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Outline

@ Weak Axiom of Revealed Preference

@ Equivalence between Axioms and Rationalizable Choices.
@ An Application: the Law of Compensated Demand.

@ Utility Function
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o If C is rationalizable, behavior is consistent with rational decision making
because choices could have been driven by some unknown preferences.
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Weak Axiom of Revealed Preference

@ The following is the condition necessary for a choice rule to be rationalizable.

Axiom (WARP)

A choice rule for X satisfies the weak axiom of revealed preference
x,y € AN B,
If x e C(A), and = x € C(B).
y € C(B)

@ This is sometimes also known as Houthakker Axiom (see Kreps).

@ If x could be chosen from A (when y was also available) and y could be
chosen from B (when x was also available) then it must be that x could also
be chosen from B.

@ In other words, if x was revealed at least as good as y, then y cannot be
revealed strictly preferred to x.
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WARP:
Ifx,y e AN B, x € C(A), and y € C(B), then  x € C(B).
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Verify that WARP is equivalent to the following:
If An C(B) # 0, then C(A)Nn B C C(B).

Exercise

Suppose X = {a, b, c} and assume C({a, b}) = {a}, C({b,c}) = {b}, and
C({a, c}) = {c}. Prove that if C is nonempty, then it must violate WARP.
[Hint: Is there any value for C({a, b, c}) which will work?]

| A
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WARP and Rationalizable Choice Rules

Suppose C is nonempty. Then C satisfies WARP if and only if it is rationalizable.

@ This gives necessary and sufficient conditions for a choice rule to look “as if”
the decision maker is using a preference relation to generate her choice
behavior via the induced choice rule.

e The preference relation must be a revealed preference by last class’ result (if a
choice rule is rationalized by some =, then this preference is a revealed
preference).

REMARK

Rationality is equivalent to WARP; thus, one can verify whether or not DM is
rational by verifying whether or not her choices obey WARP.

@ Proof strategy: One direction is for you and the other for me.

Question 6, Problem Set 1.
Prove that if C is rationalizable, then it satisfies WARP. J
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Step 2: show that if WARP holds then = ¢ rationalizes C.

We need to prove that
CA)=C-(A)={xeA:xZcyforally € A}

o First, show that C(A) C C- (A):
e Suppose x € C(A).
o Then for any y € A, x Zc y, since x,y € A. So C(A) C C- (A)
o Now show that C- (A) C C(A).
o Suppose x € C- .(A): for any y € A, there exists some By, such that
x € C(By).
e Since C is nonempty, fix some z € C(A).
o WARP applied to x,z € B, N A, x € C(By;), and z € C(A) delivers x € C(A).
e So C. (A) C C(A).
o Since we have C(A) C G- (A) and C- (A) € C(A), we conclude that
C(A) = G (A). s
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@ This is the study of consumption bundles that maximize a consumer’s utility
function subject to her budget constraint.

o In the next few weeks, we will do this using calculus, but some conclusions can
be obtained by observing a consumer’s choices.

@ n goods: consumption x € X =R/}, prices p € R’ |, and income w € R,

Definition

A Walrasian demand function maps price-wage pairs to consumption bundles:

x* Rl xRy — R} such that p- x*(p,w) < w

@ Thus x*(p,w) € Bpw ={xeR":p-x<wand x; > 0}.

@ The definition assumes a unique choice from a given budget set (why?).

Choice Over a Budget Set

Since By, represents the menus of consumption bundles a consumer can afford;

classic demand theory says
x*(p,w) = C(Bpw)
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Definition

A Walrasian demand function is homogeneous of degree zero if

x*(ap, aw) = x*(p, w) for all & > 0.

@ In words: nominal price changes have no effect on optimal consumption
choices.

Definition

A Walrasian demand function satisfies Full Expenditure if

p-x"(p,w)=w.

@ The consumer spends all of her income (this is sometimes also called Walras'
Law for individuals).
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Weak Axiom on Budget Sets

Definition

A Walrasian demand function satisfies the weak axiom of revealed preference if
p/ . x*(p, W) <w
and = p-x"(p,w)>w
x*(p,w) # x*(p', w')
for all pairs (p, w) and (p’, w’).

e Equivalently (recall that here the choice rule is single valued):
C(Bp,w) € Bp/yw/ and C(Bp/,w/) 75 C(BP7W) = C(Bplwl) Q Bp7w
@ Suppose prices and income change from (p, w) to (p’, w’).
e The old consumption bundle x*(p, w) is still affordable since
p - x*(p,w) < w'...
@ ... yet the consumer changes her choice (x*(p,w) # x*(p’, w’)).
o Then the new choice could not have been affordable in the old situation,

@ because otherwise she would have chosen x*(p’, w’) while facing (p, w).

Verify that the original WARP axiom, imposed on the limited choice data included
in x*, is equivalent to the stated weak axiom of revealed preference.
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Weak Axiom and Compensated Demand

Definition

The pairs (p, w) and (p’, w’) are a compensated price change if

p - x*(p,w) = w'.

@ A compensated price change gives the consumer enough income so that at the
new prices she can still purchase the bundle she chose before.

Question 8, Problem Set 1.
Suppose x* is homogeneous of degree zero and satisfies Full Expenditure. Prove
that if x* satisfies WARP for all compensated price changes, i.e.
p/ . X*(p, W) S
and = p-x"(p,w)>w
x*(p,w) # x*(p', w')
then it satisfies WARP for all price changes (even the uncompensated ones).

@ If the weak axiom of revealed preference holds for these special price changes,
then it holds for all price changes.
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Law of Compensated Demand

Proposition (Law of Compensated Demand)

Suppose x*(p, w) is homogeneous of degree zero and satisfies Full Expenditure.
Then the weak axiom of revealed preferences is satisfied if and only if, for any
compensated price change (p, w) and (p’, w’) with w' = p’ - x*(p, w),

(P —p) - [xX*(p',w') — x*(p,w)] <0,
with strict inequality if x*(p, w) # x*(p’, w’).

@ Roughly, price and compensated demand move in opposite directions: if price
goes up, demand goes down.

Remarks
@ This is true only for compensated demand.

e We will, in a few lectures, prove a differential version of this result (negative
semidefiniteness of the Slutsky matrix) using calculus. The point here is to
show that the law of compensated demand results from homogeneity of degree
zero, full expenditure, and rationality (as defined by the weak axiom of
revealed preference). The calculus stuff is extraneous.
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WARP implies the Law of Compensated Demand

Proof.

Suppose the weak axiom of revealed preference is satisfied.

The result is immediate if the demands are equal, so without loss of generality
assume x*(p, w) # x*(p’, w').
Since p’ - x*(p,w) = w’ and w’ = p’ - x*(p’, w’) by Full Expenditure, we have
p - [x*(p', w') — x"(p,w)] = 0.
Since p’ - x*(p, w) < w’, the weak axiom implies p - x*(p’, w’) > w.
Thus:
p-[x*(p’,w') — x*(p,w)] > 0.




WARP implies the Law of Compensated Demand

Suppose the weak axiom of revealed preference is satisfied.

The result is immediate if the demands are equal, so without loss of generality

assume x*(p, w) # x*(p’, w').

Since p’ - x*(p,w) = w’ and w’ = p’ - x*(p’
p'- [ (p', W) = x"(p,w)] = 0.

Since p’ - x*(p, w) < w’, the weak axiom implies p - x*(p’, w’) > w.

Thus:

,w') by Full Expenditure, we have

p-[x*(p’,w') — x*(p,w)] > 0.
So:

/

P - [X*(pla W/) - X*(p, W)]

(@ —p) - [x(p,w) = x*(p,w)] =
—pP- [X*(plv WI) - X(p7 W)]

>0
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Law of Compensated Demand implies WARP

Proof.

By Question 8 in PS1, it suffices to verify the weak axiom of revealed preference for
compensated price changes.

So, suppose
p - x*(p,w) =w' and x*(p, w) # x*(p’, w');
We need to show that p - x*(p’, w’) > w.

Then, the law of compensated demand states:
0> (p' —p) [x*(p,w') — x*(p, w)]

=p - x*(p',w)—p - x*(p,w) —p-x*(p, W) +p-x*(p,w)
—_———

=w/’ =w




Preferences and Utility Functions

@ So far, we have discussed the relationship between DM's preference and her
behavior.

@ However, we often model consumer behavior using a utility function w.

o For example: the consumer chooses, among all affordable bundles, one that
maximizes utility:
Cutitiey (A) = {x € A : u(x) > u(y) for all y € BudgetSet}.

@ Next, we look for conditions such that preferences and utility functions are
equivalent objects.

Questions
@ What does it mean for a function to be consistent with a preference relation?

@ When is it possible for a preference relation to be described by such a function?
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Preference Representation

Definition
A utility function on X is a function v : X — R.

Definition

The utility function u: X — R represents the binary relation 7= on X if
x Zy & u(x) > u(y).

@ Since a utility function maps consumption bundles to real numbers, it
represents preferences when the function's values rank any pair of consumption
bundles in the same way the preferences would rank them.

o If it exists, a utility function provides a tremendous simplification: instead of
comparing two possibly highly dimensional objects using preferences, just look
at which of two real numbers is largest.

@ Obviously, there are many functions that represent the same preferences:
o multiply the original function by 3, or add 7 to it, or...

@ Under what assumptions can a preference relation be represented by a utility
function?
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Preferences, Utility Functions, and Ordinality

e Utility functions are unique up to strictly increasing transformations.

Exercise (one direction is not easy)

Suppose u : X — R represents 2~. Then v : X — R represents - if and only if
there exists a strictly increasing function h : u(X) — R such that v = ho u.

o Relatedly, one can show that there is a single equivalence class of utility
functions that represents -.



Preferences, Utility Functions, and Ordinality

e Utility functions are unique up to strictly increasing transformations.

Exercise (one direction is not easy)

Suppose u : X — R represents 2~. Then v : X — R represents - if and only if
there exists a strictly increasing function h: u(X) — R such that v = ho u.

o Relatedly, one can show that there is a single equivalence class of utility
functions that represents -.

Define the binary relation =< on RX by u = v if there exists a strictly increasing
h: u(X) — R such that v = ho u. Show that < is an equivalence relation on RX.
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Existence of a Utility Function and Axioms

@ The following result says that completeness and transitivity are necessary for
existence of a utility function representing some preference relation.

Proposition

If there exists a utility function that represents 7, then 7 is complete and transitive.

Proof.

Let u(-) be a utility function that represents .

Transitivity.
Suppose x Z y and y = z.
Since u (+) represents 7=, we have u(x) > u(y) and u(y) > u(z).
Therefore, u(x) > u(z).
Since u (+) represents -, we conclude x 77 z. Hence, 77 is transitive.

Completeness.

Since u: X — R, for any x,y € X, either u(x) > u(y) or u(y) > u(x).

Since u (+) represents 7, we have x ZZy or y 7~ x.

Therefore, 7~ is complete. O




Next Class

e Existence of utility functions when X is finite.

o Existence of utility functions when X is infinite: Debreu’s Representaion
Theorem.



