/ | | ¢(x5+2) ¢(x8+R e
£, — zE—z(px ) y

8’ Ipg|

05 )+ 0(we = 2) = (e — B _ s 2) A (2)]

'
Y5 Tp5 ]

A

S/ ‘<V¢> (zc + 2) — V(2 — z), (Idy — R g z>’dus ) + O(1)m?
T~ |ze— I\(pr

<Oo1)m

relf (ot 2) (o b R s ) +ule = 2) —u(o - R s 2) Al (2)]
TS,THZs*ZI zgl) 57@ Y5 Tpe]

< O(1)wn(m),
B[ Wl A (2) < O —
P

After passing 6 — 0 and recalling (6.5)), we conclude:

£2pldlm) - | ey, L0 2) A ()] < O (m-t(m) o —a) =of1) a5 & 0.

) o

[P

The above implies (6 , in view of: | [, ‘(2 L 5(@e, 2,2 ) dud (2)] = £2-25
p \

4. Recall that by Theorem [3.1] we also d1rectly have:

L2 pl0]() = Lopldl(@)| S 0(1) as &0,

because ¢ = ¢ on B,(x) has regularity C2, while ¢ = v on RV \ B,(z) is uniformly continuous.
Together with (6.4]), this yields:

(Aedae) = b)) = (Aedla) = 66a) | = ey

S

L35 pl0)(xe) — L5 5 [0](x)

(6.6)

= v ([Eapldl(e) - Lopldl@)] +0(1) a5 =0

We now denote R = R ,¢

T Px

P51 I

and estimate:

Lsplo(ze) — Lsp[o](2)
< /0 - ‘(GB(:UE + Rz) + (e — Rz) — 2(z.)) — (d(a + 2) + ¢z — 2) — 2¢(x))‘ A (2)
T8 (a)

P

[pa|

1
<5 [ @) s
"

z€B;(x)

(Vo(ze + Rz) + Vo(z. — Rz)) — (Vo(w + Rz) + Vo(z — Rz))(
" / et ap o 2 = 2l) + 2w ([ Tdy = RI) - (1+ [2]) dpig’ (2)
Tp ’

i 619 42
Tp e—x|,r+|ze—x

£
<0(1)- (|x5 — x|+ wy(|ze — ) +wu(‘% - %‘)) <o(l) as e—0.
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At this point, combining with (6.3]) results in:
A.p(x) — d(x) < 0(e¥)  as € = 0.
On the other hand, Theorem implies that:

e _ 7 _ S 2s | iy 2s
'AEQS(:B) QS(CB) C(N, S)’Ap|€ £S7P[¢](x) + O(E )
The above two asymptotic statements directly yield £S7p[¢~>](3:) < 0, as claimed. [ |

7. THE NON-LOCAL TUG-OF-WAR GAME WITH NOISE
In this section, we develop the basic probability setting related to the equation

1. Consider the probability space (T B, equipped with the standard Borel

Wus )
o-algebra and the normalised p¥ measure, and define (1, F1,P;) as the product space with
the counting measure on the discrete set {1,2}. In particular, for every B € B, we have:
2s 1
P (B x {1,2}) = Ay [ [N+ dz.
Further, the countable product of (21, F1,Py) is denoted by (2, F,P), where:
={w="{(2i,8)}2; = € T;’OO, si € {1,2} for all i € N}.
For each n € N, the probablhty space (2, Fpn,Py) is the product of n copies of (21, F1,P1) and
the o-algebra F, is identified with the sub-o-algebra of F, consisting of sets A x []:c 04
for all A € F,. Then {F,}52, where Fy = {0, 2}, is a filtration of F.

1=n-+1

2. Given are two families of functions o; = {o}}22, and o7 = {o];}22,, defined on the
corresponding spaces of “finite histories” H,, = R x (RV x Q)"
of oty Hy = {y € RY; |y = 1},
assumed to be measurable with respect to the (target) Borel o-algebra and the (domain)
product o-algebra on H,,. For every z € RY and ¢ € (0,1) we recursively define:
{xgmonon . Q- RV

For simplicity of notation, we often suppress some of the superscripts €, x, oy, oy and write X,
instead of X777 | if no ambiguity arises. Recall that R;, € SO(N) is as in Definition
We put:

X() =2,
eR, o, Zn for s, =1 (7.1)

€Rn1 #n for s, = 2.
II’

Xn((zla 51)7 ) (Zna Sn)) =Xp1+ {
In this “game”, each of the two players chooses (deterministically) a direction y, according to
their “strategy” or and or;. These choices are activated by the value of the equally probable
outcomes: s, = 1 activates o; and s, = 2 activates o7;. The position X,,_1 is then advanced

by a shift eRz € T5™ (y), randomly in 2z according to the normalised measure p on Tﬁ’oo.

3. Given an open, bounded domain D C RY, define further the F-measurable random
variable: 78%70911 : () — N U {+o0} by:

T(w) =min{n >1; X, ¢ D}.
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We observe that 7 is finite P-a.e., making it a stopping time. Indeed, since P; (TgiamD’oo X

1,2}) > 0 it follows that P(w; Ji z; € TI*™P°) = 1 and on this event 7 < oo.
) p ’

Let F : RY — R be a given bounded, uniformly continuous function. In our “game”, the first
“player” collects from his opponent the payoff, given by the data F' at the stopping position.
The incentive of the collecting “player” to maximize the outcome and of the disbursing “player”
to minimize it, leads to the definition of the two game values in:

u7(z) = supinf E [F o (X=TInoIn)

E,x,al,alli| )
or OII T

(7.2)
u?[(w) = infsupE [F o (vavaLUH)

Eg,T,0 (o4 .
oIl o oD H:|

It is clear that u7, u7; depend only on the values of F' on RN \ D. We now show that both
game values coincide with the unique solution to the dynamic programming principle
modeled on the non-local asymptotic expansion in Theorem |3.1

Lemma 7.1. For each ¢ < 1 we have u§ = uj; = ue, where u. is the unique bounded, Borel

solution to [((DPP) |

Proof. 1. We will show that u5; < wu., while the inequality u. < u can be proved by a
symmetric argument and u7 < u7; is always valid. Fix z € RY and ¢,6 > 0. We choose a
strategy o170 = {07 o(Xn)}nlo satisfying:

4
inf ][ ue(x + 2) dpd (2) + T 2 ][ us(z 4 2) dp? (2). (7.3)
=t 15 ) 2 5 (010)

The fact that such Borel-regular strategy exists follows from Lemma[5.2] Indeed, let { B(z;, £)}22,
be a locally finite covering of RY, where:

‘ inf ][ ue(x+2) dpN (2) — inf ][ U (T +2) d,ui,v(z)‘ < i2 for all |[x—z| < €.
lyl=1J15>(y) lyl=1J15°(y) 2"

For each i € N there exists then |y;| = 1 with the property: | inf},_ fTs,oo(y) ue(z;+2) du (2) —
p
fTs,oo(yi) ue(x; + 2) d,uév(z)’ < 2;% We hence define:

i—1

orro(T) = yi for all = € B(z,€) \ U B(z;,€).
j=1

2. Fix x € D and a strategy o;. Consider the sequence of random variables:

. < b 5
M, =u.o XZ,@.UI oI 4 on
We now check that {M,}7°; is a supermartingale with respect to the filtration {F,}22,. On
the event n > 7 there clearly holds E(M,|F,—1) = M,_1. On the other hand, on the event

n < 7 we have X,,_1 € D, so the property and ([7.3]) imply that:
E(Mn | fn—l) - Mn—l
1
~(f wCrn e+ f
Ty (o}) TS

p (U?I,o)
< Aaue(Xn—l) - us(Xn—l) =0.

0
Ue(Xooy +2) Al (2)) = Sy = we(Xo1)



22 MARTA LEWICKA
Using Doob’s optional stopping theorem, we arrive at:

§ b
ue(x) +6 = E[Mo] > E[M;] = - + E[F o X7"70710] > >+ inf E[F o X5%01011],

or1

This yields: u.(z) > § > uj;(x), concluding the proof in view of § being arbitrary. |

8. AUXILIARY ESTIMATES FOR THE BARRIER FUNCTION

The purpose of this section is to show the first boundary regularity estimate for the game
process { X, }°°,, towards establishing our main asymptotic equicontinuity result.

Theorem 8.1. Let D C RY be an open, bounded domain satisfying the external cone condition.
Namely, assume that there exists a finite cone C such that for each x € 9D there holds:
z+ S,C C RN\ D, for some rotation S, € SO(N). Then:

V6>0 30<4, 6>0 VYe<é x€dD, x€ Bs(z)ND

_ 8.1
30[70 VJ][ ]P’(Em <T X:;’;BO’UI’O’UH ¢ B(;(x)) S 9, ( )

with a constant 8 < 1 depending only on N,p,s and the cone C.

The proof will rely on a suitable barrier functions, introduced in [2]. Namely, consider the
uniformly continuous and bounded f; : RN — R, where for each ¢t > 0 we define:

fuw) = min {2, J2] ).
We start by observing a refinement of |2, Lemma 3.10]:

Proposition 8.2. There exists tg > 1 depending on N,p, s, such that for all t > ty and all
|x| > 1 there holds:
Lsplfil(z) = Cla|7>7,

with a constant C' depending on N, p, s but not on t or x.

Proof. Observe that L, p[fi](z) = Lsplfi](|z|e1) by rotational invariance. It hence suffices to
estimate, after changing variables:

/ Ly (|zler, 2 2) o _ mzs/ fillz[(er + 2)) + fi(lz|(e1 — 2)) — 2fi(|z]e1)
TS TS

|2[N+2s 2| N+2s

dz
(8.2)

> |$’23t/000 ft(el + Z) + ft(el - Z) — 2ft(€1) dz,

; |Z|N+23
P

where in the last step above we used that fi(|z|z) > |z|~tfi(2) which can be easily checked
directly. Further, Ly, (e1,z,2) > —2 for all z, while for |z| < § we have:

Ly, (e1,2,2) = [L+ |2 + 2(ex, 2)| 772 + 1+ |2)* — 2(eq, 2)| 7/ — 2
t, t

> 2(1 + ‘z‘2)—t/2 + 5(5 + 1) (2<61,Z>)2(1 + ‘zyz)ft/QfZ _9

= 2(1 - %|Z|2) + %(t+ 2)<el,z>2(1 _ (% + 2)!z|2)_t/2_2 _9
= %(t—i- 2)<61,2>2 — t]z]Z — 2(754_ 2)(t+4)<el,z)2]z\2,
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by Taylor’s expansion and since (1 + |2|?)™® > 1 — a|z|?> whenever a > 0. Thus (8.2)) becomes:

Lft(pelazaz) —2s—t Lft(el’z’z) 2 __
g~ 022 ([, SRS 02 [ e )
P P P

o t p—l 7,,2—25 T‘2_28
25—t
- A -<7t 2 : —
S Il s B sy M5 par
t p—l 1"4_25 7,,—28 ] o
_Z(t+2)(t+4)]\7+p—2.4—25_ s ):m 2 t‘Ap|‘IN,p,s7t,T

by recalling Lemma (i) and where we fixed some appropriate r < % We now estimate the

quantity IN7p787t7T' When % ’ Nl‘)‘l‘;1—2
. t —1 2—2s
from below by: 7(t + 2)$p—2 CTas

three terms in Inp s, are bounded from below by: %(t + 2)

_ 2
%(t+2)#pl_2 - 555 > 2, then we have:

> 2, then the first two terms in Inp ¢, are bounded

Further, when (¢ + 4)4%228 < m, then the first
p—-1 r

N+p—2 " 2=2s°

Finally, when

ro2s  1,2-2s
> (
S

s

(t+ 4))

IN,p,s,t,r > 2 _ s

It is clear that the above listed conditions, namely:

t+2 -1 1 16(2 — 2s)(N -2 1 2 — 1
AL S92 and <l 6EZ2WHp-2) <r?< 0

2 N+p-2 2 s(p—1) t(t+2) 225 t+4
are compatible for sufficiently large ¢ > to(NN, p, s). The proof is done. |

Corollary 8.3. Let ty > 1 be as Proposition [8.9. For every t > ty and R > 1 there exists
go > 0, depending on N,p,s,t, R such that:

Acfe(2) > fi(z) + Ce*R™27  for all |x| € [1,R], € < &0,
with a constant C depending only on N, p, s.

Proof. We apply Theoremwith 5 € (3, 3) and note that C;, < C(N,t) and |p,| > tR™¢1
it follows that:

whenever |z| € [1, R]. In view of Proposition
Acfi(2) > fo(x) + Onpse® R0 — Oy 506> — Cn 518 (me + wp, (me)).
Recalling Remark (i) we see that: m. < CNP’S’tES*%RtH and wy, (me) < Cyme. Hence:
Acfe(@) > fi(x) + Cnp s (R = COnspe® > — CN,p,s,tES_%RtH)a

1
and so the result follows for Ci ;6272 + Oy p s e 2RI < LR72571, [

Towards the proof of Theorem we note that:

Proposition 8.4. Given R > 1 and t > ty, € < g9 as in Proposition[8.3 and Corollary[8.3, let
ve : RN — R be the unique bounded, Borel solution to the problem:
[ Awve(z)  for |z| € (1, R)
) ={ 5 o g
Then we have:

(Z) Ve 2 ft in RN;



24 MARTA LEWICKA

(ii) For every R € (1,R) exists 05 p < 1 depending only on R, R,N,p,s such that for all
|z| € [1, R] and ¢ < €q there holds:
Jdoro Vorr P(| X777 > R) < 04 p,
where T denotes the first exit time from the annulus Br(0) \ B1(0).

(i4i) For a given r > 0, let 7 = min{i > 0; |X;| & (r,7R?)}. Then, for every |z| € [r,rR] and
g < reg there holds, with a constant Or < 1 depending only on R, N,p,s:

30'170 VJ][ P(’X&LUI’O’UIH > T'R2) < QR.

Proof. 1. To show (i), observe that by Corollary |8.3| we have, for all |x| € (1, R):
ve(w) = fi(2) = (Acve(a) — Acfe(@)) + (Acfelx) — fi(2))

> inf ][ (ve — fr)(z + 2) d,ui,v(z) + C’N7p,362sR_2s_t (8.3)

lyI=1J75°(y) :

. 28 p—25—

> 1]1§1]Vf(1)6 — fi) + Cnpse® R0
Assume that M. = infp(ve — ft) < 0, in which case there also holds: M, = infpn (ve — f). Let
{zn}72, me a minimizing sequence in D. Applying (8.3 at each x,, and passing to the limit
n — oo, it follows that: M. > M., which is a contradiction.
2. To show (ii), fix ¢t =t and recall that (i) implies:
0 < ve(z) — fi(x) = supinf E[ f, o X2®70T — f(z)].
or or1

Since R_th_t > 0, it follows that there exists o7 such that for all o7 there holds:
R_t - R_t xX,0 ag
- <E[fio XPT — ()]
- FiX0) = fiaw) a2+ [ FX0) = fula) dP
{IX+|>R} {IX-[<<1}
<P(IX;|>R) (R —R™") + (1 -P(|X,| > R))(2' = R™")
=P(|X.|>R)(R"—2") +2' — R
1/ p—t_p—t t_ p—t t_1l/.p—t —t

Consequently, we obtain: P(|X;| > R) < 2 (B 2?,33:2 R _2 22(£RiR ) - GR,R <1.

The statement in (iii) follows by scaling invariance after applying (ii) to R < R? in place of
R < R, so that 0 = 0 . This ends the proof. |

We finally are ready to give:

Proof of Theorem [8.1]

The cone condition implies existence of d > 1 and ¥ > 0 such that for all » < 7 there is a
ball B,.(z) C RY \ D, centered at z with |z — Z| = rd. Define R = 2d — 1, so that = € B,z(%).

Given 6 > 0, let r < 7 be such that: 6 > rR% +rd = T‘(R2 + %) Letting 6 = rd we get:
By(z) C Brg(z) \ Br(z) and  B,p2(%) C Bs(x). (8.4)

Fix zg € By(z) ND and € < reg, where &g is as in Proposition (iii). Denote by 7 the exit
time from the annulus B, g2 (Z) \ Br(z). Then, there exists o7 o such that for all o7 there holds:

P(In <7 X7 & Bs(z)) < P(Xr € Bype(z)) < 0 = 0.
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The first inequality above follows from (8.4)), while the second inequality is a direct consequence
of Proposition (iii). [ |

9. APPROXIMATE EQUICONTINUITY OF SOLUTIONS TO

In this section, we assume that the open, bounded domain D C RY satisfies the external
cone condition. Our goal is to show that the family {u. }._o of solutions to with a given
bounded, uniformly continuous F : RY — R is then approximately equicontinuous, namely:

VESO0 36,6>0 Vee (0,8) Ve, zeRY |z —Z <0 = |uc(z) —u(T)| <& (9.1)

Together with the uniform boundedness of the family {u.}.—0, the above condition yields, via
the Ascoli-Arzela theorem, that every sequence in the said family has a further subsequence,
converging uniformly as ¢ — 0 to some continuous limit function.

Lemma 9.1. Condition is implied by the following weaker equicontinuity statement:
VE>0 34,6>0 Vee(0,é) VeeD, ze€dD

|t —Z| <d = |ue(z) —u(T)| <& (9:2)

Proof. Since u. = F on RV \ D, we get (9.1) for 2,7 ¢ D in view of the uniform continuity of
F. By 1) it suffices to consider the case x,Z € D. Fix £ > 0 and choose é,§ > 0 such that:

ec(0,8), ze RN\ D’ |w| <6 = |uc(z) — uc(z +w)| <&,
where we denoted the inner set:

D = {z € D; dist(z, RN \ D) > §}.

Fix x,z € D such that |z — Z| < g and consider the function . : RY — R given by:
Ue(z) = us(z — (z — JE)) +&.

Observe that @, solves|(DPP)_|on DS, and subject to its own external data . on RV \ DO, as:

Agﬂg(z):%( inf —{—sup)][ ug(z—(:v—f)+2)+£duév(73)

WISt =1 ST ()
=u(z— (x—2)) + & =u.(z) for all z € D°.

On the other hand, u. solves the same problem (with its own external data). Since:

ue(2) —Ue(2) = ue(z) —us(z — (x—2)) —€£ <0 for all z ¢ DS,

the monotonicity of the solution operator to (see Theorem [5.1]) implies that u. < 4.
in RV, so in particular we get: u.(z) < uc(Z) + £. The reverse inequality u.(z) > u(Z) — &
can be shown by a symmetric argument. The proof is done. |

We now replace condition (9.2]) by the boundary game regularity condition in the spirit of
condition (8.1]). More precisely, we say that z € 9D is game-regular when:
VES>0 36,6>0 Ve<é, z€By(x)ND oo Vo P(X777O7 ¢ Bs(x)) < €
(9.3)

Lemma 9.2. If every boundary point x € 9D satisfies , then holds for every bounded,
uniformly continuous data function F : RN — R.
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Proof. Fix £ > 0 and choose § > 0 such that:
|F(x) — F(z)| < g for all |z — | < 4.

By 1) there exists 6, > 0 so that for alle < &, z € 9D and 7 € Bj(x) there exists o7 ¢ with:

§

]P) XEIUIO,O'I] B
( # Bs(®) < T G-

for all orfJ-

Taking ¢, z,  as indicated, we obtain:
ue(#) — ue(2) = U5(7) — F(2) > inf E[F o X277 _ p(z)]

oI1

Z E[F o X::vm:o'l,Ova'II,O _ F(x)] g

_ / F(X,) — F(z) dP + / F(X,) - F(z)dP— &
{X,€B5(2)} (X, &Bs(2)} 3
£ &
> 2| Fllp - B(X, ¢ Bs(a) — 5 — > > €,
where we used an almost-infimizing strategy orro. The inequality u.(Z) — uc(x) < £ follows by
a symmetric argument. This ends the proof. |

Proposition 9.3. Fix § >0, k> 2, e < % and |z| < % Then there holds:
2
Vor, o P(IXFTT 2 6) < ()" = a,

R I SR 5
where we defined the stopping time: T = min {z >0; | X5 > E}

Proof. Let 6, k, e,z be as in the statement of the result. It follows that:
P(|Xz| > 9)
w3 ((z + T (y)) \ B5(0))

(y ) +ud (2 + 757 (5)) \ B5(0))
pd (@ + T (1) \ Bs/x(0))
)

¥ (@ + T @) \ Bsyu(0))’

+
<sup{— .
+

s ((z+1Tp Bs( 0

<o { e T ey < & M =1
where we used the fact that % < max {3—;, %} Further, denoting:

a= |m|121§/kdlst(x RV \ Bs(0)) = 6 — %, b= ‘;g)/kdlst(x RY \ Bs/i(0)) = 2%,
leads to:

B ) < sup { ¥ (@ + T3 () \ Bs(0)); [l < £, Iyl =1} )

inf { (2 + T3\ Bs(0); Jol < §, Iyl =1} ~ #¥(T3%)

Since pN (Tp™) = % we obtain that P(|Xz| > §) < (2)28, as claimed. |

Here is the main result of this section:

Theorem 9.4. Let D C RY be an open, bounded domain satisfying the external cone condition.
Then holds for every x € 0D.
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Proof. 1 Fix £,0 > 0 and x € 0D. Without loss of generality x = 0. Fix kg > 4 such that

ag, = ( k02—1)28 < % It follows by Proposition that for all € < % we have:

P(X, ¢ By(0)) = P({|Xc| =6} N (3n <7 |Xal € [%5)})

vR({XA 20y n{ A< Xule[00)})  (04)
<P(3n<7 \Xn|zk‘;)+§.

Denote: eg = 61 = ,f—o. We now show that:

W<, E<ey Ve<é |wo|<d Fogg VYorr  PEn<7 |Xn|>8)< g (9.5)
Together with (9.4)), (9.5) will establish the result.
2. By Proposition there exists k > kg such that 0+ ar < 1. Let m > 2 satisfy:
(0+ay)™ < g (9.6)

where 0 is as in (8.1). We now define {&;}7,, {0;}",, by applying Theorem to ¢; in place
of 9, recursively in:

E; = min{sifl, 5(51)}, (51 = . (97)
We also set:

£ = min{e,, ?}, 0 =6(0m), and k;=min{j>0; |X;| >8]} forall i=1...m.

Given ¢ < & and |zo| < 4, define the strategy oy, as follows:
e For j < Ky, we utilize the strategy o7, from (8.1, chosen for the starting point z:

0'}70($0, (21,21, 51), -+, (x5, 2§, sj)) = J}’&m(mo, (1,21, 51), -, (2}, 2, sj)).

o If | Xy, | > kb, we keep the definition above for all j > k.
o If | X, | € [6m,kdn), then for j € [k, km—1) we utilize the strategy o7 0m—1 from (8.1)),
chosen for the starting point X, :

U}’O (1.07 (xla 21, 81)7 ey (l.jv Zj, 8])) = U};]:fol (xliyym (xl‘im-‘rla Zkm~+1s Slim-l-l)a ey <xj7 Zja S]))

e Continue in this fashion, concatenating the strategies oy ; for the remaining indices 7 =
m —2,...,1. Bach o7 is chosen from ({8.1]) for the starting point X, ,.

By several applications of and Proposition it follows that:
P(3n <71 | X700 > 61) =P(ky < 7)
= P(Hg < K1 <7 and | X,,| € [52,452)) —{—]P)(Iig < k1 <7and |X,,| > 452)
<0-P(ky <7 and [X,,| € [02,402)) 4+ P(| Xy | > 462) - P(k2 < T)
< (0 + ap)P(ke < 7).
An iteration of the above argument and one final application of together with yield:

PEn<r |Xol28) < (0+ar)™ Plam <7) < (0+a0)" < g

Thus (9.5) has been verified. [ |
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By Lemma Lemma [9.1 and invoking the Ascoli-Arzela theorem, we immediately get, in
view of Theorem [6.1] and Remark [6.2}

Corollary 9.5. Let D C RY be an open, bounded domain satisfying the external cone condition.
For a given bounded, uniformly continuous data function F : RN — R, consider the family

{ue}te0 of solutions to . Then, every sequence {us}ecj-—0 has a further subsequence
that converges uniformly as € — 0, to a wviscosity solution of .
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