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ABSTRACT. We study the non-Euclidean (incompatible) elastic energy functionals in the description
of prestressed thin films, at their singular limits (I-limits) as A — 0 in the film’s thickness h. Firstly,
we extend the prior results [39, 12, 40] to arbitrary incompatibility metrics that depend on both the
midplate and the transversal variables (the “non-oscillatory” case). Secondly, we analyze a more
general class of incompatibilities, where the transversal dependence of the lower order terms is not
necessarily linear (the “oscillatory” case), extending the results of [3, 47] to arbitrary metrics and
higher order scalings. We exhibit connections between the two cases via projections of appropriate
curvature forms on the polynomial tensor spaces. We also show the effective energy quantisation in
terms of scalings as a power of h and discuss the scaling regimes h? (Kirchhoff), h* (von Kérman)
in the general case, as well as all possible (even powers) regimes for conformal metrics, thus paving
the way to the subsequent complete analysis of the non-oscillatory setting in [34]. Thirdly, we prove
the coercivity inequalities for the singular limits at h2- and h*- scaling orders, while disproving the
full coercivity of the classical von Kérméan energy functional at scaling h*.

1. INTRODUCTION

The purpose of this paper is to further develop the analytical tools for understanding the mecha-
nisms through which the local properties of a material lead to changes in its mechanical responses.

Motivated by the idea of imposing and controlling the prestrain (or “misfit”) field in order to
cause the plate to achieve a desired shape, our work is concerned with the analysis of thin elastic
films exhibiting residual stress at free equilibria. Examples of this type of structures and their
actuations include: plastically strained sheets, swelling or shrinking gels, growing tissues such as
leaves, flowers or marine invertebrates, nanotubes, atomically thin graphene layers, etc. In the same
vein, advancements in the construction of novel materials in thin film format require an analytical
insight how the parameters affect the product and how to mimic the architectures found in nature.

In this paper, we will be concerned with the forward problem associated to the mentioned struc-
tures, based on the minimization of the elastic energy with incorporated inelastic effects.

1.1. The set-up of the problem. Let w C R? be an open, bounded, connected set with Lipschitz
boundary. We consider a family of thin hyperelastic sheets occupying the reference domains:

Qh:wx<—g,g> R, O<h<l.

A typical point in Q" is denoted by z = (21,2, 23) = (2, x3). For h = 1 we use the notation Q = Q!
and view Q as the referential rescaling of each Q" via: Q" 5 (2, z3) — (2, z3/h) € Q.
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In this paper we study the limit behaviour, as h — 0, of the energy functionals:

(1.1) EMwhy = ;l/s)h W(Vuh(a;)Gh(x)*l/Q) dz

defined on vector fields u € W12(Q" R3), that are interpreted as deformations of Q. We view the
limit in the vanishing thickness h as the singular limit: indeed at h = 0 the three-dimensional sheets
Q" are reduced to the two-dimensional midplate w, and it is the goal of this paper to derive the energy
of its (non-equidimensional) deformations y : w — R3 relevant for the asymptotics of the minimizing
sequences of the (equidimensional) deformations in (1.1). The sheets Q" are characterized by the
smooth incompatibility (Riemann metric) tensors G* € C®(Q", Rg’yxn?l’ pos)» satisfying the following
structure assumption, referred to as “oscillatory”:

OSCILLATORY CASE :
G (z) = gh(o/, %) for all z = (2, z3) € Q",
_ h?
G"(a',t) = G(2') + hG (2, 1) + *gz(xlat) +o(h?) € C®(Q,RESS ),
| where Ge C>®(w, R3x3 ), G1,G2 € COO(Q RSXS and f1/2 Gi(2/,t)dt =0 for all 2’ € .

Sym,pos Sym 1/2

The requirement of G being independent of the transversal variable ¢t € (—1/2,1/2) is essential
for the energy scahng order: inf £" < Ch%. The zero mean requirement on G; can be relaxed to
requesting that f 12 G1(2',t)ax2 dt be a linear strain with respect to the leading order midplate
metric (G1)2x2 (in case (G)axa = Idy the sufficient and necessary condition for this to happen is
curl Teurl [~ {/2 G1(2',t)ax2dt = 0; this case has been studied in [3] where G = Id3), and we also
conjecture that it can be removed altogether, which will be the content of future work. In the present
work, we assume the said condition in light of the special case (NO) below.

We refer to the family of films Q" prestrained by metrics in (O):

(1.2) GM(z) = G(z') + hGy (2, )+ g (z, o(h?) for all x = (2,z3) € Q"

x3
h h)

as ”oscillatory”, and note that this set-up includes a subcase of a single metric G* = G, upon taking:
Ql (3:’, t) = tg_l(:c'), gg (a;’, t) = t2g_2 (x')

We refer to this special case as “non-oscillatory”; formula (1.2) becomes then Taylor’s expansion in:

NON-OSCILLATORY CASE :
(NO) Gh = Gign  for some G € C>(Q, Rg’;n?{ pos)
G (z) = G(2') + z305G(2',0) + %8336’(%, 0) + o(x2) forall z = (', x3) € Q"
Mechanically, the assumption (NO) describes thin sheets that have been cut out of a single specimen
block €, prestrained according to a fixed (though arbitrary) tensor G. As we shall see, the general
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case (O) can be reduced to (NO) via the following effective metric:
[ EFFECTIVE NON-OSCILLATORY CASE :
GM(z) = G(z) = G(a') + 2361 (') + x—gg_z(x’) for all = = (2/,23) € Q"
where:  G1 (/)20 = 12 [117,1G1 (2!, D)oo dt, Gr(a)es = —60 [117, (2% — 11)Ga (o', t)es dt,

and: GQ( )2><2 =30 f1{§2 6t2 - %)g2(x 7t)2><2 dt.

In (1.1), the homogeneous elastic energy density W : R3*3 — [0, oo] is a Borel measurable function,
assumed to satisfy the following properties:
(i) W(RF) = W(F) for all R € SO(3) and F € R3*3,
(ii) W(F )—OforallFESO(?)),
(iii) W(F) > C dist?(F, SO(3)) for all F' € R¥*3, with some uniform constant C' > 0,
(iv) there exists a neighbourhood U of SO(3) such that W is finite and C? regular on .

We will be concerned with the regimes of curvatures of G in (O) which yield the incompatibility
rate, quantified by inf £?, of order higher than h? in the plate’s thickness h. With respect to the
prior works in this context, the present paper proposes the following three new contributions.

1.2. New results of this work: Singular energies in the non-oscillatory case.
1.2.1. Kirchhoff scaling regime. We begin by deriving (in section 2), the I'-limit of the rescaled

energies 75", In the setting of (NO), we obtain:

1
T (y) —HTensorzHQ fH:cg( Vy)'Vh) - §$363G(SU/,0)2><2H292

sym

= ﬂH ((Vy)™Vb)_ — 5ag,G(a:’,0)2X2H292.

sym

We now explain the notation above. Firstly, || - ||g, is a weighted L? norm in (2.8) on the space E of
ngxn% -valued tensor fields on . The weights in (2.6) are determined by the elastic energy W together
with the leading order metric coefficient G. The functional Z5 is defined on the set of isometric
immersions Vg, . = {y € W?*(w,R%); (Vy)"Vy = Gax2}; each such immersion generates the
corresponding Cosserat vector 5 uniquely given by requesting: [Gly, 02y, (;1 € SO(3 )Ql/ 2 on w. The
family of energies obtained in this manner is parametrised by all matrix fields S € C*°(w ]ngxrfl) and
T € C™(@w, R3S o), namely: ) S(y) = 51 L((Vy)"Vb(y ))sym —S||%, defined on the set Vry,,, where
one interprets T as the leading order prestrain G and S as its first order correction 83G (2',0)2x2.

The energy 7o measures the bending quantity T'ensors which is linear in xs, resultlng in its
reduction to the single nonlinear bending term, that equals the difference of the curvature form
((Vy)TVl;)sy from the preferred curvature 3035G(2’,0)2x2. The same energy has been derived in
[39, 12] under the assumption that G is independent of z3 and in [31] for a general manifold (M", g)
with any codimension submanifold (N*, g|n) replacing the midplate w x {0}. Since our derivation
of Z is a particular case of the result in case (O), we still state it here for completeness.

In section 3 we identify the necessary and sufficient conditions for minZy = 0 (when w is simply
connected), in terms of the vanishing of the Riemann curvatures Ri212, R1213, R1223 of G at 3 = 0. In
this case, it follows that inf £" < Ch*. For the discussed case (NO), the recent work [42] generalized

the same statements for arbitrary dimension and codimension.
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1.2.2. Von Kdrmdn scaling regime. In section 6 we derive the I'-limit of h—ﬂgh, which is given by:
Z4(V,S) fHTensomHQ ,

defined on the spaces of: finite strains .7, = {S = lim,,_, 12 ((VyO)Tan) o W € Wi2(w,R3)}
and first order infinitesimal isometries %, = {V € W?(w,R3); ((VyO)TVV) = 0} on the

deformed midplate yo(w) C R3. Here, o is the unique smooth isometric immersion of Gayo for
which Zy(yo) = 0; recall that it generates the corresponding Cosserat’s vector by.

Sym

The expression in T'ensory is quite complicated but it has the structure of a quadratic polynomial
in x3. A key tool for identifying this expression, also in the general case (O), involves the subspaces
{E,, C E},>1 in (2.9), consisting of the tensorial polynomials in z3 of order n. The bases of {E, } are
then naturally given in terms of the Legendre polynomials {p; }n>0 on (— 2, 2) Since Tensory € o,
we write the decomposition:

Tensory = po(x3)Stretchings + p1(x3) Bendings + pa(x3)Curvaturey,

which, as shown in section 7, results in:

Zy(V,S) = 1<HStretching4H292 + ||Bending4HQQ2 + HCurvature4H292)

- 1
= fHS+ (VV)'VV + o (Vbo) Vo — Zgagga(m’,o)mugg

1 1
+5 24 H [(V ViV, bO>]¢,j:1,2HQQ + @H [Ri3j3(x/7 0>L,j:1,2||292'
Above, V; denotes the covariant differentiation with respect to the metric G and R;3j3 are the
potentially non-zero curvatures of G on w at x3 = 0.
The family of energies obtained in this manner is parametrised by all quadruples: vector fields
70, by € C® (@0, R3) satisfying det [313/0, 0290, b(]] > (0, matrix fields 7' € C*°(w ngme) and numbers
r € R in the range (the left parentheses in the last interval below may be open or closed):

2 2
(1.3) re {IT = (Vo) Vdo),,,, 15,5 do € €@, RE2)} = [Cdistd, (T, #,), +00)),

The functionals are then: Z2%T7(V,8) = 1S + L(VV)VV — T3, + 5 [(ViV,;V.b0)] lIB, + 7
defined on the linear space V,, x .%;,. Particular cases where the range of r may be identified are:
(i) yo = ida. Then .7, = {S € L*(w,R%%2); curl’curlS = 0} and the range of r is defined by

Sym
the appropriate norm of: curl’curl 7. ’
(ii) Gauss curvature x((Vyo)"Vyo) > 0 in @. Then in [37] it is shown that ., = L*(w,RE2).
The range of possible r (for any T') is then: [0, +00).

When yy = idy (which occurs automatically when G=1 ds), then I;O = e3 and the first two terms
in Z; reduce to the stretching and the linear bending contents of the classical von Karméan energy.
The third term is purely metric-related and measures the non-immersability of G relative to the
present quartic scaling. These findings generalize the results of [12] valid for zs-independent G in
(NO). We also point out that, following the same general principle in the h2- scaling regime, one

may readily decompose:
Tensory = po(x3)Stretchings + p1(x3) Bendings;

since Tensory is already a multiple of x3, then Stretching, = 0 in the ultimate form of Z,.
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It is not hard to deduce (see section 8) that the necessary and sufficient conditions for having
minZ,; = 0 are precisely that R;j;; = 0 on w x {0}, for all 4,5,k,0 = 1...3. In section 9 we
then analyze the conformal non-oscillatory metric G = €2?(#3) [d3 and show that different orders of
vanishing of ¢ at z3 = 0 correspond to different even orders of scaling of " as h — 0:

¢ 0)=0 fork=1...n—1 and ¢™M0)#£0 < ch® <inf&h <™
with the lower bound: inf&" > ¢,h"|| [8?()”_2)R1~3j3(:r’,0)]“:1 2H2QQ.
with and pave the way for the follow-up paper [34], which completes the scaling analysis of £ in

the non-oscillatory case, including the derivation of I'-limits of h=2"&" for all n > 1, and proving
the energy quantisation in the sense that the even powers 2n of h are indeed the only possible ones

These findings are consistent

(all of them are also attained).

1.3. New results of this work: Singular energies in the oscillatory case. We show that the
analysis in the general case (O) may follow a similar procedure, where we first project the limiting

o

quantity T'ensor~ on an appropriate polynomial space and then decompose the projection along the

respective Legendre basis. For the I'-limit of %5% in section 2, we show that:

1
Tensor§ = xg((Vy)TVE) - Q(gl)gxg = po(x3)StretchingS + pi(x3) BendingS + Excesss,

sym

with Excessy = Tensord — Py(TensorS),

where P; denotes the orthogonal projection on E;. Consequently:

79 (y) = %(HStr@tchmgg + HBendmgQO + “Excessz‘}QQz)

HZQQ H2QZ

1 1 - 1
— ﬂ”((vy)Tvg)sym — 5(91)2x2“22 + gdist292((g1)2><27E1)7

1/2

where again Stretchz’ngg) = 0 in view of the assumed f_l /2 G1dxs = 0. For the same reason:

1/2

Excessy = —%((91)2x2 - P1((gl)2x2)> = _%<(g1)2><2 — 12/

x3(G1)2x2 divs)
—1/2

and also: Py ((gl)gxg) = 23(G1)2x2 with (G1)ax2 defined in (EF). The limiting oscillatory energy IZO
consists thus of the bending term that coincides with Zy for the effective metric G, plus the purely
metric-related excess term. A special case of IQO when G = Ids and without analyzing the excess
term, has been derived in [3], following the case with G" = Ids + hGy(%3) considered in [47]. An
excess term has also been present in the work [28] on rods with misfit; we do not attempt to compare
our results with studies of dimension reduction for rods; the literature there is abundant.

It is easy to observe that: minZ$ = 0 if and only if (G;)ax2 = 23(G1)2x2 on w x {0}. We show
in section 5 that this automatically implies: inf £» < Ch*. The I'-limit of #Eh is further derived in
sections 6 and 7, by considering the decomposition:

Tensor{ = py(x3)Stretching$ + pi(x3)Bending + pa(x3)Curvature + Excessy,

with Excessy = Ten30r4o — ]P’Q(Tensoro)
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It follows that:

70(v,) = 5 (||Stretehing? |5, + | Bending? |5, + | Curvaturc? |5, + | Ercessil[3,)

I, lo.

1 1 1 -
= S [I8+5(VV)'VV + Bo|[g, + 2 [[(ViViVibo)], oy, + Billg,

1

+ @H [Ri3j3(x” 0)}1.7].:172“22

1., 1 3 1
+ §d18t292 <1(g2)2><2 — /0 [Vz((g163) - §(g1)3363)]i,j:1,275ym dt,E2>7

where Ri313, R1323, Ro323 are the respective Riemann curvatures of the effective metric G in (EF)
at 3 = 0. The corrections By and B; coincide with the same expressions written for G under two
extra constraints (see Theorem 7.5), that can be seen as the h*-order counterparts of the h?-order
condition fi{% G1dzs = 0 assumed throughout. In case these conditions are valid, the functional

I40 is the sum of the effective stretching, bending and curvature in Z, for G, plus the additional
purely metric-related excess term.

1.4. New results of this work: coercivity of 7, and 7. We additionally analyze the derived
limiting functionals by identifying their kernels, when nonempty. In section 4 we show that the
kernel of 75 consists of the rigid motions of a single smooth deformation yg that solves:

7 i, 1
(Vo) "Vyo = Gaxa, (Vyo)'Vby) = 533(;(93/, 0)2x2-

sym
Further, Z»(y) bounds from above the squared distance of an arbitrary W22 isometric immersion y
of the midplate metric Goxo, from the indicated kernel of Zs.

In section 8 we consider the case of Z,. We first identify (see Theorem 8.2) the zero-energy
displacement-strain couples (V,S). In particular, we show that the minimizing displacements are
exactly the linearised rigid motions of the referential yg. We then prove that the bending term in
T4, which is solely a function of V', bounds from above the squared distance of an arbitrary W22
displacement obeying ((Vyo)TVV)Sym
hand, the full coercivity result involving minimization in both V' and S is false. In Remark 8.4 we
exhibit an example in the setting of the classical von Kdarmén functional, where Z,(V,,,S,,) — 0 as

= 0, from the indicated minimizing set in V. On the other

n — oo, but the distance of (V,,S,,) from the kernel of Z,; remains uniformly bounded away from 0.
We note that this lack of coercivity is not prevented by the fact that the kernel is finite dimensional.

1.5. Other related works. Recently, there has been a sustained interest in studying shape forma-
tion driven by internal prestrain, through the experimental, modelling via formal methods, numerics,
and analytical arguments [27, 23, 16, 30]. General results have been derived in the abstract setting of
Riemannian manifolds: in [31, 30] I'-convergence statements were proved for any dimension ambient
manifold and codimension midplate, in the scaling regimes O(h?) and O(1), respectively. In a work
parallel to ours [42], the authors analyze scaling orders o(h?), O(h*) and o(h?), extending condition
(3.6), Lemma 5.1 in (NO) case, and condition (8.2) to arbitrary manifolds. Although they do not
identify the I'-limits of the rescaled energies £, they are able to provide the revealing lower bounds
for inf £ in terms of the appropriate curvatures.
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Higher energy scalings inf £* ~ h? than the ones analyzed in the present paper may result from
the interaction of the metric with boundary conditions or external forces, leading to the “wrinkling-
like” effects. Indeed, our setting pertains to the “no wrinkling” regime where 5 > 2 and the prestrain
metric admits a W?2? isometric immersion. While the systematic description of the singular limits
at scalings 8 < 2 is not yet available, the following studies are examples of the variety of emerging
patterns. In [24, 9, 10], energies leading to the buckling- or compression- driven blistering in a
thin film breaking away from its substrate and under clamped boundary conditions, are discussed
(8 = 1). Paper [6] displays dependence of the energy minimization on boundary conditions and
classes of admissible deformations, while [7] discusses coarsening of folds in hanging drapes, where
the energy identifies the number of generations of coarsening. In [49], wrinkling patterns are obtained,
reproducing the experimental observations when a thin shell is placed on a liquid bath (8 = 1), while
[29] analyses wrinkling in the center of a stretched and twisted ribbon (5 = 4/3). In [11, 50], energy
levels of the origami patterns in paper crumpling are studied (8 = 5/3). See also [43, 44, 45] for
an analysis of the conical singularities (€" ~ h?log(1/h)). We remark that the mentioned papers
do not address the dimension reduction, but rather analyze the chosen actual configuration of the
prestrained sheet. Closely related is also the literature on shape selection in non-Euclidean plates,
exhibiting hierarchical buckling patterns in zero-strain plates (5 = 2), where the complex morphology
is due to the non-smooth energy minimization [19, 20, 21].

Various geometrically nonlinear thin plate theories have been used to analyze the self-similar
structures with metric asymptotically flat at infinity [5], a disk with edge-localized growth [16],
the shape of a long leaf [41], or torn plastic sheets [48]. In [13, 14] a variant of the Féppl-von
Karman equilibrium equations has been formally derived from finite incompressible elasticity, via the
multiplicative decomposition of deformation gradient [46] similar to ours. See also models related to
wrinkling of paper in areas with high ink or paint coverage, grass blades, sympatelous (meaning “with
fused petals”) flowers and studies of movement of micro-organisms that share certain characteristics
of animals and plants, called the euglenids [14, 8, 4]. The forward and inverse problems in the
self-folding of thin sheets of patterned hydrogel bilayers are discussed in [2].

On the frontiers of experimental modeling of shape formation, we mention the halftone gel lithog-
raphy method for polymeric materials that can swell by imbibing fluids [26, 25, 51, 15]. By blocking
the ability of portions of plate to swell or causing them to swell inhomogeneously, it is possible to have
the plate assume a variety of deformed shapes. Even more sophisticated techniques of biomimetic
4d printing allow for engineering of the 3d shape-morphing systems that mimic nastic plant motions
where organs such as tendrils, leaves and flowers respond to the environmental stimuli [22]. Optimal
control in such systems has been studied in [23], see also [1].

In [35, 36, 38|, derivations similar to the results of the present paper were carried out under a
different assumption on the asymptotic behavior of the prestrain, which also implied energy scaling
h? in non-even regimes of B > 2. In [35] it was shown that the resulting Euler-Lagrange equations
of the residual energy are identical to those describing the effects of growth in elastic plates [41]. In
[38], a model with a Monge-Ampére constraint was derived and analysed from various aspects.

We finally mention the paper [34], completed after the submission of the present article, which
resolves the scaling analysis of £" together with the derivation of I'-limits of h=2"&", for all n > 1.
There, we identify equivalent conditions for the validity of the scalings h?" in terms of vanishing
of the Riemann curvatures, for an arbitrary non-oscillatory metric G, up to appropriate orders and
in terms of the matched isometry expansions. We also establish the asymptotic behaviour of the



8 MARTA LEWICKA AND DANKA LUCIC

minimizing immersions of G as h — 0 and prove the energy quantisation, in the sense that the even
powers 2n of h are indeed the only possible ones (all of them are also attained).

1.6. Notation. Given a matrix F' € R" ", we denote its transpose by F'" and its symmetric part
by Feym = 5(F + FT). The space of symmetric n x n matrices is denoted by R, whereas REZ o
stands for the space of symmetric, positive definite n x n matrices. By SO(n) = {R € R"*"; RT =
R~! and det R = 1} we mean the group of special rotations; its tangent space at Id,, consists of
skew-symmetric matrices: Trq,SO(n) = so(n) = {F € R™*"; Fym = 0}. We use the matrix norm
|F| = (trace(FTF))'/2, which is induced by the inner product (F; : Fy) = trace(Fy Fy). The 2 x 2
principal minor of F € R3*3 is denoted by Fays. Conversely, for a given Fhyo € R?*2, the 3 x 3
matrix with principal minor equal Fox2 and all other entries equal to 0, is denoted by F5, 5. Unless
specified otherwise, all limits are taken as the thickness parameter h vanishes: h — 0. By C we
denote any universal positive constant, independent of A. We use the Einstein summation convention

over repeated lower and upper indices running from 1 to 3.

1.7. Acknowledgments. M.L. was supported by the NSF grant DMS-1613153. D.L. acknowledges
the support of V. Agostiniani and discussions related to h2-scaling regime. We are grateful to Y.
Grabovsky for discussions on Remark 8.4 and to R.V. Kohn and C. Maor for pointing us to some
relevant literature.

2. COMPACTNESS AND I-LIMIT UNDER Ch2 ENERGY BOUND

Define the matrix fields A € COO((D,RE},XIE pos) and Ar AL A € COO(Q,RSYXIE) so that, uniformly
for all (', 23) € Q" there holds:

2
; I3 h I3

Al xg) =GN w3)Y? = A()) + hAL (2, %) + ?AQ(il, %) + o(h?).
Equivalently, A, Ay, Ay solve the following system of equations:
(2.1) A2=G,  2(AA))sm = G, 242 + 2(AA2)sym =Go  in Q.

Under the assumption (O), condition (iii) on W easily implies:

1/ dist? (Vu" (z)A(z') 1, SO(3)) dw < ¢ dist? (Vu"(z)A"(2) "1, SO(3)) + h* dx
B Jon B Jon

< C(&M(uM) + h?).

Consequently, the results of [12] automatically give the following compactness properties of any
sequence of deformations with the quadratic energy scaling:

Theorem 2.1. Assume (0). Let {u" € WH2(Q" R3)},_,0 be a sequence of deformations satisfying:
(2.2) EMwhy < Ch?.
Then the following properties hold for the rescalings y" € WH2(Q,R3) given by:

Y (2, x3) = ul (2!, has) —][ ul da.
Oh

(i) There exist y € W22(w,R?) and b € WH2 N L (w,R3) such that, up to a subsequence:

1 -
Yy =y strongly in WH2(Q,R?)  and anh — b strongly in L*(Q,R3), as h — 0.
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(ii) The limit deformation y realizes the reduced midplate metric on w:
(2.3) (Vy)TVy = g2><2.

In particular dvy, Oy € L>®(w,R3) and the unit normal 7 = 2402y

|01y X D2yl
satisfies: 7 € WH2 N L>®(w,R3). The limit displacement b is the Cosserat field defined via:

to the surface y(w)

' -~ — g_13 detg —
2.4 b= (Vy)(G 1{ }+VV.
( ) ( )( 2><2) g23 \/m
Recall that the results in [12] also give:
11 - 1 -
(2.5) lim inf - QhW(Vuhg_l/2) > o / Qs (x',Vy(:c’)TVb(x’)) da’,

with the curvature integrand (Vy)TVg quantified by the quadratic forms:
Qs (2, Fax2) = min {Qs (A@@")'FA(@)™"); F e R with Fhyo = F2><2} :
Q3(F) = D*W (Id3)(F, F).

The form Q3 is defined for all FF € R3*3, while Q(2/,-) are defined on Fpyxo € R?*2. Both forms
Q3 and all Oy are nonnegative definite and depend only on the symmetric parts of their arguments,
in view of the assumptions on the elastic energy density W. Clearly, the minimization problem in
(2.6) has a unique solution among symmetric matrices F which for each 2/ € w is described by the

(2.6)

linear function Foxo > c(z’, Fox2) € R3 in:
(2.7) Qs(x’, Foyo) = min {Q3 (A(2") N (Foyg +c®es)A(a)); c € R3}.

The energy in the right hand side of (2.5) is a Kirchhoff-like fully nonlinear bending, which in
case of Aez = e3 reduces to the classical bending content relative to the second fundamental form
(Vy)"Vb = (Vy)"V on the deformed surface y(w).

In the present setting, we start with an observation about projections on polynomial subspaces
of L?. Consider the following Hilbert space, with its norm:

(2) B (BRI lo) 1Pl = ([ Qe Fas) ™,

associated to the scalar product (with obvious notation):

<F1, F2>Q2 = / 'C2,x’ (Fl (:C), FQ(.’E)) dz.
Q
We define P; and IPs, respectively, as the orthogonal projections onto the following subspaces of E:

El = {.fg]:l(l'/) + .7:()(1'/); -FL-FO € LQ(w7R§;n%)}7
(2.9)
E, = {.’L’%.FQ(ZU/) + $3}—1(£L',) +f0(1',); Fa, F1,Fo € Lz(vas;rg)}ﬁ

obtained by projecting each F(z’,-) on the appropriate polynomial subspaces of L?(—1/2,1/2) whose
orthonormal bases consist of the Legendre polynomials {p;}3°,. The first three polynomials are:

po(t) =1,  pi(t) =V12t,  pa(t) = V(6> - %).
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Lemma 2.2. For every F € E, we have:

1/2 1/2
P.(F) = 12(/ w5F dag ) s + (/ Fdz),
—1/2 ~1/2
1/2 1/2 1/2 9
Py (F) = (/ (18022 — 15)Fdx3)x§ + 12(/ :chdxg)xg + (/ (—1522 + f)Fdx3>
—1/2 —1/2 —1/2 4
Moreover, the distances from spaces E1 and Eo are given by:
1/2 1/2 1/2
dist2Q2(F, E) :/ (/ o) (x',F) dzs — IQQQ(x/,/ x3F de’g) - QQ(J:/,/ Fd$3)> da’,
w \J-1/2 ~1/2 ~1/2
1/2 1/2 1
distQQQ(F, Eq) = / (/ Qs (m',F) drs — 18095 ($',/ (x% — —)deg)
w —-1/2 —1/2 12
1/2 1/2
— 120, (x',/ r3F dazg) — Qs (x',/ Fdx3)> dz’
—1/2 —1/2

Proof. The Lemma results by a straightforward calculation:

distg, (F,E1) = [[Flig, — [P1(F)llo, = I1Fllo, - (H /_1/217le953”92 +| /_WPOFdeHQQ)’

distd, (F.Es) = ||F||§, — [P2(F )Hég
101~ (1 sl 4 [ mranl, +1 [ wran,)

where we have used that: Py(F) = p; f_l{/z p1Fdzs 4+ po f—1/2 poF dzs and similarly: Po(F) =
pz]ﬂ{32p2fjd$34-p1Jf4igplfwd$34-p0]f432pofwd$3- O

Theorem 2.3. In the setting of Theorem 2.1, liminfy g %Eh(uh) is bounded from below by:

1 - 1
5 /Q Qs (x’,x;;Vy(x’)TVb(x') — §gl(x)gxg> dx
1

T 24

I3 (y) =
— 12 1 ]
Q2< (V (x')TVb(;(;’))Sym - 591($')2x2) da’ + gdlstQQ2 <(gl)gxg,E1>,
where Gy is as in (EF). In the non-oscillatory case (NO) this formula becomes:
1 - 1
/ Qz( ( (x/)TVb(x/))sym - 583G(x/7 0)2><2) da’.

Z
2(y) = 2
The first term in IQO coincides with Iy for the effective metric G in (EF).

Proof. The argument follows the proof of [12, Theorem 2.1] and thus we only indicate its new
ingredients. Applying the compactness analysis for the xz-independent metric G, one obtains the
sequence {R" € L?(w, SO(3))},_0 of approximating rotation-valued fields, satisfying:

(2.10) % /Q V) Ay — R de < O
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Define now the family {S" € L?*(Q,R3*3)},_,¢ by:
St (2, x3) = %(Rh(az/)TVuh(x/, has) A" (2, has) ™1 — Idg).
According to [12], the same quantities, written for the metric G rather than G":
Sh (o, 23) = %(Rh(:v’)TVuh(x’, haes) Aa') ™~ Ids),
converge weakly in L2(€2, R3*3) to S, such that:
(2.11) (A@@)S(a' 23) A1) 5 = 5(2') + 23Vy(a') V()

with some appropriate 5 € L?(w, R?*2). Observe that:
_ 1 _
Sh(2 x3) = SM(a! x3) + ERh(x')Tth(x’, has) (A" hog) ™t — A(2)) ™)

and that the term R"(z')"Vu"(z', has) converges strongly in L?(Q, R3*3) to A(z'). On the other
hand, the remaining factor converges uniformly on €2 as h — 0, because:

(2.12) %(Ah(x’, hrg) ™t — A(x') ) = —A(2) T Ay (2, 23) A(2) T+ O(R)
Concluding, S" converge weakly in L?(Q, R3*3) to S, satisfying by (2.11):
(2.13) (A(2")S(a, ac;;)ﬁ(ac’))QX2 = 5(2) 4+ 23Vy(z)Vb(z') — (A(:U’)Al(:v',:cg))QXQ.

Consequently, using the definition of S” and frame invariance of W and Taylor expanding W at
Id3 on the set {|S"|2 < 1/h}, we obtain:

lim inf £ (u" )—hmlnf /W (Ids + hS"(z)) dz
h—0

> nmmfl Q3(8"(x)) + o(|S"?) du
h—0 2 {|SP|2<1/h}

> / 03(S(x)) da > ; /Q Qs+, (A)S (@) A(x')), ., ) da.

Further, recalling (2.13) and (2.1) we get:
o 1 1
h?_}glfgh( §||Ssym +373( vy Tvg)sym - §(g1)2><2H2Q2
1 1
= §H]P)1 (5sym + $3((Vy)TV5>Sym - 5(91)2@)“292 + g”(gl)2x2 - Pl((gl)2x2)H292
1, 1 1/2
= Sllssm I, + 3llea (((79)79D),, 6 [

1 1/2 1
> ﬂ“((Vy)TVE)Sym — 6/_1/2 t(G1)2x2 dtH2QQ + gdlstzb((gl)bd’ﬂgl) :IQO(y),

2 1. 2
» t(G1)2x2 dt) o, + gdlStQQ ((G1)2x2,E1)

where we have used the fact that Qs(2’,-) is a function of its symmetrized argument and Lemma
2.2. The formula for Z in case (NO) is immediate. O

Our next result is the upper bound, parallel to the lower bound in Theorem 2.3:
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Theorem 2.4. Assume (0). For every isometric immersiony € W22(w,R?) of the reduced midplate
metric Gaxa as in (2.3), there exists a sequence {u" € W12(QF R3)};, o such that the sequence
{y"(2', x3) = u(2, ha3) }n_so converges in W12(Q,R3) to y and:
L oongn 0
(2.14) lim L") = 79 1)
Automatically, +0sy" converges in L?(Q,R3) to be Wh2NL®(w,R3) as in (2.4).
Proof. Given an admissible y, we define b by (2.4) and also define the matrix field:
(2.15) Q = [y, doy, b € W2 N L2 (w, RP).

It follows that Q(z')A(2')™' € SO(3) on w. The recovery sequence u” satisfying (2.14) is then
constructed via a diagonal argument, applied to the explicit deformation fields below. Again, we
only indicate the new ingredients with respect to the proof in [12, Theorem 3.1].

Recalling the notion of the linear vector association c(z’, Fox2) that is minimizing in the right
hand side of the formula (2.7), we define the vector field d € L?*(Q, R?) by:

12 2!
V|b\0< ) D

700 _ NT,—1 ﬁ / NTTR( ) _
d(z',z3) = Q(a") 5 (c(az , Vy(z')'Vb(z"))

1 s
(2.16) — 2c<x’,/0 G1(2', t)ax2 dt)

x3 1 €3
+/ Gi(2',t) dt ez — 2/ Gi(2',1)33 dt€3)-
0 0

In view of (2.7), the above definition is equivalent to the vector field 93d € L%(2, R3) being, for each
(2', x3) € , the unique solution to:

- 1
0, (:c',x3Vy(x')TVb(a:’) — 591(1’/7953)2“)

1
2

-

_ 0, <A(x’)1<Q(x’)T [xgalg(x/), 23005(2), 83d(x/,:c3)] - ;gl(x/,:zg))/_l(x/)l).

One then approximates y, b by sequences {yh € W2 (w,R3)}, 0, {b" € W (w,R?)};, 0 respec-
tively, and request them to satisfy conditions exactly as in the proof of [12, Theorem 3.1]. The
warping field d is approximated by d"(z/,z3) = 0° d"(z',t) dt, where:

d" — d = d3d strongly in L*(Q,R?) and h”JhHWl,oo(Q,RS) —0 ash—0.
Finally, we define:

(2.17) uh(:c’, x3) = yh(:E') + angh(x') + h2d" (95/, %),

so that, with the right approximation error, there holds:

V' (2!, x3) ~ Q(a') + h %615(:5’), %625(33’), Ogi(x’,%) '

Using Taylor’s expansion of W, the definition (2.16) and the controlled blow-up rates of the approx-
imating sequences, the construction is done. O

We conclude this section by noting the following easy direct consequence of Theorems 2.3 and 2.4:
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Corollary 2.5. If the set of W22(w,R3) isometric immersions of Gaxo is nonempty, then the func-
tional G attains its infimum and:

1
}Liirz)ﬁinfgh = min Z9.

The infima in the left hand side are taken over WH2(Q" R3) deformations u”, whereas the minima
in the right hand side are taken over W22(w, R3) isometric immersions y of Gaxa.

3. IDENTIFICATION OF THE Ch2? SCALING REGIME

In this section, we identify the equivalent conditions for inf £* ~ h? in terms of curvatures of the
metric tensor G in case (NO). We begin by expressing the integrand tensor in the residual energy
7Z> in terms of the shape operator on the deformed midplate. Recall that we always use the Einstein
summation convention over repeated indices running from 1 to 3.

Lemma 3.1. In the the non-oscillatory setting (NO), let y € W22(w,R?) be an isometric immersion
of the metric Gaxa, so that (2.3) holds on w. Define the Cosserat vector b according to (2.4). Then:

1 1 1 [T% I3
V)T - ! - 11 112 /
(3.1) ((Vy) v%m 505G (', 0)axz ﬁny+g3g {F% rs, ] (,0),
for all @' € w. Above, G** = (G es, e3), whereas I, = (Vy)'Vi € Wh2(w,R2%2) is the second

fundamental form of the surface y(w) C R3, and {le}hk’l:lmg are the Christoffel symbols of G:
. 1 .
W= isz (0.G ks + OkGri — OG-

Proof. The proof is an extension of the arguments in [12, Theorem 5.3], which we modify for the
case of r3-dependent metric G. Firstly, the fact that QTQ = G with @ defined in (2.15), yields:

(3.2) ((Vy)TVl;)Sym = ([aigj3]i7j:172)sym — [<aijyag>]i,j:172.
Also, 0,G = 2((81Q)TQ)Sym for i = 1,2, results in:

1
(3.3) (0ijy, Opy) = 3 (0iGrj + 0;Git, — Ok Gij)

and:

(Vy)Tﬁijy = Fm(x 0) |: for i,j = 1, 2.

Consequently, we obtain the formula:

gml :|
gm?

_ rL
_ _ _ _ _ _ v
[G13, Gos] (Gox2) ' (Vy) iy = [913, Gz, [Gi3s Gos] (Gax2) ™! [ 13 ]] r? | (2',0)

= GaTl (!, 0) — EF% («',0).

Computing the normal vector 7 from (2.4) and noting that det Gaxa / det G = G?3, we get:
I = —(0iy, V) = —V Q33<< i3 Vs by — (G13, Ga3] (Gax2) ' (Vy)T ijy>

= \/ﬁ((vy)-rv@sym g \/QT

z]($/70) aSG’Lj(:E O) for Za] = 1a27

1
\/G33
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which completes the proof of (3.1). O

The key result of this section is the following;:

Theorem 3.2. The energy scaling beyond the Kirchhoff regime:
1
lim — inf " = 0
fin g
1s equivalent to the following conditions:

(i) in the oscillatory case (O)

(G1)2x2 € Ey or equivalently there holds:
G1(2', 23)2x2 = 23G1 (2 )22 for all (z',23) € Q.

Moreover, condition (3.5) below must be satisfied with G replaced by the effective metric
| G in (EF). This condition involves only G and (Gy)ax2 terms of G.
(ii) in the non-oscillatory case (NO)
[ There exists yo € W?2(w,R3) satisfying (2.3) and such that:

1 [ Iy T
Vo LTl T

where Iy, is the second fundamental form of the surface yo(w) and {F;k} are the Christoffel
| symbols of the metric G.

Hyo (x/) - =

] (2,0) for all ' € w,

The isometric immersion yo in (3.5) is automatically smooth (up to the boundary) and it is unique
up to rigid motions. Further, on a simply connected midplate w, condition (3.5) is equivalent to:

3 The following Riemann curvatures of the metric G vanish on w x {0}:
Riz12(2',0) = Rigi3(2",0) = Rigas(2’,0) =0 for all ' € w.

Above, the Riemann curvatures of a given metric G are:
1
Rigim = 3 <8leim + 0imGri — Okm Gt — ailem) + Grp (DT = TR TE).

Proof. By Corollary 2.5, it suffices to determine the equivalent conditions for minIQO = 0 and
minZy = 0. In case (O), the linearity of x3 — Gy(2,23)2x2 is immediate, while condition (3.5)
follows in both cases (O) and (NO) by Lemma 3.1. Note that the Christoffel symbols {F;k} depend
only on G and 93G(2’,0)2x2 in the Taylor expansion of G. This completes the proof of (i) and (ii).

Regularity of yg is an easy consequence, via the bootstrap argument, of the continuity equation:
2
(3.7) Dijyo = Z YiiOmyo — (Iy, )ijto  ford,j=1,2,
m=1

where {’}/ZL}Z‘J’m:L“Q denote the Christoffel symbols of Gaxo on w. Uniqueness of yg is a consequence
of (3.5), due to uniqueness of isometric immersion with prescribed second fundamental form.

To show (3.6), we argue as in the proof of [12, Theorem 5.5]. The compatibility of Gaxs and II,,
is equivalent to the satisfaction of the related Gauss-Codazzi-Mainardi equations. By an explicit
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calculation, we see that the two Codazzi-Mainardi equations become:

<82G33 _0G 33

(0:.T3, — Oil'%,) — 3, — ——T3 ) G33Gm3(r D — T3nl5s)

G33 G33
2 G3
= (Z F?m % - Z Fgm ﬁ) G33 (F31F (F?2)2)7
=1
DoG33 o 816‘ 3

1
(82F§2 - alF%Z) - 5 < G33 F G33 F ) G33 Gm3 (F F?Q - F:{’mF§2)

2
a3l
- (3o rtar - - rars) - St ),
m=1 m=1

and are equivalent to Rz{’m = R;’Ql = 0 on w x {0}. The Gauss equation is, in turn, equivalent to
Ri212 = 0 exactly as in [12]. The simultaneous vanishing of R3y;, Ry, Ri1212 is equivalent with the
vanishing of Rj212, R1213 and Rj293, which proves the claim in (3.6). O

4. COERCIVITY OF THE LIMITING ENERGY 7o

In this section we quantify the statement in Theorem 3.2 and prove that when either of Z5 or IQO
can be minimized to zero, the effective energy Zs(y) measures then the distance of a given isometric
immersion y from the kernel: ker 7o = {Quo + d; Q € SO(3), d € R3}.

Assume that the set of W22 (w, R3) isometric immersions y of Gaxo is nonempty, which in view of
Theorems 2.3 and 2.4 is equivalent to: inf £» < Ch2. For each such y, the continuity equation (3.7)
combined with Lemma 3.1 gives the following formula, valid for all ¢,5 = 1, 2:

41 dyy= > ’ymamy—\/g_?’?’(((Vy)TVl;)Sym —783G(a: O)M) P+ 5 onw.

m=1,2 Y \% g33

Another consequence of (3.7) is

IV2yl* = [T, |* + Z (Gaxa2 : [vilj, 7%]®2> on w.
1,j=1,2

By Lemma 3.1 and since |Vy|? = trace Gaxa, this yields the bound:

(4.2) = F ollisaqums < CTlw) +1).

where C' is a constant independent of y. Clearly, when condition (3.6) does not hold, so that
minZ, > 0, the right hand side C'(Zs(y) + 1) above may be replaced by CZs(y). On the other hand,
in presence of (3.6), the bound (4.2) can be refined to the following coercivity result:

Theorem 4.1. Assume the curvature condition (3.6) on a metric G as in (NO), and let yo be the
unique (up to rigid motions in R3) isometric immersion of Gaxo satisfying (3.5). Then, for all
y € W22(w,R3) such that (Vy)"™Vy = Gaxa, there holds:

(4.3) dist{y 2,2, g2 (y {Ryo+c; Re SO(3), ce R3}) < CTy(y),

with a constant C' > 0 that depends on G,w and W but is independent of y.
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Proof. Without loss of generality, we set f_y = f yo = 0. For any R € SO(3), identity (4.1) implies:
/ V2 — V2(Ry0)‘2da;' < C(/ |Vy — V(Ryo)‘Q da’
+/w|((Vy)TV5)Sym — ;63G(3:’,0)2X2|2dx'+/w|17—R170|2d:c’>
= C(/w Vy — V(Ryo)\de’Jr/w\((Vy)TVE)Sym - %(33@(;,;',0)2“‘2@/)’

where we used Z(Ryo) = 0 and the fact that [ |7 — Rijp|*da’ < C [ |Vy — V(Ryg)‘2 dz’ following,
in particular, from |1y x day| = |01 (Ryo) x 02(Ryo)| = /det Gaxa. Also, the non-degeneracy of
quadratic forms Qy(2/,) in (2.6), implies the uniform bound:

1
/ (V)9B),,,, — 305G, 0o da’ < OTo().
Taking R € SO(3) as in Lemma 4.2 below, (4.3) directly follows in view of (4.4). O

The next weak coercivity estimate has been the essential part of Theorem 4.1:

Lemma 4.2. Let y and yo be as in Theorem J.1. Then there exists R € SO(3) such that:

(14) [ 9u= RV < [[[(90)7VE),, ~ 5066 0l da
with a constant C > 0 that depends on G,w but it is independent of y.
Proof. Consider the natural extensions u and ug of y and yg, namely:
w(a',xz3) = y(a') + xsb(z’), wo(e,23) = yo(z') + z3bo(z’) for all (z',x3) € Q"

Clearly, u € W12(Q" R3) and ug € C1(Q", R?) satisfies det Vug > 0 for h sufficiently small. Write:

N N
w= U Wk, oh = U Qr
k=1 k=1

as the union of N > 1 open, bounded, connected domains with Lipschitz boundary, such that on

each {QF = wy x (=4, )}, | the deformation ugqn is a C! diffeomorphism onto its image U C R3.

1. We first prove (4.4) under the assumption N = 1. Callv =uo uo_l c Wh2(Uh,R3) and apply
the geometric rigidity estimate [17] for the existence of R € SO(3) satisfying:
(4.5) / Vo — RI*dz < C’/ dist®(Vv, SO(3)) dz,
uh uh

with a constant C' depending on a particular choice of h (and ultimately k, when N > 1), but
independent of v. Since Vv(ug(x)) = Vu(x) (Vuo(:z))_l for all x € Q", we get:

/ Vo — R*dz = / (det Vug) |(Vu — RVUO)(VUO)_I‘Q dz > C'/ |Vu — RVug|* dz
uh Qh Qh
.12 - -
(4.6) = [ |[ovw. 02, T - Rlovwo. 0, ]|+ a3VE - RYE[ do
Q

> Ch/ |Vy — RVyo|? da'.



DIMENSION REDUCTION WITH OSCILLATORY PRESTRAIN 17

Likewise, the change of variables in the right hand side of (4.5) gives:

(4.7) /uh dist*(Vo, SO(3)) dz < C/Qh dist? ((Vu)(Vug) ~*, SO(3)) da.

Since (Vu)"Vu(z',0) = (Vug)"Vug(z',0) = G(2'), by polar decomposition it follows that: Vu(z',0) =
Q(z') = RG'/? and Vug(z',0) = Qo(2') = RyG'/? for some R, Ry € SO(3). The notation Q, Qo is
consistent with that introduced in (2.15). Observe further:

Vu(e',s) = Q + 23 (018, dhb, 0] = RGV2(Ids + wsG7'Q"[onb, 9, 0)])
= RG'?(1ds+ 25 ((Vy)'VE)" + es @ [V5, 0]'F) ).
and similarly:
Vuo(a!, 25) = RoG? (Ids + 25~ (Vo) "Vho)" + e @ [Vho, 0] ) ).
Consequently, the integrand in the right hand side of (4.7) becomes:
(Vu)(Vug) ™!

48 o . i . N
(48) = RG'/? (Idg + $39_15<Id3 + 2367 ((Vyo)"Vbo)* + e3 @ [Vbo, Q]Tbo) >g—1/2RT’

where:

S = (<Vy)Tv5 - (Vyo)TV50>* +e3® [Vb, 0175 — e ® [Vbo, 0] By = ((vy)Tvz? - (VyO)TVEO)*

sym

The last equality follows from the easy facts that, for 4,7 = 1,2, we have:
(Bib, b) = (8;bo, by) = %31‘533
(D5, 0;b) — (05, ib) = (Biyo, Djbo) — (D0, Dibo) = 0;Giz — 9;Gy3-
Thus, (4.7) and (4.8) imply:

/ dist?(Vo,S0(3)) dz < C [ |(Vu)(Vug)~' — RRY|* da < C’/ |235(a!, 23)|* da
uh Oh

Oh

(4.9) <c /
= C’/w ‘((Vy)TVE)Sym — %33G(l‘/,0)2x2

(V) 98),, — (Vo0) Vi), | o

2 /
dx

with a constant C' that depends on G,w and h, but not on y. We conclude (4.4) in view of (4.5),
(4.6) and (4.9).

2. To prove (4.4) in case N > 1, let k,s:1... N be such that w, Nws # @. Define:

-1
F = (/ det Vug dac) / (det Vug) (V) (Vug) ™ da € R3*3.
QrnQh QrnQk



18 MARTA LEWICKA AND DANKA LUCIC

Denote by Ry, Rs € SO(3) the corresponding rotations in (4.4) on wy,ws. For i € {k, s} we have:

-1 9
|F — R = ’( / det Vug da:) / (det Vo) (Vu — R;Viup) (Vaug) ™ dw‘
Qpnat QhnQk

gc/ \Vu—RiVuOIdeSC/ |Vu — R;Vug|* dz
QrnQh Qh

7

2 /
dz’,

1
< [ H(V9)'Vb),, — 505G, 002

where for the sake of the last bound we applied the intermediate estimate in (4.6) to the left hand
side of (4.5), as discussed in the previous step. Consequently:

1 2
R — RP2<C / (V9)TVE),,, — 505G 0| e’

and thus:

/ IVy — RsVyo|?da’ < 2(/
W

Wik

1
<C / [(Vy)TVD),,, — 505G (', 0)2:02

|Vy — RpVyo|* dz’ + / |Rr — Rs|?|Vyol|? dx’)

Wik

2 /
dx'.

This shows that one can take one and the same R = R; on each {wk}{le, at the expense of possibly
increasing the constant C' by a controlled factor depending only on N. The proof of (4.4) is done. [

Remark 4.3. A similar reasoning as in the proof of Lemma 4.2, yields a quantitative version of
the uniqueness of isometric immersion with a prescribed second fundamental form compatible to
the metric by the Gauss-Codazzi-Mainardi equations. More precisely, given a smooth metric g in
w C R?, for every two isometric immersions y1,y2 € W?2(w, R3) of g, there holds:

RSB /w [Vyr — RVyp*da’ < C /w L, — 10, |* da’,

with a constant C' > 0, depending on ¢ and w but independent of y; and ys. [ ]

5. HIGHER ORDER ENERGY SCALINGS

In this and the next sections we assume that:

N SN
(5.1) ilzli% 72 inf " = 0.

Recall that by Theorem 3.2 this condition is equivalent to the existence of a (automatically smooth
and unique up to rigid motions) vector field yo : @ — R? satisfying:

_ - 1 _
(5.2) (V)" Vo = Gaxo and ((Vyo)'Vho) = = 5(91)2x2 on w,

sym

where in the oscillatory case (O) the symmetric 2’-dependent matrix G is given in (EF) and there
must be (G1)axa = 23(G1)2x2, whereas in the non-oscillatory (NO) case G (z') is simply d3G(2/,0).
The (smooth) Cosserat field by : @ — R? in (2.4) is uniquely given by requesting that:

Qo = |Ovyo, Doyo, bo satisfies: QiQo=G, detQy>0 on w,
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with notation similar to (2.15). We now introduce the new vector field dy : © — R3 through:

- - - 1
(5.3) Qg |:563alb0($/), xgagbo(ﬂj/), 33d0(x/,x3)] — igl(x/,ﬁg) S 50(3),

justified by (5.2) and in agreement with the construction (2.16) of second order terms in the recovery
sequence for the Kirchhoff limiting energies. Explicitly, we have:

> Vo) bo(
do(2',x3) = Qo(x / Gi (2, t)dt€3—/ Gi (2, t)33d7563—? ( 0)0 o(a’) ])
In what follows, the smooth matrix field in (5.3) will be referred to as Py : Q — R3*3 namely:
(5.4) Po(l'/,lg) = [:1;3811;0(37’), xgaggo(l'/), 83(%(.%’,%3)] .
In the non-oscillatory case (NO), the above formulas become:
7 x?‘) 7 / / N 7 7 /
do = Edo(w )s Py(z', x3) = 23 [3150, Oa2bo, do] ('),
(5.5) L
bo) "bo (2’
where (') = Qo(2)" 1(33G(33 ;0)eg — £ 03G(a",0)33e3 — [ ( 0)0 (@) ] )

We also note that the assumption f 12 Gi(2/,t) dt = 0 implies:
1/2

(5.6) / Py(z',z3)dzs =0  forall 2’ € @.

—-1/2
With the aid of dy we now construct the sequence of deformations with low energy:
Lemma 5.1. Assume (O). Then (5.1) implies:

inf £" < Ch*.

Proof. Define the sequence of smooth maps {u” : Q" — R3},,_ by:

(5.7) uP (2!, 23) = yo(a') + m3bo(a') + h2dy (2, %)

In order to compute Vu'(A")~1, recall the expansion of (4")~!, so that:
(5.8) Yl (2) A" ()t = Qo(a') A(a!) " (Ids + hS"(z) + O(h2)),
where for every x = (2/,23) € Q"
Sh(z) = A(z')! (QO( TPy (2 923) — Aa') Ay (2 %”))A(x’)*l.
By frame invariance of the energy density W and since Qq(2')A(z")~! € SO(3), we obtain:
W (Vu(z)A"(2)™') = W (Ids + hS"(z) + O(h?)) = W (Id3 + hS"(x)sym + O(h?))
= W(Ids + O(h*)) = O(h*),

where we also used the fact that S”(z)sym = 0 following directly from the definition (5.3). This
implies that "(u) = O(h*) as well, proving the claim. O
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Lemma 5.2. Assume (O) and (5.1). For an open, Lipschitz subset V C w, denote:

h h 1
Vi=Vx(-5,5), &M Vvh)= / W (Vu"(A")™1) da.
2 2 h Vh
If yo is injective on V, then for every u € WH2(Vh R3) there exists R" € SO(3) such that:
1 _ 2
(5.9) h/ Vul(z) — R (Qo(:c') +hPy (2, %))‘ dz < C(EMul, VM) + h3|VR)),
Vh

with the smooth correction matrixz field Py in (5.4). The constant C in (5.9) is uniform for all
subdomains V" C Q" which are bi-Lipschitz equivalent with controlled Lipschitz constants.

Proof. The proof, similar to [40, Lemma 2.2], is a combination of the change of variable argument
in Lemma 4.2 and the low energy deformation construction in Lemma 5.1. Observe first that:

Qo(z') + hPy (', %) = VYN x3) + O(h2),

where by Y" : Q" — R3 we denote the smooth vector fields in (5.7). It is clear that for sufficiently

small A > 0, each Y"éh is a smooth diffeomorphism onto its image U" C R3, satisfying uniformly:

det VY" > ¢ > 0. We now consider v = u" o (Y?)~1 € Wh2(U" R?). By the rigidity estimate [17]:

(5.10) / Vol — RM2dz < C dist? (Vvh, 50(3)) dz,

uh uh
for some rotation R" € SO(3). Noting that: (Vo) oY" = (Vu)(VY")~! in the set V", the change
of variable formula yields for the left hand side in (5.10):

/ Vol R ds = / (det VY")[(Va")(VY™) ' — B! da
uh Vh

ZC/

Vh

20/
V}L

Similarly, the right hand side in (5.10) can be estimated by:

Vut — R (Qo(:v’) +hPy (2, %) + (’)(h2)) \2 do

v — B (o) + 1By (o, 2 ) de e [ 0 ar.
h Vh

/ dist*(Vo", SO(3)) dz = / (det VY™) dist? (Vu™)(VY") ™1, SO(3)) dw
uh Vh

<C [ dist?(Vu") (AW~ AMVvY™") T S0(3)) do
Vh’

<C distQ((vuh)(Ah)*l, 50(3)(vyh)(,4h)*1) da.
Vh

Recall that from (5.8) we have: (VY")(A")™! € SO(3)(Ids + hS" + O(h?)) C SO(3)(Ids + O(h?)),
since S" € s0(3). Consequently, the above bound becomes:

/ dist? (Vo 50(3)) dz < 0 [ dist? (V) ("), SO(3)(1d; + O(1) )
Uh

Vh
<c / dist? (V") (4", SO(3)) + O(h) de
Vh

The estimate (5.9) follows now in view of (5.10) and by the lower bound on energy density W. O
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The well-known approximation technique [17] combined with the arguments in [40, Corollary 2.3],
yield the following approximation result that can be seen as a higher order counterpart of (2.10):

Corollary 5.3. Assume (O) and (5.1). Then, for any sequence {u € W12(QF R3)},_0 satisfying:
EM(ul) < Ch4, there exists a sequence of rotation-valued maps R" € W1%(w, SO(3)), such that with
Py defined in (5.4) we have:

3
h Jon

/ |VR"(2")|? da’ < Ch2.

Vu'(z) — RM(2') (Qo(x’) +hPy (2, %)) ‘2 da < Ch4,
(5.11)

6. COMPACTNESS AND I'-LIMIT UNDER Ch4 ENERGY BOUND

In this section, we derive the I'-convergence result for the energy functionals £ in the von Kérméan
scaling regime. The general form of the limiting energy If will be further discussed and split into
the stretching, bending, curvature and excess components in section 7. We begin by stating the
compactness result, that is the higher order version of Theorem 2.1.

Theorem 6.1. Assume (O) and (5.1). Fiz yo solving (5.2) and normalize it to have: [ yoda’ = 0.
Then, for any sequence of deformations {u" € WhH2(Q" R3)Y,_,¢ satisfying:
(6.1) EMwhy < Cnt,

there exists a sequence {R" € SO(3)}n_0 such that the following convergences (up to a subsequence)
below, hold for y" € WH2(Q,R3):

yh(:v/,azg) = (Rh’)T (uh(a:’, hxzs) — ]f)h ul daz).

1 -
(i) y* — yo strongly in WH2(Q,R3) and Eagyh — by strongly in L?(Q,R3), as h — 0.
(ii) There exists V. € W22(w,R3) and S € L?(w,R%%2) such that, as h — 0:

sym

1 [1/2 =
Vi) == / o Y@ x3) — (yo(2') + hasbo(2')) das — V  strongly in W2 (w, R?)

1
E((Vyo)TVVh)Sym —~ S weakly in L*(w, R**?).
(7i1) The limiting displacement V' satisfies: ((Vyo)TVV)Sym =0 inw.

We omit the proof because it follows as in [40, Theorem 3.1] in view of condition (5.6). We only
recall the definitions used in the sequel. The rotations R are given by:

R = Psos) ]f)h Vuh(x)Qo(x’)_1 dx

and (5.11) implies that they satisfy, for some limiting rotation R:

(6.2) / RMa) — R'Pde’ < CR2 and  R'— Re SO(3).
Consequently:

1 _
(6.3) Sh = E((Rh)TRh(x’) —Id3) =S weakly in Wh?(w,R*?)
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The field S € W'?(w,s0(3)) is such that (Vyo)'VV = (Q5SQo),,, € s0(2), which allows for
defining a new vector field p€ W12(w, R3) through:

VV (/) bo(2)

for all 2’ € w.
0 or all * w

(6.4) [VV, p] =8Qy or equivalently: p(z') = —Qo(z")""

Finally, by (5.11) we note the uniform boundedness of the fields {Z" € L2(Q,R3>*3)},_,o below,
together with their convergence (up to as subsequence) as h — 0:

(65) Z"(x) = — (Vu (:U’,h:tg)—Rh(:n')(Qo(x')+hP0(:E’,:U3))> ~Z  weakly in L2(Q,R3*3).

Rearranging terms and using the previously established convergences, it can be shown that:

—-1/2

_ 1/2 1
(6.6) S(2') = (QB(ZB')RT/ Z(x, x3) dl’g) - §VV(IL‘/)TVV(:L'I) for all 2’ € w.

2X2,s5ym

Theorem 6.2. In the setting of Theorem 0.1, liminf;,_,g h—ﬂ&'h(uh) s bounded below by:
1 1
I0(V,8) = 3 / Q, (1:/, I(2') + w31 11(x') + H(x)) dw = S|+ a1+ I|[},,
Q

where:

1 1/2
1) =8() + 5 VV (@) VV ) - VooV [ do(a) da,
1/2

(6.7) I1I(2") = Vyo(2') V(') + VV (2) Vo,
2 . - - 1
[I(z) = %Vbo(x’)wbo(x’) + V(@) Veandy () — 7G2(@)2x2.

Proof. 1. Towards estimating the energy £"(u"), we replace the argument Vu(z)A"(x)~1 of the
frame invariant density W by:

(QOA_I) (QSI)TRh(SU/)TVUh(.’E)Ah(.T)_I
_ _ o x
(65) = (A7) (@ Qo) A" (@)™ + hA) 7 Qo(a) (e, 22) AP ()
+ hZI:],f (x’, %) for all z € Q"
where I is given in (6.11). Calculating the higher order expansion of (2.12):

Ar(2)™ = A) + A(e!)” ( hA; (2, h) +h2A4, (o

h "h
(6.9) v
- ?A2 (xlv Z) A(xl)_l + 0(h2)7

the expressions in (6.8) can be written as:
(QoA™)(2) RMa')"Vu" (2, hag) A" (2 havg) ™

(6'10) / 2 / hot 2
=Ids+ hli(z',z3) + h (Ig(x ,x3) + I3 (z ,553)) + o(h?) for all x € €,
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where 1 : Q — s0(3) and I : Q — R3*3 are smooth matrix fields, given by:

Il
N

L) = A@) ™ (Qo(@) Ry(w) = Aa))As () A(a') !

Ayt

Iy(zx) A A1 (z)A(z) LAy (2) — %fl(x’)Ag(az) — Qg(x’)TPo(ac)fl(a:')*lAl(w))[l(x’)*l.

/N

The fact that I1(z) € so(3) follows from (5.3). Also, we have:
(6.11) M) = A(2) 7 1Qo(z) T RMa!) T 2" (x) AP (2 has) ™!
‘ — I(z) = A(2)1Qo(2) R™Z(x)A(z)™'  weakly in L2(Q, R3*3),

where we used (6.8) and (6.2) to pass to the limit with (R")T. As in the proof of Theorem 2.3,
we now identify the “good” sets {|I%#|?> < 1/h} C Q and employ (6.10) to write there the following
Taylor’s expansion of W (Vu/(A")~1):

W(Vuh(:c', has) AR, hxg)*l) - W(Idg + R (2) + B2 (Ia(z) + Ih(2)) + o(h2))
_ W(fhfl@) (Ids + hIy(z) + h2(Iy(z) + I1(z))) + 0(h2)>
(6.12) ) 1, N )
- W(Idg + B2 (I = SIF+ 1§) + ofh ))
ht 1
Above, we repeatedly used the frame invariance of W and the exponential formula:

2
e M = Idy — hI, + %112 + O(h3).

Since the weak convergence in (6.11) implies convergence of measures |[I}|* > 1/h| — 0 as h — 0,
with the help of (6.12) we finally arrive at:

11 1 1
lim inf / W(Vuh(x)Ah(:U)_l) dz > liminf / Q3(L, — = I + Ié‘) dz
(6 13) h—0 hih Qh h—0 |I§L\2§1/h 2

1 1, 1 . 1, _
23 /Q Q3(Ir — Sl + I3)dz = 5 /Q Qs <x ,(A(L — Sl + Ig)A)2X2) d.
2. We now compute the effective integrand in (6.13). Firstly, by (2.1) a direct calculation yields:

A (Ao Rofa) — 5Ga(0)) Al

1 1 1
(6.14)  (Io(z) — 5Il(gd~)2)sym = (I2) gy + 51{11 =3

Secondly, to address the symmetric part of the limit I3 in (6.11), consider functions f*" : Q — R3:
o) = ][ (h(Rh)TZh(x’, x5 +t) + S"(2') (Qo(2') + hPy(a', x5 + t)))eg dt.
0
By (6.3) it easily follows that:

(6.15) o = Sby=7  strongly in L*(Q,R?), ash— 0.
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On the other hand, we write an equivalent form of f*" and compute the tangential derivatives:

FoR@) = o (0w + ) (@ 29) = pole!) — 4 (Aol s+ ) — o) ),

0if*" () = ;(Rh)T(Zh(x’, w3+ ) — 22, w3))e; + S™(2)dibo (')
1/ - .
— g (&»do(m’, I3 + 8) — 6¢d0(a:’, 1'3))
for i =1,2. In view of (6.2) and (6.3) and equating the tangential derivatives 0y, 02, result in:
R (Z(x',x3) — Z(2',0))e; = 23(0ip(a’) — S(2')9;bo(a")) + D;do(x', x3) — Bido (2, 0).
Further, by (6.11), (6.4) and since S € so(3), it follows that:

(A@)I3(2) A(2")) 50 com = (Qo( )'R'Z ())

2X2,sym

(6.16) = (@R Z@,0)) + a5 (Vyo o) VA(') + TV (2') V)

2X2,sym sym

NT 7.
(@) V@),

On the other hand, taking the z3-average and recalling (6.6), we get:

1 1/2
6.17) (Qu )" B 2(/.0)) = 5() + YV YV () — (Vao()'V / ) da3)

2X2,sym 2 1/2 sym

3. We now finish the proof of Theorem 6.2. Combining (6.14), (6.16) and (6.17), we see that:
_ 1 _
(A(:L")(IQ - 13),4(:5')) - (I(x’) s ITI(2') + H(:p)) on Q,
2 2x2,5ym sym
where I, 11,111 are as in (6.7). In virtue of (6.13), we obtain:
11
hmmf/ W(Vuh(m)Ah( )~ )d:n > = 5 / Q2<$ I(z") + 23l 11(2) —i—II(:E)) dx.

h—0 h4 h

This yields the claimed lower bound by Z9(V,S). O

For the upper bound statement, define the linear spaces:

¥ = {V € W22 (w,B?); (Vyo(!)'VV(2)),,,, =0 for all 2’ € w},
(6.18)
S = cle(szxz){((Vyo)TVw)sym; w e Wl’Q(w,R?’)}.

We see that the limiting quantities V and S in Theorem 6.2 satisfy: V € ¥, S € .%. The space ¥
consists of the first order infinitesimal isometries on the smooth minimizing immersion surface yg(w),
i.e. those Sobolev-regular displacements V' that preserve the metric on yo(w) up to first order. The
tensor fields S € . are the finite strains on yo(w), eventually forcing the stretching term in the von
Karmén energy I40 to be of second order.

Theorem 6.3. Assume that yo solves (5.2). Then, for every (V,S) € ¥ x .7 there exists a sequence
{ul € Wh2(Q" R3)}j, 0 such that the rescaled sequence {y"(z',x3) = u(2', has)}n_so satisfies (i)
and (i) of Theorem 6.1, together with:

(6.19) }Ji%ﬁgh( M =19(V,S).
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Proof. 1. Given admissible V and S, we first define the e-recovery sequence {u € W1 (Q" R3)}, .
The ultimate argument for (6.19) will be obtained via a diagonal argument. We set:
uh(x', r3) = yo(a') + hvh(z:’) + h2wh(:n') + l’ggo(fﬁl) + h2(f()(x’, %)

+ h3kq (, %) + hasp™(2') + h2xsq"(2)) + W37 (2, %) for all (z',x3) € QM.

The smooth vector fields by and dg are as in (5.2), (5.3). We now introduce other terms in the above
expansion. The sequence {w" € C*(w, R?)};_,0 is such that:

((Vyo)TV(wh + /

-1/2

/2
do(-,t) dt)) — S strongly in L*(w,R**?) as h — 0,

sym

(6.20)
. h -
lim Vh||[w|[y2.00 (o g3y = 0.

Existence of such a sequence is guaranteed by the fact that S € ., where we “slow down” the
approximations {wh} to guarantee the blow-up rate of order less that h~Y2. Further, for a fixed
small ¢ > 0, the truncated sequence {v" € W2 (w,R?)};_,0 is chosen according to the standard
construction in [17] (see also references therein), in a way that:

o -V strongly in W22(w,R?) as h— 0,
(6.21)

h h
hl[v"[[w2.00(wr3) <€ and }lllgaﬁHx € w; v (2)) a')} =0.

The vector field kg € C*°(Q,R?) and sequences {5", " € W= (w, R¥)}1L0, {7 € L®(Q,R*) 10
are defined by:

- (VY h Tg
E)'ph _ ( 2(; ) 0] 7

} 1 (Voh)Tph (Vw™)Th
T-h / T — h) — - 0

QOq —C(ZL‘ , ((Vyo) Yw )sym 2(V’U ) Vv ) |: %,ﬁh’Z 0 ;
22
(6.22) Qsdsko = (', (Vyo) Viando) ., + 5 (Vho) Vo — *(92)”2)
3(Vbo)"dsdy (Veando)"bo| , 1, 1
[ T S i@

QOT’ = ZL’3C< ((Vyo)TVﬁh + (vvh)Tvgo)sym> o

(Vo) T d3dg
(ph, Bsdo) |

Finally, we choose {* € W1>(Q,R?)};_,0 to satisfy:

. >h _ ~h _ : —h _
(6.23) lim [|057" — 7| 20,3y =0 and m\/ﬁur llwioe (0 R3) = 0.

2. Observe that for all (z/,z3) € Q there holds::
Vil (a hag) = Qo + h( [V, 5] + By) + h2([Vul, ¢*] + [23V5", 057™"] + (Veando, 03K0) )

+ O (|Vho| + V"] + V7).
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Consequently, by (6.9) it follows that:
((Vu")(A") 1) (2!, has) = QoA (Idg FRATPAT 4 p2ATL AT 4 JE;),
where:
= Q5 ([vo", 5" + Ry) — AAy,

- - - 1-
= Q)([Vw, ") + [xsVi", 5] + [V, Osko] ) — JFA Ay - SAds,
and where JJ', J J% satisfy the uniform bounds (independent of ¢):

TP < C(1+ |V,
73] < C(1+ [V | + [V P + [V20| + | Vi),
|2 < CR3(1 + |V | + |V2w"| 4+ |Vo" 2 + V20" 4 |Vo| - V20| + Vi) + o(h?).

In particular, the distance dist((Vu")(A")71,S0(3)) < [(Vul)(A")™! — QoA™!| is as small as one
wishes, uniformly in 2 € €, for h sufficiently small. Thus, the argument (Vu)(A")~! of the frame
invariant density W in £"(u") may be replaced by its polar decomposition factor:

((vuh(Ah)*l)T(vuh(Ah)*l))1/2 = (Id3+2h2A YT sym + = (J1 JTAT2 I AT +Rh)1/2

= Ids + h* A ((J)sym + (J1 JTA2I) AT + R,

where R" stands for any quantity obeying the following bound:

R = OW)|[(JP)sym | + OR*) (1 + [VV"]) (1 + |[Vw''| + V"2 + |V20"| + | Vi)
+ O V2" | + o(h?).

In conclusion, Taylor’s expansion of W at Id3 gives:

% /Q W ((Vut) (47 (' ha) ) da

oo :% /Q W<((Vuh(Ah)_l)T(Vuh(Ah)_l))l/Q(:c’,hx3)> dz

| —1/ Q3( ((JQ)sym +5 (Jl )TA™ 2J1)A + % Rh) dz
+O(h?) /|Jhy3+yJ1 dz + 20 /\Rh da.

The residual terms above are estimated as in [40], using (6.20), (6.21), (6.23). We have:

h2/ B 4 2 d < hﬁ/ L [Vl B+ [Vl (S 4 V262 + [VF 2 de < o(1),
Q Q
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as h? [, |[Voh|®dz < C’h2||VvhH?,V1 > =o(1) and h? [, [V20"3dx < eh [, |[V*0"|? dz = o(1). Further:
]114/0\73]1 dz < /‘ (Vyo)"Vu )Symfdx
+O(h2)/9(1+\Vvh| V(1 + [V ? 4 Vo [* + [V20h P + [VA*2) de
O(hz)/Q|V2wh]2dx+ o(1)

—o(1) 4+ (’)(h2)/ V|- V202 < Ce,
Q

because the last condition in (6.21) implies:

1 C .

}7/2/9 ‘((Vyg)TVvh)sym ‘2da: < h2Hv2’l)h”Loo/{ . }dlStQ(CUI, {o" =V})da!
(6.25) °
Ce?

. 1
< ha / } dlst2(33/7 {vh =V} dz’ < C€2ﬁ‘{vh # V}‘ =o(1)
{vh#V}
From the two estimates above it also follows that % fQ \Rhyi” dz = o(1). Consequently, (6.24) yields:

1 _
626)  limsup €"(0*) < Ce-+lmsupsy [ 007 ((Fom + 5UINA) A a

3. Observe now that:

(J3)sym + 5 (Jl JTAT2 = (((V?JO)TVU ). mA_1A1)sym
+ (QE[Vu", @] + QF[as VA", 957" + QF[Vey, duio] )Sym
1 1 1
+ = [Vol, TV, ) + ([wh, ﬁh]TPO> + ~PJPy— ~Go.
2 sym 2 4
Replacing 957" by #* and using (6.22), it follows that:
) 1/2
</ Q (A ((J2 )sym + = (Jl )TA 2J1 )A > d$>
( ((Vyo) V" )Sym + §(Vvh)TVvh + 25((Vyo)"VE" + (Vvh)TVI;O)Sym

x% - - 1 1/2
—_— T PR —

+ 2 (Vo) Vo 4(g2)m) d:c>

+ |l ((VyO)TVUh)Sym Iz2() + 057" — 7| 12(q)

The second term above converges to 0 by (6.25) and the third term also converges to 0, by (6.23).
On the other hand, the first term can be split into the integral on the set {v" = V'}, whose limit as
h — 0 is estimated by If (V,S), and the remaining integral that is bounded by:

C 1+ |[Vw"|? + |Vo" |2 + V20" 2 4 VAR de
{vhAVx(-1,1)

1
< CE It £V +C /{ oy [V’ < 00+ O # VI 29 s = 001,
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In conclusion, (6.26) becomes (with a uniform constant C' that does not depend on €):

. 1
lim sup ﬁé’h(uh) < Ce +I9(V,S).
h—0

A diagonal argument applied to the indicated e-recovery sequence {u"},_,o completes the proof. [

Corollary 6.4. The functional I40 attains its infimum and there holds:

A . 4O

%g%ﬁmfé’h =min 7.
The infima in the left hand side are taken over W12(Q,R3) deformations u", whereas the minimum
in the right hand side is taken over admissible displacement-strain couples (V,S) € ¥ x .7 in (6.18).

7. FURTHER DISCUSSION OF ZY AND REDUCTION TO THE NON-OSCILLATORY CASE (NO)

In this section, we identify the appropriate components of the integrand in the energy 140 as:
stretching, bending, curvature and the order-4 excess, the latter quantity being the projection of the
entire integrand on the orthogonal complement of E, in E. This superposition is in the same spirit,
as the integrand of 1-20 in Theorem 2.3 decoupling into bending and the order-2 excess, defined as
the projection on the orthogonal complement of [£;. There, the assumed condition fi{% Gi1dz3 =0
served as the compatibility criterion, assuring that the 2-excess being null results in I40 coinciding
with the non-oscillatory limiting energy Z,, written for the effective metric G' in (EF). Below, we
likewise derive the parallel version Zy of I40 , corresponding to the non-oscillatory case, and show
that the vanishing of the 4-excess reduces Z{ to Z, (for the effective metric (EF)), under two new
further compatibility conditions (7.9) on (G2)ax2.

The following formulas will be useful in the sequel:
Lemma 7.1. In the non-oscillatory setting (NO), let yo, b be as in (5.2) and dy as in (5.5). Then:
L . lej Iy Ty
(7.1)  [Biyo0, Dibo, do](z") = [D1yo, Dagio, bo](a')- | T3 Ti T3 | («,0)  for i,j=1,2,
Iy Tl T

for all ' € w. Consequently, for any smooth vector field §: w — R3 there holds:

Vool@) "V (Qo()"d(@)| = Vala)axs — [(a@), I}, T, THI@,0))]

i,j=1,2 ij=1,2

Above, {Ffj} are the Christoffel symbols of the metric G and the expression in the right and side
represents the tangential part of the covariant derivative of the (0,1) tensor field § with respect to G.

Proof. In view of ((Vyo)TVl;o)sym = 105G(2/,0)2x2 in (5.2) and recalling (3.2), we get:

- 1
<aijyo, b0> = 5(8¢Gj3 + 8jG,~3 — 83Gij)(l'/, 0) for all i,j = 17 2,
which easily results in:

. 1 L1
(0ibo, Ojyo) = 5(&'@3 — 0jGiz + 33Gi5) (¢',0)  and  (Dibo, bo) = 531033(96/70)-
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Thus (3.3) and the above allow for computing the coordinates in the basis 91y, D2yo, 50 as claimed
n (7.1); see also [40, Theorem 6.2] for more details. The second formula results from:

(Diyo, 05 5’71@’)>=<@'9075'( 0 D) + (Diyo, Qy ' 9;d)
- <1y07Q8 18 (QO) o lﬁ> <Q0 ’Ly07 >
—(Qy10;(Qo)ei, @) + (ei,9;0),
which together with (7.1) yields the Lemma. O

Lemma 7.2. In the non-oscillatory setting (NO), let yo, by be as in (5.2) and dy as in (5.5). Then
2
the metric-related term II in (6.7) has the form II = ZI1(2') and for all ' € w we have:

1 R R
_ 5833G(.’L’/,0)2><2 _ [ 1313 111323 } (', 0).

7.2)  Iaym = (Vo) Vbo + ((Vyo)'Vd
(7.2) y (Vbo) Vb (( Yo) 0) Ri323 R2323

sym
Above, Riji are the Riemann curvatures of the metric G, evaluated at the midplate points ©’' € w.

Proof. We argue as in the proof of [40, Theorem 6.2]. Using (5.3) we arrive at:

i 8, 1
((Vyo)"Vdo) = — [(84;90, do>]m~:172 + *53367(90', 0)2x2

sym

(7.3)
+ |:R7;2j3 — Gl (T2, — r;;rgg)LJ:m(x/,o).

Directly from (7.1) we hence obtain:

(7.4) (D0, do) = Grpl1sThs,  (Dibo, Djbo) = Grpl 5T,

which together with (7.3) yields (7.2). O
With the use of Lemma 7.2, it is quite straightforward to derive the ultimate form of the energy

Z¢ in the non-oscillatory setting. In particular, the proof of the following result is a special case of
the proof of Theorem 7.5 below.

Theorem 7.3. Assume (NO) and (5.1). The expression (7.6) becomes:
1 1 1 _» - 1
Iy(V,S) = / s (', 8(2') + SVV (@) VV (') + 5 Vho(a') Vho(a!) = <0G, 0)22 ) da’
2/, 2 24 48
1 -
+ 51 | (& Vulw! TV + V() () ) de’

1 Ri313 Ri323 / /
+ Q (m/’ |: :| €T ,0 ) dx 3
2 Ri323 Roso3 (@,0)

where R;ji stand for the Riemann curvatures of the metric G.

Remark 7.4. In the particular, “flat” case of G = Ids the functional Z, reduces to the classical von
Karmén energy below. Indeed, the unique solution to (5.2) is: yo = id, by = eg and further:

¥ ={V(z) = (azxt 4+ B,v(z)); a€R, FeR? ve WZ’Q(w)},
S = {Syme; w € W1’2(w,R2)}.
Given V € 7, we have p'= (—Vv,0) and thus:

1
T,(V,S) = /Q2 2 sym Vw + = 5 (@ ?Idy + Vo ® Vv)) da’ —I—/Q2x V2v)
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Absorbing the stretching a?Ids into sym Vw, the above energy can be expressed in a familiar form:
(7.5) Za(v,w) / Qy(a', sym Vw + Vv ® Vo) da' + — / Q, (2, V?v)

as a function of the out-of-plane scalar displacement v and the in-plane vector displacement w. M

As done for the Kirchhoff energy 220 in Theorem 2.3, we now identify conditions allowing If to
coincide with Z, of the effective metric G, modulo the introduced below order-4 excess term.

Theorem 7.5. In the setting of Theorem 6.2, we have:
1
I2(V,8) = 5 / 0, (az S+ = (VV)TVV + BO) da’

t3 4 Qz( L (VV)Vbo + (Vo) TV + 1231) da’

1 L L1
+ i /. 05 (+, (V5) "Vl + (Vo) Vi — 5(Ga)x2) da

(7.6)

n 5distQ2 (Ifsym , EQ),

where Gy and Go are given in (EF), inducing do via (5.5) for 33G = Gy, and where we introduce the
following purely metric-related quantities:

dlStQ ( Isym  E ) = d1st2(/ V( 9163)2x2 sym dt

(7.7) / Giezdt, [T}, T3, ](w’,0)>L7j:172
+2/ (G1)ss dt [T;(2, 0)];imy0 — (92)2x2, E2>,
0
1o 1 12 1 rL/2
By = ﬂ(Vbo) Vb — 4/_1/2(92)2x2 drs = 7|:gnp1—‘z3 33} et 4/_1/2(g2)2x2 dz,

1/2 . 1 1/2
By = (Vyo)TV(/ z3dy das) — 4/ x3(G2)2x2 dxs
1/2 —1/2

(7.8) 12 42 1/2 42 oo
= —V /1/2 *g1e3dw3)2x2+ [< /_1/2 ?g1€3d$3,[ ijs Lijs I‘ij](x70)>L’j:L2
1 1/2 x ) 1/2
_ 2/1/2 5 (91)33da:3[ (o, O)L,j:I,Q - 4/1/2a:3(g2)2x2dx3’

By {F -} we denote the Christoffel symbols of the metric G in (EF). The third term in (7.6) equals
the scaled norm of the Riemann curvatures of the effective metric G:

1 Ri313 Ri323 / /
0))dx".
1440 Q2< [31323 oy | )) v
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The first three terms in If coincide with Iy in Theorem 7.3 for the effective metric G in (EF),
provided that the following compatibility conditions hold:

1/2 ) 9 ,
/ (1523 — 1)g2($ ,73)2x2 dwg = 0,

~1/2
1 12 1/2
/ 23Ga(2', 23)2x2 dl‘s—l-V(/ *g1€3 dz3),. o
9 4/ 1) 1/2 2 xesym
( . ) 12 ‘T2 2 3 /
- |:</1/2 ?g1€3d.%'3,[ iy Fz]» Fz]](x ,O)>}i,j:1,2
1 [1/2 :/c
- =0.
+ 2/_1/2 9 (g1)33 d$3|: (l‘ 0)}2‘,]':1,2

Proof. We write:
o) 1 2 1 2 Lo 2
7 (V,S) = 5”[—1—3:3111—1—[[”% = §HI+Q:3[II+IP’2(II)HQ2 + idIStQQ(IISym,EQ),

and further decompose the first term above along the Legendre projections:

1/2
1T+ as3I1I +Po(I1)||3, = H/ / (I—|—x3[II+II)p0(x3)da:3H2QZ
—-1/2
2 1/2 2
+}|// I+x3III+II)p1(x3)dx3HQ2+H/ (I + @31 11 + IT)pa(x3) das|[ g,
1/2

1/2
= H[+/ , ITdas||5, + HHI—|—12/ , w3l 1 das|[, +H/ o(23) 11 das|
—-1 -1

Stretching Bending Curvature
To identify the four indicated terms in IO, observe that f 12 13 Gidas = — fi{% ?Ql dzs and:
dist%, (I Lsym , E2)
— distZQ2 <<(Vy0 QO - / Giesdt — *Q /x (G1)33 dt 63))

Thus the formulas in (7.7) and (7.8) follow directly from Lemma 7.1 and (7.4). There also holds:

1 1/2
Stretching = / Qg(ac S+ (VV)TVV+ (Vbo)Tng—f / (92)2X2dx3> da!,

1
- 4(92)2><27E2>-

sym

4/ 12
Bending = ﬁ Qg( (VV)TVEO + (Vo) Vi
/2 1/2
+ 12(Vyo)TV(/ x3dy d(l)g) — 3/ xg(gg)gxg dl’g), da’
~1/2 ~1/2
1 Y 1/2 1. -
Curvature = — / Qy (:c/, (Vbo)"Vbo + 60(Vy0)TV(/ (623 — =)do das)
720 J, —1/2 2

1/2 1
— 15/ (6&03 - 5)(92)2“ d:vg) dz’.

—-1/2
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It is easy to check that with the choice of the effective metric components Gjes and (g_2)2><2 and
denoting dy the corresponding vector in (5.5), we have:

1 - - ~ 1 -
Curvature = 750 Qs (93/, (Vbo)"Vbo + (Vyo) Vdy — i(gz)gxg) da’.
This proves (7.6). Equivalence of the constraints (7.9) with:
1/2 1
/ (G2)ax2das = —=(G2)2x2  and  (Bi)sym =0  in w,
—1/2 12

follows by a direct inspection. We now invoke Lemma 7.2 to complete the proof. O

Remark 7.6. Observe that the vanishing of the 4-excess and curvature terms in Z$:
Iy, € E;  and Curvature =0,

are the necessary conditions for minIf = 0 and they are equivalent to Iy, € Ei. Consider now
a particular case scenario of G = Ids and G; = 0, where the spaces ¥ and . are given in Remark
7.4, together with dy = 0. Then, the above necessary condition reduces to: (G2)ax2 € E1, namely:

(Go)axa (', 3) = 23 F1(2') + Fo(z)) for all » = (2/,23) € Q.

It is straightforward that, on a simply connected midplate w, both terms:

Stretching = /w 99 <w’, sym Vw + %Vu ® Vv — i]—"o) d2’, Bending = /w Qo (x’, V3 + %.7—"1> dz’,
can be equated to 0 by choosing appropriate displacements v and w, if and only if there holds:
(7.10) curl F1 = 0, curl'curl Fo + %det Fi1=0 in w.

Note that these are precisely the linearised Gauss-Codazzi-Mainardi equations corresponding to the
metric Idy + 2h2F, and shape operator %h]-"l on w. We see that these conditions are automatically
satisfied in presence of (7.9), when (G2)ax2 € Eq actually results in (G2)ax2 = 0. An integrability
criterion similar to (7.10) can be derived also in the general case, under Il € E; and again it
automatically holds with (7.9). This last statement will be pursued in the next section. ]

8. IDENTIFICATION OF THE Ch* SCALING REGIME AND COERCIVITY OF THE LIMITING ENERGY 7y

Theorem 8.1. The energy scaling beyond the von Kdrmdn regime:
1
lim — inf &M = 0
fi
is equivalent to the following condition, on a simply connected w:

(i) in the oscillatory case (O), in presence of the compatibility conditions (7.9)

Ilym € Eg and (8.2) holds with G replaced by the effective metric G in (EF). This

8.1 _L ~ _
(8.1) condition involves G, G1 and (Ga)ax2 terms of G.

(i) in the non-oscillatory case (NO)
[ All the Riemann curvatures of the metric G vanish on w x {0}:

8.2
(8:2) Rijr(2',0) =0 forall 2’ €w andall i,5,k,1=1...3.
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Proof. By Corollary 6.4, it suffices to determine the equivalent conditions for minZy = 0. Clearly,
minZy = 0 implies (8.2). Vice versa, if (8.2) holds, then:

1 - - 1 1 -
Q(Vbo)TVbo - @33361(33', 0) = —ﬂ((Vyo)TVdo)

sym ’

by Lemma 7.2. Taking V =p=0and S = i((Vyo)TVCZO)Sym € .7, we get Zy(V,S) = 0. O

We further have the following counterpart of the essential uniqueness of the minimizing isometric
immersion yg statement in Theorem 3.2:

Theorem 8.2. In the non-oscillatory setting (NO), assume (8.2). Then Z4(V,S) = 0 if and only if:

1 1 -~
(8.3) V=Sy+c and S= 3 ((Vyo)TV(SQyo + Edo)) on w,

sym

for some skew-symmetric matriz S € so(3) and a vector ¢ € R3.

Proof. We first observe that the bending term I77 in (6.7) is already symmetric, because:

[(@;yo, 9;p) + (0:V, ajgo)]ij:l , = [83‘((32‘?/0,]3) +(9;V, 50>)L]:1 ;7 [(@jyo,ﬁ} +(045V, 50)]

= — [(ékjyo,ﬁ} + <8ijV, 50>] ) € R2x2

sym
where we used the definition of p'in (6.4). Recalling (7.2), we see that Z4(V,S) = 0 if and only if:

i,j=1,2

,5=1,

1 ~
S+ 5(VV)'VV = (Vo) Vo), =0,

1
ﬂ ( sym

(8.4) )
(Vyo)TVﬁ—i— (VV)TVbO =0.

Consider the matrix field S = [VV, p] Qp' € W2(w, s0(3)) as in (6.4). Note that:

8;S = [Vo,V, 9:5]1Qy* — [VV, 5lQy 1 (3:Q0)Qy " = Qp "'S'Qy"  for i=1,2

8.9 .
(®.5) where  S* =Qg[V,V, 0;p] + [VV, ]ﬂT(aiQo) e L?(w, s0(3)).

Then we have:
(S'e1, e2) = 0 ((Dayo, OiV) + (92, 0i0)) — (D120, V') + (012V,, Biyo)) = O,

because the first term in the right hand side above equals 0 in view of V' € ¥, whereas the second
term equals 0x (0190, 1 V') for ¢ = 1 and 01 (Dayo, V') for ¢ = 2, both expression being null again in
view of V € #. We now claim that {S};—; 2 = 0 is actually equivalent to the second condition in
(8.4). It suffices to examine the only possibly nonzero components:

(8.6)  (S'es,e;) = (D0, 0ip) + (9;V,8ibo) = ((Vyo)"VF+ (VV) Vi) for all i,j =1,2,

]
proving the claim.

Consequently, the second condition in (8.4) is equivalent to S being constant, to the effect that
VV = V(Syo), or equivalently that V' — Syg is a constant vector. In this case:

1 1 ~ 1 1 -
S = §(Vy0)TV(S2y0) + 51 (V90)'Vdo) 1, = 5 ((Vyo)TV(Sgyo + Edo))

is equivalent to the first condition in (8.4), as (VV)TVV = —(Vy)"S?Vyo. The proof is done. [

sym
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From Theorem 8.2 we deduce its quantitative version, that is a counterpart of Theorem 4.1 in the
present von Karman regime:

Theorem 8.3. In the non-oscillatory setting (NO), assume (8.2). Then for all V € ¥ there holds:
(87) dist%/[/Q’Q(w,Rg) (‘/, {Sy() + C; S € 50(3)7 cE R3}> S C/ QZ (fl?l’ (VyO)TVﬁ+ (VV)TVZ;O) dx/
with a constant C' > 0 that depends on G,w and W but it is independent of V.

Proof. We argue by contradiction. Since %, = {Syo + ¢; S € s0(3), ¢ € R?} is a linear subspace
of ¥ and likewise the expression I11 in (6.7) is linear in V, with its kernel equal to ¥j;, in virtue of

Theorem 8.2, it suffices to take a sequence {V,, € ¥'},,_,o such that:
”VHHWQ’Q(LU,H@) = 1, Vn J_WQ,Q(U_,R:;) %in for all n,
and: (Vo) Vi + (VV,) Vby — 0 strongly in L?(w,R?*?), as n — oo.

(8.8)

Passing to a subsequence if necessary and using the definition of p'in (6.4), it follows that:
(8.9) Vi =V weakly in W??(w,R3),  p, =7 weakly in Wh?(w,R?).
Clearly, Q)[VV, p] € L*(w,s0(3)) so that V € ¥, but also (Vyo)"Vp + (VV)"Vhy = 0. Thus,
Theorem 8.2 and the perpendicularity assumption in (8.8) imply: V = p'= 0. We will now prove:
(8.10) Vi, = 0 strongly in W%2(w,R3),
which will contradict the first (normalisation) condition in (8.7).

As in (8.5), the assumption V,, € ¥ implies that for each 2’ € w and i = 1,2, the following matrix
(denoted previously by S*) is skew-symmetric:

QL [VOiVa, 990 + [VVi, D] (0:Qo) € s0(3).
Equating tangential entries and observing (8.8), yields for every i, j,k = 1,2:
(030, 0k V) + (D110, 05 Vi) = = ((03Vaas Oixtio) + (OrVas D0} ) — 0 stromgly in L2(w).
Permuting 1, j, k we eventually get:
(990, 03 Vi) — 0 strongly in L?(w) for all 4,5,k =1,2.

On the other hand, equating off-tangential entries, we get by (8.8) and (8.9) that for each i = 1,2:

<507 a’L]Vn> = —((VyO)TVﬁn + (VVH)TVEO)zJ - <ﬁna al]y0> —0 StI‘OIlgly in LQ(w)
Consequently, {Q{0;;Vn — 0}i j=12 in L?(w,R3), which implies convergence (8.10) as claimed. This
ends the proof of (8.7). O

Remark 8.4. Although the kernel of the (nonlinear) energy Z,, displayed in Theorem 8.2, is finite
dimensional, the full coercivity estimate of the form below is false:
1 1 -
: 2 T 2 2
(8.11) Sesobees (IIV = (Syo + llwez(urs) + IS = 5 (Vo) V(S50 = 750)) gy HLz(w,szz)>
< CZu(V,S) for all (V,S) e ¥ x 7.

For a counterexample, consider the particular case of classical von Kédrman functional (7.5), specified
in Remark 7.4. Clearly, Zy(v,w) = 0 if an only if v(2) = (a,z) + « and w(z) = Bzt — L{a,z)a + v,
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for some a € R? and «, 3,7 € R. Note that (8.7) reflects then the Poincaré inequality: [, IVv —
{,Vu|?da’ < C [ |V2v[*da’, whereas (8.11) takes the form:

1
(8.12) ;161%&1% (/ Vo — al? da’ + / |sym Vw + ¢ ® al? dx’) < OZy(v,w).

Let w = B1(0). Given v € W2?(w) such that det V?v = 0, let w satisfy: sym Vw = —3Vv ® Vo,
which results in vanishing of the first term in (7.5). Neglecting the first term in the left hand side
of (8.12), leads in this context to the following weaker form, which we below disprove:

(8.13) Hl]iRI%/ Vv @ Vv —a®al?ds’ < C’/ (V2|2 da’.
ac w w

Define vy, () = n(21+x2)+3(21422)? for all z = (21, 22) € w. Then Vv, = (n+z1+122)(1,1) and
det V2v,, = 0. Minimization in (8.13) becomes: min,egz [ [(n+ 21 +22)%(1,1) ® (1,1) —a ® a|* dz’
and an easy explicit calculation yields the necessary form of the minimizer: a = §(1,1). Thus, the
same minimization can be equivalently written and estimated in:

4-min/‘(n+x1+x2)2—52}2dx'~4n2—>oo as n — 0o.
SeR J,,

On the other hand, |V2v,|? = 4 at each 2’ € w. Therefore, the estimate (8.13) cannot hold. |

9. BEYOND THE VON KARMAN REGIME: AN EXAMPLE

Given a function ¢ € COO((—%, %), R), consider the conformal metric:

G(z', x3) = 2?3 [ dy for all 2 = (2/,23) € Q".

The midplate metric Goxo = e200) 1 ds has a smooth isometric immersion yg = e¢(0)id2 :w — R2 and
thus by Theorem 2.4 there must be:

inf £" < CH2.
By a computation, we get that the only possibly non-zero Christoffel symbols of G are: '}, = T's, =
—¢'(z3) and I'l; = '3, = I'3; = ¢/(x3), while the only possibly nonzero Riemann curvatures are:

(9.1) Rio1o = —¢/($3)262¢(z3), Riz1z = Rogos = —¢”($3)62¢(x3).

Consequently, the results of this paper provide the following hierarchy of possible energy scalings:

(a) {ch® < inf&" < Ch2},_ with ¢,C > 0. This scenario is equivalent to ¢'(0) # 0.
The functionals %5” as in Theorems 2.1, 2.3 and 2.4 exhibit the indicated compactness
properties and I'-converge to the following energy Zs defined on the set of deformations:

{y € W»*(w,R%); (Vy)"Vy = Ido}:

1

I(y) = 21

/ Qy (I, — ¢'(0)Idy) da’.

w
Here Qy(Fayx2) = min { D*W (Ids)(F, F); F € R¥3 with Foys = Faxo}.

(b) {ch* <inf&" < Ch1}y_0 with ¢, C > 0. This scenario is equivalent to ¢'(0) = 0 and ¢"(0) #
0. The unique (up to rigid motions) minimizing isometric immersion is then idy : w — R?
and the functionals %S h have the compactness and I'-convergence properties as in Theorems
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6.1, 6.2 and 6.3. The following limiting functional Z, is defined on the set of displacements
{(v,w) € W?%(w,R) x W2(w,R?)} as in Remark 7.4:

1 1 1
Zy(v,w) = 3 / Qs (sym Vw + va ® Vv — ﬂgb”(O)Idg) da’

/92 (V2v) da’ + ——¢"(0)%|w|Qa (Ids).

1440

(c) {inf & < ChSY;,_,o with C > 0. This scenario is equivalent to ¢/(0) = 0 and ¢”(0) = 0 and
in fact we have the following more precise result below.

Theorem 9.1. Let G(z/,z3) = e**@8) [ds, where ¢)(0) =0 fork=1...n—1 up to some n > 2.
Then: inf EM < Ch?" and:

1 n 2
(9.2) %g%hTme > ¢, 6™ (0)%|w| Q2 (Idy),

where ¢, > 0. In particular, if ™ (0) # 0 then we have: ch®* < inf E" < Ch?" with ¢,C > 0.

Proof. 1. For the upper bound, we compute:

n

£ (e?Dids) = / W (4060 Idy) o % (6B 1d5) + 002 0

= h2n< (nl()(;) (2 n 1)227“““1 ‘w|Q3(Id3) + 0(1)> < Crh2n7

where we used the fact that e?(0)=¢(=3) — 1 — ¢(") (O)%g,l + O(|xs™ ).
2. To prove the lower bound (9.2), let {u € W12(Q" R3)}, ¢ satisfy £*(u") < Ch?". Then:

@)

EMul) > h/ dist? (Vuh,ed’(“)SO(B)) dz
Qh

@)

> h/ distZ(Vuh,ed’(O)SO(S)) dx — / ‘qﬁ(” O(hnﬂ)‘zdl’,
Qh

which results in: £ [o,n dist? (e‘¢(0)Vuh, S0(3)) dz < Ch*". Similarly as in Lemma 5.2 and Corollary
5.3, it follows that there exist approximating rotation fields { R" € W2(w, SO(3))}1_0 such that:

1
(9.3) h/ IVu — 2O RM2 da < Ch2", / |VR"?dz < Ch®2,
Qh w

As in sections 2 and 6, we define the following displacement and deformation fields:
Y (2!, z3) = (RM)T (uh(x',hxg) ][ uh) e WH2(Q,R3), where R"= P50(3)][ e OVl (z) da,
Qh Qh

1

1/2
pn—1 / yh(J:/’ $3) — €¢>(0) (idg + hxgeg) dzs € W1’2(W,R3).

—-1/2

Via') =
In view of (9.3), we obtain then the following convergences (up to a not relabelled subsequence):
1
g = e®Oidy  in W (w,R?), E@gyh — e?Oes in L2 (w,R?),

1
—(VVh)QXZSym —symVw weakly in LQ(w,R2X2).

V5V e W 2(w,R?)  in WhH2(w,R?), -
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This allows to conclude the claimed lower bound:

R L A TN ST —$(0) 21,3 n) (3 2
hzn_ggfﬁg (u) > 5”6 *Ogym Vw — 23?0213 — g )(O)HIdQHQ2
1 x? z? 2
> 2 le™ )23 14, — P ( ™ (0)23 14 )‘
> 5o 5 1a, — i (600 1a )|
1 ¢(n) (0)2 /1/2 9
= =——>5 x"—IPl (En dl‘g- wQQ Idg)
2 )y, 8 Pale) das ol Qu
= ¢ - 6(0)%|w] Qa(Idy),
as in (9.2), with the following constant cj:
(n—1)*
o = . il_ . W fOI' n odd
n n+ n
2 (n!) eTESy ey for n even.
Observe that co = ﬁ, consistently with the previous direct application of Theorem 6.2. O
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