LYAPUNOV FUNCTIONAL FOR SOLUTIONS OF SYSTEMS OF

© 0N O WD

CONSERVATION LAWS CONTAINING A STRONG
RAREFACTION

MARTA LEWICKA

CONTENTS

Introduction and statement of the main results

The weighted BV stability condition

The weighted L' stability condition

Existence of solutions — a proof of Theorem I

First order rarefactions

Lyapunov functional — a proof of Theorem IT

Stability estimates

Technical lemmas

A sufficient condition for admissibility of initial data — a proof
of Lemma 4.6

References

ABSTRACT. We study the Cauchy problem for a strictly hyperbolic n X n system of
conservation laws in one space dimension

ut + f(u)ff = 07
u(0, z) = a(x).

The initial data @ is a small BV perturbation of a single rarefaction wave with an
arbitrary strength. All characteristic fields are assumed to be genuinely nonlinear
or linearly degenerate in the vicinity of the reference rarefaction curve. We prove
that a suitable BV stability condition yields uniform bounds on the total variation
of perturbation, thus implying the existence of a global admissible solution. On
the other hand, a stronger L! stability condition guarantees the existence of the
Lipschitz continuous flow of solutions. Owur proof relies on the construction of a
Lyapunov functional which is almost decreasing in time and which is equivalent to
the L' distance between the two solutions.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS
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The system of conservation laws in one space dimension is the following first
order system of nonlinear PDEs:

(1.1)

ug + f(u)y, =0.
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The well-posedness of (1.1) has been the objective of vast research in recent years,
however at a considerable level of generality it remains an open problem. A com-
plete analysis of the issue has been carried out for strictly hyperbolic flux in (1.1)
and initial data « € BV having suitably small total variation.

(1.2) u(0,x) = a(x).

Namely, the entropy solutions to (1.1) (1.2) constitute a flow which is Lipschitz
continuous with respect to time and initial data. As shown recently in [BiB], its
trajectories are the limits of the solutions to the parabolic regularizations of (1.1),
when the viscosity parameter vanishes to zero.

Another approach was implemented in a series of papers [BC, BCP, BLY]. It
relies on building piecewise constant approximations of solutions to (1.1) (1.2) and
then controlling the evolution of their BV or L' norm. The fundamental block
in this construction is provided by solutions of the Riemann problems, that is for
initial data @ consisting of a single discontinuity:

u- oz <0,
(1.3) u(O,:E)—{ om0

To analyze how much the crucial so far condition of the smallness of initial data
can be relaxed, one wishes to study the well-posedness of (1.1) (1.2) with @ being a
small perturbation of a fixed Riemann data of arbitrarily large strength. We assume
that the solution of the latter is given and that it consists of a number of waves of
different characteristic families. More generally, we wish to study the stability of a
reference pattern containing possibly strong but noninteracting waves. The above
mentioned results say that the trivial pattern with no waves present is stable, as
one can control the amount (measured in TV or in the L' norm) of initially small
perturbation of this pattern.

An example in [BC] points out that this is no longer true in presence of strong
waves. Indeed, one has to account for the waves’ mutual influence as well as for
their interaction with the perturbation, and therefore extra stability conditions are
necessary. These conditions in essence refer to the existence of weights with respect
to which the flow generated by the associated linearized problem is a contraction;
the linearization is taken at states attained by the reference solution [BM]. This
approach was realized in a series of papers [BC, Scho, BM, LeT, Lel]. All these
works however concentrate mainly on patterns with strong shocks or deal solely
with the BV stability in presence of rarefactions.

In [BC] the authors study systems of 2 equations and prove their BV and L*
stability under the corresponding non-resonance conditions relating to 2 shocks.
The presence of strong rarefaction waves is also admitted, however being extreme
fields waves their stability follows without any additional restrictions [Le3]. More
general n x n systems of conservation laws are studied in [Scho] and the BV sta-
bility of patterns including strong shocks, rarefactions and contact discontinuities
is established. In particular this yields the local in time existence of solutions to
(1.1) (1.2) within the class of initial data with bounded variation. In [Lel] we
established both the BV and the L' stability of patterns of noninteracting strong
classical shocks in n x n systems. The crucial ingredient for proving the L' stability
was the Lyapunov functional approach from [BLY]; let us anticipate that the same
method will be used in the present article. The role of the stability conditions from
[BM, Lel] and their relations to [BC, Scho] were explained in [Le2].
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As a next step, this paper studies BV and L' stability of solutions to (1.1) (1.2)
close to a reference pattern which is a single rarefaction wave of arbitrary strength.
The results of this work combined with [Lel] yield thus the well-posedness analysis
for patterns of noninteracting shock and rarefaction waves (compare also [Le3]).

The stability conditions presented in this paper are studied in a complementary
work [Le3].

We now state our basic hypotheses and set the notation.

The system (1.1) is strictly hyperbolic in a domain © C R™ to be
(H1) specified later. That is, for each u € € the Jacobian matrix Df(u)
of the smooth flux f : @ — R has n distinct and real eigenvalues:

A(u) < ..o < Ap(u).
Let {r;(u)}.—; be the basis of right eigenvectors of Df; Df(u)ri(u) =
Call {l;(u)};—; the dual basis of left eigenvectors, so that (r;(u),l;(u))
i,7:1...n and all u € (.
Fix k : 1...n and consider an integral curve Ry of the vector field r; joining
states u, u, € Q:

:\()()

for all

1.4) 9 Ry (6) = (R (0)).

u = Ri(0), ur=Rp(©), ©>0.
Ry is called the rarefaction curve. For a small ¢ > 0 we define the domain
(1.5) D=0 ={ueR": |Jlu—Rk(0)|| <c for some b € [0,0]};

all the subsequent reasoning will be restricted to this domain, with the parameter
¢ appropriately small. We further assume that:

In Q, each characteristic field ¢ : 1...n is either linearly degenerate:
(H2) | (DA;,r;) =0, or it is genuinely nonlinear which means that (D;, r;) > 0.
The k-th characteristic field is assumed to be genuinely nonlinear.

In the case of linearly degenerate fields we set ||r;(u)|| = 1, while when the i-th
field is genuinely nonlinear we choose the normalization of right eigenvectors r;(u)
so that (DA;(u),r;(u)) =1 for all w € Q. In particular we have:

(1.6) (DXg(u), 7 (u))y =1 forallu e
and thus © = A (u,) — Ag(w).
The piecewise smooth, self-similar function, called the centered rarefaction wave
is given by:
Uy if x < tAk(ul)
(1.7) uo(t,z) = Rk(e) if v = t)\k(Rk(e)), 0 e [0, @]
Uy if © > t\g(uy)
and provides an entropy admissible solution of (1.1) [Sm, D]. The objective of this
paper is a study of the stability of ug. Our main results are the following:

Theorem I. Assume that (H1), (H2) and the BV stability condition (2.6) hold.
For c,§ >0 let £ 5 denote the set of all continuous functions u satisfying:
(i) u(x) € Q. for allz € R,

(i) limg— oo t(x) = w and  limg,_, o u(x) = u,,
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(i) |TV (@) — |Rk|| < 0, where |Ri| = TV (Ry) is the arc-length of the rarefaction
curve Ry(0), 0 € [0,0].

There exist small parameters c¢,6 > 0 such that for every u € cl &5, where cl

denotes the closure in L}, the Cauchy problem (1.1) (1.2) has a global entropy

admissible solution u(t,x).

Theorem II. Assume that (H1), (H2) and the L' stability condition (3.1) are
satisfied. Then there exists a closed domain D C L}, .(R,), containing all con-
tinuous functions @ satisfyling (i), (i), (i) in Theorem I, for some ¢,d > 0, and
there exists a semigroup S : D x [0,00) — D such that:
(i) ||S(a,t) — S(@,9)||pr < L- (|t = s|+ ||a — 8||p1) for all w,v € D, all t,s >0
and a uniform constant L, depending only on the system (1.1),
(ii) for all u € D, the trajectory t — S(u,t) is the solution to (1.1) (1.2) given in
Theorem 1.

We now set other preliminaries. For each i : 1...n and u € Q, call 0 — S;(u, 0)
and o — R;(u, o), the i-th shock and the i-th rarefaction curves through the point
u [L, D]. In particular we have Ry (u;, 0) = Ri(6). Both curves are defined at least
locally, that is for o € (—c,¢) and have second order contact at o = 0:

(1.8) Si(u,0) — Ri(u,0) = O(1)|o|?.

The curves’ parametrization is consistent with the normalization of the right eigen-
vectors ;. That is, they are parametrised by arc length if the i-th characteristic
field is linearly degenerate, and by the corresponding eigenvalue \; if the i-th field
is genuinely nonlinear:

(19) )\l(Sl(u, O’))) — )\Z(u) =0 = )\i(Ri(u, 0'))) — )\Z(u)
By this choice of parametrisation we have:
(110) Si(Si(u,U),—U) = U.

The speed A of a weak shock wave (v, u™ = S;(u™,0)) with strength o < 0 can
be computed from the Rankine-Hugoniot identity:

(1.11) F@h) = fum) =X (" —u).

Throughout the paper, by O(1) we mean any uniformly bounded function, depend-
ing only on the system (1.1). Any sufficiently small but positive constant is denoted
by ¢. The Riemann data as in (1.3) is for simplicity denoted by (u~,u™).
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The paper is constructed as follows. In sections 2 and 3 we present the stability
conditions and their primary motivation. In section 4 we prove Theorem I. The
proof relies on the construction of approximate solutions by means of the wave front
tracking algorithm [HR, BalJ], and applying the Glimm analysis in view of the BV
stability condition. In section 9 we prove that the domain of applicability of these
techniques actually contains the data with properties as in Theorem I.

Towards the proof of Theorem II, in section 6 we give the definition of the Lya-
punov functional measuring the L' distance between the two approximate solutions
constructed in section 4. The crucial observation forour construction is noting that
in the initial time interval where the solutions are apart from each other, this dis-
tance decreases rapidly. A convenient tool to estimate the decrease is the first
order rarefactions, introduced in section 5. For other times, the pointwise distance
between solutions is calculated along shock curves, as in [BLY]. The decrease of
the functional follows then from the assumed L' stability condition and the main
concern of sections 7 and 8.

2. THE WEIGHTED BV STABILITY CONDITION

In this section we discuss a stability condition guaranteeing the existence of
solutions to the problem (1.1)(1.2) in the vicinity of the reference rarefaction wave
(1.7). To motivate our approach we first recall the argument from [Lel, BM]. The
stability conditions there were formulated in terms of the existence of a family
of weights w; > 0, i : 1...n, corresponding to different characteristic families
of perturbation v, and depending on the location of perturbing waves inside the
reference pattern ug. The conditions required that the weighted BV or L! norm of
any solution of

v + D f(uo)ve + [D?f(uo) - v] - (uo)z = 0
was nonincreasing in time.

Let wy ... wg—1,Wkt1 ... Wy : (—¢,© + ¢) — R4 be smooth, nonnegative func-
tions defined along the rarefaction curve Ry, in (1.4). We can extend this definition
on the whole neighbourhood 2 by setting

(2.1) Vi#kVueQ wi(u)=w(0) where Ag(u) = A\p(Ri(0)).

Consider an interaction of a weak i-th wave with a small part of the rarefaction
Ry, located at the state u = Ry(f). To fix the ideas, assume that ¢ < k and
call the strengths of the incoming waves and the states they join to u respectively:
¢ >0, ¢ ,u”,u" (as in Figure 2.1 a)). In particular, we have u = Ry(u",q; )
and ¢, = 0 — Ap(u™). The strengths of waves are computed in terms of change
in the corresponding eigenvalue for genuinely nonlinear fields, or the arc-length of
the rarefaction curve connecting the two states, for linearly degenerate fields. We
thus remain consistent with the parametrization of the right eigenvectors, given in
section 1. Now if ¢;_ and ¢; are small enough, the Riemann problem (u~,u") has a
self-similar solution composed of n outgoing waves having strengths qf ...qr. For
the basic properties of this construction we refer to [L, Sm, B, D]. Assigning to
each wave the weight w; corresponding to its characteristic family and computed
at the wave’s left state, we now require that the weighted amount of perturbation
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decreases across the interaction, so that:

(2:2) > wilaf| < wila; .
7k
Recall the standard Taylor estimates [Sm]:

C|;>0

FIGURE 2.1

Vi#k q;r =0ij - q; + {j(w),[ri,re](w)) - a; g5
+O0Mlg; q; 1(la; |+ gy |)-
Here [r;, 5] = Dr; - v — Dry - r; stands for the Lie bracket of two vector fields and

di; is the Kronecker delta.
In view of (2.3), we have:

Vi# ki wlle | =w;(u) - [{w), [ri, r)(w)] - |g; g5 |
+O0M)g; g, I(lg; | + lag, 1)-

(2.3)

On the other hand:
wi g —wi g =(wi —w ) +w (g —q;)
=—wi(0) - q; ¢ +wiw) - (L, [ri, me])(u) - q; @
+O0Mlg; g [l | + g D-
Hence:
wi g | —wy g | =(sgn g¢;) - (wf ¢ —wig;)
={wi(u) - (i, [ri, ra]) () = wi(0)} - la; ay |
+ Ol ¢ [(a [ + g, D-
Condition (2.2) is thus equivalent to:

24) | D wi(0) - [y Iy i) (R (O))] | + wi(6) - Ui, [ri, 7] (R (8)) < wi(8).
ik

Analogously, for ¢ > k one obtains:

(25) | D wi(O0) - [, [re, i) (Re(O))] | +wil8) - Ui, [, ri]) (Rie(6)) < —w}(6).
ik
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Define the (n — 1) x (n — 1) matrix function:

P(0) = [pij(0)]iji1..n, for 0€[0,0],

i,j#k
oy — I [ re]) (Re(0))] if i 7,
pulf) {Sgn(k — 1) iy [ra, re])(Ri(0))  if i =34.

Combining (2.4) and (2.5), we have proved:

Lemma 2.1. Condition (2.2) is equivalent to the following:

r BV STABILITY CONDITION: There exist positive smooth functions
WY . Wh—1, Wt 1 - - - Wy : [0,0] = Ry such that
[ wi(0) ] [ wi(6) ]
(2.6) wi—1(8) w1 (0)
P(9) wis1 (0) < ENT) for every 6 € (0,0),
wa(0) | L —wi(0)
L where the above vector inequality is understood componentwise.

Remark 2.2. Notice that because of the strict inequalities in (2.4) and (2.5), the
condition (2.6) implies a stricter version of (2.2):

> wilgf| < wilg; | - clg; g |
o

for a small constant c.

Remark 2.3. The inequality in (2.6) is independent from rescaling w; — « - w;,
for any o > 0. Thus, in particular we may assume that

|w;(u)] <1 and ||Dw;(u)|] <1

for each ¢ and every u € Q.

Remark 2.4. If all p;;(0) > 0, we can regard the quantity w; () as the measure of
the amount of potential future interactions of the ¢-th perturbation wave located at
the state Ry (). For ¢ < k each w; is an increasing function of 0, and for ¢ > k each
w; is decreasing along the curve Ry. Indeed, the slow waves (A; < A for i < k)
travel in the direction of decreasing 6 on the t — x plane, and thus the bigger the
parameter 6 corresponding to their location is, the more potential contribution to
the future amount of perturbation they create. The converse assertion is true for
the fast waves of characteristic families ¢ > k.

By an approximation argument, as the inequality in (2.6) is strict, we see that
(2.2) holds also for any state u € §2.. For the more detailed discussion of condition
(2.6) we refer to the paper [Le3]. In particular, we have:
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Lemma 2.5. [Le3] Let the condition (2.6) be satisfied. There exists ¢ > 0 such that
for every u=,ut € Q with A\g(u™) — Ag(u™) > —¢, the Riemann problem (u~,u™)
for (1.1) has the unique self-similar solution attaining states in Q. The solution is
composed of n — 1 weak waves of families 1...k — 1,k +1...n and a k-th wave
which is either a weak shock or a rarefaction.

Condition (2.6) is independent of the parametrization of the eigenvectors in €.
The next lemma gathers several other properties of this condition.

Lemma 2.6. [Le3] In any of the following cases (2.6) is satisfied:

(i) when the reference rarefaction is sufficiently weak, that is 0 < © << 1,
(ii) when the reference rarefaction belongs to an extreme characteristic field (k = 1
orn),
(iil) when (1.1) has a coordinate system of Riemann invariants [Sm, D, S].
In particular, any rarefaction wave in any 2 X 2 system or the 3 x 3 system of Fuler
equations of gas dynamics [D, Sm, Scho| is BV stable.

(iv) Forn =3 and k =2, (2.6) is equivalent to the existence of a positive solution
v :[0,0] — R to the Riccati equation:

v'(0) = p12(0) + [p11(8) + p22(8)] - v(6) + p21(6) - v*(6).
3. THE WEIGHTED L! STABILITY CONDITION

The production matrix P in condition (2.6) accounts for the infinitesimal change
of the strength of perturbation as it passes through the rarefaction fan (1.7). The
elements of P(0) are second order coefficients in the Taylor expansion of the strength
of waves produced through the interaction with a part of the large rarefaction Ry (6).
In order to deal with the L! stability one is led to a “mass production” matrix M(6)
whose components additionally account for the shifts in locations of the perturbing
waves of different characteristic families before and after the interaction. More
precisely, define:

M(@) = [mij(G)]@jzl,,,m for 6 € [O,@],

i,j#k
1Aj — Akl e
pi; (0) - H(Rk@)) if i# 7,

m;(6) = DXy

We have the following:

L' STABILITY CONDITION: There exist positive smooth functions
(3.1) Wy .. Wh—1, Wit 1 - - - Wy, © [0,0] — R4 such that the inequality in (2.6)
is satisfied with M(6) replacing the matrix P(6).

Note that an observation as in Remark 2.3 remains valid.

A more restrictive version of (3.1), where all weights w; are linear, was introduced
in [BM] in the context of the well-posedness of the associated variational system.

Lemma 3.1. [Le3] We have:

(i) Condition (3.1) is stronger than the BV stability condition (2.6).
(ii) The assertions of Lemma 2.6 hold in their respective versions.
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(i) For all i # j and all 6 € [0,0)] there holds: m;;(0) = |{l;,Dr; - ri) (Ri(0))]
and m;;(0) = sgn (k — 1) - (l;, Dr; - ri)(Ri(9)).

We end this section by presenting a consequence of (3.1) which plays the same
role as Lemma 2.1 and Remark 2.2 for the condition (2.6). Its proof will follow
from the more general Lemma 8.2. To fix the ideas, let

Sk(qy ) 0 Si(u,q;) = Snlgl)o.. . Si(u,q)

with u € §, {qj_ }j=i,k small enough and ¢, > 0. Then for a small uniform constant
~ we have:

S wilgh I = M <wi g [ A = Al =g a; |

7k
Namely, the total weighted mass of perturbation decreases as it passes through the
rarefaction wave (1.7). Recall [BM] that the ratio A/Ay of shifts in the reflected or
transmitted wave with respect to the shift in an incoming wave can be computed as
AT —Xg|/IAT = k|- As in Figure 2.1 b), A~ and A" denote speeds of the modified

waves before and after the interaction with a reference wave traveling with speed
Ak

4. EXISTENCE OF SOLUTIONS — A PROOF OF THEOREM I

Recall that given a Cauchy problem (1.1) (1.2) with @ having small total vari-
ation, its solution can be obtained in the limit when ¢ — 0 of piecewise con-
stant e-approximations u®(¢,z) constructed via the wave front tracking algorithm
[BaJ, HR]. For the detailed description of the algorithm we refer to [B]. The crucial
ingredient in proving the global existence of the approximate solutions and the com-
pactness of its sequence is the Glimm functional [G] controlling the total variation
of perturbation and the amount of the future interactions. Below we briefly discuss
a natural modification of this standard construction, applicable when the reference
pattern is a strong k-th rarefaction Ry rather than a constant state. We then show
that our Glimm-type functional I' is indeed nonincreasing along any wave front
tracking approximate solution, thanks to the BV stability condition (2.6).

Definition 4.1. Let ¢g > 0. By D, we denote the set of piecewise constant func-
tions v : R — R"™ enjoying the following properties:
(i) v(—00) =y, v(+00) = up,

(ii) v(z) € Q for all z € R,

(iii) all jumps in v have amplitudes smaller than ey (and thus the corresponding
Riemann problems admit the standard self-similar solution). We order the
waves in these solutions according to their location and speed; for a wave o
by ia : 1...n we denote its characteristic family and by €4 its strength,

(iv) setting €f = max(0,¢€,) and € = max(0, —¢,) there holds:

() ()= (Za)+ (Sl <o

ia=k ia=k ia#k

Remark 4.2. Let v satisfy (i) (iii) of Definition 4.1 and let the bound (4.1) hold
with €y exchanged by another parameter §. Then if only ¢ is small enough with
respect to €y then v(z) € Qg for all x € R implies v(z) € , for all x € R.




10 MARTA LEWICKA

Take a function u(0, -) € D, for some small ¢y > 0. Let € << €. Recall that the
fundamental block for constructing the approximate solution u¢(¢, ) is provided by
piecewise constant approximations of self-similar solutions to Riemann problems.

As customary, the non-physical waves generated by the Simplified Riemann
Solver are said to belong to (n+1)-th characteristic family. The Simplified Riemann
Solver is used whenever one of the interacting waves is non-physical or when the
product of strenghts of incoming waves is bigger than a treshold parameter p(e).
The details can be found in [B], chapter 7. The associated non-physical weight
W41 1s defined as follows:

(4.2) Wpt1(u) = c-exp(—C - Ag(u)) for uwe Q,

for some suitable constants ¢, C > 0. Let wy be a positive constant, strictly smaller
than all other weights w;(u) defined in £ by (2.6) and (2.1). Recall that given a
weak i-th wave, we associate with it the weight w; computed at its left state.

Definition 4.3. Let u(0,-) € D, with some small €9 > 0. Let u® be the piecewise
constant e-approzimate solution, given by the wave front tracking algorithm. As-
sume t is not an interaction time of fronts in uc. Using the notation of Definition

4. 1 we 8615.‘
< = )
ia=k

where the summations extend on all waves a present in uc(t,-). The quadratic
interaction potential is defined:

Qo(u(t,) = Y leaesl,

(a,8)€A

V(u(t,)) =

+<Zea>+ > leal |

ia=k ia#k

with the set A containing all couples of perturbation waves (a, 3) in u(t,-) ap-
proaching each other. More precisely, assuming T, < xg, we have (o, 3) € A iff
iq > g or elseio = ig and at least one of the waves is a genuinely nonlinear shock.
In both cases we require that none of the waves «, 3 is a positive k-wave. Finally,
let:

Quarge(u(£,)) = 3 wi, (u (20 ) - leal + 3 wi - a.

ia#k ia=Fk

Q:QO+Qlarg87 F:V—FH'Q,
for some large constant k, to be determined later.

Lemma 4.4. Assume that the BV stability condition (2.6) holds. Then for some
constants ¢, e,k > 0 we have the following. Let u(0,-) € D, and let u® be the
corresponding piecewise constant approximate solution obtained through the wave

front tracking algorithm. Then for anyt > 0 when two wave fronts o and B interact,
if T(u(t—,)) < eo then

AQ = Q(u(t+,-)) = Qu(t—,-)) < —c- |eacp],

(43) AT =T (u(t+,)) —T(u(t—,-)) < —c- |ea€g|-
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Proof. The proof consists of several cases, depending on whether the Accurate or
the Simplified Riemann Solver is used and whether the interaction involves a k-th
positive wave which we will view as a part of the reference rarefaction Ry. We only
give the main ideas, the detailed analysis is left to the reader.

Simplified Riemann Solver

Accurate Riemann Solver

FIGURE 4.1

Case 1. - None of the interacting waves is a positive k-th wave, and the in-
teraction is solved by the Accurate Riemann Solver (Figure 4.1 ¢)). By standard
analysis [B] we have:

AV = O0(1)|eqcs]
AQo < —leats| + O(1)eo - [eacp]-
Further,

AQuarge < | 0w 1] | + (g2 — wi,leal) + (we| = wiylel)
JFia,ip

Consequently, AQjgrge < C - |eq€g|, where the constant C' depends linearly on the

upper bound of the weights {w;} as well as their derivatives {Dw;}. In view of

Remark 2.3 and assuming € to be small enough we thus obtain the first estimate in
(4.3), which in turns yields the second one for large x.

Case 2. - Interaction of a wave of family ig # k with a k-th positive wave
(ia =k, €4 > 0) solved by Accurate Riemann Solver (Figure 4.1 ¢)). As before, we
obtain:

AV = O(1)|eqes|

(4.4) AQo = O(1)eg - |eacp)-
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We view AQiqrge as a function of the state u € ) attained by u® between the
interacting fronts o and 8 and the strenghts e, and eg:

AQiarge = —Wi, - |€al + Zw;’”t 7| = G(u, €a, €5).
ik
Choose 6 € [0, 0] such that ||u — Rk (0)|| < €o. Since G(u, €q,0) = G(u,0,€eg) = 0,

we have:
|G(u, €q, €5) — ( ) ea,fﬁ)l
82

8EQ865

< leq€s| - G(u, s€q, z€3) — G(Ri(0), seq, z€g)| dsdz.

8EQ865

If only the constant ¢ in the definition (1.5) of Q is small enough, the integrand in
the above estimate is as small as we wish. Thus in view of Remark 2.2 we obtain
AQiarge < —c- |eq€g]| for some different constant ¢ > 0, taking wy, sufficiently small
with respect to other weights. If € is small enough and x large this implies (4.3).

We remark that if the interaction as in case 2 is to be solved by the Simplified
Riemann Solver (Figure 2.1 a)), then (4.3) follows exactly as above provided we
define €2 to be equal to €7*! in the accurate solution and take the scaling constant
¢ in (4.2) small with respect to other weights w;, i:1...n.

Case 3. - Interaction of a non-physical front (i, = n+ 1) with a positive k-wave
(ig = k, eg > 0) solved by the Simplified Riemann Solver (Figure 4.1 b)). Again
(4.4) is valid. Call u the left state of the wave o and 4 the state attained by u*
between the two outgoing waves. Then

AQiarge = Wrt1 () - |6$z1jrtl — Wpp1(u) - |eal
< (Wns1 (@) = wnt1(u)) - el + O(N)wnt1 (@) - eacs]
= c-exp(=CA(@)) - [1 — exp(=Cep) + O(1)eg] - |eal

exp(Ceg) — 1

= c-exp(=CA (1)) - |O(1) — €3

“leacs|

< —c% exp(—C A (%)) - |eats]

if only C in (4.2) is large enough. Taking €y small and « large, we conclude (4.3).
|

Define now the domain
(4.5) D., =cl{veD,, T'() <e},

where cl denotes the closure in L}

o Relying on Lemma 4.4 and Remark 4.2, we
obtain:

Lemma 4.5. In the setting of Lemma 4.4, an approzimate solution u(t, z) gener-

ated by the algorithm from initial data @ € D, exists for all timest > 0 and enjoys
the following properties:

(i) [l@ = w0, )[[Lr <,
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(i) u® is piecewise constant, with jumps occuring along finitely many lines; jumps
are of three types: shocks (and contact discontinuities), rarefaction fronts and
non-physical waves; all jumps have strength < ey, while all rarefaction fronts
have strength < e,

(iil) along each shock or a rarefaction front not belonging to the k-th family we have
its speed differ from the exact speed (Rankine - Hugoniot speed for shocks and
the eigenvalue at the left state for rarefaction fronts) at most by €; the speeds
of all k-positive waves are exact (that is, equal to A evaluated at the left
state); all non-physical waves travel with speed 5\,

(iv) at each time t > 0 the sum of strengths of non-physical waves in u® is bounded
by e,

(v) for allt > 0 we have: T'(u(t,")) < €.

Now a standard argument yields that a subsequence of approximations u¢ con-
verges to a solution of (1.1) (1.2) and that the domain D, is positively invariant
with respect to the flow this way generated. Again, all the details can be found in
[B]. To prove Theorem I it thus suffices to show:

Lemma 4.6. Let u € cl &5 for sufficiently small ¢,6 > 0, as in Theorem I. Then
@ € De,, for some ¢y = €p(d) and lims_.g €9(d) = 0.

The proof will be given in section 9.

5. FIRST ORDER RAREFACTIONS

We call a positive k-th wave located at yg at time 7" > 0 a first order k-rarefaction
wave if there exists a continuous curve y(t) with y(T) = yo such that for almost
all t € [0,T], y(¢) is the location of a positive k-th wave. For each t € [0, +0c0) let
L*(t) be the set of locations of first order k-rarefaction waves in .

Lemma 5.1. Let u(t,x) be as in Lemma 4.5 (in particular u®(t, ) € D¢, for all
t>0). Then:

(5.1) V(t) = Yoo -0+ > el | =00) e,

TaELU(t) TaELU (1)

above the summations extend on all waves a present in uc(t,-). Moreover if y(t) is
continuous and y(t) € L*(t) for almost all t € [0,T] then:

(5:2) Vs €[0,T] [Aw(u(ty(t)=)) = Me(u(s,9(s)=))| = O(1) - €o.

Proof. Above V(0) is understood as V (t), for ¢ close to 0. To prove (5.1) one defines
new interaction potentials by the same formula as ¢ and Qqrge but treating
positive k-th waves located in R\ L*(t) as perturbations. Then Lemma 4.4 and
its proof are still valid, with V exchanged there to V. Thus the estimate in (5.1)
follows.

In order to deduce (5.2) we may restrict our attention to the case ¢ = T' and
s = 0. It is convenient to consider the evolution of the related functional:

L(t) = ly'(t) = ' ()] + - V(1) + &7 Q(t),
where V(t) is defined as the sum of strengths of perturbation waves a in:

{zq <y(t) and iy > k}U{zq > y(t) and i, < k}
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and £ > 1 is a large constant. We see that when y(¢) interacts with another wave
o then AQ <0, Ay’ = O(1)|eq| and AV = —|ey|. On the other hand at any other
time Ay’ = 0 and A(V + kQ) < 0. Thus T is a nonincreasing function of ¢ if only
x is large. Hence |y/(T) — y'(0)| < T(0) = O(1)ep and (5.2) follows since

y'(t) = Me(u(t, y(t)-))
for almost all ¢ € [0, 7. |

6. LYAPUNOV FUNCTIONAL — A PROOF OF THEOREM II

Towards a proof of Theorem II, in this section we carry out the construction of
the Lyapunov functional ®. Following [LY, BLY], ®(u,v) is supposed to control
the L! distance between the two e-approximate solutions u,v : [0,00) x R — R"
obtained by the wave front tracking algorithm and thus enjoying the properties in
Lemma 4.5. Assuming the L! stability condition (3.1), the two crucial properties
of ® will be the following:

(6.1) D(ult,),v(t,)) < ®(u(s,-),v(s,")+C-e-(t—s),

(6'2) % ’ ||u(t7 ) - U(tv ')||L1 < (I)(u(tv ')7 U(tv )) <C- ||u(t7 ) - ’U(t, ')||L17

for all t > s > 0 and a uniform constant C' > 0 depending only on the system (1.1).
In the remaining part of the article we will concentrate on proving (6.1) (6.2) for
a below constructed functional ®. Taking then D = D,,, for a small ¢y > 0, the
proof of Theorem IT will follow by the already standard argument as in [B] chapter
8.3.

Fix a positive and small constant v. Given piecewise constant functions u and
v, let

(6.3) T = sup {t >0; T [Me(ult,z)) — Ap(v(t, z))| > V},
Lemma 6.1. T defined as above is finite.

Proof. Notice that since the total strength of perturbation waves is of the order €q
at each time ¢, then taking ¢ << €y we have:

(6.4) sup ||u(t,z) — a(t,z)|| + sup [lo(t,z) — o(t, z)|| = O(1)eo.

t>1l,x t>1,x

The functions @ and ¢ : [1,4+00) x R — R™ are smooth solutions to (1.1) with
initial data:

u(l,x) = uo(1,9(x)), o(1,2) =wvo(1,¢(x))

where ¥ and ¢ : R — R are some increasing diffeomorphisms. We want to show
that

(6.5) tligrnoo sup |Ag(a(t, z)) — A (0(t,2))| = 0,

which in view of (6.4) and taking € << ¢y will imply that T < +o0.
Notice that for each ¢ > 1, @ is constant outside the interval:

It = [T Oe(w) + M) - (8 = 1), 97 (Alur)) + Ne(uy) - (¢ = 1)]
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and that it propagates along the straight lines - characteristics having slopes Ax
inside the region {(¢,z); = € J{*}. Consequently, one has:

max [ (A(w)) = ¢~ (A (2))]
w,z€{uy,u,}

(6.6) sup |Mp(a(t,x)) — A (0(t, 2))| < ,
wEJENTY t—1

where the interval J/ is defined as J;*, by means of the diffeomorphism ¢. Obviously,
the right hand side of (6.6) vanishes as t — +oo. Likewise, sup, ¢ jur o [ Ak (@(t, ) —
Ak (0(t, z))| also converges to 0, because of the spreading of the rarefactions in @
and 0. This establishes (6.5). |

The definition of the functional ®(u,v) falls in two parts.

Case 1 (the profiles u and v are apart from each other): t € [0, T]. Let
T > 0. Without loss of generality we may assume that for some x there holds:
Ai(u(t, z)) > A (v(t, z)) + 3v/4 (the case of the opposite inequality may be treated
similarily). Because of the estimate in (5.1) and taking €y << v, there exists then
a nonempty interval I(T) = [z, , 2] such that 2z, € L¥(T), 2y € L*(T) and:

(6.7) Ve,y € I(T) Me(u(T,z)) — M\e(v(T,y)) > v/2.

For ¢t € [0,T] call I(t) the space interval whose boundary is continuous polygonals
z=(t) € L*(t), 2*(t) € LV(t) with 2= (T) = 2z, and 2+ (T) = 2. Notice that taking
€0 small enough Lemma 5.1 yields:

(6.8) Vi€ [0, T] Va,ye€I(t) Me(u(t,z)) — Me(v(t,y)) > v/3.
For all ¢ € [0,T) the Lyapunov functional ® is defined by the formula:
(6.9) D(u, v)(t) = [lult,) = v(t, )l + - [L@)],

where |I(t)| stands for the length of the interval I(¢) and k; is a sufficiently large
integer constant.

Lemma 6.2. If only k1 is large enough then the functional ® satisfies:
(6'10) (I)(u(tlv')vv(tlv')) < @(u(t,-),v(t,-))

(611) ||’U,(t, ) - ’U(t, ')||L1 < (I)(’U,(t, ')a U(t, )) <C- ||u(ta ) - ’U(t, ')”le
for all0 <t <t' <T and a uniform constant C > 0.

Proof. The equivalence (6.11) of ® with the L' distance follows in view of (6.8).

Denote by J(u) and J(v) the sets of all jumps in u and v, respectively. To prove
(6.10) fix t € [0,T) which is not a time of interaction of any couple of fronts in u
or v. We have:

d
E‘I)(u,v)(t) =

(6.12) S [t ) = vt O] — ulza—,t) = v(za— 1) -
aeJ (w)UT (v)

d
-—1I(t)].
e ()

The first term in (6.12) is of the order of O(1) because of the finite speed of prop-
agation, boundedness of TV (u(t)) and TV (v(t)), and:

(ot t) = v(@a-t, )] = Ju@a—,t) — v(wa—, )] = O(L)]eal-



16 MARTA LEWICKA

On the other hand in view of (6.8) we have d/dt |I(t)| < —v/4. Thus if ; is large
with respect to the system constants and the prechosen v, we obtain:

d
E@(u,v)(t) <0.
Integrating in time we conclude (6.10). |

Case 2 (u and v close): t > T. The Lyapunov functional ® is defined as in
[BLY, BJ:

(6.13) D (u,v) = ZWl(,T) ~w;i(z) - |gi(z)| da.
o0 =1
The scalar quantities ¢;(x) are roughly speaking the curvlinear coordinates of the
vector v(z) —u(z), computed along combinations of shock curves in Q. The precise
definition of W; and w; will be our concern in the sequel.
The coordinates {¢;(x)}?_; are implicitely defined by:

(6.14) v(x) = Splgn(x)) o...Sklgr(x)) o...S1(u(x), g1 (x)).

Such decomposition exists if v is small enough, as |\ (u(z,t)) — A (v(z, t))| < v for
all x and t > T. The weights w; (z) are given by:

(6.15) wi(@) = w; (Si_l(qi_l(:v)) o... .S (u(), ¢ (:v)))

where the w;-s in the right hand side are given by (2.1) and the L! stability condition
(3.1). We see that the weights w;(z) in (6.15) are computed at the left states of
the corresponding waves. Recall that wy > 0 is constant in €.

We will now define the functional weights W;(z). Recall that i, € {1...n + 1}
is the family of the jump located at x, with strength €,. Also, by J(u) and J(v)
we denoted the sets of all jumps in u and v. Let P(u) and P(v) be the resepective
subsets of J(u) and J(v), containing these « for which i, # n+1 and either i, # k
or i, =k and ¢, < 0.

Define the quantities A;(z) measuring the total amount of physical perturbation
waves in « and v which approach the i-th wave ¢;(x) located at « [BLY]. More
precisely, when the i-th field is linearly degenerate we set:

Ai(z) = Z + Z l€a|-

a€P(u)UP(v) aeP(u)UP(v)
Ta<T, toq>1 Ta>T, 1<t

For a genuinely nonlinear i-th field:

M@ =] 2t 2

a€P(u)UP(v) aeP(u)UP(v)

To<T, 1o >0 Ta>T, 1a<t
Z + Z 1
fq; 0
a€P(u) a€P(v) leo] i i) <0,

lZa<T, ta=1 LTo>T, ta=1]

Z T Z lea| if gi(z) > 0.

a€P(v) a€P(u)

Lzo<T, ta=1 Ta>T, ta=1]
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Define:
(6.16) Vi:l...n Wi(z) =1+ ka(Qu)+ Qv)) + r3Ai(x) + dix - ka|qx(z)]-

Here @ stands for the Glimm’s interaction potential from Definition 4.3, §;; is the
Kronecker delta. The (large) constants ko, k3, k4 are to be determined later; we see
that as soon as they have been assigned, we can impose a suitably small bound on
the amount of perturbation in u and v (by taking ey small in (4.5), or in particular
0 small in Theorem I), so that

(6.17) 1< Wi(x) <4 for all i, x.

This ends the definition of the functional ®.

Lemma 6.3. The functional ® constructed above satisfies (6.1) and

(6.18) éIIU(t ) = ot )l < (ul, ), vt ) < |lult,-) =o)L,

for allt’" >t > T and a uniform constant C > 0 depending only on the system
(1.1).

Proof. The equivalence of ® with the L' distance as in (6.18) follows from (6.17)
if we take the weights {w;}}—; small enough.

To prove the estimate in (6.1), define \;(x) as the Rankine-Hugoniot speed of
the shock/contact ¢;(x).

Recall that a direct calculation [BLY] gives:

(6.19) Coun.um) = Y Y B

aeJ (w)UJT (v) =1
with
Eoi=Wi-w;-|ai]) (xat) - Ni(zat) — Za)
= (Wi wi - |g]) (@a—) - (Ai(za—) = Za)-

Above &, denotes the speed of propagation of the wave a located at x,. We will
prove that:

(6.20)

d
dt
for every time t > T where the fronts in v or v do not interact. Indeed, this will be
the goal of the next section.

Next, let ¢ be such that say fronts €, and eg in v interact. It is easy to notice
that for every = and ¢ we have:

Ai(t+,x) — Ai(t—, ) < O(1)|eqcesl.

(6.21) Q(u(t),v(t)) < O(1)e

On the other hand, by Lemma 4.4, the quantity Q(u) decreases by the same order
of magnitude. Thus if ko in (6.16) is large enough, all functional weights W;(x)
must decrease across the time ¢. Consequently, the whole functional ® decreases as

well. Based on these two observations and integrating (6.21) in time, we conclude
(6.1). |
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7. STABILITY ESTIMATES

In this section we want to establish the inequality (6.21) by estimating local
terms E,; in (6.20). All calculations refer to a fixed jump « € J(v), propagating
with speed &, and belonging to a characteristic family i, : 1...n + 1. When
a € J(u) only minimal and obvious modifications of our arguments are required
and so we leave them to the reader.

We first focus on the case i, = n + 1. We will prove that:
(7.1) > Eai < O(1)]eal,
i=1

Indeed:
Vi#k |wiqm —wig |+[N = A7 =01)]eal.

Also, for i # k and if sgn ¢; = sgn q;r we have: W;L = W,;”. On the other hand, if
sen q; #sgn g then |¢;| + |¢; | = O(1)|en| and consequently:

> Eai < O(1)eal.

i#k
In a similar manner, E, < O(1)|es| if sgn g, # sgn g . The same is true if
sgn g, = sgn q,‘: because then

AWy, = O(1)]eq]-
The bound (7.1) is thus proven. Now, recalling Lemma 4.5 (iv), (7.1) yields:

(7.2) > Zn: Eoi < O(1)e.

to=n+11=1

Let now i4 : 1...n. Our goal will be to prove that:
(7.3) > Eai = 0(1)eleal.
i=1

Recall that by Lemma 4.5 |e,| < €, whenever « is a rarefaction wave. In view of
(1.8) and the definition (6.20) we may thus without loss of generality replace each
rarefaction wave « by a (possibly non-entropic) shock having the original strength
€o and the speed &, = Ap(v(za—)). We will prove that with this modification
the same estimate as in (7.3) holds. For simplicity, we write W, = W;(zo+),
q; = qi(za—), ete ...

The proof falls in several cases. Throughout the calculations, we often use the
estimates from section 8. When « is a part of the rarefaction Ry, our estimates
rely on the stability condition (3.1), the parameters wy, and v are chosen so that
the negative term in (8.3) overcomes extra contributions which are not of the order
O(1)e2. When « is a perturbation wave, our argument is essentialy a modification
of the one from [BLY]. We again adjust v appropriately and then take the constant
k3 in (6.16) to be large with respect to other quantities in the derived estimates.
The parameter €y, measuring the amount of perturbing waves present at any time
in both approximate solutions v and v, is always set to be as small as needed, in
particular eg << v.
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Case 1. i, = k and €, > 0. Recall that by Lemma 4.5 we have |e,| < e. We
will prove:

(7.4) zn: Eoi=0(1)é2

which will clearly imply (7.3). We first estimate

Y Eai=) (AWi)-w; g7 [(A —a)

(75) i#k i#k
Y W [w g | = da) — wila7 [(A7 = da)]
i#k
Fix i # k. Notice that if sgn ¢; # sgn ¢; then
(7.6) la; | <l —¢; | and  AW; = O(1)ksco.

On the other hand, if sgn q;r =sgn g; then AW; = 0. Thus the first summand in
(7.5) can be estimated using Lemma 8.1:

D (AW - wy gy (A — da)

i#k

(7.7)
< O(1)kseo - [e (Zlqs ) +ea-lg P+

s>k

In order to deal with the second summand in (7.5), we notice that if sgn ¢;” # sgn ¢;
then by (7.6) and Lemma 8.1, there holds:

| lg IO = #a) = wi la | = )

€a (ZI%I) +ea-lgg P+ e

s>k

(7.8)

The same is true when sgn ¢;” = sgn ¢; , as in this case the left hand side of (7.8)
equals to |w; g (A — #4) — w; ¢ (\] — #4)| and so one can again employ the
estimates of Lemma 8.1. In view of Remark 2.3, combining (7.5) (7.7) and (7.8) we
obtain:

S W [wtlgt (A = da) = wi g |0 — da)]

i#k
<[+ m2(Q) + Q)] - Y [w g [\ — dia) — wi g7 (A7 — da)]
(7.9) =
+ O(1)k1€0 - | €a (Z lgs ) + €y - |qk—|2 + ei
s>k

Estimating the first term in the right hand side of (7.9) by Lemma 8.3 and noting
(7.7), the quantity in (7.5) can be further bounded by:

(7.10) > Eai< ——ea (Zlqs ) ) [ea-lay [P + €],

ik s>k

if € is small enough.
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We now aim at establishing (7.4) by estimating the remaining term E, ;. We
distinguish two subcases.
Subcase 1.1. sgn g # sgn g;, . Then:
AWy = O(1)ks€q + O(1)K3ep.
Therefore we have:

(AW )wilg, [(A;, — #a) < O(L)wieq (Kaca + K3co) (6a +> oy )

s>k

S O(l)wk’ileoea : (6(1 + Z |qs|> + 0(1)5462'

s>k

(7.11)

On the other hand:
Wilwe [lg [ = @a) = lag [(AF — @a)]

< O(l)wkea [P\? - jja' + |)‘ xa'] < O wkea : (Z |QS ) .

s>k

(7.12)

Summing (7.11) and (7.12) we obtain

(7.13) Eo = O(1)wge, - <Z lgs > (1)kae?.

s>k

The bound (7.4) now follows by (7.13) and (7.10) if only wy is choosen suitably
small with respect to the constant ; and for small €.

Subcase 1.2. sgn q,j =sgn ¢, . By Lemma 8.1, we have:

Algr| = (sgn qx) - €a + O(1)eq <|qk (Z lgs ) + ea> )

s>k

Thus, if only €y and v are small enough:

(sgn gr) - Algr| > €a/2.

Moreover:

(114) X — o = 0(1) (Z |q;|> + e ) (L4 o) + omed

s>k
Recall that AW}, = k4A|qr|. Hence:

(AWk) - wilgy [(Ay — Za) = Faws - (Algr]) - g, |(Ag — Ea)

= Wk - |:O(1)€Ot|Qk| (Z |qs_|> +0(1)ealg; I”

s>k
(7.15) - 5ot ala; | + O
< wy - [ (1)kaealqy | (Z las ) (Dealqy | ]
s>k

Ka | _
— wy, Z€a|qk I+ O(1) kg€,
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Now, using (7.14) and Lemma 8.1 we obtain:

(7.16) (¢ — ;)N —da) = —q’“_;a +O(1)ea <|Qk|2 + (Z Iq;|> +€a> -

s>k

On the other hand, by Lemma 8.1:

_ gy, €a _ _
g M = A) = T+ 0(Dea (qu ” + <Zlqs I> +ea> :

s>k

Thus, in view of (7.16):

g N = da) — g (A — Fa) = O(1)eq <|qk <Z lgs ) +€a> .

s>k

The above bound combined with (7.15) yields:

Eo = wy - [— €a|qk 1> + O(1)k4ealqy, | (Z'qs )

s>k

)€a (Zlqslﬂ +O0(1)kaes,
s>k

if only the constant k4 is larger than several independent quantities O(1) in the
above series of estimates. Combining (7.17) and (7.10) we obtain (7.4) for wy, small
and k4 large enough.

(7.17)

Case 2. i, # k. Note that for i # k the quantities £, ; can be estimated exactly
as in [BLY], see also [B] chapter 8.2. On the other hand, for ¢ = k:

AWy = kg -sgn (o — k) - |€a| + K1 - Alg]

and
Alge| = O(1)]eal - Z lg; | = O(1)eal(€0 +v).

Thus the term in E, ; containing AW}, can be estimated as follows:
(AWi)wilg, (A — #a) < — Kawrealqy, ||, — Eal
+ O(1)kawrea (€0 + V)|qy || A, — Ta
< - Fwncalgy A7 - dal,
if only €p + v is small enough. The analysis in [BLY] can thus be applied to get
(7.3).

Case 3. i, = k and €, < 0. If |e4| < € and |q, | < 2|eq| then recalling that
AW, < W, +W,} <8 by (6.17), and using (8.64) from [B] we conclude (7.3). The
same argumentation as in [B] page 167 yields (7.3) when ¢;” <0 < g;, .
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We will now focus on the case when ¢, and q,j have the same sign. In view of
the analysis of Lemma 8.3 we have:

AWy = k3(sgn qi)leal + Kalgd — g5 | = ka(sgn qx)eal

+ ra(sgn gr) - | —leal + O(1)l€allqy 2+ 0(1)]eql <Z|QS >

s>k

(7.18)

Recalling the formula (8.50) from [B]:

F——+0(1) |lg + cal(lap |+ leal) + Y lac ||
s#k

the estimate (7.18) implies for k3 large (also k3 > 2r4) and € small:

_ _ . K3 =
(AWk)quk |()‘k —Za) < — ?wkka”qk ||qk + €q]

(7.19)
+ O(1)ksweleallqy | - Z|QS +0(1 ’146
s#k

Now, by the same reasoning as in [B] chapter 8.2. page 165, we see that for v small
and some constant ¢ > 0, there holds:

WiwrAllge (A — &a)] + Y Fai < —crsleal Y la5 |

i#k sel
(7.20)
OW)leal | lay llgx +eal +D_las| |,
s#k
(7.21) D olar | < lag llay +eal +2las |-

i#k s€T

The index set 7 is defined as: Z = {i: 1...n; i # k and sgn ¢; = sgn ¢;"}. Thus
(7.19) becomes by (7.21):

_ _ . R3 =
(AWk)wquk |()‘k —Ta) <= Iwkka”qk ||qk + €q]

+ O()rzwleallq, | - <Z Iqsl> +0()kaes,

s€Z

if only v is small enough. In view of (7.20), this implies:

ZEOM < — chsleal (Z las ) + O(1)leql <|qk llgx + €al +Z|QS )

s€T seZ
K3 _ _
- Iwkka”qk g, + €al + O(1)Kswrleallgy | - (Z a5 ) (1)kaes,
s€T

and consequently we obtain (7.4) for k3 large.
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8. TECHNICAL LEMMAS

Lemma 8.1. Let
v=38n(g,)o...S1(u,q7), Sk(v,e0) = Sn(g)o. ..Sl(u,qf'),

with w € Q and {q; }I1,€a small enough. For everyi:1...n, call )\f the speed of
the shock wave qii, as in (1.11). Let E be any quantity satisfying the bound:

E = O(1)|eq] {qu‘l2 +) las |+ Ieal}

s>k

Then:
() lgf — a5 —eal+> lg" — a4 | =E,
i#k
(i) A — A, =€a/2+E,
(iil) for all i < k we have: N} — A\ = E, while for all i > k there is: \j — A\ =
O(1)|ea] + E.

Proof We will prove only (i), the other assertions following similarily. For every
i:1...n, introduce an auxiliary function G;:

Gi(u,q1 -Gy €a) =4 — ;-
We have:
G; =€, - gG (u,qy -..q;,q; =0fori>k,en=0)4+0(1 Z|qS ]
(8.1) €a s>k
+O(1)é2.
Moreover

(8.2) Gi(u,qy ... q,q; =0fori>k,eq =0)—0i - €q
= O0M)|G(uy_y, g5 5 €a)ll;
where the quantity G is defined as:
G(up_1, 45 s €a) = Sk(uy_y,q), + €a) — Sk(Sk(ug_1:q; )s €a)
for u,_; = Sk—1(q;_1) 0 ... S1(u, gy ). Since
Glup 1,4, =q,€a=—q9) =G(u,_1,q, = ¢ €a =0)
=Gup_ 1, = 0,60 =9) =0,

consequently we obtain:

%G B B
m(%_qu =0,¢ =0) = 0.
Thus
G(u];—la qk_v ea) = 0(1)(|€a| . |qk_|2 + Ei)
which in view of (8.1) and (8.2) implies (i). -

We now prove a generalization of the observation in section 3.
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Lemma 8.2. Assume that the L' stability condition (5.1) is satisfied. There exists
a constant y > 0, depending only on the weights {w;(0)}ixr such that the following
holds. Let u,v,¢€q, {qli} be as in Lemma 8.1 with all {q; }i<k be equal to 0 and
€x > 0. By wijE we denote the weight associated to the shock wave qii, computed at
its left state, by means of (2.1). Then:

S [wila |- A = M) —wilg |- (A7 = A(w))]

>k
+ 3 whlgr |- I = M@ < —vea- Y i |-

i<k i>k

(8.3)

Analogously, if:

Sk(q) 0 Sk-1(gp_y) 0 - Si(u,q7)
=Sul(gt) o Ser1(gy) 0 Se-r(gi_y) o ... Si(q)) 0 Sk(u, €a),

for some u € Q and {q; }i<k with e >0 then
S [wtlgh - N = M) = wilg; [+ 1A = Ae(u)]
i<k
+ D w gt N = M) < —vea- Y la |-
i>k i<k

Proof. We only prove the formula (8.3); the second part of the lemma follows by
the same method. By standard interaction estimates [Sm] we have:

Vi>k gt —la 1< Y ealar |1 [ ) ()]

s>k, s
(8.4) + €alg; |- (i [, ma]) (v)
+0(1)ea (Z; Iq;|> 2 a1
Vi<k gf | <> ealas |- [l e, ra) (v)]
(8.5) o
+O01)ea <Z>; Iqs‘|> Z;k g |

Also we have:

(8.6) Vi>k wj' —w; = €q - wi(Ag(v)) + O(1) ,

o () o2

s>k

_

(87) Vi>k AN =)\ =eu (DN, (v) +0(1)

o () o2

s>k
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Thus:
> g 1w = w )N = Ae(@)] + D g Twy (A = A7)
>k 1>k
<> wi(Ak(v)) - €algi |- A )+ wi(v)ealg; |- (DA, 1) (v)
(88) >k i>k

o (;an) +éa- (;I%I)Q

Moreover, by (8.4) one arrives at:
(8.9)
dow (I =l 1) A = o)

i>k

<D ealai |- ( 0)[Ai(v) = A ()| - (i, [ra, 7)) (v)

i>k
Y A ) s i )]
s>k, s#i
o () (mm).
s>k s>k

Adding (8.8) and (8.9), and noting (8.5) we see that the left hand side of (8.3) can
be estimated as follows:

€ ; lg; | - [Xi(v) = Ag(v)] - {wé()\k(v)) +w;(v) - e (0) = e (0)]

el e )+ S (@ MO
10) ) o D)+ 3 w0 e i)

)éa (;IM) <€a +§Iqs|> :

Applying the inequality (3.1) with § € (—c,© + ¢) such that A\x(v) = A (Re(9))
and by a compactness argument, we obtain that (8.10) is bounded by the quantity
in the right hand side of (8.3). The proof is done. |

(DA, i) (v)

Lemma 8.3. Assume that the L' stability condition (3.1) is satisfied. Let u, v, €q,
{qzi * 1 be as in Lemma 8.1, with e > 0. Then:

S g IO = M) —wy gy [(A7 = ()]

2k
< -7 c-€a (Z |q5|> +0() [ea gz P +€2]

for some constant 1 > 0, depending only on weights {w;(0)}1_, and the uniform
system bounds O(1).
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Proof. Let E denote the left hand side of the desired inequality. We write {gs}7_,
and {gs}"_, for the quantities introduced implicitely by:

Sn(@n) o Skg1(Grt1) © Sk—1(Gr—1) © ... S1(G1) © Sk(uk, Gr) = Sk (v, €a),
Sk(v,€a) = Sn(Gn) o ... S1(41) o Se(ur—1,q,_1 + k)

up—1=Sk-1(qz_1) 0...S1(u,q;) and  wup = Sp(up—1,q; )-

By ws, ws and 5\5, ;\S, we naturally denote weights and speeds corresponding to the
waves ¢s and ¢s. We then have:

s _{ S [@1a10s = M) = w7 107 = Me(e)

- Zﬁ)i|(ji|(5\i - Ak(“))}

(8.11) i<k
+ 3wl g | = M) = D wi g [ = Ak (w))
i#k i<k
= awildl (N = M) + > dildil (A — Ak(v)).
i>k i<k

Observe that Gp = €a + O(1)eq - (X o |5 |). Using the same arguments as in the
proof of Lemma 8.1, we arrive at:

(8.12) > ldi — dil | +ldel < OQ) - [ealqy P +€2] -
ik

A similar bound is true for the corresponding differences of 5\1 and 5\1-, and w; and
;. Estimating the first term in (8.11) in view of Lemma 8.3, we obtain:

E< -9 (Z |qS|> + 0(1) ’ [ea ’ |L]];|2 +€i]
s>k
+ 3 [ g O = M) = 1]l (A = Me(w)]
(8.13) i>k
+ 3 [wi g TOF = M) = wi g7 |7 = Ak(v))]

i<k

+ szlqzl(;‘l — A (v)).

i<k
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Now, by standard interaction estimates [L], we have:

Solat = (g + @)+ la" -

i<k >k
<Z|ﬁz|> : <Z|qz|> + |g; +eal- Z|Lj1|
i<k i<k i<k
(8.14)
=0(1)eq - KZIQEI) +1g;1* +ea <Z Iq;|> + g |+ €a
s>k s<k

+0(1) [ea|q,;|2 + ei} )

(%)

Noting that (>, lgs|) + |z | = O(1) - (€0 + v), we obtain:

> [ la 107 = Mw(w)) = tinldsl (i = Ae(0))]

i>k

(Z las ) +la; |

s<k

=0(1) - (€0 +v)e <Z|qs ) ) €algy [ + O(1)el

s<k

In view of (8.14), exactly the same bound as above is valid for the terms:

> [ g I8 = M) + il A = M) = w7 a7 |7 = M) -

i<k

Hence by (8.13) the lemma follows, if only the constant €y and v is small enough.
|

9. A SUFFICIENT CONDITION FOR ADMISSIBILITY OF INITIAL DATA — A PROOF
OF LEMMA 4.6

Lemma 4.6. Let u € cl &5 for some sufficiently small ¢,6 > 0, as in Theorem L.
Then @ € De,, defined in (4.5), for some ey = €(d) and lims_o€o(d) = 0.

Proof. 1. Without loss of generality we may assume that @ is piecewise constant,
consecutively attaining N states u; = u,u'... vV = u, in R", that for each
a:1l...N—1wehave: [[u*t! —u®|| < §, and that (i) (ii) (iii) as in Theorem I are

satisfied. For a: 0...N —1and i:1...n define:

Note that the self-similar solution of each Riemann problem (u®, u®*!) is composed
of n waves having corresponding strengths €l ...e" with the following obvious es-
timate:

N—-1 n

N-1
e — €l < Z Jut —u®? <8 Y [[uh = ut]] = O(1)6.
1 a=0

a=0 i=
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To simplify the presentation we will assume that ||ri(u)|| = 1 for all w € Q. In
order to prove the Lemma it is thus enough to show that:

N-1 N—-1
(9.1) ‘(Z(Wﬁ)*) —[Rel| <eo and D> [ ()T il | < e,
a=0 a=0 ik

where |Rj| denotes the arc-length of the curve Ry (6), 0 € [0, ©].

2. Fix a small constant ¢ > 0 and divide the set of discontinuities in @ into three
subsets:
ua-l—l —u®

G_{QON—l, ‘M—Tk(ua)H<c},

uaJrl _ ua

r_ . «
B—{aON—l, }m-"'f’k(u )H<C},

B={0...N—-1}\(GuB).
It follows that for all o € G:

7%172 — 1‘ +3 7a+173 | = 0(1)e.
et —ue]] 2 e
Thus
92) DoOET =D et =i+ D0 [ 5T+ YA =00) - d R4l
acCG acG acG i#k
On the other hand, for all « € BU B':
k i
i 7
9.3 T e | — | =0(1).
( ) ||uo¢+1_ua|| ‘—F#Zk ||ua+1_ua|| ( )

3. Let P : Q5 — Ry be the orthogonal projection of 25 onto Ry. Note that if
u = Ry(0) for some @ € [0, 0], then DP(u) - v = (v, ri(w)) - 1 (u). We have:

(9-4) [t = u®]] = [P = P(u®)]] = O(1)3 - [|[u+ —u®]].

Also, for each o € B, the cosine of the angle between the vectors u®t! — u® and
ri(u®) satisfies:
|cos Z (u®T — u®, rp(u®))| < 1—¢*/2.
Thus, for o € B we have:
IPue™h) = Pu)]] < [ =, (u))[ + O(1) - 6]Ju — |
< (1 - 02—2 + 0(1)5> JuoTt —u|,

and consequently:

©5) [l — ]| — [P - Pl > [5 +0<1>6} =),



LYAPUNOV FUNCTIONAL FOR STRONG RAREFACTIONS 29

By (9.4) and (9.5) we receive:
N-1
(o™t =) = [P () = P(u)]])

a=0
(9.6) , Noi
c « « « «
252||u w4+ 01) 8 Y T —u).
a€EB o

4. On the other hand, with ¢ << 1 we have that ||P(u®*!) — P(u®)|| > 1/2-
[[u®tt — u®|| for all @« € G U B’. Hence:

N—-1 N—-1
Dol —u = Pt = P(u®)]]
a=0 a=0

< Ril+0— (|Rk| +O()§—2- ) [P —P(ua)H)

aeB’

<OM)s— > |t —u|.

a€eB’

In view of (9.6) we thus obtain:

(9.7) - Z [[u™ —u®|| = O(1)0.
a€EB
The estimates (9.2) (9.3) and (9.7) yield:

(Nz_:l(%’i)*) — [Ri| <Z(%’i)+> - (Z [Ju*? —ua||>‘

a=0 acG acG

(zw) . (z 1 — uan)

aEB aceB

<

4 + (9(1)5

<O(M)c+0(1) Y [[utt —u®|| + O(1)5
a€EB

=0(1) - (c+ 8/ +6).

Taking ¢ = V/§, we receive the first estimate in (9.1) with ¢g = O(1)§'/%. The
second estimate follows in the same manner. [ |
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