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ABSTRACT. We study the Cauchy problem for a strictly hyperbolic n X n system of
conservation laws in one space dimension

ut + f(u)e =0,

assuming that the initial data «(0,2) = @(z) has bounded but possibly large total
variation. Under a linearized stability condition on the Riemann problems generated
by the jumps in @, we prove existence and uniqueness of a (local in time) BV solution,
depending continuously on the initial data in Llloc‘ The last section contains an
application to the 3 x 3 system of gas dynamics.

1. INTRODUCTION AND STATEMENT OF THE MAIN RESULTS

The system of conservation laws in one space dimension takes the form:

(1.1)

ug + f(u), =0.

In this paper we are mainly concerned with the existence and stability of solutions
to (1.1) in the vicinity of a self-similar entropy solution uy = wuo(x/t) to a given
Riemann problem:

(1.2)

u <0,
u(O,x)_{ ulr x>0
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with possibly large data. Indeed, because of the finite propagation speed, the
stability of Riemann problems will imply the local in time well posedness of the
Cauchy problem (1.1) with initial data:

(1.3) u(0,2) = a(x),

having bounded but possibly large total variation. We shall thus first construct
a continuous semigroup of solutions on a domain D of functions % containing all
suitably small BV perturbations of the Riemann solution. In the simplest case
where u, = u;, the well posedness of the Cauchy problem for small BV perturbation
of the constant solution wug(t,z) = u; was proven in [BCP] and in [BLY] (see also
[B]). On the other hand, in the general case where the reference solution ug contains
large waves, one needs to impose additional stability assumptions to control the size
of a first order perturbation, measured in TV or in the L' norm. As proven in [BM],
such perturbation v = v(t, z) satisfies a linear hyperbolic system of the form

(1.4) v + [Df(uo) -UL =0,
supplemented by appropriate boundary conditions across the jumps in ug. For each
i=1,...,n,let v; be the i-th component of v in a basis {r1, ... ,r,} of eigenvectors

of Df(u) so that v = ), v;r;. Our basic stability assumption, roughly speaking,
will be the existence of positive weights W; = W;(z/t) such that the integral

/ZWi(t,x) |vi(t, )| da

is non-increasing in time, for every solution v of the linearized system (1.4).

Following this approach, in earlier papers we have analyzed the cases where the
Riemann solution ug consisted of a number of large shocks [Lel, Le2] or when it
contained a single rarefaction [Le3, Le4]. The present work deals with the general
case of noninteracting shocks, rarefactions and contact discontinuities.

The outlay of the paper is the following. In section 2 we briefly comment on
the stability of shocks and rarefactions and then turn to studying contact discon-
tinuities. Section 3 introduces the BV and L' stability conditions (BV) and (L1)
on the wave pattern in the reference solution ug, which generalise the conditions in
[BC, BM, Scho, Lel, Le3]. In section 4 we prove the existence of solutions to (1.1)
(1.3) under condition (BV) (Theorem 1.1), by means of the wave front tracking
algorithm. In section 5, relying on (L1), we construct the Lyapunov functional,
measuring the distance between the solutions to Cauchy problems. This yields the
existence of a Lipschitz continuous flow of solutions (Theorem 1.2). Section 6 con-
tains the stability estimates needed in section 5; we focus on the modifications of
the estimates from [BLY, Lel, Le3] due to the presence of different kinds of large
elementary waves. In section 7 we deduce a local well posedness result for the
class of functions having bounded total variation. Finally, section 8 concerns the
validation of the stability conditions in the setting of gas dynamics.

We start by stating our basic hypotheses and setting the notation. Assume that
the Riemann problem (1.1) (1.2) has a self-similar solution wug(t,z) = uo(1,z/t).
For a small parameter ¢ > 0 define the domain:

(1.5) Q=0 ={weR": ||lw—u(l,2)|]] <c for somez € R};
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all the subsequent reasoning will be restricted to this domain, with the parameter
c appropriately small.

We work with the following hypotheses:

(H1) The smooth flux f : @ — R™ is strictly hyperbolic. More precisely, for
each u € Q the Jacobian matrix D f(u) has n distinct and real eigenvalues:
A(u) < ... < Ap(u).

(H2) Each characteristic field of (1.1) in  is either genuinely nonlinear or linearly
degenerate. That is, with a basis {r;(u)}; of the right eigenvectors of D f (u);
Df(u)ri(u) = Ni(u)ri(u), each of the n directional derivatives (DA;,7;) is
either > 0 in € or it vanishes identically.

In the case of linearly degenerate fields we set ||r;(u)|| = 1, while when the i-th field

is genuinely nonlinear we choose the normalization of 7;(u) so that (DA;(u), r;(u)) =

1 for all u € Q. The dual basis of left eigenvectors is denoted {l;(u)}}_,. We have

(Iij(u), ri(u))y = 0;5 for all 4,5 : 1...n and u € Q.

FiGURE 1.1

We assume that the reference solution wug(t,z) is composed of M € {2,...,n}
elementary waves, consecutively connecting M +1 distinct states {ud} é‘io- For each

q:1...M,the g-th wave is a self-similar solution of the Riemann problem (ud ™", ud)

and is associated with the ¢,-th characteristic family, 1 <141 < i < ... < iy < n.
We have u) = u; and u}! = u,., see Figure 1.1.
The elementary waves can be of three types:

(i). ¢ € LS. Stable, compressive shock of a genuinely nonlinear family i,. That
is, calling A? the speed of the shock we have:

AT (uf —uf ™) = flug) = flug™h),
(17) )\iqfl(ugfl) <A< )\iq (ugil) and )\iq (Ug) <A< )\iq+1(ug),

(1.8)  det [rl (ug_l) . Tiq_l(ug_l), ud — ug_l, Tig+1(ug) . .rn(ug)} £ 0.
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(i7). g € LC. Stable contact discontinuity of a linearly degenerate family i,. That
is, (1.6) holds together with:

(1.9) Xig (ug™h) = AT = X, (uf)
and the stability conditions (1.8) and
(110) )8 =)y ), ) 0

are satisfied.
(#9i). ¢ € LR. Stable rarefaction wave of a genuinely nonlinear family 4,. That is:
(1.11) up(t, ) =Ry, (0) if x/t=X, (Ri,(0)), 00,04,

where R;, is the rarefaction curve joining states ug_l and ud:

d
@Riq (0) =ri, (Ri,(9)) .

ug_l = Riq (O), ug = Riq (Gq), Gq = )\iq (ug) — )‘iq (ug_l) > 0.

(1.12)

By strict hyperbolicity, the elementary waves in (i) - (iii) have speeds ordered
increasingly and thus they can be put together to obtain the weak entropy admissi-
ble solution ug to (1.1). Conditions (1.8) and (1.10) are the stability conditions for
shocks and contacts. We do not formulate here the related condition for rarefac-
tions as it is implied by more restrictive conditions (BV) or (L1) on the stability of
the whole wave pattern in g (introduced in section 3). The discussion of stability
conditions on single waves will be the objective of section 2.

We now turn to formulating the main results of the paper. The precise form of
the stability conditions (BV) and (L1) will be given in sections 3.2 and 3.3.

Theorem 1.1. Assume that (H1), (H2) and the BV stability condition (BV) hold.
There exists 6 > 0 such that for every @ in the set:

d{w:R—R" |lwo¢—ug(l,")||e+TV(wogd—up(l,-) <4

(1.13) ] , , )
for some increasing diffeomorphism ¢ : R — R},

where cl denotes the closure in L. ., the Cauchy problem (1.1) (1.3) has a global

loc’
entropy weak solution u(t,x).

Theorem 1.2. Assume that (H1), (H2) and the L' stability condition (L1) are
satisfied. Then there exists a closed domain D C L} (R,), containing the set in

loc

(1.18) for some § > 0, and there exists a semigroup S : D x [0,00) — D such that:
(1) [|S(a,t) — S(@,s)||pr < L- (|t —s|+ ||u—0||p1) for all w,v € D, all t,s >0
and a uniform constant L, depending only on the system (1.1),
(ii) for all u € D, the trajectory t — S(u,t) is the solution to (1.1) (1.3) given in
Theorem 1.1.

Throughout the paper, by O(1) we mean any uniformly bounded function, de-
pending only on the system (1.1). Any sufficiently small but positive constant is
denoted by ¢. The Riemann data is for simplicity denoted by (u, u,.).
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2. STABILITY OF SHOCKS, CONTACTS AND RAREFACTIONS

In this section we study stability of elementary waves in ug. For each ¢ : 0... M
let Q7 be an open neighbourhood of the state ul. Given an elementary wave
connecting states ug " and ul we want that every Riemann problem (w™,w™) €
Q971 x Q4 has a unique self-similar solution containing n—1 weak waves and a single
large wave (u~,uT) of the type and with the stability properties of (ul™ ", ud). A
convenient tool is the constitutive function W9 : Q4! x Q¢ — R"~! whose zero
locus consists of such pairs of states (u™,u™"). We will treat separately each kind

of elementary waves.

2.1. Shocks. Fix ¢ € LS and assume (1.6) — (1.8) that is: the Rankine-
Hugoniot conditions, the Lax compressibility condition [L] and the Majda stability
condition [M]. Define U7 as follows:

_ _ _\yn—1
(21) \I]q(u 7u+) = {<f(u+) - f(u )7Vk(u+ —u ) k=1 "
Here Vj, € R™ are smooth vector functions defined on a neighbourhood of the vector

ud —ud™", and such that for each v the space

span {V4(v),...,Vo_1(v)}

is the orthogonal complement of v. Obviously (¥4)~1(0) consists of pairs of states
that satisfy the Rankine-Hugoniot condition. By continuity, (1.7) and (1.8) must
also hold for these pairs. Further, via implicit function theorem, the Majda stability
condition (1.8) implies the solvability of each Riemann problem (w~,w™) € Q47! x
Q7 within the class of self-similar functions containing a single shock (v, u") €
(U4)~1(0). In particular, we have:

The n — 1 vectors:

owe B ove "
(2.2) { 5= (U6 Lud) g (ud 1)} u{ G (U0 1’“3)"°k<“3)}k:i -

are linearly independent.

and
ov1 _
out (1 1

w4
(2.3) rank %(ugfl, ud) = rank
U

These are all folklore results. The details can be found, for example in [Le2]. When

ud —ud™" is small then (1.7) and (1.8) are authomatic on the negative part of the
shock curve S;_ .

sud) =n — 1.

2.2. Contact discontinuities. Let the i, characteristic field be linearly de-
generate in Q971 U Q7 and assume (1.6), (1.8) and (1.9). As in the case of shocks,
the candidate for the constitutive function ¥? is given by (2.1), and by the Ma-
jda condition (1.8) it satisfies (2.2). Again (¥9)71(0) is an (n + 1)-dimensional

manifold near (ud™",ud), containing all pairs of states (u~,u") which satisfy the
Rankine-Hugoniot equations:
(2.4) fu®) = flu) =A™ u®) - (" —u”).

Unfortunatelly 9(u~,u™) = 0 does not imply that (v, u™) is a contact disconti-
nuity:

(2.5) i, (W) =Au,ut) =N, (uh).
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As an example, take n = 2,¢ = 1 and uJ = (0,0),u} = (1,0). Define the flux f in
(1.1) to be f(u1,u2) = (u1,u1 -uz) in a neighbourhood of u) and f(uy,us) = (0, uz)
in a neighbourhood of uj. The first characteristic family is linearly degenerate and
the jump (ul,ud) satisfies (1.6), (1.8) and (1.9). However, \; is identically equal
to 0 in the neighbourhood of u$ so any 1-contact discontinuity must have speed
A(u™,uT) = 0. Thus the set of all 1-contacts (u~,u™) with (2.4) and (2.5) is only
a 2-dimensional submanifold of the 3-dimensional (¥?)~1(0).

There are two cases when all elements (u™,u™) of (¥9)71(0) satisfy (2.5). The
first case is when u lies on the i,-th rarefaction curve through ud ™", as in (1.12).
The flow of the ODE (1.12) yields then the rarefaction curve R;, through each
point u~ € Q471. The segments of these curves corresponding to parameter values
0 € [0, — ¢,04 + ¢ foliate the manifold (¥?)~1(0). Similarily, for each u™ € Q¢
we have a curve of admissible left states u= € Q47! and (2.5) is clear since \;, is
constant along each R;,. We are more interested in the situation when the two sets
Q9~1 and QY are not a priori connected by a curve of the admissible right or left
states. The second case is thus when the same foliation is forced by our additional
stability condition (1.10). More precisely, we have:

Theorem 2.1. Let g € LC (so that (1.6), (1.8) — (1.10) hold). Then every pair
of states (u=,ut) € Q471 x Q¢ satisfying the Rankine-Hugoniot equations (2.4) is
again a stable contact discontinuity, that is we have (2.5) and the relevant Majda
stability (1.8) and condition (1.10) still hold. In particular (2.2) and (2.3) are
satisfied.

Note that (1.10) does not cover the case when ud~ " and ud are connected by the
ig-th rarefaction curve. Condition (1.10) is however quite general and in particular
it is always satisfied for sufficiently weak contact discontinuities.

The proof of Theorem 2.1 will be given through two lemmas.

Lemma 2.2. The vectors {Vx}}Z{ in (2.1) can be chosen so that
Vi(v) = =[DVi(v)]" -

or every k:1...n—1 and every v in a neighbourhood of ud — ud™'.
[ Y (] g 0

Lemma 2.3. In the setting of Theorem 2.1, (2.2) and (2.3) hold. Consequently,
(2.5) holds for every (u=,u") € (¥7)~1(0).

Proof of Lemma 2.2. Call eq,... ,e¢, the standard Euclidean basis of R"™. For v
close to e,, define vectors {V(v)}}_1 applying the Gramm-Schmidt ortogonalization
process to n linearly independent vectors: v,eq,... ,e,—1:

v

171(1)) =e; —(e1,v) - W

(2.6)

E

-1
v ~

TR (er, Va(v)) - Va(v)| Vk:2..n—1.
1

YN/;C(U) =ep — {(ek,v)

S

We will first prove that

(2.7) @%@ﬂﬁv:_%@y
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Using the formula [D(v/| v [|?)]* - v = —v/ || v ||* we have:

i) o= e (qugeet) o= -h

Similarily, for k > 2:

~ v v
DVk(v)——<ek,v>~D< )— el
o ]? Tol? "

E

—1 k—1
+) e Va(v)) - DV(v) + > Vi(v) - ef, - DVi(v).

s=1

Assuming (2.7) for each s < k and recalling that Vy(v)! - v = 0 for every s, we
conclude:

k—1
~ t v ~ ~
[DVe()] -0 =ex,v) - ToTE ¢~ 2en V() Vi)

s=1

k—1 N : N N

+ 3 DU en Telo) -0 = ~Tilo).
s=1
Now for v close to ud — u871 define:
(2.8) Vi(v) = A7 Vi (Av),

where A is an orthogonal transformation composed with a dilatation such that
A(ul — ul™") = e,. Obviously {V;}?_, are smooth functions and they span the
orthogonal complement of their argument vector. By (2.7), (2.8) and noticing that
A~ =| uld — ul™" |2 A we finally obtain:
~ t - ¢
[DVi(v)]" v = A" [DV]C(’U)} S(AHTHy =471, [DV]C(’U)} - Av
=_—A""'. ‘71€(AU) = —Vk(v).

Proof of Lemma 2.3. By Lemma 2.2, (2.1) and (2.4), we can calculate the
derivative of U7 at each (u~,u") € (¥4)~1(0):

q
(2.9) (?;It (u,ut) ==V —u) [Df(u") = Aw",u’) 1d]
u
Ay + - + - o+
(210) S ut) =Vt ) [Dft) - A, ut) 1d],
u
where V is the (n — 1) x n matrix, whose rows are the vectors Vi,...,V,,_1. Note

that (1.10) is equivalent to:

2.11 ul —ud s an{rk ud™! } U s an{rk ud } )
( ) 0 0o &sp (o)k#q P (o)k#q
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By (2.9) and (1.9) we have:

ove

6U_ (Ug 1’ ug)

(2.12) = span {V/(uf = u§ 1)+ (Ml ) = N, () e

= span {V(ug — ug_l) . Tk(ug_l)}]#, .
1q

Im

n

k=1

Similarily, Tm dW?/dut(ul ™", ud) is spanned by the vectors V(ul — ud™") - 7 (ud),
for k # i, In view of (2.11) this implies that the rank of both derivatives is
maximal, which yields (2.3). To show (2.2) note that it is equivalent to the linear
independence of the vectors

(Vg —ug™) ™)}

which is in turn equivalent to the Majda condition (1.8), as
+

n

U {V(ug —ug_l) -rk(ug)} .

k=i,

ig—1
k=1

ker V(ut —u”) =span (ut —u7).

Now we turn to proving (2.5) for a pair of states (u™,u") € (¥9)~1(0). Since
the n — 1 vectors in (2.12) are linearly independent, by a continuity argument also
the vectors:

{V(u+ —u”)- [Df(ut) = A, ut) - 1d] - rk(qu)} )
k#iq
are linearly independent. Thus the 1-dimensional space

213)  Ker 22 (4=, ut) = Ker {V(u+ —u) - [Df(u) = A, ut) - 1d] }
' Out' ’

is spanned by the vector

(2.14) v=ry, (ut) + Z ag - ri(u’).

ki
On the other hand,
ut —u” ¢Im [Df(u") — A(u™,u') - 1d]

as it is true for (u™,ut) = (ud™", ud) by (2.11). Hence [Df (ut)—A(u,ut)-1d]-v =
0 and so by (2.14) there must be v = r;, (u™) and A(u™,ut) = X\;, (u™).

Indeed, the space in (2.13) is tangent to the curve of states w™ such that
U4(y~,wt) = 0. This curve must be the i,-th local rarefaction curve through
ut.

The other equality A(u~,u") = A;, (u™) is proven similarily, using (2.10). This
establishes Lemma 2.3. |

2.3. Rarefactions. Let ¢ € LR so that the i,-th field is genuinely nonlinear
and (1.12) holds. The solvability of Riemann problems in Q4=% x Q4 requires that
the matrix F; (0, ©,) is invertible [Le3]. This matrix is defined in the following way.
Let the n x n transport matrix T4(#) be the solution of the ODE:

(2.15) 35 Ta(0) = Dri,(Ri, (0)) - Ty(6), 0 €1[0,0,).
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For 0,0 € [0,0,] with § < 0, let F,(0,0) be the n x n matrix whose columns
cl(0,0) e R", k:1...n are given by:

c}(0,0) = Ty(0) - Ty(0) ™" - 71(Ri, () fork:1...ig—1,
cl(0,0) = ru(R;, (0)) for k:ig...n.
The constitutive function ¥? can be defined as:

(217) \Ifq(u_,u+): (0’1...Uiq_1,0iq+1...0'n),

(2.16)

where {0} }7_; stand for the strengths of the waves in the solution of the Riemann
problem (u~,u™). It can be seen that (2.2) and (2.3) continue to hold [Le4].

In case of shocks and contacts the stability conditions (1.6) — (1.10) guarantee
not only the solvability of the nearby Riemann problems but also the BV and L!
stability of these solutions. In case of a single rarefaction the situation is much
different, as it takes time for the perturbation to pass through the rarefaction fan,
which in turn yields continuous creation and anihilation of waves. The extra condi-
tions guaranteeing the control of the amount of perturbation inside the rarefaction
fan, measured in various norms, were discussed in [Le4]. They are strictly stronger
than the invertibility of the matrix F, (0, ©4) and they will be a part of our stability
assumptions on the wave pattern in ug(¢, ). The introduction of these assumptions
will be carried out in section 3.

3. STABILITY CONDITIONS ON WAVE PATTERNS

3.1. Riemann problems. In the previous section we discussed conditions
guaranteeing the solvability of Riemann problems whose data are close to the end
states of a single large wave (shock, contact or a rarefaction). Assuming (1.6) —
(1.12) is however not enough to ensure the existence of a self-similar solution to
(u=,ut) € Q0 x QM. Our first condition deals with this obstacle.

For each ¢ : 1... M define a (n — 1) x (n — 1) matrix C; whose negative first
ig — 1 columns, and last n — ¢, columns are the vectors in (2.2). Notice that for
g € LR we have Cy = Id,,_; and thus Cj is invertible for each ¢. Call

. o, 0wl _ _
Fylt = —Crt e o (ug ™ ) - [ri, (ug ™) (w7

T - A -
Fioht = Ot - S (g™ ) - [ () v, (uh)].

The (n — 1) x i, matrix F; i9ht expresses strengths of the weak outgoing waves

in terms of strengths of waves perturbing the right state of the Riemann prob-

lem (ul™", ud). Similarily, the (n — 1) x (n — iy + 1) matrix Flelt corresponds to

(3.1)

perturbations of ug_l (see Figure 3.1).
Define now the square M - (n — 1) dimensional finiteness matrix F:

o] FM
leeft [0] F2mght |
(3.2) F— oA (V] R O S :

Rt (0]

where [0] stands for the (n — 1) x (n — 1) zero matrix. We have:
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FIGURE 3.1

Theorem 3.1. [Led] In the above setting, let the following condition be satisfied:

(F) FINITENESS CONDITION FOR THE WAVE PATTERN Up:
1 is not an eigenvalue of the matrix F.

Then any Riemann problem (u=,u™) € Q¥ x QM for (1.1) has a unique self-similar
solution in Q, attaining n+1 states, consequtively connected by (n— M) weak waves
and M strong waves (shocks, contacts or rarefactions) joining states in different sets
Q4.

3.2. BV stability. Based on the analysis in [Lel, Le3] the following condition
was formulated in [Le4]:

(BV) BV STABILITY CONDITION FOR THE WAVE PATTERN g

There exist positive continuous functions {w;}7; defined on the set of states at-
tained by the reference solution wg (that is, at the isolated endpoints of shocks
and contacts, and along the rarefaction curves), such that for every ¢ : 1... M the
following holds.

(i). If ¢ € LS U LC then

[ wn(uf™h) ]
—1
o w;, (ul™)
| Flest|t. | Wi (o )| :
wi,+1(ug) -1
. wn(ug )
(3.3) L wa(ug)
[ wi(ug ) ]
ot w1 (ug)
and ‘Fq”ght’t- wiq*l(uoq) <
wi,+1(ug) " g
: w;, (ug)
L wa(ug)
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We use the following notation. The components of a matrix |A| are absolute
values of the components of A, the transposition is denoted by ?, and the
vector inequalities are understood componentwise.

(13). If ¢ € LR then

[ owi(@) 7 [ w0 ]
wi, 1(0) wl,_,(0)
(3.4) P,(9) wz‘ﬁi(@) < _wéqil(e) for every 6 € [0,0,].
Low®) | L o)
The (n — 1) x (n — 1) production matrix P,(6) is defined to be:
P,(0) = [p;(®)]ij1.n, for 0€[0,0,],
i,j#1q
. (L [ris v, ) (R, (0))] if i #j,
3.9 L) =
@8 pl) {sgn@q i) (o o i, ) (Rey 0)) i i = .

where [r;, ;] = Dr; -7; —Dr; - r; stands for the Lie bracket of the vector fields
r; and r;.

In short, condition (BV) claims the existence of a family of nonlinear weights
in Q. (along which the strength of waves present in the solution of (1.1) (1.3) is
measured) such that assigning to each perturbation wave the weight w; correspond-
ing to its characteristic family and computed at the wave’s left state, the weighted
amount of perturbation decreases at each interaction with a large shock or contact
as well as with a part of a large rarefaction. Recall that the strengths of waves
are computed in terms of change in the eigenvalue for genuinely nonlinear fields,
or as the arc-length of the rarefaction curve connecting the two states, for linearly
degenerate fields.

3.3. L! stability. For each ¢ € LS U LC define the matrix G}*9"" with the

elements [Gy9"];;, i : 1. ig—Lig+1...n, j:1.. . ig

[Gright] = [Fm'ght] " { |)\1 (ugil) — Aq| for i < iq
q 2 q L

[Xi(ud) — A9] for i > i,
0 if j =44, and g € LC
1/|1\;(ud) — A otherwise

and the matrix G'¢/* with the elements [GL/"];;, i : 1., ig—1,ig+1...n, j:iq...n:

1 . .
left] _ plefty ) 1Ni(ug” ) = A for i <y
(G g = [E, g { |\ (ud) — A9] for i > i,
0 if j=14and g € LC
1/|N(ud™") — A9]  otherwise

The matrices G, express the instanteneous change of the L' norm (strength x shift)

of the perturbation while it crosses the large wave (ug_l,

the interaction with slower families 7 < i, and fof ! with faster families.

ud); G5 accounts for
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Further, for each ¢ € LR define the corresponding mass production matrix
function:
My(0) = [mf(0)ij1.n, for 6€0,0],
1,j#iq
lj, Dry-ry i (0 if i # j,
(36) m;](e) — |<J7 .T Tq>(Rq( ))| 1 Z#]
J sgn (ig — 1) - (l;, Dri - 73,)(Rq, (0)) if i =j.
The following condition is a generalisation of the L' stability conditions from
[BM, Lel, Le3].

(L1) L' StaBILITY CONDITION FOR THE WAVE PATTERN ug

There exist positive continuous weights {w;(u)}?_ , defined on the set of states u
attained by the reference solution wug such that the following holds.
(i). For every ¢ € LS U LC (3.3) holds with G/, GIi9h* replacing F)e/t, Frioht
respectively.
(7). For every ¢ € LR (3.4) is satisfied with M,(6) replacing the matrix P,(6).

3.4. Some remarks. First, we note the following implications:

Theorem 3.2. In the above setting, the condition (F) is weaker than (BV), which
is in turn implied by (L1). In particular, both (BV) and (L1) imply the existence
of a self-similar solution to any Riemann problem (u™,u") € Q. X Q. such that
[lu™ = uo(L,z1)|| + [Jlu™ — wo(1,22)|| < 6 with xo — 1 < &, for some small 6 > 0.

Proof. The implication (BV) = (L1) was proved in [Le4] for rarefactions and in
[Lel] for patterns with large shock waves. In view of these results their generalisa-
tion in Theorem 3.2 is straightforward, as well as the implication (L1) = (BV).

|

Both implications in Theorem 3.2 are strict (see examples in [Le3]). Also, note
that once the weights {w;} in (BV) or (L1) are specified, then by restricting their
domain to the set of states attained by wug(1,-) on a bounded space interval, we
obtain the stability of any subpattern of uy composed of a number of consecutive
large waves. In particular, for a single rarefaction wave we receive the BV stability
condition from [Le3] which implies the invertibility of every F,(6,6) defined in
(2.16).

For some special patterns the stability conditions can be rephrased in more
convenient terms:

Theorem 3.3. (i) [Le2] For a pattern containing only large shocks and contacts,
the condition (BV) is equivalent to:

spectral radius of |F| < 1,

where the components of the matriz |F| are absolute values of the components
of the finiteness matriz ¥ in (3.2). The condition (L1) is equivalent to:

spectral radius of |G| < 1,

where G is defined as F in (3.2) but with Ggight, foft replacing F;ight, Féeft
respectively.
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(i) [Led] For a pattern containing a single rarefaction, conditions (BV) (ii) and
(L1)(ii) imply, in particular, the following. Every extreme field (i, = 1 or
n) rarefaction, every weak rarefaction (04 << 1), or any rarefaction when
(1.1) has a system of Riemann invariants, is both BV and L' stable. When
n=3,M =1 and i; = 2 then (BV) is equivalent to the existence of a positive
solution v : [0,0,] — R4 of the equation:

v' = p3y - 0® + (piy + Pis) - 0+ P
A sufficient condition that the above holds is:

O (0 6 1 1
/ / pa(0) - els P11tpas - pis(s) dsdf < 1.
o Jo

The same results are valid for the L' stability, with m}j replacing p}j.

We will make use of Theorem 3.3 in section 7, where we validate our conditions
in the setting of gas dynamics.

4. PROOF OF THEOREM 1.1 - CONSTRUCTION OF THE GLIMM FUNCTIONAL

Recall that given a Cauchy problem (1.1) (1.3) with @ having small total varia-
tion, its solution can be obtained as the limit of piecewise constant e-approximations
u(t, z) constructed via the wave front tracking algorithm [BaJ, HR]. For the de-
tailed description of the algorithm we refer to [B]. The crucial ingredient in prov-
ing the global existence of the approximate solutions and the compactness of its
sequence is the construction of the suitable Glimm functional to control the to-
tal variation of perturbation and the amount of the future interactions. Below
we briefly discuss a modification of this standard construction, applicable when
the reference pattern ug is a collection of large noninteracting waves rather than a
constant state. We then show that our Glimm-type functional I" is indeed nonin-
creasing along any wave front tracking approximate solution, thanks to the stability
condition (BV).

Define:

IT={qe LR}U{q; qand ¢+ 1€ LSULC}
u{0; ifle LSULCYU{M}.

Definition 4.1. Let ¢ > 0. By D, we denote the set of piecewise constant func-
tions v : R — R™ such that:
(i) v(—00) = uf, v(+o0) =ud!.

(ii) v(z) € Q for all z € R.

(iil) All jumps in v either have amplitudes smaller than €y or their left and right
states belong to some QI~1 and Q9 respectively, with ¢ € LS U LC. Thus the
corresponding Riemann problems admit the standard self-similar solution. We
order the waves in these solutions according to their location and speed; for
a wave o by iy : 1...n we denote its characteristic family, by €, its strength
and by xo its location. The strength of any large shock or contact is set to 1.

(iv) For each ¢ € LR with g+ 1 € LR there exists a point xq € R such that the
following holds. For g € LS U LC call x4 the location of the large iq-shock
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or contact. Call xg = —o0, xpr41 = +00. For each q € T define an open
interval I, as follows. The left endpoint of 1, equals to:

Tq-1 fqeLR,
Tq otherwise.
The right point of 14 is:
Zq ifg,q+1€ LR,
Tg+1  otherwise.
We see that the intervals {1, }qez partition R (as in Figure 4.1). Then calling

e = max(0,€,), €, =max(0,—¢,), we have:

> 2 S|+ X |+ X el

(41) qELR a;ra €1y fo=1q fa=lq iaFiq
+ Z Z lea] + Z lud — v(zg+)| < €.
qEI\LR c;x €14 qeELSULC

FIGURE 4.1

The intervals {I;}4c7 are essentially of two types. Namely, either ¢ € LR and
then for each z € I, v(z) belongs to a small neighbourhood of the rarefaction curve
Ri, or ¢ ¢ LR and then v(x) stays close to u for each x € I,.

Take a function u(0,-) € D, for some small ¢y > 0 and let € << €. Recall that
the fundamental block for constructing the approximate solution u¢(t, ) is provided
by piecewise constant approximations of self-similar solutions to Riemann problems.
As customary, the non-physical waves generated by the Simplified Riemann Solver
are said to belong to (n+1)-th characteristic family. The Simplified Riemann Solver
is used whenever one of the interacting waves is non-physical or when the product
of strenghts of incoming waves is bigger than a treshold parameter p(e). The details
can be found in [B], chapter 7. The associated non-physical weight w,, 1 is defined
as a continuous function on the set of states attained by uo and such that for each
q € LR one has:

(4.2) Wnt1(0) = cq -exp(—=Cq - Ai, (u)) when u=TR; (), 0 <€ [0,0,],

for sufficiently large C; > 0 and a small ¢, > 0. We also require that w, 11 decreases
across each shock or contact by the factor Cj,.
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For each t we define the partition {I;(¢)}4ez as in Definition 4.1, setting:
(43) Ay = Q@) + At (W)/2 and  wg(t) = 3y + 1 A,

whenever ¢,¢g+1 € LR and z4(t) to be the location of the large i,-shock or contact
at time ¢ whenever ¢ € LS U LC. Notice that the speeds of {z,(t)} are strictly
increasing. Using the notation of Definition 4.1 we set:

vo=Y Y (S a) el (Tal]s[ Sl

qELR a;xo€ly(t) G =lq tq=lq iaFiq
+ Y > el DD ud —utt a4
qEI\LR a;xo€14(t) qeELSULC

Let Ag, ¢ € Z be the sets containing all couples of perturbation waves (a, ) in
uc(t,-) approaching each other. More precisely, assuming =, < xg, Za,2g € I4(t),
we have (a, ) € Ay(t) iff io > i or else i, = ig and at least one of the waves is a
genuinely nonlinear shock. In both cases we require that none of the waves a, 3 is
a positive ig-wave when ¢ € LR. Define:

Y Y ol
q€Z (a,B)€Aq(t)
Further, let

Qurge®) = > Y > wf (u(twa=)) Jeal | + | D @l en

GELR oyza€ly(t) i Fiq fa=1lq

+ 2 > el
qEI\LR o;xa€l,(t)

For each ¢ € 7 the functions {wq}"+1 are smoothly defined in an open neighbour-

hood of the rarefaction curve R;, (6), 0 € [0,0,] if ¢ € LR, or in Q7 if g € T\ LR.

Namely, with the weights {w;}?_, satisfying the BV stability condition (BV) and

wp41 defined as in (4.2), we first modify:

(4.4) wg, =¢ along R,
for some sufficiently small constant ¢. Then let
. . . Y. q—1 .
(4.5) wiu) =4 (R (Aiy (w) = Ai, (ug ))) if g € LR,
wi(ug) itqeT\LR.

Finally we define:
(4.6) @ =l (14 e (Him > i} — Him <i}))

where we consider all indices m € 7 such that x,, is a separator between some two
adjacent rarefactions, located to the left of the open interval I,. Note that if ¢ in
(4.6) is small enough (also with respect to ¢ in (4.4)) then the strict inequalities in
(3.3) and (3.4) are preserved, as the C! norm of the difference w; —w? is of the order
O(1)c along R;,. Thus (BV) continues to hold with the modified weights {w] }.
On the other hand thanks to (4.6) the weight assigned to a wave will decrease each
time the wave crosses the separator z, between two large rarefactions.
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Define now the Glimm potentials:
(4.7) Q(t) = Qo(t) + Quarge(t),  T'(t) =V () +r-Q(1),
where £ is a sufficiently large constant, to be determined later.

Lemma 4.2. Assume that the condition (BV) holds. Then for some constants
¢, €0,k > 0 we have the following. Let u(0,-) € D, and let u® be the correspond-
ing piecewise constant approximate solution obtained through the wave front track-
ing algorithm. Then for any t > 0 when two wave fronts a and (B interact, if
T(uc(t—,-)) < €o we have:

AQ = Q(ue(t+7 )) - Q(ue(t_v )) < —c- |€0¢€ﬁ|7

(48) AT =T (u(t+,)) —T(u(t—,-)) < —c- |ea€s|-

Further, I is a nonincreasing function of t.

Proof. 1t is clear that AV < O(1)leqa€s|. By a standard argument, whenever a
couple of fronts belonging to some A, interact, we have AQy < —c - |eqeg|. On
the other hand, (BV) guarantees that AQjarge < —¢ - |€q€s| When the interaction
involves a part of a large rarefaction (see [Le3]) or a large shock/contact disconti-
nuity. These prove (4.8). Further, when a wave crosses x,4(t) (that is the boundary
between two rarefactions i, and i¢41) then thanks to (4.6), Qarge decreases by the
order of the wave strength. This yields the decrease of I, if only we choose €y and

1/k to be small enough. |

We consequently obtain:

Lemma 4.3. Let u®(0,-) € D,. In the setting of Lemma 4.2, an e-approzimate
solution u(t, z) generated by the algorithm exists for all timest > 0 and enjoys the
following properties:

(i) u€ is piecewise constant, with jumps occuring along finitely many lines; jumps
are of four types: shocks (and contact discontinuities), rarefaction fronts, non-
physical waves and large shocks/contact discontinuities; all jumps of the first
three types have strength < €y, all rarefactions have strength < e,

(ii) the speeds of all ig-waves contained in the interval I,(t) for ¢ € LR are exact;
the same is true for the large shocks and contacts; all non-physical waves
travel with speed 5\; the speed of all other waves differ from the exact speed
(Rankine - Hugoniot speed for shocks and the eigenvalue at the left state for
rarefaction fronts) at most by €;

(iil) at each timet > 0 the sum of strengths of non-physical waves in u® is bounded
by €,

(iv) for all t > 0 we have: T(u(t,-)) < €y and consequently uc(t,-) € De,.

For the proof of Theorem 1.1 we may without loss of generality assume that our
initial data % contained in the set (1.13) satisfy additionaly 4(—oc) = uJ, u(c0) =
ud?. Indeed by Theorem 3.1 the self-similar solution to any nearby Riemann problem
exists and satisfies (BV). Noticing that @ belongs then to the L}, closure of D, if
only the parameter § is small enough with respect to €y (the proof is analogous to
that of Lemma 4.6 in [Le3]), Theorem 1.1 follows along a standard line as in [B].

4.1. First order rarefactions. In the remaining part of this section we
remark some properties of the first order rarefaction waves that will be of use in
the subsequent analysis.
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A positive i,-wave located at yo € I,(T), ¢ € LR, T > 0 is called a first order
iq-rarefaction wave if there exists a continuous curve y(t) with y(T') = yo, such that
for almost all ¢ € [0, T] we have y(t) € I,(t) is the location of a positive i,-wave. For
each t € [0,400) call Ly(t) C I,(t) the set of locations of first order i,-rarefaction
waves.

Lemma 4.4. Let u¢(t,z) be as in Lemma 4.3 (in particular u¢(t, ) € D, for all
t >0). Then:

Vi)=Y S | -0+ > el

qeELR Lo €Lg(t) ra@Userr Lalt)

D luf - u(t (D))

qELSULC

(4.9)

S O(l) * €Q-

Moreover if y(t) is continuous and y(t) € Ly(t) for almost all t € [0,T] and some
q € LR then:

(4.10) Vt,s € [0,T] |, (u(t,y(t)=)) — Ai, (u(s,9(s)—))| = O(1) - 0.

Proof. To prove (4.9) one modifies the interaction potentials, defining them as Qg
and Qjqrge but treating i,-positive waves in I, (t) \ L,(t) as perturbations. Then
Lemma 4.2 and its proof are still valid, with V exchanged there to V, and thus the
estimate in (4.9) follows.

In order to deduce (4.10) we may restrict our attention to the case t = T and
s = 0. It is convenient to consider the evolution of the related functional:

L(t) = 1y (1) = ¥/ (0)] + & - Quarge(t) + K2 - Q(1),

where Qlwge(t) is defined as Qqrge(t) but takes into account only perturbation
waves « in:

{za <y(t) and iq > ig} U{ze > y(t) and iy <4}

and £ > 1 is a large constant. We see that when y(¢) interacts with another wave
a then AQ <0, Ay’ = O(1)|eq| and AQjarge < —c-|€q]. On the other hand at any

other time Ay’ = 0 and A(lege + £Q) < 0. Thus I is a nonincreasing function of
t if only & is large. hence |y'(T) — y/(0)| < T(0) = O(1)ey and (4.10) follows since

y'(t) = i, (u(t,y (1))
for almost all ¢ € [0, 7. |

5. PROOF OF THEOREM 1.2 - CONSTRUCTION OF THE LYAPUNOV FUNCTIONAL

Let v and v be two piecewise constant e-approximate solutions of (1.1), as in
Lemma 4.3. Recall that by our construction in section 4, for every ¢t > 0, u and v
yield two different partitions of R into intervals {I}*(t)}rer and {I}(t)}xez. The
endpoints of these intervals are given by positions of the large discontinuities in u
(or in v) and by separators x} (t) (respectively z}(t)) between iy and ix,i-th field
large rarefactions. The speed of the separator xj is strictly larger than the ig-th
and strictly smaller than the (i + 1)-th eigenvalue at uf, by (4.3).
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5.1. Case 1: the profiles u and v are apart from each other. Let
(5.1) Ty =sup{t; Ik eZ IF{t)NIL(Et) =0},

Ty = Sup{t >Ty; Fke LR v e IME) NI

i (ult,2)) = X, (vt )] > v/2},

where v is a positive and small constant to be determined later.
Notice that if Ij*(t) N I7(t) # 0 for some ¢ > 0 then the same is true for every
t’ > t. Thus, if T; > 0 then in particular there must be:

(5.3) keI Vie[0,Th) Ip@)nIf(t) =0.
In case T> = T, call I(t) the unique bounded connected component of R\ (I}/(¢) U
I7(t)), for every t < T7.

Now assume that T > T7. Then for some k € LR and z € I}'(t) N
inequality in (5.2) holds; to fix the ideas assume that A;, (u(t,z)) > A, (v(¢, 2)).
By (4.9) there exists then a nonempty interval I(Ts) = [z, 2] C I}(T2) N IP(T>)
such that z; € LY(T3), 2y € LY(T2) and:

(54) VI, Yy € I(TQ) /\Zk (U(TQ,.I)) — /\Zk (’U(TQ,y)) > V/3

For t < Ty call I(t) the space interval whose boundary is continuous polygonals
2= (t) € L¥(t), 2% (t) € LY(t) with 2= (Tz) = z; and 27 (T2) = z&. Notice that
taking €y small enough by Lemma 4.4 we have:

(5.5) Vi€ [0,T2) Va,y € I(t) [N, (u(t,x)) — X, (v(t,y))| > v/4.

(5.2)

For all ¢t € [0,T%) the Lyapunov functional ® is defined by the formula:
(5.6) D (u, v)(t) = [[u(t) — o)l + £1 - [1(E)],

where |I(t)| stands for the length of the interval I(t) and k; is a sufficiently large
integer constant.

Lemma 5.1. If only k1 is large enough then the functional ® satisfies:
(5'7) (I)(u(tlv')vv(tlv')) < @(u(t,-),v(t,-))

(58) ||u(ta ) - ’U(t, ')||L1 < (I)(u(ta ')a U(t, )) <C- ||’U,(t, ) - ’U(t, ')”le

for all 0 <t <t' <Ts and a uniform constant C > 0.

Proof. The equivalence (5.8) of ® with the L! distance follows in view of (5.5) if

Ty > T and noticing |u(t,z) — v(t,z)| > ¢ > 0 for x € I(¢), t € [0,T1) if To = T7.
For each time denote J(u) and J(v) the sets of all waves and large rarefactions’

separators in u and in v, respectively. To prove (5.7) fix t € [0,T%) which is not

a time of interaction or intersection of any couple of fronts (and separators) in
J(u) U J(v). We calculate:

d
E‘I)(u,v)(t) =

(5.9) S [ulwat,t) = ot D] - fulza— 1) = o(za—, )| -
aeJ (u)uT (v)

d
- —|I(t)].
+ K1 dt' )l
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The first term in (5.9) is of the order of O(1) because of the finite speed of propa-
gation, boundedness of TV (u(t)) and TV (v(t)), and:

(ot t) = v(@a-+, )] = Ju@a—,t) — v(wa—, )] = O(L)]eal-

On the other hand we have d/dt |I(t)| < —c for t € [0,T1) and d/dt |I(t)| < —v/5
for t € [0,T5) (in view of (5.5)) if T5 > Ty. Thus if s, is large with respect to the
system constants and the prechosen v, we obtain:

d
E‘I)(u,v)(t) <0.

Integrating in time we conclude (5.7). |

5.2. Case 2: u and v close. For ¢ > T5 the Lyapunov functional ® is defined
in a more complicated way:

n “+o00
(5.10) ®(u,v) :Z/ﬁ Wi(x) - wi(z) - |gi(z)| da.

The scalar quantities ¢;(x) are roughly speaking the curvlinear coordinates of the
vector v(t,x) — u(t,z) computed along appropriate combinations of wave curves
in Q. The weights w;(z) will be defined using the L' stability condition (L1).
The functional weights W;(z) are defined essentially as in [BLY]; they contain a
term accounting for the amount of waves in u(t) and v(t) approaching the fictitious
wave ¢;(x). The presence of the extra terms is connected with the large waves; for
rarefactions we employ the ideas from [Le3|, for shocks and contacts we refer to
[Lel].

Fix ¢ > Ty that is not an interaction time of fronts (or separator between two
large rarefactions) in w or in v. Note that since ¢t > T, by (5.1) there will be either
k = s or s is the immediate successor of k in Z. Also, since t > Ty we have:

[Ai,, (w(2)) — i, (v(2))] <v/2  form e LRN{k,s}.

Let « € I}'(t) N IY(t) with k < s. The decomposition {g;(x)}7_; is implicitly given
by:

(5.11) () = Zn(gn(x)) © Zn-1(gn-1(x)) 0 ... 0 Z1(u(x), 1 (x)).
Set
(5.12) u; = Zi(gi) o...oZy(u(x),q1)-

If k < sand s € LS U LC we have U*(u;_ _1,u;,) = 0 where ¥* is the constitutive
function from section 2. The strength g;, (z) of the large shock/contact is then set
to 1. Otherwise Z; = S;(+,q) is the local i-shock curve, parametrised by A; if the
i-th field is genuinely nonlinear or by the arc-length if it is linearly degenerate.

If x € I N I? with s < k, the quantities {¢;(x)} are defined by means of (5.11)
with u(z) exchanged with v(x).

5.3. Definition of weights w;(x). First, let w{ be the modification of the
weights w; satisfying the L! stability condition (L1), given through the formulas
(4.4) and (4.5). Given the decomposition {¢;(z)}}'_; at z € I} N IY (to fix the ideas
we assume that k& < s so that (5.11) holds), we now assign the weights {w;(x)}?;.

If k = s then we set ;(z) = wF(u;_1) for all i : 1...n, where u; are given by
(5.12). Otherwise s is the immediate successor of k in Z. Set w;(x) = w¥ (u;_1) for
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i:1...4541 — 1. The weight associated to any large shock/contact is set to ¢. The
remaining weights are equal to w$(u;—1). Finally, for a small ¢ > 0, we set:

(5.13) wi(z) = wi(x)(1 e (tlim > i) — tim < i})) fori:1...n,

where we consider all indices m are such that x,, is a separator between some two
adjacent large rarefactions (m,m + 1 € LR) located to the left of the point z.

For ¢ small (5.13) guarantees the increase of weights w;(z) for ¢ < i,, and
decrease of w;(x) for ¢ > 4, across the separator x,, (in the similar spirit to (4.6)).
Note that if ¢ is small then (L1) is still satisfied with the definition (5.13).

5.4. Definition of functional weights Wj(x). Recall that i, € {1...n+1}is
the family of the jump located at . with strength e,. For k € 7 denote P*(u) the
set of all waves o in u with o € I}, i, # n+ 1 and such that if k € LR and i, = ix
then e, < 0. Set P(u) = ez P¥(u). Similarly we define the sets P*(v), P(v).

Let now € I} N IY with k& < s. The quantities A;(z) [BLY] measure the total
amount of physical perturbation waves in u and v which approach the i-th wave
gi(z) located at x. More precisely, when the i-th field is linearly degenerate we set:

Ai(z) = Z + Z l€a|-

a€P(u)UP(v) aeP(u)UP(v)
Ta<T, toq>1 Ta>T, 1<t

For a genuinely nonlinear i-th field:

A =] 2 F D

a€P(u)UP(v) aeP(u)UP(v)

Ta<T, toq>1 Ta>T, 1<t
2t 2 leal if gi(z) <O,
acP(u) aeP(y)

Lzo<T, ia=1 Ta>T, ta=1]

>+ leo|  if gi(z) > 0.

a€eP(v) a€P(u)

LZa<T, ta=1 LTo>T, to=1]

Define:
Wi(x) =1+ r3(Q(u) + Q(v)) + K2A;(x)
(5.14) kalgi(x)|  if i =4, m e LRN{K,s},
T 0 otherwise .

Here @) stands for the Glimm’s interaction potential defined in (4.7). The (large)
constants ko, k3, kg4 are to be determined later. We see that as soon as they have
been assigned, we can impose a suitably small bound on the amount of perturbation
in u and v (by taking €y small in Definition 4.1, or in particular § small in Theorem
1.2), and take v in 5.2 so that

(5.15) 1< Wi(x) <4 for all i, x.

This ends the definition of the functional ®.
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Taking D = cl D, for sufficiently small ey > 0 and cl denoting the L} _ closure,

loc

the proof of Theorem 1.2 follows in a standard way ([BLY, B]) from Lemma 5.1
and:

Lemma 5.2. The functional ® constructed above satisfies:

(5.16) D(u(t',),v(t',-)) < ®(ult,),v(t,") +C-e- (t' —1t),

(5'17) é”u(tv ) - U(tv ')HL1 < (I)(u(tv ')7 U(tv )) < ||u(t= ) - ’U(t, ')||L17

for all t' >t > Ty and a uniform constant C > 0 depending only on the system
(1.1).

Proof. The equivalence of ® with the L' distance as in (5.17) follows by (5.15) if
we take the weights {w;} ; small enough.

To prove (5.16), define the speed \;(z) as the Rankine-Hugoniot speed of the
shock/contact g;(z).

Recall that a direct calculation [BLY] gives:

(5.18) Coum. o)=Y S Ee.

acJ (u)UJ (v) i=1

where J (u) and J (v) denote the sets of all waves and large rarefactions’ separators
in u and in v, resepctively. We have:

Eoi=W;-w;-|gl]) (at) - Ni(zat) — Za)
= (Wi w; - |gi]) (a—) - (Ni(za—) — Za).

Above &, denotes the speed of propagation of the wave (or a separator) « located
at r,. We will prove that:

(5.19)

(5.20) %fb(u(t),v(t)) < O(1)e

for every time ¢t > T5 where the fronts in v or v do not interact. Indeed, this will
be the goal of the next section.

Next, let ¢ be such that say fronts €, and €g in u interact. By Lemma 4.2, the
quantity Q(u) decreases by the same order of magnitude as A4;(¢, z) might increase.
Thus if k3 in (5.14) is large enough, all functional weights W;(x) must decrease
across the time ¢. Consequently, the whole functional ® decreases as well. Based
on these two observations and integrating (5.20) in time, one concludes (5.16). W

6. STABILITY ESTIMATES

In this section we outline the proof of (5.20) by estimating the terms FE,; in
(5.19). We will distinguish several cases, depending on the characteristic family i,
of the wave @ € J(u) U J(v) (it can be a large rarefactions’ separator as well) and
its location x,. For large shocks/contacts a we will prove that:

(6.1) zn:Ea <0.
=1

To simplify the matter, we replace each wave a of a genuinely nonlinear family
io : 1...n and a positive strength €, > 0 by a non-entropic shock having its speed
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Ta = A, computed at the left state of @ and having the original strength ¢, With
this modification we will obtain:

(6.2) S Fai < O(1)e2.
=1

The bounds (6.1) and (6.2) plus the bound on the amount of non-physical waves
(io =n + 1) of Lemma 4.3 (iii) yield (5.20) in view of (5.18) and (5.19).

The stability estimates of this kind were first employed in the case of small
waves (initial data with small total variation) in [BLY]. They were then adapted
for patterns with large shocks in [Lel] and for large rarefactions in [Le3]. In the
general setting of the present article further modifications are due to the presence
of different kinds of large waves. We focus on these modifications, for the details
of various estimates we refer to either [Le3] or [BLY].

First of all note that since ¢t > T5 then for every ¢ J(u)UJ (v) with z € Ip*NIY
and say k < s, the solution of the Riemann problem (u(x),v(x)) along shocks (as
explained in subsection 5.2) contains at most one large shock/contact. Moreover:

(6.3) lgi,, ()| <v forme LRN{Ek,s}.

6.1. When « is neither a large shock/contact nor a large rarefactions’ separator,
we have both x4 —, zo+ € I NIY. If k = s then (6.2) follows exactly as in [Le3| in
view of (6.3) for k € LR and as in [BLY] for k € LS U LC.

Assume now k < s. If s € LR and « is an is-wave in u then the analysis in [Le3]
section 6 again yields (6.2) (in view of the L' stability condition (L1)).

For @ € P(v) such that i, # is in case when s € LR, we may again use
the reasoning from [BLY] if both s = k+ 1, k& € LR. Otherwise, that is when
k+ 1€ LSULC, alarge shock/contact is present in the solution of both Riemann
problems (u(zq—),v(zq—)) and (u(za+),v(z4+)), so we may employ the estimates
in [Lel] to obtain (6.2). In the same manner we treat the case when « is a wave in
u.

6.2. We will prove (6.1) when « is a large rarefactions’ separator. First, we
focus on the case when a € P(v), zo— € I}y NI} and zo+ € I} N IV with both
s=k+1, k€ LR. The case with o € P(u), zo— € I} NIY, xo+ € I} NIY and
both s =k + 1, k € LR can be treated analogously. For every i : 1...n we have:

Eai = AW - [w; ¢ |(NF = @a)] + Wil [(AF — da) Aw.
Noting AW, = m4|qi| - 63, and (5.13) we obtain:
Y Eai < maw || - NS —dal — e Y Wiwi g | - I — dal,
i=1 i=1
which is nonpositive for small v, in view of (6.3).

Second, we treat the case when a € P(u), zo— € IfNI}, zo+ € I}NIY and both
s=k+1, k€ LR (when the “change of direction” occures across a separator « €

2
P(v), the estimates are readily the same). Note that Alg;| = (’)(1)(2?:1 |qz_|)
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and A\; = O(1) X", |¢; |- Hence:

D Fai =0(1) - rizco <Zwilqz-| AT - a':a|>
=1 i=1
b oDl - i |- 3, l + a7 - il |- A — )

(6.4) +0(1)<2Wi+wf|q?|> : <;Iqi|>

=1
n n 2
+o<1>(zwi+ww; —m) - (zmn)
i=1 i=1

+ Y Wig |- (A — da) - Aw.
i=1
Since the last term in (6.4) may be in view of (5.13) estimated by:
—cY_wilg7 |+ IN = dal,
i=1

the bound (6.1) follows from (6.4) if only v + € is small.

6.3. It remains to prove (6.1) when « is a large shock or a contact discontinuity.
To fix the ideas, assume that xo— € I NI}, v+ € IfNIY, both k, s =k+2€ LR
and z, is the location of a large i;41-jump in v (the other configurations are actually
easier to deal with). We have:

Z Eoi = Z W, - Alwi|gi| - (A — Z4q)]

(6.5) i1 1Py o ) .
+ Z (AW:) - w; g |- (AN — da).
iFit1
Noticing
+ ot + : - = = - :
Ea,ik+1 = Wik+1wik+1 ' ()‘ik+1 - Ia) - Wik+1wik+l|%k+1| : (/\ik+1 - xa)

together with >, ., Alwilgi|- (Ai —&a)] < —c3_,-; |g; | implied by the condition

(L1), the usual manipulations with various terms of (6.5) yield (6.1) for ¢ and €y +v
small enough.

7. LOCAL WELL POSEDNESS OF THE CAUCHY PROBLEM FOR GENERAL BV DATA

As a corollary to Theorems 1.1 and 1.2 we obtain the local existence and stability
result for arbitrarily large BV initial data that satisfy our stability conditions at
all large jumps.

Corollary 7.1. Assume that f is defined on an open set Q where (H1) and (H2)
hold. Let K C Q be a compact subset with the following property. For every
up, ur € K, the Riemann problem (1.1) (1.2) has a self-similar entropy solution
(called subsequently the Riemann solver) satisfying condition (BV). Then for every
BV initial data @ : R — K the Cauchy problem (1.1) (1.3) has an entropy solution
u on [0,T] x R, for some time T > 0 depending on w. Moreover u is a Lipschitz

continuous function from [0,T) to Lj,..



24 MARTA LEWICKA

If the stronger condition (L1) holds for all elementary waves inside K then u(t)

depends Lipschitz continuously (in L}, .) on the initial data .

This solution is unique within the class of entropy solutions admitting a Lipschitz
continuous extension to the (local in time) flow compatible with the prescribed
Riemann solver (that satisfies condition (L1)). The proof follows the standard line
as in [B] chapter 9.1. Another characterization may be obtained as in [B] chapter
9.3:

Corollary 7.2. The solution u in Corollary 7.1, is unique within the class of func-
tions having the following properties.

(i) (conservation equations) The function u = u(t,z) takes values in K, u :
[0,T] — L}, is continuous and TV (u(t)) is uniformly bounded. The initial
condition (1.3) holds, together with

// (upr + fu)ps) dadt =0,

for every Ct function ¢ with compactly supported in (0,T) x R.
(i) (compatibility with the Riemann solvers) For every (t,x) such that u(t,z—) #
u(t,z+) there holds

1 t+p x+p
lim —/ / ’us,y—Us—t,y—x dzdt = 0,
Jim s [ et - o )

where U is the Riemann solver of (u(t,x—),u(t, z+)).

(iii) (locally bounded variation) For some v > 0, whenever t = t(z) is a space-like
curve with Lipschitz constant 7y, then the total variation of the composed map
T — u(t(:v), :E) 1s bounded on bounded intervals.

8. STABILITY OF THE RIEMANN PROBLEM IN GAS DYNAMICS

In this section we are concerned with validating the stability conditions of section
3 in the context of gas dynamics. Recall first that for the p-system

(8.1) up—vy =0, v+ p(u)s =0,

with p >0, p’ <0, p” > 0 and u > 0, it follows from [BC] that all three conditions
(F), (BV) and (L1) are satisfied for any reference pattern containing a l-wave
followed by a 2-wave.

In the setting of the y-gas-law Euler equations (v > 1 is the adiabatic constant):

pr+ (p0)e =0,  (pv)i + (v + P)y = 0,
8.2 -1 -1
(8.2) <FY pvQ—I—P) + (7 pv3—|—’va) =0.
2 t 2 T
it has been proven in [Scho] that for v > 71 the condition (BV) is always satisfied,

while for v € (1,41) there indeed exist Riemann problems for which (BV) fails. The
treshold exponent v, is calculated there as:

2
vy = ﬁ(4\/§+ 5) A~ 1.0149.

In what follows we study the conditions (L1) and (F) in the same context. Recall
that the two extreme fields of (8.2) are genuinely nonlinear, while the intermediate
field is linearly degenerate.
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7.1. Patterns with 1-shock, 2-contact and 3-shock. Notice that all the

matrices F, |F| and |G| (for definitions see (3.2) and Theorem 3.3 (i)) have the
form:

(8.3) M=

o
Qo ©O o
[eoRNeniNS e
S O O
SO 0O

0

0

where a ... h are the only nonzero entries. One sees that:

(8.4) det(M — Ald) = A% - (()\2 —be)(\2 — fg) — bedg).

If b...g are nonnegative then the discriminant of the equation y? — (bc + fg)y +
bg(cf — ed) = 0 is nonnegative and the absolute value of its smaller root y; is not
larger than its second, positive root yo. Hence the spectral radius of M is smaller
than 1 iff yo < 1. We leave it to the reader to check that this condition is in turn
equivalent to the following couple of inequalities:

bed
8.5 bc <1 d ‘ <1
e <t o ()
(which indeed constitute the BV stability condition in [Scho], with b... g being the
appropriate reflexion and transmission coefficients).

We first verify our condition (L1) for a pattern containing a 1-shock, a 2-contact
and a 3-shock connecting consecutively the states u®, ut, u?, u® (we just drop the
subscript 0 used in previous sections) and travelling with speeds A < A2 < A3.
Each u? = (p?,v?, P?) with p? > 0. For the contact discontinuity we obviously have
A% = vl =02 Set ¢? = /v P4/pi. The coefficients of |G| are then calculated
[Scho]:

1 2 2

ol 4+l — Al 2¢!

c—c c
b=|RO| | ———r ]|, ==—=], - A€

| | ol — ol _ AL ot 2 dre2| |

(86) 2¢2 ¢t 2 —ct +) v2— 2 — A3
== |= S — R T

cl+e2| |e2]’ f cl+c2|’ 9= | v2 42 — A3

Above R and R are Schochet’s notation for, respectively: [F"]s; and

[F?feft]lg, which are the reflexion coefficients related to the 1-shock and the 3-
shock (see subsection 3.1). Introducing the quantity @ = |c| = | f], condition (8.5)
becomes

(8.7) Q-b<1 and Q(b+g)—2Q%g+bg—1<0.

Now as in [Scho] we notice that the range of (Q,b,g) is [0,1) X [0, R(7))2, for a
positive number R(y) that we discuss later. Therefore (8.7) is equivalent to:

R(y) <1 and 2QR(7)-2Q°R(7)*+R(7)>-1<0 VQe€0,1),
which is in turn:

(88) R(y)= sup h(z,7) <1/V2.
z€(—1,0]
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Defining the 3-shock parameter z € (—1,0] to be z = P3/P?—1, h may be computed
as in [Scho] pg. 343. Namely:

—1 1

ym_x_ 1+%xy
(8.9) ha,y) = ——1= L.
1+Lw+ 1—|—7 x

2y

Now for v € [1,5/3], (8.8) and (8.9) imply:
Ay = V= v -1/

O = Voo

(compare formula (5.51) in [Scho]). One checks directly that (8.8) holds for v €

[v2,5/3] with

1+ /137 — 962
2

When v > 5/3, the behaviour of h(z, 7) is more complicated. Call z = (y—1)/v €

(2/5,1) and let H(z,2) = =1+ 2(1+ z2)/(1+ 2z 4+ /14 (1 — 2/2)z) in h(z,7) =
|H (z,2)|. We have 0H/dx > 0 for z € [(—3++/17)/2,1) and H (0, z) = 0. Thus for
2> (=3+/17)/2 thereis R(y) = —H(—1,2) = 1-2(1—2)/(1— 2+ /2/2). Again,
some algebraic manipulations show that in the range of z € [(=3 4+ v/17)/2,1) the
inequality in (8.8) is satisfied for z < z3 = (21 —12v/2—/713 — 5021/2) /4 ~ 0.8858.
On the other hand for z € (2/5, (=3 ++/17)/2) we have 9H/dz < 0 and hence (8.8)
holds. Finally, we recover the critical adiabatic exponent

v3 =1/(1 — z3) = 8.7577

such that (8.8) is satisfied for v € (5/3, 73] and is not satisfied for v > 3. Sum-
marizing, we see that (L1) holds always for v € [y2,73] while for v < 42 or v > 73
there indeed exist Riemann problems for which (8.8) and thus also the condition
(L1) fail.

We now verify the finiteness condition (F). By (8.4), (F) it is equivalent to:

(1 —=bc)(1 — fg) # bedg

e = ~ 1.05576.

with
b=RO), c=(=A)/(+2), d=2/(+ ),
e=22/(c' +c2), f=(2-c)/(c'+2), g=R.
Hence (F) becomes:

et —
cl +

2
(8.10) (RC) — RM) C +RORM £1.
C

Again, the range of (c, R(-), R(t)) is contained in (—1,1) x (=R(v), R(7))? and
therefore (8.10) is implied by:
(8.11) R(y) < 1.

The value of R(7) is estimated for different ~ in [Scho] formula (5.52) and there we
see that (8.11) certainly holds for every v > 1.

7.2. Other patterns. Consider a pattern containing only a 1-shock followed
by a 2-contact discontinuity. In view of Theorem 3.3 (i), to validate the condition
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(L1) one has to check the spectral radius of the 4 x 4 principal minor of |G|. It is
smaller than 1 iff be < 1 with b, ¢ given in (8.6), which is equivalent to

Q-b<1 forevery Qe[0,1)

(see discussion in subsection 7.1). We thus need

R(y) <1

which always holds because of the definition of R(~) in (8.8) and (8.9).

In the same manner we see that fg < 1 and bg < 1. Therefore every pattern
consisting of a 3-shock preceded by a 2-contact or a 1-shock is L' stable.

Finally, notice that if a pattern containing only shocks and contacts satisfies
(BV) or (L1) then the same remains true if we modify this pattern by adding an
extreme field rarefaction on one or on its both sides. Hence, any pattern for (8.2)
which is not composed of 3 discontinuities (1-shock, 2-contact, 3-shock), treated in
subsection 7.1, satisfies all the stability conditions (F), (BV) and (L1).
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