ON THE WELL POSEDNESS OF A SYSTEM
OF BALANCE LAWS WITH L* DATA

MARTA LEWICKA

INTRODUCTION

In their paper [3], Bressan and Shen consider a class of (strictly hyperbolic) 2 x 2
systems of the form:

(1) ug + f(u)E = 07 U(O, ) = 1u,
2) 0+ h(u), =0, 0(0,) =1,

where f € C? is strictly convex (that is f”(x) > 0 for any z € R), h is Lipschitz
continuous, % € L' N L, and 6 € C°.

As proved in a classical paper of Kruzkov [7], there exists exactly one weak
entropy admissible solution of (1), which depends in a Lipschitz continuous way on
u. Namely:

Jur(t, ) —uz(t, )Ly < ||ty — Ueflps for any ¢ > 0,

where u; and us are solutions of (1) with the initial data 4, and @s, respectively.

As soon as the function u is determined from (1), a solution of (2) can be
constructed by the standard method of characteristics. Indeed, the function # must
be constant along the integral curves of the ODE

(3) & = h(u(t,z)).

Uniqueness and continuous dependence of solutions of (2) can thus be derived from
the well-posedness of the Cauchy problem for (3).

We remark that the genuine nonlinearity of (1) implies that the total variation of
u(to, -) is locally bounded, for each tg > 0. Hence the well posedness of the Cauchy
problem (3) with initial data x(ty) = z¢ follows from [2].

It is worth noting that in [3] the well posedness of (3) follows from a more general
result on the well posedness of ODE’s of the form

4) &= F(t,x),

where F' : [0,7] x R — R is measurable and such that:

(A1) For every point (£,Z) € (0,T] x R, there exists a slope A,z such that the
function F' is constant along the segment Iz z) = {(t,z): t € (0,%), x — = =
Ai,z)(t —t)}. Moreover, (t,z) € I(7z) implies that A\, = A,z and hence
Iz C Iz )

(A2) There exist disjoint intervals [a,b] and [c,d] such that F(¢,z) € [a,b] and
Ait,a) € [c,d] for all (t,z) € (0,T] x R.

It is clear that since w is constant along the backward characteristics of (1), which
are the straight lines with corresponding slopes f’(u), the composite function hou
satisfies (A1), (A2).
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A natural question is whether a similar result holds for the perturbed system

(5) up + f(u)e = g(u), u(0,-) =
0; + h(u)d, =0, 6(0,-) = 6.

We will assume that g € C! and ¢’ is bounded. It is known [5], that (5) has then the
unique weak entropy admissible solution, acquiring (after possibly a modification
on a set of measure zero) the following properties. For each fixed (Z,z) € (0,00) xR
the one-sided limits u(t, z+) exist and u(t,z—) > u(t, z+) = u(t, ). Moreover, the
minimal and maximal backward characteristics y_(-;¢,Z) and y4(-;¢,Z) through
(t,%) are determined by solving

Y f'(w

v - g(’l)),
with initial data (y(¢),v(t)) = (z,u(t,z—)) and (y(t),v(t)) = (z,u(t,z+)), respec-
tively. Along those characterlstlcs U commdes Wlth the correspondlng function wv;

that is u(t, y(t)) = v(t) for any t € (0,1).
Consequently, the composite function F' = h o u satisfies:

(A1) For every point (£, z) € (0,T] x R, there exists a C* curve y ) : (0,{) — R
along which the function F' is Lipschitz continuous. Moreover, if y; z) (t) ==z,

then y(; +) = Y,z on (0, t). Finally, the first and the second derivatives of the
curves ¥(;,z) are uniformly bounded.

The purpose of this paper is to discuss the following two questions:

(I) Let F:]0,T] x R — R be measurable and satisfy (A1’) and (A2) (where
the slope A ;) is replaced by the derivative ¢ ). Is the problem (4) well
posed?

(IT) Assuming that the system (5)(2) is strictly hyperbolic, that is the ranges of
the two functions f’ and h are disjoint, is this system well posed?

The answer to the first question is negative, as is shown in the first section.
Nevertheless, the answer to (II) is positive. This is shown by the main theorem of
the paper, in section 2. In the third section we present another example, showing
that if f is not convex, the problem (1)(2) may not be well posed. Indeed, in this
case the corresponding ODE (3) may have multiple solutions. The last section
contains the technical details of the proof of our main theorem.

1. A COUNTEREXAMPLE

We give an example of a measurable function F : [0,1] x R — R, satisfying
(A1’) and (A2) (with the slope A(;,) replaced by the derivative 9 )), such that
there exist two solutions x1, xs : [0,1] — R of the Cauchy problem

&= F(tz), =z(0)=0.

Let y : [0,1] — R be a smooth function such that
y(t)=1—tfort €[0,1/3],
y(1) =1/3,

e y is decreasing, convex and 1 — ¢ < y(t) <4/3 —t for t € (1/3,1).
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Define a sequence of functions y,, : [0,t,] — R in the following way. For n =1
settj =1landy; =y. Forn>1lett, = %yn_l(O). The graph of y,, is constructed
by shifting the graph of y,_1 in a way that:

® yn(tn) = Yn-1(0) —tn =1 /3,

® yn(t) = yn(0) —t for t € [0,yn(0)/3],

o yn(t) > yn(0) — ¢ for t € (y,(0)/3,t,].

F is then described by:

1/3  for tel0,1] and z <t/3,
F(t,z) = 2 for  te€[0,1] and = > y1 (),
T 13 for t€0,t], @ € [yn(0) — t,yn(t)] and n > 1,
2 for  t€[0,ty], € (yn(t),yn—1(0) — t) and n > 1.
1
X2
F=2
Y=y1
¥2
1
y3
F=1/3
13 ty tg 3=t 1=t t

FIGURE 1

Fis thus constant along appropriate smooth curves y; ) whose first derivatives
are uniformly bounded and negative, while the values of I’ belong to the interval
[1/3,2]. However, x1(t) = t/3 and x2(t) = 2t are two solutions of the given Cauchy
problem.

2. THE MAIN RESULT

Theorem 1. Let f € C* with f"(x) > 0 for all z € R, g € C', with g’ bounded,
ueL'NL>®, 0 €C’ Fiz T >0 and define the constants

Cr =K +Texp(Tg'lv~) max |g],
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C :C T T ! [eS]
5 = C1+ Texp(Tlg'|n )[_Tgi?él] gl

for some fixred K > ||a|jL~. Let h : R — R be Lipschitzian on an open neighbour-
hood of [-C2,C2] and assume that there exist two disjoint intervals [a,b] and [c, d]
such that h(x) € [a,b] and f'(z) € [c,d] for any x € [—Ca, Cs].

Then the system (5)(2) has a unique admissible solution, that is the weak entropy
admissible solution of (5) and the broad solution of (2) (which is in fact continuous),
defined on [0, T] x R, that depends continuously on the initial data. More precisely:
if Uy — @ in LY, ||tn|L~ < K, for each n, and 0, — 0 uniformly, then u,(t,-) —
u(t,-) in L, for anyt € [0,T] and 0,, — 0 uniformly on compact subsets of [0, T] xR,

(here (un,0,) stands for the solution of (5)(2) with the initial data (@y,0y)).
Proof. For the convenience of the reader we divided the proof into five steps,
containing several lemmas, whose proofs will be given in the last section. Also, for

future considerations we assume that d < a, the other case beeing treated similarily.
By L > 0 we denote the Lipschitz constant of & on a neighbourhood of [—C3, Cs].

STEP 1. Note first, that the unique weak entropy admissible solution of (5) satisfies
(7) lu(t,z)] < Cp for a.a. (t,z) € [0,T] x R.

Lemma 1. Letv : [0,T] — R be Lipschitzian, with 0(t) € [a,b] for a.a. t € [0,T].
Then the composition t — u(t,v(t)) is measurable.

Consider the equation (3) with the initial data z(0) = zy. Lemma 1 guarantees
that the Picard operator P for this problem

PU—U, P)) =10 +/0 h(u(r, v(r)))dr,

U={v:[0,T] — R : v is Lipschitzian and v(¢) € [a, b] for a.a. t € [0, T},
is well defined.

Our first goal will be to show that P is continuous and has a unique fixed point.
To do this, we will approximate P with the Picard operator of an another ODE,
whose right hand side will be the composition of i and a suitable approximation of
the discontinuous function w. (|

STEP 2. Fix ty € [0,7]. Let ¥ € L' be a piecewise constant function with finite
number of jumps located at points z;, and assume that ||¢||L < Cj. For each
x;, let & @ [to,T] — R be the unique forward characteristic of (5), originating
from (to, z;). Without loss of generality we may assume that each z; is a continuity
point of the function u(to, -), so each &; can be prolonged along the unique backward
characteristic emanating from (tg, ;). Thus the functions & are defined on [0, T
(note that each &; is differentiable at all but a countable number of points and there
holds &; € [¢, d]) and divide the stripe [0, 7] x R into finite number of regions R;. R;
is the (open) region with the property: R; N {(to,z) : « € R} = {to} x (zi—1, ).
We also have two unbounded R;’s, defined in an obvious way.
Let o : [0,T7] — R be the solution of
Ti + Ti—1

a; = glei),  aito) = Y(——F—).
Define a measurable function w : [0,7] x R — R, by
w(t,z) = a;(t) for (t,x) € R;.



ON THE WELL POSEDNESS OF A SYSTEM... 5

Note that since ||¢]|L~ < C1, |w(t,x)] < Cq for all (t,z) € U;R;. Moreover, in
each R; the function w is C? and Lipschitzian with the constant

Lo = max .
2 [_CZ)CZ]|Q|

Lemma 2. Fiz e > 0, then there exist to € (0,T) and a number § > 0 such that if
[l — u(to, )|l < & then for any v e U

T
/0 [h(w(r,v(T)) — h(u(r,v(r)))| dr < €.

STEP 3. We will discuss the ODE
(8) & = h(w(t, z)),

(where the piecewise continuous function w is constructed as in step 2). Since the
slopes of discontinuities and the values of the composite function h o w belong to
disjoint intervals, (8) is well posed.

Let x be any solution of (8), which crosses the curves &; only at their differen-
tiability points. Define V : [0,T] — R

where z. is the solution of
Ze = h(w(t,xe)), x:(to) = x(to) + €.

V' is well defined and continuous in the intervals where x remains in the same region
R;. The standard computations [6] show also that there holds

Vits) = V(t1) exp (/t D, (h o w)(r, 2(+)) dT> <t

t1

On the other hand, at every point ¢ in which z(t) = &;(¢), V has a jump described
by the formula .

Vi) _ h(w(t,z(H)+)) = &(t)

V(=) hw(t,z(t)-)) - &(t)
Define the functions z, 0, A: [0,7] — R

2(t) = e®V(),

b— A\(t)
h(w(t, (1)) = A(t)
The function A will be defined separately on each interval [¢;_1, ;] (where §_1 (ti—1) =
x(t;—1) and &;(t;) = x(¢;)) and have the following properties:
Atic1) = &im1(ti1), Alt) = &(ta),
A(t) € [c,d] for any t € [0,T],
A is piecewise C! and has only downward jumps,
for a.a. t € [0,T] one has
h(w(t, z(t))) — A(t)

At) < - +Q,

where the constants @ > 0 and 3 € [0, %) are uniform, that is they do not
depend on a particular approximation w or a solution x of (8).

(P1)
(P2)
(P3)
(P4)
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Lemma 3. There exists a function A : (0,T) — R with the properties (P1)-(P4).

Compute the derivative of ¢ in the regularity intervals of A

—AD)[h(w(t, 2(t))) — At)]

P Tl e) - 0P |
b= A@®)][De(how)(t, x(t)) + h(w(t, z(t)))Dy(h o w) (¢, z(t)) — At)]
[h(w(t, (t))) — A(t)]?
B b— h(w(t,z(t)))
= itz @) AP )
b— A1)
e #(00) X (1 )10+ (0D w) (0]
_ ) b— h(w(t,x(t))) A(t)
v b— A1) h(w(t,z() — M2)
) Di(how)(t,z(t)) + h(w(t, z(t)))D(h o w)(t, z(t))
v h(w(t 2(1))) — A®)
Thus
o(t) b—al b—a Q LLy + LLymax(|al, |b]) 1
o) =P o=t Tr=da—a " a—d Sy O

where the constants v € (0,1) and C3 > 0 depend only on the system (5)(2).

Compute now the derivative of z in the regularity intervals of A
$(t) + e(t)Dah(w(t, z(t)))

2(t) = o)V (t) + o)V (t)Dy(h o w)(t, z(t)) = -0 2(t).
Hence B )
2(t
L <y 4O
Z(t) = /Yt + 35
and finally, for any ¢1,ts which are in the same regularity interval of A and ¢; < ¢y

z(t2)

9) ()

Note that z is continuous at the points ¢ where x(t) = &(t), as

b—&(t b—&(t
2(t—) = &() — V(t—) = &() :
h(w(t, z(t)=)) — &(t) h(w(t, z(t)+)) — &(t)
Moreover, z has only downward jumps, since the same is true for ¢ (in each interval
(ti—1,ti)).
Concluding, the formula (9) holds for all ¢1,t2 € [0, T] such that ¢; < ¢ and that
V(t1), V(t2) are defined. This yields

10) G = A e < g ew(@ ) () < ()

for all 1, t2 as above, where the constant M > 0 depends only on the system (5)(2)
Later on, by integrating the formula (10) one will be able to obtain an estimate on
continuous dependence of solutions to (8) on initial data. (]

1

< exp(C3(t2 — 1)) <§_2)7

V(t+) = z(t+).

STEP 4. Now we conclude the proof of the well posedness of (3). By step 2,
the Picard operator P of (3) with initial data x(0) = zo is a uniform limit of
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the corresponding Picard operators P,, written for (8) with the approximating
function w constructed according to Lemma 2, and initial data £(0) = z¢. Hence P
is continuous. P has also the relatively compact image, contained in U (note that
U is a closed, convex subset of the Banach space C°([0,T],R)). By Schauder fixed
point theorem, P must thus have a fixed point, which is a solution of (3) with the
initial data z(0) = xo.

To prove the uniqueness of solutions of (3) and the continuous dependence on
g, we first note

Lemma 4. Let e : [0,7] — R be measurable and bounded by b — a. If v is a
solution of the problem

(11) B(t) = Mg [h(w(t, v(t) + e(t)],  (0) =z
(here 14 3 : R — [a, b] is the projection of R onto [a,b]), then for any t € [0,T]

s %?m </Ot le(7)| dr>17

(x here stands for the unique fized point of P).

Having once the estimate (10) established, one can see that Lemma 4 is proved
in the same way as Lemma 1 in [3].

Let x1,z2 be two solutions of (3). For i = 1,2 set e;(t) = h(u(t,z;(t))) —
h(w(t, z;(t))) (where w is constructed as in step 3). Note that x; is a solution of
(11) with initial data v(0) = 2;(0). By Lemma 4 we can thus estimate the differences
|z; — yi||Lee, where y; is the solution of (8) with y;(0) = x;(0). On the other hand,
the difference ||y1 — ya||L~ is estimated by means of the formula (10)

y1(t) — y2(t)] < (1 + b — a) max{Mt" |y1(0) — y2(0)]' 7, y1(0) — y2(0)|}.

Since by Lemma, 2 fOT le;(7)] dT can be arbitrarily small, provided that the approx-
imating function w is choosen suitably, we obtain

(12) [Jo1 — 22l < (1+b—a) max{MT7 |z1(0) — z2(0)|" "7, |21(0) — 22(0)[},

which proves the well posedness of (3). (For the details, see the proof of Theorem
1in [3].) O

STEP 5. The uniqueness and existence of the admissible solution of (5)(2) is clear
in view of step 4. To justify the continuous dependence on the initial data, note
that by [4] un(t,+) — u(t,-) in L1, for any ¢ € [0, T] (we use the notation introduced
in the statement of the theorem).

The convergence 6, — 6 is proved exactly as in [3]. O m

3. THE CASE OF NONCONVEX FLUX

In this section we show that the convexity of the flux function f in (1) is crucial
for the well posedness of (3) and thus also for the well posedness of (1)(2). To do
this, we shall define two smooth functions f, h : R — R such that f'(z) € [-1/2,1]
and h(z) € [3,5] for all x € R, h beeing Lipschitzian, and a piecewise constant
function @ € L' N L, with a(z) € [0,2] for all z € R, such that there exist two
solutions z1, 3 : [0,2/9] — R of (3) with the initial data x(0) = 0. Note that in
view of Theorem 1 or Theorem 2 in [3], f” must change sign in the interval [0, 2].
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f(x):

o2 | . R N

FIGURE 2

Define u™ = 0, v~ = 1, ¥™ = 2. The function f, shaped as in Fig. 3 should
have the following features:

f is smooth and f’(z) € [-1/2,1] for all z € R,

f(z) =z forall z € [u™,u™],

e the upper concave envelope of f on [u™,u™] is a straight line with the slope
1/2,

e the lower convex envelope of f on [ut,u~] is a straight line with the slope
A1 on [u™, u;] and coincides with f on [u,u ], for some point u; € (u™,u™),
which is close to u ™,

e the upper concave envelope of f on [u™,u~] coincides with f on [u™,u°] and

is a straight line with the slope \g on [ug, u™], where ug € (ut,uy).

The fuction h, as in Fig. 3 should satisfy:

e h is smooth and h(x) € [3,5] for all x € R,
o h(z)=9/2for x € [ug,u™ U {ut},
e h(z) <9/2in (ut,uy).

The initial data @ is uniquely defined by:
e 4(z) =0 for x € (—00,0] U [1, +00),
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o u(x) =U(2"z) for x € (27"71,27"], n > 0, where

ut for z€(1/2,7/10)
U@) ={ um for xe€(7/10,8/10)
u~  for =z € (8/10,1).

The solution of (1) is shown in Fig. 3 below.

w=->u"/ 2

A=1/2

- - A=1/2
y=->u =1

.
1/8 1/4 1/2 1 X

FIGURE 3

Note that the initial data U yields two shocks (of opposite signs), whose inter-
action gives in turn a centered rarefaction wave. This pattern is reapeated in a
self-similar way, namely w(t,z) = u(t/2,z/2) for x € [0,1] and ¢ € [0,2/9]. Con-
sider now the ODE (3) with x(0) = 0. Certainly 21(t) = 2t is a solution of this
problem. Defining h appropriately on [u™,uo], one can find another solution z,
such that x1(t) — 22(t) = 2(x1(¢/2) — z2(t/2)) for all ¢t € [0,2/9]. The distance
between x1(t) and xo(t) increases rapidly when xo(t) lies inside the rarefaction
waves.

Note that the above result gives rise to the ill-posedness of (2) with () = 0. In
fact, for any o € R the function

0 for x<m(t)orx>xat)
0(t,x) = { for € [wa(t), w1(£)]

defined on [0,2/9] x R is then a solution of (2).

4. THE DETAILS OF THE PROOFS

Proof of Lemma 1. Fix any top € (0,7"). We will show that the function ¢ —
u(t,v(t)) is measurable on [tg,T]. Let y; : [0,] — R be the maximal backward
characteristic for (5), emanating from (¢, v(t)),

{ Ge = f'(w), yi(t) = v(t)

W = g(we), we(to) = ulto, 2(t)).
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Fort € [to, T define Z(t) = y.(to). Since u(t, v(t)) = wy(t), it is enough to prove that
the counterimage of any measurable set, under the function Z, remains measurable.
To do this, we will show that there exists a constant C, > 0 such that

(13) Z(t)— Z(s) > Cyy(t —s), for ty<s<t<T.

Fix s,t as above. For 7 € [tg, s] define A(T) = y(7) — ys(7). We have

Zt) = Z(s) _ Alto) Als) _ Alto) [yels) —v(®) | v(t) —v(s)
(14) t—s N A(;) t—s_A(;J) t—s + t—s
Afto)

We need to estimate %.

CASE 1. w; < ws in [tg, s]. Then g < g5 in [to, 5], so

A(s) = Alto) + /5 (1) — ys(7)dT < A(to),

to

and thus % <. 0

CASE 2. w; > ws in [tg, s]. In this case, for any 7 € [to, s] there holds
(D) =) = w0 =+ [0 = 0()4
> (0 =50)+ [ Q)= (O min 1

[—C1,C]
> 7 (wi(1) —ws(7)) exp(=T|lg[lLe) =~ min f".

[=C1,Ch]
Since
(1) = 9u(7) < (wi(7) = wa(7)) _max f",
we obtain
9:(7) — s (7) <0 — max[—cy,cy] /"
=~ to — s —.
(1) — ys(7) toming_c, ¢, f”
Note that . .. .
(20 - [ 80, _ [ H i,
Ato) to A7) to Yt(T) = ys(7)
Finally
Als) ( {yt (1) = 4s(7) }) 5
<ex § — tp) max i T E |to, S <exp(TCy).
By =P \B w7 leslp ) = eplTG)
O
Combining the above estimates with (14), one can see that (13) holds with
Cio = (a — d) exp(=TCy,).
|

Proof of Lemma 2. We will use the notions of the functions Z, w; and constants
Ci,, introduced in the proof of Lemma 1.
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We will show that the estimate of Lemma 2 is true if ¢y € (0,7), ¢ > 0 and

o < —° §< £Cly
=4I, 2L exp(T[|g'|lLe=)"

Estimate:

T T
[ Ihtwtr o) = blatretr)ldr < 2 [ futrom) - utr o) dr
0 0

to

T
< I <202t0 +/ o(r, v(r)) — u(r, v(r))| dT>
€ ta
< 4 LZ/t lu(7) — 1wy (7)) dr,
where &_1(t;—1) = v(ti—1) and & (t;) = v(t;). By the Gronwall inequality
|l —wmlar < [ 102 - utto, 2] exp(Tl o )dr

ti71 tifl

exp(T'||g[|r.) /Z(t”
Ct,

IN

[ (z) — ulto, z)| dz.
Z(ti—1)

Finally
[ ittt - ntutroeplar < § 12T )5
|

Proof of Lemma 3. Fix the interval [t;_1,t;]. The function A will be constructed
in two different ways, according to if ¢; < Ty or ¢;—1 > T3. The constant 71 € (0,7,
sufficiently small and depending only on the equation (5) will be determined later
(in CASE 1B below).

Let y;—1 : [0,t;-1] — R be the maximal backward characteristic, emanating
from the point (t;—1,2(t;—1)) and let y; : [0,#;] — R be the minimal backward
characteristic, emanating from (¢;, z(¢;)),

0i—1 = g(vi—1) vi—1(ti1) = w(tio1, o(ti—1)+)
Yie1 = f(vie1) yi-1(tio1) = x(tiz1),
{ bi = g(vi) vi(ti) = u(ti, x(ti)—)
i = f'(vi) yi(t:) = x(ti).
Note that the condition (P1) can be replaced by another condition
(P1)" A(ti—1) = gi—1(ti=1), A(t:) = 9:i(ti),
as any function A with the properties (P1)’ (P2) (P3) (P4) (on [t;—1,t;]) can be
modified in a way that it satisfies (P1) — (P4).
CASE 1A. ¢; < Ty. Assume additionally that v;(0) < v;—1(0). Then also v;—1 (t;—1) >
v;(t;—1). Define
o t—=ti
Cti—tia

. i—1 .
A(t) Yilts) + PR Yi—1(ti—1).
i bi—1
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The conditions (P1)’, (P2) and (P3) are fulfilled. We check (P4):
Yi(ti) — gi—1(ti—1)

At
®) t; —ti—1
_ i) = filtioa)) n f'witi=1)) = f'(vim1(ti-1))
ti —ti1 ti —ti—1
h(w(t, z(t)) — A(t)
< ma ma "< ! +Q,
- [—017)0(’1] |g| [—017)0(’1]f <p t @
provided that 8> 0 and Q > max[_¢, ¢, lg| max;_¢, ¢, f"- O

Before we consider the case v;—1(0) < v;(0) we need some more computations.
Denote vy = v(0) and yo = y;—1(0). For € > 0 define y=, v° : [0,T] — R to be the
solutions of

#=g)  (0)=wo+e
e
For a fixed € > 0 let ¢’ be such that y=(t;—1 + ') = x(t;—1 +&’). It is clear that the
function &’ +— ¢ is strictly increasing and continuous in its domain [0,&q). Define

(15) Atims +€') =9 (tics + &) = f(0°(tima +€7)).

We will compute the derivative of A at ¢;_1. This will give us also the formula for

)\(t), with ¢t € [tifl, ti1+ 80).

ti—1+e’
/ hw(r, 3(F)dr = 2(ti1+£) — 2(ti1)

ti—1

Y (tic1 +€') — yim1(ti—1)

ti—1te’
m—mA@Fn+A J( (r))dr

/Ot“+a/ () dr /Oti1 f'(v(r))dr

ti—1 ti—1+e’
| e - s+ [T perear

Note that :
) 1 ti—1te’
lim = - h(w(r, z(7)))dT = h(w(ti—1, z(ti—1))),
1 ti—1te’
tm S [ P = o)
Hence
! . 1 fic ! e /!
hw(tir, 2(ti-1))) = f'(0(ti-1)) = El}inog/o f(w (7)) = fu(r)dr
~ fim & e f1(ve (7)) = f'(v(1)) vo(r) —o(7) .
a 51’—>0 g /0 ve(T) — (1) € d

= (El/im g) /Otil " (v(r)C(r)dr,

0
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where
() = tig SO o ([ 0(sas).
Consequently
i & = Meltion,atia))) = f/(e(tia))
e'—0 g’ fgi—l f//('U(T))C(T)dT
Finally

(16)  A(ti1) =

f
= f"(v(tim1)) [g(v(timn) + (lim =) Cltio)]
f(v(ti=1)g(v(ti-1))
G Lim T (t-))C i) h(w(tizg, (i) = f(u(tizn))
[ f(u(n)CO(r)dr ti-1

CASE 1B. t; < T1 and v;—1(0) < v;(0). Define A by formula (15). By (16) we have

Atici+e) = f'(0°(tic1 +€))g(v" (ticy +€))
(b1 + )" (0% (b1 +€)Clti1 +')
Jo T e (n)Crdr
) h(w(ti,1 + E/,{E(ti,1 + E/))) — )\(tifl + E/)
ti1+¢ .

If £ € [0, (v;(0) — v;_1(0))/2], then

. (tim1 + )" (W (tima + €)Cltims +€)

Ati-i+e) < Q+ s
1 JET prws (7)) C(r)dr

' h(w(tFl + EJ, I(tifl + E/))) — /\(tifl + E/)
ti1+¢
for Q@ > max|_¢, ¢, |9| max_c,,c,) f”. Note that
i Bimt )t + D))+ )
e T e ()C(r)dr |
and the convergence is uniform in €. Thus (P4) is satisfied, for some 8 € [1, (b —
a)/(b—d)),if Ty is small enough. In this way A is defined on some interval [t;_;, t;—1+
€ial-
In the similar way (taking e € [—(v;(0) —v;—1(0))/2,0]), one can define A on
some interval [t; — &}, t;].

3

If e, +¢&; >t —t;_1, then for some t’ € (t;—1,t;—1 + ;4] N [t; — €}, t;), our
function A, defined as above separately on [t;—1,t") and (¢, t;] must have a downward
jump at ¢, since y;(t) > y;—1(¢) for ¢t € (0,¢;—1]. Such jumps are allowed by (P3).

On the other hand, if €/_; + ¢} < t; — t;_1, then in the ’missing’ interval [t;_1 +
el_q,t; —¢e}] we define X linearly (as in CASE 1A). The estimates similar to those
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of CASE 1A are valid because for the corresponding numbers &;_1,; there holds
’Ui_l(O) +e&i1 = ’Ui(O) — €. O

CASE 2. t;_1 > Ty. Let A1, A\ : [ti—1,t;] — R be the solutions of the following
problems:

+Q, M(tic1) = gim1(tizn),

More explicitely:

tioWio1(ticn)  x(t) —x(tio)  Q 2 —1t7 4

t pu— —_— e —
tigi(t)  x(t) —x(t;)  Q t* -2
Aaolt) = t()+()t()+—2 —.

We will show that if @ is large enough then A;(t) > Ao(t) for some t € (t;—1,t;).
This will justify the definition of the function X\ as A = A1 on (¢;-1,t) and A = A9
on (t,t;).

Note that A1 (¢) > A2(¢) if and only if

[w(tim1) = ticagi1(tio1)] — [w(t:) — taga(ti)] < % 67 — 7]
We have
yi(tio1) = x(ts) — /tl gi(T)dT = @(t;) — (ti — tic1)9i(ts) + /tl vi(ti) — gs(T)dr
and since y;—1(ti—1) = x(ti—1),

Yi(tio1) —yi—1(ti-1) = o) — o(ti-1) — (b — tim1)9:(t:) + / i gi(t:) — gi(T)dr

ti—1

< a(ty) —atio1) — galti) (ti — tiza) + % Q}gﬁ?&] lg] max f") (ti —ti1)”.
Hence
[@(ti1) — tic1Pi—1(tiz1)] — [2(t) — tiva(ts)]
< ti(@i(ts) — 9i(tio1)) + ti(@i(ti1) — Gim1(tiz1)) + Ot — tio1)?
<O [tilts = tioa) + ti(u(tion, yi(tio1)) —ultiog, z(tio1))) + (6 — tio1)?]

where C' > 0 is a constant depending only on the equation (5). By Oleinik inequality
([8]), the last estimate yields the desired

[@(tic1) — tic1Gi—1(tic1)] — [2(t:) — tiga(ts)]

t;
<O \ti(ti —tio1) + ﬁ(yi(tz;l) —a(tic1)) + (ti —tio1)?| SO — 7).

Om
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