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From Last Class
The utility possibility set is

U =

{
(v1, ..., vI ) ∈ RI :

there exists a feasible (x , y)
such that vi ≤ u(xi ) for i = 1, ..., I

}
The utility possibility frontier is

UF = {(v̄1, ..., v̄I ) ∈ U : there is no v ∈ U such that v > v̄}
A (linear) social welfare function is a weighted sum of the individuals’utilities:

I∑
i=1

λivi = λ · v with λi ≥ 0

Theorem

If the allocation (x̂ , ŷ) is feasible for the economy E =
{
{ui , ωi}Ii=1 , {Yj}

J
j=1

}
and

solves the problem

max
(x ,y ) is a feasible allocation

I∑
i=1

λiui (xi ) where λi > 0 for all i

then (x̂ , ŷ) is Pareto optimal.

We are looking for a converse: any Pareto optimal allocation maximizes some
social welfare function.

This means, find the λs that work.



From Last Class
Consider the function W (x , y) =

∑I
i=1 λiui (xi ) where λi ≥ 0 for all i and

(x , y) is an allocation.

Notice this is defined over allocations, not utility vectors.

Think of it as the composition of

U(x , y) = (u1(x1), ..., uI (xI )) and f (v) = λ · v
where U : A→ RI (A is the set of allocations) and f : RI → R.
The image of the set of feasible allocations under U is:

V =
{
U(x , y) ∈ RI : (x , y) is a feasible allocation

}
V is not the utility possibility set (it is smaller).

The allocation (x̂ , ŷ) solves the problem

max
(x ,y ) is a feasible allocation

W (x , y)

if and only if the vector v̂ = U (x̂ , ŷ) solves the problem max
v∈V

λ · v .

Any Pareto optimal allocation maximizes λ · v over the set V.

We want to think about the problem max
v∈V

λ · v geometrically.



Hyperplanes

Definition

Given r ∈ R, an hyperplane is defined as
{
x ∈ RN : p · x = r

}
.

An hyperplane is orthogonal to p in the sense that:{
x ∈ RN : p · x = r

}
=
{
x ∈ RN : p · x = 0

}
+ x̂

where x̂ is any vector such that p · x̂ = r

For any t ∈ R, the vectors tp form a line through the origin in direction p.

The hyperplane is the boundary between two halves of RN : one in which
p · x < r and the other in which p · x > r .

Draw a picture
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Hyperplanes and Maximization

Suppose that B ⊂ RN and that x∗ solves max
x∈B

p · x .

The hyperplane {
x ∈ RN : p · x = p · x∗

}
is ‘tangent’to B at the point x∗, and this is the hyperplane that is furthest in
the direction from 0 to p.

Draw a picture (highlight the half spaces below and above the tangent
hyperplane).

Think about pictures where the tangent is not unique.
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Hyperplanes and Pareto Optimality

Given this geomety, the content of the last proposition is that if the function
λ · v is maximized over V at v̂ then the hyperplane{

v ∈ RI : λ · v = λ · v̂
}

is tangent to V at v̂ .

This hyperplane gives the λs we need to assert that for any Pareto optimal
allocation there exists a vector of individual weights such that this allocation
maximizes W (x , y).

To use these ideas, one needs to know what the set V looks like.
The utility possibility set U is equal to the set V plus all the points dominated
by points in V.
Therefore, if (x̂ , ŷ) maximizes W (x , y) then U is tangent to the hyperplane{
v ∈ RI : λ · v = λ · v̂

}
at v̂ .
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Hyperplanes and Pareto Optimality: An Example

Draw a picture for an Edgeworth box economy.

v̂ = (uA (x̂A) , uB (x̂B )), and the Pareto optimal allocation x̂ maximizes the
social welfare function

λAuA (xA) + λBuB (xB )

The vector v̂ is a solution to

max
v∈U

λAvA + λBvB

We want the converse: if (x̃ , ỹ) is Pareto optimal then there exists some
vector λ̃ such that the hyperplane λ̃ · ṽ is tangent to U at ṽ .
This clearly fails if U is not convex. Draw an example.
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Separating Hyperplane Theorem
Definition

Given two sets X ,Y ⊂ RN , a vector p ∈ RN is said to separate these sets if p 6= 0
and p · x ≤ p · y for all x ∈ X and y ∈ Y .

Draw a picture

If the vector p separates X from Y , then a straight line H perpendicular to p
lies between X and Y .

If the vector p separates X from Y , then there is an hyperplane{
x ∈ RN : p · x = r

}
that comes between X and Y , though it may touch one

or both sets on their boundaries.

Theorem (Separating Hyperplane (Minkowski))

Let X ,Y ⊂ RN be convex sets; suppose that intX is not empty, and that
Y ∩ intX = ∅. Then, there exists a p 6= 0 that separates X from Y .

Draw counterexamples: convexity, empty interior (and show empty interior
may work).
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Pareto Effi cient Allocations and Planner’s Problem

Theorem

Assume the economy E =
{
{ui , ωi}Ii=1 , {Yj}

J
j=1

}
is such that

1. for all j = 1, ..., J Yj is a convex set
2. for all i = 1, ..., I ui : RN → R is concave

If (x̂ , ŷ) is a Pareto optimal allocation, then there exists λ ∈ RI+ with λ 6= 0 such
that (x̂ , ŷ) solves

max
(x ,y ) is a feasible allocation

I∑
i=1

λiui (xi )

For any Pareto effi cient allocation, there is a vector of weights that makes that
allocation the solution to the planner’s problem.

Notice that in this theorem some λs can be zero, so this is not quite a
converse of the theorem from last class.
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max
(x ,y ) is a feasible allocation

I∑
i=1

λiui (xi )

For any Pareto effi cient allocation, there is a vector of weights that makes that
allocation the solution to the planner’s problem.

Notice that in this theorem some λs can be zero, so this is not quite a
converse of the theorem from last class.



Geometric idea of proof: start from a Pareto optimal allocation, and show that
there is an hyperplane through this allocation that separates the utility possibility
set from the set of utility vectors that improve on that allocation.

Proof Part I

Let U be the utility possibility set for E and given a Pareto optimal allocation (x̂ , ŷ)
let Γ be defined as

Γ =
{
v ∈ RI : v ≥ v̂

}
where v̂ = u (x̂ , ŷ)

Clearly, v̂ belongs to U and Γ.

Claim: no other point belongs to U and Γ.

Suppose not. There exists w 6= v̂ that belongs to both sets. Thus:

w ∈ U ⇒ ∃ a feasible (x , y ) such that ui (xi ) ≥ wi ∀i .
w ∈ Γ implies w > v̂ (they must be different).

Therefore: ui (xi ) ≥ ui (x̂i ) for all i and ui (xi ) > ui (x̂i ) for some i .
This contradicts Pareto optimality of (x̂ , ŷ ).

Draw a picture.
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Clearly, v̂ belongs to U and Γ.

Claim: no other point belongs to U and Γ.

Suppose not. There exists w 6= v̂ that belongs to both sets. Thus:

w ∈ U ⇒ ∃ a feasible (x , y ) such that ui (xi ) ≥ wi ∀i .
w ∈ Γ implies w > v̂ (they must be different).

Therefore: ui (xi ) ≥ ui (x̂i ) for all i and ui (xi ) > ui (x̂i ) for some i .
This contradicts Pareto optimality of (x̂ , ŷ ).

Draw a picture.



We have shown that U and Γ ‘touch’only at v̂ = u (x̂ , ŷ).

Proof Part II
U is convex (homework), and Γ is also convex (obvious); the interior of Γ does
not intersect U and it is obviously not empty.
Therefore, by Minkowksi: there exists λ ∈ RI with λ 6= 0 such that

λ · w ≥ λ · v for each w ∈ Γ and for each v ∈ U
I claim that λ > 0 (showing ≥ is enough since it cannot be 0).

v̂ + (1, 0, ..., 0) ∈ Γ and v̂ ∈ U , so by separation:
λ · (v̂ + (1, 0, ..., 0)) ≥ λ · v̂ = v ⇒ λ1 ≥ 0

and the same logic applies to any λi .

For any feasible allocation (x , y) let v = u (x , y).

Since v̂ ∈ Γ and v ∈ U, separation says λ · v̂ ≥ λ · v .
Therefore

I∑
i=1

λiui (x̂i ) ≥
I∑
i=1

λiui (xi ) for each feasible (x , y)

Hence (x̂ , ŷ) maximizes W (x , y).

Why does the proof use U instead of V?
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Hence (x̂ , ŷ) maximizes W (x , y).

Why does the proof use U instead of V?



We have shown that U and Γ ‘touch’only at v̂ = u (x̂ , ŷ).
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Pareto Effi ciency and Constrained Planner Problem
Another planner’s problem aims to maximizie the utility of one consumer
subject to everyone else achieving a prespecified utility level.
Consider, for simplicity, an exchange economy.

Proposition

In an exchange economy where each i = 1, ..., I , %i can be represented by a strictly
increasing and continuous utility function ui (xi ), an allocation x̂ is Pareto optimal
if and only if it solves the following

max
x
uj (xj ) subject to:

ui (xi ) ≥ ūi for all i 6= j ,

I∑
i=1
xi =

I∑
i=1

ωi and

xi ≥ 0 for all i
for some choice of {ūi}i 6=j .

An allocation is Pareto optimal if and only if it maximizes one consumer’s
utility subject to all others obtaining some given utility level.
Notice that this does not say for any {ūi}i 6=j (easy to find a counterexample).
Proof is an homework problem.
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Notice that this does not say for any {ūi}i 6=j (easy to find a counterexample).
Proof is an homework problem.



Pareto Effi ciency: An Example

Finding Pareto Optimal Allocations: An Example
Consider an economy: where

consumer 1
ω1 = (ω11, ω22)

u1 (x1) = u1 (x11, x21)

consumer 2
ω2 = (ω12, ω22)

u2 (x2) = u2 (x12, x22)

To find the set of Pareto optimal allocations for an Edgeworth box economy in
which consumers’utility functions are

u1 (x11, x21) = (x11)
α (x21)

1−α and u2 (x12, x22) = (x12)
β (x22)

1−β

We must solve the following planner’s problem:

max
x11,x21,x12,x22

(x11)
α (x21)

1−α subject to

(x12)
β (x22)

1−β ≥ ū
x11 + x12 = ω11 + ω12
x21 + x22 = ω21 + ω22
x11, x21, x12, x22 ≥ 0

for some ū.

In this case, the utility functions are differentiable, so we can write the
Lagrangean, the first order conditions, and then solve.
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Competitive equilibrium


