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PART I. R"
1. Introduction

For 1 < p < oo the p-Laplace equation is:
(1) —Apu = —div (|VuP~2Vu) = 0.

Here w: 2 — R is a real function defined on a domain
Q C R™. Equation (1) is the Euler-Lagrange equation of
the p-Dirichlet integral

1
—/ |Vul|P dx.
pJQ

For p = 2 we just get the usual Laplacian.

For p > 2 equation (1) is degenerate elliptic and for
1 < p <2 singular, at points where Vu = 0.

2. Sobolev Weak Solutions

Multiply equation (1) by a function ¢ € C5°(€2) and inte-
grate by parts to obtain

2) /Q VulP~2(Vu, V) do = 0.

For the integrand to be in LY one would need a priori

to know only that Vu & Lf?O_Cl(Q). We could say that

a function in the Sobolev space Wl})’g_l(Q) is a weak

solution of equation (1), if (2) holds for every ¢ € C§°(£2).



However, little is known about this class of ‘“‘ultra” weak
solutions. In order to get the first Cacciopoli type esti-
mates it is necessary to use test functions of the form
nPu where n € C3°(£2). One needs to assume a priori that
Vu € LY, (£2).

Definition: A function u € Wl(lj’f(Q) is a (Sobolev) weak
solution of the p-Laplace equation if (2) holds for every
o € OSO(Q).

Weak solutions of the p-Laplace equation are p-harmonic
functions.

REGULARITY: Ural'tseva (68) proved that for p > 2
weak solutions of equation (1) have Holder continuous
derivatives. Another proof was given by Evans (82).
These results was later extended to cover the case 1 <
p < 2 by Lewis (83) and DiBenedetto (83). Uhlenbeck
(75) and Toklsdorff (84) proved regulairy for p-Laplacian
systems. However, in general, solutions do not have any
better regularity than Clt’g‘.

Sharp regularity in two dimensions: Aronsson (89) and
Iwaniec-Manfredi (89) proved that a p-harmanic function
is in Cll'é’g‘, where
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Brief sketch of the proof in R":
STEP 1: Approximation
Let ¢ > 0 and let ue be a solution to the equation
p=2

(3) —Apeue = —div (<|Vu€|2 + €2> 2 Vue) =0

1 lap
with v — ue € W5 (£2).
Equation (3) is no longer degenerate elliptic. It follows
that ue € C°.(2). It turns out that ue — w in WHP(Q) as

loc
e — 0.

Conclusion: If we prove estimates for ue with constants
independent of ¢, we can let ¢ — 0 to get estimates for wu.

STEP 2: Vu is locally bounded

Set w = |VulP.

Differentiating (3) with respect to z; and adding in ¢ =
1...n one proves that w is a subsolution of a linear ellipitc
equation in divergence form with measurable coefficients.
Thus w is locally bounded.

STEP 3: Vu is Holder continuous

I know of two proofs of this, both complicated.



The method of the alternative

(Ural'tseva, Evans, DiBenedetto; see DiBenedetto’s book
Degenerate Parabolic Equations):

Fix § > 0 and a ball Bgr(zg). If the set of points satisfying
|IVu(x)| > é6|Vu(zg)| has non-trivial measure (relative to
Br(zq)), then |Vu(zg)| > (6/2)|Vu(zg)| in a ball BnR(xo),
0 <n <1 In Byg(zg) we get good estimates because
the equation is no longer degenerate. If the above fails
for a sequence of radii and é going to zero, then Vu is
Holder continuous at zg. One then has to patch these
two alternatives together.

Using Gehring’s higher integrabilty Lemma

(Lewis; see Guisti's book Direct Methods in the Calculus
of Variations):

Lewis showed that v; = |Vu|(P=2)/29, v solves

‘C’vi:gi > 07

where L is is elliptic divergence form with measurable
coefficients and g; € L1117,



Definition A function u € Wl(lj’f(Q) is a (Sobolev) p-
supersolution of equation (1) if

(4) /Q Vu|P~2(Vu, V) de > 0

for every nonnegative test function ¢ € C5°(£2).

Theorem (Serrin, 64) Every p-supersolution is locally
essentially bounded below and it always has a represen-
tative that is lower semi-continuous.

3. Potential Theoretic Weak
Solutions

p-supersolutions always satisfy the comparison principle
with respect to p-harmonic functions. This property is
used to define supersolutions in the potential theoretic
sense.

Definition: A lower semi-continuous function w: 2 —
R U {4} that is not identically 4-co is p-superharmonic,
If it satisfies the comparison principle with respect to p-
harmonic functions in every subdomain D with closure in
Q: If a p-harmonic function h € C(D) is such that

u(x) > h(x) for all x € 0D
then
u(x) > h(x) for all x € D.



Theorem (Lindqvist, 86) Every p-supersolution has a
lower semicontinuous representative that is p-superhar-
monic.

Example: The fundamental solution given by

p—n

x — |x|p-T

1
x — log (ﬁ)
X

for p = n, is p-superharmonic, yet not a p-supersolution
in any domain containing the origin.

for 1 <p <n and by

Theorem (Lindqvist, 86) If v is locally bounded and
p-superharmonic, then v € Wlé’g and it is a (Sobolev) p-
supersolutions.



4. Viscosity Solutions

LLocal Definition: A lower semi-continuous function u: €2 +—
R U {+o} that is not identically 4oc0 is a p-supersolution
in the viscosity sense if for every zg € Q and ¢ € C2(Q)
touching u from below at zg, that is

(1) ¢(z0) = u(zp),
(5) (1) &(x) < u(zx) for x = zg, and
(121) Vo(zg) #0,

we have

(6) ~div (|V$[P~2V) (x0) > 0.

Note the need for condition (5)(iii) in the pointwise eval-
uation of (6) in the case 1 < p < 2, since we need the
function x — — div <|V¢|p—2v¢) (z) to be defined at every
point near xq.

Remarks: (i) we need only to ask that (5)(ii) holds in a
neighborhood of the point z,

(ii) by adding —e|z — zg|* to ¢ we can replace <" by
“< " in (5)(ii) and,

(iii) it suffices to test with quadratic polynomials ¢.



Definition based on Comparison A lower semi-continuous
function u: Q — R U {400} that is not identically +oo is
a p-supersolution in the viscosity sense, if for every do-
main D whose closure is contained in €2 and for every
b € C2(D)NC(D) such that

—div (|[V¢[P2V¢) < 0in D
¢ < uon oD
we have ¢ < wu in D.

Lemma 1: Local Definition = Definition based on com-
parison.

Lemma 2: Every p-superharmonic function is a p-super-
solution in the viscosity sense.

We have three different notions of weak supersolutions in
increasing order of generality:

p-supersolutions,
p-superharmonic functions, and
p-supersolutions in the viscosity sense.
Theorem 1 (Juutinen-Lindqvist-M, 01)

p-superharmonic functions = p-supersolutions in the vis-
cosity sense.



PART II: H"
5. Introduction

Let us consider the following two vector fields in R3:

_9 yo
 9x 20t
and
0 15,
_9 =8
oy 20t

For u: Q — R, Q C R3 a domain, we want to study the
local (interior) regularity of minimizers of the p-energy
functional

Ip(u) = %/Q (/\2 + | Xul? + |Yu|2>p/2 dx

where p > 1 and A > 0.
The case A > 0: non-degenerate.
The case A = 0: degenerate.

Expected result (in analogy with the Euclidean case):
When p # 2 the derivatives Xu, Yu are in C%C for some
a € (0,1) in the degenerate case A = 0 and Xwu, Yu are
in C%. in the non-degenerate case A > 0.

When p = 2 the Euler equation of I» is the, so called,

Hormander-Kohn or subelliptic Laplacian.



6. Heisenberg Group

e Heisenberg group: H™ = (R2*+1 .), where - is the group
operation given by

1
(z,9,8)- (2, ¢/, ') = (e + 2/, y+, t+t' + 5, Yy —(y,z))),

where z,2',y,y' € R” and t,t' € R.

e Points in H™ are denoted by

X = ($1,$2, sy Iny 1y - - ,$2n,t).

H™ is a Lie group with Lie algebra h, generated by the left-
invariant horizontal frame X = {X1, X5, ..., X5, } given for
1=1,...,n by

The only non-trivial commuting relations are

0
T=— =X Xnqil.

Thus H™ is a nilpotent Lie group of step 2.

e The horizontal tangent space at a point x € H™ is the
2n-dimensional subspace

Ty, (x) = linear span{X1(x),... Xo,(xX)}.



Remark: We have fixed an ambient Riemannian metric
in R2"t1 5o that

{X1,..., X0, T}
IS an orthonormal basis of the tangent space and the

Riemannian volume element = Haar measure of H"
= Lebesgue measure in R2n+1
e The Lie group exponential mapping exp : hn — H™ is

a global diffeomorphism. We will always use exponential
coordinates:

X=(x1,...,%2n,t) = exp(z1X1 + ... + 22, X2, + 1)

e The horizontal projection of a point x = (z1,...,z5,,1)
Is X = (CBl,...,ZBQn).

e There is a natural family of dilations indexed by s > 0O:

2
os(x1,...,xon,t) = (sx1,...,8To,, st).

These dilations are group homomorphisms.
e The ball B(R) = 6r(B(1)).

e The homogeneous dimension of H" is Q = 2n+ 2. The
dimension of ‘H™ as a manifold is N = 2n + 1.



7. Calculus in H"

For a function u: H"™ — R we consider the (full) gradient
Du= (X1u,..., Xonu,Tu) € RZ*T1
and the Horizontal Gradient
Xu = (Xqu,..., X u) € R2"

e The second horizontal derivatives are given the 2n X 2n
matrix

Note that is no longer necessarily a symmetric matrix.

e T he following Sobolev inequality holds for 1 <r < Q:
Q—r 1

Qr_ Qr r
(][ |lu|@=7 dm) < CR (][ |3€u|rdac)
B(R) B(R)

for w € Cg°(B).

e T he natural divergence is defined by duality by requir-
ing that

/¢div3€(F) dz = —/<F, X d

for all test functions ¢ € C§°.
We have

2n
divg(F) = - > X,;F"
=1



8. The p-Laplacian in H"

For 1 < p < oo we consider
(7) divy <|3€u|p_23€u> = 0.

This is the Euler equation of the subelliptic p-Dirichlet
energy functional

1
—/|3€u|pdx.
p

The expected regularity result, in analogy with the Eu-
clidean case, is that solutions have Holder continuous hor-
izontal derivatives Xu.

e The function u itself is Holder continuous (Garofalo,
Lu, early 90's)

THEOREM (Capogna, 1997) Under the additional hy-
pothesis

1
(8) O<M§|3€u|§M<oo
weak solutions to (7) are C°°-smooth.
When the non-degeneracy condition (8) is not assumed,

even the existence of weak second derivatives is unknown
for large values of p.



9. Differentiation along vector fields

To make rigorous the differentiation process we must use
difference quotients. If Z is a left invariant vector field,
seR and 0 < ,0 < 1.

AZu(p) = u(p- %) — u(x)

u(p - e¥4) — u(x)
Bl

DZgu(p) = sign(s)

THEOREM (Hormander, 67, LP derivatives along vector
fields) Let uw € LP(2) and K C 2 compact. If there exists
constants ¢ and M such that
sup |DZ u(x)|Pdo < MP
0<|s|<o /K ’

then Zu € LP(K) and ||Zul[rpg) < M. Conversely if Zu €
LP(K) then for some o > 0

Z p
sup | DZju(x)|Pde < (2||Zul|1p .
0<|s|<o /K > ( . (K)>
THEOREM (Hormander, 67, LP derivatives along com-
mutators) For small s > 0 we have

/BR

DT u(2)
8,5

p
dr < C’/ (|u|? + | Xu|P) dz.
Bar



To go from the estimate on D! to an estimate on DI,
8,5 )

we need to use the second order difference quotients
u(p - e52) + u(p - e752) — 2u(x)
|s|?

because of additional symmetry properties.

7,2
Dy ulp) =

LEMMA (Domokos, 03, Zygmund’s Lemma for vector
fields) Suppose that we can bound the second order dif-
ferences for some 0 < a < 1:

sup [|DZ2ul|rp < M.
0<|s|<o
Then we can also bound the first order quotients
A
sup ||Dgqullpr < (JJullpy + M) .
0<|s|<o

THEOREM (Domokos, 03, Marchi, 01) Let u be a p-
harmonic function in the Heisenberg group H. Suppose

p
that 1 <p < 4, then Tu € Lj,.



10. Cordes Estimates: Cl“-regularity
for p near 2 in H".

Lemma: For u € C§°(€2) we have

2
X2uPde < (142 [ |Agul?de.
L1x2uPde < (142 [ |AguPde

Here Ayu = 21-221 X;X;u and the bound is sharp.

Consider operators of the form

2n
,j=1
where the functions a;; are bounded and measurable.

THEOREM (Domokos, M., 04) If the matrix (a;;) is
close to the identity in the sense that

i,j=1 —lrel\i=

for a. e. = € 2, where ¢ > 0 and ¢ € (0,1], then for
u € C§°(£2) we have

2,12 < 2 .
| 122 e < Cloem) [ | Au(@) P da

COROLLARY: W22 estimates for solutions of Au = f
for f € L?(Q).



Differentiating formally the p-Laplacian we get

2n

Z CLl]XlX]u - O,

1,7=1
where
XjuXju

| Xul?

We see that the differentiated p-Laplacian is a Cordes
operator for p near 2. For n = 1 we get the range

1-v5 145
p—QG( 5 > )

a;; = 6;; + (p—2)

THEOREM (Domokos, M., 04) In H#! p-harmonic func-
tions, initially in W}(’p, arein W%Q for

V17 -1 5+ V5
T, SPs T

THEOREM (Domokos, M., 04) Given o € (0,1) there
exists e(a,n,p) > 0 such that if |[p — 2| < € p-harmonic

. . . 1o
functions in ‘H™ are in C;0-(£2).



11. Non-degenerate p-Laplacian

We consider quasilinear elliptic equations of p-Laplacian
type

27’L B—l
(9) > X (A2 4 1x@PR)? Xiw) =0
=1

in the n-dimensional Heisenberg group H™. Here A > 0
and p > 2.

PROBLEM: Show that Xu is locally bounded.

If the answer is affirmative, the result of Capognha men-
tioned earlier gives that u is C°°-smooth.

THEOREM: (Mingione-M, 2004). For 2 <p < c¢(n) the
horizontal gradient is locally bounded. We have ¢(1) =

c(2) = 4 and ¢(3) = 2 4 14/13.

OUTLINE OF THE PROOF:

loc

1. STEP 1: D <|3€u|%> € L2

2. STEP 2: Vertical Moser iteration: Tu &€ Llogc.

3. STEP 3: Horizontal Moser iteration: Xu &€ Llogc.



