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Abstract. A classical result by Poznyak asserts that any smooth 2-dimensional Riemannian
metric g, posed on the closure of a simply connected domain ω ⊂ R2, has a smooth isometric
immersion into R4. Using techniques of convex integration, we prove that for any 2-dimensional
g ∈ Cr,β , an isometric immersion of regularity C1,α(ω̄,R4) for any α < min{ r+β

2
, 1}, may be

found arbitrarily close to any short immersion. The fact that this result’s regularity reaches
C1,1− for g ∈ C2, which is referred to as “full flexibility”, should be contrasted with: (i) the

regularity C1,1/3− achieved in [10] for isometric immersions into R3 and the lack of flexibility

(rigidity) of such isometric immersions with regularity C1,2/3+ proved in [1]-[5], [16]; (ii) the
regularity C1,1− obtained in [30] for isometric immersions into higher codimensional space R8;

and (iii) the regularity C1,
1

1+d(d+1)/k
−

achieved in [32] in the general case of d-dimensional
metrics and (d+ k)-dimensional immersions for the closely related Monge-Ampère system.
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1. Introduction

As mentioned in Nash’s fundamental work “The imbedding problem for Riemannian mani-
folds” [38]: “apparently rigidity disappears completely when the imbedding space has enough
dimensions”. The purpose of this paper is to show that for 2-dimensional metrics, rigidity
indeed disappears completely, already in R4. More precisely, we prove:

Theorem 1.1. Let g ∈ Cr,β(ω̄,R2×2
sym,>) be defined on the closure of an open set ω ⊂ R2

diffeomorphic to B1, for some r + β > 0. Then, for every u ∈ C1(ω̄,R4) satisfying:

(∇u)T∇u > 0 and g − (∇u)T∇u > 0 in ω̄,

for every ε > 0, and for every regularity exponent α in:

0 < α < min
{r + β

2
, 1
}
,

there exists ũ ∈ C1,α(ω̄,R4) such that:

‖ũ− u‖0 ≤ ε and (∇ũ)T∇ũ = g in ω̄.

To position our result in regards to other known works, we make the following observations:

- The metric regularity C2 is critical [38, 29, 19, 21]; since the assumed shortness condition
can be easily achieved by taking an arbitrary immersion u and scaling it by a small
constant, our result implies that 2-dimensional C2 metrics always have an isometric
immersion of any regularity up to C1,1, i.e. just below C2, already in dimension n = 4.

- As is known in various contexts [15, 24, 22, 40, 5, 16], rigidity does not disappear
for isometric immersions of 2-dimensional metrics into R3; we show that no rigidity
statement is possible for isometric immersions into R4.

- It is known [10] that any short immersion of a 2-dimensional C2 metric g can be ap-
proximated by C1,α isometric immersions into R3, for any α < 1/3; we assert the same
statement up to regularity C1,1 already at the next target dimension n = 4.

- Dimension n = 4 is the target dimension in Poznyak’s theorem [41]: the disk B1 ⊂ R2

with arbitrary C∞ metric can be isometrically C∞-immersed into R4. On the other
hand [30], for n large enough there exists a C1,α isometric immersion of any g ∈ Cr,β
where r + β < 2, with any α < r+β

2 . We reach the same statements in dimension 4, in
the context of flexibility, rather than themere existence of a single isometric immersion.

- The same result as ours has been as proved [27] for the Monge-Ampère system; now
we treat the fully nonlinear case of (1.1).

These observations are made precise in the historical account of the existence, flexibility and
rigidity of isometric immersions in subsections below.

1.1. Classical existence and flexibility results. The question whether a Riemannian man-
ifold of dimension d may be isometrically immersed in a Euclidean space of dimension n, is, in
local coordinates, equivalent to solving the first order system of partial differential equations:

(∇u)T∇u = g in ω ⊂ Rd,
for u : ω → Rn,

(1.1)

where g : ω → Rd×dsym,> is a given first fundamental form i.e. the Riemannian metric of the
manifold written in these coordinates. The exact answer to this question and to the question
on the minimal dimension n, depend on g and on how smooth u is required to be. In the
analytic case, the Janet-Cartan-Burstin theorem [25, 14, 8] gives the affirmative resolution of
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Schlaefli’s conjecture [42], stating that any d-dimensional analytic g has a local analytic iso-
metric immersion u into Rsd . Here, sd is the Janet dimension, corresponding to the number of
equations in (1.1) and the number of independent entries in d× d symmetric matrices:

sd
.
=
d(d+ 1)

2
. (1.2)

In this theorem n = sd cannot be replaced by sd−1. For d = 2, we have sd = 3. The crucial part
of the Janet-Burstin proof consists in showing that a local analytic isometric immersion that
is “free”, always exists, in the minimal dimension d+ sd, the freeness of an immersion meaning
that d vectors of its first derivatives and sd of second derivatives are linearly independent at
each x ∈ ω. Invoking this result at d−1 is then supplemented by extending the hence produced
analytic immersion by one extra dimension that is missing from (d− 1) + sd−1 = sd − 1 to sd,
via an application of the Cauchy-Kowalewsky theorem.

In the non-analytic case and for general metrics of regularity at least C2, an isometric immer-
sion into any Rn cannot be of regularity better than the regularity of the metric. This fact was
first noticed by Hartman and Wintner [23]: given a 2-dimensional Riemannian metric g ∈ Cr,β
with r ≥ 2 and β ∈ [0, 1], its Gaussian curvature κ can be computed from the second funda-
mental form of an immersion u ∈ Cl, which gives κ ∈ Cl−2 (for l not necessarily an integer).
On the other hand, κ is an intrinsic quantity and as such, can be computed directly from g,
whereas κ ∈ Cr−2,β. One can explicitly construct a metric whose κ is no smoother than Cr−2,β,
hence in general there must be: l ≤ r + β. In dimension d > 2, the same argument applies to
sectional curvatures and can be found in [29]. The fact that the regularity exponent l = r + β
of an isometric immersion can be achieved, is based on the following ideas of Nash.

For the integer regularity r > 2, the Nash theorem [38] states that every Cr metric has a Cr
isometric immersion into some Rn. A partition of unity argument reduces this theorem to the
local case in (1.1), in which n can be taken as 3sd+4d, the dimension later decreased by Gromov
[19] to sd + 2d + 3, and by Günter (with a different proof) [21] to max{sd + 2d, sd + d + 5}.
For d = 2, both these numbers equal 10. It is worth noting that the discussed dimensions do
not depend on the differentiability exponent r. The Hölder regular case has been studied by
Jacobowitz, who proved [29] that every Cr,β Riemannian metric with r ≥ 2 and β ∈ (0, 1] has
a Cr,β isometric immersion into some Rn. Combining Nash’s and Jacobowitz’s results yields
immersability of any Cl metric where l > 2 is not necessarily an integer, with the immersion of
the same regularity. The key argument of their proofs relies on an implicit function theorem
(later generalized to what is called the Nash-Moser implicit function theorem) showing that
for a large class of analytic metrics, any Cl metric in their vicinity (depending on l), possesses
a Cl isometric immersion. Such analytic metrics are shown to be dense in C0, due to the earlier
construction by Nash producing C1 isometries, that we now describe. We note in passing that
for r ≥ 2, a Cr Riemannian manifold of dimension d has a local Cr isometric immersion into
Rd if an only if its Riemann curvature tensor vanishes at each x.

In case of low immersion regularity C1, the Nash theorem in [37] states that if a C0 Riemann-
ian manifold of dimension d has a short immersion into Rd+2, then it has a nearby C1 isometric
immersion (into Rd+2). In coordinates, the shortness of u ∈ C1(ω̄,Rn) is expressed by:

g − (∇u)T∇u > 0 in ω̄,

i.e. by requiring that the matrix in left hand side be strictly positive definite for every x ∈ ω̄.
This condition can be achieved by scaling an arbitrary immersion by a small positive number.
Nash’s theorem is proved via iterative modifications of an initial short immersion u by a cascade
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of highly oscillatory perturbations, with sum of their amplitudes small, and with the property
that each of them replaces the specific (rank-one) portion of the defect:

D(g, u)
.
= g − (∇u)T∇u, (1.3)

by a much smaller (in the C0 norm) contribution. After decreasing D in this manner, the new
defect is computed and the construction is repeated in, what is nowadays referred to as, the
Nash-Kuiper iteration scheme. The nearby (to the given short immersion u) immersion ũ is
obtained in the limit of such modifications. The perturbations, called Nash’s spirals, each of
them constituting a single Step in this convex integration algorithm, utilize 2 codimensions, and
we exhibit a version of this construction in Lemma 2.4, later used in the proof of Theorem 4.1.
At the end of [37], Nash conjectured that the condition n ≥ d+2 needed to achieve the modifi-
cations, can be weakened to n ≥ d+ 1. A proof of this assertion was subsequently provided by
Kuiper [31] via another perturbation definition, which indeed utilizes only one codimension. We
exhibit a version of such Kuiper’s corrugation in Lemma 2.5, constituting a convex integration
Step in the proof of Theorem 1.1. To reassume, the Nash-Kuiper theorem demonstrates that
any short immersion u ∈ C1(ω̄,Rd+1) can be uniformly approximated, with arbitrary precision,
by an isometric immersion ũ ∈ C1(ω̄,Rd+1), for any continuous, d-dimensional g, yielding the
abundance, or flexibility, of C1 solutions to (1.1) with n = d+ 1.

1.2. The dimension d = 2 and rigidity results. For d = 2 we have sd = 3, so an analytic
2-dimensional Riemannian metric always has a local analytic isometric immersion into R3.
Further, the Gromov and Günter exponents equal 10, so any Cr metric possesses a Cr isometric
immersion into R10, for r > 2. One way of reading our Theorem 1.1 is that, at the critical
regularity r = 2, a C2 metric always has an isometric immersion of any regularity just below
C2 (i.e., C1,α for any α < 1), already in dimension n = 4. This is precisely the target dimension
in Poznyak’s theorem: as shown in [41], the disk B1 ⊂ R2 with arbitrary C∞ metric can be
isometrically C∞-immersed in R4. For completeness, we present a proof of this result in the
Appendix section 9. In fact, the dimension n = 4 cannot be lowered for this general statement,
because of an example in [41] of a smooth metric on a disk, for which there is no C2 isometric
immersion into R3. In [20] a more striking example has been put forward, of an analytic metric
of positive Gaussian curvature that is not induced by any C2 immersion into R3 and keeps this
property under any C2-small perturbation of the metric. We also note that s2 +2 = 5, so below
this dimension, a free immersion of any 2-dimensional Riemannian metric cannot exist.

The target dimension n = 3 is different. Firstly, according to the classical rigidity theorems
due to Cohn-Vossen [15] and Herglotz [24], in the resolution of the Weyl problem [44], a C2

isometric immersion of S2 into R3 must be a rigid motion, i.e. a composition of a rotation and
a translation. Second, any C2 surface with positive Gauss’s curvature must be locally convex;
for generalizations of this statement we refer to [22], and to [39, Chapter II], [40, Chapter IX]
where the requirement of the C2 regularity is replaced by the requirement that the immersion
is C1 and that the measure on S2 induced by the Gauss map has bounded variation. Third,
using geometric arguments, the same rigidity statement has been proved by Borisov in a series
of papers [1, 2, 3, 4, 5], for C1,α isometric immersions at α > 2/3, of C2 metrics, with a simpler
analytic proof of this result obtained in [16]. In particular, we see that 2/3 is an upper bound
on the range of Hölder exponents that can be reached using convex integration for isometric
immersions of 2-dimensional metrics into R3. To the contrary, our Theorem 1.1 shows that no
such rigidity statement is possible for the isometric immersions already into R4.



FULL FLEXIBILITY OF POZNYAK’S THEOREM 5

1.3. Recent results on flexibility. For the codimension-one case, i.e. when n = d + 1 in
(1.1), it already transpires from the Nash-Kuiper construction, that flexibility should hold not
only in C1, but also in C1,α provided that α > 0 is sufficiently small. A first precise study of
this type is due to Borisov, who announced in [6] and provided a proof in case of d = 2 in
[7], that for any analytic g, the Nash-Kuiper theorem extends to local isometric immersions
with regularity C1,α and α < 1

1+2sd
. For arbitrary dimension d, this statement was proved by

Conti, De Lellis and Szekelyhidi in [16]. For the special case d = 2, the hence derived flexibility
exponent 1

1+2s2
= 1/7 was improved to 1/5 in [17], capitalizing on the conformal equivalence

of 2-dimensional Riemannian metrics with the Euclidean metric, thus reducing the number of
primitive (rank-one) defects in the decomposition of D in (1.3) from s2 = 3 to 2.

The reasoning behind all the so-far Hölder exponent improvements in flexibility results,
follows precisely this line: if one can construct a modification of a short immersion u to another
immersion, as done in [37, 31], to the effect that D decreases by a factor of σS , for any large σ
and some power S, at the expense of having ∇2u increase by a factor of σJ , for some power J ,
then the Nash-Kuiper iteration scheme (see our Theorem 1.3) is capable of producing, in the
limit, an isometric immersion ũ ∈ C1,α with any prescribed regularity in the range:

0 < α <
1

1 + 2J/S
, (1.4)

further restricted only by the regularity of g when below C2 (see formula (1.13)). Now, a
rule of thumb is that ∇2u increases by one power of σ already at the single application of
Kuiper’s corrugation Step, so in case of a single codimension available, and since in general
one requires sd of such Steps to decrease the defect by one power of σ, corresponding to sd
rank-one components in D, formula (1.4) with J = sd and S = 1 implies the Borisov-Conti-De
Lellis-Szekelyhidi exponent 1

1+2sd
. Similarly, for d = 2 we get after a conformal change of

variable that J = 2 and S = 1, yielding the exponent 1/5 as in [17]. In a recent paper [10],
Cao, Hirch and Inauen utilized an auxiliary construction which transfers exactly d rank-one
primitive defects onto the remaining sd− d ones, hence allowing for J = sd− d and S = 1, and
resulting in flexibility up to 1

1+2(sd−d) = 1
1+d2−d Hölder regularity in the first derivatives. For

d = 2 this implies that any short immersion of a 2-dimensional C2 metric g can be approximated
by C1,α isometric immersions into R3, for any α < 1/3. In this context, our Theorem 1.1 asserts
the same statement up to regularity C1,1 already at the next target dimension n = 4.

As it is clear from the proofs, allowing for a higher codimension n − d > 1 only increases
the regularity of the approximating isometric immersions. From our technical viewpoint, this
is linked to the increase of ∇2u by only one power of σ despite several applications of Kuiper’s
corrugations in multiple Steps, as long as these are done in different codimensions. This implies
the increase of S relative to J or, the decrease of the ratio J/S and therefore the increase of α.
Without paying attention to such detailed considerations, but applying the convex integration
construction with Nash’s spirals as Steps, Källen proved in [30] that for n ≥ 6(d+1)(sd+1)+2d,

there exists a C1,α isometric immersion of any g ∈ Cr,β where r+ β < 2, for any α < r+β
2 . Our

proof of Theorem 1.1 combines the insights from [30, 10, 16] with some new tricks, to reach
exactly the Källen exponent already in dimension 4, in the context of flexibility rather than
the mere existence of a single isometric immersion. Some aspects of the analysis leading to our
result, was developed in the parallel context of the Monge-Ampère system, discussed below.
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1.4. The Monge-Ampère system. The Monge-Ampère system was introduced in [32] as a
higher-dimensional version of the classical Monge-Ampère equation:

det∇2v = f in ω ⊂ R2,

for v : ω → R,
(1.5)

in relation to its interpretation as the prescription, to the leading order terms, of the Gaussian
curvature of a shallow surface given as the graph of v. In the same vein, prescription of the
full Riemann curvature tensor [Rij,st]i,j,s,t:1...d of a d-dimensional shallow manifold, reads:

Det∇2v
.
=
[
〈∂2
isv, ∂

2
jtv〉 − 〈∂2

itv, ∂
2
jsv〉

]
i,j,s,t:1...d

= F in ω ⊂ Rd,

for v : ω → Rk,
(1.6)

where F : ω → Rd4 is a given field. Indeed, the Riemann curvatures of the family of immersions
uε : ω → Rd+k parametrized by ε→ 0 in uε(x) = (x, εv(x)), are calculated as:

Rij,st
(
(∇uε)T∇uε)

)
= Rij,st

(
Idd + ε2(∇v)T∇v

)
= ε2(Det∇2v)ij,st + o(ε2),

similarly to the formula for Gauss’s curvature κ in case d = 2, k = 1:

κ((∇uε)T∇uε) = κ(Id2 + ε2∇v ⊗∇v) =
ε2 det∇2v

(1 + ε2|∇v|2)2
= ε2 det∇2v + o(ε2).

Relying on the special structure of Det∇2, we call v ∈ H1(ω,Rk) a weak solution to (1.6), if
the following identity holds in the sense of distributions:

−1

2
C2((∇v)T∇v) = F in ω. (1.7)

Here, C2 is a second-order differential operator, which in dimension d = 2 reduces, up to
symmetries, to taking curl curl of a R2×2

sym- valued matrix field, whereas for k = 1, the identity
(1.7) becomes exactly the weak formulation of (1.5) as studied in [36]:

−1

2
curl curl (∇v ⊗∇v) = f.

The expression in the left hand side appeared in [28], called therein the very weak Hessian. It
can be observed that the system (1.7), when posed on a contractible ω ⊂ Rd, reduces to:

1

2
(∇v)T∇v + sym∇w = A

for v : ω → Rk, w : ω → Rd,
(1.8)

where A : ω → Rd×dsym satisfies the compatibility condition: −C2(A) = F , viable under appropri-
ate symmetry, algebraic and differential identities assumptions on F . The system (1.8) is called
the von Kárman system, in relation to the von Kárman stretching content in the theory of
elasticity, where for d = 2, k = 1 the fields v, w are interpreted, respectively, as the out-of-plane
and in-plane displacements of the midsurface ω of a thin elastic plate [35].

1.5. Flexibility of the Monge-Ampère system. The system (1.8) encodes the agreement,
to the leading order, between the family of Riemannian metrics gε = Idd + 2ε2A and the
induced metrics of the augmented immersions ūε(x) = (x + ε2w(x), εv(x)), thus revealing a
close connection between (1.6) and (1.1) at n = d+ k. For this reason, one expects flexibility



FULL FLEXIBILITY OF POZNYAK’S THEOREM 7

results for (1.8) of the same type as for (1.1). Indeed, given any short displacement pair
(v, w) ∈ C1(ω̄,Rd+k), where the shortness means positive definiteness of the defect D in:

D(A, v, w)
.
= A−

(1

2
(∇v)T∇v + sym∇w

)
> 0 in ω̄,

and given any ε > 0, there exists a displacement pair (ṽ, w̃) ∈ C1,α(ω̄,Rd+k) satisfying:

‖ṽ − v‖0 + ‖w̃ − w‖0 ≤ ε and D(A, ṽ, w̃) = 0 in ω̄.

The fields (ṽ, w̃) are obtained in the limit of a version of the Nash-Kuiper iteration scheme with
α in the range specified in (1.4), where S is the decay rate of D and J is the blow-up rate of
∇2v resulting from a single convex integration Stage construction. In [32], we proposed that a
Stage consist of the least common multiple lcm(sd, k) Steps, each of them applying a version of
Kuiper’s corrugation in v and a matching perturbation in w, to the effect of replacing, as before,
one rank-one primitive component of the defect by higher order error terms. Since D contains
sd such components, each time the counter of the number of Steps goes over a multiple of sd,
the defect goes down by one factor of σ, while each time this Step counter goes over a multiple
of k, the ∇2v goes up, also by one factor of σ. Hence, after lcm(sd, k) of Steps, one reads
the relative blow-up/decay ratio J/S = sd/k, and therefore the flexibility up to the exponent

1
1+2sd/k

. This exponent coincides with 1
1+2sd

from [16] for k = 1, and for d = 2, k = 1 with the

exponent 1/7 that has been previously obtained in [36] for the Monge-Ampère equation.
In [32] we also exhibited an alternative convex integration construction for (1.6), based on

superposing sd Nash’s spirals in a single Step, applicable for k ≥ 2sd codimensions. We showed
how the Källen iteration technique from [30] allows for the cancellation of arbitrarily high order
defects all at once, thus leading to J = 1 with S arbitrarily large, and ultimately yielding the
flexibility exponent 1, always for k ≥ 2sd.

In the special case of d = 2, the insight from [17] was used to improve the exponent 1/7 to
1/5 for the equation (1.5), and in [33] to 1

1+4/k for the system (1.6) and a general codimension

k. In [9], the exponent 1/5 was further increased to 1/3 by introducing another version of
the basic 2-dimensional defect decomposition with sharper bounds that distinguish between
differentiation in the slow and fast variables. That idea preceded the construction in [10] in
which certain components of D are initially transferred on other components, thus effectively
making the spacial directions that they correspond to in the entries of D, fast- or slow-like.
In [34], the construction from [9] and the Källen-Nash spirals approach from [32] led to the

flexibility exponent 3/7 at k = 2, the exponent 7/15 at k = 3 (from the general formula 2k−1
2k+1−1

),

and the full flexibility with regularity of the solutions to (1.8), up to C1,1, for k ≥ 4.

In [26] we studied the Monge-Ampère system at d = 2, k = 3 and proved its flexibility up to

regularity C1,1−1/
√

5. That was the first result in which the obtained Hölder exponent 1− 1√
5

was

larger than 1/2, but not contained in a result of full flexibility up to C1,1. The new technique
in [26] was based on the following observation. In all previous works, a Stage consisted of
consecutive modifications of (v, w) by the oscillatory perturbations in different codimension
directions, while keeping track of the magnitudes of the defect D and the partial derivatives
∂ijv

q. These Steps were carried out until all of the components ∂ijv
q had the same order,

at which point we read the blowup rate J of ∇2v and the corresponding decay rate S of D.
Presently, we were able to construct a perturbation cascade of Kuiper’s corrugations, relative to
the progression of frequencies which never allows for the same order in all ∂ijv

q at once. Since
new corrugations are built on the previous ones in a staggered manner, then including larger and
larger number of Steps in a single Stage (later iterated by the Nash-Kuiper algorithm) keeps
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decreasing J/S. A particular progression of frequencies, based on the Fibonacci sequence,
yielded the regularity exponent 1 − 1√

5
in [26]. The same construction, combined with the

transfer of the defect portions as in [10] and another progression of frequencies, allowed in [27]
for concluding the full flexibility up to C1,1 for the Monge-Ampère system in dimension d = 2
and codimension k = 2. Our present paper achieves the same result as [27], now for the fully
nonlinear system (1.1), at the expense of a more complex construction that we describe below.

1.6. The main technical contributions of this paper and an outline of proofs. Our
main contribution is given in terms of estimates gathered in the Stage theorem, whose iteration
via the Nash-Kuiper algorithm ultimately provides the proof of Theorem 1.1:

Theorem 1.2. [STAGE] Let g ∈ Cr,β(ω̄,R2×2
sym,>) be defined on the closure of an open set

ω ⊂ R2 diffeomorphic to B1, for some regularity exponents:

0 < r + β ≤ 2. (1.9)

Fix γ > 0 and integers N,K ≥ 4. Then, there exists δ ∈ (0, 1) and σ > 1, depending only on

γ, ω, g,N,K, such that the following holds. Given any u ∈ C2(ω̄,R4) and any δ, µ, σ such that:

δ ≤ δ, µδ1/2 ≥ 1, σ ≥ σ, σ3N+3δ ≤ 1, (1.10)1

1

2γ
Id2 ≤ (∇u)T∇u ≤ 2γId2 in ω̄, (1.10)2

‖D(g − δH0, u)‖0 ≤
r0

4
δ and ‖u‖2 ≤ δ1/2µ, (1.10)3

where r0, H0 are independent quantities in Lemma 2.2, there exists ũ ∈ C2(ω̄,R4) satisfying:

‖ũ− u‖1 ≤ Cδ1/2, ‖ũ‖2 ≤ Cµδ1/2σ2K+N , (1.11)1∥∥∥D(g − δ

σNK
H0, ũ

)∥∥∥
0
≤ r0

5

δ

σNK
+
‖g‖r,β
µr+β

, (1.11)2

with constants C depending only on γ, ω, g,N,K.

The above yields the decay rate SK,N = KN of D and the blow-up rate JK,N = 2K +N of
∇2u, where the quotient of these rates becomes arbitrarily small for large K,N :

lim
K→∞

lim
N→∞

JK,N
SK,N

= lim
K→∞

lim
N→∞

2K +N

KN
= 0.

The Hölder regularity of the limiting immersion deduced from iterating the Stage, depends
only on the aforementioned quotient and the regularity of g, through the formula in (1.13).
Theorem 1.1 results hence in view of the following:

Theorem 1.3. [NASH-KUIPER’S ITERATION] Let u ∈ C∞(ω̄,R4) be an immersion, defined
on the closure of an open set ω ⊂ R2 diffeomorphic to B1, together with g ∈ Cr,β(ω̄,R2×2

sym,>)
for some regularity exponents in (1.9). Assume that:

D(g, u) = g − (∇u)T∇u > 0 on ω̄.

Assume further that for some S, J, p > 0 and for some parameters:

δ ∈ (0, 1), γ > 1, σ > 1
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depending only on ω, u, g, S, J, p and with γ possibly larger than γ in Theorem 4.1 and δ possibly
smaller than δ in Theorem 4.1, the following holds:

Given any u ∈ C2(ω̄,R4) and any δ, µ, σ such that:

δ ≤ δ, µδ1/2 ≥ 1, σ ≥ σ, σpδ1/2 ≤ 1,

1

2γ
≤ (∇u)T∇u ≤ 2γId2 in ω̄,

‖D(g − δH0, u)‖0 ≤
r0

4
δ and ‖u‖2 ≤ δ1/2µ,

with r0, H0 as in Lemma 2.2, there exists ũ ∈ C2(ω̄,R4) satisfying:

‖ũ− u‖1 ≤ Cδ1/2, ‖ũ‖2 ≤ Cµδ1/2σJ ,∥∥∥D(g − δ

σS
H0, ũ

)∥∥∥
0
≤ r0

5

δ

σS
+
‖g‖r,β
µr+β

,

with constants C depending only on ω, u, g, S, J, p.



(1.12)

Then, for every ε > 0 and every exponent α in the range:

0 < α < min
{r + β

2
,

1

1 + 2J/S

}
, (1.13)

there exists an immersion ū ∈ C1,α(ω̄,R4) such that:

‖ū− u‖0 ≤ ε and D(g, ū) = 0 in ω̄.

A proof of Theorem 1.3 will be given in section 8. It relies on iterating Theorem 1.2 with a
particular progression of δ, µ and σ. For the base of the induction, one necessitates the initial
Stage which decreases the large but positive definite initial defect D(g, u) to a much smaller
defect that satisfies the first condition in (1.10)3, tied with specific scaling laws on the initial
increase of ∇2u. A self-contained proof of that initial Stage is presented in Theorem 4.1, via a
construction based on Nash’s spirals Step in Lemma 2.4.

We now sketch the proof of Theorem 1.2.

1. The new field ũ = uK is constructed from u as the final, K-th immersion in the K-tuple
{uk}Kk=1. The initial immersion u0 is a mollified version of u at the given length scale of the order
of µ0 = µ, and we set δ0 = δ. This immersion induces two unit normal vector fields (E1

u0 , E
2
u0),

perpendicular to ∇u0 and to each other. Only (E1
u0 , E

2
u0) are defined independently, while

each consequtive normal frame (E1
uk+1

, E2
uk+1

) is constructed from the previous (E1
uk
, E2

uk
), see

Section 3. The intermediate defect bounds and frequencies {δk, µk}Kk=1 are set to satisfy:

µ1 = µ0σ
N+2, µk+1 = µkσ

N/2+2, δk+1 =
δk
σN

, (1.14)

(see Figure 1) and the following inductive estimates are proved to hold, for all k = 0 . . .K − 1
and all m up to a sufficiently large (but finite) number:

‖uk+1 − uk‖1 ≤ Cδ
1/2
k ,

‖∇(m+1)(uk+1 − uk)‖0 +

2∑
i=1

‖∇(m)(Eiuk+1
− Eiuk)‖0 ≤ Cδ1/2

k µmk+1,

‖∇(m)D(g0 − δk+1H0, uk+1)‖0 ≤
δk
σN

µmk+1 = δk+1µ
m
k+1.

(1.15)
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Hence, at the counter k = K, the recursion (1.15) yields:

δK =
δ

σKN
and δ

1/2
K−1µK = δ1/2µσ2K+N

implying the claimed bounds (1.11)1, (1.11)2 in view of (1.15). The additional term in the right
hand side of (1.11)2 is due to the fact that in (1.15) we calculate the defect with respect to the
mollified version g0 of g rather than g itself, while the prefactor r0/5 is secured by obtaining a

slightly larger decay δk/σ
N+1/2 rather than δk/σ

N , and taking σ large. The necessity of this
prefactor as well as the need for estimating the defect relative to a fixed matrix H0, follow from
the validity of a decomposition of a symmetric matrix H ∈ R2×2

sym as a linear combination of

three rank-one matrices with nonnegative and uniformly bounded coefficients {ai ∈ (1
2 ,

3
2)}3i=1:

H =
3∑
i=1

a2
i ηi ⊗ ηi, (1.16)

not for all H, but in the vicinity of, say, H0 =
∑3

i=1 ηi ⊗ ηi (see Lemma 2.2).

2. The core of proof of (1.15) relies on obtaining specific bounds on the components of ∇2uk:

‖∇(m)〈∂ijuk, E1
uk
〉‖0 ≤ C

δ
1/2
k−1

σN/2
µm+1
k , ‖∇(m)〈∂11uk, E

2
uk
〉‖0 ≤ C

δ
1/2
k−1

σN
µm+1
k ,

‖∇(m)〈∂12uk, E
2
uk
〉‖0 ≤ C

δ
1/2
k−1

σN/2
µm+1
k , ‖∇(m)〈∂22uk, E

2
uk
〉‖0 ≤ Cδ1/2

k−1µ
m+1
k .

(1.17)

The above bounds can be anticipated from the next definition. Namely, uk+1 is constructed
from uk by passing through two extra intermediate immersion fields in:

U = uk +
Γ(λ〈x, η1〉)

λ
a1E

1
uk

+ Tuk

( Γ̄(λ〈x, η1〉)
λ

a2
1η1 +W

)
,

Ū = U +
Γ(κ〈x, η2〉)

κ
a2E

1
U + TU

( Γ̄(κ〈x, η2〉)
κ

a2
2η2 + W̄

)
,

uk+1 = Ū +
Γ(µk+1〈x, η3〉)

µk+1
bE2

Ū + TŪ

( Γ̄(µk+1〈x, η3〉)
µk+1

b2η3 + ¯̄W
)
,

(1.18)

where the frequencies (see Figure 2) are:

λ = µkσ, κ = µkσ
2.

The coefficients {ai}3i=1, b are obtained from decomposing the defect via (1.19), where b contains
a3 and other components, specified later. As a first attempt, think of applying (1.16) to:

H = D(g0 − δk+1H0, uk).

Since that decomposition is linear, the induction assumption implies ai, b ∼ δ1/2
k . The definition

(1.18) is consistent with the single Kuiper’s corrugation construction (see Lemma 2.5), in which
the first term is always aligned with the chosen normal direction (here, E1 in U and Ū , and
E2 in uk+1) to the current immersion (here uk, then U , then Ū), while the second term carries
a tangential component via the basis of the tangent vectors to u (the tangent frame) given in
Tu

.
= (∇u)((∇u)T∇u)−1 and a chosen 2-dimensional perturbation field W .
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To deduce (1.17), one uses (1.18) and the induction assumption. Neglecting the tangential
components and gathering only the highest order powers in frequencies, we have:

‖∇(m)〈∂ijuk+1, E
1
uk+1
〉‖0 ∼ ‖∇(m)〈∂ijuk, E1

uk
〉‖0 + ‖a1‖0λm+1 + ‖a2‖0κm+1

≤ C
δ

1/2
k−1

σN/2
µm+1
k + Cδ

1/2
k

µm+1
k+1

σN/2
µm+1
k+1 = C

δ
1/2
k

σN/2
µm+1
k+1 ,

‖∇(m)〈∂22uk+1, E
2
uk+1
〉‖0 ∼ ‖∇(m)〈∂22uk, E

2
uk
〉‖0 + ‖b‖0µm+1

k+1

≤ Cδ1/2
k−1µ

m+1
k + Cδ

1/2
k µm+1

k+1 ≤ Cδ
1/2
k µm+1

k+1 ,

in view of the assumed increase rates: from δk to δk+1, and from µk to λ to κ to µk+1. For the
remaining components we use that η2 = e2, so that the bounds (1.17) are closed in:

‖∇(m)〈∂11uk+1, E
2
uk+1
〉‖0 ∼ ‖∇(m)〈∂11uk, E

2
uk
〉‖0 + ‖b‖0µm−1

k+1

≤ C
δ

1/2
k−1

σN
µm+1
k + Cδ

1/2
k µm−1

k+1 ∼ C
δ

1/2
k

σN
µm+1
k+1 ,

‖∇(m)〈∂12uk+1, E
2
uk+1
〉‖0 ∼ ‖∇(m)〈∂12uk, E

2
uk
〉‖0 + ‖b‖0µmk+1 ≤ C

δ
1/2
k

σN/2
µm+1
k+1 .

3. We now trace the changes of the defect: from that corresponding to uk, to U then to
Ū . The departing point in our construction is the decomposition (1.16), which needs to be
administered under the Källen iteration technique (see Theorem 6.1). This technique allows
to decompose the defect together with a specific portion of the future error, namely the non-
oscillatory portion which cannot be handled otherwise. A new error F is hence introduced,
however it can be made arbitrarily small. This is the key outcome of Källen’s iteration:

D(g0 − δk+1H0, uk)−
1

λ2
∇a1 ⊗∇a1 −

1

κ2
∇a2 ⊗∇a2 =

3∑
i=1

a2
i ηi ⊗ ηi + F ,

where ‖∇mF‖0 ≤ C
δk
σN

µm.

(1.19)

Now, Kuiper’s corrugation in U in (1.18), has the purpose of cancelling both a2
1η1 ⊗ η1 and

1
λ2
∇a1 ⊗∇a1 from D(g0 − δk+1H0, uk) above, and it does so, because (see Lemma 2.5):

(∇U)T∇U − (∇uk)T∇uk = a2
1η1 ⊗ η1 +

1

λ2
∇a1 ⊗∇a1

+
Γ(λ〈x, η1〉)2 − 1

λ2
S1 +

ΓΓ′(λ〈x, η1〉)
λ

S2 +
Γ(λ〈x, η1〉)

λ
S3 +

Γ̄(λ〈x, η1〉)
λ

S4

+ sym∇W +R,

(1.20)

where R is a residual error term, arbitrarily small in the sense given below, while the quantities
S1, S2, S3, S4 define the leading order errors. The field W is such that it cancels all entries of
these principal four errors apart from their e2⊗e2 components, at the expense of a much smaller
new error G. This can be done precisely because the oscillation profiles Γ2 − 1, ΓΓ′, Γ and Γ̄
have mean zero on the period (see Lemma 5.1). The main idea is based on the decomposition:

Γ(λx1)H = Γ(λx1)sym((H11, 2H12)⊗ e1) + Γ(λx1)H22e2 ⊗ e2

= sym∇
(Γ1(λx1)

λ
(H11, 2H12)

)
− Γ1(λx1)

λ
sym∇(H11, 2H12) + Γ(λx1)H22e2 ⊗ e2,

where Γ′1 = Γ,

(1.21)
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that is iterated N times, decreasing the second term in its right hand side to the order 1/λN .

Of course, the primitives ΓN given iteratively by the formula ( ddt)
(N)ΓN = Γ, remain bounded

provided that their initial oscillatory profile Γ has mean zero on its period. In conclusion, our
first intermediate defect is composed of:

D(g − δk+1H0, U) =

3∑
i=2

a2
i ηi ⊗ ηi +

1

κ2
∇a2 ⊗∇a2 + F + G +R−Ge2 ⊗ e2,

where: ‖∇(m)F‖0 ∼ C
δk
σN

λm from Källen’s iteration

‖∇(m)G‖0 ∼ C
δk

(λ/µk)N
λm ≤ C δk

σN
λm from oscillatory decomposition

‖∇(m)R‖0 ≤ Cδ3/2
k σN/2λm ≤ C δk

σN
λm from the last assumption in (1.10)1.

(1.22)

The bound on the derivatives of G is due to the fact that S1, S2, S3, S4 oscillate with frequency
µk and λ/µk = σ. A similar reasoning applies to the second intermediate immersion Ū in
(1.18), where the second Kuiper corrugation is used to cancel a2

2η2⊗ η2 and 1
κ2
∇a2⊗∇a2 from

D(g0− δk+1H0, U), while W̄ is defined to cancel (see Lemma 5.3) all but the e2⊗ e2 entries of:

Γ(κ〈x, η2〉)2 − 1

κ2
S̄1 +

ΓΓ′(κ〈x, η2〉)
κ

S̄2 +
Γ(κ〈x, η2〉)

κ
S̄3 +

Γ̄(κ〈x, η2〉)
κ

S̄4,

derived as the four principal errors terms (see Lemma 2.5) in (∇Ū)T∇Ū−(∇U)T∇U , similarly
as in (1.20). Hence, the second intermediate defect is composed of:

D(g − δk+1H0, Ū) =
(
a2

3 −G− Ḡ)η3 ⊗ η3 + E + Ḡ + R̄

where: ‖∇(m)E‖0 ∼ C
δk
σN

λm from (1.22)

‖∇(m)Ḡ‖0 ∼ C
δk

(κ/λ)N
κm ≤ C δk

σN
κm from oscillatory decomposition

‖∇(m)R̄‖0 ≤ Cδ3/2
k σN/2κm ≤ C δk

σN
κm from the last assumption in (1.10)1.

(1.23)

The bound on the derivatives of Ḡ is due to the fact that S̄1, S̄2, S̄3, S̄4 oscillate with frequency
λ and κ/λ = σ. From the bounds on G, Ḡ one can correctly define the augmented amplitude:

b2 = a2
3 −G− Ḡ

that obeys: b2 ∼ δk and ‖∇(m)b2‖0 ≤ C δk
σ κ

m.

4. We now analyze the change of the defect from that corresponding to the immersion Ū to
the final uk+1. The third Kuiper’s corrugation in (1.18) is used to cancel the term b2e2 ⊗ e2 in
D(g− δk+1H0, Ū) and note that it is the first time that we use the second codimension normal

field E2. The field ¯̄W is defined by applying the oscillatory decomposition in Lemma 5.3, to
cancel all but the e1 ⊗ e1 entries of the following principal errors in Lemma 2.5:

ΓΓ′(µk+1〈x, η3〉)
µk+1

¯̄S2 +
Γ(µk+1〈x, η3〉)

µk+1

¯̄S3 +
Γ̄(µk+1〈x, η3〉)

µk+1

¯̄S4,

with only two iterations of (1.21), rather than N as before. This is precisely why we neces-

sitate µk+1/κ ∼ σN/2 large, whereas λ/µk = σ and κ/λ = σ has sufficed. The contribution
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corresponding to ¯̄S1 = ∇b⊗∇b is estimated directly in the second bound below, due to b and
hence ¯̄S1 oscillating with frequency κ. It follows that:

D(g − δk+1H0, uk+1) = ¯̄Ge1 ⊗ e1 + E + Ē +
Γ(µk+1〈x, η3〉)2

µ2
k+1

∇b⊗∇b+ ¯̄R+ ¯̄G,

where: ‖∇(m)(E + Ē)‖0 ∼ C
δk
σN

κm from (1.22), (1.23),∥∥∇(m)
(Γ(µk+1〈x, η3〉)2

µ2
k+1

∇b⊗∇b
)∥∥

0
≤ C δk

(µk+1/κ)2
µmk+1 ≤ C

δk
σN

µmk+1,

‖∇(m) ¯̄G‖0 ∼
δk−1

(µk+1/κ)3
µmk+1 =

δkσ
N/2

(µk+1/κ)3
µmk+1 ≤ C

δk
σN

µmk+1

from oscillatory decomposition,

‖∇(m) ¯̄R‖0 ≤ Cδ3/2
k σN/2µmk+1 ≤ C

δk
σN

µmk+1 by last assumption in (1.10)1.

(1.24)

The third bound above follows in virtue of (1.17), since the worst term in ¯̄G is:

¯̄G ∼ Γ(µk+1〈x, η3〉)
µ3
k+1

∇2 ¯̄S where ¯̄S ∼ b(∇Ū)T∇E2
Ū .

In conclusion, the final assertion of the inductive bound (1.15), namely:

‖∇(m)D(g0 − δk+1H0, uk+1)‖0 ∼
δk
σN

µmk+1,

follows in view of (1.24), if we are able to check that:

‖∇(m) ¯̄G‖0 ∼
δk
σN

µmk+1. (1.25)

This indeed holds, and can be seen from the exact formulas on the e1⊗ e1 residual components
in the decomposition parallel to that in (1.21), given in Lemma 5.2:

¯̄G ∼
1∑
i=0

Γi(µk+1〈x, η3〉)
µi+1
k+1

Pi(
¯̄S2 + ¯̄S3 + ¯̄S4) where ¯̄S2 ∼ b sym(∇b⊗ η3),

and ¯̄S3 ∼ b sym
(
(∇Ū)T∇E2

Ū )
)
, ¯̄S4 ∼ sym

(
(∇Ū)T∇(b2TŪη3)

)
,

with P0(H) = H11, P1(H) = ∂1H12.

In particular, only components ( ¯̄Si)11 and ∂1( ¯̄Si)12 enter in the formula on ¯̄G. We prove (1.25)
using all the information in (1.17) as well as the relation between κ and µk+1.

This ends the sketch of proof of Theorem 1.2. We close by a few extra points:

- The distinction between definitions of µ1 and µk at k > 1 in (1.14) is needed for the
proof of the inductive bounds on 〈∂11uk, E

2
uk
〉 in (1.17), separately at the induction

base k = 1 and then at the induction step.
- Along the proof, we need to keep track of the evolution of the orthonormal frame

(E1, E2) and the tangent frame T to the surfaces given by immersions uk, U, Ū , and
also to have all these immersions satisfy the uniform condition (1.10)2.

- We provide bounds on any order of derivatives ∇(m) of various fields, however only a
finite number of them is relevant (in the proofs we specify how many, for completeness).
Hence all constants C in our estimates are uniform, though depending on N (which
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refers to the decay rate of the defect passing from uk to uk+1), and K (which stands
for the number of triple Steps in a Stage).

- Several error quantities are estimated by means of higher powers of δ (like δ3/2 or δ2).
All such quantities are bounded by a quotient of δ and the relative frequency σ raised
to a convenient power at hand, because of the last assumption in (1.10)1.

Remark 1.4. The same result as in Theorem 1.1, remains valid in any target space Rn re-
placing R4, for n ≥ 4. Our proofs only require existence of and the propagation bounds on
two normal vector fields, which are guaranteed by having n − 2 ≥ 2. The same statement as
in Theorem 1.2 also holds and one concludes the final result by a version of Theorem 1.3.

1.7. Notation. By Rk×ksym and we denote the space of symmetric k× k matrices, and Rk×ksym,> is
the cone of such matrices that are additionally positive definite. The space of Hölder continuous
vector fields Cm,β(ω̄,Rk) where m ≥ 0, β ∈ [0, 1] consists of restrictions of all v ∈ Cm,β(R2,Rk)
to the closure ω̄ of an open, bounded set ω ⊂ R2. The Cm(ω̄,Rk) norm of such restriction
is denoted by ‖v‖m, while its Hölder norm in Cm,β(ω̄,Rk) is ‖v‖m,β. Below we gather other
notation that is recurring in our paper, specifying the first time when it appears.

D(g, u) = g − (∇u)T∇u: the defect, i.e. the difference between the given metric and the
immersion metric, see (1.3),

r0: the radius assuring positivity of coefficients in the metric decomposition, see Lemma 2.2.
η1 = e1, η2 = e1+e2√

2
, η3 = e2: the unit vectors yielding the primitive defect decomposition,

see Lemma 2.2.
H0 =

∑3
i=1 ηi ⊗ ηi: the referential (constant) metric whose all decomposition coefficients

equal 1, see Lemma 2.2.
{āi}3i=1: the linear projections in the decomposition of the defect, see Lemma 2.2.
Γ, Γ̄: the leading oscillatory profiles in the given convex integration Step constructions, see

Lemmas 2.4 and 2.5.
E1
u, E

2
u: the orthonormal pair of normal vectors fields (the normal frame) to the surface given
by immersion u, see Lemma 2.4.

Tu = (∇u)((∇u)T∇u)−1: the tangent frame to the surface u(ω̄) given by the immersion u,
see Lemma 3.2.

R,R1,R2: the secondary error terms in the single Step constructions, see Lemmas 2.4, 2.5.
u: the referential smooth immersion with positive definite defect, see Theorem 1.3.
γ: the referential immersion constant after an application of the initial Stage; all immersions

in the inductive stages obey 1/(2γ)Id2 ≤ (∇u)T∇u ≤ 2γId2, see Lemma 4.1 and
Theorem 1.2.

By C we denote a universal constant that may change from line to line of the proof, where it
depends on the specified parameters while being independent from all the induction counters.

1.8. Acknowledgement. The author was partially supported by the NSF grant DMS-2407293.
The author gratefully acknowledges support from the Simons Center for Geometry and Physics,
Stony Brook University as well as the Simons-CRM program at McGill University, at which
some of the research for this paper was performed.
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2. The defect decomposition lemmas and two Step constructions

This section contains some preliminary technical lemmas that serve as the building blocks
of the following proofs. We first gather the convolution and commutator estimates from [16]:

Lemma 2.1. Let φ ∈ C∞c (R2,R) be a standard mollifier that is nonnegative, radially symmetric,
supported on the unit ball B(0, 1) ⊂ R2 and such that

´
R2 φ dx = 1. Denote:

φl(x) =
1

l2
φ(
x

l
) for all l ∈ (0, 1], x ∈ R2.

Then, for every f, g ∈ C0(R2,R), every m ≥ 0 and β ∈ (0, 1), there holds:

‖∇(m)(f ∗ φl)‖0 ≤
C

lm
‖f‖0, (2.1)1

‖f − f ∗ φl‖0 ≤ min
{
l2‖∇2f‖0, l1+β‖∇f‖0,β, l‖∇f‖0, lβ‖f‖0,β

}
, (2.1)2

‖∇(m)
(
(fg) ∗ φl − (f ∗ φl)(g ∗ φl)

)
‖0 ≤ Cl2−m‖∇f‖0‖∇g‖0, (2.1)3

with constants C > 0 depending only on m.

The next two lemmas provide the decomposition of symmetric matrices into linear combi-
nations of rank-one “primitive matrices”. The first result is self-evident, proved for the general
dimensionality d ≥ 2 in [16, Lemma 5.2], while the second one is a combination of the local
decomposition with a partition of unity - type statement from [43, Lemma 3.3]:

Lemma 2.2. There exist r0 ∈ (0, 1) and linear maps {āi : R2×2
sym → R}3i=1 such that, denoting:

η1 = e1, η2 =
e1 + e2√

2
, η3 = e2 and H0 =

3∑
i=1

ηi ⊗ ηi,

for all H ∈ B(H0, r0) ⊂ R2×2
sym there holds:

H =
3∑
i=1

āi(H)ηi ⊗ ηi and |āi(H)− 1| ≤ 1

2
for all i = 1 . . . 3.

Lemma 2.3. There exists an integer N0 and a sequence of unit vectors {ηi ∈ R2}∞i=1 together

with a sequence of nonnegative functions {ϕi ∈ C∞c (R2×2
sym,>,R)}∞i=1, such that:

H =

∞∑
i=1

ϕi(H)2ηi ⊗ ηi for all H ∈ R2×2
sym,>,

and that:

(i) at most N0 terms in the above sum are nonzero, for each H,
(ii) every compact set K ⊂ R2×2

sym,> induces a finite set of indices J(K) ⊂ N, such that
ϕi(H) = 0 for all H ∈ K and all i 6∈ J(K).

The remaining two lemmas in this section provide two types of Step construction in the
convex integration algorithm. The given immersion is modified by adding oscillatory pertur-
bations, with the scope of cancelling a single term in the pull back of the Euclidean metric
via the immersion, of the rank-one type featured in the decomposition Lemma 2.2. The first
construction, referred to as Nash’s spiral, necessitates two normal vector fields:
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Lemma 2.4. [STEP: NASH’S SPIRAL] Let u ∈ C2(R2,R4) be an immersion and let E1
u, E

2
u ∈

C1(R2,R4) be a given orthonormal pair of its normal vector fields, so that:

(∇u)TE1
u = (∇u)TE2

u = 0, |E1
u| = |E2

u| = 1, 〈E1
u, E

2
u〉 = 0 in R2.

For a given unit vector η ∈ R2 we set t = 〈x, η〉 and denote:

Γ(t) = sin t, Γ̄(t) = cos t.

Then, for every λ > 0 and a ∈ C1(R2,R), the vector field ũ ∈ C1(R2,R4) given by the formula:

ũ(x) = u(x) +
Γ(λt)

λ
a(x)E1

u(x) +
Γ̄(λt)

λ
a(x)E2

u(x),

satisfies the following identity:

(∇ũ)T∇ũ− (∇u)T∇u = a2η ⊗ η +R,

with the error term R in:

R = R(λ, a, η,∇u,E1
u, E

2
u)

=
{

2
Γ(λt)

λ
a sym((∇u)T∇E1

u) + 2
Γ̄(λt)

λ
a sym((∇u)T∇E2

u) +
2

λ
a2sym

(
(∇E2

u)TE1
u ⊗ η

)}
+
{Γ(λt)2

λ2
a2(∇E1

u)T∇E1
u +

Γ̄(λt)2

λ2
a2(∇E2

u)T∇E2
u

+ 2
Γ(λt)Γ̄(λt)

λ2
a2 sym((∇E1

u)T∇E2
u) +

1

λ2
∇a⊗∇a

}
.

Proof. We first calculate the gradient of the modified immersion:

∇ũ = ∇u+ Γ′(λt)aE1
u ⊗ η +

Γ(λt)

λ

(
a∇E1

u + E1
u ⊗∇a

)
+ Γ̄′(λt)aE2

u ⊗ η +
Γ̄(λt)

λ

(
a∇E2

u + E2
u ⊗∇a

)
.

This leads to the following formula, where we suppress the argument λt in Γ and Γ̄ and order
the terms according to powers of λ:

(∇ũ)T∇ũ− (∇u)T∇u

=
{

(Γ′)2a2η ⊗ η + (Γ̄′)2a2η ⊗ η
}

+
{

2
Γ

λ
a sym

(
(∇u)T∇E1

u

)
+ 2

Γ̄

λ
a sym

(
(∇u)T∇E2

u

)
+ 2

ΓΓ′

λ
a sym(∇a⊗ η)

+ 2
Γ′Γ̄

λ
a2sym

(
(∇E2

u)TE1
u ⊗ η

)
+ 2

ΓΓ̄′

λ
a2sym

(
(∇E1

u)TE2
u ⊗ η

)
+ 2

Γ̄Γ̄′

λ
a sym(∇a⊗ η)

}
+
{Γ2

λ2
a2(∇E1

u)T∇E1
u +

Γ2

λ2
∇a⊗∇a+ 2

ΓΓ̄

λ2
a2sym

(
(∇E1

u)T∇E2
u

)
+

Γ̄2

λ2
a2(∇E2

u)T∇E2
u +

Γ̄2

λ2
∇a⊗∇a

}
.

We now observe that the sum of the two terms in the first parentheses equals a2η⊗ η because:

(Γ′)2 + (Γ̄′)2 = 1,
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whereas the remaining terms are exactly R. This is because the third and the sixth term in the
second parentheses cancel out due to ΓΓ′+ Γ̄Γ̄′ = 0, and the fourth and the fifth term in there
combine due to Γ′Γ̄ − ΓΓ̄′ = 1. Also, the second and the fifth term in the third parentheses
combine, due to Γ2 + Γ̄2 = 1. The proof is done.

In the second Step construction, referred to as Kuiper’s corrugation, the oscillatory modifi-
cation is added only in one normal direction and it is augmented by a matching tangential
perturbation, a construction inspired by [31]. A similar formula appeared in [10, Lemma 3.1]
and for the Monge-Ampère system in [32, 36]. Note the additional tangential perturbation com-
ponent w, that is crucial for our proofs and that will be chosen based on the oscillatory defect
decomposition in section 5, as was done in [10, 27]. Of course, the error terms in (2.2) are now
more complicated, and we split them into four groups: the non-oscillatory term 1

λ2
∇a ⊗ ∇a,

then the four principal oscillatory terms, the term sym∇w, and the residual terms R1,R2:

Lemma 2.5. [STEP: KUIPER’S CORRUGATION] Let u ∈ C2(R2,R4) be an immersion and
let Eu ∈ C1(R2,R4) be a given unit normal vector field to u, so that:

(∇u)TEu = 0, |Eu| = 1 in R2.

For a given unit vector η ∈ R2 we set t = 〈x, η〉 and denote:

Γ(t) =
√

2 sin t, Γ̄(t) = −1

4
sin(2t).

Then, for every λ > 0, a ∈ C1(R2,R) and w ∈ C1(R2,R2), the vector field ũ ∈ C1(R2,R4) in:

ũ(x) = u(x) +
Γ(λt)

λ
a(x)Eu(x) + Tu(x)

( Γ̄(λt)

λ
a(x)2η + w(x)

)
,

where: Tu = (∇u)
(
(∇u)T∇u

)−1 ∈ C1(R2,R4×2),

satisfies the following identity:

(∇ũ)T∇ũ− (∇u)T∇u = a2η ⊗ η +
1

λ2
∇a⊗∇a

+
Γ(λt)2 − 1

λ2
S1 +

Γ(λt)Γ′(λt)

λ
S2 +

Γ(λt)

λ
S3 +

Γ̄(λt)

λ
S4

+ 2sym∇w +R1 +R2,

(2.2)

with the leading order error terms given via:

S1 = ∇a⊗∇a, S2 = 2a sym(∇a⊗ η),

S3 = 2a sym
(
(∇u)T∇Eu

)
, S4 = 2 sym

(
(∇u)T∇(a2Tuη)

)
,

the first residual error term given in:

R1 = R1(λ, a, η,∇u,Eu) = (Γ̄′)2a4|Tuη|2η ⊗ η

+
{

2
Γ′(λt)Γ̄(λt)

λ
a sym

(
(η ⊗ Eu)∇(a2Tuη)

)
+ 2

Γ(λt)Γ̄′(λt)

λ
a3 sym

(
(η ⊗ η)(Tu)T∇Eu)

)
+ 2

Γ̄(λt)Γ̄′(λt)

λ
a2sym

(
(η ⊗ η)(Tu)T∇(a2Tuη)

)}
+
{Γ(λt)2

λ2
a2(∇Eu)T∇Eu + 2

Γ(λt)Γ̄(λt)

λ2
sym

(
∇(aEu)T∇(a2Tuη)

)
+

Γ̄(λt)2

λ2
∇(a2Tuη)T∇(a2Tuη)

}
,
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and the second residual error term involving w:

R2 = R2(λ, a, η,∇u,Eu, w)

=
{

2 sym
(
(∇u)T

[
(∂1Tu)w, (∂2Tu)w

])
+ 2Γ′(λt)a sym

(
(η ⊗ Eu)∇(Tuw)

)
+ 2Γ̄′(λt) a2sym

(
(η ⊗ η)(Tu)T∇(Tuw)

)
+∇(Tuw)T∇(Tuw)

}
+
{

2
Γ(λt)

λ
sym

(
∇(aEu)T∇(Tuw)

)
+ 2

Γ̄(λt)

λ
sym

(
∇(a2Tuη)T∇(Tuw)

)}
.

Proof. We start by calculating the gradient of the modified immersion:

∇ũ = ∇u+ aΓ′(λt)Eu ⊗ η + a2Γ̄′(λt)Tuη ⊗ η +∇(Tuw)

+
Γ(λt)

λ

(
a∇Eu + Eu ⊗∇a

)
+

Γ̄(λt)

λ
∇(a2Tuη).

We obtain the following formula, where we suppress the argument λt in Γ and Γ̄, and order
the terms according to powers of λ and their independence / dependence on w:

(∇ũ)T∇ũ− (∇u)T∇u

=
{
a2(Γ′)2η ⊗ η + 2a2Γ̄′(∇u)TTuη ⊗ η + (Γ̄′)2a4(η ⊗ η)(Tu)TTu(η ⊗ η)

}
+
{

2
Γ

λ
a sym

(
(∇u)T∇Eu

)
+ 2

Γ̄

λ
sym

(
(∇u)T∇(a2Tuη)

)
+ 2

ΓΓ′

λ
a sym

(
∇a⊗ η

)
+ 2

Γ′Γ̄

λ
a sym

(
(η ⊗ Eu)∇(a2Tuη)

)
+ 2

ΓΓ̄′

λ
a3 sym

(
(η ⊗ η)(Tu)T∇Eu)

)
+ 2

Γ̄Γ̄′

λ
a2 sym

(
(η ⊗ η)(Tu)T∇(a2Tuη)

)}
+
{Γ2

λ2
a2(∇Eu)T∇Eu +

Γ2

λ2
∇a⊗∇a+ 2

ΓΓ̄

λ2
sym

(
∇(aEu)T∇(a2Tuη)

)
+

Γ̄2

λ2
∇(a2Tuη)T∇(a2Tuη)

}
+
{

2 sym
(
(∇u)T∇(Tuw)

)
+ 2Γ′a sym

(
(η ⊗ Eu)∇(Tuw)

)
+ 2Γ̄′a2sym

(
(η ⊗ η)(Tu)T∇(Tuw)

)
+∇(Tuw)T∇(Tuw)

}
+
{

2
Γ

λ
sym

(
∇(aEu)T∇(Tuw)

)
+ 2

Γ̄

λ
sym

(
∇(a2Tuη)T∇(Tuw)

)
}.

This precisely yields the claim, upon noticing that first two terms in the first parentheses sum
to a2η ⊗ η because (∇u)TTu = Id2 and because:

(Γ′)2 + 2Γ̄′ = 1,

while the third term in the first parentheses can be rewritten as (Γ̄′)2a4|Tuη|2η ⊗ η. Finally,
the first term in the fourth parentheses equals:

2sym∇w + 2sym
(
(∇u)T

[
(∂1Tu)w, (∂2Tu)w

])
.

The proof is done.
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3. Propagation of normal vectors lemmas

In this section, we gather some lemmas on properties satisfied by all the immersions induc-
tively constructed along our convex integration algorithm. The first observation is standard:

Lemma 3.1. Let u ∈ C1(ω̄,R4), defined on the closure of an open, bounded set ω ⊂ R2, satisfy:

1

γ
Id2 ≤ (∇u)T∇u ≤ γId2 in ω̄, (3.1)

for some γ > 1. Then there holds:

‖∇u‖0 ≤ (2γ)1/2 and
1

γ2
≤ det((∇u)T∇u) ≤ γ2 in ω̄.

Proof. The first assertion holds as |∂iu(x)|2 = 〈∇u(x)T (∇u(x))ei, ei〉 ≤ γ for i = 1, 2. For the
second assertion, note that both eigenvalues of the symmetric matrix (∇u)T∇u are within the
interval [1/γ, γ] for all x ∈ ω̄, by (3.1). This implies the stated bound on the determinant.

The next lemma gathers bounds on the tangent frame of an immersion:

Lemma 3.2. Let u ∈ Ck+2(ω̄,R4), defined on the closure of an open, bounded set ω ⊂ R2,
satisfy (3.1) for some γ > 1. Assume additionally that:

‖∇(m)∇(2)u‖0 ≤ C̄µm+1A for all m = 0 . . . k,

with some constants µ > 1, A < 1 and C̄ > 1. Then, the following bounds are valid for the

tangent field Tu = (∇u)
(
(∇u)T∇u

)−1 ∈ Ck+1(ω̄,R4×2):

‖Tu‖ ≤ C and ‖∇(m)Tu‖0 ≤ CµmA for all m = 1 . . . k + 1,

where C depends only on γ, C̄ and k, but not on µ,A.

Proof. Write Tu = 1
det((∇u)T∇u)

(∇u) cof
(
(∇u)T∇u

)
, whereupon Lemma 3.1 implies the first

assertion, with C depending on γ. For the second assertion, estimate first:

‖∇(m) det((∇u)T∇u)‖0 ≤ C
∑

p+q+t+s=m

‖∇(p+1)u‖0‖∇(q+1)u‖0‖∇(s+1)u‖0‖∇(t+1)u‖0

≤ CµmA for all m = 1 . . . k + 1,

because at least one of the exponents p, q, s, t must be positive, say p ≥ 1, so that p+1 ≥ 2 and
we can use the assumption bound, whereas other terms are estimated as in ‖∇(q+1)u‖0 ≤ Cµq
in view of Lemma 3.1 as A < 1. An application of Faà di Bruno’s formula yields:∥∥∇(m)

( 1

det((∇u)T∇u))

)∥∥
0

≤ C
∑

p1+2p2+...mpm=m

∥∥det((∇u)T∇u)−1−(p1+...+pm)
m∏
j=1

|∇(j) det((∇u)T∇u)|pj
∥∥

0

≤ CµmA for all m = 1 . . . k + 1.

In conclusion, and by a similar argument, we get:

‖∇(m)Tu‖0 ≤ C
∑

p+q+t+s=m

∥∥∇(p)
( 1

det((∇u)T∇u))

)∥∥
0
‖∇(q+1)u‖0‖∇(s+1)u‖0‖∇(t+1)u‖0

≤ CµmA for all m = 1 . . . k + 1.

This completes the proof.



20 MARTA LEWICKA

Concerning existence of the normal frame, the following has been proved in [11, Lemma 3.5]:

Lemma 3.3. Let u ∈ C∞(ω̄,R4), defined on the closure of ω ⊂ R2 diffeomorphic to B1, satisfy
(3.1) with some γ > 1. Fix N ≥ 1. Then, there exist a normal frame E1

u, E
2
u ∈ CN (ω̄,R4):

(∇u)TE1
u = (∇u)TE2

u = 0, |E1
u| = |E2

u| = 1, 〈E1
u, E

2
u〉 = 0 in ω̄, (3.2)

obeying the bounds:

‖∇(m)Eiu‖0 ≤ C
(
1 + ‖∇u‖m

)
for all m = 1 . . . N, i = 1, 2, (3.3)

where C depends only on ω, γ and N .

We now sketch the argument; it starts with a local construction on ω = B1, by first fixing an
orthonormal frame ξ1, ξ2 ∈ R4 to ∇u(0), then defining the smooth fields:

νiu(x) =
(
Id4 − (∇u(x))(∇u(x)T (∇u(x)))−1∇u(x)T

)
ξi for i = 1, 2,

which form a basis of the orthogonal complement of span{∂1u(x), ∂2u(x)} and can be Gramm-
Schmidt orthonormalized to E1

u, E
2
u satisfying (3.2), (3.1), in a sufficiently small neighbourhood

B̄r of 0. Then, the key ingredient in the proof is to show that such local frame can be extended
on B̄r+δ and obey the same bounds, with δ > 0 that depends only on γ,N . The construction
is explicit, via a partition of unity argument.

The final lemma of this section provides the key construction and estimates on the propa-
gation of normal vectors from a given, to a nearby immersion:

Lemma 3.4. Let u ∈ Ck+2(ω̄,R4) be defined on the closure of an open, bounded set ω ⊂ R2, and
satisfy (3.1) for some γ > 1. Let E1

u, E
2
u ∈ Ck+1(ω̄,R4) satisfy (3.2), and fix v ∈ Ck+2(ω̄,R4).

(i) There exists ρ ∈ (0, 1) depending only on γ, such that if ‖∇v−∇u‖0 ≤ ρ then a normal
frame E1

v , E
2
v ∈ Ck+1(ω̄,R4) to v, namely:

(∇v)TE1
v = (∇v)TE2

v = 0 and |E1
v | = |E2

v | = 1 and 〈E1
v , E

2
v〉 = 0 in ω̄,

can be defined via the following formulas:

E1
v =

ν1
v

|ν1
v |
, E2

v =
ν2
v − 〈ν2

v , E
1
v〉E1

v

|ν2
v − 〈ν2

v , E
1
v〉E1

v |
,

where νiv =
(
Id4 − Tv(∇v −∇u)T

)
Eiu for i = 1, 2

and Tv = (∇v)((∇v)T∇v)−1.

(3.4)

(ii) If, in addition to ‖∇v −∇u‖0 ≤ ρ, there holds:

‖∇(m)(∇v −∇u)‖0 ≤ C̄µmA for m = 0 . . . k + 1,

‖∇(m)∇(2)u‖0 ≤ C̄µm+1, ‖∇(m+1)Eiu‖0 ≤ C̄µm+1 for m = 0 . . . k, i = 1, 2,

with some constants µ > 1, A < 1 and C̄ > 1, then E1
v , E

2
v given in (3.4) satisfy:

‖∇(m)(Eiv − Eiu)‖0 ≤ CµmA for all m = 0 . . . k + 1, i = 1, 2,

where C depends only on γ, C̄ and k, but not on µ,A.

Proof. 1. Observe that, by the first bound in Lemma 3.1:

‖(∇v)T∇v − (∇u)T∇u‖0 ≤ ‖∇v −∇u‖0(‖∇u‖0 + ‖∇v‖0) ≤ ‖∇v −∇u‖0(23/2γ1/2 + 1),

implying for small ρ that:
1

2γ
≤ (∇v)T∇v ≤ 2γId2 in ω̄. (3.5)



FULL FLEXIBILITY OF POZNYAK’S THEOREM 21

Then, Tv ∈ Ck+1(ω̄,R4×2) is well defined and νiv are normal to ∇v, as (∇v)TTv = Id2 and:

(∇v)T νiv =
(
(∇v)T − (∇v −∇u)T

)
Eiu = (∇u)TEiu = 0 for i = 1, 2.

Further, applying Lemma 3.2 to bound ‖Tv‖0 by a constant that only depends on γ, we get:

‖νiv − Eiu‖0 ≤ ‖Tv‖0‖∇v −∇u‖0 ≤ C‖∇v −∇u‖0 ≤
1

2
(3.6)

for ρ sufficiently small, so in particular:

|νiv(x)| ≥ |Eiu(x)| − 1

2
≥ 1

2
for all x ∈ ω̄, i = 1, 2

implying that E1
v in (3.4) is well defined. Next:

‖〈ν1
v , ν

2
v 〉‖0 ≤ 2‖Tv‖0‖∇v −∇u‖0 + ‖Tv‖20‖∇v −∇u‖20 ≤

1

8
,

for ρ sufficiently small, implying the well definiteness of E2
v because:

|ν2
v (x)− 〈ν2

v (x), E1
v(x)〉E1

v(x)| ≥ 1

2
− |〈ν

2
v (x), ν1

v (x)〉|
|ν1
v (x)|

≥ 1

2
− 1

4
=

1

4
for all x ∈ ω̄.

This justifies all the claims in (i), in view of the final property:

〈E1
v , E

2
v〉 =

〈E1
v , ν

2
v 〉 − 〈ν2

v , E
1
v〉

|ν2
v − 〈ν2

v , E
1
v〉E1

v |
= 0.

2. Recall that v obeys (3.5) and also, from the assumptions we get: ‖∇(m)∇(2)v‖0 ≤ 2C̄µm+1

for all m = 0 . . . k. Hence, Lemma 3.2 implies:

‖∇(m)Tv‖0 ≤ Cµm for all m = 0 . . . k + 1. (3.7)

Consequently, for all m = 0 . . . k + 1:

‖∇(m)(νiv − Eiu)‖0 ≤ C
∑

p+q+t=m

‖∇(p)Tv‖0‖∇(q)(∇u−∇v)‖0‖∇(t)Eiu‖0 ≤ CµmA, (3.8)

and further:
‖∇(m)νiv‖0 ≤ Cµm for all m = 0 . . . k + 1. (3.9)

We write:

E1
v − E1

u = f(ν1
v )− f(E1

u) =
( ˆ 1

0
∇f(tν1

v + (1 + t)E1
u) dt

)
(ν1
v − E1

u)

where f(z) =
z

|z|
with ∂if

j(z) =
δij |z|2 − zizj
|z|3

for all z ∈ R4 \ {0}, i, j = 1 . . . 4.

For each fixed t ∈ (0, 1), we now bound ‖∇(m)
x ∂if

j(t(ν1
v − E1

u) + E1
u)‖0. Firstly, by (3.8):

‖∇(m)
x (t(ν1

v − E1
u) + E1

u)‖0 ≤ Cµm for all m = 0 . . . k + 1,

and also the same estimate is valid for the derivatives of |t(ν1
v − E1

u) + E1
u|2. Secondly, since

|t(ν1
v−E1

u)+E1
u| is lower bounded by 1/2 by (3.6), the above yields, by Faà di Bruno’s formula:∥∥∇mx ( 1

|t(ν1
v − E1

u) + E1
u|3
)∥∥

0
=
∥∥∇mx (|t(ν1

v − E1
u) + E1

u|2
)−3/2∥∥

0

≤ C
∑

p1+2p2+...mpm=m

∥∥|t(ν1
v − E1

u) + E1
u|2(−3/2−(p1+...+pm))

m∏
j=1

∣∣∇(j)
x |t(ν1

v − E1
u) + E1

u|2
∣∣∥∥

0

≤ Cµm for all m = 1 . . . k + 1.
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It hence follows that for all m = 0 . . . k + 1, independently of t ∈ (0, 1):

‖∇(m)
x ∇f

(
t(ν1

v − E1
u) + E1

u

)
‖0

≤ C
∑

p+q=m

‖∇(p)
x |t(ν1

v − E1
u) + E1

u|2‖0
∥∥∇qx( 1

|t(ν1
v − E1

u) + E1
u|3
)∥∥

0
≤ Cµm,

which implies, through (3.8), as claimed in the lemma:

‖∇(m)(E1
v − E1

u)‖ ≤ C
∑

p+q=m

∥∥ˆ 1

0
∇(p)
x ∇f

(
t(ν1

v − E1
u) + E1

u

)
dt
∥∥

0
‖∇(q)(ν1

v − E1
u)‖0

≤ CµmA for all m = 0 . . . k + 1.

(3.10)

In particular, the above yields:

‖∇(m)E1
v‖ ≤ Cµm for all m = 0 . . . k + 1. (3.11)

3. It remains to prove the bound as in (3.10) for E2
v − E2

u. To this end, observe that:

〈ν2
v , E

1
v〉 =

1

|ν1
v |
〈
E2
u − Tv(∇v −∇u)TE2

u, E
1
u − Tv(∇v −∇u)TE1

u

〉
=

1

|ν1
v |

(
− 2
〈
sym(Tv(∇v −∇u)T )E1

u, E
2
u

〉
+
〈
Tv(∇v −∇u)TE1

u, Tv(∇v −∇u)TE2
u

〉)
.

Since |ν1
v | is lower bounded by 1/2 in view of (3.6), the estimate (3.9) implies:∥∥∇(m)

( 1

|ν1
v |
)∥∥

0
≤ Cµm for all m = 0 . . . k + 1,

via the application of Faà di Bruno’s formula, as before. The bounds on the derivatives of Tv
in (3.7) and the assumed bounds on the derivatives of ∇v −∇u and Eiu now result in:

‖∇(m)〈ν2
v , E

1
v〉‖0 ≤ CµmA for all m = 0 . . . k + 1. (3.12)

Denote:
ν̃2
v = ν2

v − 〈ν2
v , E

1
v〉E1

v (3.13)

and observe that by (3.8), (3.11), (3.12):

‖∇(m)(ν̃2
v − E2

u)‖0 ≤ ‖∇(m)(ν2
v − E2

u)‖0 + ‖∇(m)
(
〈ν2
v , E

1
v〉E1

v

)
‖0

≤ CµmA+ C
∑

p+q=m

‖∇(p)〈ν2
v , E

1
v〉‖0‖∇(q)E1

v‖0 ≤ CµmA for all m = 0 . . . k + 1.

As in the previous step, we now write:

E2
v − E2

u = f(ν̃2
v )− f(E2

u),

and recall that by (3.13), (3.6) and the following two bounds in step 1:

|t(ν̃2
v (x)− E2

u(x)) + E2
u(x)| ≥ |E2

u(x)| − ‖ν2
v − E2

u‖0 − ‖〈ν2
v , E

1
v〉‖0

≥ 1− 1

2
− 1

4
≥ 1

4
for all x ∈ ω̄.

The above lower bound allows for the same estimates leading to (3.10), likewise yield:

‖∇(m)(E2
v − E2

u)‖ ≤ C
∑

p+q=m

∥∥ˆ 1

0
∇(p)
x ∇f

(
t(ν̃2

v − E2
u) + E2

u

)
dt
∥∥

0
‖∇(q)(ν̃2

v − E2
u)‖0

≤ CµmA for all m = 0 . . . k + 1.

This ends the proof.
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4. The initial Stage in the Nash-Kuiper scheme

In this section, we show how to reduce the given positive definite defect D to D̃ that is
arbitrarily small, at the expense of increasing the second derivatives of the modified immersion
by a specific power of the defect’s decrease. This information was not needed in the convex
integration analysis of the Monge-Ampère system in papers [36, 32, 33, 34, 26, 27], where only
the decrease of D mattered in the initial Stage. Similar statements were put forward in [9,
proof of Theorem 1.1], [13, Proposition 3.2]. Here, we provide a self-contained proof of the
assertions that we use in our future arguments, applying the Step construction in Lemma 2.4.

Theorem 4.1. [INITIAL STAGE] Let u ∈ C∞(ω̄,R4) be an immersion, defined on the closure
of an open set ω ⊂ R2 diffeomorphic to B1, together with a metric g ∈ Cr,β(ω̄,R2×2

sym,>) where:

0 < r + β ≤ 2.

Assume that:

D(g, u)
.
= g − (∇u)T∇u > 0 on ω̄.

Then, there exist γ > 1, δ ∈ (0, 1) and τ ≥ 1 + 1
r+β , depending only on ω, u and g, such that

the following holds. For every δ ∈ (0, δ) there exists u ∈ C2(ω̄,R4) such that:

‖u− u‖0 ≤ Cδ, ‖∇(u− u)‖0 ≤ C, ‖∇2(u− u)‖0 ≤
C

δτ
, (4.1)1

‖D(g − δH0, u)‖0 ≤
r0

4
δ, (4.1)2

1

γ
Id2 ≤ (∇u)T∇u ≤ γId2 in ω̄. (4.1)3

with r0 as in Lemma 2.2 and with constants C depending only on ω, u and g.

Proof. 1. For a sufficiently small l ∈ (0, 1), in dependence of only ω, u, g, we define the
mollifications gl = g ∗ φl ∈ C∞(ω̄,R2×2

sym,>) as in Lemma 2.1. Fix δ ∈ (0, δ). We write:

D(gl − δH0, u) = D(g, u) + (gl − g)− δH0.

Recall, from (2.1)2, (2.1)1, the estimate:

‖gl − g‖0 ≤ lr+β‖g‖r,β, ‖∇(m)gl‖0 ≤ Cm
1

lm
‖g‖0, (4.2)

where Cm depends only on m and ω. Taking l and δ sufficiently small guarantees hence that:

D(gl − δH0, u) ≥ 1

2
D(g, u) in ω̄ and ‖D(gl − δH0, u)‖0 ≤ 2‖D(g, u)‖0 (4.3)

and that the image of ω̄ through D(gl − δH0, u) is contained in a compact region K ⊂ R2×2
sym,>

depending only on u, g. By Lemma 2.3, there exists a finite set of N indices, depending only
on K, for which the decomposition of D(gl − δH0, u) into primitive rank-one metrics is active:

D(gl − δH0, u) =

N∑
i=1

a2
i ηi ⊗ ηi on ω̄,

where {ai ∈ C∞(ω̄,R)}Ni=1 are given by ai(x) = ϕi

(
D(gl − δH0, u)(x)

)
for all x ∈ ω̄.
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Above, the coefficient functions {ϕi ∈ C∞c (R2×2
sym,>,R)}Ni=1 and the unit vectors {ηi ∈ R2}Ni=1 are

as in Lemma 2.3. By Faà di Bruno’s formula and the second bound in (4.2), we obtain:

‖∇(m)ai‖0 ≤ C
∑

p1+2p2+...mpm=m

‖∇(p1+...+pm)ϕi‖0
m∏
j=1

‖∇(j)D(gl − δH0, u)‖pj

≤ C
∑

p1+...mpm=m

m∏
j=1

(‖g‖0
lj

+ 1
)pj
≤ C

lm
,

valid for m = 1 . . . N − 1, with C that depends only on N,ω, u, hence on ω, u, g. In conclusion:

‖∇(m)ai‖0 ≤
C

lm
for all m = 0 . . . N − 1, i = 1 . . . N. (4.4)

We set u0 = u and inductively define the N -tuple of immersions {ui ∈ CN−i+2(ω̄,R4)}Ni=1
according to Lemma 2.4, namely:

ui+1 = ui +
ai+1

λi+1
Γ(λi+1tηi+1)E1

ui +
ai+1

λi+1
Γ̄(λi+1tηi+1)E2

ui for i = 0 . . . N − 1,

where we denote tηi+1 = 〈x, ηi+1〉 and where the orthonormal normal vector fields {E1
ui , E

2
ui ∈

CN−i+1(ω̄,R4)}N−1
i=0 are defined through Lemma 3.3. The frequencies λ are defined as follows:

λi =
1

(εl)i
for all i = 0 . . . N, (4.5)

where ε ∈ (0, 1) is sufficiently small, in function of ω, u, g.

2. Let γ > 1 be such that:

1

γ
Id2 ≤ (∇u)T∇u ≤ γId2 in ω̄.

We will show that, provided ε in (4.5) is sufficiently small, there holds:

1

2γ
Id2 ≤ (∇ui)T∇ui ≤

(
γ + 2‖D(g, u)‖0 + 1

)
Id2 in ω̄ for i = 0 . . . N, (4.6)1

‖∇(m)ui‖0 ≤ Cλm−1
i for i = 0 . . . N − 1, m = 1 . . . N − i+ 2, (4.6)2

‖∇(m)Ejui‖0 ≤ Cλ
m
i for i = 0 . . . N − 1, m = 0 . . . N − i+ 1, j = 1, 2, (4.6)3

‖∇(m)(ui+1 − ui)‖0 ≤ Cλm−1
i+1 for i = 0 . . . N − 1, m = 0 . . . N − i+ 1. (4.6)4

Firstly, (4.6)1 and (4.6)2 are trivially true at i = 0 where λ0 = 1. Secondly, (4.6)1 and (4.6)2

directly imply (4.6)3 by Lemma 3.3. Thirdly, (4.6)3 implies (4.6)4, because:

‖∇(m)(ui+1 − ui)‖0 ≤ C
∑

p+q+t=m

λp−1
i+1 ‖∇

(q)ai+1‖0
(
‖∇(t)E1

ui‖0 + ‖∇(t)E2
ui‖0

)
≤ C

∑
p+q+t=m

λp−1
i+1

λti
lq
≤ Cλm−1

i+1

∑
p+q+t=m

1

(lλi+1)q
≤ Cλm−1

i+1 ,

by (4.4) and as lλi+1 ≥ lλ1 = 1
ε > 1. Fourthly, (4.6)2, (4.6)4 at i counter imply (4.6)2 at i+ 1:

‖∇(m)ui+1‖0 ≤ ‖∇(m)ui‖0 + ‖∇(m)(ui+1 − ui)‖0 ≤ C(λm−1
i + λm−1

i+1 )

≤ Cλm−1
i+1 for m = 1 . . . N − i+ 1.
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We now fix i = 0 . . . N − 1 and show that the validity of (4.6)2, (4.6)3 for all j = 0 . . . i implies
(4.6)1 at i+ 1. To this end, we recall the form of the error R in Lemma 2.4 and estimate:

‖(∇uj+1)T∇uj+1 − (∇uj)T∇uj − a2
j+1ηj+1 ⊗ ηj+1‖0 = ‖R‖0

≤ C
(‖aj+1‖0

λj+1
‖∇(2)uj‖0 +

‖aj+1‖20
λj+1

‖∇Euj‖0 +
‖aj+1‖20
λ2
j+1

‖∇Euj‖20 +
‖∇aj+1‖20
λ2
j+1

)
≤ C

( λj
λj+1

+
λ2
j

λ2
j+1

+
1

(λj+1l)2

)
≤ C

(
εl + (εl)2 + ε

)
≤ Cε for all j = 0 . . . i.

Consequently:

‖(∇ui+1)T∇ui+1 − (∇u0)T∇u0 −
i+1∑
j=1

a2
jηj ⊗ ηj‖0 ≤ Cε, (4.7)

and we see that taking ε sufficiently small yields in ω̄:

(∇ui+1)T∇ui+1 ≥ (∇u0)T∇u0 +
i+1∑
j=1

a2
jηj ⊗ ηj − CεId2 ≥

1

γ
Id2 − CεId2 ≥

1

2γ
Id2,

(∇ui+1)T∇ui+1 ≤ (∇u0)T∇u0 +
N∑
j=1

a2
jηj ⊗ ηj + CεId2

≤ γId2 + ‖D(gl − δH0, u)‖0Id2 + CεId2 ≤
(
γ + 2‖D(g, u)‖0 + 1

)
Id2,

by (4.3). This ends the proof of (4.6)1 and of all the inductive estimates.

3. We declare u = uN and from (4.6)4 deduce that:

‖∇(m)(u− u)‖0 ≤
N−1∑
i=0

‖∇(m)(ui+1 − ui)‖0 ≤ C
N−1∑
i=0

λm−1
i+1 for m = 0, 1, 2. (4.8)

On the other hand, from (4.2) and (4.7):

‖D(g − δH0, u)‖0 ≤ ‖D(gl − δH0, uN )‖0 + ‖g − gl‖0

=
∥∥ N∑
j=1

a2
jηj ⊗ ηj −

(
(∇uN )T∇uN − (∇u0)T∇u0

)∥∥
0

+ ‖g − gl‖0 ≤ C̄(ε+ lr+β),

where C̄ > 1 depends only on ω, u, g. We hence take:

ε =
r0

8C̄
δ, lr+β =

r0

8C̄
δ

which is consistent with the requirements of smallness of ε and l provided that δ is small. This
implies (4.1)2, whereas (4.1)3 follows from (4.6)1 with

γ = max{2γ, γ + 2‖D(g, u)‖0 + 1}.
Finally, (4.8) yields:

‖u− u‖0 ≤
C

λ1
≤ Cε ≤ Cδ and ‖∇(u− u)‖0 ≤ C,

‖∇(2)(u− u)‖0 ≤ CλN =
C

(εl)N
≤ Cδ−(1+ 1

r+β
)N
.

This implies (4.1)1 with τ = (1 + 1
r+β )N ≥ 1 + 1

r+β , as claimed. The proof is done.
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5. The oscillatory defect decomposition lemmas

The three results in this section provide a symmetric matrix field decomposition, complemen-
tary to that in Lemma 2.2. It removes a further symmetric gradient from the given oscillatory
component of a defect at hand, and reduces it to a defect of higher order in the frequency, plus
another term that agrees in the frequency yet has a lower dimensionality rank. The lemmas
below are the explicit versions of the argument called ”integration by parts” in [10]. The pre-
cise formulas on the decomposition coefficients (5.3), (5.5), (5.7) are of crucial importance in
closing the estimates in Theorem 1.2. First, we quote from [27, Lemma 2.4, Corollary 2.5]:

Lemma 5.1. Given H ∈ Ck+1(R2,R2×2
sym), λ > 0, and Γ0 ∈ C(R,R), we have the decomposition:

Γ0(λx1)

λ
H = (−1)k+1 Γk+1(λx1)

λk+2
sym∇Lη1k

+ sym∇
( k∑
i=0

(−1)i
Γi+1(λx1)

λi+2
Lη1i

)
+
( k∑
i=0

(−1)i
Γi(λx1)

λi+1
P η1i

)
e2 ⊗ e2

(5.1)

where the functions Γi ∈ Ci(R,R) satisfy the recursive definition:

Γ′i+1 = Γi for all i = 0 . . . k, (5.2)

while Lη1i ∈ Ck+1−i(R2,R2) and P η1i ∈ Ck+1−i(R2,R) are given in:

Lη10 = (H11, 2H12), P η10 = H22,

Lη1i = (∂
(i)
1 H11, 2∂

(i)
1 H12 + i∂

(i−1)
1 ∂2H11),

P η1i = 2∂
(i−1)
1 ∂2H12 + (i− 1)∂

(i−2)
1 ∂

(2)
2 H11

 for all i = 1 . . . k.
(5.3)

Lemma 5.2. Let H, λ, Γ0 be as in Lemma 5.1 and {Γi ∈ Ci(R,R)}k+1
i=1 as in (5.2). Then:

Γ0(λx2)

λ
H = (−1)k+1 Γk+1(λx2)

λk+2
sym∇Lη3k

+ sym∇
( k∑
i=0

(−1)i
Γi+1(λx2)

λi+2
Lη3i

)
+
( k∑
i=0

(−1)i
Γi(λx2)

λi+1
P η3i

)
e1 ⊗ e1,

(5.4)

with Lη3i ∈ Ck+1−i(R2,R2), P η3i ∈ Ck+1−i(R2,R) given in:

Lη30 = (2H12, H22), P η30 = H11,

Lη3i = (2∂
(i)
2 H12 + i∂1∂

(i−1)
2 H22, ∂

(i)
2 H22),

P η3i = 2∂1∂
(i−1)
2 H12 + (i− 1)∂

(2)
1 ∂

(i−2)
2 H22

 for all i = 1 . . . k.
(5.5)

There likewise holds, with respect to the oscillations in the η2 = e1+e2√
2

spatial direction and

the residue accumulating in the e2 ⊗ e2 component of the matrix field, as in Lemma 5.1:

Lemma 5.3. Let H, λ, Γ0 be as in Lemma 5.1 and {Γi ∈ Ci(R,R)}k+1
i=1 as in (5.2). Denote:

t = 〈x, η2〉.
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Then, we have:

Γ0(λt)

λ
H = (−1)k+1 Γk+1(λt)

λk+2
sym∇Lη2k

+ sym∇
( k∑
i=0

(−1)i
Γi+1(λt)

λi+2
Lη2i

)
+
( k∑
i=0

(−1)i
Γi(λt)

λi+1
P η2i

)
e2 ⊗ e2,

(5.6)

with Lη2i ∈ Ck+1−i(R2,R2), P η2i ∈ Ck+1−i(R2,R) given in:

Lη20 =
√

2(H11, 2H12 −H11), P η20 = H22 − 2H12 +H11,

Lη2i = 2(i+1)/2
(
∂

(i)
1 H11, 2∂

(i)
1 H12 + i∂

(i−1)
1 ∂2H11 − (i+ 1)∂

(i)
i H11

)
,

P η2i = 2i/2
(
2∂

(i−1)
1 ∂2H12 − 2∂

(i)
1 H12 + (i− 1)∂

(i−2)
1 ∂

(2)
2 H11

−2i∂
(i−1)
1 ∂2H11 + (i+ 1)∂

(i)
i H11

)
 for i = 1 . . . k.

(5.7)

Proof. 1. Observe that sym(Lη20 ⊗ η2) = H − P η20 e2 ⊗ e2 and that:

sym∇
(Γ(λt)

λ2
Lη20

)
=

Γ(λt)

λ2
sym∇Lη20 +

Γ′(λt)

λ
sym(Lη20 ⊗ η2).

Applying the above with Γ = Γ1 so that Γ′ = Γ0, we get (5.6) at k = 0:

Γ0(λt)

λ
H = −Γ1(λt)

λ2
sym∇Lη20 + sym∇

(Γ1(λt)

λ2
Lη20

)
+

Γ0(λt)

λ
P η20 e2 ⊗ e2. (5.8)

2. The proof of (5.6) is carried out by induction on k. Assume that it holds at some k ≥ 0
and apply (5.8) to H = sym∇Lη2k and Γ0 replaced by Γk+1, to get:

Γk+1(λt)

λ
sym∇Lk =− Γk+2(λt)

λ2
sym∇Lk+1

+ sym∇
(Γk+2(λt)

λ2
Lk+1

)
+

Γk+1(λt)

λ
Pk+1e2 ⊗ e2,

(5.9)

where, in virtue of the definitions (5.7):

Lk+1 =
√

2(∂1(Lη2k )1, ∂1(Lη2k )2 + ∂2(Lη2k )1 − ∂1(Lη2k )1

= 2(k+2)/2
(
∂

(k+1)
1 H11, 2∂

(k+1)
1 H12 + (k + 1)∂

(k)
1 ∂2H11 − (k + 2)∂

(k+1)
i H11) = Lη2k+1,

Pk+1 = ∂2(Lη2k )2 − ∂1(Lη2k )2 − ∂2(Lη2k )1 + ∂1(Lη2k )1

= 2(k+1)/2
(
2∂

(k)
1 ∂2H12 − 2∂

(k+1)
1 H12 + k∂

(k−1)
1 ∂

(2)
2 H11

− 2(k + 1)∂
(k)
1 ∂2H11 + (k + 2)∂

(k+1)
i H11

)
= P η2k+1.
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Introduce now (5.9) into (5.6) to obtain:

Γ0(λt)

λ
H =

(−1)k+1

λk+1

(
− Γk+2(λt)

λ2
sym∇Lη2k+1

+ sym∇
(Γk+2(λt)

λ2
Lη2k+1

)
+

Γk+1(λt)

λ
P η2k+1e2 ⊗ e2

)
+ sym∇

( k∑
i=0

(−1)i
Γi+1(λt)

λi+2
Lη2i

)
+
( k∑
i=0

(−1)i
Γi(λt)

λi+1
P η2i

)
e2 ⊗ e2,

= (−1)k+2 Γk+2(λt)

λk+3
sym∇Lη2k+1

+ sym∇
( k+1∑
i=0

(−1)i
Γi+1(λt)

λi+2
Lη2i

)
+
( k+1∑
i=0

(−1)i
Γi(λt)

λi+1
P η2i

)
e2 ⊗ e2,

which is exactly (5.6) at k + 1, as claimed.

6. The Källén iteration technique

In this section, we carry out a version of Källén’s iteration, with the purpose of canceling the
non-oscillatory portion of the defect term 1

λ2
∇a⊗∇a in Lemma 2.5. The remaining portion:

Γ(λt)2 − 1

λ2
S1 = −cos(2λt)

λ2
∇a⊗∇a,

where we note that cos(2λt) has mean zero on its period, will be canceled in the leading order
via lemmas in section 5. The matrix field H in the statement below should be thought of as
the scaled defect D. Similar result appeared in [27, Proposition 3.1], with only one extra term
of the type 1

λ2
∇a⊗∇a, while [10, Lemma 2.2] featured more absorbed terms, as below.

Lemma 6.1. Let H ∈ C∞(ω̄,R2×2
sym) be defined on the closure of an open, bounded set ω ⊂ R2,

and let M,N ≥ 1 be two integers. Assume that:

‖H −H0‖0 ≤
r0

2
and ‖∇(m)H‖0 ≤ C̄µm for all m = 1 . . .M +N, (6.1)

for some given µ, C̄ > 1 and with r0 as in Lemma 2.2. Then, there exists σ > 2 depending only
on M,N such that the following holds. Given the constants κ > λ > µ satisfying λ/µ ≥ σ,
there exist {ai ∈ C∞(ω̄,R)}3i=1 such that, writing:

H =
3∑
i=1

a2
i ηi ⊗ ηi +

1

λ2
∇a1 ⊗∇a1 +

1

κ2
∇a2 ⊗∇a2 + F ,

there hold the estimates:

1

2
≤ a2

i ≤
3

2
and

1

2
≤ ai ≤

3

2
in ω̄ for i = 1 . . . 3,

‖∇(m)a2
i ‖0 ≤ Cµm and ‖∇(m)ai‖0 ≤ Cµm for m = 1 . . .M + 1, i = 1 . . . 3,

‖∇(m)F‖0 ≤ C
µm

(λ/µ)2N
for m = 0 . . .M.

(6.2)

The constant C above depends only on M,N, C̄.
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Proof. 1. We will inductively define the triples of coefficients {ai,j ∈ C∞(ω̄,R)}Nj=0, i = 1 . . . 3,
by setting ai,0 ≡ 0 and further utilizing Lemma 2.2 and the linear maps āi in there:

ai,j =
(
āi(H − Ej−1)

)1/2
for j = 1 . . . N, i = 1 . . . 3,

where Ej =
1

λ2
∇a1,j ⊗∇a1,j +

1

κ2
∇a2,j ⊗∇a2,j for j = 1 . . . N.

(6.3)

This means that, with fixed unit vectors {ηi}3i=1:

3∑
i=1

a2
i,jηi ⊗ ηi = H − Ej−1 for j = 1 . . . N,

and we also denote:

Fj = H −
3∑
i=1

a2
i,jηi ⊗ ηi −

1

λ2
∇a1,j ⊗∇a1,j −

1

κ2
∇a2,j ⊗∇a2,j = Ej−1 − Ej .

We will show that the above decomposition is well posed and that it yields:

ai = ai,N for i = 1 . . . 3 and F = FN (6.4)

with the desired properties (6.2). To this end, we will inductively show for all j = 1 . . . N :

1

2
≤ a2

i,j ≤
3

2
and

1

2
≤ ai,j ≤

3

2
in ω̄ for i = 1 . . . 3, (6.5)1

‖∇(m)a2
i,j‖0 ≤ Cµm and ‖∇(m)ai,j‖0 ≤ Cµm

for m = 1 . . .M +N − j + 1, i = 1 . . . 3,
(6.5)2

‖∇(m)Fj‖0 ≤ C
µm

(λ/µ)2j
for m = 0 . . .M +N − j, (6.5)3

with C that depends only on M,N .

2. We analyze the induction base at j = 1. By the first condition in (6.1), all a2
i,1 = āi(H)

for i = 1 . . . 3 are well-defined and (6.5)1 holds by Lemma 2.2. Further:

‖∇(m)a2
i,1‖0 ≤ C‖∇(m)H‖0 ≤ Cµm for m = 1 . . .M +N, i = 1 . . . 3,

by the second condition in (6.1). Observe that the first conditions in (6.5)1, (6.5)2 always imply
the respective second conditions in there, because:

|ai,j − 1| =
|a2
i,j − 1|
ai,j + 1

≤ |a2
i,j − 1| ≤ 1

2
in ω̄, j = 1 . . . N, i = 1 . . . 3,

‖∇(m)ai,j‖0 ≤ C
∑

p1+2p2+...mpm=m

∥∥∥a2(1/2−p1−...pm)
i,j

m∏
t=1

∣∣∇(t)a2
i,j

∣∣pt∥∥∥
0
≤ Cµm,

for j = 1 . . . N, m = 1 . . .M +N − j + 1, i = 1 . . . 3,

by an application of Faá di Bruno’s formula. This proves, in particular, (6.5)1, (6.5)2 at j = 1,
whereas (6.5)3 holds by:

‖∇(m)F1‖0 ≤
C

λ̄2

∑
p+q=m

(
‖∇(p+1)a1,1‖0‖∇(q+1)a1,1‖0 + ‖∇(p+1)a2,1‖0‖∇(q+1)a2,1‖0

)
≤ C µm

(λ/µ)2
.
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This ends the justification of the induction base. We additionally note that applying Faá di
Bruno’s formula to the inverse rather than the square root, (6.5)2 yields:

‖∇(m)
( 1

ai,j + ai,j−1

)
‖0

≤ C
∑

p1+2p2+...mpm=m

∥∥(ai,j + ai,j−1)−1−p1−...pm
m∏
t=1

|∇(t)(ai,j + ai,j−1)|pt
∥∥

0

≤ Cµm for j = 1 . . . N, m = 0 . . .M +N − j + 1, i = 1 . . . 3.

(6.6)

3. We now exhibit the induction step. Assume that (6.5)1-(6.5)3 have been proved up
to some counter j = 1 . . . N − 1. To check that {ai,j+1}3i=1 are well defined, we need that
‖(H − Ej)−H0‖0 ≤ r0, which indeed holds with σ large, because:

‖(H − Ej)−H0‖0 ≤ ‖H −H0‖0 +

j∑
t=1

‖Et − Et−1‖0 ≤
r0

2
+

j∑
t=1

‖Ft‖0

≤ r0

2
+
∞∑
t=1

1

(λ/µ)2t
≤ r0

2
+

C

(λ/µ)2
,

where we used that 1 − 1
(λ/µ)2

≥ 2 valid from (λ/µ)2 ≥ σ2 ≥ 2. This proves (6.5)1 at the

counter j + 1. We similarly get (6.5)2 from:

‖∇(m)a2
i,j+1‖0 ≤ C

(
‖∇(m)H‖0 + ‖∇(m)Ej‖0

)
≤ C

(
µm +

j∑
t=1

‖∇(m)Ft‖0
)

≤ C
(
µm +

µm

(λ/µ)2)

)
≤ Cµm.

It remains to show (6.5)3 at j + 1. We write:

Fj+1 = Ej − Ej+1

=
1

λ̄2

(
∇a1,j ⊗∇a1,j −∇a1,j+1 ⊗∇a1,j+1

)
+

1

κ̄2

(
∇a2,j ⊗∇a2,j −∇a2,j+1 ⊗∇a2,j+1

)
=

1

λ̄2

(
∇(a1,j − a1,j+1)⊗∇a1,j +∇a1,j+1 ⊗∇(a1,j − a1,j+1)

)
+

1

κ̄2

(
∇(a2,j − a2,j+1)⊗∇a2,j +∇a2,j+1 ⊗∇(a2,j − a2,j+1)

)
(6.7)

and recall that Fj = (H − Ej)− (H − Ej−1) =
∑3

i=1

(
a2
i,j+1 − a2

i,j

)
ηi ⊗ ηi. This yields:

a2
i,j+1 − a2

i,j = āi(Fj) for i = 1 . . . 3

and further, by (6.5)3:

‖∇(m)(a2
i,j+1 − a2

i,j)‖0 ≤ C‖∇(m)Fj‖0 ≤ C
µm

(λ/µ)2j

for all m = 0 . . .M +N − j, i = 1 . . . 3.
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In view of (6.6), we thus obtain:

‖∇(m)(ai,j+1 − ai,j)‖0 =
∥∥∥∇(m)

(a2
i,j+1 − a2

i,j

ai,j+1 − ai,j
)∥∥∥

0

≤ C
∑

p+q=m

‖∇(p)(a2
i,j+1 − a2

i,j)‖0‖∇(q)
( 1

ai,j + ai,j−1

)
‖0 ≤ C

∑
p+q=m

µp

(λ/µ)2j
µq

≤ C µm

(λ/µ)2j
for all m = 0 . . .M +N − j, i = 1 . . . 3.

In conclusion, by (6.7):

‖∇(m)Fj+1‖0 ≤ C
∑

p+q=m

1

λ2

µp+1

(λ/µ)2j
µq+1

≤ C µm

(λ/µ)2(j+1)
for all m = 0 . . .M +N − (j + 1).

This ends the proof of all the inductive estimates (6.5)1 - (6.5)3 and therefore of the desired
bounds (6.2) for (6.4). The proof is done.

7. Stage construction: the proof of Theorem 1.2

This section is devoted to our main construction, following its sketch in subsection 1.6.

Proof of Theorem 1.2

1. (Mollification and initial bounds) Fix g, γ,N,K as in the statement of the theorem,
and δ, µ, σ, u satisfying (1.10)1-(1.10)3. All the bounds in the course of the proof below will be
valid under the assumption that δ is sufficiently small and σ sufficiently large, in function of
γ, ω, g,N,K. We define the following initial parameters and the mollified fields:

µ0 = µ, δ0 = δ, l =
1

Cµ
,

u0 = u ∗ φl ∈ C∞(ω̄,R4), g0 = g ∗ φl ∈ C∞(ω̄,R2×2
sym),

where C > 1 above is an independent constant, assuring that:

‖(∇u0)T∇u0 −
(
(∇u)T∇u

)
∗ φl‖0 ≤ C0l

2‖∇2u‖20 ≤
C0

C2µ2
δµ2 ≤ r0

12
δ0, (7.1)

which follows from the second assumption in (1.10)3 and by applying (2.1)3 to f = g = ∇u.
Further application of Lemma 2.1 yields:

‖g0 − g‖0 ≤ lr+β‖g‖r,β ≤
‖g‖r,β
µr+β0

, (7.2)1

‖u0 − u‖1 ≤ l‖u‖2 ≤ δ1/2
0 , (7.2)2

‖∇(m)∇(2)u0‖0 ≤
C

lm
‖∇2u‖0 ≤ Cµm+1

0 δ
1/2
0 for all m = 0 . . . (3N + 6)K. (7.2)3

In particular, u0 is an immersion, because by Lemma 3.1:

‖(∇u0)T∇u0 − (∇u)T∇u‖0 ≤ ‖∇(u0 − u)‖0
(
‖∇u0‖0 + ‖∇u‖0

)
≤ ‖∇(u0 − u)‖0

(
2‖∇u‖0 + ‖∇(u0 − u)‖0

)
≤ δ1/2

0

(
2(4γ)1/2 + δ

1/2
0

)
,
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so when δ0 ≤ δ is sufficiently small, we obtain:

1

3γ
Id2 ≤ (∇u0)T∇u0 ≤ 3γId2 in ω̄. (7.3)

Consequently, we may apply Lemma 3.2 to u0 and µ0 with A = δ
1/2
0 and obtain the following

bound for the tangent field Tu0 = (∇u0)
(
(∇u0)T∇u0

)−1
:

‖Tu0‖0 ≤ C, ‖∇(m)Tu0‖0 ≤ Cδ
1/2
0 µm0 for all m = 1 . . . (3N + 6)K − 1. (7.4)

Also, Lemma 3.3 implies existence of a normal frame E1
u0 , E

2
u0 ∈ C

(3N+6)K+1(ω̄,R4), namely:

(∇u0)TEiu0 = 0, |Eiu0 | = 1 for i = 1, 2 and 〈E1
u0 , E

2
u0〉 = 0 in ω̄,

obeying the bounds:

‖∇(m)Eiu0‖0 ≤ C(1 + ‖∇u0‖m) ≤ Cδ1/2
0 µm0

for all m = 1 . . . (3N + 6)K + 1, i = 1, 2,
(7.5)

where we used the second condition in (1.10)1 and (7.2)3. In particular, we get:

‖∇(m)((∇u0)T∇Eiu0)‖0 ≤ C
∑

p+q=m

‖∇(p+1)u0‖0‖∇(q+1)Eiu0‖0

≤ C
∑

p+q=m

µp0µ
q+1
0 δ

1/2
0 ≤ Cδ1/2

0 µm+1
0 for all m = 0 . . . (3N + 6)K, i = 1, 2.

(7.6)

Finally, writing:

D(g0 − δ0H0, u0) = D(g − δ0H0, u) ∗ φl +
(

(∇u0)T∇u0 −
(
(∇u)T∇u

)
∗ φl

)
,

we get in view of (7.1), (1.10)3 and Lemma 2.1:

‖D(g0 − δ0H0, u0)‖0 ≤ ‖D(g − δ0H0, u)‖0 +
r0

12
δ0 ≤

r0

4
δ0 +

r0

12
δ0 =

r0

3
δ0,

‖∇(m)D(g0 − δ0H0, u0)‖0 ≤
C

lm
‖D(g − δ0H0, u)‖0 +

C

lm−2
‖∇2u‖20

≤ Cδ0µ
m
0 for all m = 1 . . . (3N + 6)K + 1.

(7.7)

2. (Setting up the induction) In the course of the proof, we will define the immersions

{uk ∈ C2+(3N+6)(K−k)(ω̄,R4)}Kk=1 and their normal vectors E1
uk
, E2

uk
∈ C1+(3N+6)(K−k)(ω̄,R4):

(∇uk)TEiuk = 0, |Eiuk | = 1 for i = 1, 2 and 〈E1
uk
, E2

uk
〉 = 0 in ω̄,

with respect to the increasing progression of frequencies {µk}Nk=1 and the decreasing progression

of interpolating defect magnitudes {δk}Kk=1 given in:

µk = µ0σ
N+2σ(N

2
+2)(k−1) = µ0σ

2k+N
2

(k+1) and δk =
δ0

σkN
for k = 1 . . .K. (7.8)

Figure 1. Progression of the principal frequencies in (7.8).
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We note in passing that {δ1/2
k µk+1}K−1

k=0 is an increasing K-tuple of numbers bigger than 1, as:

δ
1/2
k µk+1

δ
1/2
k−1µk

≥ σ
N
2

+2

σ
N
2

= σ2 ≥ 1 for k = 1 . . .K − 1. (7.9)

We will inductively prove the satisfaction of the following properties, valid for all k = 1 . . .K:

1

3γ
Id2 ≤ (∇uk)T∇uk ≤ 3γId2 in ω̄, (7.10)1

‖uk − uk−1‖1 ≤ Cδ
1/2
k−1, (7.10)2

‖∇(m+1)(uk − uk−1)‖0 ≤ Cδ1/2
k−1µ

m
k for all m = 0 . . . 1 + (3N + 6)(K − k), (7.10)3

‖∇(m)(Eiuk − E
i
uk−1

)‖0 ≤ Cδ1/2
k−1µ

m
k for all m = 0 . . . 1 + (3N + 6)(K − k), i = 1, 2, (7.10)4

‖∇(m)D(g0 − δkH0, uk)‖0 ≤
δk−1

σN+1/2
µmk for all m = 0 . . . 1 + (3N + 6)(K − k), (7.10)5

together with the following specific bounds on the components of the second derivatives:

‖∇(m)〈∂ijuk, E1
uk
〉‖0 ≤ C

δ
1/2
k−1

σN/2
µm+1
k for m = 0 . . . (3N + 6)(K − k), i, j = 1 . . . 2, (7.11)1

‖∇(m)〈∂11uk, E
2
uk
〉‖0 ≤ C

δ
1/2
k−1

σN
µm+1
k for m = 0 . . . (3N + 6)(K − k), (7.11)2

‖∇(m)〈∂12uk, E
2
uk
〉‖0 ≤ C

δ
1/2
k−1

σN/2
µm+1
k for m = 0 . . . (3N + 6)(K − k), (7.11)3

‖∇(m)〈∂22uk, E
2
uk
〉‖0 ≤ Cδ1/2

k−1µ
m+1
k for m = 0 . . . (3N + 6)(K − k). (7.11)4

The above will yield the desired estimates by setting:

ũ = uK ∈ C2(ω̄,R4)

Indeed, the bounds in (1.11)1 follow from (7.2)2, (7.10)2 and then from (7.2)3, (7.10)3, (7.9):

‖uK − u‖1 ≤ ‖u0 − u‖1 +

K−1∑
k=0

‖uk+1 − uk‖1 ≤ C
K−1∑
k=0

δ
1/2
k ≤ Cδ1/2

0 ,

‖uK‖2 ≤ ‖u0‖2 +
K−1∑
k=0

‖uk+1 − uk‖2 ≤ Cδ
1/2
0 µ0 + C

K−1∑
k=0

δ
1/2
k µk+1 ≤ Cδ

1/2
K−1µK

= Cµ0δ
1/2
0 σ2K+N

2
(K+1)−N

2
(K−1) = Cµ0δ

1/2
0 σ2K+N ,

in view of the definition of frequencies and defect measures in (7.8), whereas (1.11)2 follows
from (7.2)1 and (7.10)5, by setting σ ≥ σ sufficiently large:

‖D(g − δKH0, uK)‖0 ≤ ‖g0 − g‖0 + ‖D(g0 − δKH0, uK)‖0

≤
‖g‖r+β
µr+β0

+
δK−1

σN+1/2
=
‖g‖r+β
µr+β0

+
1

σN(K−1)

δ0

σN+1/2
=
‖g‖r+β
µr+β0

+
r0

5

δ0

σNK
.

3. (Decomposition of the k-th defect) We now fix the counter:

k = 0 . . .K − 1
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and carry out the construction of uk+1. We either have k = 0 and the estimates (7.2)2-(7.7) in
step 1, or we have k = 1 . . .K−1 and then we assume (7.10)1-(7.11)4. We proceed by applying
the Källen decomposition in Theorem 6.1 to the following parameters:

H =
D(g0 − δk+1H0, uk)

δk
, µ = µk, λ = µkσ, κ = µkσ

2.

Figure 2. Progression of frequencies and the corresponding intermediate fields
U , Ū in the three corrugation modification from uk to uk+1. Note the distinction
of cases k = 0 and k = 1 . . .K − 1.

We need to verify the two assumptions in (6.1). For the first one, we write:

‖H −H0‖0 =
‖D(g0 − δk+1H0, uk)− δkH0‖0

δk
≤ ‖D(g0 − δkH0, uk)‖0

δk
+
δk+1

δk
|H0| ≤

r0

2
,

which is valid provided that:

‖D(g0 − δkH0, uk)‖0 ≤
r0

3
δk and

δk+1

δk
|H0| ≤

r0

6
.

It is clear that the second bound above holds by (7.8) if we set σ ≥ σ sufficiently large. The
first bound holds at k = 0 by (7.7), whereas for k = 1 . . .K − 1 it holds by (7.10)5 for large σ:

‖D(g0 − δkH0, uk)‖0 ≤
δk−1

σN+1/2
=

δk
σ1/2

≤ r0

4
δk.

We now verify the second assumption in (6.1):

‖∇(m)H‖0 =
‖∇(m)D(g0 − δkH0, uk‖0)

δk
≤ Cµmk for all m = 1 . . . 1 + (3N + 6)(K − k),

following for k = 0 from (7.7) and for k = 1 . . .K − 1 from (7.10)5. Assuring that σ is larger
than σ required in Theorem 6.1, it yields the decomposition:

D(g0 − δk+1H0, uk) =

3∑
i=1

a2
i ηi ⊗ ηi +

1

λ2
∇a1 ⊗∇a1 +

1

κ2
∇a2 ⊗∇a2 + F , (7.12)

with the bounds resulting from (6.2):

1

2
δk ≤ a2

i ≤
3

2
δk and

1

2
δ

1/2
k ≤ ai ≤

3

2
δ

1/2
k in ω̄ for i = 1 . . . 3,

‖∇(m)a2
i ‖0 ≤ Cδkµmk and ‖∇(m)ai‖0 ≤ Cδ1/2

k µmk

for m = 1 . . . 2 + (3N + 6)(K − k)−N, i = 1 . . . 3,

‖∇(m)F‖0 ≤ C
δk
σ2N

µmk for m = 0 . . . 1 + (3N + 6)(K − k)−N.

(7.13)
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We end this step by gathering bounds including (7.2)3, (7.4) and (7.5):

‖∇uk‖0 ≤ (6γ)1/2 (7.14)1

‖∇(m)∇(2)uk‖0 ≤ Cδ
1/2
k−1µ

m+1
k = Cδ

1/2
k µm+1

k σN/2 for all m = 0 . . . (3N + 6)(K − k), (7.14)2

‖Tuk‖0 ≤ C and ‖∇(m)Tuk‖0 ≤ Cµ
m
k δ

1/2
k σN/2

for all m = 1 . . . 1 + (3N + 6)(K − k), (7.14)3

‖∇(m)Eiuk‖0 ≤ Cµ
m
k δ

1/2
k σN/2 for all m = 1 . . . 1 + (3N + 6)(K − k), i = 1, 2. (7.14)4

Indeed, (7.14)1 follows by Lemma 3.1 and (7.3) and (7.10)1. Then (7.14)2 follows by (7.10)3,
(7.9) and (7.8) when k ≥ 1, whereas its final bound follows directly by (7.2)3 for k = 0.

Similarly, (7.14)3 follows from (7.10)4. Applying Lemma 3.2 with A = δ
1/2
k σN/2 ≤ δ1/2

0 σN/2 ≤ 1
in view of the last assumption in (1.10)1, yields (7.14)3.

4. (The first corrugation) We define the intermediary field U ∈ C1+(3N+6)(K−k)−2N (ω̄,R4):

U = uk +
Γ(λx1)

λ
a1E

1
uk

+ Tuk

( Γ̄(λx1)

λ
a2

1e1 +W
)
, (7.15)

in accordance with Lemma 2.5, where Γ, Γ̄ are the oscillatory profiles in there, namely with:

Γ(t) =
√

2 sin t, Γ̄(t) = −1

4
sin(2t) and ¯̄Γ(t)

.
= Γ(t)2 − 1 = − cos(2t). (7.16)

The oscillation direction in (7.15) is set to η = η1 = e1, the frequency is:

λ = µkσ,

and the tangential correction W is given recalling the definition (5.3) and the recursion (5.2):

−2W =
N∑
i=0

(−1)i
¯̄Γi+1(λx1)

λi+3
Lη1i (S1) +

N∑
i=0

(−1)i
(Γ′Γ)i+1(λx1)

λi+2
Lη1i (S2)

+
N∑
i=0

(−1)i
Γi+1(λx1)

λi+2
Lη1i (S3) +

N∑
i=0

(−1)i
Γ̄i+1(λx1)

λi+2
Lη1i (S4).

Above, the fields {Si}4i=1 are as in Lemma 2.5, namely:

S1 = ∇a1 ⊗∇a1, S2 = 2a1sym(∇a1 ⊗ e1),

S3 = 2a1sym
(
(∇uk)T∇E1

uk

)
, S4 = 2 sym

(
(∇uk)T∇(a2

1Tuke1)
)
.

(7.17)

By (5.1) in Lemma 5.1 we see that:

− 2 sym∇W =
¯̄Γ(λx1)

λ2
S1 +

(Γ′Γ)(λx1)

λ
S2 +

Γ(λx1)

λ
S3 +

Γ̄(λx1)

λ
S4 − G −Ge2 ⊗ e2, (7.18)
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with the following formulas:

G = (−1)N+1
¯̄ΓN+1(λx1)

λN+3
sym∇Lη1N (S1) + (−1)N+1 (Γ′Γ)N+1(λx1)

λN+2
sym∇Lη1N (S2)

+ (−1)N+1 ΓN+1(λx1)

λN+2
sym∇Lη1N (S3) + (−1)N+1 Γ̄N+1(λx1)

λN+2
sym∇Lη1N (S4),

G =
N∑
i=0

(−1)i
¯̄Γi(λx1)

λi+2
P η1i (S1) +

N∑
i=0

(−1)i
(Γ′Γ)i(λx1)

λi+1
P η1i (S2)

+
N∑
i=0

(−1)i
Γi(λx1)

λi+1
P η1i (S3) +

N∑
i=0

(−1)i
Γ̄i(λx1)

λi+1
P η1i (S4).

By (7.12), (2.2) and (7.18) we now obtain:

D(g0 − δk+1H0, U) = D(g0 − δk+1H0, uk)−
(

(∇U)T∇U − (∇uk)T∇uk
)

=

3∑
i=2

a2
i ηi ⊗ ηi +

1

κ2
∇a2 ⊗∇a2 + F −R1 −R2 − G −Ge2 ⊗ e2,

(7.19)

where the primary and the W -related error terms R1 and R2 are as in Lemma 2.5.

5. (Bounds on the errors in first corrugation defect) We now estimate all terms in
the decomposition (7.19), together with their derivatives. We first observe, by (7.13), (7.14)3:

‖∇(m+1)(a2
1Tuke1)‖0 ≤ C

∑
p+q=m+1

δkµ
p
kµ

q
k = Cδkµ

m+1
k

for all m = 0 . . . 1 + (3N + 6)(K − k)−N.
(7.20)

Consequently, recalling additionally (7.14)4, we get that each term in R1 is bounded by:

‖∇(m)R1‖0 ≤ Cδ3/2
k λmσN/2 ≤ δk

σN+1
λm for all m = 0 . . . 1 + (3N + 6)(K − k)−N. (7.21)

where the worst term, responsible for the first bound above is Γ2

λ2
a2

1(∇E1
uk

)T∇E1
uk

, and where

the final inequality is due to Cσ3N/2+1δ
1/2
k ≤ σ3(N+1)/2δ

1/2
0 ≤ 1, from the last assumption in

(1.10)1. Before treating R2, we need to find the bounds on W . To this end, we estimate:

‖∇(m)S1‖0 ≤ Cδkµm+2
k ,

‖∇(m)S2‖0 ≤ Cδkµm+1
k ,

‖∇(m)S3‖0 ≤ C
∑

p+q=m

‖∇(p)a1‖0‖∇(q)((∇uk)T∇E1
uk

)‖0

≤ C
∑

p+q=m

δ
1/2
k µpkδ

1/2
k µq+1

k ≤ Cδkµm+1
k ,

‖∇(m)S4‖0 ≤ Cδkµm+1
k for all m = 0 . . . 1 + (3N + 6)(K − k)−N,

(7.22)

where the first two bounds result from (7.13), the third bound from (7.6) and (7.11)1, and the
fourth from (7.14)2 and (7.20). We now read from (5.3) that:

‖∇(m)Lη1i (S)‖0 ≤ Cm+i‖∇(m+i)S‖0 for all m, i ≥ 0, (7.23)
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recall (7.17), and observe that all the primitives of the functions ¯̄Γ, (Γ′Γ),Γ, Γ̄ used in the
definition of W are bounded, being periodic with mean zero on the period. This yields that:

‖∇(m)W‖0 ≤ C
N∑
i=0

∑
p+q=m

(
λp−i−3δkµ

q+i+2
k + λp−i−2δkµ

q+i+1
k

)
≤ Cδkλm−1 for all m = 0 . . . 1 + (3N + 6)(K − k)− 2N.

(7.24)

We are now ready to bound the terms in R2. Observe first that, by (7.13), (7.14)3, (7.14)4:

‖∇(m+1)(TukW )‖0 ≤ Cδkλm for m = 0 . . . (3N + 6)(K − k)− 2N,

‖∇(m+1)(a1E
1
uk

)‖0 ≤ Cδ1/2
k µm+1

k for m = 0 . . . 1 + (3N + 6)(K − k)−N,

resulting in all the terms in R2 obeying:

‖∇(m)R2‖0 ≤ Cδ3/2
k σN/2λm ≤ δk

σN+1
λm for all m = 0 . . . (3N + 6)(K − k)− 2N, (7.25)

where the worst term, responsible for the first bound above is 2sym((∇uk)T [(∂1Tuk)W, (∂2Tuk)W ]),

and the final inequality is due to having Cσ3N/2+1δ
1/2
k ≤ σ3(N+1)/2δ

1/2
0 ≤ 1 according to the

last assumption in (1.10)1 and for σ ≥ σ large. For estimating G, we again use (7.23), (7.22):

‖∇(m)G‖0 ≤ C
∑

p+q=m

(
λp−N−3δkµ

q+N+3
k + λp−N−2δkµ

q+N+2
k

)
≤ C δk

(λ/µk)N+2
λm ≤ δk

σN+1
λm for all m = 0 . . . (3N + 6)(K − k)− 2N.

(7.26)

In conclusion, the bounds (7.13), (7.21), (7.25), (7.26) in (7.19) yield:

D(g0 − δk+1H0, U) = a2
2η2 ⊗ η2 +

1

κ2
∇a2 ⊗∇a2 + (a2

3 −G)e2 ⊗ e2 + E

where ‖∇(m)E‖0 = ‖∇(m)(F −R1 −R2 − G)‖0 ≤ 4
δk

σN+1
λm

for all m = 0 . . . (3N + 6)(K − k)− 2N.

(7.27)

We conclude this step by estimating the derivatives of G. Reading from (5.3) that:

‖∇(m)P η1i (S)‖0 ≤ Cm+i‖∇(m+i)S‖0 for all m, i ≥ 0,

we get, in view of (7.22) and utilizing, as usual, that λ/µk = σ:

‖∇(m)G‖0 ≤ C
N∑
i=0

∑
p+q=m

(
λp−i−2δkµ

q+i+2
k + λp−i−1δkµ

q+i+1
k

)
≤ C δk

σ
λm for all m = 0 . . . 1 + (3N + 6)(K − k)− 2N.

(7.28)

6. (Propagation of bounds in the first corrugation) A rough bound without specifying
to components, and using only (7.13), (7.14)3, (7.14)4, (7.24) yields the following:

‖∇(m)(U − uk)‖0 ≤ C
∑

p+q+t=m

λp−1‖∇(q)a1‖0‖∇(t)E1
uk
‖0

+ C
∑

p+q+t=m

λp−1‖∇(q)a2
1‖0‖∇(t)Tuk‖0 + C

∑
p+q=m

‖∇(p)Tuk‖0‖∇
(q)W‖0 ≤ Cδ1/2

k λm−1.
(7.29)
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Now, we can use Lemma 3.4 to u = uk, v = U , µ = λ, A = δ
1/2
k because:

‖∇U −∇uk‖0 ≤ Cδ
1/2
k ≤ Cδ1/2 ≤ ρ,

in virtue of (7.29) and upon taking δ sufficiently small. Recalling further (7.10)1, (7.14)2,

(7.14)4, we obtain existence of the normal frame E1
U , E

2
U ∈ C(3N+6)(K−k)−2N (ω̄,R4) in:

(∇U)TEiU = 0, |E1
U | = 1 for i = 1, 2 and 〈E1

U , E
2
U 〉 = 0 in ω̄,

satisfying the the second bound below, while the first bound is included in (7.29):

‖∇(m+1)(U − uk)‖0 ≤ Cδ
1/2
k λm and ‖∇(m)(EiU − Eiuk)‖0 ≤ Cδ1/2

k λm

for all m = 0 . . . (3N + 6)(K − k)− 2N, i = 1, 2.
(7.30)

We also get, recalling (7.2)2 and the induction assumptions (7.10)2:

‖U − u‖1 ≤ ‖U − uk‖1 + ‖u0 − u‖0 +
k−1∑
i=0

‖ui+1 − ui‖0 ≤ Cδ1/2
0 , (7.31)

leading, as in step 1 and the proof of (7.3), to:

1

3γ
Id2 ≤ (∇U)T∇U ≤ 3γId2 in ω̄. (7.32)

We now gather estimates similar to those in (7.14)1 - (7.14)4. Indeed, by the above and Lemma
3.1, we get the first estimate, while the second and the fourth follow from (7.30):

‖∇U‖0 ≤ (6γ)1/2 (7.33)1

‖∇(m)∇(2)U‖0 ≤ Cδ1/2
k λm+1σN/2 for all m = 0 . . . (3N + 6)(K − k)− 2N − 1, (7.33)2

‖TU‖0 ≤ C and ‖∇(m)TU‖0 ≤ Cδ1/2
k λmσN/2

for all m = 1 . . . (3N + 6)(K − k)− 2N, (7.33)3

‖∇(m)EiU‖0 ≤ Cδ
1/2
k λmσN/2 for all m = 1 . . . (3N + 6)(K − k)− 2N, i = 1, 2, (7.33)4

and the estimates (7.33)3 follow from Lemma 3.2. In the remaining part of this step, we refine
the first bound in (7.30) to the components of ∇2U . For any i, j, s = 1 . . . 2 we write:

〈∂ijU,EsU 〉 = 〈∂ijuk, Esuk〉+ 〈∂ij(U − uk), Esuk〉+ 〈∂ijU, (EsU − Esuk)〉. (7.34)

The first term in the right hand side above obeys the bounds in (7.11)1-(7.11)2 when k ≥ 1
and (7.6) when k = 0. For the third term, we use (7.30) and (7.33)2, (7.33)4 and get:

‖∇(m)〈∂ijU, (EsU − Esuk)〉‖0 ≤ Cδkλm+1σN/2

for all m = 0 . . . (3N + 6)(K − k)− 2N − 1, i, j, s = 1 . . . 2.

We now estimate the second term in the right hand side of (7.34), where by (7.30):

‖∇(m)〈∂ij(U − uk), Esuk〉‖0 ≤ Cδ
1/2
k λm+1

for all m = 0 . . . (3N + 6)(K − k)− 2N − 1, i, j, s = 1 . . . 2.

When s = 2, we use that 〈E1
uk
, E2

uk
〉 = 0 and write:

〈∂ij(U − uk), E2
uk
〉 = ∂i

(Γ(λx1)

λ
a1

)
〈∂jE1

uk
, E2

uk
〉+ ∂j

(Γ(λx1)

λ
a1

)
〈∂iE1

uk
, E2

uk
〉

+
Γ(λx1)

λ
a1〈∂ijE1

uk
, E2

uk
〉+

〈
∂ij

(
Tuk

( Γ̄(λx1)

λ
a2

1e1 +W
))
, E2

uk

〉
,
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which implies, by (7.13), (7.14)3, (7.14)4, (7.24):

‖∇(m)〈∂ij(U − uk), E2
uk
〉‖0 ≤ C

∑
p+q+t=m

∥∥∇(p+1)
(Γ(λx1)

λ
a1

)∥∥
0
‖∇(q+1)E1

uk
‖0‖∇(t)E2

uk
‖0

+
∑
p+q+t

∥∥∇(p)
(Γ(λx1)

λ
a1

)∥∥
0
‖∇(q+2)E1

uk
‖0‖∇(t)E2

uk
‖0

+ C
∑

p+q=m

∑
t+s=p+2

‖∇(t)Tuk‖0
∥∥∇(s)

( Γ̄(λx1)

λ
a2

1e1 +W
)∥∥

0
‖∇(q)E2

uk
‖0

≤ Cδkλm+1σN/2 for all m = 0 . . . (3N + 6)(K − k)− 2N − 1, i, j = 1 . . . 2.

In conclusion, using δ
1/2
k σN/2 ≤ 1 by (1.10)1, we obtain for all m = 0 . . . (3N+6)(K−k)−2N−1:

‖∇(m)〈∂ijU,E1
U 〉‖0 ≤ ‖∇(m)〈∂ijuk, E1

uk
〉‖0 + Cδ

1/2
k λm+1, (7.35)1

‖∇(m)〈∂ijU,E2
U 〉‖0 ≤ ‖∇(m)〈∂ijuk, E2

uk
〉‖0 + Cδkλ

m+1σN/2 for i, j = 1 . . . 2. (7.35)2

In particular, since (7.11)1 and (7.6) yield ‖∇(m)〈∂ijuk, E1
uk
〉‖0 ≤ Cδ1/2

k λm+1, we also get:

‖∇(m)((∇U)T∇E1
U )‖0 ≤ Cδ1/2

k λm+1 for all m = 0 . . . (3N + 6)(K − k)− 2N − 1. (7.36)

7. (The second corrugation) We define Ū ∈ C(3N+6)(K−k)−3N−1(ω̄,R4):

Ū = U +
Γ(κt)

κ
a2E

1
U + TU

( Γ̄(κt)

κ
a2

2η2 + W̄
)
, (7.37)

that is the second intermediary field, in accordance with Lemma 2.5. We use the oscillatory
profiles Γ, Γ̄, ¯̄Γ in (7.16), the oscillation direction η = η2, where we denote:

t = 〈x, η2〉,

and the oscillation frequency in:

κ = λσ = µkσ
2.

The tangential correction W̄ is given recalling the definition (5.7) and the recursion (5.2):

−2W̄ =
N∑
i=0

(−1)i
¯̄Γi+1(κt)

κi+3
Lη2i (S̄1) +

N∑
i=0

(−1)i
(Γ′Γ)i+1(κt)

κi+2
Lη2i (S̄2)

+

N∑
i=0

(−1)i
Γi+1(κt)

κi+2
Lη2i (S̄3) +

N∑
i=0

(−1)i
Γ̄i+1(κt)

κi+2
Lη2i (S̄4),

with the fields {S̄i}4i=1 as in Lemma 2.5, namely:

S̄1 = ∇a2 ⊗∇a2, S̄2 = 2a2sym(∇a2 ⊗ η2),

S̄3 = 2a2sym
(
(∇U)T∇E1

U

)
, S̄4 = 2 sym

(
(∇U)T∇(a2

2TUη2)
)
.

(7.38)

By (5.6) in Lemma 5.3 we see that:

− 2 sym∇W̄ =
¯̄Γ(κt)

κ2
S̄1 +

(Γ′Γ)(κt)

κ
S̄2 +

Γ(κt)

κ
S̄3 +

Γ̄(κt)

κ
S̄4 − Ḡ − Ḡe2 ⊗ e2, (7.39)



40 MARTA LEWICKA

with the following formulas:

Ḡ = (−1)N+1
¯̄ΓN+1(κt)

κN+3
sym∇Lη2N (S̄1) + (−1)N+1 (Γ′Γ)N+1(κt)

λN+2
sym∇Lη2N (S̄2)

+ (−1)N+1 ΓN+1(κt)

λN+2
sym∇Lη2N (S̄3) + (−1)N+1 Γ̄N+1(κt)

κN+2
sym∇Lη2N (S̄4),

Ḡ =
N∑
i=0

(−1)i
¯̄Γi(κt)

κi+2
P η2i (S̄1) +

N∑
i=0

(−1)i
(Γ′Γ)i(κt)

κi+1
P η2i (S̄2)

+
N∑
i=0

(−1)i
Γi(κt)

κi+1
P η2i (S̄3) +

N∑
i=0

(−1)i
Γ̄i(κt)

κi+1
P η2i (S̄4).

By (7.27), (2.2) and (7.39) we now obtain:

D(g0 − δk+1H0, Ū) = D(g0 − δk+1H0, U)−
(
(∇Ū)T∇Ū − (∇U)T∇U

)
=
(
a2

3 −G− Ḡ
)
e2 ⊗ e2 + E − R̄1 − R̄2 − Ḡ,

(7.40)

where the primary and the W̄ -related error terms R̄1 and R̄2 are as in Lemma 2.5.

8. (Bounds on the errors in second corrugation defect) We now estimate, as in step
5, all terms in the decomposition (7.40). We first observe, by (7.13), (7.33)3:

‖∇(m+1)(a2
2TUη2)‖0 ≤ C

∑
p+q=m+1

δkµ
p
kλ

q = Cδkλ
m+1

for all m = 0 . . . (3N + 6)(K − k)− 2N − 1.

(7.41)

Consequently, recalling additionally (7.33)4, we get that each term in R̄1 is bounded by:

‖∇(m)R̄1‖0 ≤ Cδ3/2
k κmσN/2 ≤ δk

σN+1
κm

for all m = 0 . . . (3N + 6)(K − k)− 2N − 2,
(7.42)

where the worst term, responsible for the first bound is Γ2

κ2
a2

2(∇E1
U )T∇E1

U , and where the final

inequality follows by Cσ3N/2+1δ
1/2
k ≤ σ3(N+1)/2δ

1/2
0 ≤ 1 according to the last assumption in

(1.10)1 with σ sufficiently large. Before bounding R̄2, we find the bounds on W̄ . Firstly:

‖∇(m)S̄1‖0 ≤ Cδkµm+2
k ≤ Cδkλm+2,

‖∇(m)S̄2‖0 ≤ Cδkµm+1
k ≤ Cδkλm+1,

‖∇(m)S̄3‖0 ≤ C
∑

p+q=m

‖∇(p)a2‖0‖∇(q)((∇U)T∇E1
U )‖0

≤ C
∑

p+q=m

δ
1/2
k µpkδ

1/2
k λq+1 ≤ Cδkλm+1,

‖∇(m)S̄4‖0 ≤ Cδkλm+1 for all m = 0 . . . (3N + 6)(K − k)− 2N − 1,

(7.43)

where the first two bounds result from (7.13), the third bound from (7.36), and the fourth from
(7.33)1, (7.33)2 and (7.41). We now read from (5.7) that:

‖∇(m)Lη2i (S)‖0 ≤ Cm+i‖∇(m+i)S‖0 for all m, i ≥ 0. (7.44)
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By (7.43), and recalling that all the primitives of ¯̄Γ, (Γ′Γ),Γ, Γ̄ in the definition of W̄ are
bounded, being periodic with mean zero on the period, we get:

‖∇(m)W̄‖0 ≤ C
N∑
i=0

∑
p+q=m

(
κp−i−3δkλ

q+i+2 + κp−i−2δkλ
q+i+1

)
≤ Cδkκm−1 for all m = 0 . . . (3N + 6)(K − k)− 3N − 1.

(7.45)

We are now ready to bound the terms in R̄2. Observe first that, by (7.13), (7.33)3, (7.33)4:

‖∇(m+1)(TUW̄ )‖0 ≤ Cδkκm for m = 0 . . . (3N + 6)(K − k)− 3N − 2,

‖∇(m+1)(a2E
1
U )‖0 ≤ Cδ1/2

k λm+1 for m = 0 . . . (3N + 6)(K − k)− 2N,

resulting in all the terms in R̄2 being bounded by:

‖∇(m)R̄2‖0 ≤ Cδ3/2
k κmσN/2 ≤ δk

σN+1
κm for m = 0 . . . (3N + 6)(K − k)− 3N − 2, (7.46)

where the worst term, responsible for the first bound above is 2sym((∇U)T [(∂1TU )W̄ , (∂2TU )W̄ ]),

and the final inequality is due to having Cσ3N/2+1δ
1/2
k ≤ σ3(N+1)/2δ

1/2
0 ≤ 1 from the last as-

sumption in (1.10)1 and for σ ≥ σ large. For estimating Ḡ, we again use (7.44), (7.43):

‖∇(m)Ḡ‖0 ≤ C
∑

p+q=m

(
κp−N−3δkλ

q+N+3 + κp−N−2δkλ
q+N+2

)
≤ C δk

(κ/λ)N+2
κm

≤ δk
σN+1

κm for all m = 0 . . . (3N + 6)(K − k)− 3N − 2.

(7.47)

Consequently, the bounds (7.27), (7.42), (7.46), (7.47) in (7.40) yield:

D(g0 − δk+1H0, Ū) = (a2
3 −G− Ḡ)e2 ⊗ e2 + Ē

where ‖∇(m)Ē‖0 = ‖∇(m)(E − R̄1 − R̄2 − Ḡ)‖0 ≤ 7
δk

σN+1
λm

for all m = 0 . . . (3N + 6)(K − k)− 3N − 2.

(7.48)

We conclude this step by estimating the current leading order defect (a2
3 − G − Ḡ)e2 ⊗ e2.

Reading from (5.7) that:

‖∇(m)P η2i (S)‖0 ≤ Cm+i‖∇(m+i)S‖0 for all m, i ≥ 0,

we get, in view of (7.43) and utilizing, as before, that κ/λ = σ:

‖∇(m)Ḡ‖0 ≤ C
N∑
i=0

∑
p+q=m

(
κp−i−2δkλ

q+i+2 + κp−i−1δkλ
q+i+1

)
≤ C δk

σ
κm

hence ‖∇(m)(G+ Ḡ)‖0 ≤ C
δk
σ
κm for all m = 0 . . . (3N + 6)(K − k)− 3N − 1.

(7.49)

By (7.13) it results that taking σ ≥ σ sufficiently large, the new positive profile function
b ∈ C∞(ω̄,R) is well defined, through:

b2 = a2
3 −G− Ḡ.
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We then obtain:

1

4
δk ≤ b2 ≤

7

4
δk and

1

4
δ

1/2
k ≤ b ≤ 7

4
δ

1/2
k in ω̄,

‖∇(m)b2‖0 ≤ C
δk
σ
κm and ‖∇(m)b‖0 ≤ C

δ
1/2
k

σ
κm

for all m = 1 . . . (3N + 6)(K − k)− 3N − 1,

(7.50)

where the bound on the non-zero derivatives of b2 is a direct consequence of (7.13) and (7.49),
while the following bound on the derivatives of b is justified by an application of Faà di Bruno’s
formula, as in step 2 of the proof of Theorem 6.1.

9. (Propagation of bounds in the second corrugation) A rough bound without
specifying to components, and using only (7.13), (7.33)3, (7.33)4, (7.45) yields the following:

‖∇(m)(Ū − U)‖0 ≤ C
∑

p+q+t=m

κp−1‖∇(q)a2‖0‖∇(t)E1
U‖0

+ C
∑

p+q+t=m

κp−1‖∇(q)a2
2‖0‖∇(t)TU‖0 + C

∑
p+q=m

‖∇(p)TU‖0‖∇(q)W̄‖0 ≤ Cδ1/2
k κm−1.

(7.51)

We may now apply Lemma 3.4 with u = U , v = Ū , µ = κ, A = δ
1/2
k because ‖∇Ū −∇U‖0 ≤

Cδ
1/2
k ≤ Cδ1/2 ≤ ρ for δ sufficiently small, in view of (7.51). Recalling further (7.32), (7.33)2,

(7.33)4, we obtain existence of the unit normal frame E1
Ū
, E2

Ū
∈ C(3N+6)(K−k)−3N−2(ω̄,R4) in:

(∇Ū)TEiŪ = 0, |E1
Ū | = 1 for i = 1, 2 and 〈E1

Ū , E
2
Ū = 0 in ω̄,

satisfying the the second bound below, with the first bound included in (7.51):

‖∇(m+1)(Ū − U)‖0 ≤ Cδ1/2
k κm and ‖∇(m)(EiŪ − E

i
U )‖0 ≤ Cδ1/2

k κm

for all m = 0 . . . (3N + 6)(K − k)− 3N − 2, i = 1, 2.
(7.52)

We also note, recalling (7.31):

‖Ū − u‖1 ≤ ‖Ū − U‖1 + ‖U − u‖0 ≤ Cδ1/2
0 , (7.53)

which leads, as in step 1 and the proof of (7.3), to:

1

3γ
Id2 ≤ (∇Ū)T∇Ū ≤ 3γId2 in ω̄. (7.54)

We proceed to gather estimates similar to those in (7.33)1-(7.33)4. The first bound below
follows from (7.54) and Lemma 3.1, while the second and the fourth bounds follow from (7.52):

‖∇Ū‖0 ≤ (6γ)1/2 (7.55)1

‖∇(m)∇(2)Ū‖0 ≤ Cδ1/2
k κm+1σN/2 for all m = 0 . . . (3N + 6)(K − k)− 3N − 3, (7.55)2

‖TŪ‖0 ≤ C and ‖∇(m)TŪ‖0 ≤ Cδ
1/2
k κmσN/2

for all m = 1 . . . (3N + 6)(K − k)− 3N − 2, (7.55)3

‖∇(m)EiŪ‖0 ≤ Cδ
1/2
k κmσN/2 for all m = 1 . . . (3N + 6)(K − k)− 3N − 2, i = 1, 2. (7.55)4

The estimate (7.55)3 results from Lemma 3.2. Below, we refine the first bound in (7.55)2 to
the components of ∇2Ū . For any i, j, s = 1 . . . 2 we write:

〈∂ijŪ , EsŪ 〉 = 〈∂ijU,EsU 〉+ 〈∂ij(Ū − U), EsU 〉+ 〈∂ijŪ , (EsŪ − E
s
U )〉. (7.56)
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The first term in the right hand side above obeys the bounds in (7.35)1-(7.35)2, while for the
third term, we use (7.52) and (7.55)2, (7.55)4 and get:

‖∇(m)〈∂ijŪ , (EsŪ − E
s
U )〉‖0 ≤ Cδkκm+1σN/2

for m = 0 . . . (3N + 6)(K − k)− 3N − 3, i, j, s = 1 . . . 2.

We now estimate the second term in the right hand side of (7.56), where by (7.52), (7.33)3:

‖∇(m)〈∂ij(Ū − U), EsU 〉‖0 ≤ Cδ
1/2
k κm+1

for m = 0 . . . (3N + 6)(K − k)− 3N − 3, i, j, s = 1 . . . 2.

In the specific case of s = 2, we use that 〈E1
U , E

2
U 〉 = 0 and write:

〈∂ij(Ū − U), E2
U 〉 = ∂i

(Γ(κt)

κ
a2

)
〈∂jE1

U , E
2
U 〉+ ∂j

(Γ(κt)

κ
a2

)
〈∂iE1

U , E
2
U 〉

+
Γ(κt)

κ
a2〈∂ijE1

U , E
2
U 〉+

〈
∂ij

(
TU

( Γ̄(κt)

κ
a2

2η2 + W̄
))
, E2

U

〉
,

which implies, by (7.13), (7.33)3, (7.33)4, (7.45):

‖∇(m)〈∂ij(Ū − U), E2
U 〉‖0 ≤ C

∑
p+q+t=m

∥∥∇(p+1)
(Γ(κt)

κ
a2

)∥∥
0
‖∇(q+1)E1

U‖0‖∇(t)E2
U‖0

+
∑
p+q+t

∥∥∇(p)
(Γ(κt)

κ
a2

)∥∥
0
‖∇(q+2)E1

U‖0‖∇(t)E2
U‖0

+ C
∑

p+q=m

∑
t+s=p+2

‖∇(t)TU‖0
∥∥∇(s)

( Γ̄(κt)

κ
a2

2η2 + W̄
)∥∥

0
‖∇(q)E2

U‖0

≤ Cδkκm+1σN/2 for all m = 0 . . . (3N + 6)(K − k)− 3N − 3, i, j = 1 . . . 2.

Using (7.35)1-(7.35)2 and recalling that δ
1/2
k σN/2 ≤ δ1/2σN/2 ≤ 1 by (1.10)1, we obtain for

m = 0 . . . (3N + 6)(K − k)− 3N − 3:

‖∇(m)〈∂ijŪ , E1
Ū 〉‖0 ≤ ‖∇

(m)〈∂ijuk, E1
uk
〉‖0 + Cδ

1/2
k κm+1 for i, j = 1 . . . 2, (7.57)1

‖∇(m)〈∂ijŪ , E2
Ū 〉‖0 ≤ ‖∇

(m)〈∂ijuk, E2
uk
〉‖0 + Cδkκ

m+1σN/2. (7.57)2

In particular, (7.11)2-(7.11)4 and (7.6) yield: ‖∇(m)〈∂ijuk, E2
uk
〉‖0 ≤ Cδ1/2

k µm+1
k σN/2, hence:

‖∇(m)((∇Ū)T∇E2
Ū )‖0 ≤ ‖∇(m)

(
(∇uk)T∇E2

uk

)
‖0 + Cδkκ

m+1σN/2

≤ Cδ1/2
k µm+1

k σN/2 ≤ Cδ1/2
k κm+1σN/2−2

for all m = 0 . . . (3N + 6)(K − k)− 3N − 3,

(7.58)

in view of (1.10)1 and provided that N ≥ 4.

10. (The third and final corrugation) We define uk+1 ∈ C(3N+6)(K−k)−3N−4(ω̄,R4),
whose regularity is as stipulated in the induction set-up, as (3N + 6)(K − k) − 3N − 4 =
2 + (3N + 6)(K − (k + 1)). This is the final field in our triple-corrugation Stage:

uk+1 = Ū +
Γ(µk+1x2)

µk+1
bE2

Ū + TŪ

( Γ̄(µk+1x2)

µk+1
b2e2 + ¯̄W

)
, (7.59)

in accordance with Lemma 2.5, where Γ, Γ̄ are the oscillatory profiles in (7.16), the oscillation
direction is set to η = η3 = e2, the oscillation frequency is µk+1 given in (7.8) and the amplitude
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function b obeys the bounds in (7.50). The tangential correction ¯̄W is:

−2 ¯̄W =
1∑
i=0

(−1)i
(Γ′Γ)i+1(µk+1x2)

µi+2
k+1

Lη3i ( ¯̄S2)

+

1∑
i=0

(−1)i
Γi+1(µk+1x2)

µi+2
k+1

Lη3i ( ¯̄S3) +

1∑
i=0

(−1)i
Γ̄i+1(µk+1x2)

µi+2
k+1

Lη3i ( ¯̄S4),

where we recall (5.5), (5.2) and where the fields { ¯̄Si}4i=2 are as in Lemma 2.5, namely:

¯̄S2 = 2b sym(∇b⊗ e2),

¯̄S3 = 2b sym
(
(∇Ū)T∇E2

Ū

)
, ¯̄S4 = 2 sym

(
(∇Ū)T∇(b2TŪe2)

)
.

(7.60)

By (5.4) in Lemma 5.2 we see that:

− 2 sym∇ ¯̄W =
(Γ′Γ)(µk+1x2)

µk+1

¯̄S2 +
Γ(µk+1x2)

µk+1

¯̄S3 +
Γ̄(µk+1x2)

µk+1

¯̄S4 − ¯̄G − ¯̄Ge1 ⊗ e1, (7.61)

with the following formulas:

¯̄G =
(Γ′Γ)2(µk+1x2)

µ3
k+1

sym∇Lη31 ( ¯̄S2) +
Γ2(µk+1x2)

µ3
k+1

sym∇Lη31 ( ¯̄S3) +
Γ̄2(µk+1x2)

µ3
k+1

sym∇Lη31 ( ¯̄S4),

¯̄G =
1∑
i=0

(−1)i
(Γ′Γ)i(µk+1x2)

µi+1
k+1

P η3i ( ¯̄S2) +
1∑
i=0

(−1)i
Γi(µk+1x2)

µi+1
k+1

P η3i ( ¯̄S3)

+
1∑
i=0

(−1)i
Γ̄i(µk+1x2)

µi+1
k+1

P η3i ( ¯̄S4).

By (7.48), (2.2) and (7.61) we now obtain:

D(g0 − δk+1H0, uk+1) = D(g0 − δk+1H0, Ū)−
(
(∇uk+1)T∇uk+1 − (∇Ū)T∇Ū

)
= Ē − 1 + ¯̄Γ(µk+1x2)

µ2
k+1

∇b⊗∇b− ¯̄R1 − ¯̄R2 − ¯̄G − ¯̄Ge1 ⊗ e1

(7.62)

where the primary and the ¯̄W -related error terms ¯̄R1 and ¯̄R2 are as in Lemma 2.5.

11. (Bounds on the errors in third corrugation defect) We now estimate, as in steps
5 and 8, all terms in the final decomposition (7.62). Firstly, by (7.50):

∥∥∇(m)
(1 + ¯̄Γ(µk+1x2)

µ2
k+1

∇b⊗∇b
)∥∥

0
≤ C

∑
p+q=m

µp−2
k+1

δk
σ2
κq+2

≤ C δk
(µk+1/κ)2σ2

µmk+1 ≤
δk

σN+1
µmk+1 for all m = 0 . . . (3N + 6)(K − k)− 3N − 2,

(7.63)

if only σ ≥ σ is sufficiently large. Secondly, from (7.50), (7.55)3:

‖∇(m+1)(b2TŪe2)‖0 ≤ C
∑

p+q=m+1

δkκ
pκq = Cδkκ

m+1

for all m = 0 . . . (3N + 6)(K − k)− 3N − 3.

(7.64)
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Consequently, recalling additionally (7.55)4, we get that each term in ¯̄R1 is bounded by:

‖∇(m) ¯̄R1‖0 ≤ Cδ3/2
k µmk+1σ

N/2 ≤ δk
σN+1

µmk+1

for all m = 0 . . . (3N + 6)(K − k)− 3N − 2,
(7.65)

where the worst term, responsible for the first bound is
Γ(µk+1x2)2

µ2k+1
b2(∇E2

Ū
)T∇E2

Ū
, and where

the final inequality follows by Cσ3N/2+1δ
1/2
k ≤ σ3(N+1)/2δ

1/2
0 ≤ 1 from the last assumption in

(1.10)1, for σ sufficiently large. Before bounding R̄2, we find the bounds on ¯̄W . We get:

‖∇(m) ¯̄S2‖0 ≤ Cδkκm+1,

‖∇(m) ¯̄S3‖0 ≤ C
∑

p+q=m

‖∇(p)b‖0‖∇(q)((∇Ū)T∇E2
Ū )‖0

≤ C
∑

p+q=m

δ
1/2
k κpδ

1/2
k κq+1σN/2−2 ≤ Cδkκm+1σN/2−2,

‖∇(m) ¯̄S4‖0 ≤ Cδkκm+1 for all m = 0 . . . (3N + 6)(K − k)− 3N − 3,

(7.66)

where the first bound results from (7.50), the second bound from (7.58), and the third from
(7.55)1, (7.55)2 and (7.64). We now read from (5.5) that:

‖∇(m)Lη3i (S)‖0 ≤ Cm+i‖∇(m+i)S‖0 for all m, i ≥ 0, (7.67)

which implies by recalling from (7.66) that ‖∇(m) ¯̄Si‖0 ≤ Cδkµm+1
k+1 :

‖∇(m) ¯̄W‖0 ≤ C
1∑
i=0

∑
p+q=m

µp−i−2
k+1 δkµ

q+i+1
k+1 ≤ Cδkµm−1

k+1

for all m = 0 . . . (3N + 6)(K − k)− 3N − 4.

(7.68)

We are now ready to bound the terms in ¯̄R2. Observe first that, by (7.50), (7.55)3, (7.55)4:

‖∇(m+1)(TŪ
¯̄W )‖0 ≤ Cδkµmk+1 for m = 0 . . . (3N + 6)(K − k)− 3N − 5,

‖∇(m+1)(bE2
Ū )‖0 ≤ Cδ1/2

k κm+1 for m = 0 . . . (3N + 6)(K − k)− 3N − 3,

resulting in all the terms in ¯̄R2 being bounded by:

‖∇(m) ¯̄R2‖0 ≤ Cδ3/2
k µmk+1σ

N/2 ≤ δk
σN+1

µmk+1

for all m = 0 . . . (3N + 6)(K − k)− 3N − 5.
(7.69)

The worst term, responsible for the first bound above is 2sym((∇Ū)T [(∂1TŪ ) ¯̄W, (∂2TŪ ) ¯̄W ]),

and the final inequality is due to having Cσ3N/2+1δ
1/2
k ≤ 1 according to the last assumption in

(1.10)1 for σ ≥ σ large. To estimate ¯̄G, we use (7.67) with i = 1, and (7.66):

‖∇(m) ¯̄G‖0 ≤ C
4∑
i=2

∑
p+q=m

µp−3
k+1‖∇

(q+2) ¯̄Si‖0 ≤ C
∑

p+q=m

µp−3
k+1δkκ

q+3σN/2−2

= C
δk

(µk+1/κ)3
µmk+1σ

N/2−2 ≤ C δk
σ3N/2

µmk+1σ
N/2−2 ≤ δk

σN+1
µmk+1

for all m = 0 . . . (3N + 6)(K − k)− 3N − 5,

(7.70)
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when σ ≥ σ large. In conclusion, the bounds (7.48), (7.65), (7.69), (7.70) in (7.62) yield:

D(g0 − δk+1H0, uk+1) = − ¯̄Ge1 ⊗ e1 + ¯̄E

where ‖∇(m) ¯̄E‖0 =
∥∥∇(m)

(
Ē − 1− ¯̄Γ(µk+1x2)

µ2
k+1

∇b⊗∇b− ¯̄R1 − ¯̄R2 − ¯̄G
)∥∥

0

≤ 11
δk

σN+1
µmk+1 for all m = 0 . . . (3N + 6)(K − k)− 3N − 5.

(7.71)

12. (Estimating the error term ¯̄G) In order to estimate the derivatives of ¯̄G, we write:

¯̄G = ¯̄G2 + ¯̄G3 + ¯̄G4,

and analyze the following three terms:

¯̄G2 =
1∑
i=0

(−1)i
(Γ′Γ)i(µk+1x2)

µi+1
k+1

P η3i ( ¯̄S2), ¯̄G3 =
1∑
i=0

(−1)i
Γi(µk+1x2)

µi+1
k+1

P η3i ( ¯̄S3),

¯̄G4 =
1∑
i=0

(−1)i
Γ̄i(µk+1x2)

µi+1
k+1

P η3i ( ¯̄S4).

We will use the formulas in (5.5) at i = 0, 1, namely:

P η30 (S) = S11, P η31 (S) = 2∂1S12, (7.72)

separately for S equal to ¯̄S2,
¯̄S3 and ¯̄S4. In case of ¯̄S2, there holds:

P η30 ( ¯̄S2) = 0, P η31 ( ¯̄S2) = 4∂1(b∂1b),

so, we estimate directly from (7.50):

‖∇(m) ¯̄G2‖0 ≤ C
∑

p+q=m

µp−2
k+1‖∇

(q+1)(b∂1b)‖0 ≤ C
∑

p+q=m

µp−2
k+1

δk
σ
κq+2

≤ C δk
σN+1

µmk+1 for all m = 0 . . . (3N + 6)(K − k)− 3N − 4.

(7.73)

In case of ¯̄S4, formulas (7.72) become:

P η30 ( ¯̄S4) = 2〈∂1Ū , ∂1(b2TŪe2)〉, P η31 ( ¯̄S4) = 2
(
∂1〈∂1Ū , ∂2(b2TŪe2)〉+ ∂1〈∂2Ū , ∂1(b2TŪe2)〉

)
.

We note in passing that 〈∂iŪ , TŪej〉 = 〈ei, ej〉 = δij , which yields that:〈
∂iŪ , ∂j(b

2TŪe2)
〉

= ∂j(b
2)
〈
∂iŪ , TŪe2

〉
+ b2

〈
∂iŪ , ∂j(TŪe2)

〉
= ∂j(b

2)δi2 − b2
〈
∂ijŪ , TŪe2

〉
for all i, j = 1 . . . 2.

Consequently, we get from (7.50), (7.55)2, (7.55)3:

‖∇(m)P η30 ( ¯̄S4)‖0 = 2
∥∥∇(m)

(
b2
〈
∂11Ū , TŪe2

〉)∥∥
0

≤ C
∑

p+q+t=m

δkκ
pδ

1/2
k κq+1σN/2κt ≤ Cδ3/2

k κm+1σN/2,

‖∇(m)P η31 ( ¯̄S4)‖0 ≤ C
(
‖∇(m+2)b2‖0 + ‖∇(m+1)

(
b2
〈
∂12Ū , TŪe2

〉)∥∥
0

)
≤ C δk

σ
κm+2 + Cδ

3/2
k κm+2σN/2 ≤ C δk

σ
κm+2,

for all m = 0 . . . (3N + 6)(K − k)− 3N − 4,
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since δ
1/2
k σN/2+1 ≤ 1 by the fourth assumption in (1.10)1. We are ready to conclude that:

‖∇(m) ¯̄G4‖0 ≤ C
∑

p+q=m

µp−1
k+1δ

3/2
k σN/2κq+1 + C

∑
p+q=m

µp−2
k+1

δk
σ
κq+2

≤ Cδ3/2
k µmk+1 + C

δk
σN+1

µmk+1 ≤ C
δk

σN+1
µmk+1

for all m = 0 . . . (3N + 6)(K − k)− 3N − 4,

(7.74)

valid provided that δ
1/2
k σN+1 ≤ 1, as usual from (1.10)1.

We now deal with the term ¯̄G3, where the induction assumptions (7.11)2-(7.11)4 will be used

for the first time in a tight manner. Given ¯̄S3, from (7.72) and (7.60) we read:

P η30 ( ¯̄S3) = 2b〈∂11Ū , E
2
Ū 〉, P η31 ( ¯̄S2) = 4∂1

(
b〈∂12Ū , E

2
Ū 〉
)
.

Observe, from (7.11)2 and (7.11)3, that:

‖∇(m)〈∂11uk, E
2
uk
〉‖0 ≤ C

δ
1/2
k−1

σN
µm+1
k ≤ C

δ
1/2
k

σN/2+2
κm+1,

‖∇(m)〈∂12uk, E
2
uk
〉‖0 ≤ C

δ
1/2
k−1

σN/2
µm+1
k ≤ C

δ
1/2
k

σ2
κm+1

for all k = 1 . . .K − 1, m = 0 . . . (3N + 6)(K − k).

In view of (7.57)2, this implies:

‖∇(m)〈∂11Ū , E
2
Ū 〉‖0 ≤ C

δ
1/2
k

σN/2+2
κm+1 + Cδkκ

m+1σN/2 ≤ C
δ

1/2
k

σN/2+2
κm+1,

‖∇(m)〈∂12Ū , E
2
Ū 〉‖0 ≤ C

δ
1/2
k

σ2
κm+1 + Cδkκ

m+1σN/2 ≤ C
δ

1/2
k

σ2
κm+1

for all k = 1 . . .K − 1, m = 0 . . . (3N + 6)(K − k)− 3N − 3,

where we have used that σ
1/2
k σN+2 ≤ 1 by (1.10)1. Consequently, recalling (7.50), we see that:

‖∇(m)P η30 ( ¯̄S3)‖0 ≤ C‖∇(m)
(
b〈∂11U,E

2
U 〉
)
‖0 ≤ C

δk
σN/2+2

κm+1,

‖∇(m)P η31 ( ¯̄S3)‖0 ≤ C‖∇(m+1)
(
b〈∂12U,E

2
U 〉
)
‖0 ≤ C

δk
σ2
κm+2

for all m = 0 . . . (3N + 6)(K − k)− 3N − 4, k = 1 . . .K − 1.

This leads to:

‖∇(m) ¯̄G3‖0 ≤ C
∑

p+q=m

µp−1
k+1

δk
σN/2+2

κq+1 + C
∑

p+q=m

µp−2
k+1

δk
σ2
κq+2

≤ C δk
σN+2

µmk+1 for all m = 0 . . . (3N + 6)(K − k)− 3N − 4, k = 1 . . .K − 1.

(7.75)

Now, at k = 0 we get by (7.6) and (7.57)2:

‖∇(m)〈∂ijŪ , E2
Ū 〉‖0 ≤ ‖∇

(m)((∇u0)T∇E2
u0)‖0 + Cδkκ

m+1σN/2

≤ Cδ1/2
0 µm+1

0 + Cδkκ
m+1σN/2 ≤ C

δ
1/2
k

σ2
κm+1

for all m = 0 . . . (3N + 6)(K − k)− 3N − 3, i, j = 1 . . . 2, k = 0,
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so we directly note the same bound as in (7.75):

‖∇(m) ¯̄G3‖0 ≤ C
∑

p+q=m

µp−1
k+1

δk
σ2
κq+1 + C

∑
p+q=m

µp−2
k+1

δk
σ2
κq+2 ≤ C δk

σN+2
µmk+1

for all m = 0 . . . (3N + 6)(K − k)− 3N − 4.

(7.76)

In summary, by (7.73), (7.74), (7.75), (7.76) we get:

‖∇(m) ¯̄G‖0 ≤ C
δk

σN+1
µmk+1 for all m = 0 . . . (3N + 6)(K − k)− 3N − 4, (7.77)

which yields, upon recalling (7.71) and for σ is sufficiently large:

‖∇(m)D(g0 − δk+1H0, uk+1)‖0 ≤ C
δk

σN+1
µmk+1 ≤

δk
σN+1/2

µmk+1

for all m = 0 . . . (3N + 6)(K − k)− 3N − 5.
(7.78)

We note that the regularity exponent is consistent with the induction statement, as (3N +
6)(K − k)− 3N − 5 = 1 + (3N + 6)(K − (k + 1)).

13. (Propagation of bounds in the third corrugation and closing the bounds
(7.11)1, (7.11)4) In the last two steps we will validate all inductive bounds (7.10)1-(7.11)4 at:

k + 1 = 1 . . .K.

Note that (7.10)5 has already been shown in (7.78). Using (7.13), (7.55)3, (7.55)4, (7.68) yields:

‖∇(m)(uk+1 − Ū)‖0 ≤ C
∑

p+q+t=m

µp−1
k+1‖∇

(q)b‖0‖∇(t)E2
Ū‖0

+ C
∑

p+q+t=m

µp−1
k+1‖∇

(q)b2‖0‖∇(t)TŪ‖0 + C
∑

p+q=m

‖∇(p)TŪ‖0‖∇(q) ¯̄W‖0 ≤ Cδ1/2
k µm−1

k+1 .

(7.79)

Hence, (7.10)2 at k + 1 follows directly from the above and (7.29), (7.51). Apply now Lemma

3.4 with u = Ū , v = uk+1, µ = µk+1, A = δ
1/2
k . Indeed, in virtue of the bound displayed

above, there holds ‖∇uk+1 − ∇Ū‖0 ≤ Cδ
1/2
k ≤ Cδ1/2 ≤ ρ provided that δ is sufficiently

small. Recalling further (7.54), (7.55)2, (7.55)4, we obtain existence of the orthonormal frame

E1
uk+1

, E2
uk+1

∈ C(3N+6)(K−k)−3N−5(ω̄,R4), namely:

(∇uk+1)TEiuk+1
= 0, |E1

uk+1
| = 1 for i = 1, 2 and 〈E1

uk+1
, E2

uk+1
〉 = 0 in ω̄,

satisfying the the second bound below, while the first bound is included in (7.79):

‖∇(m+1)(uk+1 − Ū)‖0 ≤ Cδ1/2
k µmk+1

and ‖∇(m)(Eiuk+1
− EiŪ )‖0 ≤ Cδ1/2

k µmk+1 for m = 0 . . . (3N + 6)(K − k)− 3N − 5.
(7.80)

Together with (7.30) and (7.80), we immediately conclude (7.10)3 and (7.10)4 at the counter
k + 1. To show (7.10)1 at k + 1, recall (7.53) and write:

‖uk+1 − u‖1 ≤ ‖uk+1 − Ū‖1 + ‖U − u‖0 ≤ Cδ1/2
0 , (7.81)

which indeed leads, as in step 1 and the proof of (7.3), to:

1

3γ
Id2 ≤ (∇uk+1)T∇uk+1 ≤ 3γId2 in ω̄. (7.82)
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It remains to show the coordinate-specific bounds (7.11)1-(7.11)4. Using Lemma 3.1 and (7.82),
together with (7.80) in view of (7.55)2, (7.55)4, we observe that:

‖∇uk+1‖0 ≤ (6γ)1/2 (7.83)1

‖∇(m)∇(2)uk+1‖0 ≤ Cδ
1/2
k µm+1

k+1 for m = 0 . . . (3N + 6)(K − k)− 3N − 6, (7.83)2

‖∇(m)Eiuk+1
‖0 ≤ Cδ1/2

k µmk+1 for m = 1 . . . (3N + 6)(K − k)− 3N − 5, i = 1, 2. (7.83)3

At this point, the estimate (7.11)4 at the counter k+1 already follows, directly from the above:

‖∇(m)
(
(∇uk+1)T∇E1

uk+1

)
‖0 ≤ C

∑
p+q=m

µpk+1δ
1/2
k µq+1

k+1 ≤ Cδ
1/2
k µm+1

k+1

for all m = 0 . . . (3N + 6)(K − k)− 3N − 6.

To demonstrate the finer bounds (7.11)1-(7.11)3, we decompose, for any i, j, s = 1 . . . 2:

〈∂ijuk+1, E
s
uk+1
〉 = 〈∂ijŪ , EsŪ 〉+ 〈∂ij(uk+1 − Ū), EsŪ 〉+ 〈∂ijuk+1, (E

s
uk+1
− EsŪ )〉. (7.84)

For the third term above, we recall (7.80) and (7.83)2 and get:

‖∇(m)〈∂ijuk+1, (E
s
uk+1
− EsŪ )〉‖0 ≤ Cδkµm+1

k+1

for m = 0 . . . (3N + 6)(K − k)− 3N − 6, i, j, s = 1 . . . 2.
(7.85)

For the second term in the right hand side of (7.84) and in the specific case of s = 1, we write:

〈∂ij(uk+1 − Ū), E1
Ū 〉 = ∂i

(Γ(µk+1x2)

µk+1
b
)
〈∂jE2

Ū , E
1
Ū 〉+ ∂j

(Γ(µk+1x2)

µk+1
b
)
〈∂iE2

Ū , E
1
Ū 〉

+
Γ(µk+1x2)

µk+1
b〈∂ijE2

Ū , E
1
Ū 〉+

〈
∂ij

(
TŪ

( Γ̄(µk+1x2)

µk+1
b2e2 + ¯̄W

))
, E1

Ū

〉
,

using that 〈E1
Ū
, E2

Ū
〉 = 0. Consequently, by (7.13), (7.55)3, (7.55)4, (7.68):

‖∇(m)〈∂ij(uk+1 − Ū), E1
Ū 〉‖0

≤ C
∑

p+q+t=m

∥∥∇(p+1)
(Γ(µk+1x2)

µk+1
b
)∥∥

0
‖∇(q+1)E2

Ū‖0‖∇
(t)E1

Ū‖0

+
∑

p+q+t=m

∥∥∇(p)
(Γ(µk+1x2)

µk+1
b
)∥∥

0
‖∇(q+2)E2

Ū‖0‖∇
(t)E1

Ū‖0

+ C
∑

p+q=m

∑
t+s=p+2

‖∇(t)TŪ‖0
∥∥∇(s)

( Γ̄(µk+1x2)

µk+1
b2e2 + ¯̄W

)∥∥
0
‖∇(q)E1

Ū‖0

≤ Cδkµm+1
k+1 for all m = 0 . . . (3N + 6)(K − k)− 3N − 6, i, j = 1 . . . 2.

(7.86)

In conclusion, (7.84), (7.85) and (7.57)1 imply:

‖∇(m)〈∂ijuk+1, E
1
uk+1
〉‖0 ≤ ‖∇(m)〈∂ijŪ , E1

Ū 〉‖0 + Cδkµ
m+1
k+1

≤ ‖∇(m)〈∂ijuk, E1
uk
〉‖0 + Cδ

1/2
k κm+1 + Cδkµ

m+1
k+1

≤ ‖∇(m)〈∂ijuk, E1
uk
〉‖0 + C

δ
1/2
k

σN/2
µm+1
k+1 .

(7.87)
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From (7.11)1 we recall that:

‖∇(m)〈∂ijuk, E1
uk
〉‖0 ≤ C

δ
1/2
k−1

σN/2
µm+1
k ≤ C

δ
1/2
k

σN/2
µm+1
k+1

for all m = 0 . . . (3N + 6)(K − k)− 3N − 6, i, j = 1 . . . 2, k = 1 . . .K − 1,

whereas at k = 0 we likewise get by (7.6):

‖∇(m)〈∂ijuk, Esuk〉‖0 ≤ Cδ
1/2
0 µm+1

0 ≤ C
δ

1/2
k

σN
µm+1
k+1

for all m = 0 . . . (3N + 6)K, i, j, s = 1 . . . 2, k = 0.

(7.88)

Combining with (7.87), in either case we obtain the validity of (7.11)1 at the k + 1 counter.

14. (Closing the inductive bounds (7.11)2, (7.11)3) Finally, for the second term in
the right hand side of (7.84) and in the specific case of s = 2, we write:

〈∂ij(uk+1 − Ū), E2
Ū 〉 = ∂ij

(Γ(µk+1x2)

µk+1
b
)
− Γ(µk+1x2)

µk+1
b〈∂jE2

Ū , ∂jE
1
Ū 〉

+
〈
∂ij

(
TŪ

( Γ̄(µk+1x2)

µk+1
b2e2 + ¯̄W

))
, E2

Ū

〉
,

(7.89)

where we used that 〈E2
Ū
, E2

Ū
〉 = 1. Derivatives of the last two terms in the right hand side of

(7.89) may be bounded as in (7.86), by (7.50), (7.55)3, (7.55)4, (7.68):∥∥∇(m)
(Γ(µk+1x2)

µk+1
b〈∂jE2

Ū , ∂jE
1
Ū 〉
)∥∥

0

+
∥∥∇(m)

(〈
∂ij

(
TŪ

( Γ̄(µk+1x2)

µk+1
b2e2 + ¯̄W

))
, E2

Ū

〉)∥∥
0
≤ Cδkµm+1

k+1 .

(7.90)

We analyze the first term in the right hand side of (7.89):∥∥∇(m)∂11

(Γ(µk+1x2)

µk+1
b
)∥∥

0
≤ C

∑
p+q=m

µp−1
k+1‖∇

(q+2)b‖0

≤ C
δ

1/2
k

(µk+1/κ)2
µm+1
k+1 ≤ C

δ
1/2
k

σN
µm+1
k+1 ,∥∥∇(m)∂12

(Γ(µk+1x2)

µk+1
b
)∥∥

0
≤ C

∑
p+q=m

µp−1
k+1‖∇

(q+2)b‖0 + C
∑

p+q=m

µpk+1‖∇
(q+1)b‖0

≤ C
δ

1/2
k

(µk+1/κ)
µm+1
k+1 ≤ C

δ
1/2
k

σN/2
µm+1
k+1 .

(7.91)

In conclusion, (7.84), (7.85), (7.89), (7.90), (7.91) and having δ
1/2
k σN ≤ 1, imply:

‖∇(m)〈∂11uk+1, E
2
uk+1
〉‖0 ≤ ‖∇(m)〈∂11uk, E

2
uk
〉‖0 + C

δ
1/2
k

σN
µm+1
k+1 ,

‖∇(m)〈∂12uk+1, E
2
uk+1
〉‖0 ≤ ‖∇(m)〈∂12uk, E

2
uk
〉‖0 + C

δ
1/2
k

σN/2
µm+1
k+1

for all m = 0 . . . (3N + 6)(K − k)− 3N − 6.

(7.92)
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We now claim that both first terms in the right hand sides above are bounded by the respective
second terms. Indeed, for k ≥ 1 this follows from (7.11)2, (7.11)3, namely:

‖∇(m)〈∂11uk, E
2
uk
〉‖0 ≤ C

δ
1/2
k−1

σN
µm+1
k ≤ C

δ
1/2
k

σN
µm+1
k+1 ,

‖∇(m)〈∂12uk, E
2
uk
〉‖0 ≤ C

δ
1/2
k−1

σN/2
µm+1
k ≤ C

δ
1/2
k

σN/2
µm+1
k+1 ,

for all m = 0 . . . (3N + 6)(K − k), k = 1 . . .K − 1,

whereas at k = 0 the same bounds follow by (7.88). Therefore, (7.92) become:

‖∇(m)〈∂11uk+1, E
2
uk+1
〉‖0 ≤ C

δ
1/2
k

σN
µm+1
k+1 ,

‖∇(m)〈∂12uk+1, E
2
uk+1
〉‖0 ≤ C

δ
1/2
k

σN/2
µm+1
k+1 for all m = 0 . . . (3N + 6)(K − k)− 3N − 6,

which is exactly (7.11)2 and (7.11)3 at the counter k+1. The proof of Theorem 1.2 is complete.

8. Nash-Kuiper’s scheme: the proof of Theorem 1.3

In this section we exhibit the details of the Nash-Kuiper iteration scheme. The proof uses the
double exponential ansatz on the progression of frequencies and defect measures that appeared
in [17], and was similarly applied in [10, proof of Theorem 1.1].

Proof of Theorem 1.3

1. Fix α as in (1.13) and ε ∈ (0, 1). We will obtain ū as the limit of {un ∈ C2(ω̄,R4)}∞n=1

converging in C1,α(ω̄,R4). These immersions will be constructed iteratively, starting from u0

obtained by Theorem 4.1, and then by successive application of (1.12) with:

u = un, δ = δn, µ = µn, σ = σn+1,

producing ũ = un+1. The progression of the above parameters is as follows. Fix θ and τ in:

α < θ < min
{r + β

2
,

1

1 + 2J/S

}
, τ = τ + 1, (8.1)

where τ is as in Theorem 4.1. In particular, there holds:

J

S
<

1

2θ
− 1

2
and τ > 2 +

1

r + β
. (8.2)

We define for all n ≥ 0:

δn =
1

abn
, µn = aτ+ bn−1

2θ , σn+1 =
( δn
δn+1

)1/S
so that δn+1 =

δn

σSn+1

, (8.3)

for some a, b > 1, whose magnitudes are specified by the requirements in the course of the
proof. In general, b− 1 > 0 will be sufficiently small and a sufficiently large (in that order).

2. From (8.3) we read the initial parameters:

δ0 =
1

a
, µ0 = aτ .



52 MARTA LEWICKA

For a large so that δ0 < δ, we apply Theorem 4.1 obtaining an immersion u0 ∈ C2(ω̄,R4) in:

1

γ
Id2 ≤ (∇u0)T∇u0 ≤ γId2 in ω̄,

‖D(g − δ0H0, u0)‖0 ≤
r0

4
δ0,

‖u0 − u‖0 ≤
r0

4
δ0 ≤

ε

2

‖u0‖2 ≤ ‖u‖0 +
(
Cδ0 + C +

C

δ
τ
0

)
≤ C

δ
τ
0

≤ δ1/2
0 µ0,

(8.4)

where the third bound again follows for a large enough (in function of ε) and the fourth bound
in view of (8.1) because:

δ
1/2+τ
0 µ0 = aτ−1/2−τ = a1/2 ≥ C,

likewise for a sufficiently large (in function of the constant C above that depends only on

ω, u, g). As a byproduct, we get: δ
1/2
0 µ0 ≥ 1.

3. We will show that if b − 1 > 0 is sufficiently small and a is sufficiently large (in that
order) then one can proceed with the induction on n. We first show that for all n ≥ 0:

σn+1 ≥ σ, σpn+1δ
1/2
n ≤ 1, δn+1 ≤ δ, µn+1δ

1/2
n+1 ≥ 1, (8.5)1

r0

5

δn

σSn+1

+
‖g‖r,β
µr+βn

≤ r0

4
δn+1, (8.5)2

Cµnδ
1/2
n σJn+1 ≤ δ

1/2
n+1µn+1, (8.5)3

where C is the constant appearing in (1.12). In order to show the four bounds in (8.5)1, we use
the definition (8.3). The first of the claimed bounds follows when a is sufficiently large (after
possibly choosing b− 1 sufficiently small):

σn+1 = a(bn+1−bn)/S = ab
n(b−1)/S ≥ a(b−1)/S ≥ σ.

For the second bound, we have:

σpn+1δ
1/2
n = ab

n((b−1)p/S−1/2) ≤ 1,

if only (b− 1)p/S ≤ 1/2, which is assured by taking b− 1 small. The third bound is clear since
δn+1 ≤ δ0 ≤ σ, while the fourth bound is due to:

µn+1δ
1/2
n+1 = aτ+bn+1(( 1

2θ
− 1

2
)− 1

2θ ≥ aτ+b(( 1
2θ
− 1

2
)− 1

2θ = a(τ− 1
2

)+(b−1)( 1
2θ
− 1

2
) ≥ 1

since 1
2θ −

1
2 ≥ 0, so that, for b− 1 sufficiently small, the positive term τ − 1

2 in last exponent
above prevails. This ends the proof of (8.5)1. To show (8.5)2, we observe that, by definition:

r0

5

δn

σSn+1

=
r0

5
δn+1,

and thus it suffices to justify the smallness of
‖g‖r,β
µr+βn

1
δn+1

, equivalent to the largeness of δn+1µ
r+β
n

(in function of ω, u, g, θ). Observe that r+β
2θ −1 > 0 by the upper bound on θ in (8.1). Therefore:

δn+1µ
r+β
n = a(τ+ bn−1

2θ
)(r+β)−bn+1

= ab
n( r+β

2θ
−b)+(τ− 1

2θ
(r+β)

≥ a( r+β
2θ
−b)+(τ− 1

2θ
(r+β) = aτ(r+β)−b = aτ(r+β)−1−(b−1),
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for b− 1 small. The above right hand side is as large as one wants, again by taking b− 1 small
and a large (in that order), because τ(r + β) − 1 > 0 by the second inequality in (8.2). This
ends the proof of (8.5)2. Finally, (8.5)3 is equivalent to the largeness of:

µn+1

µn

(δn+1

δn

)1/2 1

σJn+1

= ab
n b−1

2θ
−bn(b−1)/2−bn(b−1)J/S = ab

n(b−1)( 1
2θ
− 1

2
− J
S

) ≥ a(b−1)( 1
2θ
− 1

2
− J
S

),

where we used the first inequality in (8.2). Clearly, for a large (after b− 1 > 0 has been priorly
fixed), the right hand side above is as large as desired. This ends the proof of (8.5)3.

4. We thus see that as long as:

1

2γ
≤ (∇un)T∇un ≤ 2γId2 in ω̄, (8.6)

one can define un+1 by the indicated application of (1.12). Noting the bound bi ≥ 1 + (ln b)i
valid for all i ≥ 0 and b ≥ 1, we then get:

‖un+1 − u0‖1 ≤ C
n+1∑
i=1

δ
1/2
i = C

n+1∑
i=1

1

abi/2
≤ C

n+1∑
i=1

(1

a

)1/2+(ln b)i/2

≤ C

a1/2

∞∑
i=1

(1

a

)(ln b)i/2
=

C

a1/2(a(ln b)/2 − 1)
≤ ε

2
,

(8.7)

where the last inequality is valid for a sufficiently large. The above in particular implies:

‖(∇un)T∇un − (∇u0)T∇u0‖0 ≤ ‖∇(un − u0)‖0
(
‖∇un‖0 + ‖∇u0‖

)
≤ ‖∇(un − u0)‖0

(
2‖∇u0‖0 + ‖∇(un − u0)‖

)
≤ ‖un+1 − un‖1(C + 1) ≤ Cε,

which means that for ε small enough (or, more generally, for a sufficiently large a), the immer-
sion estimate (8.6) is valid for un+1 in virtue of the first condition in (8.4). Consequently, the
infinite sequence {un ∈ C2(ω̄,R4)}∞n=0 is well defined and it satisfies, for all n ≥ 0:

‖un+1 − un‖1 ≤ Cδ1/2
n , ‖un‖2 ≤ δ1/2

n µn,

‖D(g − δnH0, un)‖0 ≤
r0

4
δn.

(8.8)

5. We are now ready to conclude the proof. Firstly, we show that {un}∞n=0 is Cauchy, hence
converges in C1,α(ω̄,R4). To this end, we use the interpolation inequality in Hölder spaces:

‖un+1 − un‖1,α ≤ C‖un+1 − un‖α2 ‖un+1 − un‖1−α1 .

Since {δ1/2
n µn}∞n=1 is an increasing sequence, the above and (8.8) imply for all n ≥ 0:

‖un+1 − un‖1,α ≤ C(δ
1/2
n+1µn+1)αδ(1−α)/2

n

≤ C
(
aτ+ bn+1−1

2θ
−bn+1/2

)α
a−b

n(1−α)/2 ≤ Ca(τ− 1
2θ

)αa−b
nq,

(8.9)

where q > 0 is a positive constant, independent of n, given in:

q =
1− α

2
− bα

( 1

2θ
− 1

2

)
=

1

2

(
1− α

θ

)
− (b− 1)α

( 1

2θ
− 1

2

)
> 0,

if only b − 1 is sufficiently small, since 1 − α/θ > 0 in virtue of the lower bound in (8.1).
Consequently, (8.9) implies the aforementioned Cauchy property in:

‖un+1 − un‖1,α ≤ Ca(τ− 1
2θ

)αa−q(1+(ln b)n) = Ca(τ− 1
2θ

)α−q(aln b
)−n

,
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where the terms in the right hand side above constitutes a converging power series. In conclu-
sion, ū ∈ C1,α(ω̄,R4) may be defined as the limit:

un → ū as n→∞ in C1,α(ω̄,R4).

By (8.9) combined with the third statement in (8.4) there holds:

‖ū− u‖0 ≤ ‖ū− u0‖0 + ‖u0 − u‖0 ≤
ε

2
+
ε

2
= ε,

while by the last statement in (8.8) we obtain:

‖D(g, un)‖0 ≤ ‖D(g − δnH0, un)‖0 + δn|H0| ≤
(r0

4
+ |H0|

)
δn → 0 as n→∞.

Since the left hand side above clearly converges to ‖D(g, ū)‖0 as n→∞, there follows:

D(g, ū) = 0 in ω̄.

This ends the proof of Theorem 1.3.

9. Appendix: Poznyak’s theorem

For completeness, we present Poznyak’s theorem and sketch its proof.

Theorem 9.1. [41, Theorem 4] Let ω ⊂ R2 be an open, bounded and simply connected set,
and let g ∈ C∞(ω̄,R2×2

sym,>). Then, there exists u ∈ C∞(ω̄,R4) which solves (1.1) on ω̄.

In the proof, the smooth immersion u satisfying (1.1) is sought to be of the following form, for
some ε > 0 and w ∈ C∞(ω̄,R), v ∈ C∞(ω̄,R2):

u(x) = εew(x)
(

cos
v1(x)

ε
, sin

v1(x)

ε
, cos

v2(x)

ε
, sin

v2(x)

ε

)
.

By a direct calculation one easily obtains:

(∇u)T∇u = e2w(∇v)T∇v + 2ε2e2w∇w ⊗∇w.

Consequently, (1.1) is equivalent to:

(∇v)T∇v = g̃ where g̃
.
= e−2wg − 2ε2∇w ⊗∇w.

It now suffices to check that there exists ε > 0 and w ∈ C∞(ω̄,R), such that the derived matrix
field g̃ ∈ C∞(ω̄,R2×2

sym) is itself a Riemannian metric with zero Gaussian curvature:

g̃ > 0 and κ(g̃) = 0 in ω̄. (9.1)

For ε = 0, existence of a smooth w0 such that e−2w0g satisfies the second condition (since the
first one holds trivially) in (9.1), is a consequence of the conformal equivalence of g with the
Euclidean metric. In particular, one can take w0 to be the solution of the Dirichlet problem:

∆gw0 = −κ(g) in ω, w0 = 0 on ∂ω.

By applying the implicit function theorem, and in view of the formula for κ(g̃) in terms of
κ(g), ε, w, there follows in fact the existence of a one-parameter family ε 7→ w(ε) resulting in
the validity of (9.1) for all ε > 0 sufficiently small. This achieves the result in Theorem 9.1.

It would be interesting to see whether the main result of this paper could be recovered by
applying convex integration directly to find w that solves κ(g̃) = 0.
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[12] Cao, W. and Székelyhidi Jr., L., Very weak solutions to the two-dimensional Monge-Ampère equation,
Science China Mathematics, 62(6), pp. 1041–1056, (2019).
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