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Abstract. Consider the Cauchy problem for a hyperbolic n x n system of conservation laws in
one space dimension:

u + f(u), =0, u(0,z) = u(z). (CP)

Relying on the existence of a continuous semigroup of solutions, we prove that the entropy ad-
missible solution of (CP) is unique within the class of functions v = u(t,z) which have bounded

variation along a suitable family of space-like curves.



1 - Introduction.

Consider a hyperbolic system of conservation laws in one space dimension:
up + f(u), = 0. (1.1)

The following standard conditions [11, 12] will be assumed throughout. The flux function f :
2 — IR™ is smooth, in a neighbourhood © C IR™ of the origin. Let A(u) = Df(u) be the

Jacobian matrix of f at u and assume that A(u) is strictly hyperbolic, i.e. with real distinct

eigenvalues: A\j(u) < --- < A,(u). We can thus choose bases of right and left eigenvectors r;(u),
l;(u),i=1,...,n, normalized so that
_ 1 if =7,
|Ti|:1> (lw TJ>_{0 if 27&] (12)
for every indices i,j € {1,...,n} and all u € Q. For each i = 1, ..., n, we assume that the i-th field

is either linearly degenerate, so that

Ai(u+ hri(w) = Xi(u)

Vi -ri(u) = }lllirb . =0 for every u € Q,
or genuinely nonlinear, so that
Vi ri(u) >0 for every u € Q.

In this setting, it was proved in [2, 3, 6] that the system (1.1) admits a uniformly Lipschitz
continuous semigroup of solutions S : D x [0, co[— D. Here D C L!(IR; IR") is a closed, positively
invariant domain, such that all functions with suitably small total variation lie in D, and all

functions in v € D have uniformly bounded variation. For a given initial condition
u(0,-) =1u € D, (1.3)

a way to establish the uniqueness of solutions to the Cauchy problem (1.1)-(1.3) is thus to prove

that every entropy weak solution u = u(t, z) actually coincides with the semigroup trajectory:
u(t,-) = Siu (1.4)

for all ¢ > 0. Regularity conditions which imply the identity (1.4) were introduced in [4, 5]. These
conditions provide some control on the oscillation of v in a forward neighborhood of each given
point (t,z).

In the present paper we consider an alternative regularity condition, quite simple to state, and

prove that it suffices to guarantee uniqueness.



(A3) (Locally Bounded Variation) For some ¢ > 0, along every space-like curve ¢ = ~(z), with

‘dt/ dac! < ¢ almost everywhere, the total variation of u is locally bounded.

In other words, we require that, whenever ¢t = y(x) is a space-like curve satisfying

|v(z) — v(a")| < bz — 2| for all z, 2/,

then the total variation of the composed map x +— ’LL(’Y($), 3:) is bounded on bounded intervals.

For completeness, we restate below our basic assumptions on weak solutions and the Lax

entropy conditions.

(A1)

(A2)

(Conservation Equations) The function u = wu(t,z) is a weak solution of the Cauchy
problem (1.1), (1.3), taking values within the domain D of a Standard Riemann Semigroup
S. More precisely, u : [0,7] — D is continuous w.r.t. the L' distance. The initial condition
(1.3) holds, together with

// (ups + f(u)py) dxdt =0 (1.5)

for every C! function ¢ with compact support contained inside the open strip ]0,7'[ x IR.

(Entropy Condition) Let u have an approximate jump discontinuity at some point (7,§) €

10, T[xIR. More precisely, let there exists states u=,u™ € Q and a speed A € IR such that,

calling
s if <&+ At—7),

utt,z) = {u+ if x> E+At—-1), (1.6)

there holds
1 T+p E+p
lim — / u(t, ) ~ U(t, )| dadt = 0. (1.7)
POt p7 Jrp Je—p

Then, for some ¢ = 1,...,n, one has the entropy inequality:

With the above assumptions, one has:

Theorem. Assume that the system (1.1) generates a Standard Riemann Semigroup S : D X
[0,00[— D. Then, for every u € D, T > 0, the Cauchy problem (1.1), (1.8) has a unique weak
solution u : [0,T] — D satisfying the assumptions (A1)—(A3). Indeed, these conditions imply
(1.4) for all t € 0,T].

A proof of the theorem will be given in Section 3, while in Section 2 we collect a number of

preliminary estimates.



2 - Preliminary results.

Since D C L! N BV, for sake of definiteness we shall always work with right-continuous
representatives, so that our functions w € D will satisfy w(x) = w(z+) for all € IR.. Moreover,
given a continuous map u : [0,7] — D, we will identify it with the corresponding function of two
variables u € L! ([0, T] x IR; ZR”), defined in the natural way.

Lemma 1. Let u: [0,T] — D satisfy (A1). Then u is Lipschitz continuous w.r.t. the L' distance.

Lemma 2. Let u : [0,T] — D satisfy (A1). Then u € BV (]0,T[xIR; IR"). Moreover there
exists a set N of Lebesgue measure 0, containing the endpoints of the interval [0,T], such that for
every T € [0,T]\ N and every £ € IR the following holds. Fither u is approzimately continuous at
(1,€), i.e. (1.7) holds with U(t,x) = u(1,§—) = u(71,&+), or u has a non-horizontal approximate
Jgump discontinuity at (1,§), so that (1.6) and (1.7) hold. In this latter case one has the additional

relations

u” =u(r, &), ut =u(r,&4),

If u satisfies (A2), then (1.8) holds for somei=1,...,n.

A proof of Lemma 1 can be found in [4]. The first statement of Lemma 2 is a corollary of
Lemma 1. For the proof of the other statements see [4, 5, 8].

The next two lemmas derive some local properties of u, implied by our the assumption (A3).

Lemma 3. Let u: [0,T] — D satisfy (A3). Fiz T € [0,T] and € > 0. Then the set

B, .= {f € R; limsup |u(t,z)—u(r,§)| > 5} (2.1)

t—14, x—¢&
has no limit points.

Proof. If the conclusion fails, then there exists a monotone sequence {¢;} of points in B; ., con-
verging to some limit point £,. To fix the ideas, let the sequence be decreasing, the other case
being entirely similar. For each i > 1, by the right continuity ot the function x — wu(7,z) one can
find a point w; €]&;,&_1[ such that |u(r,w;) — u(7,&;)| < e/2. Next, let t; > 7 and z; € |w; 41, w;|

satisfy the inequalities

|u(ts, zi) —u(7,&)| = &,
[ti — 7| <0 max {|z; — wi|, |T; —wit1]}. (2.2)
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Define a space-like curve t = y(z), with = € [£y,&1], by setting

T if =& orx>w,
7($) =< ti— (1" - xl)ufz:;l if ze [xiawiL (2.3)
ti—‘l'

T+ (.Z' — wi+1) if xze€ [wi+1,xi].

Ti—Wit1

By (2.2), 7 is Lipschitz continuous with Lipschitz constant . Since |u(t;, z;) — u(T,w;)| > €/2 for
all 7 > 1, the total variation of the composed map = — u(y(:ﬂ), :E) on the interval [£y, &;] is infinite.

This contradicts the assumption (A3), thus proving Lemma 3.

Throughout the following, we consider a fixed number \* > 1/4, strictly larger than the

absolute values of all propagation speeds A; of the system (1.1).

Lemma 4. Let u: [0,T] — D satisfy (A3). Then for each (1,€) € |0, T[xIR

t—>7'—|—1,inalv—>§i u(t,x) = u(r,&L).
|z — & > A (t—7)

Proof. Suppose the conclusion of the lemma fails. To fix the ideas, assume that, for some (7,&y) €

10, T[x IR, there exist decreasing sequences t; — 7+ and z; — &+, such that
|xj_£0| ZA*|tj_T|a |u(tjaxj)_u(7—>£0)‘ > €

for some € > 0 and every index j. The case x; — {— can be treated in the same way.

Define the sequence of points

. 1
w,-::vj+g(tj—7')

and observe that w; — {+ as j — oo. By possibly taking a subsequence, say {(¢;,z;)}, we can

assume that the corresponding w; satisfy
x; € Jwit1,w;[, |t; — 7| §5'max{|a;i—wi\, \xi—wi+1\} for all <.

Now let v be the space-like curve defined by (2.3). Since w; — £+, for every i large enough, we
have ‘U(T, w;) — u(T,E%—)‘ < £/2, hence ‘u(ti,xi) — (T, wz)‘ > £/2. Therefore, the total variation

of the map x — u(v(m), x) on the interval [y, w;] is infinite, in contradiction with (A3).

Next, we recall some useful estimates, valid for the trajectories of a Standard Riemann Semi-

group S.



Lemma 5. Let w: [0,T] — D be Lipschitz continuous. Then for every interval [a,b] € IR there
holds:

e(T) = STw(O)HLl([a—i-)\*T,b—)\*T]; R7)

B S
oy h

T w(T + h) — Spw(T)|; . . L . (2.4)
o(1) / { [ Iy (a2 (rth) b= A= (rth)ls B) Lo
0

Here and in the sequel, with the Landau symbol O(1) we denote a quantity whose absolute

value satisfies a uniform bound, depending only on the system (1.1).

Before stating the local integral estimates valid for semigroup trajectories, we need to define
two local approximate solutions of (1.1). Let w € D and fix a point £ € IR. Call w = w(t, z) the

unique self-similar entropy solution of the Riemann problem

_ if
wi + f(w)z =0, w(0,2) = {zggj& ;f i i 8’
For t > 0, let
L Jw(t, z=¢) if |z — & <A™,
Uﬁ(t’x) - {w(q;) if |$ — f| > \*t.

Next, call A = Df (w(§)) the Jacobian matrix of f computed at w(§). For ¢ > 0, define
U’ (t, ) to be the solution of the linear hyperbolic Cauchy problem with constant coefficients

Ul + AU® =0, U°(0) = w.

Lemma 6. For every function w € D, every € € IR and h,p > 0, with the above definitions one

has
1 [&tp—hA
h /5 B ‘(Shw)(x) - U’i(h,x)‘ dr = O(1)- Tot.Var.{w; 1€ —p, E[UIE, f—i—p[}, (2.5)
1 [&tP—hA ,
n /5_ . ‘(Shw) (z) — Ub(h,x)( dz = 0(1) - (Tot.Var.{w; 1€ = p, €+ p| }) , (2.6)

For the proofs of the two above lemmas, see [1]. We conclude this section by recalling two

technical results, that will be needed toward a proof of our Theorem. The proofs can be found in

[4].
Lemma 7. Let w € L'(]a, b[; IR™) be such that for some Radon measure ji, one has

‘ / C w(z) da

< ,u([Cl, CQ]), whenever a < (1 < (3 < b.




Then )
[ @) ds < u(a. 0.

Lemma 8. [4] Let u : [0,T] — D be Lipschitz continuous. At a given point (1,£), let the conditions
(1.6)-(1.7) hold, for some u~,u™ € IR™, A € IR. Then, for each A > 0 one has

A
lim sup / |u(7’+h, §+)\h+py)—u+‘dy:0,
P=0% ni<p Jo

0
lim sup / |u(T 4+ h, &+ A+ py) —u~| dy = 0.
A R

3 - Proof of the Theorem.

Let u satisfy (A1)—(A3). To deduce (1.4), in view of Lemma 5 it suffices to show that for
every interval [a,b] C IR and a.e. 7 € [0,7] one has

i inf [[u(r + 1) — Shu(T)HLl([a,b]; R™)

h—0+ h =0 (3.1)

In fact, we will show that (3.1) is valid for every [a,b] € IR whenever 7 € [0,7] \ N. The proof
is divided in 3 steps. The aim of the first two steps is to derive the appropriate estimates on the

error

Hu(T +h)— Shu(T)HLl(I; R’

when h > 0 and the interval I C [a, b] are small enough. This will be done using the inequalities in
Lemma 6, namely (2.5) near points where u(7,-) has large variation, and (2.6) on intervals where
the total variation of u(r,-) is suitably small.

In the third step we construct a suitable covering of [a,b] and complete the proof of (3.1)

combining the estimates obtained in steps 1 and 2.

STEP 1. Fix € > 0 and assume 7 ¢ A. Then, at every point £ € IR the limit (1.7) holds for some
u”,u™, \. Observe that u™ = v~ at a point where u is approximately continuous, while u* # u~
if u has an approximate jump discontinuity at (7,£). By (1.7), from Lemma 8 it follows

1 (TR

hli%l+ﬁ e ‘U(T+h,$)—U(T+h,$)|d$

1 E+A*h E+A*h
< lim —/ lu(t + h,z) —u"|dz+ lim —/ |u(T + h,z) —u~ | dz = 0.
E_X*h h—0+4 h E_X*h
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Hence

1 E+A*h
E/ ‘u(T+h,.’L‘)—U(T+h,.’L‘) dx <e
E=A*h

for all A > 0 sufficiently small.
By Lemma 2, U(t,z) = U*(t — 7,z) in a forward neighbourhood of the point (7,¢). Hence by
(2.5) we get

1 §HAh 1 E+A"h
z /g—»h ‘u(T + h,x) — (Spu(r))(z)| dx < e+ — L—A*h ‘(Shu(’r))(x) —U(r + h,z)|dz

=e+0(1)- Tot.Var.{u(T); 1€ —2X"h,E[ U ]E, € + 2)\*h]}) < 2¢

(3.2)

for h > 0 small enough. Note that here the maximum size of h depends on £, 7 and ¢.

STEP 2. Fix ¢ > 0 and an interval ]c,d[ C IR centered at a point  and such that |e,d[ NB; . = 0.
Here B, . is the set (2.1) of points where the oscillation of u is > €. Consider a family of trapezoids

{Th}n>0 defined as
r, = {(s,x); selrT+h], z€ Jc+(s=7)A\, d—(s—7)\* [}
We first show that for small A > 0 and every (s,z) € I'j, one has
lu(s,z) — u(r,&)| < 2e + Tot.Var.{u(7); ]c,d[} (3.3)

Indeed, by Lemma 4 the inequality (3.3) clearly holds for points (s,z) contained in small neigh-
bourhoods of the lower corner points (7, ¢) and (7,d). It thus remains to prove (3.3) in a region of
the form [r,7 + h] x [c+ h',d — 1], with b’ > 0 given and for some h > 0 suitably small. Since
[c+h,d—h]NB,. =0, for every y € [c+ h',d — 1] we can find h,, p, > 0 such that (3.3) holds
when (s,z) € [, T+ hy]x|y—p,, y+p[. Covering the compact interval [c+h',d — h'] with finitely
many open intervals |y; — py;, yj + py;[, j = 1,..., N and choosing h = min h,;, we obtain (3.3)
for all (s,z) € [7,7+ h] x [c+h',d—]].

We now show that, for all h > 0 with h < (d — ¢)/2)*, the following estimate holds:

d—\"h
/ ‘U(T + h,x) — U’ (+h, x)‘ dx

ct+A*h
T+h

=0(1)- (s,il)lgrh lu(s, z) — u(r,§)| - /T Tot.Var.{u(T); [+ X (t—7), d= X (t—7)] } dt.
(3.4)

To derive (3.4), we proceed as in [4]. For each i = 1,...,n call \;,l;,7; respectively the i-th
eigenvalue and the left and right eigenvectors of the matrix A = Df(u(r,¢)), normalized as in
(1.2).



Let ¢’ < " belong to the interval ]Jc+ A*h,d — A*h[ . We now need to estimate the quantities

C2
B = [um7+m@—uwmm)dx
C1

Obviously
lNi Ul’(h,x) = ZNZ U"(O,x - S\Zh) = ZNZ U(T,x - S\JL)

Integrating (1.1) over the domain

we obtain
C// //

u(tT + h, :E)dx—/ l; u(t,x — \;h) dz
—Nu)(t, ¢+ (t—T1—h)N;)dt (3.5)

- / I+ (f(w) = M) (b, ¢+ (t—7— W)Ao) dt.
Consider the states
=ult, (+(t—T1—h)N\), u’ =u(t, "+ (-1 —h)N), = u(T,§)

and define the averaged matrix

A*;/Ol [Df(su”Jr(l—s) ") = Df(a )}

One can check that

L(ﬂdﬂ—f@ﬁ—ﬂxwﬁﬂﬂﬁ::L(Df@)@/—uﬁ—ﬂxwﬁwﬁ)+hAf@”—w):hthﬂ—u%

Therefore

i (£ = ) = Kta =) | = O =] A = O = ] (" = a4 | = ).
Together with (3.5) this yields:

T+h B 5
Bl =00 [ {jute ¢+ (=7 = WA ¢ (¢ 7 - 1))

.Qmac+@—7—hﬂg—mgQMHMad+u—T—hﬂg—Ma@D}ﬁ
=0(1)- sup fu(s,z) —u(r,§)|

(s,z)ely,
T+h ~ ~
. / Tot.Var.{u(t); [+ (t—T—h)\;, "+ (E—T— h))\i]} dt.
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Therefore

C”

[’LL(T +h,z) — U"(h,:v)} dx

i=1

— O(l) - sup \u(s,x) — U(T, §)|

(s,z)ely,

T+h
/7—

In view of Lemma 7, this establishes (3.4).

Combining (3.3), (3.4) and (2.6) we obtain

4’/

Xn:Tot.Var.{u(t); [¢+@t—7- MAi, ¢+ (-7 — h)S\Z] }] dt.
i=1

d—X\*h
/c ‘u(T + h,x) — (ShU(T))(x)‘ dx

+A*h
T+h

=0(1)- (26 + Tot.Var.{u(7); ]c,d| }) : / Tot.Var.{u(t); [c+ (t=T)N*, d— (t —T)X\*] } dt

2
+O0(1)-h- (Tot.Var.{u(T); le,d] }) ,
(3.6)
valid for small A > 0.

STEP 3. Fix ¢ > 0, a time 7 € [0,7] \ N and an interval [a,b] C IR. By Lemma 3, the set
B; . N [a,b] contains finitely many points, say & < £ < ... < £n. Observe that every point £
where u(7,-) has a jump > ¢ is certainly included in the above list.

We can now cover the set [a,b] \ {&1,...,&n} with open intervals Jcq,do[, @ = 1,..., M,

satisfying the following conditions:
(i) {&.- - &n} N Uazy Jeardal =0,
(ii) Tot.Var.{u(7); Jca,dal} < 2¢ for every a =1,..., M,
(iii) every point of [a,b] is contained in at most two distinct intervals |c, do |-

By steps 1 and 2, for every h > 0 small enough one has

1 /;iﬂ*h ‘U(T +h,x) — (ShU(T))(x)‘ dr <

e
AT
e xen N

do—X\*h
/ [u(r + h,2) — (Shu(r) )| d
cat+A*h
T+h
—0(1) ¢ / " Tot.Var.{u(t); Jca + (t— )N, do — (E—T)N" [} dt
+ O(1) - he - Tot.Var.{u(7); |ca,da[}
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for every i =1,...,N and every a« = 1,..., M. Finally,

1 b
i

<

u(T + h,z) — (Shu(T))($)‘ dx

N

Z % /:iﬂ*h ‘U(T + h,z) — (Shu(r)) (37)‘ dz + i % /CdaA*h ‘U(T +hw) = (Shu(T))(x)‘ dv

i=1

i—A*h

€

T+h
<e+0(1)-— / Tot.Var.{u(t); R} dt+ O(1)-e - Tot.Var.{u(7); R}

h

=0(1)-e.

Letting € — 0 we obtain (3.1).

We have thus shown that if u satisfies (A1)—(A3), then it must coincide with the correspond-

ing semigroup trajectory t — S;u. On the other hand, one can easily check that the assumptions

(A1)—(A3) are satisfied by all semigroup trajectories, because these are obtained as limits of

wave-front tracking approximations. The proof of the Theorem is thus completed.
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