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© Arrow-Debreu Equilibrium Recap
@ Arrow-Debreu Equilibrium With Only One Good

@ Pareto Efficiency and Equilibrium
@ Properties of Interior Equilibria



Contingent Claims

@ There is a finite set of states S with s as generic element, and an observable subset
of S is called an event.

@ The set of dated eventsis [ = {(t,A): 0 <t < T, A€ P, for all t}}, where the
letter t is the date of occurrence of the event A.

@ The partition P; is the set of events that occur up to time t.

@ Because information increases over time, P;y1 refines P; for all t.
@ A dated event contingent commodity vector
= RFXL

is a title to the vector x(; 4y € R if and only if dated event (t, A) occurs;

o for each /, it specifies x(; 4),;: a quantity of commodity / for each dated event (t,A).
@ This is a complete contingent plan that specifies what will happen at any future event.



Trade and Uncertainty

Consumers’ wealth may fluctuate across elements of .

@ a consumer’s endowment could be large in some dated events and small in others.
@ prices could change across dated events.

Without trade, there is nothing consumers can do about these fluctuations.
Trade, on the other hand, allows for insurance:

@ consumers can sell part of their initial endowment in some dated events and use the proceeds to
buy consumption in other dated events;

o firms can use more or less inputs or produce more or less outputs across different dated events, in
order to maximize their profits.

Markets for dated events contingent commodities make these trades possible.

The central planner could also do all those things to achive Pareto efficiency.



Arrow-Debreu Economy With Complete Markets

o At date 0, there are [ X L markets where agents can trade any amount of dated
event contingent commodities.

Definition

(x*,y*) € REFXLXI x RMEXJ and p* € ]REFXL are an Arrow-Debreu equilibrium if

@ For every j, y; € R™! maximizes profits: p* -y > p* -y; forally; € ¥; C R'**
Q For every i, x' € REFXL is maximal in the budget set:

J
X; 7 X forall x; € < x; € X; C REFXL pFoxi<p'w;+ ZHj,- (p* . yj*)
=i
/ I J

© Markets clear: Y xF <> wj+ > y; and py: 4) = 0 if the inequality is strict
i=1i =il =il




The One Good Timeless Exchange Economy

@ Only one commodity (L = 1), and no firms.
@ Only one future time period (T = 1) and no consumption at time t = 0,
o dated events are (1,{s}), so we label everything just by the realized state s € S.

@ A consumption bundle is an S-dimensional vector x; € X; C Ri:
x; 7Zy; ifand only if U (x;) > U;(y/)

where preferences are subjective expected utility
S
U; (X,‘) = Z TrsiUj (Xsi)
s=1

and 7g; is the probability consumer / assigns to state s
o Assume u; (+) is differentiable, strictly increasing, and weakly concave.

@ u; (-) could be state-dependent (just more notation).

@ Note that 0 Zf:1 Tsill; (Xsi)
aXsi

@ The marginal utility of consumption in state s depends on the derivative of the utility function as
well as the probability of that state.

= Tsj U,/‘(Xsi)



General Equilibirum Is Almost Finance

@ A consumption bundle x; = (x1j, .., Xs;) is the promise to receive quantities of the
only good across different states.

o We think of this good as money, and consumption bundles are similar to financial instruments

@ In financial markets, agents trade particular contracts that are denominated in money and have yields
also denominated in money.

@ Prices measure how much agents have to pay for the delivery of one unit of the only
good (money) in state s;

@ these are sometimes called state prices since they measure the value of money in each state.

@ Next we use the first and second welfare theorem for the differentiable economy to
characterize Pareto optimal allocations and equilibria.



Arrow-Debreu Equilibrium With One Good
@ At date 0, there are S markets where agents can trade any amount of state
contingent commodities.

@ Prices are p € R, where p; > 0 is the price of one unit of the good to be delivered
in state s.

@ For each /, preferences are over ]R;gr and initial endowments are w; € RS,

Definition

|

x* e ]Rin and p* € Rfr are an Arrow-Debreu equilibrium if

@ For every i, x7 € RS solves:

S /
max Z Tsitj (Xsi) subject to Z PsXsi < Z PsWsi
s=1 i=1

x€R+s 1

@ Markets clear:

Z - < Zws, fors=1,...,§




Pareto Optimality

@ A Pareto optimal allocation solves the planner’s problem max Z,I':l AiUi (xi)

Pareto optimality in the Arrow-Debreu economy
An allocation is Pareto optimal if and only if it solves:

/ / /

S
max Z Aj Z Tsitj (Xsi) subject to Z Xsj = Z Wsi fors=1,...,S
s=1

X S
WA i=1 i=1

@ Using the results from a few classes back.

Necessary (and sufficient) conditions for Pareto optimality
At an interior solution Xs; consumption is strictly positive in each state, and we have the
following first order condition:

ANiTsith(Xsi) = fbs fors=1,...,5 fori=1,..,1.

where 1. is the Lagrange multiplier given by the feasibility condition in state s.




Properties of Pareto Optimal Consumption Bundles

Necessary (and sufficient) conditions for Pareto optimality
At an interior solution Xs; consumption is strictly positive in each state, and we have the
following first order condition:

\imsith(Rsi) = pig fors=1,...,S fori=1,...,1.

where i, is the Lagrange multiplier given by the feasibility condition in state s.

@ Summing over states, one gets

S S
A Zwt;uf(&t,-) = Z,ut fori=1,...,1.
t=1 t=1

@ Dividing the first order condition above by this expression we obtain:
Nmsivi(Xs)  mgui(Rs) i
N (%) e madi(Re) il pe
fors=1,...,Sandfori=1,..,1/.
@ The right hand side does not depend on i... comparison with equilibirum shortly.




Properties of Interior Pareto Optimal Allocations

An interior Pareto optimal allocation & must satisfy:

T si U,l'(&si)

Hs

< T =35 fors=1,....,.§ andi=1,...,
Dot Tl (Xei) D g My
@ Thus: o
i (317) & ;leuj(xu)
S0 () 2t F 2ty T (%)
msi(%1) b st (%)
s pu—
Sty T (34) o >t Tyt (%)
it} (Xs;) '5“'5 Tsjui(%s))
Sy vl (%) Y e

for any 7, j (the Lagrange multipliers do not depend on the identity of the consumer).

@ Better-than sets have a common support.

S ~
> -1 (k)




Properties of Interior Pareto Optimal Allocations

An interior Pareto optimal allocation & must satisfy:

Tsi UI/'()?Si) s

5 = < fors=1,....,.§ andi=1,...,/
Do T (Re) Do M

@ For any two states s and t this yields

(% it (Xe
;TS'“'(XSI')A = 7 i Sj)A for any i and j
Zs:l ﬂ—s"ui(XSf) Zs:l 7I-SJ'UJ'(XSJ-)
and
maiuj(x5) 4 (x)

= for any / and j
S ~ S ~
Do Tsili(Xsi) Doy T u_; (%)
@ Therefore:
Toitly (X)) | Tsjuly (%)

mauy (%) myuy ()

for any / and j and s and t



Properties of Interior Pareto Optimal Allocations

Necessary conditions for Pareto optimality
An interior Pareto optimal allocation & must satisfy
A ! (L
7Tsiu; (Xsi) o ﬂ—Sjuj (XSJ)

iU (i) B 7rtjUJ/' (%t)

for any /i and j and s and t

o If s = my; for all s, then probabilities drop out and we are left with the marginal
utility ratio for states s and t

@ Then we can make conclusions about Pareto optima: when 75 = 7g; for all s
! (2 ! (2 ! (A~ ! (A~
uj (%si) = uj (%) < uj (%) = uj (X))

@ Since we have v’ < 0 then
Xi —%i <0 < Xj— 5% <0

@ An interior Pareto optimal consumption bundle & is comonotonic across agents:
(%si — xti)(Xsj — x¢j) > 0



Properties of Interior Competitive Equilibria

Equilibrium in the Arrow-Debreu economy

At an equilibrium x*, p* each consumer i solves

max g e (%)
x;ERT

subject to:

S I
Z PsXsi < Z PsWsi
s=1 =1

Necessary (and sufficient) conditions for Arrow-Debreu Equilibrium
The first order conditions yield
sl (x5) =mnip;  fors=1,...8 fori=1,..1

where 7); is the Lagrange multiplier connected to consumer / budget constraint.




Properties of Interior Competitive Equilibria

Necessary (and sufficient) conditions for Arrow-Debreu Equilibrium
The first order conditions yield
msiti (x5) =mnip;  fors=1,..,5 fori=1,..,1.

where 7); is the Lagrange multiplier connected to consumer i budget constraint.

@ Summing over states, one gets

S S
Zﬂsiuf(x:,-) = Zp: fori=1,...1.
s=1 s=1

@ Dividing the first order condition above by this expression we obtain:
msivi(G) _mps ps
Zle 7TtiUKX:,') ni Zf:l o Zf:l ps
fors=1,..,Sandfori=1,...,1/.

@ The right hand side does not depend on i: prices are established in the market..




Properties of Interior Competitive Equilibria

An interior Arrow-Debreu equilibrium x* must satisfy:

Tsu(xy)  p:

5 ; = —¢ fors=1,...,.5 andi=1,...,/
D1 THUi(xg) D eg pE

@ Therefore, for any two consumers i and J:

miul(xg;) pi mjui(g;)

s /(% S * s v
Zt:l 7Ttiu,'(Xt,') Zt:l o Zt:l 7Ttj“j(th)
it (<) Ps s (X))

s / * = s * = S / *
thl Ty ul(x) thl P; thl Teui(x5;)
U siuf(x§) l;_? 75U} (xE;)

S
S mi(x) Db S mu)

@ Better-than sets have a common support given by the (normalized) price vector.



Equilibrium and Pareto Optimality

Pareto optimality necessary conditions

Aimsith (Xsi) = ps fors=1,...,.5 andi=1,...,1.

Arrow-Debreu equilibirum necessary conditions

iUl (x5) = nip: fors=1,...,.5 andi=1,..,1.

Welfare Theorems

Since the welfare theorems hold, X5; = x; for all s and /, and therefore:

1
=+ and p, = p: fors=1,..,S andi=1,..,1.

@ Thus

it (i) _ K P fors=1 S andi=1 /
S TS ~ =S = Il ooog =1,..,1
Do THUNXE)  DimiMe D=1 Pt




Equilibrium and Pareto Optimality

Y u//' (Xfi)

S

>, meiu(x;)
7si i (x5)
S

> ()

TSi “f(Xg‘/)

S
>, meiu(x;)

@ In both Pareto optimality and equilibrium we have:

le“j(xfj)

S
o
Dy T )

75U (x5;)

*

ul
S

thl foH

*

Ps
S

> P
o

Z; Pt

@ Better-than sets have a common support given by the (normalized) price vector




Equilibrium, Pareto Optimality, and Probabilities

@ The support conditions define a probability distribution over the state space.
@ Why? Each element of the vector

i Og;) 0 msi(xg)  Tsid ()
S ) ) 5 ) ) 5
D i1 il (X::) > i1 U] (X::> > i1 U] (X;)

is a number between 0 and 1, and their sum is
S

3 Tt O0G)

s=1 Zf:l Wfl’“f (X:/)

@ These are sometimes called “risk-neutral probabilities”. Why?

o If the vNM utility index is linear, then u/ (x%) = constant
s (x5) @ X constant Tsi

si

Zle meul (x5) Zle T4 X constant Zle e

@ In equilibrium the state prices equal a common probability distribution.

o think of it as the probability distribution over the state space assigned by an hypothetical
risk-neutral agent (the market).



An Example: Exchange Economy

Two individuals, one good, and two states
We have: | =2, L =1,S =2, T =1, and there is no consumption at time 0.

@ Each consumer's utility function is differentiable

m1jU; (Xl,') —+ o U (X2,‘) with i = A, B
@ Suppose the initial endowments are
wa = (1,0) and wp = (0,1)
e There is no aggregate uncertainty: the aggregate endowment is the same in both states:
w=ws+wp=(1,1);

@ The only uncertainty is about who is the rich consumer.




An Example: Exchange Economy

w=ws+wp=(1,1)

@ In an Edgeworth box, the certainty lines (what is that?) overlap.
@ What is special about allocations on the certainty line? They provide Full Insurance.



An Example: Exchange Economy

Pareto Optimality with two individuals, one good, and two states

. . . Tiauy(x: TigUk (X
e Marginal rates of substitution must be equal: 1atlg(xa) _ mipt5(xip)
Toaly(Xoa) mop UL (xoB)
o If consumers have the same probabilities, 714 = w15 and T4 = T&
T2A 2B
@ The MRS condition becomes M = M.
“A(XQA) “B(XZB)

@ Pareto optimal allocations do not depend on probabilities.

Equilibrium with two individuals, one good, and two states

7T1AU,'4(X1A) — pPL
T2A Uﬁ\ (X2A) P2

7F1BUf3(XlB) __ p1

and TFQBU/B(XQB) — P2

@ Utility maximization requires:

miaup(x14) p1 mgup(xp)
—AAAAL — Bl — BB IBL qnd thus

o If my 4 = w1 the probabilities, again, drop out: Tonth(on) — P2 = mamul(xs)’

up(xan) _ up(xas)

up(x2a) = ug(xs)”

@ Equilibrium allocations do not depend on probabilities either,
@ but the equilibrium prices do depend on probabilities.

@ In both cases individuals' consumption must be equal in the two states (why?).



An Example: Exchange Economy

w=wa+wp=(1,1)

@ Pareto optimal and equilibrium allocations provide Full Insurance.
@ What can we say about equilibrium prices?



Another Exchange Economy Example

Another economy with two individuals, one good, and two states

@ Same economy as before, except for the initial endowments

@ Initial endowments are
wa = (2,0) and wp = (0,1)

@ There is aggregate uncertainty: the aggregate endowment differ in the two states; the economy
is richer in state 1.

@ In an Edgeworth box, the certainty lines no longer overlap.
o Can we have full insurance of both consumers?

@ The conditions for an allocation to be Pareto optimal (and an equilibrium) are the
same as before.

@ Should Pareto optimal allocations be different from the previous example?

@ How about the competitive equilibirum allocations and the prices?



An Example: Exchange Economy

w=ws+twp=(21)




An Example: Comonotonic Allocations




Next Class

@ Timing of Trades
@ Radner Equilibrium

@ Securities and Asset Prices



