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FULL FLEXIBILITY OF ISOMETRIC IMMERSIONS
OF METRICS WITH LOW HOLDER REGULARITY
IN POZNYAK THEOREM’S DIMENSION

MARTA LEWICKA

ABSTRACT. A classical result by Poznyak asserts that any smooth 2-dimensional Riemannian
metric g, posed on the closure of a simply connected domain w C R?, has a smooth isometric
immersion into R*. Using techniques of convex integration, we prove that for any 2-dimensional
g € C™?, an isometric immersion of regularity C1'* (@, R*) for any a < min{ T;ﬁ ,1}, may be
found arbitrarily close to any short immersion. The fact that this result’s regularity reaches
Ch1~ for g € C?, which is referred to as “full flexibility”, should be contrasted with: (i) the
regularity C L1/3= achieved in [10] for isometric immersions into R® and the lack of flexibility
(rigidity) of such isometric immersions with regularity C*'?/3% proved in [1]-[5], [16]; (ii) the
regularity C''~ obtained in [30] for isometric immersions into higher codimensional space RS;

1 _
and (iii) the regularity C"'T#@+0/F ~ achieved in [32] in the general case of d-dimensional
metrics and (d + k)-dimensional immersions for the closely related Monge-Ampére system.
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2 MARTA LEWICKA

1. INTRODUCTION

As mentioned in Nash’s fundamental work “The imbedding problem for Riemannian mani-
folds” [38]: “apparently rigidity disappears completely when the imbedding space has enough
dimensions”. The purpose of this paper is to show that for 2-dimensional metrics, rigidity
indeed disappears completely, already in R*. More precisely, we prove:

Theorem 1.1. Let g € CT’ﬂ((D,ngﬁig be defined on the closure of an open set w C R?
diffeomorphic to By, for some v+ 3 > 0. Then, for every u € C'(w, R*) satisfying:

(Vu)I'Vu>0 and g— (Vu)IVu>0 ina,
for every € > 0, and for every reqularity exponent « in:

0<a<min{ﬂ,l},

there exists @ € CY*(w, R*) such that:
|i—ulo<e and (Va)'Vi=g ina.

To position our result in regards to other known works, we make the following observations:

- The metric regularity C? is critical [38, 29, 19, 21]; since the assumed shortness condition
can be easily achieved by taking an arbitrary immersion u and scaling it by a small
constant, our result implies that 2-dimensional C? metrics always have an isometric
immersion of any regularity up to Cb!, i.e. just below C?, already in dimension n = 4.

- As is known in various contexts [15, 24, 22, 40, 5, 16], rigidity does not disappear
for isometric immersions of 2-dimensional metrics into R3; we show that no rigidity
statement is possible for isometric immersions into R%.

- It is known [10] that any short immersion of a 2-dimensional C? metric g can be ap-
proximated by C1® isometric immersions into R3, for any o < 1/3; we assert the same
statement up to regularity C1'! already at the next target dimension n = 4.

- Dimension n = 4 is the target dimension in Poznyak’s theorem [41]: the disk B; C R?
with arbitrary C* metric can be isometrically C*°-immersed into R*. On the other
hand [30], for n large enough there exists a C® isometric immersion of any g € C™#
where r + 5 < 2, with any o < Tgﬁ . We reach the same statements in dimension 4, in
the context of flexibility, rather than themere existence of a single isometric immersion.

- The same result as ours has been as proved [27] for the Monge-Ampere system; now
we treat the fully nonlinear case of (1.1).

These observations are made precise in the historical account of the existence, flexibility and
rigidity of isometric immersions in subsections below.

1.1. Classical existence and flexibility results. The question whether a Riemannian man-
ifold of dimension d may be isometrically immersed in a Euclidean space of dimension n, is, in
local coordinates, equivalent to solving the first order system of partial differential equations:

(Vu)TVu=g in wcR? (1)
for u:w — R", '

where g : w — ngig,> is a given first fundamental form i.e. the Riemannian metric of the

manifold written in these coordinates. The exact answer to this question and to the question
on the minimal dimension n, depend on g and on how smooth u is required to be. In the
analytic case, the Janet-Cartan-Burstin theorem [25, 14, 8] gives the affirmative resolution of
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Schlaefli’s conjecture [42], stating that any d-dimensional analytic g has a local analytic iso-

metric immersion u into R%. Here, sy is the Janet dimension, corresponding to the number of

equations in (1.1) and the number of independent entries in d X d symmetric matrices:
d(d+1)

Sd = T (1.2)

In this theorem n = s4 cannot be replaced by s;—1. For d = 2, we have s; = 3. The crucial part
of the Janet-Burstin proof consists in showing that a local analytic isometric immersion that
is “free”, always exists, in the minimal dimension d 4 sq4, the freeness of an immersion meaning
that d vectors of its first derivatives and s; of second derivatives are linearly independent at
each x € w. Invoking this result at d—1 is then supplemented by extending the hence produced
analytic immersion by one extra dimension that is missing from (d — 1) + sq_1 = sq — 1 to sy,
via an application of the Cauchy-Kowalewsky theorem.

In the non-analytic case and for general metrics of regularity at least C2, an isometric immer-
sion into any R” cannot be of regularity better than the regularity of the metric. This fact was
first noticed by Hartman and Wintner [23]: given a 2-dimensional Riemannian metric g € C™#
with 7 > 2 and g € [0, 1], its Gaussian curvature x can be computed from the second funda-
mental form of an immersion u € C!, which gives x € C'=2 (for I not necessarily an integer).
On the other hand, x is an intrinsic quantity and as such, can be computed directly from g,
whereas k € C"~%8. One can explicitly construct a metric whose & is no smoother than C"~2#,
hence in general there must be: [ < r 4 5. In dimension d > 2, the same argument applies to
sectional curvatures and can be found in [29]. The fact that the regularity exponent [ = r +
of an isometric immersion can be achieved, is based on the following ideas of Nash.

For the integer regularity r > 2, the Nash theorem [38] states that every C" metric has a C"
isometric immersion into some R™. A partition of unity argument reduces this theorem to the
local case in (1.1), in which n can be taken as 3s;+4d, the dimension later decreased by Gromov
[19] to sq + 2d + 3, and by Gilinter (with a different proof) [21] to max{sg + 2d, sq + d + 5}.
For d = 2, both these numbers equal 10. It is worth noting that the discussed dimensions do
not depend on the differentiability exponent r. The Holder regular case has been studied by
Jacobowitz, who proved [29] that every C»# Riemannian metric with r > 2 and 8 € (0, 1] has
a C™P isometric immersion into some R”. Combining Nash’s and Jacobowitz’s results yields
immersability of any C! metric where [ > 2 is not necessarily an integer, with the immersion of
the same regularity. The key argument of their proofs relies on an implicit function theorem
(later generalized to what is called the Nash-Moser implicit function theorem) showing that
for a large class of analytic metrics, any C' metric in their vicinity (depending on 1), possesses
a C! isometric immersion. Such analytic metrics are shown to be dense in C°, due to the earlier
construction by Nash producing C' isometries, that we now describe. We note in passing that
for r > 2, a C" Riemannian manifold of dimension d has a local C" isometric immersion into
R if an only if its Riemann curvature tensor vanishes at each .

In case of low immersion regularity C!, the Nash theorem in [37] states that if a C° Riemann-
ian manifold of dimension d has a short immersion into R4*2, then it has a nearby C' isometric
immersion (into R%*2). In coordinates, the shortness of u € C'(w,R") is expressed by:

g—(Vu)IVu>0 in o,

i.e. by requiring that the matrix in left hand side be strictly positive definite for every x € w.
This condition can be achieved by scaling an arbitrary immersion by a small positive number.
Nash’s theorem is proved via iterative modifications of an initial short immersion u by a cascade
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of highly oscillatory perturbations, with sum of their amplitudes small, and with the property
that each of them replaces the specific (rank-one) portion of the defect:

D(g,u) = g — (Vu)! Vu, (1.3)

by a much smaller (in the C° norm) contribution. After decreasing D in this manner, the new
defect is computed and the construction is repeated in, what is nowadays referred to as, the
Nash-Kuiper iteration scheme. The nearby (to the given short immersion u) immersion @ is
obtained in the limit of such modifications. The perturbations, called Nash’s spirals, each of
them constituting a single Step in this convex integration algorithm, utilize 2 codimensions, and
we exhibit a version of this construction in Lemma 2.4, later used in the proof of Theorem 4.1.
At the end of [37], Nash conjectured that the condition n > d+ 2 needed to achieve the modifi-
cations, can be weakened to n > d+ 1. A proof of this assertion was subsequently provided by
Kuiper [31] via another perturbation definition, which indeed utilizes only one codimension. We
exhibit a version of such Kuiper’s corrugation in Lemma 2.5, constituting a convex integration
Step in the proof of Theorem 1.1. To reassume, the Nash-Kuiper theorem demonstrates that
any short immersion u € C!(w, RdH) can be uniformly approximated, with arbitrary precision,
by an isometric immersion @ € C'(w, R*1), for any continuous, d-dimensional g, yielding the
abundance, or flexibility, of C! solutions to (1.1) with n = d + 1.

1.2. The dimension d = 2 and rigidity results. For d = 2 we have s; = 3, so an analytic
2-dimensional Riemannian metric always has a local analytic isometric immersion into R3.
Further, the Gromov and Giinter exponents equal 10, so any C" metric possesses a C" isometric
immersion into R0, for » > 2. One way of reading our Theorem 1.1 is that, at the critical
regularity r» = 2, a C2 metric always has an isometric immersion of any regularity just below
C? (i.e., C* for any a < 1), already in dimension n = 4. This is precisely the target dimension
in Poznyak’s theorem: as shown in [41], the disk B; C R? with arbitrary C> metric can be
isometrically C*°-immersed in R*. For completeness, we present a proof of this result in the
Appendix section 9. In fact, the dimension n = 4 cannot be lowered for this general statement,
because of an example in [41] of a smooth metric on a disk, for which there is no C? isometric
immersion into R3. In [20] a more striking example has been put forward, of an analytic metric
of positive Gaussian curvature that is not induced by any C? immersion into R? and keeps this
property under any C2-small perturbation of the metric. We also note that sy +2 = 5, so below
this dimension, a free immersion of any 2-dimensional Riemannian metric cannot exist.

The target dimension n = 3 is different. Firstly, according to the classical rigidity theorems
due to Cohn-Vossen [15] and Herglotz [24], in the resolution of the Weyl problem [44], a C?
isometric immersion of S? into R? must be a rigid motion, i.e. a composition of a rotation and
a translation. Second, any C? surface with positive Gauss’s curvature must be locally convex;
for generalizations of this statement we refer to [22], and to [39, Chapter II], [40, Chapter IX]
where the requirement of the C? regularity is replaced by the requirement that the immersion
is C! and that the measure on S? induced by the Gauss map has bounded variation. Third,
using geometric arguments, the same rigidity statement has been proved by Borisov in a series
of papers [1, 2, 3, 4, 5], for C1'* isometric immersions at a > 2/3, of C? metrics, with a simpler
analytic proof of this result obtained in [16]. In particular, we see that 2/3 is an upper bound
on the range of Holder exponents that can be reached using convex integration for isometric
immersions of 2-dimensional metrics into R3. To the contrary, our Theorem 1.1 shows that no
such rigidity statement is possible for the isometric immersions already into R?.
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1.3. Recent results on flexibility. For the codimension-one case, i.e. when n = d+ 1 in
(1.1), it already transpires from the Nash-Kuiper construction, that flexibility should hold not
only in C', but also in C1'* provided that o > 0 is sufficiently small. A first precise study of
this type is due to Borisov, who announced in [6] and provided a proof in case of d = 2 in
[7], that for any analytic g, the Nash-Kuiper theorem extends to local isometric immersions
with regularity C1* and a < T +128d. For arbitrary dimension d, this statement was proved by
Conti, De Lellis and Szekelyhidi in [16]. For the special case d = 2, the hence derived flexibility
exponent 7 +1252 = 1/7 was improved to 1/5 in [17], capitalizing on the conformal equivalence
of 2-dimensional Riemannian metrics with the Euclidean metric, thus reducing the number of

primitive (rank-one) defects in the decomposition of D in (1.3) from s = 3 to 2.

The reasoning behind all the so-far Holder exponent improvements in flexibility results,
follows precisely this line: if one can construct a modification of a short immersion u to another
immersion, as done in [37, 31], to the effect that D decreases by a factor of o, for any large o
and some power S, at the expense of having V2u increase by a factor of o/, for some power .J,
then the Nash-Kuiper iteration scheme (see our Theorem 1.3) is capable of producing, in the
limit, an isometric immersion @ € CY'* with any prescribed regularity in the range:

1
_ 14
O<a<io7s (14)

further restricted only by the regularity of g when below C? (see formula (1.13)). Now, a
rule of thumb is that V2u increases by one power of o already at the single application of
Kuiper’s corrugation Step, so in case of a single codimension available, and since in general
one requires sy of such Steps to decrease the defect by one power of o, corresponding to sq
rank-one components in D, formula (1.4) with J = s4 and S = 1 implies the Borisov-Conti-De
Lellis-Szekelyhidi exponent ﬁ. Similarly, for d = 2 we get after a conformal change of
variable that J = 2 and S = 1, yielding the exponent 1/5 as in [17]. In a recent paper [10],
Cao, Hirch and Inauen utilized an auxiliary construction which transfers exactly d rank-one
primitive defects onto the remaining sy — d ones, hence allowing for J = s —d and S = 1, and
resulting in flexibility up to - Holder regularity in the first derivatives. For

1+2(id7d) = 1+d12—
d = 2 this implies that any short immersion of a 2-dimensional C? metric ¢ can be approximated
by C1* isometric immersions into R3, for any o < 1/3. In this context, our Theorem 1.1 asserts
the same statement up to regularity C1! already at the next target dimension n = 4.

As it is clear from the proofs, allowing for a higher codimension n — d > 1 only increases
the regularity of the approximating isometric immersions. From our technical viewpoint, this
is linked to the increase of V2u by only one power of o despite several applications of Kuiper’s
corrugations in multiple Steps, as long as these are done in different codimensions. This implies
the increase of S relative to J or, the decrease of the ratio J/S and therefore the increase of .
Without paying attention to such detailed considerations, but applying the convex integration
construction with Nash’s spirals as Steps, Kéllen proved in [30] that for n > 6(d+1)(sq+1)+2d,
there exists a C1® isometric immersion of any ¢ € C™® where r + 8 < 2, for any a < T’;ﬁ . Our
proof of Theorem 1.1 combines the insights from [30, 10, 16] with some new tricks, to reach
exactly the Kéllen exponent already in dimension 4, in the context of flexibility rather than
the mere existence of a single isometric immersion. Some aspects of the analysis leading to our
result, was developed in the parallel context of the Monge-Ampere system, discussed below.
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1.4. The Monge-Ampeére system. The Monge-Ampere system was introduced in [32] as a
higher-dimensional version of the classical Monge-Ampere equation:

det Vv =f in wcC R2

1.5
for v:w— R, (1.5)

in relation to its interpretation as the prescription, to the leading order terms, of the Gaussian
curvature of a shallow surface given as the graph of v. In the same vein, prescription of the
full Riemann curvature tensor [R;jqt)i jst:1..4 of a d-dimensional shallow manifold, reads:

Det Vv = [(02v, 03v) — (030, 07,0

_ : d
J »Yjs >]z’,j,s,t:1...d =F inwCRY

(1.6)
for v:w — RF,

where F': w — R is a given field. Indeed, the Riemann curvatures of the family of immersions
e : w — R4TF parametrized by € — 0 in u.(z) = (z, ev(x)), are calculated as:

Rij,st((Vue)TVue)) = Rij st (Idd + ez(Vv)TVv) = 62(®et VZU)ij,st + 0(62),
similarly to the formula for Gauss’s curvature x in case d = 2, k = 1:

2d t 2
k((Vu)TVue) = k(Idy + €Vo @ Vo) = (1:_62”&}‘2)2 = €% det Vv + o(€?).
Relying on the special structure of Det V2, we call v € H'(w, R¥) a weak solution to (1.6), if
the following identity holds in the sense of distributions:

_%@((W)TW) —F in w (1.7)

Here, ¢? is a second-order differential operator, which in dimension d = 2 reduces, up to
symmetries, to taking curl curl of a Rg;n%— valued matrix field, whereas for k = 1, the identity

(1.7) becomes exactly the weak formulation of (1.5) as studied in [36]:

—% curl curl (Vo ® Vv) = f.

The expression in the left hand side appeared in [28], called therein the very weak Hessian. It
can be observed that the system (1.7), when posed on a contractible w C R?, reduces to:

1
i(VU)TVv +symVw=A (1.8)

for v:w—RF, w:w—RY
where A : w — ngxn‘f satisfies the compatibility condition: —¢?(A) = F, viable under appropri-
ate symmetry, algebraic and differential identities assumptions on F'. The system (1.8) is called
the von Karman system, in relation to the von Karman stretching content in the theory of
elasticity, where for d = 2,k = 1 the fields v, w are interpreted, respectively, as the out-of-plane
and in-plane displacements of the midsurface w of a thin elastic plate [35].

1.5. Flexibility of the Monge-Ampére system. The system (1.8) encodes the agreement,
to the leading order, between the family of Riemannian metrics g = Idg + 2¢2A and the
induced metrics of the augmented immersions @ (z) = (z + ¢2w(x), ev(x)), thus revealing a
close connection between (1.6) and (1.1) at n = d + k. For this reason, one expects flexibility
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results for (1.8) of the same type as for (1.1). Indeed, given any short displacement pair
(v,w) € CY(@,R¥*), where the shortness means positive definiteness of the defect D in:

D(A,v,w) = A — (%(V’U)TVU +symVw) >0 in,

and given any € > 0, there exists a displacement pair (7,w) € C1®(w, R4*+*) satisfying:
|0 =vllo+ || —w|o<e and D(A,0,w)=0 in w.

The fields (9, W) are obtained in the limit of a version of the Nash-Kuiper iteration scheme with
a in the range specified in (1.4), where S is the decay rate of D and J is the blow-up rate of
V20 resulting from a single convex integration Stage construction. In [32], we proposed that a
Stage consist of the least common multiple lem(sg, k) Steps, each of them applying a version of
Kuiper’s corrugation in v and a matching perturbation in w, to the effect of replacing, as before,
one rank-one primitive component of the defect by higher order error terms. Since D contains
sq such components, each time the counter of the number of Steps goes over a multiple of sg4,
the defect goes down by one factor of o, while each time this Step counter goes over a multiple
of k, the Vv goes up, also by one factor of o. Hence, after lcm(sq, k) of Steps, one reads
the relative blow-up/decay ratio J/S = s4/k, and therefore the flexibility up to the exponent
m. This exponent coincides with ﬁ from [16] for k = 1, and for d = 2,k = 1 with the
exponent 1/7 that has been previously obtained in [36] for the Monge-Ampeére equation.

In [32] we also exhibited an alternative convex integration construction for (1.6), based on
superposing sq Nash’s spirals in a single Step, applicable for & > 2s; codimensions. We showed
how the Kéllen iteration technique from [30] allows for the cancellation of arbitrarily high order
defects all at once, thus leading to J = 1 with S arbitrarily large, and ultimately yielding the
flexibility exponent 1, always for k > 2s4.

In the special case of d = 2, the insight from [17] was used to improve the exponent 1/7 to
1/5 for the equation (1.5), and in [33] to Ti/k for the system (1.6) and a general codimension

k. In [9], the exponent 1/5 was further increased to 1/3 by introducing another version of
the basic 2-dimensional defect decomposition with sharper bounds that distinguish between
differentiation in the slow and fast variables. That idea preceded the construction in [10] in
which certain components of D are initially transferred on other components, thus effectively
making the spacial directions that they correspond to in the entries of D, fast- or slow-like.
In [34], the construction from [9] and the Kéllen-Nash spirals approach from [32] led to the
flexibility exponent 3/7 at k = 2, the exponent 7/15 at k = 3 (from the general formula 2’&717—11)’

and the full flexibility with regularity of the solutions to (1.8), up to C*!, for k > 4.

In [26] we studied the Monge-Ampere system at d = 2,k = 3 and proved its flexibility up to

regularity 11 =1/ V5 That was the first result in which the obtained Holder exponent 1— % was

larger than 1/2, but not contained in a result of full flexibility up to C''. The new technique
in [26] was based on the following observation. In all previous works, a Stage consisted of
consecutive modifications of (v,w) by the oscillatory perturbations in different codimension
directions, while keeping track of the magnitudes of the defect D and the partial derivatives
0;;v1. These Steps were carried out until all of the components J;;v? had the same order,
at which point we read the blowup rate J of V2v and the corresponding decay rate S of D.
Presently, we were able to construct a perturbation cascade of Kuiper’s corrugations, relative to
the progression of frequencies which never allows for the same order in all J;;07 at once. Since
new corrugations are built on the previous ones in a staggered manner, then including larger and
larger number of Steps in a single Stage (later iterated by the Nash-Kuiper algorithm) keeps
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decreasing J/S. A particular progression of frequencies, based on the Fibonacci sequence,
yielded the regularity exponent 1 — % in [26]. The same construction, combined with the

transfer of the defect portions as in [10] and another progression of frequencies, allowed in [27]
for concluding the full flexibility up to C*! for the Monge-Ampere system in dimension d = 2
and codimension k£ = 2. Our present paper achieves the same result as [27], now for the fully
nonlinear system (1.1), at the expense of a more complex construction that we describe below.

1.6. The main technical contributions of this paper and an outline of proofs. Our
main contribution is given in terms of estimates gathered in the Stage theorem, whose iteration
via the Nash-Kuiper algorithm ultimately provides the proof of Theorem 1.1:

Theorem 1.2. [STAGE] Let g € C"P(@ ngxn%>) be defined on the closure of an open set
w C R? diffeomorphic to By, for some reqularity exponents:

O<r+pB<2 (1.9)

Fiz v > 0 and integers N, K > 4. Then, there exists 0 € (0,1) and ¢ > 1, depending only on
Y,w, g, N, K, such that the following holds. Given any u € C%(w,R*) and any 6, u, 0 such that:

§<8,  wé'?>1, o>0, N5 <, (1.10);
1
- 1d2 < (Vu)IVu < 29Idy  in @, (1.10),
v i
r
ID(g — 0Ho, u)llo < Zocs and  ulls < 6"y, (1.10)3
where g, Hy are independent quantities in Lemma 2.2, there exists i € C%(@,R*) satisfying:
G — ul]; < 051/2 Haug < Cus'2o?K+N, (1.11),
0, lglrs
[P(s -~ rwto#)|, < 5 o + (L1:

with constants C' depending only on v,w,g, N, K.

The above yields the decay rate Sk y = KN of D and the blow-up rate Jx v = 2K + N of
V2u, where the quotient of these rates becomes arbitrarily small for large K, N:
JK,N . . 2K+ N

lim lim = lim lim —— =0.
K—oo N—oo OK N K—ocoN—=oco KN

The Holder regularity of the limiting immersion deduced from iterating the Stage, depends
only on the aforementioned quotient and the regularity of g, through the formula in (1.13).
Theorem 1.1 results hence in view of the following:

Theorem 1.3. [NASH-KUIPER’S ITERATION] Let u € C*(w, R*) be an immersion, defined
on the closure of an open set w C R? diffeomorphic to By, together with g € C™P(@, ngﬁﬁ S)
for some regularity exponents in (1.9). Assume that:

D(g,u) =g — (Vu)IVu>0 ona.
Assume further that for some S, J,p > 0 and for some parameters:

0€(0,1), v>1, a>1
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depending only on w,u, g, S, J,p and with v possibly larger than ~y in Theorem 4.1 and ¢ possibly
smaller than d in Theorem 4.1, the following holds:

Given any u € C*(@,R*) and any 8, i, 0 such that:
§<d, pi?>1, o>a,  oP§VP<1,
1
o S < (Vu)'vu < 2791dy  in @,
Y

To 1/2
D(g — H <—4 and <6/
H ( Oau)HO =7 HUHQ = ) (1.12)

with o, Hy as in Lemma 2.2, there exists i € C2(w,R?*) satisfying:
i@ —uly < €62, alla < Cus*?a”,

5o ro 6 |lglles
W@—ﬁ%ﬂmﬁzﬁ+ww’

with constants C' depending only on w,u, g, S, J, p.

Then, for every e > 0 and every exponent « in the range:

r+ 0 1 }
2 '1+2J/8

there exists an immersion 4 € CH%(w, R*) such that:

(1.13)

O<a<min{

|l —ullo<e and D(g,u)=0 in @.

A proof of Theorem 1.3 will be given in section 8. It relies on iterating Theorem 1.2 with a
particular progression of 4, u and o. For the base of the induction, one necessitates the initial
Stage which decreases the large but positive definite initial defect D(g,u) to a much smaller
defect that satisfies the first condition in (1.10)s, tied with specific scaling laws on the initial
increase of V2u. A self-contained proof of that initial Stage is presented in Theorem 4.1, via a
construction based on Nash’s spirals Step in Lemma 2.4.

We now sketch the proof of Theorem 1.2.

1. The new field & = ug is constructed from u as the final, K-th immersion in the K-tuple
{uy }< ,. The initial immersion g is a mollified version of u at the given length scale of the order
of g = pt, and we set 6y = 6. This immersion induces two unit normal vector fields (E} o> E? o)
perpendicular to Vuy and to each other. Only ( UO,EQ ) are defined independently, whlle
each consequtive normal frame (E&k+1 , EﬁkH) is constructed from the previous (Ey, , EZ ), see
Section 3. The intermediate defect bounds and frequencies {0y, Mk}szl are set to satisfy:

O
= poo™ 2 e = o™, = — (1.14)
(see Figure 1) and the following inductive estimates are proved to hold, for all k =0... K — 1
and all m up to a sufficiently large (but finite) number:

1/2
ks — uly < €52,

- o ; 1/2 m
IV (g1 — we)lfo + Z IV I(E —E)lo < C(Sk/ it (1.15)

Uk+1
=1

5k
IV D(go — Sr1 Ho, urs1)llo < —fphiter = Okrapiiys-
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Hence, at the counter k = K, the recursion (1.15) yields:

0 1/2 1
S — — d 5 -5 /2 2K+N
K= _KnN A K-11K Ko

implying the claimed bounds (1.11)1, (1.11)2 in view of (1.15). The additional term in the right
hand side of (1.11)s is due to the fact that in (1.15) we calculate the defect with respect to the
mollified version gg of g rather than g itself, while the prefactor ro/5 is secured by obtaining a
slightly larger decay 6 /o™ +1/2 rather than oy /o, and taking o large. The necessity of this
prefactor as well as the need for estimating the defect relative to a fixed matrix Hy, follow from
the validity of a decomposition of a symmetric matrix H € ngxn% as a linear combination of
three rank-one matrices with nonnegative and uniformly bounded coefficients {a; € (%, %) 3
3

=1

not for all H, but in the vicinity of, say, Hy = Z?:l 7; @n; (see Lemma 2.2).

2. The core of proof of (1.15) relies on obtaining specific bounds on the components of V2uy,:

1/2 1/2
19 Oy, Bl o < CAZwi ™ 190 Grru, B o < Oghup ™,

e (1.17)
IV 1z B2 )l < O™, IV @, 2, Mo < O

The above bounds can be anticipated from the next definition. Namely, ugy1 is constructed
from uy by passing through two extra intermediate immersion fields in:

r r
A k A A
_ T T B
U=U+ (“i’ m2)) 4 ) + TU<(”<“: 12) 2y 1 W), (1.18)

_ T 1 T , -
U1 = U 4+ (/’Lk+1<x 773>) bE[%v + TU( (Hk+1 <l’ 773>)b27]3 4 W),
Hk+1 HE+1

where the frequencies (see Figure 2) are:

\ = ppo, K= ppo-.
The coefficients {a; }3_;, b are obtained from decomposing the defect via (1.19), where b contains
asg and other components, specified later. As a first attempt, think of applying (1.16) to:

H =D(go — 0k+1Ho, ug).

Since that decomposition is linear, the induction assumption implies a;,b ~ § ;/ 2. The definition
(1.18) is consistent with the single Kuiper’s corrugation construction (see Lemma 2.5), in which
the first term is always aligned with the chosen normal direction (here, E! in U and U, and
E? in uy1) to the current immersion (here ug, then U, then U), while the second term carries
a tangential component via the basis of the tangent vectors to u (the tangent frame) given in
T, = (Vu)((Vu)TVu)~! and a chosen 2-dimensional perturbation field W.
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To deduce (1.17), one uses (1.18) and the induction assumption. Neglecting the tangential
components and gathering only the highest order powers in frequencies, we have:

IV @iunia, Exy o ~ [V @iun, By )llo + laalloX™ ™ + [lazflos™ !
1/2 P 1/2

k=1 m+1 V2P o O +1

=0 N/ZMZL + 00, o N/2 P =C oN/2H st s

IV Dogunir, Bay, o ~ IV (Dagur, EZ, ) llo + [1Bllop
1/2 m 1/2 m 1/2 m
< O5Su + O8R! < Co

in view of the assumed increase rates: from dy to di.1, and from py to A to k to pgr1. For the
remaining components we use that 7y = eg, so that the bounds (1.17) are closed in:

IV Gnursr, Bz, o ~ IV @k, Bx, Mo + [llosg !

Uk41
5’1/21 m 1/2 m 61/2 m
C P 08 ~ O
1/2
19 @i, B2 Mo ~ IV Oraun, B2 Mo + [bllosity < O kit

3. We now trace the changes of the defect: from that corresponding to ug, to U then to
U. The departing point in our construction is the decomposition (1.16), which needs to be
administered under the Kéllen iteration technique (see Theorem 6.1). This technique allows
to decompose the defect together with a specific portion of the future error, namely the non-
oscillatory portion which cannot be handled otherwise. A new error JF is hence introduced,
however it can be made arbitrarily small. This is the key outcome of Kéallen’s iteration:

3
1 1
D(go — 01 Ho, ux) — pVal ® Vai — EVGQ ® Vas = Za?m @n; + F,
i=1 (1.19)
)
where ||V F||p < C k T
Now, Kuiper’s corrugation in U in (1.18), has the purpose of cancelling both a2n; ® n; and

%Val ® Vay from D(gg — dx1Ho, ux) above, and it does so, because (see Lemma 2.5):

1
(VO)TVU = (Vup) Vg, = a3 @ 1 + 12V © Vay

T(Mz,m))?2 -1 T (A, Az, T(Az, 1.2
L M ;7;)) S+ ( <Ax 771>)S2Jr ( <a; ?71>)SBJr ( <9; ’71>>s4 (1.20)

4+ symVW + R,

where R is a residual error term, arbitrarily small in the sense given below, while the quantities
S1,99,S53,54 define the leading order errors. The field W is such that it cancels all entries of
these principal four errors apart from their eo®eo components, at the expense of a much smaller
new error G. This can be done precisely because the oscillation profiles I'> — 1, I'T’, I and T’
have mean zero on the period (see Lemma 5.1). The main idea is based on the decomposition:

F()\xl)H = I’()\:cl)sym((Hn, 2H12) & 61) + F()\xl)Hggeg & e9

= symV(Fl(i\xl) 7F1()\CU1)S

where I’} =T,

(Hii, 2H12)> - ymV (Hy1,2H1o) + T(Az1)Hozes @ €9,  (1.21)
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that is iterated IV times, decreasing the second term in its right hand side to the order 1/AY.
Of course, the primitives I'y given iteratively by the formula ( )(N )I'y =T, remain bounded
provided that their initial oscillatory profile I' has mean zero on its period. In conclusion, our
first intermediate defect is composed of:

3
D(g — 0p+1Ho, U Za 77,®77,+ Va2®Va2+]:+g+R Geos ® eo,
=2
where: ||V F||g ~ C O ~A™" from Killen’s iteration
(1.22)
IV™Gllg ~ O A™ < C Ok w A" from oscillatory decomposition

(>\/ )
6

VMR < C’(Sz/ N2\ < C—]Ii{)\m from the last assumption in (1.10);.
o

The bound on the derivatives of G is due to the fact that S, So, S3, Sy oscillate with frequency
pur and A/ur = o. A similar reasoning applies to the second intermediate immersion U in
(1.18), where the second Kuiper corrugation is used to cancel a2n2 ®n9 and Vaz ® Vay from
D(go — 641 Ho, U), while W is defined to cancel (see Lemma 5.3) all but the eo ® ey entries of:

D(rlw,m))? =15 | TT'(s(z,72)) I'(k(x, 1m2)) L(x Kz, 1) g

2 ST+ S + S + 4,

derived as the four principal errors terms (see Lemma 2.5) in (VU)TVU — (VU)TVU, similarly
as in (1.20). Hence, the second intermediate defect is composed of:

D(g — k41 Ho, U) = (a3 — G -G @m+E+G+R

0
where:  [|[V™E]|g ~ C’—k)\m from (1.22)
2 : iy (1.23)
k™ < C—k™ from oscillatory decomposition

(k /A) A

VMR < Céi/ N2 < C%K,m from the last assumption in (1.10);.
o

IV™Glo ~ C

The bound on the derivatives of G is due to the fact that S1, So, S3, S4 oscillate with frequency
A and k/A = 0. From the bounds on G, G one can correctly define the augmented amplitude:

that obeys: b? ~ d;, and Hv(m)b2||0 < C"%kﬁm'

4. We now analyze the change of the defect from that corresponding to the immersion U to
the final ug, ;. The third Kuiper’s corrugation in (1.18) is used to cancel the term b%es ® ey in
D(g — 0r+1Ho, U) and note that it is the first time that we use the second codimension normal
field E2. The field W is defined by applying the oscillatory decomposition in Lemma 5.3, to
cancel all but the e; ® e; entries of the following principal errors in Lemma 2.5:

T (Mrg1(m, 773))5 n [(pg41(z, 773>)S i F(Mk:+1<l‘,773>)§
Hk+1 HE+1 HE+1

)

with only two iterations of (1.21), rather than N as before. This is precisely why we neces-
sitate 1 /K ~ oV/? large, whereas A/ = o and k/\ = ¢ has sufficed. The contribution
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corresponding to §1 = Vb ® Vb is estimated directly in the second bound below, due to b and
hence S7 oscillating with frequency «. It follows that:

- _ T 7 2 - =
D(g — dpr1Ho, upy1) = Ger ® e + &+ & + (uk+12<$ 13)) Vb Vb+ R+ G,

Hit1

where:  [|[V™/(E +&)|lo ~ 05—1’;#“ from (1.22), (1.23),
g

r ,M3))? ) " Sk m
Hv(m)< (Hm:iiﬂ 1) o s Vb) I, < Cﬁﬂk+l < CUT@/“%H’

1 Ukt1/K (1.24)
= 5k—1 6kO'N/2 6k
v(m) ~ ookt m o TRY m -y TR m
| Gll (st )P ETE T (g fr)p o = & g
from oscillatory decomposition,
- J
VMR < 052/201\[/2/;211 < Cg—fvuﬁd by last assumption in (1.10);.
The third bound above follows in virtue of (1.17), since the worst term in G is:
- T _ _ _
G~ Dt @m) Gog hore § o b(VO)TVER,
Hr41
In conclusion, the final assertion of the inductive bound (1.15), namely:
Ok
Hv(m)p(go — 01 Ho, up41)ljo ~ Uwﬂﬂp
follows in view of (1.24), if we are able to check that:
||V(m)G||O ~ ﬁ“zzﬂ (1.25)

This indeed holds, and can be seen from the exact formulas on the e; ® e; residual components
in the decomposition parallel to that in (1.21), given in Lemma 5.2:

1

A F’L ’ o & 5 =

G~y MR(& +55+5,)  where Sp~bsym(Vb®1s),
=0 Fit1

and S5 ~ bsym((V(_])TVE%)), Sy ~ sym((VO)T'V(b?Tym3)).

with Po(H) :HH, Pl(H) :81H12.
In particular, only components (§¢)11 and 81(51-)12 enter in the formula on G. We prove (1.25)
using all the information in (1.17) as well as the relation between x and pg41.

This ends the sketch of proof of Theorem 1.2. We close by a few extra points:

- The distinction between definitions of p; and pg at £ > 1 in (1.14) is needed for the
proof of the inductive bounds on (d11ug, EZ, ) in (1.17), separately at the induction
base £k = 1 and then at the induction step.

- Along the proof, we need to keep track of the evolution of the orthonormal frame
(E', E?) and the tangent frame T to the surfaces given by immersions ug, U, U, and
also to have all these immersions satisfy the uniform condition (1.10)s.

- We provide bounds on any order of derivatives V(™) of various fields, however only a
finite number of them is relevant (in the proofs we specify how many, for completeness).
Hence all constants C' in our estimates are uniform, though depending on N (which
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refers to the decay rate of the defect passing from ug to ugs1), and K (which stands
for the number of triple Steps in a Stage).

- Several error quantities are estimated by means of higher powers of § (like 83/2 or 52).
All such quantities are bounded by a quotient of § and the relative frequency o raised
to a convenient power at hand, because of the last assumption in (1.10);.

Remark 1.4. The same result as in Theorem 1.1, remains valid in any target space R™ re-
placing R*, for n > 4. Our proofs only require existence of and the propagation bounds on
two normal vector fields, which are guaranteed by having n — 2 > 2. The same statement as
in Theorem 1.2 also holds and one concludes the final result by a version of Theorem 1.3.

1.7. Notation. By Rsyxnlf and we denote the space of symmetric k x k& matrices, and R§;£7> is
the cone of such matrices that are additionally positive definite. The space of Holder continuous
vector fields C™# (@, R*) where m > 0, B € [0, 1] consists of restrictions of all v € C™#(R2, RF)
to the closure @ of an open, bounded set w C R%. The C™(@,R*) norm of such restriction
is denoted by ||v[ss, while its Hélder norm in C™# (@, R¥) is ||v||; 5. Below we gather other

notation that is recurring in our paper, specifying the first time when it appears.

D(g,u) = g — (Vu)T'Vu: the defect, i.e. the difference between the given metric and the
immersion metric, see (1.3),
ro: the radius assuring positivity of coeflicients in the metric decomposition, see Lemma 2.2.

m =e1,n = el\gQ,ng = e9: the unit vectors yielding the primitive defect decomposition,

see Lemma 2.2.

Hy = 21'3:1 7; @ n;: the referential (constant) metric whose all decomposition coefficients
equal 1, see Lemma 2.2.

{c‘zi}?zlz the linear projections in the decomposition of the defect, see Lemma 2.2.

I, T: the leading oscillatory profiles in the given convex integration Step constructions, see
Lemmas 2.4 and 2.5.

E}, E2: the orthonormal pair of normal vectors fields (the normal frame) to the surface given
by immersion u, see Lemma 2.4.

T, = (Vu)((Vu)"Vu)~!: the tangent frame to the surface u(@) given by the immersion u,
see Lemma 3.2.

R,R1,Ro: the secondary error terms in the single Step constructions, see Lemmas 2.4, 2.5.

u: the referential smooth immersion with positive definite defect, see Theorem 1.3.

~: the referential immersion constant after an application of the initial Stage; all immersions
in the inductive stages obey 1/(27)Id2 < (Vu)'Vu < 27Ids, see Lemma 4.1 and
Theorem 1.2. B B

By C we denote a universal constant that may change from line to line of the proof, where it
depends on the specified parameters while being independent from all the induction counters.

1.8. Acknowledgement. The author was partially supported by the NSF grant DMS-2407293.
The author gratefully acknowledges support from the Simons Center for Geometry and Physics,
Stony Brook University as well as the Simons-CRM program at McGill University, at which
some of the research for this paper was performed.
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2. THE DEFECT DECOMPOSITION LEMMAS AND TWO STEP CONSTRUCTIONS

This section contains some preliminary technical lemmas that serve as the building blocks
of the following proofs. We first gather the convolution and commutator estimates from [16]:

Lemma 2.1. Let ¢ € C°(R?,R) be a standard mollifier that is nonnegative, radially symmetric,
supported on the unit ball B(0,1) C R? and such that fRQ ¢ dx = 1. Denote:

oi(x) = ll?(b(%) for all 1€ (0,1], z € R%

Then, for every f,g € CO(R%,R), every m >0 and B € (0,1), there holds:

IV % gl < o (2.1)
I1f = f*¢rllo < min {Z[V?£llo, PNV £llo,s: LIV fllo, PNl fllos } (2.1)
IV (fFg) % r — (f 1) (g * o) lo < CE™ IV £1lo] Vgllo, (2.1)3

with constants C' > 0 depending only on m.

The next two lemmas provide the decomposition of symmetric matrices into linear combi-
nations of rank-one “primitive matrices”. The first result is self-evident, proved for the general
dimensionality d > 2 in [16, Lemma 5.2], while the second one is a combination of the local
decomposition with a partition of unity - type statement from [43, Lemma 3.3]:

Lemma 2.2. There exist ro € (0,1) and linear maps {a; : ngxn% — R}, such that, denoting:

3
e] + ez

= e R — s = € and H — ) ® Ly

m=er N2 NG 73 = €2 0 ;m ni
for all H € B(Ho,ro) C R2:2 there holds:
3
_ _ 1 .
H= Zai(H)m @mn; and |a;(H)—1] < B forall i=1...3.
i=1

Lemma 2.3. There exists an integer Nog and a sequence of unit vectors {n; € R? o, together
with a sequence of nonnegative functions {@; € C?(R§;£7>,R)}§il, such that:

oo
H = Z wi(H)*n; @n;  for all H € R§;§7>,
=1

and that:

(i) at most Ny terms in the above sum are nonzero, for each H,
(ii) every compact set K C ]ngxni> induces a finite set of indices J(K) C N, such that

wi(H) =0 for all H € K and all i ¢ J(K).

The remaining two lemmas in this section provide two types of Step construction in the
convex integration algorithm. The given immersion is modified by adding oscillatory pertur-
bations, with the scope of cancelling a single term in the pull back of the Euclidean metric
via the immersion, of the rank-one type featured in the decomposition Lemma 2.2. The first
construction, referred to as Nash’s spiral, necessitates two normal vector fields:
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Lemma 2.4. [STEP: NASH’S SPIRAL] Let u € C*(R?,R*) be an immersion and let E}, E? €
CY(R2,R*) be a given orthonormal pair of its normal vector fields, so that:

(Vu)E, = (VuTEZ=0, |E}=|E}=1 (ELE2=0 inR%.
For a given unit vector n € R? we set t = (x,m) and denote:
['(t) =sint, TI(t)=cost.
Then, for every A > 0 and a € C*(R?,R), the vector field & € C(R%,R?*) given by the formula:
(At INEY)

(@) Bl@) + =

u(r) = u(z) + a(z)Ej(x),

satisfies the following identity:
(Va)I'Vvi— (Vu)!Vu=d*non+R,

with the error term R in:

R - R(Ay aa 777 vu? E’}H EZ)

= {2F(;\t)a sym((Vu)'VEL) + QF(;\t) a sym((Vu)'VE?) + gaQSym((VEZ)TEi ® T])}
[(\t)? C(At)?
{5

a*(VEDNTVEL + v
+2

INCVAINCY; 1
(;2()@2 sym((VE,) ' VE]) + 15Va® Va}.

Proof. We first calculate the gradient of the modified immersion:

a*(VE2)TVE?

Vi = Vu+T'(\t)aE! @n+ F(;t) (aVE! + E;, ® Va)

_ INOY;
+T'(\)aE2@n + (A) (aVE2 + E2 ® Va).

This leads to the following formula, where we suppress the argument At in I and I and order
the terms according to powers of A:

(Va)I'va — (Vu) ' Vu
= {(F’)Qagn ®n+ (') n® 77}

r r rr
+ {QXG sym((Vu)'VEL) + 2Xa sym((Vu)'VE2) + QTa sym(Va ®n)

I'r rr’
+ QTazsym((VEg)TEi ®n) + 2Ta2sym((VEi)TE5 ®n)
NN
+ QTG sym(Va ® 77)}
I? I? T
+ {FaZ(VE;)TVE}L + 35 Va® Va+ 2 asym((VE,) VED)
r, o2, L
+ 2@ (VE)VE] + 35Vae Va}.
We now observe that the sum of the two terms in the first parentheses equals a’n ® n because:

()2 + (F)? =1,
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whereas the remaining terms are exactly R. This is because the third and the sixth term in the
second parentheses cancel out due to I'T’ +T'T” = 0, and the fourth and the fifth term in there
combine due to I'T' — I'T” = 1. Also, the second and the fifth term in the third parentheses
combine, due to I'> + I'? = 1. The proof is done. |

In the second Step construction, referred to as Kuiper’s corrugation, the oscillatory modifi-
cation is added only in one normal direction and it is augmented by a matching tangential
perturbation, a construction inspired by [31]. A similar formula appeared in [10, Lemma 3.1]
and for the Monge-Ampere system in [32, 36]. Note the additional tangential perturbation com-
ponent w, that is crucial for our proofs and that will be chosen based on the oscillatory defect
decomposition in section 5, as was done in [10, 27]. Of course, the error terms in (2.2) are now
more complicated, and we split them into four groups: the non-oscillatory term %Va ® Va,
then the four principal oscillatory terms, the term symVw, and the residual terms R, Ra:

Lemma 2.5. [STEP: KUIPER’S CORRUGATION] Let u € C?(R?, R*) be an immersion and
let B, € C1(R%,R*) be a given unit normal vector field to u, so that:

(Vu)TE, =0, |E,)=1 1inR%
For a given unit vector n € R? we set t = (x,m) and denote:
- 1
[(t) = V2sint, T(t) = — 1 5in(20).

Then, for every A > 0, a € CH(R%R) and w € C1(R?,R?), the vector field i € C1(R% R?) in:

() = u(e) + D a(@) B () + () (D) + w(z) ).

where: T, = (Vu)((Vu)TVu)f1 € CH(R%, R**?),
satisfies the following identity:

1
(Va)I'Vi — (Vu)'Vu = a®>ne@n+ —Va® Va

)\2
L(\)2 -1 T (Mt T'(\t
(A)2 Sl+()()52+()

A A
4 2symVw + R1 + Rao,

C(At)
A

(2.2)

S3 + Sy

with the leading order error terms given via:
S1 =Va® Va, Sy = 2asym(Va ®n),
S3 = 2a sym((Vu)TVEu), Sy = QSym((Vu)TV(QQTun)),
the first residual error term given in:
R1 = Ri(\ a,n,Vu, E,) = (I') 2| Tun)?n @ n

+ {QWCL sym((n ® E,)V(a®Tyn)) + 2

C(A)TY (M)
A

F()‘t)/\f/(/\t)cﬁ sym((n® n)(T)TVE,))

+2

[(\t)?
+ { ()\2) a2(VE,) VE, + 2

INOE
/\2

sy ((n© n)(T)"V(a*T,m) }

C(A)T(\t)
/\2

V(@ T)" V(@ T },

Sym(V(aEu)Tv(GQTun))
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and the second residual error term involving w:
R2 = Ra(N a,n, Vu, E,,w)
= {2 sym((Vu)” [(01T)w, (0:T,)w]) + 2" (At)asym((n ® E,)V(T,w))

+ 21 (M) aZsym ((n ® n) (T) "V (Tyw)) + V(Tuw)TV(Tuw)}

+ {QP())\\t) sym(V(aE,)"V(T,w)) + 2F())\\t)Sym(v(azTun)Tv(T“w))}'

Proof. We start by calculating the gradient of the modified immersion:

Vi = Vu+ al' (M) E, ® n + a*I'(M)Tyn @ n + V(T,w)
T'(At)

L(\¢
+ =52 (aVE, + B, ® Va) + ()\)V(a2Tun).

We obtain the following formula, where we suppress the argument At in I’ and T, and order
the terms according to powers of A and their independence / dependence on w:

(Va)IVi — (Vu) ' Vu

= {0 @ n+ 20T (Vu) T @ 0 + ()% (n @ m)(T) " Tuln @) }

r r rr
+ {QXG sym((Vu)'VE,) + 2Xsym((VU)TV(a2Tu77)) + 2Ta sym(Va ® n)
A Ff/
+ QTG sym((n ® E,)V(a*T,n)) + QTa?’ sym((n ® n)(T,)" VE,))

+ QF)\F/a2 sym((n ® n)(Tu)TV(a2Tun))}

rz ., T I? I'T T, 2
+ {Fa (VE,)'VE, + FVCL ® Va + 2ﬁsym(V(aEu) V(a*Tyn))

+ {2 sym((Vu)TV(Tuw)) + 2l"asym((n ® E,)V(T,w))

+ 2la%sym ((n ® n)(T,)' V(Tyw)) + V(Tuw)TV(Tuw)}

+ {2§sym(V(aEu)TV(Tuw)) + 2§sym(V(a2Tun)TV(Tuw))}.

This precisely yields the claim, upon noticing that first two terms in the first parentheses sum
to a®n ® n because (Vu)T T, = Idy and because:

(T2 21 =1,

while the third term in the first parentheses can be rewritten as (I')2a*|Tyn|?>n ® n. Finally,
the first term in the fourth parentheses equals:

2symVw + ZSym((Vu)T (01T w, (02T )w)).

The proof is done. |
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3. PROPAGATION OF NORMAL VECTORS LEMMAS

In this section, we gather some lemmas on properties satisfied by all the immersions induc-
tively constructed along our convex integration algorithm. The first observation is standard:

Lemma 3.1. Let u € C*(w,R*), defined on the closure of an open, bounded set w C R?, satisfy:
1
—Idy < (Vu)'Vu <ldy  in @, (3.1)
Y

for some v > 1. Then there holds:

1
2
Proof. The first assertion holds as [Q;u(z)|> = (Vu(x)T (Vu(x))ei, e;) < v for i = 1,2. For the

second assertion, note that both eigenvalues of the symmetric matrix (Vu)? Vu are within the
interval [1/7,~] for all x € w, by (3.1). This implies the stated bound on the determinant. M

IVulo < (27)%  and < det((Vu)TVu) <42 in@

The next lemma gathers bounds on the tangent frame of an immersion:

Lemma 3.2. Let u € C*2(w,RY), defined on the closure of an open, bounded set w C R?,
satisfy (3.1) for some v > 1. Assume additionally that:

IVMIV@yllg < Cu™t A forallm=0.. .k,
with some constants u > 1, A < 1 and C > 1. Then, the following bounds are valid for the
tangent field T, = (Vu)((Vu)TVu)fl € CH1l (o, R¥*2):
T <C  and [[V™T,llo < Cu™A  forallm=1... k+1,
where C depends only on v, C and k, but not on u, A.

Proof. Write T;, = m(vu) cof((Vu)'Vu), whereupon Lemma 3.1 implies the first
assertion, with C' depending on ~. For the second assertion, estimate first:

IV det((Va) ' Vu)llo < C > (IVE D ufof VO Dullo [ VEH Do [V Dullo
p+q+t+s=m
<Cu™A forallm=1...k+1,
because at least one of the exponents p, ¢, s, must be positive, say p > 1, so that p+1 > 2 and

we can use the assumption bound, whereas other terms are estimated as in || V(@ Duljg < Cpd
in view of Lemma 3.1 as A < 1. An application of Faa di Bruno’s formula yields:

m) 1
Iv (det((Vu)TVu))> lo
<C Z Hdet((Vu)TVu) ~(prte4pm) H 7 det((Vu)'Vu) \pJH
p1+2p2+..mpm=m j=1
<Cu™A forallm=1...k+1.

In conclusion, and by a similar argument, we get:

1 S
HV uHO <C Z HV <det VU)TVU)))HOHV(qH)u”OHV( H)U”OHV(tH)UHo
ptg+t+s=m

<Cum™A forallm=1...k+ 1.

This completes the proof. |
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Concerning existence of the normal frame, the following has been proved in [11, Lemma 3.5]:

Lemma 3.3. Let u € C®(w,R*), defined on the closure of w C R? diffeomorphic to By, satisfy
(8.1) with some v > 1. Fiz N > 1. Then, there exist a normal frame E., E2 € CN (w0, R*):

(V) B, = (Vu) B} =0, |E)|=|Ej|=1 (B, E})=0 inw, (3.2)
obeying the bounds:
IVME || < C(1+||Vullm) forallm=1...N, i=1,2, (3.3)

where C' depends only on w,~vy and N.

We now sketch the argument; it starts with a local construction on w = By, by first fixing an
orthonormal frame ¢!, €2 € R* to Vu(0), then defining the smooth fields:

vi(z) = (Ids — (Vu(a:))(Vu(x)T(Vu(x)))AVu(a:)T)fi fori=1,2,

which form a basis of the orthogonal complement of span{d;u(x),d2u(z)} and can be Gramm-
Schmidt orthonormalized to E., E2 satisfying (3.2), (3.1), in a sufficiently small neighbourhood
B, of 0. Then, the key ingredient in the proof is to show that such local frame can be extended
on B,s and obey the same bounds, with § > 0 that depends only on v, N. The construction
is explicit, via a partition of unity argument. |

The final lemma of this section provides the key construction and estimates on the propa-
gation of normal vectors from a given, to a nearby immersion:

Lemma 3.4. Let u € C*2(w,R*) be defined on the closure of an open, bounded set w C R?, and
satisfy (3.1) for some v > 1. Let EL, E? € C*1 (w0, R*) satisfy (3.2), and fir v € CF2(0, RY).
(i) There exists p € (0,1) depending only on vy, such that if ||Vv—Vullo < p then a normal
frame E}, B2 € C*1(@,RY) to v, namely:

(VOITE! = (Vo)TE2=0 and |E!|=|E?|=1 and (ELE?=0 ina,

can be defined via the following formulas:

Bl — vy B2 — vy — (v, B)) B,
C Il O = W EDE

where v}, = (Idg — T,/(Vv — Vu)')El,  fori=1,2
and T, = (Vv)((Vo)T Vo)7L,
(i) If, in addition to |Vv — Vullo < p, there holds:
IV (Vo — Vu)|o < CumA  form=0...k+1,
VIV @ulg < Cpmtt, [VVEL g < Cp™™ form =0.. .k, i = 1,2,
with some constants > 1,A < 1 and C > 1, then E., E2 given in (3.4) satisfy:
IVONED — ED|lo < Cu™A  forallm=0...k+1,i=1,2,
where C' depends only on v,C and k, but not on u, A.
Proof. 1. Observe that, by the first bound in Lemma 3.1:
1(V0)"Vo = (Va) " Vullo < Vo = Vaullo([Vullo + [ Vo]lo) < Vo = Vullo(2*%51/2 + 1),
implying for small p that:

1
o < (Vo)TVo < 291dy  in @. (3.5)
2
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Then, T, € C*+1(@, R**?) is well defined and v/ are normal to Vo, as (Vv)TT, = Idy and:
(Vo) 'vi = (Vo)! = (Vo - Vu)')EL = (Vu)'EL =0 fori=1,2.
Further, applying Lemma 3.2 to bound ||7||o by a constant that only depends on ~, we get:

. . 1
1 = Eullo < [[Tollol Ve = Vullo < ClIVo = Vullo < 5 (3.6)
for p sufficiently small, so in particular:
; ' 1 1
|y ()| > |EL ()| — 3 > B forall z€ew, 1=1,2
implying that E! in (3.4) is well defined. Next:
1
vy, v o < 2 Tullol| Vo — Vaullo + | o[l Vo — Vaul[§ < 3’
for p sufficiently small, implying the well definiteness of E? because:
1 [(2(x),vix) -1 1 1 _
Vg (x) — (v (x), By (2)) By (x)| > 3 W >5-7=; foral zew.

This justifies all the claims in (i), in view of the final property:
vi — (vi, E5) By

2. Recall that v obeys (3.5) and also, from the assumptions we get: |[V™V@y||y < 2Cpm+1
for all m = 0...k. Hence, Lemma 3.2 implies:

VT o < Cp™  forallm=0...k+ 1. (3.7)
Consequently, for all m =0...k + 1:
IV — Elo<C 3 IVOT o VO (Vu - Vo)l [VOELfo < Cuma,  (3.8)
ptgtt=m
and further: ‘
HV(’")V;HO <Cup™ foralm=0...k+1. (3.9)
We write:

B mb= g0~ ) = ([ Vs + 0+ 0m) ar)wh - )
0

0ijl2l? — 22

where f(z) PE

=é with 9, f7(z) = for all z € R*\ {0}, 4,5 =1...4.
For each fixed t € (0,1), we now bound ||V§;m)8ifj(t(l/3 — EY) + Eb)o. Firstly, by (3.8):
va(ﬁm)(t(V;—Ei)—i—Ei)Ho <Cup™ forallm=0...k+1,

and also the same estimate is valid for the derivatives of |t(v} — E}l) + EL2. Secondly, since
[t(vl — E})+ El| is lower bounded by 1/2 by (3.6), the above yields, by Faa di Bruno’s formula:

: — [V (0 — B+ ELR)

m —3/2
Hvx (]t(yg _ E&) —"_E’EL‘?))HO -

lo

<C Y ity = By + By etpe ) [TV iy - By) + Bl
p1+2p2+..mpm=m j=1
<Cu™ forallm=1...k+1.
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It hence follows that for all m =0...%k + 1, independently of ¢t € (0,1):
IV f (s — B + Ey) o

<C Y VP = Ey) + Byl llo][VE(
ptg=m

1
vy — E) + B

)Ho < Cp™,

which implies, through (3.8), as claimed in the lemma:

1
VOB -EDI<C X || [ VOVH(wd - B + BY) dely |90 - EDl

pigem 70 (3.10)
<Cu™A forallm=0...k+1.

In particular, the above yields:
IVM™EY < Cu™  forallm=0...k+ 1. (3.11)
3. It remains to prove the bound as in (3.10) for E2 — E2. To this end, observe that:

(2, Bl = ‘:” (B2 — T, (Vv — Vu)'EL E, — T,(Vv — Vu)TE})
= |y11| ( — 2(sym(T,(Vo — Vu)')EL, E2) + (T,(Vv — Vu) ' E}, T, (Vv — VU)TE3>)

Since |v}| is lower bounded by 1/2 in view of (3.6), the estimate (3.9) implies:

[V (=) ||, < O™ forallm =0...k+1,

1
vl
via the application of Faa di Bruno’s formula, as before. The bounds on the derivatives of T,
in (3.7) and the assumed bounds on the derivatives of Vv — Vu and E!, now result in:

V™ 2 BNl < Cu™A  forallm=0...k+1. (3.12)
Denote:
vy = vy, — (v, By)E, (3.13)
and observe that by (3.8), (3.11), (3.12):
IV @] = EDllo < V@] = EDllo + IV (7, BN E) o
SCumA+C D IV ENoIVPE o < Cu™A  forallm=0...k+ 1.
ptg=m
As in the previous step, we now write:
Ey — By = [(7) — J(Ey),
and recall that by (3.13), (3.6) and the following two bounds in step 1:
K72 (@) — E2(x)) + E2@)| > |B2(@)| - v - B2l — 1w, EY o
1 1

1
>1l—=——=->- f 11 0.
> 5 121 orall x € @

The above lower bound allows for the same estimates leading to (3.10), likewise yield:

1
IV(E - B <C > H/ VIV f(t(2 — E2) + Ep) dt]| IV (52 — E2)llo
pt+g=m 0
<Cu™A forallm=0...k+1.

This ends the proof. |
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4. THE INITIAL STAGE IN THE NASH-KUIPER SCHEME

In this section, we show how to reduce the given positive definite defect D to D that is
arbitrarily small, at the expense of increasing the second derivatives of the modified immersion
by a specific power of the defect’s decrease. This information was not needed in the convex
integration analysis of the Monge-Ampere system in papers [36, 32, 33, 34, 26, 27], where only
the decrease of D mattered in the initial Stage. Similar statements were put forward in [9,
proof of Theorem 1.1], [13, Proposition 3.2]. Here, we provide a self-contained proof of the
assertions that we use in our future arguments, applying the Step construction in Lemma 2.4.

Theorem 4.1. [INITIAL STAGE] Let u € C*®(w,R*) be an immersion, defined on the closure
of an open set w C R? diffeomorphic to By, together with a metric g € C™5 (@, ngxm ) where:

O<r+p<2.

Assume that:
D(g,u) =g— (Vu)Vu>0 ona.

Then, there exist v > 1,0 € (0,1) and 7 > 1 + +ﬁ, depending only on w,u and g, such that
the following holds. For every § € (0,9) there exists u € C*(w, R*) such that:

C
lu—ullo <C3, [V(u—u)llo<C, [IVi(u—-wllo <+ (4.1)1

oz’
.
ID(g — §Ho,u)llo < 6, (4.1)2
11012 < (Vu)TVu <qldy  in@. (4.1)3
5 Y

with ro as in Lemma 2.2 and with constants C' depending only on w, u and g.

Proof. 1. For a sufficiently small [ € (0,1), in dependence of only w,u,g, we define the

mollifications g; = g * ¢, € C®(w, ngxn% - ) as in Lemma 2.1. Fix ¢ € (0,9). We write:

D(g; — 0Ho,u) = D(g,u) + (91 — g) — 6Hp.

Recall, from (2.1)2, (2.1)1, the estimate:

1
lge = gllo < U Pllgllrg, IV ™alllo < Com ez lgllo, (4.2)

where C,,, depends only on m and w. Taking [ and § sufficiently small guarantees hence that:
1 .
D(gi—0Ho,u) 2 5D(g,u) inw and  [Dlg —dHo,u)o < 2|D(g:w)lo  (4.3)

and that the image of w through D(g; — dHp, ) is contained in a compact region K C Rg;n% S
depending only on u, g. By Lemma 2.3, there exists a finite set of N indices, depending only
on K, for which the decomposition of D(g; — § Hp, u) into primitive rank-one metrics is active:

N
D(g, — 6Ho,u) = Zafm ®n;  onw,

where {a; € C®(@,R)}Y; are given by a;(x) = ¢; (D(gl - 6H0,g)(x)) for all x € @.
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Above, the coefficient functions {p; € CSO(RE),XH% -, R)}Y, and the unit vectors {n; € R?}¥, are

as in Lemma 2.3. By Faa di Bruno’s formula and the second bound in (4.2), we obtain:

IValosc 3 Vet T IVO DG - 5Ho, )

p1+2p2+..mpm=m j=1

<C Z H(HQHO ) <lg

p1t+..mpm=m j=1

valid for m =1... N — 1, with C that depends only on N, w, u, hence on w, u,g. In conclusion:
|yv<m>ai\|ogl% forallm=0...N—1,i=1...N. (4.4)

We set ug = u and inductively define the N-tuple of immersions {u; € CN~2(w, R4}V,
according to Lemma 2.4, namely:

it F()\i+1t77i+1)E1' + Girl F<Ai+1tni+l)EZi fori=0...N —1,

Uit1 = Ui + u
Ait1 L VS

where we denote t,, , = (x,7;11) and where the orthonormal normal vector fields {£, E! ,E2
CN=H (@, R}, 01 are defined through Lemma 3.3. The frequencies A are defined as follows

1
i = - foralli=0...N, (4.5)

(el)?
where € € (0,1) is sufficiently small, in function of w, u, g.
2. Let v > 1 be such that:

1
;IdQ < (Vu)TVu <~ld;  in @.

We will show that, provided e in (4.5) is sufficiently small, there holds:

;Yldg < (Vu)"'Vu; < (v +2|D(g,u)]o + 1)Idy in@  fori=0...N, (4.6)1
IV™yllp <CA™Y fori=0...N—1, m=1...N—i+2, (4.6),
IVOWED o< ONP fori=0...N—1, m=0...N—i+1, j=1,2, (4.6)3
IV (i1 —ui)llo < OXNPY fori=0...N—1, m=0...N —i+1. (4.6)4
Firstly, (4.6); and (4.6)9 are trivially true at ¢ = 0 where Ao = 1. Secondly, (4.6); and (4.6)

directly imply (4.6)3 by Lemma 3.3. Thirdly, (4.6)3 implies (4.6)4, because:

IV (uigy —ui)o < C Y NHIVDaillo(IVOEL o + VD EZ [lo)

ptgtt=m
A 1
p—1 m—1 m—1
< C Z )\7,+1 la — C)\’H-l Z (l)\erl) C)\H—l ’
pF+g+t=m ptqtt=m

by (4.4) and as [\;+1 > I\ = L > 1. Fourthly, (4.6)2, (4.6)4 at i counter imply (4.6)2 at i + 1:

IV i o < V™ ugllo + [V (uir = wi)llo < COP + N

<C/\;111 form=1...N —i+1.
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We now fix i =0... N — 1 and show that the validity of (4.6)2, (4.6)3 for all j = 0...7 implies
(4.6)1 at ¢ + 1. To this end, we recall the form of the error R in Lemma 2.4 and estimate:

(V1) Vg — (V)" Vuy — af i @ njallo = IR ]o

2 2 v 2
Qg a; Qg a4
< C(||>_\7+ ||O||V(2)Uj||0 ||/\g+ ||0||VEu]~||O | ]+1||0||VEuj”(2) I J+1H0)

j+1 j+1 A2 A
<c( NN, ) SC(+ () +¢) <Ce forall j=0...i.
TNy A (D T -

Consequently:
i+1
H(V’U,H_l)Tqu_l — (VU())TVU() — Z a?nj ® 77]'H0 < C, (4.7)
j=1
and we see that taking e sufficiently small yields in @w:
i+1 1 1
(Vuis) Vuirs > (Vo) Vug + ) aln; @ — Celdy > ~1dy — Celdy > o 1da,
, Y &
7j=1

N
(Vuir) Vi < (Vug)t Vg + Z a?nj ®nj + Celdy
j=1
< qldy + |D(g; — 6Ho,w)loId2 + Celds < (v + 2||D(g, u)|lo + 1)Ida,
by (4.3). This ends the proof of (4.6); and of all the inductive estimates.
3. We declare u = un and from (4.6)4 deduce that:

N-1 N-1
V™) (w — w)lfo < Z IV (w1 —w)llo < C 2 ARGt form =0,1,2, (4.8)
i=0 =0

On the other hand, from (4.2) and (4.7):
ID(g = 6Ho, w)llo < [ID(9: — 6Ho, un)llo + lg — gllo

N
= H Za?nj Kn; — ((VUN)TVUN - (VUQ)TVUO) HO + Hg - ngo < é(e + lr+ﬂ),
j=1

where C' > 1 depends only on w,u, g. We hence take:

0 0
=6 I"P=_=6
RTok 8C
which is consistent with the requirements of smallness of € and [ provided that ¢ is small. This
implies (4.1)2, whereas (4.1)3 follows from (4.6); with

v = max{2v,7 + 2||D(g, u)[lo + 1}.
Finally, (4.8) yields:
lu—ullo < )\g <Ce<C§ and |V(u—u)lo<C,
1
C
2)(,, — < —
IV~ 0l < Chw = 755

This implies (4.1); with 7 = (1 + Hl-B)N >1+ ﬁ, as claimed. The proof is done. |

< c5 N,
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5. THE OSCILLATORY DEFECT DECOMPOSITION LEMMAS

The three results in this section provide a symmetric matrix field decomposition, complemen-
tary to that in Lemma 2.2. It removes a further symmetric gradient from the given oscillatory
component of a defect at hand, and reduces it to a defect of higher order in the frequency, plus
another term that agrees in the frequency yet has a lower dimensionality rank. The lemmas
below are the explicit versions of the argument called ”integration by parts” in [10]. The pre-
cise formulas on the decomposition coefficients (5.3), (5.5), (5.7) are of crucial importance in
closing the estimates in Theorem 1.2. First, we quote from [27, Lemma 2.4, Corollary 2.5]:

Lemma 5.1. Given H € CF1(R2 R2X2), A > 0, and T'y € C(R,R), we have the decomposition:

Sym
Lo(Az1) k1 Lrgr (Az1)
3 H=(-1) 2 mVL]!
k k (5.1)
Liy1(Az) iLi(Azy)
—l—SymV(Z(—l) TL’”l) <Z(—1) )\Z-i-l Pln1)62®€2
i=0 i=0
where the functions T; € C*(R,R) satisfy the recursive definition:
=0y forall i=0...k, (5.2)
while LT € CF1=1(R2 R?) and P* € CF1={(R%, R) are given in:
L' = (Hy1,2H2), PJ' = Ha,
m = (6§i)H11, 28§i)H12 + iay_l)aQHn), (5.3)

, , forall i=1...k.
P =20 Yoy Hy + (i — 1)8 20 Hyy

Lemma 5.2. Let H, \, Ty be as in Lemma 5.1 and {T; € C/(R,R)}**} as in (5.2). Then:

Lo(Az2) k1 Lhg1 (Az2) :
k k 5.4
3 Liy1(Ax2) S
+Symv< (71) TLTB) ( )\7,+1 Rn3>61 X ey,
i=0 =0

with L € CKT1={(R2 R?), P® € CH1={(R% R) given in:
Ly® = (2H12, Has), P = Hu,
L = (205" Hyy + i0005 " Han, 05" Hao), forall i— 1.1 (55)
. , orall i=1...k.
PP = 20,05 VHyy + (i — 0P ol h.

There likewise holds, with respect to the oscillations in the 1y = 61\762

spatial direction and
the residue accumulating in the es ® es component of the matrix field, as in Lemma 5.1:

Lemma 5.3. Let H, \, Ty be as in Lemma 5.1 and {T; € C*(R,R)}* ! as in (5.2). Denote:

t = (z,m2).
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Then, we have:

Lo(At) k1 D1 (A2)
k (M) k (5.6)
1+1
+SymV(Z( 1) WLH2> <Z )\Z+1 P,Z72>€ ®627
1=0 =0
with L?* € CKT1-{(R2 R?), P* € CHH1={(R% R) given in:
Ly = V2(Hi1,2H12 — Hu), By = Hy» — 2Hi2 + Hu,
L1 = 264072 (90 11,20 Hyg + i00 ™V oa Hyy — (i + 1)0% Hyy), o)
P = 2i/2(200 Vo, Hyy — 20 Hyy + (i — 1)08 2 0P Hyy for i=1...k
—22‘8?_1)621’[11 + (Z + 1)82(7')1‘[11)
Proof. 1. Observe that sym(L{* ® nz) = H — Pj?e2 ® es and that:
T'(At T'(\t (Xt
mV( g\z )LQQ) = ()\2 )symVng + ()\ )Sym(L82 ®12).
Applying the above with I' = I'y so that IV =Ty, we get (5.6) at k = 0:
To(At T (At T (At To(At
O(A )i — 1; ) mVLP + symv< ;2 )L’") 0& )P572e2 ® es. (5.8)

2. The proof of (5.6) is carried out by induction on k. Assume that it holds at some k > 0
and apply (5.8) to H = symVL}” and Ty replaced by T'j11, to get:

I At
k+;( ) -

Lii2(At)
2

+ symV (

mVLk = — symVLkH

(5.9)

Thio(M Tri1 (A
L()Lk-s-l) + L()Pk-i-le? ® ez,

A2 A

where, in virtue of the definitions (5.7):

Liy1 = V2(01(L])1, 00 (LP)2 + 0o (L)1 — O1(L}?):
= 20229 iy 200 Hyp + (k + 1)0(P 0 Hyy — (k+ 2000 Hyy) = L2,
Prt1 = 0o(L?)o — O1(L]P)g — Oa(LP)1 + 1 (LPP):
o(k+1)/2 (28£k)02H12 - 28§k+1)H12 + kagk_l)aémH
—2(k + )0 auHyy + (k +2)0 TV HL) = B .



28 MARTA LEWICKA
Introduce now (5.9) into (5.6) to obtain:

Lo(M) (=D (- T i2(A)
Y Tk )2

72
mV.L,’,

At
+ symV (7k+)\2 ( )LZQH

k k
+ symV(Z(—l)iww?) + (Z(—l)iF;Eif) Pf?)eg ® e,

> Di1(AE)

A P11742rl€2 ® 62)

=0 =0
r ()\t)
k21 k+2
= (- W ymVL;%
k+1 k+1
1(At) At
Fom® (L0 + (S0 S e e
i=0
which is exactly (5.6) at k + 1, as claimed. |

6. THE KALLEN ITERATION TECHNIQUE

In this section, we carry out a version of Kéllén’s iteration, with the purpose of canceling the
non-oscillatory portion of the defect term %Va ® Va in Lemma 2.5. The remaining portion:
()2 -1 cos(2t)
Ts’l = —Tva ® VCL,
where we note that cos(2At) has mean zero on its period, will be canceled in the leading order
via lemmas in section 5. The matrix field H in the statement below should be thought of as
the scaled defect D. Similar result appeared in [27, Proposition 3.1], with only one extra term
of the type %Va ® Va, while [10, Lemma 2.2] featured more absorbed terms, as below.
Lemma 6.1. Let H € C®(w,R2X2) be defined on the closure of an open, bounded set w C R2,

Sym

and let M, N > 1 be two integers. Assume that:

|H — Hpllo < %0 and ||V H|o < Cu™ forall m=1...M+ N, (6.1)

for some given p,C > 1 and with ro as in Lemma 2.2. Then, there exists ¢ > 2 depending only
on M, N such that the following holds. Given the constants k > X > u satisfying \/u > o,
there exist {a; € C*®(w,R)}3_, such that, writing:

3
1 1
H = Zafm Qn; + ﬁval ® Va; + ?Vag ® Vas + F,
i=1
there hold the estimates:
1 3 1 3
§§a2§§ and §< §§ inmw fori=1...3,
IV™a2|lo < Cu™ and  |[V™allo < Cp™  for m=1...M+1, i=1...3, (6.2)
m
IV Fllo < O~ for m=0...M.
(/\/ )2

The constant C above depends only on M, N,C.
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Proof. 1. We will inductively define the triples of coefficients {a; ; € C*° (i, R)};VZO, i=1...3,
by setting a; o = 0 and further utilizing Lemma 2.2 and the linear maps a; in there:

az"j:(di(H—Sj_l))lm fOI'jZl...N,iZl...?),

1 1 , (6.3)
where & = ﬁVaLj ®@Vay;+—5Vagzj®Vay; forj=1...N.
K
This means that, with fixed unit vectors {n;};_;:
3
Zaijm@)m =H—-&_1 forj=1...N,
i=1
and we also denote:
> 1 1
Fj=H — Zaijm & mn; — FVCLL]' ®Vay,; — ?VGQJ ®Vagj=Ej_1 —&;.
i=1
We will show that the above decomposition is well posed and that it yields:
a;=a;y fori=1...3 and F=27Fn (6.4)
with the desired properties (6.2). To this end, we will inductively show for all j =1...N:
1 3 1 3 . .
5 S0l <5 and o <a; <o i@ fori=1...3 (6.5)1
IVeallo < Cu™ and V™ a0 < Cp™ -
9)2
form=1...M+N—j+1,i=1...3,
m
(m) . e — _
A4 ]:]HOSC(/\/M)% form=0...M+ N —j, (6.5)3

with C' that depends only on M, N.

2. We analyze the induction base at j = 1. By the first condition in (6.1), all a?@ =a;(H)
for i = 1...3 are well-defined and (6.5); holds by Lemma 2.2. Further:

1902 o < OV Hljo < O for m=1... M+ N, i=1...3,

1y

by the second condition in (6.1). Observe that the first conditions in (6.5)1, (6.5)2 always imply
the respective second conditions in there, because:

2
a; . — 1| 1
ai;i—1|=—"2—<|a?, —1/<= in@ j=1...N,i=1...3,
| 1,] | ald—l—l | 7,7 | 2
m
”v(m)ai,jHO <C Z ‘ ai(;/prlf..‘Pm) H ’v(t)a?’j‘pt . < Cfum7
p1+2p2+..mpm=m t=1

forj=1...N,m=1...M+N—j+1,i=1...3,

by an application of Faa di Bruno’s formula. This proves, in particular, (6.5)1, (6.5)2 at 7 = 1,
whereas (6.5)3 holds by:

C
VR0 < 55 > (9 Darllol Ve arslo + V0 ag o] Va1 o)
ptg=m
e

=
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This ends the justification of the induction base. We additionally note that applying Faa di
Bruno’s formula to the inverse rather than the square root, (6.5)2 yields:

190 (——=—)ll

Qi+ Q51
. 6.6
<C Y aig+aig_) P [TV @y + as-0 P (66)
P1+2p2+..mpm=m t=1
<Ccu™ forj=1...N,m=0..M+N—j+1,i=1...3.

3. We now exhibit the induction step. Assume that (6.5);-(6.5)3 have been proved up
to some counter j = 1...N — 1. To check that {a;;+1}}_; are well defined, we need that
|(H — &) — Hollo < ro, which indeed holds with ¢ large, because:

j j
ro
H — &) — Hollo < |H — H > & =&l < > IIF
I(H = &;) — Hollo < || oHo+t:1Ht t1\|0_2+t:1\| tllo

To > 1 To C
<2 <24 =
SRSy R sy

70/1#)2 > 2 valid from (A/u)? > ¢ > 2. This proves (6.5); at the

counter j + 1. We similarly get (6.5)2 from:

where we used that 1 —

J
Va2 o < IV Ho + [V o) < € (™ + 3 IV Fl )
t=1

H m
B/ <O

§C<um+

It remains to show (6.5)3 at j + 1. We write:
Fit1 =& —Ej
= %(Val,j ® Vaij — Vai jt1 ® Vay ji1) + %(VCLQJ‘ ® Vag,j — Vag j+1 ® Vag 1)
= %(V(am —ayj4+1) ® Vay; + Va1 @ V(ay; — a141))

1
t 3 (V(az; — azj+1) ® Vag; + Vag j11 ® V(ag; — azjy1))

(6.7)

and recall that F; = (H — &) — (H — &-1) = >0, (a?,j+1 — aij)m ® n;. This yields:
azz,j+1 - a?,j =a;(F;) fori=1...3

and further, by (6.5)s:

m m p
|V )(a?,j+1 _azz,j)HO < CIIVMFo < CW
foralm=0..M+N—j,i=1...3.
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In view of (6.6), we thus obtain:

2 2
m) (Yig+1 ~ Qg H
@jj+1 — G5 110

1 p
- D@, — a2 ) ol VO (—— Yo < b
<C 3 IVl =)l VY (G Jlo <€ 3 in

ptg=m

190 @i 541 = aig)llo = ¥

m

L o
_C()\/M)Qj foralm=0.. M+ N —j, ¢=1...3.
In conclusion, by (6.7):
IV Filo < C Z o )2juq+1

ptg=m
m

i

<Cor—emrr

IRCYIDRCA

This ends the proof of all the inductive estimates (6.5); - (6.5)3 and therefore of the desired
bounds (6.2) for (6.4). The proof is done. [ |

foralm=0...M + N —(j+1).

7. STAGE CONSTRUCTION: THE PROOF OF THEOREM 1.2

This section is devoted to our main construction, following its sketch in subsection 1.6.

Proof of Theorem 1.2

1. (Mollification and initial bounds) Fix g,7, N, K as in the statement of the theorem,
and 6, u, o, u satisfying (1.10)1-(1.10)3. All the bounds in the course of the proof below will be
valid under the assumption that ¢ is sufficiently small and o sufficiently large, in function of
7,w,g, N, K. We define the following initial parameters and the mollified fields:

1

Cu’
ug =ux g € C°@,RY), go=gx¢ €C®wRYD),

where C' > 1 above is an independent constant, assuring that:

Ho = K, 50:67 l=

Co
(Vo) Vug — (Vu) V) * ¢iflo < Col?(|Vul|3 < 0%, op? < an, (7.1)

which follows from the second assumption in (1.10)3 and by applying (2.1)3 to f = g = Vu.
Further application of Lemma 2.1 yields:

lgo - gllo < "+ gl g < 1202, (72)
Mo

lup — ullx < znuuQ <oy, (7.2)s

Vv @yg]|o < ||v2uHo < Cptisy? forallm=0...(3N +6)K. (7.2)3

In particular, ug is an immermon, because by Lemma 3.1:
(Vo) Vug — (Vu) " Vaullo < [|V(uo — w) o ([ Vuollo + [IVullo)
<[V (uo = w)llo (2 Vullo + [V (uo — w)llo) < 8" (2(47)"/2 + 65/%),
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so when &g < § is sufficiently small, we obtain:
1
3o 1d2 < (Vug)TVuy < 37Idy  in @. (7.3)
l i

Consequently, we may apply Lemma 3.2 to ug and po with A = 61/ 2

bound for the tangent field Ty, = (Vuo) ((Vuo)? Vug) ~ h

and obtain the following

ITullo <C, V™ Tyllo < Co2um forallm=1...3N+6)K —1.  (7.4)
Also, Lemma 3.3 implies existence of a normal frame E}LO, E2 € C(3N+6)K+1(®,R4), namely:
(VUO)TE,@O =0, |E,|=1 fori=12 and (E,,E5)=0 inw,

obeying the bounds:
IV EL Jlo < C(1L+ | Vug|lm) < C8o/ >

(7.5)
foralm=1...3N+6)K+1, i=1,2,
where we used the second condition in (1.10); and (7.2)s. In particular, we get:
IV (Vo) VE) o < C D VP Dugllof VD B [l
g gl (76)
<C Y pbpdtiey < 0y gt forallm=0...(3N +6)K, i =1,2.
p+g=m
Finally, writing:
D(go — doHo,uo) = D(g — doHo,u) * ¢ + ((VUO)TVUO — ((Vu)"'Vu) « ¢l>,
we get in view of (7.1), (1.10)3 and Lemma 2.1:
To To To To
D(go — doH < ||D(g — 9o H —00 < —dg+ ——=dg = —6
1D (g0 — doHo, uo) o < [Pg — doHo, u)llo + 1500 < ;700 + 500 = 0o,
C
IV D(g0 — 8o Ho, uo)llo < 77D (g — doHo, w)lo + 75 V2ullf 1)

< Coouyt forallm=1...(3N +6)K + 1.

2. (Setting up the induction) In the course of the proof, we will define the immersions
{uy, € C2HBNHOK=F) (5, R%)}E | and their normal vectors E ,E2 e CIHHBNHO(E-k) (55 R4):

(Vu)"E,, =0, |E,|=1 fori=1,2 and (B, E,)=0 ina,

(7

with respect to the increasing progression of frequencies {uk},]f:l and the decreasing progression
of interpolating defect magnitudes {&}2 | given in:

)
L = IuogN*Zg(%*Q)(k’l) = u002k+%(k+1) and 0 = % fork=1...K. (7.8)
o
UN+2 O.N/2+2 0_N/2+2 O'N/2+2
fo N TN g TN g s
Up = U P U Ug Uz U = U

FIGURE 1. Progression of the principal frequencies in (7.8).
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We note in passing that {5;/ 2uk+1}kK:_01 is an increasing K-tuple of numbers bigger than 1, as:

61/2 N9
’fl/é"““f‘”]v —o2>1 fork=1...K 1. (7.9)
Op,—1 Mk o2

We will inductively prove the satisfaction of the following properties, valid for all k =1... K:

1

QId? < (Vug)" Vg, < 3+Idy  in @, (7.10)

luk — ug_1]1 < C6/%, (7.10);

IV (g, — 1) o < O 2 for all m =0...1+ (3N + 6)(K — k), (7.10)3

IVM(EL — EL o < C8% i forallm=0...1+ (3N +6)(K — k), i =1,2, (7.10)4
5

V™ D(go — 6, Ho, ug)|o < N"fﬂl/z it forallm=0...1+ (3N +6)(K — k), (7.10)5

together with the following specific bounds on the components of the second derivatives:

1/2

IV (D55ur, B2 o < N//Q,,Lgﬁl form=0...3N +6)(K —k), i,j =1...2, (7.11)
512

IV (g, B2 )]0 < C ’“Nl it form =0...(3N +6)(K — k), (7.11)2
61/2

V™ (@10uk, B2 )|o < C Nﬂﬂg@“ for m=0...(3N 4 6)(K — k), (7.11)3

IV (@auy, E2 )0 < C8% it for m =0... (3N + 6)(K — k). (7.11),4

The above will yield the desired estimates by setting:
U =ug € CQ(@,R4)
Indeed, the bounds in (1.11); follow from (7.2)2, (7.10)2 and then from (7.2)s, (7.10)3, (7.9):

K-1

lur —ully < Jluo — ulls + Y lfugss — uglh < C Z 5% < s,
k=0 k=0
K-1
lullz < lluollz + D llursr — urllz < Coy/ 2o+ C Z 0y st < 2 e
k=0 k=0

= CM055/202K+%(K+1)7%(K71) _ Cuoéé/zaQKJrN,

in view of the definition of frequencies and defect measures in (7.8), whereas (1.11)y follows
from (7.2); and (7.10)5, by setting o > ¢ sufficiently large:

ID(g — 6 Ho,uk)llo < [lgo — gllo + |P(go — 6x Ho, uk )]0

< lgllrvs  bx—1 _ llgllr+s 1 6o _ llgllrs 70 do

= Iur+6 + oN+12 H6+ﬁ +O.N(K—1) oN+1/2 — M6+B 5 oNK-

3. (Decomposition of the k-th defect) We now fix the counter:
k=0...K—-1
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and carry out the construction of ug41. We either have k = 0 and the estimates (7.2)2-(7.7) in
step 1, or we have k = 1... K —1 and then we assume (7.10)1-(7.11)4. We proceed by applying
the Kallen decomposition in Theorem 6.1 to the following parameters:

D(go — O+1Ho, ug)

H = 5 y M= Mk, )‘:Mkaa ’ﬂ::u/k’oj-
k
P o P g2
VR VR
A S S N S Sy
Ug U U uy ug, U U Upt1

FIGURE 2. Progression of frequencies and the corresponding intermediate fields
U, U in the three corrugation modification from uy to ugy1. Note the distinction
ofcases k=0and k=1... K — 1.

We need to verify the two assumptions in (6.1). For the first one, we write:

ID(g0 = k1 Ho, uk) = dHollo _ [ D(go — 5kH0aUk)||0 5k+1

H — Hyllp =
| ollo 5, < 5,

|Ho| < 2
2
which is valid provided that:
o 5k+1
IP(g0 = drHo, ur)llo < -0, and |Ho| <
It is clear that the second bound above holds by (7.8) if we set o > ¢ sufficiently large. The

first bound holds at k = 0 by (7.7), whereas for k =1... K — 1 it holds by (7.10)5 for large o:

Ok—1 Ok _To
1D(g0 — kHo, ur) o < SNT12 ~ 12 < de'

We now verify the second assumption in (6.1):

IV™D(gy — 61 Ho, ug||o)
O

following for k = 0 from (7.7) and for k = 1... K — 1 from (7.10)5. Assuring that ¢ is larger
than ¢ required in Theorem 6.1, it yields the decomposition:

IV H|o = <Cur forallm=1...1+ 3N +6)(K —k),

3
1 1
D(go — Ops1Ho,u) = Y _aini @ + 12V ® Var+ —Vay ® Vas + 7, (7.12)
=1

with the bounds resulting from (6.2):
1 3
2

1
76k<a§ O and 55,1/2 <351/2 inw fori=1...3,

IV a2|lo < Cou and  [V™allo < 05;/2%”

(7.13)
for m=1...24+ BN +6)(K—k)—N,i=1...3,

O
IV Flo < € pmil for m=0...14 (3N + 6)(K — k) -
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We end this step by gathering bounds including (7.2)s3, (7.4) and (7.5):

I Vugllo < (69)"/2 (7.14);
VIVl < C6% i = €62 oM forall m=0... (3N +6)(K — k), (7.14),

ITullo <€ and VT, o < Cpis,/ o™/
forallm=1...1+ (3N +6)(K — k), (7.14)3
IV EL (lo < Cusy? o™ forallm =1...1+ (3N +6)(K — k), i = 1,2, (7.14)4

Indeed, (7.14); follows by Lemma 3.1 and (7.3) and (7.10);. Then (7.14)2 follows by (7.10)3,
(7.9) and (7.8) when k > 1, whereas its final bound follows directly by (7.2)3 for k =

Similarly, (7.14)3 follows from (7.10)4. Applying Lemma 3.2 with A = (51/2 N2 < 61/2 NZ <
in view of the last assumption in (1.10);, yields (7.14)s.

4. (The first corrugation) We define the intermediary field U € C1HBNFTO(K=k)=2N (g, R4):

F()\le)
A

ING)
wEL + Tuk( (Az1) 2, 4 W), (7.15)

U:Uk+ \ 1

in accordance with Lemma 2.5, where I, T' are the oscillatory profiles in there, namely with:
['(t) = V2sint, L(t) = —i sin(2t) and T(t) =T()? — 1 = — cos(2t). (7.16)
The oscillation direction in (7.15) is set to n = 11 = ey, the frequency is:
A = ko,

and the tangential correction W is given recalling the definition (5.3) and the recursion (5.2):

N

z 1 )\1'1) i(FT)i 1()\$1)
—2W = Z *AH?) L(S1)+ > (-1) #LT(SQ)
i=0
(Az1) (Axq)
ip1(Azy) n l+1 Urn
+Z \it+2 —e L ( +Z \it2 —az Li (S4).
Above, the fields {S;}7_; are as in Lemma 2.5, namely:
S1=Va; ® Vay, Sy = 2a;sym(Va; ® eq), (7.17)
1
S3 = Zalsym((Vuk)TVEik), Sy = ZSym((Vuk)TV(a%Tukel)).

By (5.1) in Lemma 5.1 we see that:

il

, _
— 2symVW = (f\\fl)Sl L F)A(A““)sa + F(A;l)sg + F(A;l)&l G- Cey@es, (7.18)
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with the following formulas:

g — (_1)N+1f‘N+1()\l’1) VLm(Sl) ( )N+IM

\N+3 \NV+2 mV LY (S2)

'y 1()\1‘1) I_‘N 1()\-731)
+ (—1)N+1%8ymVLm (53) + (—1)N+1%SymVL7\} (54),
N =

T )\x >\«77
G = (_1)1 )SH_Ql sz + Z )\H—ll)F)im (52)
)\xl

+ Z )\H-l P’Lm + Z AH—l le(s )

y (7.12), (2.2) and (7.18) we now obtain:

D(go — Sk+1Ho,U) = D(go — Op+1Ho, ui) — ((VU)TVU - (Vuk)TVUk)

: 1 (7.19)
=Za?m®m+?w2®v@2 +F —Ri1i—Ra2—G —Gea ® e,
i=2
where the primary and the W-related error terms R; and R, are as in Lemma 2.5.

5. (Bounds on the errors in first corrugation defect) We now estimate all terms in
the decomposition (7.19), together with their derivatives. We first observe, by (7.13), (7.14)3:

IV @i Tue)llo < C > Sppuhpd = Copp ™
p+g=m+1 (7.20)
forallm=0...14+ (3N +6)(K — k) —

Consequently, recalling additionally (7.14)4, we get that each term in R; is bounded by:

Ok

O.N+1

VIR [0 < C82AmeN/2 < A" forallm=0...1+ (3N +6)(K —k)— N. (7.21)

where the worst term, responsible for the first bound above is © = al(VE1 )IVE, , and where
the final inequality is due to CO’SN/2+15]1/2 < 03(N+1)/26(1)/2 < 1, from the last assumption in
(1.10)1. Before treating Ra, we need to find the bounds on W. To this end, we estimate:
IV 8y [0 < O,
IV Sallo < Copppt,

IV Ssllo < C Y (IVPay|lo VO (Vur) "V ES) o
pra=m (7.22)

<C Y & Pua ettt < Coptt,
ptqg=m

V™ Syllo < COpim*t for all m=0...14 (3N + 6)(K — k) —

where the first two bounds result from (7.13), the third bound from (7.6) and (7.11);, and the
fourth from (7.14)2 and (7.20). We now read from (5.3) that:

IVEVLE(S)lo < Crusal VIS0 for all m.i > 0, (7.23)
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recall (7.17), and observe that all the primitives of the functions L, (I'T), T, T used in the
definition of W are bounded, being periodic with mean zero on the period. This yields that:

N
IVIWllo <O ST (W Bt 4 a2 )
1=0 p+gq=m

<O forallm=0...14+ (3N +6)(K — k) — 2N.
We are now ready to bound the terms in Ro. Observe first that, by (7.13), (7.14)s, (7.14)4:

(7.24)

VDT, W) [0 < CoHA™ form =0...(3N 4 6)(K — k) — 2N,
IV D (a1 EL Yo < Co i+t form =0...1+ (3N +6)(K — k) — N,

resulting in all the terms in Ry obeying:

IV Ry[lo < O 2 N2Am < A" forallm=0...(3N +6)(K — k) — 2N, (7.25)

Ok
o N+
where the worst term, responsible for the first bound above is 2sym((Vug )L [(01 Ty, )W, (92T, ) W]),
and the final inequality is due to having CO’SN/2+15]1/2 < 03(N+1)/25(1)/2 < 1 according to the
last assumption in (1.10); and for ¢ > ¢ large. For estimating G, we again use (7.23), (7.22):

Hv(m)gHO <C Z (Apr735kMZ+N+3+)\p7N72(5k,uZ-‘rN+2)

p+q:(;n 5 (7.26)
k m k m _
SCW)\ SUN—H/\ forallm=0...(3N +6)(K — k) — 2N.

In conclusion, the bounds (7.13), (7.21), (7.25), (7.26) in (7.19) yield:

1
D(go — dx+1Ho,U) = a%ng QN9 + ?Vag ® Vas + (a% —Glea®@eg + &

where |[V™E|g = [[VI(F =Ry — Ry — G)||o < 4Ok _ym

oN+1
for all m =0... (3N +6)(K — k) — 2N.

(7.27)

We conclude this step by estimating the derivatives of G. Reading from (5.3) that:
IV PI(S) g < Crgi [V TIS|lg - for all m,i > 0,

we get, in view of (7.22) and utilizing, as usual, that \/uy = o:

N
IVGl < O3 ST (W2 gt
=0 pra=m (7.28)
< c%am o allm=0...1+ (3N +6)(K — k) — 2N.
g

6. (Propagation of bounds in the first corrugation) A rough bound without specifying
to components, and using only (7.13), (7.14)3, (7.14)4, (7.24) yields the following:

IV —ui)lo<C Y XV Dar o] VO EL o
ptgt+t=m

+C Y NV o [VOT o+ C Y IVOT, [l VWl < Co/2am .
p+gt+t=m p+g=m

(7.29)
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Now, we can use Lemma 3.4 tou=ug, v=U, u=\, A= 5,1/2 because:

VU — Vaugllo < 05;/2 < €82 < p,

in virtue of (7.29) and upon taking ¢ sufficiently small. Recalling further (7.10);, (7.14)2,
(7.14)4, we obtain existence of the normal frame Ej;, B} € CONFTOE-k)=2N (5 R4) in:

(VO)T'E}; =0, |E}|=1 for i=1,2 and (E},E}) =0 in®,
satisfying the the second bound below, while the first bound is included in (7.29):
IV — wy) o < €8N and  [|VO(E] — EL )0 < C8 A"

(7.30)
foralm=0...3N +6)(K —k)—2N, i =1,2.
We also get, recalling (7.2)2 and the induction assumptions (7.10)s:
k—1
10 =l < U = wrlls + lluo = ullo + Y fluisr = willo < €55/, (7.31)
i=0
leading, as in step 1 and the proof of (7.3), to:
1
gId2 < (VU)'VU <341d;  inw. (7.32)

We now gather estimates similar to those in (7.14); - (7.14)4. Indeed, by the above and Lemma
3.1, we get the first estimate, while the second and the fourth follow from (7.30):

IVUlo < (67)*/* (7.33)
IVmV@U| < €6 2AmH N2 for all m=0... (3N +6)(K — k) —2N —1,  (7.33);
ITullo<C  and V™ Tyl < C5L 2NN/

foralm=1...(3N +6)(K — k) — 2N, (7.33)3

IV EL o < €8,2AmeN? forall m=1...(3N +6)(K —k) — 2N, i = 1,2,  (7.33),

and the estimates (7.33)3 follow from Lemma 3.2. In the remaining part of this step, we refine
the first bound in (7.30) to the components of V2U. For any i,j,s = 1...2 we write:

(03U, Egy) = (Oijuk, By, ) + (03 (U —ug), By, ) + (045U, (Ef; — Ey,))- (7.34)

The first term in the right hand side above obeys the bounds in (7.11);-(7.11)y when k£ > 1
and (7.6) when k = 0. For the third term, we use (7.30) and (7.33), (7.33)4 and get:

IV@3U, (Bt = E3,))lo < CoA™ o2
foralm=0...BN+6)(K —k)—2N —1, i,5,s=1...2.

We now estimate the second term in the right hand side of (7.34), where by (7.30):
19004 (U = ), B3, ) o < O3/ A+
foralm=0...3N+6)(K —k)—2N —1,4,5,s=1...2.

When s = 2, we use that (E,, , E2 ) = 0 and write:

U ?

A

A
+ F();\ml)al((?ijE}%, E3k> + <8Z-j (Tuk (F();\ml)a%el + W)),E3k>,

<8¢ ‘(U — uk), E5k> = 8@( a1) (8]‘E11Lk, E3k> + 8j< a1) <8Z'E'1 E2 >

U ? U
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which implies, by (7.13), (7.14)3, (7.14)4, (7.24):

m I'( Az
IV 0, ). B o< 3 (9o (TG o g v ez ),

ptgt+t=m

(A
£ 30 190 (FAT ) o2 B 1 O 2,
p+q+t

INE)
+O Y Y IO o v (F ater + w1922,

ptq=m t+s=p+2
< CHAN N2 forallm=0...(3N4+6)(K —k) —2N —1,4,j =1...2.

In conclusion, using 5,1/201\[/2 < 1by (1.10)1, we obtain for allm = 0... (3N+6)(K —k)—2N —1:

190450, E)lo < 9™ sgur, By, Mo + C8/* A+, (7:35)
V035U, Ef)llo < V0 @ijur, B3l + CoN"THo™? - forij=1...2.  (7.35),

In particular, since (7.11); and (7.6) yield || V(™) (Oiun, By, )lo < Céi/z)\mﬂ, we also get:
IV (VO)TVER) o < C52A™ forall m=0...(3N +6)(K — k) —2N — 1. (7.36)

7. (The second corrugation) We define U € CGNFOK-k)=3N=1(5 R4):

I'(kt) ['(kt)

U=U+ aEL + TU( a2y + V‘V), (7.37)

that is the_seczond intermediary field, in accordance with Lemma 2.5. We use the oscillatory
profiles I', T', T" in (7.16), the oscillation direction 1 = 19, where we denote:
t = (z,m),
and the oscillation frequency in:
K=o = 0>
The tangential correction W is given recalling the definition (5.7) and the recursion (5.2):
N

—2W Z erl ’{t Ln2(511) +Z(_1)z (F/F)Z:Jrl(’%t) L?Q(S«Z)

/{7,+3 K/74+2
=0

+ Z(—l)iWL?(S‘g) ey e,

K1+2 K’,Z+2

with the fields {S;}4_; as in Lemma 2.5, namely:

5’1 = Vas ® Vas, SQ = 2agsym(Va2 ® 772),

_ _ (7.38)
S5 = 2assym ((VU)TVE},), Sy =2sym((VU) 'V (a3Tum2)).

By (5.6) in Lemma 5.3 we see that:

= /
— QSymVW = P(I;t) 51 + (F F)(ﬁt) So +
K K K K
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with the following formulas:

_ T ¢ . T ¢ 5
G = (-l g sy + (o T g e sy)

(N ) v L (5y) + <—1>N+1—FN“W)symVL?é@,

AV+2 KIN+2
N -

_ I; i(Kt -

G = Z(_l) m(-&-z z + Z m-i—l ) 1'772 (SQ)
=0
+ Z P™(S5) + g:(—l)ifi(ﬂt)PW(S )

/iz—l—l i \P3 it T\
=0

y (7.27), (2.2) and (7.39) we now obtain:

D(go — dk+1Ho,U) = D(go — k11 Ho, U) — (VO)I'VU — (VU)T'VD)

_ _ _ _ 7.40
=(a3-G-G)ea®@es +E—R1 —Ry— G, (740

where the primary and the W-related error terms R, and R are as in Lemma 2.5.
8. (Bounds on the errors in second corrugation defect) We now estimate, as in step
5, all terms in the decomposition (7.40). We first observe, by (7.13), (7.33)3:

||V(m+1)(a§TU772)Ho <C § : 5kuz)\q — Co AT
prg=m+1 (7.41)
forallm=0...(3N +6)(K — k) —2N — 1.

Consequently, recalling additionally (7.33)4, we get that each term in R; is bounded by:

0
(m) < 53/ m N/2 k M
VY™ Rallo < € R (7.42)

for all m =0...(3N +6)(K — k) — 2N — 2,

where the worst term, responsible for the first bound is E—;a%(VE}J)TVEl , and where the final
inequality follows by Co3/ 2“6,1/ 2 < g3IN+1)/ 253/_2 < 1 according to the last assumption in
(1.10); with o sufficiently large. Before bounding R2, we find the bounds on W. Firstly:
IVU™S1llo < Cdpp™? < CopA™ 2,
IV™ Sollo < Cop ™t < CoA™H,

IV Ssllo < C Y VP ag ol V(YT VEY) o
p+g=m (7.43)

<C Z 5;/2M£5;/2)\q+1 < C«ék)\m+17
ptg=m
V™ Syllo < CoHA™TY forallm=0...(3N +6)(K — k) — 2N —1,

where the first two bounds result from (7.13), the third bound from (7.36), and the fourth from
(7.33)1, (7.33)2 and (7.41). We now read from (5.7) that:

IVEVLE(S)lo < Crusal VIS0 for all m, i > 0. (7.44)
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By (7.43), and recalling that all the primitives of f‘, (I'T),T,T in the definition of W are
bounded, being periodic with mean zero on the period, we get:

N
IVl < CZ Z (Hp—i—35k/\q+i+2 I np‘i‘zék)\q““)

par il (7.45)

< Cop™ ! forallm=0...(3N +6)(K —k) — 3N — 1.
We are now ready to bound the terms in Ro. Observe first that, by (7.13), (7.33)3, (7.33)4:

VD (T W) < Copr™ form=0...(3N 4 6)(K — k) — 3N — 2,
IV a2l )0 < C8PA™ - for m = 0. (3N +6)(K — k) — 2N,

resulting in all the terms in Ry being bounded by:

O

m)po 3/2 m
IV Ry[lo < €52 kma N2 < e

™ form=0...3N +6)(K — k) —3N —2, (7.46)

where the worst term, responsible for the first bound above is 2sym ((VU)T [(01 Ty )W, (02T )W),
and the final inequality is due to having CO‘3N/2+1(5]1/2 < 03(N+1)/25(1)/2 < 1 from the last as-
sumption in (1.10); and for o > ¢ large. For estimating G, we again use (7.44), (7.43):

5 )
(m) < p—N—-3¢ yq+N+3 p—N—-25 \q+N+2) k
IV Gllo < C g </<; O + K O ) < Ci(K/A)NJrQ”

ptq=m (7.47)

5
< k™ forallm=0...(3N +6)(K — k) — 3N — 2.
g

m

Consequently, the bounds (7.27), (7.42), (7.46), (7.47) in (7.40) yield:

D(go — (5k+1H0, U) = (a% -G - G)EQ ®eg + (‘j
where [|[VIE||g = [|[VM(E —R1 — Ry —G)|lo < 7Ok _\m (7.48)

oN+1
for all m =0...(3N + 6)(K — k) — 3N — 2.

We conclude this step by estimating the current leading order defect (a3 — G — G)ea ® ea.
Reading from (5.7) that:

I9CIPP(S) o < Crsil V08 for all m,i > 0,

we get, in view of (7.43) and utilizing, as before, that k/\ = o:

N
V™G < CZ Z (Kp—i—Qék)\q+i+2 +Hp—i—16k)\q+i+1) < C%Hm
i g
=0 pa=m (7.49)
hence [[V™(G + G)|lo < O em forallm = 0. (3N +6)(K — k) — 3N — 1.
g

By (7.13) it results that taking o > ¢ sufficiently large, the new positive profile function
b e C®(w,R) is well defined, through:

¥ =dai—-G-G.
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We then obtain:
1 1
70k < b2 < de and 15,1/2 <b< 25,1/2 in @,
5 5L/ 7.50
IV < CER™  and ||Vl < CE—k™ (7.50)
ag g

forallm=1...(3N +6)(K —k) —3N —1,
where the bound on the non-zero derivatives of b? is a direct consequence of (7.13) and (7.49),

while the following bound on the derivatives of b is justified by an application of Faa di Bruno’s
formula, as in step 2 of the proof of Theorem 6.1.

9. (Propagation of bounds in the second corrugation) A rough bound without
specifying to components, and using only (7.13), (7.33)3, (7.33)4, (7.45) yields the following:
VO -)lo<C DY #HIVWaz|lo VO EL o
ptg+t=m
+C Y WV IVOTy o+ C Y VO Tyl VOW o < €5/
p+g+t=m ptg=m

(7.51)

We may now apply Lemma 3.4 withu=U,v=U, u=k, A = (5,1/2 because |[VU — VU]||p <
052/2 < 082 < p for § sufficiently small, in view of (7.51). Recalling further (7.32), (7.33)a,
(7.33)4, we obtain existence of the unit normal frame E}, E2 € CONFO)(K—k)=3N=2(5 R4) in:

(VO)'EL =0, |Ef|=1 for i=1,2 and (E},E:=0 in®,
satisfying the the second bound below, with the first bound included in (7.51):
IV - U)o < C8%k™  and  |VON(EL — Ef)lo < €57k

(7.52)
for all m=0...(3N +6)(K —k) —3N — 2, i = 1,2.
We also note, recalling (7.31):
10 = uly < 1T = Ul + 11U = ullo < €55, (7.53)
which leads, as in step 1 and the proof of (7.3), to:
1 _ _
gId2 < (VUO)'VU < 371ds  in . (7.54)

We proceed to gather estimates similar to those in (7.33)1-(7.33)4. The first bound below
follows from (7.54) and Lemma 3.1, while the second and the fourth bounds follow from (7.52):

IVTlo < (67)? (7.55)1
VAT, < 06 k™ 1oN? for allm =0... (3N +6)(K —k) —3N =3,  (7.55)
ITolo <€ and [V Tgllo < €82k

for all m =1... (3N +6)(K — k) — 3N — 2, (7.55)3

IV EL o < 62 k™™ for all m=1... (3N +6)(K —k) —3N —2, i = 1,2 (7.55),

The estimate (7.55)3 results from Lemma 3.2. Below, we refine the first bound in (7.55)2 to
the components of V2U. For any i, j,s = 1...2 we write:

(05U, Efy) = (03U, Eiy) + (0,5 (U = U), Ey) + (03U, (Ey; — Epy)). (7.56)
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The first term in the right hand side above obeys the bounds in (7.35)1-(7.35)2, while for the
third term, we use (7.52) and (7.55)2, (7.55)4 and get:

V040,50, (B — Ep))llo < Cop™ o™/
form=0...3N+6)(K—k)—3N -3, 4,j,s=1...2.

We now estimate the second term in the right hand side of (7.56), where by (7.52), (7.33)as:
V00350 = U), Egy)llo < O3/ *wm*!
form=0...3N+6)(K—k)—3N -3, 4,j,s=1...2.

In the specific case of s = 2, we use that (Eb, E[2J> = 0 and write:

['(kt)

K

(0;(U —U), E%) = 0, (F(:t)@) (0,Ef, Ef) + aj(

F(:t) ax (0 Elr, Ef) + <3ij <TU(

which implies, by (7.13), (7.33)s, (7.33)4, (7.45):

a2) (OB, E)
[(kt)

K

+

azna + W))7E5>7

_ I'(xt
IV 0,0 = U) ERlo<C Y HV(’”“)((:)@)HOW@*”Ebuonv“wéno

ptgtt=m

I'(kt
£ 30 190 (N 0,) 92 B o VO 2
ptqtt

[ (kt -
O Y Y IOV (R e, + ) | IV B
p+g=m t+s=p+2

< CO™ N2 forallm=0...(3N +6)(K —k)—3N —3,i,j=1...2.

Using (7.35)1-(7.35)2 and recalling that 5,1/201\7/2 < §'/26N/2 < 1 by (1.10);, we obtain for
m=0...3N+6)(K —k)—3N —3:

IV™(8,;U, B

Mo < IV (@jup, EL Yo + C8/ k™ foriyj=1...2, (7.57)1
Mo < IVU™(05jup, EZ, o + Copr™ 1 aN/2, (7.57)2
In particular, (7.11)2-(7.11)4 and (7.6) yield: HV(m)(aijuk,Egk)Ho < 05,1/2#2”101\[/2, hence:
IV VOV ER) o < IV (V)T VEE, llo + Copr™ o2
< 05]1/2M2n+101v/2 < C(;;/ZHmHUN/zq (7.58)
forallm=0...(3N +6)(K —k) — 3N — 3,
in view of (1.10); and provided that N > 4.

10. (The third and final corrugation) We define uy, € CONHOK=k)=3N-4 (5 R4)
whose regularity is as stipulated in the induction set-up, as (3N + 6)(K — k) — 3N — 4 =
24 (3N +6)(K — (k+1)). This is the final field in our triple-corrugation Stage:

—_ T r =
wpor = U + LRy (sz@ +77)), (7.59)
HE+1 ME+1

in accordance with Lemma 2.5, where I', " are the oscillatory profiles in (7.16), the oscillation
direction is set to n = 13 = eg, the oscillation frequency is pg11 given in (7.8) and the amplitude
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function b obeys the bounds in (7.50). The tangential correction W is:

_OW = 21:(_1)1' (T'T)i41 (prg172) L?3 (§2)

i+2
i=0 Hii
1 1
Dit1(pr+172) iy (ptrr122)
+ D (D)L (Ss) + (-1 T L (S,
i—0 Fit1 i=0 Fet1

where we recall (5.5), (5.2) and where the fields {§i};‘1=2 are as in Lemma 2.5, namely:

Sy = 2bsym(Vb ® e),

5 N 2 & N (12 (7.60)
S3 = 2bsym((VU)" VEZ), Sy =2sym((VU)' V(b*Tgez)).
By (5.4) in Lemma 5.2 we see that:
- (T . T . T - -
_stmvwzw&_’_w&_’_wg —G—Ger®er, (7.61)
Hk+1 Hk4+1 HE+1
with the following formulas:
= 'T T = T =
G = (I'T)2 (Hk+11‘2) VLnS (S ) + 72(M§+1x2)symVL7173(53) + — 2 k72) (M§+lx2)SYmVL7173 (S4),
:“k:+1 Hht1 H1
1 1
5 i (U'D)i(pe+172) Li(prs122)
G = ()R (Sy) Y (1) SR P (S)
=0 H41 i=0 Fit1
1
r; (Mg 172)
+ ) (—1)IEREEEEE P (S,
i=0 Hi41

By (7.48), (2.2) and (7.61) we now obtain:

D(go — Op1Ho, urt1) = D(go — Sp1Ho, U) — (V1) Vugsr — (VO)'VO)

Lt D) s s s A (7.62)

=&— Vb Vb—R; —Ra—G —Geyg ®ey

/‘k+1
where the primary and the W-related error terms 7%1 and 7:32 are as in Lemma, 2.5.

11. (Bounds on the errors in third corrugation defect) We now estimate, as in steps
5 and 8, all terms in the final decomposition (7.62). Firstly, by (7.50):

Hv(m)(wvg)@) Vb) Ho <C Z Nk+1iﬂq+2
Hivt1 pg=m (7.63)

Ok Ok
WM?+1< N_|_11U“ZL+1 fOI' allm:0(3N—|—6)(K—k‘)—3N—2,

if only o > o is sufficiently large. Secondly, from (7.50), (7.55)3:

<C

HV m+1)(b2TU€2)H() < c Z (5k/ip/iq Cdk/ierl
ptg=m+1 (7.64)
forallm=0...(3N +6)(K —k) —3N — 3.
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Consequently, recalling additionally (7.55)4, we get that each term in 7231 is bounded by:

m)p 3/2 N/2 6k m
HV( )RIHO < C& ppao /2 < mﬂkﬂ (7.65)
forallm=0...(3N +6)(K — k) —3N — 2,

where the worst term, responsible for the first bound is F(“’“2+71‘732)172(VE2 )TVE27 and where
k+1

the final inequality follows by Co < 1 from the last assumption in
(1.10)1, for o sufficiently large. Before bounding R, we find the bounds on W. We get:

HV(m)§2H0 § C(;k/ierl,

IV Ssllo <€ > (IVP]lo|| VO (VD) VER) o
pt+g=m

<C Z 5;/2ﬂp5;/2/€q+10N/2—2 < Céknm“aN/Q_Q,
pt+g=m

IV Syllo < Copr™ ™ for all m =0... (3N +6)(K — k) — 3N — 3,

where the first bound results from (7.50), the second bound from (7.58), and the third from
(7.55)1, (7.55)2 and (7.64). We now read from (5.5) that:

IVEVLE (S0 < Crusal VIS0 for all m,i > 0, (7.67)

3N/2+15;/2 < U3(N+1)/253/2

(7.66)

which implies by recalling from (7.66) that ||[V(™ S;||q < C(Skuzlj'll:

VWl < C Z Do ok < Coppt!
i=0 p+gq=m

forallm=0...(3N +6)(K — k) —3N —4.

(7.68)

We are now ready to bound the terms in Ry. Observe first that, by (7.50), (7.55)3, (7.55)4:
VDT W) < Coppy form =0...(3N +6)(K — k) — 3N — 5,
IV bER) o < C8 k™ form=0... (3N +6)(K — k) — 3N — 3,

resulting in all the terms in Ry being bounded by:

m 2.m N2 Ok
IV R [lo < €821 1oN? < N+1“k+1 (7.69)

forallm=0...(3N +6)(K —k) —3N — 5.

The worst term, responsible for the first bound above is 2sym((VU)T[(81TU)V:V, (82Tg)ﬁ/]),
and the final inequality is due to having Co3N/ 2“5,1/ 2 < 1 according to the last assumption in
(1.10); for o > o large. To estimate G, we use (7.67) with i = 1, and (7.66):

V™Gl SCZ S SIVTIS o< 0 Yl okt g

1=2 pt+q=m p+g=m (7 70)
Ok N/2—2 oV/2-2 Ok ’
= Cm#ﬁla e 3N/2 iy 22 < o NFT [

forallm=0...(3N +6)(K —k) —3N — 5,
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when o > ¢ large. In conclusion, the bounds (7.48), (7.65), (7.69), (7.70) in (7.62) yield:
D(go — 5k+1HO,Uk+1) = —Gel ®er + 5

s 1- F(Mk+1$2)

where |[V™E||o = HV(m) (5 Vb® Vb—Ry —Ro — g:) Ho (7.71)

:“k:+1

5
< HUTZI“ZL“ for all m =0...(3N +6)(K — k) — 3N — 5.

12. (Estimating the error term C:}) In order to estimate the derivatives of G, we write:
é = é’g + (:;'3 + C:;'4,
and analyze the following three terms:
1
= I'r = I;
Gy = S0 (- T2 prag) Gy = Sy P g
1=0

i+1 +1
=0 Mk+1 Mk+1

_ T,
Gi=Y (1) WP%(S ).
i=0 Hi41

We will use the formulas in (5.5) at ¢ = 0, 1, namely:
PB(S) = Si1, P (S) = 20,512, (7.72)
separately for S equal to 5‘2, 5’3 and Sy. In case of 5‘2, there holds:
P3(Sy) =0,  PP(Sy) = 40 (bd1b),
so, we estimate directly from (7.50):
V™ Gsllo < C Z ,ukHHV(qH (bowb)||o < C Z ”k+2 O (02

ptg=m ptg=m (7'73)

)
SCUTIZ_IMZEA forallm=0...(3N +6)(K —k) —3N — 4.

In case of Sy, formulas (7.72) become:
PJ*(Ss) = 2(010,01(b*Typea)),  PP®(Ss) = 2(@1@10, 02(b*Tire2)) + 01(0xU, 51(521}762»).
We note in passing that (9;U, Tire;) = (e;, ej) = 6;j, which yields that:
(00, 0;(b*Tgez)) = 0;(b°)(0,U, Tyrea) + b*(0,U,0;(Tyre2))
= 0;(b*)6i2 — b*(0;;U, Tpes)  for alld,j=1...2.
Consequently, we get from (7.50), (7.55)2, (7.55)s:
IV (Si)llo = 2]V (6 (00U, Tyea))

<c Z 5Mp5i/2ﬁq+101\//2ﬁt < 052/2,{m+101\7/27
pt+gq+t=m
IV P (S4)lo < OV D8 o + VO ({0120, Tyrea)) ||
< C(S—k,«;"”r2 + 052/2/€m+2UN/2 < Cik/fm”a
g

o
forallm=0...(3N +6)(K — k) —3N — 4,
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since 5,1/201\[/2“ < 1 by the fourth assumption in (1.10);. We are ready to conclude that:

)
IVI™MGullo < C > w10 163/26N/2041 4 ¢ 3 MHQ Egr2
prg=m p+g=m
(7.74)

< 05;/ M1+ Cmﬂk—&—l < Cmﬂkﬂ
for all m =0...(3N + 6)(K — k) — 3N — 4,

valid provided that 6,1/20N+1 < 1, as usual from (1.10);.

We now deal with the term Gs, where the induction assumptions (7.11)2-(7.11)4 will be used
for the first time in a tight manner. Given S3, from (7.72) and (7.60) we read:

(
ByB(S3) = 2b(011U, E2), PB(Sy) = 491 (b(012U, E2)).
Observe, from (7.11)2 and (7.11)3, that:

51/ 51/2
V™ D11k, B2 )lo < C b St < ¢ N/2+2 KM
51/2 (51/2
V(m) 812uk, 0> <C k- m+1 < Cilﬁ mtl
oN/2 P
for all k:zl...K—l, —0...(3N+6)(K—k‘).
In view of (7.57)a, this implies:
: 1/2 ) 51/2
m m+1 m+1 N/2 m—+1
”V <611U E} >||0 <C N/2+2 + Copre < C(O-]V/2Jr2’i ’
) 512 512
V00T, EZ)o < CLpmm 4 CoprmtioN/? < 0k gm!
o o

forall k=1...K—-1, m=0...3N+6)(K —k)—3N —3,
where we have used that 0,1/20]\”'2 <1 by (1.10);. Consequently, recalling (7.50), we see that:

m 5]{,‘ m
VR (S3)llo < CIV™ (N, E)) o < C 57 s™

= 0
IV P (Sl < T (b@1aU, ER)) o < €22
foralm=0...BN+6)(K —k)—3N -4, k=1...K — 1.
This leads to:

m Ok 2 O,
HV( G3||O < C Z k+1 oN/2+2 Hqul +C Z k+1§ﬂq+2
pta=m pa=m (7.75)

5
<C N’fmukﬂ foralm=0...(3N+6)(K —k)—3N -4, k=1...K — 1.

Now, at k = 0 we get by (7.6) and (7.57)a:

IVU™(05T, Eg)lo < VU™ (Vuo)"VEL ) [lo + Copr™ o™
512

< OOt + OO N2 < 07kt

g

foralm=0...3N+6)(K —k)—3N—3,4,j=1...2, k=0,
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so we directly note the same bound as in (7.75):

IV Gsllo < C Z /“Lk+17’€q+1 +C Z Mk+17 R < Cmuk+l
pt+qg=m pt+qg=m (7.76)
for all m = 0...(3N + 6)(K — k) — 3N — 4.
In summary, by (7.73), (7.74), (7.75), (7.76) we get:
= J
VMG < CUT]LN?H for all m=0...(3N + 6)(K — k) — 3N — 4, (7.77)

which yields, upon recalling (7.71) and for ¢ is sufficiently large:

m

m Ok O m
IV™D(go — Sxs1Ho, urs1)llo < CWM@H S CNriztie
for all m =0...(3N + 6)(K — k) — 3N — 5.

(7.78)

We note that the regularity exponent is consistent with the induction statement, as (3N +
6) (K —k)—3N—-5=1+BN+6)(K—(k+1)).

13. (Propagation of bounds in the third corrugation and closing the bounds
(7.11)1, (7.11)4) In the last two steps we will validate all inductive bounds (7.10)1-(7.11)4 at:

k+1=1... K.
Note that (7.10)5 has already been shown in (7.78). Using (7.13), (7.55)3, (7.55)4, (7.68) yields:

IV (g = Do <€ D i IV Dbl [VOEE o
pt+qt+t=m
— 5 1/2 m
+C S VORIV OTgle + O S IVOT o[V OW o < €82t

p+q+t=m p+qg=m
(7.79)

Hence, (7.10)2 at k + 1 follows directly from the above and (7.29), (7.51). Apply now Lemma
34 with u = U, v = upy1, pp = pps1, A = (5;/2. Indeed, in virtue of the bound displayed
above, there holds ||[Vugi1 — VU]lp < C(s;/z < 082 < p provided that ¢ is sufficiently

small. Recalling further (7.54), (7.55)2, (7.55)4, we obtain existence of the orthonormal frame

E}Lkﬂ ) Eﬁkﬂ € C(3N+6)(K_k)_3N_5(JJ, R*), namely:

(V’I,Lk+1)TEZ =0

Uk41 ) ’ uk+1’ -

for i=1,2 and (E! E? )=0 in®,

Uk+17 "~ Uk41

satisfying the the second bound below, while the first bound is included in (7.79):
190D (ugs = 0o < C8 %

and ||V (E!

Uk+1

_ s (7.80)
—Eb)|lo < C8,/ pity  form =0...(3N +6)(K — k) — 3N — 5.

Together with (7.30) and (7.80), we immediately conclude (7.10)3 and (7.10)4 at the counter
k+ 1. To show (7.10); at k + 1, recall (7.53) and write:

ks — ully < Juger = Ol + U = ullo < €87, (7.81)
which indeed leads, as in step 1 and the proof of (7.3), to

1
5Id2 < (Vugs1) Vg1 <39lds in @. (7.82)
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It remains to show the coordinate-specific bounds (7.11);-(7.11)4. Using Lemma 3.1 and (7.82),
together with (7.80) in view of (7.55)2, (7.55)4, we observe that:

Vi lo < (69)"* (7.83)1
IVIV @R lo < & u il for m =0... (3N + 6)(K — k) — 3N — 6, (7.83)s
IVOEL o < C8/?u, form=1...(3N +6)(K —k)—3N —5,i=12  (7.83)3

At this point, the estimate (7.11)4 at the counter k + 1 already follows, directly from the above:

m 1 2 1/2 m
IV (V) TVEL, o< C Y w62 ulth < 06 it

Uk+1
p+g=m

for alm=0...(3N +6)(K — k) —3N —6.
To demonstrate the finer bounds (7.11);-(7.11)3, we decompose, for any i,j,s =1...2:
(Oijur+1, By, ) = (05U, Ey) + (03 (w1 — U), E) + (Oijupsr, (B, ,, — Ep)).  (7.84)
For the third term above, we recall (7.80) and (7.83)2 and get:

IV ™ D jwer, (B, — E))lo < Copp!

Uk+1

(7.85)
form=0...3N+6)(K —k)—3N—6,1i,5,s=1...2.

For the second term in the right hand side of (7.84) and in the specific case of s = 1, we write:

y gy — g (LWE122) N o e g1y g (Dk122) N g o g
<8”(u;€+1—U),EU>—81( e b><6JEU,EU)+6]( e b)(alEU,EU>

e Hsto, 5 ) o (ML ) 1),

using that (E}, E2) = 0. Consequently, by (7.13), (7.55)3, (7.55)4, (7.68):

IV (055 (k1 — U), E)lo
T
<C Z Hv(p+1)< (Mkﬂm)b)HoHV q+1) E2|| ”V(t [17||0

ptg+t=m P41
I(prr172
b v (R gt g2 o v s ), (7.86)
ptHg+t=m Pre+1

o Y Y v TU||0HVS)< “’““9”2)1)e2+VT/)HO|\v<Q>E5Ho
ptg=m t+s=p+2

< Oyl forallm=0...3N +6)(K —k)—3N —6, i,j=1...2.

In conclusion, (7.84), (7.85) and (7.57); imply:
IV ™ D, By, Dllo < IV (05T, B)llo + Coppplh!

< [V (D, ug, B Mo + COY2Rm+E 4+ Coppin! (7.87)
1/2

m 6 m
< IVO(Dy5up, By o + C—E SN2t M
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From (7.11); we recall that:

5172 5172
IV (0y5ur, Bl ) o < C— SNz pptt<C fV/2/“LZf11

foralm=0...3N+6)(K —k)—3N—-6,4,57=1...2, k=1...K —1,

whereas at k = 0 we likewise get by (7.6):

51/2
IV @, B, Mo < O3y u ™+t < O )

foralm=20...(3N +6)K, Z,j,S—l...Q, k=0.

(7.88)

Combining with (7.87), in either case we obtain the validity of (7.11); at the kK + 1 counter.

14. (Closing the inductive bounds (7.11)2, (7.11)3) Finally, for the second term in
the right hand side of (7.84) and in the specific case of s = 2, we write:

_ I(pgs122) I(pgs122)
. 2\ _ 9. + + 52 9.5l
(0ij(ug+1 —U), EU) = 8,J( e b) e b(ajEU, 8JEU>

o (1 (e 1) ). ).

(7.89)

where we used that (E%, E%) = 1. Derivatives of the last two terms in the right hand side of
(7.89) may be bounded as in (7.86), by (7.50), (7.55)3, (7.55)4, (7.68):

Hv(m) (F(Nk+1x2) b(@-E%, 3jE[17>) Ho

Hk+1 N | (7.90)
m HE+172 = m
+ ||V )<<3ij (TU <T:1b262 + W)) >> o < Coppt.
We analyze the first term in the right hand side of (7.89):
[(pg+172) -1
VMg, (=20 < © PVt Dy
[9mon (<L) ), < 2 vl
511/2 m+1 511/2 m+1
= Ol et = Ottt
Miessza) (7.91)
m k4142 -1 +2 +1
HV( )812<Tﬂb> Ho = Cp§m“i+1||v(q )b”O + Cp;m'uiJrle(q )b”O
1/2 512
m+1 k m—+1
< Ol < Conpahicss
In conclusion, (7.84), (7.85), (7.89), (7.90), (7.91) and having 6,'°c™ < 1, imply:
512
IV Or1ups, B, o < [V (Or1ug, E >H0+C i
. 51/2 - (7.92)
IV (Droupsr, B, o < [V (Drgug, B2, Mo + C £~ N/2 Ty

forallm=0...(3N +6)(K — k) —3N — 6.
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We now claim that both first terms in the right hand sides above are bounded by the respective
second terms. Indeed, for k > 1 this follows from (7.11)2, (7.11)3, namely:

1/2 1/2

IV D, B3 )lo < CLFH it < O !,
1/2 1/2
k—1

IV (Dyoup, B2, )|l < C N/QM?H c fv/g TH

forallm=0...BN+6)(K —k), k=1...K —1,
whereas at k = 0 the same bounds follow by (7.88). Therefore, (7.92) become:

1/2

6 m
IV (O11ups1, B uk+1>H0<C ot L

1/2

5
V™ (D19upi1, B2 Vo < C fmugff forall m=0...(3N 4 6)(K — k) — 3N — 6,

Uk+1

which is exactly (7.11)2 and (7.11)3 at the counter k4 1. The proof of Theorem 1.2 is complete.
|

8. NASH-KUIPER’S SCHEME: THE PROOF OF THEOREM 1.3

In this section we exhibit the details of the Nash-Kuiper iteration scheme. The proof uses the
double exponential ansatz on the progression of frequencies and defect measures that appeared
n [17], and was similarly applied in [10, proof of Theorem 1.1].

Proof of Theorem 1.3

1. Fix « as in (1.13) and € € (0,1). We will obtain @ as the limit of {u, € C*(@,R*)}>,
converging in C*(w,R*). These immersions will be constructed iteratively, starting from wug
obtained by Theorem 4.1, and then by successive application of (1.12) with:

U = Unp, 0 = 0n, M= Hn, 0 = On+1,

producing % = uy,41. The progression of the above parameters is as follows. Fix 6 and 7 in:

. (r+p 1
0 { , } =141, 1
a <@ <min|— 1527/5 T=71+ (8.1)
where 7 is as in Theorem 4.1. In particular, there holds:
J 1 1 1
—< = —= d 24+ —— 8.2
g < 20 2 an T>2+ vl (8.2)
We define for all n > 0:
1 L On \1/8 On
6” = a?’ Hn = G T On+1 = (m) so that 5n+1 = U§+1, (83)

for some a,b > 1, whose magnitudes are specified by the requirements in the course of the
proof. In general, b — 1 > 0 will be sufficiently small and a sufficiently large (in that order).

2. From (8.3) we read the initial parameters:
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For a large so that 5y < &, we apply Theorem 4.1 obtaining an immersion ug € C?(w@, R?) in:

1
;1d2 < (Vug)'Vug <~Idy  in @,

T
ID(g — doHo, uo)llo < 2050,

(8.4)
[uo — ullo < %050 < %

C C
Juoll < o + (€8 +C + 52) < 5= < 85/

where the third bound again follows for a large enough (in function of €) and the fourth bound
in view of (8.1) because:

53/24-1“0 — VT 12 s o
likewise for a sufficiently large (in function of the constant C' above that depends only on
w,u,g). As a byproduct, we get: (53/2% >1.

3. We will show that if b — 1 > 0 is sufficiently small and a is sufficiently large (in that
order) then one can proceed with the induction on n. We first show that for all n > 0:

Ontl 2 0, U£+1571/2 <1 Ont1 <0, Hn+15rllf1 21, (8.5)1
ro 60 llgllns _ ro

— + = < —6pat, 8.5
5 UF?H MZJFB S (892
Cnd oy < 0} i, (8.5)s

where C'is the constant appearing in (1.12). In order to show the four bounds in (8.5);, we use
the definition (8.3). The first of the claimed bounds follows when a is sufficiently large (after
possibly choosing b — 1 sufficiently small):

i = alTI/S 0=/ 5 (6-1)/8 5

For the second bound, we have:

of 5V = " (O-Vp/5-12) <

if only (b—1)p/S < 1/2, which is assured by taking b — 1 small. The third bound is clear since
Ont+1 < 9o < g, while the fourth bound is due to:

Nn+15:£1 — a2 > ¢ ()3 = (T FO-D(5) > 1
since 2—19 — % > 0, so that, for b — 1 sufficiently small, the positive term 7 — % in last exponent
above prevails. This ends the proof of (8.5);. To show (8.5)2, we observe that, by definition:

ro On 70

o O _Tog
S n+1,
5004

5

f Hg”'r,ﬁ 1 B

and thus it suffices to justify the smallness of =75 P equivalent to the largeness of &1/
pn " On
r+3
26

(in function of w, u, g, ). Observe that —1 > 0 by the upper bound on 6 in (8.1). Therefore:

G pi 8 = QT H IS+ =B b (5 b (r= 35 (r+)

> a5 D) (=5 (r+8) — 7(r+8)=b _ aT A -1=(-1)
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for b — 1 small. The above right hand side is as large as one wants, again by taking b — 1 small
and a large (in that order), because 7(r + ) — 1 > 0 by the second inequality in (8.2). This
ends the proof of (8.5)3. Finally, (8.5)3 is equivalent to the largeness of:

Hn+1 (5n+1)1/2 1 _ ab"l’z‘—el—b”(b—l)/2—b”(b—1)J/S G D(x-3-2) > a(b—1)(§—%—%)
5 J
Hn n On+1

where we used the first inequality in (8.2). Clearly, for a large (after b—1 > 0 has been priorly
fixed), the right hand side above is as large as desired. This ends the proof of (8.5)s.

4. We thus see that as long as:

1
g < (Vun) Vu, <27Idy  in @, (8.6)

one can define u, 1 by the indicated application of (1.12). Noting the bound b* > 1 + (Inb)i
valid for all # > 0 and b > 1, we then get:

n+1 n+1 n+1

/ nb)i/
Hun+1_u0||1<0251/2 CZ b1/2—02< )12+1 e

(1nb) i/2 C €
= a1/2 Z ( ) a1/2(a(lnb)/2 —1) S 9’

where the last inequality is valid for a sufﬁ(nently large. The above in particular implies:
1(Vun) " Vg — (Vo) Vuollo < IV (un —uo)llo ([ Vanllo + [ Vuol)
< [V (un = uo)llo(21Vuollo + [V (un — uo)ll) < lJunt1 — unll1(C + 1) < Ce,

(8.7)

which means that for e small enough (or, more generally, for a sufficiently large a), the immer-
sion estimate (8.6) is valid for un+1 in virtue of the first condition in (8.4). Consequently, the
infinite sequence {u,, € C?(w,R*)}%, is well defined and it satisfies, for all n > 0:

i1 — unllt < C8Y2, g2 < 84,

T (8.8)
H,D(g - 5nH07un>H0 < Zofsn

5. We are now ready to conclude the proof. Firstly, we show that {u,}°°, is Cauchy, hence
converges in C1®(w, R*). To this end, we use the interpolation inequality in Holder spaces:

[unt1 — 1,0 < Clluntr — un I3 |lunt1 — UnHi_a'
Since {6,1/ 2/%}30:1 is an increasing sequence, the above and (8.8) imply for all n > 0:

[tnsr — unllta < C(62 finyr) @5/
N (8.9)

+1
< C(aT+ 29_1—b"+1/2)04a—b"(1—o¢)/2 < Ca(’r—%)aa—b"q

where ¢ > 0 is a positive constant, independent of n, given in:
11—« 1 1 1 o 1 1
—b —J==(1-=)—-0b-1Da(=—= 0
2 olag —5) =3(1=5) —(b-Dalzg—3) >0

if only b — 1 is sufficiently small, since 1 — /6 > 0 in virtue of the lower bound in (8.1).
Consequently, (8.9) implies the aforementioned Cauchy property in:

||Un+1 _ un”l,a < Ca(T—%)aa—q(H—(lnb)n) — Ca(T—Q—le)oz—q (alnb) —n,

q:
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where the terms in the right hand side above constitutes a converging power series. In conclu-
sion, @ € CV*(w, R*) may be defined as the limit:

Up — U as n— oo in CH¥(w,RY).

By (8.9) combined with the third statement in (8.4) there holds:

_ _ € €
la —ullo < [|u—wuollo + [[uo — ullo < 3t5=¢

while by the last statement in (8.8) we obtain:
"
D, un)llo < 1Dy — b, wn)lo + 82 o] < (22 +10[)6 0 s m = o

Since the left hand side above clearly converges to ||D(g,u)|o as n — oo, there follows:
D(g,u) =0 in w.
This ends the proof of Theorem 1.3. |

9. APPENDIX: POZNYAK’S THEOREM
For completeness, we present Poznyak’s theorem and sketch its proof.

Theorem 9.1. [41, Theorem 4] Let w C R? be an open, bounded and simply connected set,
and let g € COO(Q,R§;H2L>). Then, there exists u € C*®(w, R*) which solves (1.1) on @.

In the proof, the smooth immersion u satisfying (1.1) is sought to be of the following form, for
some € > 0 and w € C®(w,R), v € C®(w,R?):
vi(z) . vli(x) vi(z) . vE(x)

u(z) = ce®(®) <cos ,sin , COS ,sin )
€ € € €

By a direct calculation one easily obtains:
(V) Vu = (Vo) Vo + 262“Vuw ® V.
Consequently, (1.1) is equivalent to:
(Vo)Ive =3 where § = e ?¥g — 26°Vw @ Vuw.

It now suffices to check that there exists € > 0 and w € C*(w, R), such that the derived matrix

field g € C*>(w, ]ngxn%) is itself a Riemannian metric with zero Gaussian curvature:

g>0 and k(g) =0 in . (9.1)
For € = 0, existence of a smooth wq such that e~2%0g satisfies the second condition (since the

first one holds trivially) in (9.1), is a consequence of the conformal equivalence of g with the
Euclidean metric. In particular, one can take wg to be the solution of the Dirichlet problem:

Aqwo = —k(g) in w, wp=0 on Jw.

By applying the implicit function theorem, and in view of the formula for x(g) in terms of
k(g), €, w, there follows in fact the existence of a one-parameter family € — w(e) resulting in
the validity of (9.1) for all € > 0 sufficiently small. This achieves the result in Theorem 9.1. B

It would be interesting to see whether the main result of this paper could be recovered by
applying convex integration directly to find w that solves x(g) = 0.
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