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ABSTRACT. In this paper, we consider two types of solutions of the rotation-two-component
Camassa-Holm (R2CH) system, a model in the equatorial water waves with the effect of the Cori-
olis force. The first type of solutions exhibits finite time singularity in the sense of wave-breaking.
We perform a refined analysis based on the local structure of the dynamics to provide some criteria
that leads to the blow-up of solutions. The other type of solutions we study is the solitary waves. We
classify various localized solitary wave solutions for the R2CH system. In addition to those smooth
solitary wave solutions, we show that there are solitary waves with singularities, like peakons and
cuspons, depending on the values of the rotating parameter {2 and the balance index . We also
prove that horizontally symmetric weak solutions of this model must be traveling waves.
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1. INTRODUCTION

In this paper we study the following rotation-two-component Camassa-Holm (R2CH) system
(see [20] for the derivation of the model)

Ut — Uyt — Aty + 3uty = 0(2Uplzy + Ulggr) — (1 — 2QA) pps + 2Qp(pu) 4,

(1.1
pt + (pu)x =0,
where u(t, z) is the horizontal fluid velocity, p(t, x) is related to the free surface elevation from
equilibrium, the parameter A characterizes a linear underlying shear flow, the dimensionless con-
stant o is a parameter which provides the competition/balance in fluid convection between nonlin-
ear steepening and amplification due to stretching, and €2 characterizes the angular velocity of the
Earth’s rotation. In practice, {2 is small (= 73-1076 rad/s). We will always assume that 0 < Q) < i
and 1 — 2QA > 0 throughout this article.
System (1.1) is strongly related to several models describing the motion of waves at the free
surface of a shallow water under the influence of gravity. In absence of the Earth’s rotation, i.e.,
Q =0, system (1.1) becomes the generalized two-component Camassa-Holm system [7]

Ut — Uggt — Ay + 3uu, = U(Qu:cu:c:r; + qux:t) — PPz,

1.2
pt + (pu)e = 0. -2
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Further taking o = 1, (1.2) recovers the standard two-component integrable Camassa-Holm sys-
tem [16, 31]

{Ut — Ugzt — Aty + Suu, + PPz = 2Uglzy + Ulyyy, (13)

pt+ (pu)z = 0.
Moreover, in the case p = 0, (1.2) is reduced to the Camassa-Holm (CH) equation [4, 5, 17, 21]:

Ut + 2WUy — Uty + 3UUL = 2UzUpr + Ulgrr, (1.4)

where w = A/2 is a constant related to the critical shallow water wave speed.

One of the motivations for the discovery of the CH equation is the quest for model equations
that can exhibit wave-breaking phenomenon that the well-known KdV equations does not have. In
fact, the H' norm of the CH solution remains finite, and hence classical solutions can only develop
singularities in finite time in the form of wave-breaking (i.e., a solution that remains bounded while
its slope becomes unbounded in finite time) [12, 13, 14, 15]. Another remarkable property the CH
equation possesses is the presence of multi-solitons consisting of a train of peaked solitary waves
(called “peakons") [4, 5, 6]. Peakons interact in a similar way to that of the KdV (smooth) solitons,
but wave-breaking may occur during head-on collision of a peakon-antipeakon pair (cf. [15, 32]).

The above two distinctive features are also captured by the two-component system (1.2). One
can refer to [7, 16, 19, 22, 23, 24, 33] and the references therein for details. The goal of this paper
is to understand whether the two properties persist under the influence of the Coriolis force.

The wave-breaking phenomenon of system (1.1) has already been investigated in [20]. Utilizing
the transport structure of (1.1) it is shown in [20] that the solution blows up at time 7" if and only
if limyp- {infzer us (¢, )} = —oc. Unlike many other quasi-linear model equations, a notable
difference in the blow-up analysis for (1.1) stems from the cubic term Qp(pu),, which fails to
be controlled by the conservation laws. Using the transport equation of p, such a term can be
rewritten as —{)(p?);. This suggests that instead of considering solely the evolution of u, one can
keep track of the dynamics of K = u + Q(1 — 92)71(p?). Note that from the conservation law
(2.2), u, blows up if and only if K, blows up. But the advantage of considering K is that in the
equation for K and K, the cubic terms can be bounded by the conservation laws, which enables
one to carry out a standard procedure to reach a Riccati type inequality for K,

%Kx 5 —K a% + 07

and thus by choosing K, sufficiently negative initially, the corresponding solution blows up in
finite time, cf. [20, Theorem 3.4]. A crucial ingredient in this argument is the use of the “global"
information of solutions (like the conservation laws) in deriving various estimates. However the
“local" structure of solutions is underappreciated. On the other hand, the non-diffusive nature of
the system indicates that the local structure of data may strongly affect the the evolution of the
solutions, in particular, the blow-ups. This has recently been evidenced in a class of CH-type
equations in a series of works of Brandolese and Cortez [1, 2, 3], and later extended to some other
quasilinear model equations with higher order nonlinearities [9, 10]. One of the main ideas lies
in understanding of the interplay between the solution and its gradient. For (1.1), this amounts to
tracking the dynamics of K £ K, along the characteristics. Due to the nonlocal character involved
in K, the conservation law is still needed to establish the convolution estimate. However it is now

much apparent to see how rotation affects the wave-breaking. In particular, when the Coriolis
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effect is turned off our wave-breaking criterion recovers the one for the classical CH equation in
[2], cf. Theorem 2.1.

Another issue we want to address here is concerned with the solitary wave solutions of (1.1),
i.e. solutions of the form

(u(z,t), p(x,1)) = (p(x —ct),p(x —ct)), c€R

for functions ¢ and p: R — R such that ¢ — 0 and p — 1 as |z| — oo. In the study of
the CH traveling waves it was observed that both peaked and cusped traveling waves exist [29].
Later Lenells [26, 27] used a suitable framework for weak solutions to classify all weak traveling
waves of the CH equation. For the two-component CH system (1.3), it was shown in [16, 30, 33]
that all solitary waves are smooth, symmetric and monotonic away from the crest, and decays
exponentially far out. In [25], the authors considered a modified two-component CH equation
which allows dependence on average density as well as pointwise density and a linear dispersion
is added to the first equation of the system. They showed that the modified system admits peaked
solitary wave solution in both u and p. For the generalized two-component CH system (1.2),
the balance parameter o leads to the possibility of existence of singular solitary waves (see [8]).
Moreover, it is shown that when o < 1, all smooth solitary waves are orbitally stable.

However it is unclear whether the R2CH system (1.1) supports solitary waves with singularities.
Using a natural weak formulation of the R2CH system (1.1), see (3.10) when 0 = 0 and (3.16)
when o # 0, we can define exactly in what sense the peaked and cusped solitary waves are
solutions. In fact, it turns out that the equation for ¢ takes the form

where R is arational function. A standard phase-plane analysis determines the behavior of solution
near the zeros and poles of R. In fact, peaked solitary waves exist when R has a removable pole
and cusped solitary waves correspond to when R has a non-removable pole. Due to the added
rotational term, the numerator of R contains a quadratic polynomial f(¢) whose root distribution
is quite complicated. By analyzing each possible case carefully, we show here peaked and cusped
solitary waves do exist for (1.1) and provide an implicit formula for the peaked solitary waves.

From the classification of the solitary waves for the R2ZCH system, we find that the solutions
include very exotic shapes. But when restricted to smooth solutions, the situation is clearer. In
particular, the smooth solutions are all symmetric around the crest. This raises the intriguing
question whether the classes of traveling and symmetric waves are identical. Adapting the idea of
[18], we are able to give an affirmative answer for the two-component system (1.1).

The remainder of this paper is organized as follows. In Section 2 we give a wave-breaking
criterion (Theorem 2.1) which addresses the local structure of the solutions and also indicates
explicitly how rotation is involved. We further provide an upper bound of u, along each charac-
teristics emanating from a vanishing point of pg. In Section 3 we introduce the weak formulation
of system (1.1) and define the class of solitary waves with singularities. In Section 4, we classify
various solitary wave solutions. In Section 5, we demonstrate that an z-symmetric weak solution
of system (1.1) must be a traveling wave.
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2. BLOW UP FOR ROTATIONAL 2CH

When o = 1, the R2CH system reads

Up — Uyt — Aty + 3uty = (2uplizy + Ulger) — (1 — 2QA)ppr + 2Qp(pu),, o
The above system admits an H'! x L? conservation law
1
E(t) = 2/ (u? 4+ u2 + (1 - 2QA4)(p — 1)?). (2.2)
R

The blow-up criterion for the R2ZCH system (2.1) can be formulated as

Lemma 2.1. [20] Assume that 1 — 2QA > 0. Let (ug, po — 1) € H® x H*~ with s > 3/2. Then
the corresponding solution (u, p) to system (2.1) with initial data (ug, po) blows up in finite time
T < oo if and only if

1T~ | zeR

lim {inf ux(t,x)} = —00. (2.3)
Now, we give a condition which can guarantees wave-breaking in finite time.

Theorem 2.1. Assume 1 —2QA > 0. Let (u, p) be the solution of (2.1) with initial data (ug, po —
1) € H® x H* Y with s > 3/2 and T be the maximal time of existence. Assume there exists a x
such that

po(zo) =0, 2.4
and A
wo(0) < — |uoliro) - 2] _ 400, — /90, VE), 25)
where 3E(0) 5

Then the corresponding solution (u, p) to system (2.1) blows up in finite time. Moreover, the
blow-up time T* satisfies
8

T <
\/Kg,x(ifo) — (Ko(zo) — 4)”

; 2.7)

where

Ko(z) = uo(z) + Q1 - 97) 7' (p*) (0, 2).

Remark 2.1. Note that in the case when ) = 0, the condition (2.5) on the velocity u reduces to
the same one as for the classical Camassa-Holm equation with linear dispersion (see [2, Corollary
2.4]). Here the appearance of the the Coriolis effect brings up delicate interaction between the
surface and the velocity. To control the additional terms in the blow-up analysis we are forced to
use the conservation law of E(t), as can be seen from the following proof-

Proof of Theorem 2.1. By a simple density argument, we need only to prove this theorem for
s > 3. We follow the characteristics of the R2CH system to generate finite-time blow-up. Hence
we define the characteristics (¢, x) as

q(t,z) = ul(t, q(t, z)),
{ q(0,7) = =, z€R, t€[0,T) (2.8)
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One can easily check that ¢ € C1([0,T) x R,R) with g, (¢,7) > 0 forall (¢,z) € [0,T) x R.
Denote p(z) = %e"z‘ the fundamental solution of 1 — 92 on R, and define the two convolution
operators p., p_ as

pe f@) =5 [ e

- 2.9)
(&
b f@) =5 [ ety

Then we have the relation
pP=p++p-,  Pz=p-— Dt (2.10)
It is easily checked that the derivatives of v and u, along the characteristics can be obtained
from the following computation

1 1-20A4
Up + Uy = — Py * (—Au +u?+ §ui + sz — Qp2u> + Qp * (p2um), (2.11)
1 1-20A4
Ugt + UlUgy = — iui + u? + T[ﬂ - QUP2 + Apze * u

1 1-20A
—p* <u2 + iui + TpQ - Qp2u> + Qp, * (pug). (2.12)
For wave-breaking, one would like to choose some initial data such that u, approaches —oo
in finite time. The difficulty in the analysis of the dynamics of u, sources from the last term
pa * (p*u,), which fails to be controlled by the conservation laws. Our idea is to absorb this term

by considering the dynamics of the quantity
K :=u+Qpxp’ (2.13)
together with its derivative K,. A direct computation shows that the dynamics of K and K, are

given by [20]

1 1-20A
Ki+uK, =—pg % <u2+ 21@) — Tpx*pQ—i—Apgg x U+ Qup, *pQ, (2.14)

1—20A—2Qu ,

1 1
Kmt—i-uKm:—zug—l—uQ—p*<u2+2u§)+ 5 p +Qup*p2
1-20A4
—I—Ap*u—Au—Tp*pQ. (2.15)

For x¢ € R given in the theorem, let
v(t) = p(t,q(t,20)), t€[0,T), (2.16)
where ¢(, zo) is defined by (2.8). Along with the trajectory of ¢(¢, z), we have
Y (t) = —yuy, tel0,T). (2.17)
From assumption (2.4) we know that v(0) = po(xo) = 0 and hence equation (2.17) implies
~v(t)=0, forte|0,T). (2.18)
From now on we make an abuse of notation by denoting

u(t) = u(t, q(t,20)), ua(t) = ua(t, q(t,20)), K(t) = K(t q(t,20)), Ko(t) = Kz(t,q(t, x0))-
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We further denote ' the material derivative d; + ud, along the characteristics ¢(t, z¢). Then from
(2.14), (2.15) and (2.18) we see that

1 1
(K + K;) =—2p_ % <u2 — Au + 2ui> - Qui +u? — Au — (1 — 2QA — 2Qu)p_ * p?,

1 1
(K — K;) =2py * <u2 — Au+ 2u:26> + iui —u? + Au+ (1 — 2QA4 — 2Qu)p, * p*.

Applying [2, Lemma 3.1 (1)] with m = —A?/4 and K = 1 we have the following convolution
estimates

27 4
This in turn provides the bounds for (K + K.)’ as

2
Dt * <u2 — Au+ 1u2> > i <u2 — Au — A) . (2.19)

— (1 —2QA — 2Qu)p_ * p,

+ (1 — 2QA — 2Qu)p, * p*.

Using the fact that
A /
(K +K,) = [<K— 2) j:Kx] . (1 =2QA)ps*p* >0

we can further deduce that

(= 2) o] <3 (-2)
(w-5) - =52 (- 3) ] -2t

The convolution terms in the above estimates can be bounded by

+ 2Qup_ * p?,

0<pr*p’=pex(p—1°+2prx(p—1)+ps=1

< Ipsllo=llp - 112 + 2plzallo — Lz +1 .
3 , 3 3E(0) 3

<-l|lp—-1 - <ttt —=(

s gle =t +5 = g o0ay T2 =

where we have used the definition (2.6) and the fact that

1 1 E(0)
HpiHL 27 HpiHLQ 2\/57 Hp HL2 - 1-920A4

From (2.20) we can also bound

ups * p°| < [[ullpe [P+ * p|l1 < V/E(0)Ch. 2.21)

Putting together, we can further conclude that

(- 3) 5] <=3 [ (+-3) | 20crvem)
[(K— ‘;) —Kx]/ > lug - (u_ ;1)2 T (2.22)
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In addition, it follows from (2.10), (2.13) and (2.20) that

A A A
(u—2>+um§ (K_2>+Kx§ <U—2>+ux+2§201,

A A A
(u—2>—ux§ (K—2)—Kx§ (u—2>—ux+2901.

Now if the assumption (2.5) holds, we have that

% [ui — (u— ?)2] —2QC1\/E(0) > 0,

which implies, from (2.22), that
A ! A !
[(K — 2) + Kx] (0) <0, [<K — 2) — Kx] (0) > 0. (2.24)

Hence at least for a short time ¢, K (¢) + K, (t) is non-increasing and K (t) — K, (t) is non-
decreasing. From (2.5), the definition (2.13) of K and (2.23) we know that

(K(O) - ‘;) + K;(0) < —44/QC1\/ E(0) — 2Q0C,
(K(O) - ;‘) — K,(0) > 44/QC1/E(0) + 4QC}.

The short time monotonicity (2.24) indicates that the above bounds continue to hold, at least for a

(2.23)

(2.25)

short time. Therefore going back to w and u, using (2.23) again we have that

<u(t) — ;‘) + ug(t) < —41/QC1VE(0) — 200,
(u(t) - ?) — ug(t) > 4\/QC1V/E(0) + 2Q071,

which, when plugging in to (2.22), shows that the monotonicity of (K — 4) =+ K, persists and

(2.26)

thus the bounds of the form in (2.25) continue to hold for later time. Therefore the estimates

(2.26) still hold true, pushing the monotonicity even further in time. Hence, we always have
K(t) — 4 + K,(t) < 0 is non-increasing, and K (t) — 4 — K,(t) > 0 is non-decreasing, which

allows us to define the function

= VEK2(t) — [K(t) - A/2]? >
Computing the derivative of h leads to
—(K - A2+ K,)(K—-A/2-K ) (K- A2+ K,)(K—A/2 - K,)

"= 2 /K20 — [K(0) — A/2
A\? (K—-A)2— K )—(K—A/2+Kx)
> { [u - u — 2) —2QC, E(O)} 2 /R20) — 477
2;[ (u—‘g)Q —200,/E(©0) > 0,

where we have used the fact that
(K- A)2—K,) — (K- A2+ K,)
5 > h.
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From (2.23) and (2.26) it follows that

0< <K—A> -K, < <u—A>—ux+2QCl<2[<u—A>—um],
2 2 2
A A
_ - =)= < — — ) — ..
0< <K 2) K, < <u 2) Ugs

Therefore

and hence .
n' > Zh2 — 20011/ E(0). (2.27)

Evaluating (2.23) at initial time we have

(K(O) - 1;) + K(0) < <UO(9C0) - 1;) + gz (0) + 22C) < —41/QC1\/E(0),
(0= 5) = 52000 = (wnlao) - 5 ) = wnaloo) > /201 VED),

Therefore we know that
h?(0) > 16QC1+/E(0).
Therefore from (2.27) we see that h is increasing and in fact we have
1
R > =
-8
This is enough to show that h blows up in finite time. Indeed, we can solve to get

8h(0)
M = 550y

h2.

Therefore we see that

h(t) > 400 as t— o)

On the other hand, since
h(t) < =Ky = —ug — Qpg % p*,
and from (2.20) we know that
h(t) < —ug +2C.
Therefore —u, must blow up at time 7™ which satisfies
T < i, (2.28)
h(0)

completing the proof. ([

It is known from Lemma 2.1 that the solution of system (2.1) breaks down in finite time 7" if
and only if

lim inf u,(¢t, ) = —o0.
t—T— z€R #(t, )

An interesting question is whether wu, has an upper bound. The investigation on this issue gives
the following result.
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Proposition 2.1. Assume that 1 — 2QA > 0. Let (ug,po — 1) € H® x H* ! with s > 3/2,
and T' > 0 be the maximal time of existence of the solution (u, p) to system (2.1) with initial data
(uo, po). Then forx € A := {x € R: po(z) = 0}, we have that uy(t,q(t,z)) is bounded from
above fort € [0,T).

Proof. Similar to the arguments in the beginning of the proof of Theorem 2.1, we need only to
prove this theorem for s > 3. Given z € R, let

M (t) = Ky(t,q(t,x)), ~(t)=p(t,q(t,z)), tel0,T), (2.29)
where ¢(t, x) is defined by (2.8). Along the trajectory of ¢(t, x), we have
Y(t) = —yu,, te][0,T). (2.30)

For any z € A, equation (2.30) implies

~v(t) = p(t,q(t,x)) =0, forte[0,T). (2.31)
Then (2.15) has the form
M () =~ (My — Q0+ %) + f(talt, ) 2.3
with
f=Qupxp*+ Ad?pxu+u® —px <u2+;ug+1_229‘4p2>, (2.33)

/o

for x € A, where is the derivative with respect to t. And we can get the upper bound of f
f < Choys (2.34)
where C' () denotes a constant that depends only on £ (0). Given any z € R, let us define
P(t) = Mi(t) — [JuozlLe — 2Q2C1 — 2Cg (),
where (] is defined by (2.6). Observing P(t) is a C!-differentiable function in [0, ¢) and satisfies

P(O) = Ml(()) — HUOJHL“’ — 2901 — QCE(O)
< ugz(x) + Qpy * p2(0,93) — |luoz|lzee —2QC <0,

where we have used the estimate (2.20). We now claim
P(t)<0, Ytelo,T). (2.35)
Assume the contrary that there is ¢y € [0,7") such that P(tg) > 0. Let
t1 = max{t < to; P(t) = 0}.
Then P(t1) = 0 and P’(t1) > 0, or equivalently,
Mi(t1) = [[uo x|l + 2QC1 + 2CE () (2.36)

and
Mi(t1) > 0. 2.37)
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By (2.32), (2.34) and (2.36), it then follows that
1
My'(ty) = —§(M1(751) — Q0up * p°)* + f(t1,q(t1, 7))

1
< =5 (luoall= + 2C50))” + Chg) < 0,

which is a contradiction to (2.37). This verifies the estimate in (2.35). Therefore, for any = such
that p(x) =0
s[llp ){ux(t, q(t,x)) + Q0up x p°(t,q(t, x))} < 2QC1 + 2Cp() + [[uo,z | e,
te[o,T
which implies

sup ug(t,q(t, z)) < [luoeLe 4+ 4QCT 4+ 2Cg(q).
t€[0,T)

This completes the proof of Proposition 2.1. g

3. WEAK FORMULATIONS

In this section, we derive the weak formulations for system (1.1), introduce the notion of various
types of solitary waves, and derive the ODEs for the solitary waves.
Since p — 1 as |x| — oo in (1.1), we define p = 1 + n with n — 0 as |z| — oo, and hence we
can rewrite system (1.1) as
Ut — Upgy — Aty + 3uty — 0 (2UuzUpy + Ulgry)
+(1=2QA4)(1 +n)n. — 2901 + 1) (1 +n)u), =0, 3.1
e+ ((1+n)u)e = 0.
Using the kernel p defined in the previous section, we can further rewrite system (3.1) in a weak
form as
Ut + oUUy =
—po ¥ [—Au+ 35%u? + §ud + =5 (1 4+ )% — 200, (L +0) (L +n)w),)], B2
ne+ ((L+n)u)e = 0.

This way we can define a weak solution to (1.1) as follows.

Definition 3.1. Assume that @ = (u,n) € X(R) where X(R) = C(Ry, H(R) x L?(R)), and
that U satisfies

S Je @ = 02 + Q1+ 1)y

—(Au — 3u? — Gug — A1+ )?)y — Guygg]dide = 0, (3.3)

f fR+XR[77¢t + (1 + n)urp]dtdr = 0.
forallp € C3°(Ry x R). Then @(t, z) is a weak solution to the system (3.1).

Now we give the definitions of solitary waves, peakons and cuspons of (3.1).

Definition 3.2. A solitary wave of (3.1) is a nontrivial traveling wave solution of (3.1) of the form
(o(z —ct),n(z —ct)) € H' x H'with c € R and , ) vanishing at infinity.

Remark 3.1. Here we demand more regularity of n for a solitary wave than for a general solution
due to the continuity requirement of n in the subsequent discussions, which is also important to
obtain Proposition 3.1.
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Definition 3.3. [26] We say that a continuous function @ has a peak at x if © is smooth locally on
either side of T and
0 7 lim ¢, (y) = —lim @, (y) # £o0.
yt ylx

Wave profiles with peaks are called peaked waves or peakons.

Definition 3.4. [26] We say that a continuous function @ has a cusp at x if p is smooth locally on
either side of © and

lim ¢, (y) = — lim ¢4 (y) = Fo0.
ytz ylz

Wave profiles with cusps are called cusped waves or cuspons.
It is easily seen that a solitary wave (¢, ) with speed ¢ € R satisfies
3 o 1—20A — 2Qc
_(C+A)¢+C¢xz+§§02 — O0PPrz — 59032"1_ 9
(=en+ (1 +n)p)e =0,

where we have used ((1 + 7)), = cn, in the first equation.

(1+n)? =0,

Integrating the system we get

_(C + A)‘:D + cpzz + %()02
= 0P + %9023 _ 17291247290(1 _|_7])2 + 17291247290’ in 'DI(R) (3.5)
—cen+ (1+n)p =0.
The fact that the second equation of the above system holds in a strong sense comes from the
regularity of ¢ and 7.
Our next goal is to decouple system (3.5) to derive a closed ODE for . From the first equation
in (3.5) we see that if the coefficient of (1 + 7)? vanishes then the resulting system is decoupled.
Hence we split the case into two.

3.1. When 1 — 2QA — 2Qc = 0. In this case system (3.5) becomes an ODE for ¢ solely and an
algebraic equation for 1. Moreover, the equation for ¢ is reminiscent of the case of compressible
elastic rod equation [27] and the Camassa-Holm equation with a linear dispersion [26], where a
very detailed classification of traveling waves has been given. Repeating the analysis performed
in [26, 27] carefully one can recover the classification for solitary waves for the ¢ component. In
particular, for the interest of the peaked waves we find that peaked -solitary wave exists only

when
c=1, A=0, 1-2Qc=0, (3.6)
which takes the form
o(z) = ce 1.
However when one turns to the 7 component the second equation in (3.5) leads to
_ ¥
n= ’
c—¢

and thus when ¢ exhibits a peak singularity then 7 given from the above formula leaves H', and
therefore in this case peaked waves are also excluded.

Given that the classification of solitary waves in the case when 1 — 2Q2A — 2Qc¢ = 0 can be
done following [26, 27], our main effort will be to gain information about the solitary waves with
an emphasis on peaked solitary waves
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3.2. when 1 — 2QA — 2Qc # 0. In this case one needs to solve the second equation in (3.5) for
7 and then plug the result into the first one. To do so, we need the following

Proposition 3.1. If (¢, n) is a solitary wave of (3.1) for some ¢ € R, then ¢ # 0 and p(x) # ¢
forany x € R.

Proof. Since the constant % = 0, the proof follows closely to the one in [8, Proposition
2.4], and hence we omit the details. O

Using Proposition 3.1 we obtain from the second equation of (3.5) that

2
c— ¢

n= 3.7

Plugging this into the first equation of (3.5), we obtain a single equation for the unknown ¢

3
—(c+A)p+ cppr + 5@2

o 5, 1-204A-2Q0c (2 1— 204 —2Qc

= 0PPgz + 5Pz — 2 (C — @)2 + 2

5 , inD' (R). (3.8)

Now we discuss (3.8) in the cases 0 = 0 and o # 0 separately.
Case A: When o = 0, (3.8) becomes

c+ A 3 2+1—2§2A—2Qc_1—29A—2Qc c?

- — . 3.
2% 2¢ 2 clc—p)? (39)

Prx =
Since ¢ € H' and from Proposition 3.1, ¢ # 0, and ¢ — ¢ # 0, we know that |c — ¢| is bounded
away from 0. Hence from the standard local regularity theory to elliptic equations we see that
@ € C° and so is 7. Therefore in this case all solitary waves are smooth. Multiplying (3.9) by ¢,
and integrating on (—oo, x], we get

©? [(c—)? + Alc— ¢) — (1 — 2QA4 — 2Qc)]

2 =
cle—¢)
P[0 2+ A)p + A+ Ac— (1 - 204 — 2Q0)]
B c(c—)
2
©° f(p)
r=————=Gly), 3.10
C(C— (p) (@) ( )
where
F@) = % = (2c+ A)p + & + Ac — (1 — 204 — 2Qc). (3.11)

Case B: When o # 0, we can rewrite (3.8) as

c\2 9 2(c+A) 3 5 1—-20A4-2Qc¢
(@—*) =pr————pt—p ———————————
o2 o g o o
1-20A4—-20c

o (c—)

The following lemma concerns the regularity of the solitary waves when o # 0. The idea is

5. in D'(R). (3.12)

inspired by the study of the travelling waves of Camassa-Holm equation [26].
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Lemma 3.1. Let 0 # 0 and (p,n) is a solitary wave of (3.1). Then

(i o @) mmze oo

peom (@16 (2).

Proof. From Proposition 3.1 we know that ¢ # 0 and ¢ # c¢ and thus ¢ satisfies (3.12). Let

Therefore

v = ¢ — ~ and denote

3 c\2 2(c+A) c 1—-2QA4—2Qc
) =2 (o4 2) =2 (04 ) - .
o o o o

Then 7(v) is a polynomial in v. By the fact that ¢ — ¢ # 0, we get that

oc—1

c—v=c—p#0. (3.14)
o

Then v satisfies

(UQ)M = vfg +r(v) +

g g

(1—2QA — 2Qc)c? <a— 1 )‘2
C— .

1

}..(R). Hence (v?), is absolutely continuous and

Using the assumption, one have (v?),, € L
hence
v? € CY(R), andthen v € C* (R\v '(0)).

Hence from (3.14) and that v + £ € H'(R) C C(R) we know

<J - v) Ce CR)NC! (R\v™(0)) .

o
Moreover,
k
(Uk)zx — (kvkilva;)x — 5 <vk72(v2)x)
k
= k(k — 2)vF 202 + §vk_2(v2)m
k 1-204—-20c)c2 (-1 -2
= k(k — 2)v" 202 + ZoF 2 |02 4 r(v) + ( c)e (U c—v) ]
o o
3 k k(1 —20A — 2Q¢)c? ~1 -2
= (k - > R 202+ S0k 2 () + ( c)c k=2 (Uc — U> .
2 2 20 o
(3.15)
For k = 3, the right-hand side of (3.15) is in L}, (R), which implies that
v® € CHR).
For k > 4, we infer from (3.15) that
k 3 2 k
ky _f(, 9\ k—ap,2 L
(V") 2z =1 <l<: 2) v [(v )x] + 21} r(v)
k(1 —20A — 2Q¢)c? -1 —2
+ ( c)e vh 2 <J c— v) € C(R).
20 o

Therefore v € C?(R) for k > 4.
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For k£ > 8 we know from the above that

-1
1)4,1)’“*4,@]“*2,1}]“*27"(1)) € CQ(R), and %2 <G

c— v) ) € C* (R\v(0)).

g

Moreover we have
1 1
k— k—
P22 = 1(v4)z7k — 4(’1} He € CY(R).
Hence from (3.15) we conclude that

ok e C3 (R\v~(0)), &k>8.

Applying the same argument to higher values of k we prove that v* € CJ (R\v_l(O)) for
k > 27, and hence (3.13). O

Denote T = min{z : ¢(z) = £} (if ¢ # £ for all = then let T = +00), then T < +o0.
By Lemma 3.1, a solitary wave ¢ is smooth on (—o0, Z) and (3.8) holds pointwise on (—o0, T).
Multiplying (3.12) by ¢, and integrating on (—oo, z] for x < T to get

2 ©? [(c—@)* + Alc — ) — (1 — 2QA4 — 2Q0)]

’ (c—p)(c—oyp)
P[0 = (2e+ A)p + 2+ Ac— (1 - 204 — 2Q0)]
a (c—¢)(c—0ap)
PPl
= o] = F(y), (3.16)

where f(y) is defined by (3.11).
Putting together, we obtain the ODEs for ¢ as follows.

2 G(@)? When o = 0’
{ F(yp), when o # 0. (3.17)

Since both G and F' are rational functions of ¢, a simple phase-plane analysis determines the
behavior of solutions near the zeros and poles of G and F'. We will first look at the case when

o #0.
7éalse 1. When ¢ approaches a simple zero m of F'(¢), it follows that F'(m) = 0 and F'(m) #
0. Then the solution ¢ of (3.16) satisfies
02 = (p —m)F'(m) + O((p —m)?) as ¢ = m,
Hence
o) =m+ i(x - $0)2F/ (m) +O((x — z0)?) as = — z, (3.18)
where p(z9) = m.

Case 2. If F() has a double zero at ¢ = 0, so that F/(0) = 0 and F”(0) > 0, then

2=’ F"(0)+ O(¢) as ¢ =0,

x
and we get
o(x) v« aexp(—|z|\/F"(0)) as |z| = 400, (3.19)

for some constant . Thus ¢ — 0 exponentially as |x| — oo.
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Case 3. If o approaches a simple pole ¢(zg) = < (when o # 1). Then
o(z) — g = Bilz — z0|*® + O((x — 20)*?) as & — o, (3.20)
and
SBile — 2o+ O((r — 20)' %) as 7 Lo,
0 =1 °, (3.21)
—3Bile = x|+ O((x — 20)'?) as @t a,
for some constant 31 > 0. In particular, whenever F'(¢) has a pole, the solution ¢ has a cusp.

Case 4. Peaked solitary waves occur when ¢ suddenly changes direction: ¢, — —, according
to (3.16).

When o = 0, similar conclusions in Case 1 and Case 2 are also valid for G(¢p).

From looking at the forms of G and F', cf. (3.10) and (3.16), we see that the only term that
remains complicated is f(¢) in the numerator. The following discussion enlists all possible distri-
bution of the roots of f.

(a) f() has no zeros: If

¢ > 55— 20 >0,
40 — 2/402 +2Qc — 1 < A < 40 + 2402 + 2Qc — 1,

where we have used the fact that 0 < 2 < %, then

flp) > 0.

(3.22)

And a simple calculation shows that
2c+ A
C; S 420 — VAR +20c— 1> 0. (3.23)

(b) f(p) has a double zero: If

¢ > 55— 20 >0,
(3.24)
A=40+ 27402 1 2Q0c — 1,
then
A? —8QA + 4(1 — 2Q¢) = 0.
Hence )
2c+ A
s = (o= 252 (.25)
with 5 4
C; > 0. (3.26)
(c) f(p) has two simple zeros: If
1
— — 20 3.27
or
1
> o5 — 20,
¢~ 30 (3.28)
A <40 —2/40%2 +2Qc—1, or A > 40+ 2v/402 +2Qc — 1,
then

A? — 8QA + 4(1 — 2Qc) > 0.
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Hence
flp) = (p— M1)(p — M), (3.29)
where
My — (2¢c + A) — /A2 28QA +4(1 — 2Qc)7 (3.30)
M, — (2¢ + A) + /A2 28QA +4(1 — 296)7 (3.3D)
and M7 < Ms.

4. CLASSIFICATION OF SOLITARY WAVES WHEN 1 — 2QA — 2Qc # 0

With the results established in the previous section, we are in position to classify all solitary
waves of system (1.1) for various o, under the assumption that 1 — 2QA — 2Q¢ # 0.

4.1. The case 0 = 0. From the discussion in Section 3 Case A, we know that all solitary waves
are smooth in this case. As ¢ = 0 is a double zero of G(y), we know from the Section 3 Case 2
that the solitary waves decay exponentially to 0 as |x| — oo. Hence there must exist

— M. =
my = min (z), = maxp(z),

with m, M, < 0, and we have ¢, — 0 as ¢ — m,, or M,,. Hence (3.10) shows that G(m,,) =
G(M,) = 0. Thus f(¢) must have two simple zeros or a double zero.

On the other hand, combining (3.10) with the decay property of ¢ at infinity and ¢ < ¢, we
know that necessarily

MMy = ¢* + Ac — (1 — 2QA — 2Qc¢) = (¢ — K1)(c — K2) > 0, (4.1)
where M7, My are defined by (3.30) and (3.31) and
—(A+20)+/(A-20)2+4 —(A+20)++/(A+20)2 +4(1 — 2QA)

= 2 - 2 @2
X —(A+29) —/(A-20)2+4 —(A+29) — /(A +20)2 +4(1 — 2QA)
2= 2 - 2

are the two roots of the equation ¢ + Ac — (1 — 2024 — 2Qc) = 0. Since 1 — 2QA > 0, we know
Ky >0> K.

Combining (4.1) with ¢ # ¢ and M; < My, the fact that 0 is the double zero of G (), and the
conclusion in Section 2 Case 2, we have that

(i)ifc>0,then 0 < My < cor My < 0;

(i) if ¢ < 0,then0 > My > cor My > 0.
Furthermore, one can prove that:

Theorem 4.1. Suppose that 1 — 2QA — 2Qc # 0. When o = 0, and
(1) if
1
C 2 50 20 > O,
A =404+ 2/402 +2Qc — 1,
i.e., from Section 3 case (b), f(p) has a double zero, then (3.1) does not admit a solitary solution
@ < 0. Besides, (3.1) also does not admit a solitary solution @ > 0 for A > 0.
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(1) if
1
— 920 4.
€<a9q (4.3)
or
1
> 55 — 202,
¢~ 30 4.4)
A <40 —-2/402 +2Qc—1, or A > 40+ 2402 +2Qc — 1,

i.e., from Section 3 case (c), f(p) has two simple zeros, then (3.1) admits a solitary solution if and
only if

(1)) ¢>M; >0 or My<O0, whenc>0, or

(ii) 0> My >c or M; >0, whenc<0O0.

Moreover, all solitary waves are smooth.

Proof. The regularity has been discussed in Section 3 Case A. So we will just focus on the exis-

tence part.
First, we consider the case (I). In this case, we have
2 2c+A\2
2 2 (‘P ) )
= 2’ _q 4.5
©r o) () 4.5)

and
o — co(25A — 0) (302 — (dc+ ) + c(2c + A))
(()0) - 02(0 o 90)2 .

From (4.5), we know that ¢ cannot oscillate around zero near infinity. Consider the following

(4.6)

two cases:
Case 1: ¢(x) < 0 near —oo. Then there is some x( sufficiently negative so that p(z9) = —& < 0,
with e > 0 sufficiently small, and ¢, (xp) < 0. From standard ODE theory, we can generate a
unique local solution ¢(z) on [zg — L, xo + L] for some L > 0. By (4.6), we have G'(¢) < 0
for ¢ < 0. Therefore G () decreases for ¢ < 0. Because ¢, (xg) < 0, ¢ decreases near xg, S0
G () increases near 9. Hence by (4.6), ¢, decreases near xg, and then ¢ and ¢, both decrease
on [zg — L,xo + LJ]. Since \/G() is local Lipschitz in ¢ for ¢ < 0, we can continue the local
solution to all of R and obtain that ¢(z) — —o0 as & — oo, which fails to be in H'. Thus there
is no solitary wave in this case.
Case 2: ¢(x) > 0 near —oco. Then there is some xg sufficiently negative so that ¢(z¢) = € > 0,
with ¢ > 0 sufficiently small, and ¢, (xg) > 0. From standard ODE theory, we can generate a
unique local solution ¢(x) on [zg — L, xg + L] for some L > 0. If A > 0, then 274 > ¢. Thus
G(p) = 92 > 0for 0 < ¢ < ¢, which contradicts the fact that for the smooth solitary waves there
must exist some points such that G(m,) = G(M,) = 0. Thus there are no solitary waves in this
case.

Now we turn our attention to the case (II). Then we need to show that

MMy = (C — Kl)(c — Kz) > 0, 4.7
where f(p) and K1, K are defined by (3.11) and (4.2) respectively.
If ¢ = K1, then (3.10) becomes

o2 = P 2K1+A—¢)  —¢’(K1— Ky —2Q— )
N K1(K1— o) K1(K1— o)

= G1(yp), 4.8)
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where

2K+ A=+(A-20)24+4-20>2-20>0.

Hence we see that p(z) < 0 near —oo. Because ¢(x) — 0 as x — —oo, there is some z
sufficiently negative so that ¢(x¢) = —e < 0, with ¢ > 0 sufficiently small, and ¢, () < 0.
From standard ODE theory, we can generate a unique local solution p(x) on [xg — L,z + L] for
some L > 0. Since K1 > 0 > K>, we have

— 2K + A - )] @[3 + 2(4K1 + A)p — 3K, (2K, + A)]

) = (Er — ) <0 69

for ¢ < 0. Therefore G (y) decreases for ¢ < 0. A similar argument as Case 1 shows there is no

solitary wave in this case.
Similarly we can prove that when ¢ = K there is no solitary wave. The proof of this theorem
is thus completed. O]

4.2. The case o0 # 0. Now we give the following theorem on the existence of solitary waves of
(3.1) for o #£ 0.

Theorem 4.2. Suppose 1 — 2QA — 2Qc # 0. For o # 0 we have
(D If
¢ > 56— 20 >0,
{492W<A<49+2m,

i.e., from Section 3 Case (a), f(p) has no zeros, then we have:

I-1. If 0 > 1, then there is cusped solitary wave ¢ > 0 with max,cg @(x) = <.

(e

I-2. If o < 0, then there is anticusped (the solution profile has a cusp pointing downward)
solitary wave ¢ < 0 with minger p(z) = <.

o
1) If
{c > L —20 >0,
A =40+ 2V/402 + 2Qc¢ — 1,
i.e., from Section 3 Case (b), f(y) has a double zero, we have

II-1. If ¢ > 1, then there is a smooth solitary wave with max,cg p(z) = £ = 20—2i-A and a
cusped solitary wave ¢ > 0 with max,cg ¢(r) = £ < 20—2i-A.

II-:2. If 0 < o < 1, there is no solitary wave ¢ < 0, and no solitary wave ¢ > 0 when A > 0.

< and
g

II-3. If o < O, then there is an anticusped solitary wave ¢ < 0 with min,cr p(z) =
there is no solitary wave ¢ > 0 when A > 0.

(1) If

c>%—297
A<4Q —2/402 +2Qc—1 or A >40+2v/402 +2Qc—1

i.e., from Section 3 Case (c), f () has two simple zeros, then we have

1
c<ﬁ—2Q7 or {
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II-1. When ¢ = Kj and o < 0, there is an anticusped solitary wave ¢ < 0 with mingeg p(x) =

HI-2. When ¢ = Ky and o < 0, there is a cusped solitary wave ¢ > 0 with max,cr p(x) =

II1-3. When M1 < My < 0 < ¢,

(1) if 0 <0, then p < 0. Moreover, we have the following.

If Ma > 2, then there is a smooth solitary wave with mingeg ¢(z) = Ma;

if My = %, then there is a peaked solitary wave with mingcg p(v) = My = £;
C

if My < %, then there is an anticusped solitary wave with mingcg o(v) = £;

(2)if 0 < o <1, then there is a smooth wave ¢ < 0 with mingeg p(x) = Mo,
(3) if o > 1, then there is a smooth wave ¢ < 0 with mingcgr ¢(x) = Mo and a cusped

solitary wave ¢ > 0 with max,cr ¢(x) = <.

HI-4. When 0 < My < My <cor0 < My < ¢ < My,

(1) if o < 0, then there is a smooth wave ¢ > 0 with max,cr ¢(x) = My and an anticusped
solitary wave ¢ < 0 with mingeg ¢(z) = <;

(2) if 0 < o <1, then there is a smooth wave ¢ > 0 with max,cr ¢(x) = My,

(3) if 0 > 1, then o > 0. Moreover, we have the following.

If My < %, then there is a smooth solitary wave with max,cgr ¢(x) = Mi;
if My = g, then there is a peaked solitary wave with max,cr p(x) = My = ﬁ;
if My > %, then there is a cusped solitary wave with max,cgr ¢(x) = <.

1I-5. When 0 < ¢ < M7 < Moy,
(1) if o > 1, then there is a cusped solitary wave ¢ > 0 with max,eg ¢(x) =

c.
o’

(2) if o <0, then there is an anticusped solitary wave ¢ < 0 with mingecg ¢(z) = <.
1I1-6. When My < My < ¢ <0,
c.
U’

(1) if o > 1, then there is an anticusped solitary wave ¢ < 0 with mingcg ¢(z) =
(2) if o <O, then there is a cusped solitary wave ¢ < 0 with mingcgr ¢(x) = <.
I1I-7. When M < c < My <Qorc< My < M, <0,
(1)if o <0, then there is a smooth wave p < 0 with mingecg ¢(x) = Ms and a cusped solitary
wave o > 0 with maxqer p(v) = <,
(2) if 0 < o <1, then there is a smooth wave ¢ < 0 with min,cg p(x) = Ma;
(3) if 0 > 1, then p < 0. Moreover, we have the following.
If Ma > £, then there is a smooth solitary wave with mingcg ¢(z) =

M.

if My < %, then there is a cusped solitary wave with mingcr ¢(z) = £

My,
if My = %, then there is a peaked solitary wave with min,cg () 2 =2
C

HI-8. When ¢ < 0 < M7 < Mo,
(1) if 0 <0, then > 0. Moreover, we have the following.
If My < §, then there is a smooth solitary wave with max,cr ¢(z) = Mj;

if My = %, then there is a peaked solitary wave with max,cg ¢(x) = My = £;
if My > %, then there is a cusped solitary wave with max,cr ¢(z) = <;
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(2)if 0 < o <1, then there is a smooth wave @ > 0 with max,ecr () = M;;

(3) if o > 1, then there is a smooth wave ¢ > 0 with max,cr p(x) = M; and an anticusped
solitary wave ¢ < 0 with mingeg ¢(z) = <.

Note that f(p), My, My and K1, Ko are defined by (3.11), (3.30), (3.31) and (4.2) respectively.
Each kind of the above solitary waves is unique and even up to translation and all solitary waves

decay exponentially to zero at infinity.

Proof. We will discuss the cases (1), (II) and (IIT) respectively.
(I) First, we deal with the case (1), i.e., f(p) > 0 for all p(z) € R. In this case

2 _ ¢’ f(p) _
()0.7}_ (C—QO)(C—O'QD) _F(QP)a (410)

The discussion in the beginning of Section 4.1 shows that there are no smooth solitary waves in

this case and since f(y) has no zeros for ¢ € R, there can only exist cuspons or anticuspons.
From (4.10) we see that ¢ cannot oscillate around zero near infinity.

(i) If p(x) > 0 near —oo. Then there is some z sufficiently negative so that p(x¢) = ¢ > 0,
with ¢ sufficiently small, and ¢, (o) > 0.If ¢ > 1, \/F(¢) is locally Lipschitz in ¢ for 0 < ¢ <
£ < ¢, then £ becomes a pole of I'(y). And for o < 1, £ is not a pole of F'(¢). Thus we obtain
we obtain a solitary wave with a cusp at ¢ = < for o > 1 by using (3.20) and (3.21).

(ii) For the case ¢(x) < 0 near —oo, we obtain a solitary wave with an anticusp at ¢ = < for
o < 0 by using (3.20) and (3.21).

(I) Next, we deal with the case (Il), i.e., f(p) has a double zero. In this case

2 2c+AN2
2 Pl Ty ) _p 411
P = o e op) (). 4.11)

From (4.11) we see that ¢ cannot oscillate around zero near infinity. We will only consider the

case p(z) > 0 near —oo, the case ¢(z) < 0 near —oo can be handled in a similar way
If o(x) > 0 near —oo. Then there is some z sufficiently negative so that p(z¢) = ¢ > 0, with
e sufficiently small, and o, () > 0.
. . . o _ 92%c+A
() If o > 1, \/F(¢p) is locally Lipschitz in ¢ for 0 < ¢ < £ < ¢ If £ = 5=, then

2(e . . . )
o2 =2 {c=9%) " Hence the smooth solution can be constructed with the maximum height o =
o?(c—p)

# = £. Since ¢ = 0 is still a double zero of F'(¢), we still have the exponential decay here.

If - < %, then £ becomes a pole of F'(y). Using (3.20) and (3.21), we obtain a solitary

g
wave with a cusp at ¢ = < and decays exponentially.

(i1) In the case ¢ < 1, one can use the arguments similar as the proof of Theorem 4.1 to get
there would be no solitary wave in the case A > 0.

(I1I) Finally, we deal with the case (Ill), i.e., f(p) has two simple zero. In this case

2 _ 92— Mi)(p — M)
’ (c—)(c—op)
From (4.12) and the decay of (z) at infinity, we know that solitary waves exist if condition
(4.1) holds. First we deal with the case M1 My = (¢ — K1)(c — K3) = 0, where My, My and
K1, K5 are defined by (3.30), (3.31) and (4.2) respectively.

= F(p). 4.12)
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If ¢ = K, then (4.12) becomes

2 = 2K+ A-y)
Y (K= ) (K — o)

— Fi(y). (4.13)

Then we find that p(z) < 0 near —oco. Hence we can find some x sufficiently negative
with ¢(xg) = —e < 0 and pz(z9) < 0, and we can construct unique local solution ¢(x) on
[zo — L, zo + L] for some L > 0.

If o < 0, we see that Kliw
know that F' (¢) decreases for ¢ < 0. Because 4 (zg) < 0, ¢(x) decreases near xg, so that F ()

is decreasing when K /o < ¢ < 0. Combining this with (4.9) we

increases near . Hence from (4.13), ¢, (z) decreases near xy. Then ¢ and ¢, both decreases on
[xg — L,xo + L]. Since \/Fi(¢p) is locally Lipschitz in ¢ for K1/0 < ¢ < 0, we can easily
continue the local solution to (—oo, xg — L] with p(z) — 0 as z — —oo. As forx > zg + L, we
can solve the initial valued problem

Yy = — Fl(@)v
Y(zo+ L) = p(xo + L)

all the way until v = K /o, which is a simple pole of Fi (). By (3.20) and (3.21), we deduce
that we can construct an anticusped solution with a cusp singularity at ¢ = K /o.
If 0 > 0, then a direct computation shows

(2K1 + A — @) (—op?* + 2K1(1 + 0)p — 3K?)
(K1 — ) (K1 —op)?

(K1 — ¢)(K1 —oyp)

(K1 —9)? (K1 —op)?

for ¢ < 0. A similar argument as Theorem 4.1 shows that there is no solitary wave in this case.

Fi(p) =
(4.14)
<0

Similarly, we conclude that when ¢ = Ko, there is no solitary wave when o > 0. When o < 0,
there is an cusped solution with a cusp singularity at Ko /o.

Now we deal with the case M1 M = (¢ — K1)(c — K3) > 0. Recalling that M; < Ma, 8
cases are there we will consider. We will only look at 0 < M; < Ms < c. The other cases can be
handled in a very similar way. Applying (4.12), we know that ¢ can not oscillate around zero near
infinity. Let us consider the following two cases.

Case 1: p(z) > 0 near —oo. Then there is some z sufficiently negative so that ¢(z¢) = ¢ > 0,
with e sufficiently small, and ¢, (xo) > 0.
(i) When o < 1, /F(¢) is locally Lipschitz in ¢ for 0 < ¢ < M; < c. Hence there is a local
solution to
Pr = F (90)7
{ p(w0) =€
on [zg — L,z + L] for some L > 0. Therefore by (3.18), we obtain a smooth solitary wave with
maximum height ¢ = M; and an exponential decay to zero at infinity

2 — (1= —
p(x) =0 (eXP (- Vet de— (12204 290)\90])) as |z| — oo. 4.15)

Cc

(ii)) When o > 1, y/F () is locally Lipschitz in ¢ for 0 < ¢ < £. Thus if M; < £, it becomes
the same as (i) and we can obtain smooth solitary waves with exponential decay.
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If M, = 5, then the smooth solution can be constructed until ¢ = M; = § However at
¢ = My = < it can make a sudden turn and so gives rise to a peak. Since ¢ = 0 is still a double
zero of F'(p), we still have the exponential decay here.

If My > £, then ¢ = £ becomes a pole of F'(¢). Using (3.20) and (3.21), we obtain a solitary
wave with a cusp at ¢ = = and decays exponentially.

Case 2: p(z) < 0 near —oo. In this case we are solving

Pr = — F((P),
p(Tg) = —¢

for some z( sufficiently negative and € > 0 sufficiently small.

When o > 0 we see that F’' () < 0, for ¢ < 0. Therefore in this case there is no solitary wave.

If o < 0, then ¢ = ¢/o < 01is a pole of F(p). Argue as before, we obtain an anticusped
solitary wave with min,cg = ¢/o, which decays exponentially.

Finally, by the standard ODE theory and the fact that the equation (3.8) is invariant under the
transformation x — —x, we conclude that the solitary waves obtained above are unique and up
to translations. O

We conclude this section by providing an implicit formula for the peaked solitary waves. Let
us consider only the case ¢ > M; > 0. Denote

i AT VA2 —8QA +4(1 — 2Qc)
1= )

2
and
i, - —A— /A2 —8QA +4(1 — 29c)7
2
then
Mlchgl, MQZC*AVQ.

By Theorem 4.2 we know that peaked solitary waves exist only when M; = Z. In this case we
have

P’ (Mo — )

2 _
Qox_ c—

Since ¢ is positive, even with respect to some ¢ and decreasing on (zg, o), so for x > zy we

Ay
Yz =—pt/1— .
c—@

Integrating the above equation, there appears

® ds
—(m—xo):/ e
c—A1 g\ /1 — A2

Cc—sS

have
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Letw=1-— i—z’s in the the above equation. Then

1-3% — Ay
—(z—z9) = . = dw
(@ =) /1_A lcw — (¢ — A)](w — 1)/

1_;1290 1 c 1 | d
= . — — — w
-4 Jw cw—(c—Ay) w—1

1 d

>
e, [V e A \/5_1‘ ’
= — n — 1
_ ~ 1
¢ — A Vew + 4/ c— As VW + Ay
Aq

An implicit formula for the peaked solitary waves is thus established in the following.

T e—

Vew — c—A -1

o | = e ., 2 ‘\@ 1'
¢~ A Vew + C_A2 Ve + i
Ay

Below is a graph of a peaked solitary wave. The blue is the velocity profile and the red is the
surface profile.

5. TRAVELING-WAVE SOLUTIONS

Attention in this section is restricted to a unique z-symmetric weak solution of system (1.1).
We will prove that such a solution must be a traveling wave. First, we define what we mean by an
x-symmetric solution.

Definition 5.1. A function u(t,z) = (u(t,x),n(t,z)) is xz-symmetric if there exists a function
b(t) € C*(R) such that

u(t,z) = (u(t,2b(t) — x),n(t,2b(t) — x)),

for almost every x € R. We say that b(t) is the symmetric axis of i(t, x).
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In the subsequent discussion, we will use ( , ) for distributions and we can rewrite (3.3) in
Definition 3.1 as follows

(u, (1= 02)he) + (L + 1), )
—(Au — u? — Gui — = 29A(1+n) ) = (3U%, Yraa) = 0, (5.1)
(,ve) + (L +n)u, ve) =

Lemma 5.1. Assume that U(z) = (U(z),V(z)) € H(R) x L*(R) and satisfies

JoleU (L = 82)¢y + Qe(1 + V)2,
+(AU = 302 — gU2 — 122241 4 V)2)g, + SU%¢ups)da = 0, (5.2)
Jgl=cVoe + (1 +V)Udyldx =0
forall $ € C3°(R). Then i given by
(t,x) = Uz — ¢t — ty)) (5.3)
is a weak solution of system (1.1), for any fixed tg € R.
Proof. Without loss of generality, we can assume ¢o = 0. Following the arguments in [18], we get

the @(t, ) belongs to C(R, H(R) x L?(R)). Forany ¢ € C§°(R4 x R), letting (. = ((t, x+ct),
it follows that

92(Ce) = (Gades
{ 0 (Ce) = (G)e + c(Ca)e- (5.4)

Assume (¢, 2) = U (x — ct). One can easily check that

<u7 C) = <U7 Cc>7 <U2>C> - <U27Cc>7 (Ume - <U§7€c>7 <777C> - <V7 <c>7 (5.5)
(T+m)2 ¢ =(1+V)*¢), (Q+mu,)=(1+V)U,(), '

where U = (U, V) = (U(z), V(z)). In view of (5.4) and (5.5), we obtain

<u7 (1 - aﬁ)@» < > (( - 82)8 C) > <U7 (1 - aﬁ)(ath - Cax(c»v
(L)% 6 = (1 + V)% (G)e) = (1 + V)2, 0l — edCe),s

3 o 1-20A
<Au — §’LL2 — 5“33 - 9 (1 + 77)27 C:v>
3 1-204
= (AU - SU? = U2 - ———(1+ V2000, GO

<gu27 Cmmz> = <EU27 83€c>a
(0, Gy = (V. (Ce)e) = (V, OuCe — cOaCe),
(T4 nu, &) = (1 +V)U, 0uCc).
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Noting that Uis independent of time, for 7" large enough such that it does not belong to the support
of (., we deduce that

(U, (1— 82)0C.) = /R Ula) [ 01— 32
- /R U(@)[(1 - 02)¢u(T, 2) — (1 — 82)Ce(0, )] dax =0,

Mawz/hu) OrC.dtd (5.7)
R Ry

/R U(2)[C(T, %) — (0, 2))da = 0,
<V7 8th) =0.

Combining (5.6) with (5.7), it follows that

(o, (1= 2)0) + 1+ ) — (A — on® = o2 = LA 2 ) (T )
= <U7 _C(l - 82)81‘CC> + Q((l + V)27 _Caxgc>

1-20QA
2

_ / /[—CU(1 — 03)0,¢ — Qe(1 + V)20,(,
Ry JR

—(av - 22 - Tu2 - (14 2V, 8:e) = (50, 32C0)

3 o 1-20A
A - Zp?2_-p?2_- ="
(U 2U 2Ux 2

1+ 2V)2> OaCe — gUQaggc}dxdt =0,
and
(V= c0uCe) + (14 VU, BaCe) = / / VO + (14 VU Codadt = 0,
R; JR

where we used (5.2) with ¢(z) = (.(¢, z), which belongs to C§°(RR), for every given ¢ > 0. This
completes the proof of Lemma 5.1. U

Finally, we give the main result of this section.

Theorem 5.1. Ifu(t, x) is a unique weak solution of system (1.1) and is x-symmetric, then u(t, x)

is a traveling wave.

Proof. Recalling Definition 3.1 and noting that C§°(R. x R) is dense in C} (R, C3(R)), we can
only consider the test functions ¢ belong to C3 (R, C3(R)). Let

Uy(t, ) = (t, 2b(t) — ), b(t) € C'(R).

Then we obtain that (¢), = ¢ and

{@wz—@wm Oty = — (0o, 55

Oy = (D) + 2b(91)p,
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where b denote the time derivative of b. Moreover

u, ¥) = (u’, ),
)27¢ > <(1+77b) 7¢> = ((1+77)27¢b>,
(1 +mp)up, ) = (14 n)u, Pp).

(up, 1/J> <U ¢b> (uj
(16, 9) = <77, ¢b> (

Since  is x-symmetric, by virtue of (5.8) and (5.7), we get

(u, (1= 2)hr) = (u, (1 = 02)0p),) = (u, (1 — 02)(Duby + 260:43)),
QL+ )2, ) = Q1 +n)?, 0y + 200:4),
3 5 0452 1-20A 9
—20A
(Au— St = T2 - S EE 1) 00,
<%U271/me> = <%u27 —52%%
<777 wt> = <777 8”;[)17 + 2b6§c¢b>>
<(1 + TI)U, %) = <(1 + 77)167 _8wa>'
In view of (5.1), we get
(o, (1= 32y + {1+ 0)2, ) — (A — ow® = T2 = T2 4 gy (7

= (u, (1 — 02)(Ophy + 200,1)) + (L + )2, (Dpby + 2b0:))

3 1-20A
+{Au— Su? — Zul - (L4102, 00t + (500, Din) =

2 2 Yo 2
<na ¢t> + <(1 + 77)%¢m>

= (77’ (315% + 2[)8wa)> + ((1 + 77)”: _8x1/}b> =0

Noting that (13 ), = 1 and substituting ), in (5.11) for 1), we obtain

(u, (1= 02)(Dep + 260:10)) + (1 +1)?, (Detp + 260,1)))
<Au - 5“ - %u% - #(1 + 77)25 ax¢> + <%u27 a§¢> = O)

Combining (5.12) with (5.1), we have

(u, =2b(1 = 82)0,0)) + (1 +n)?, —2b,4))
—2(Au — $u? — ul — 224 (1 + )%, 0,0) — (ou?, 03) =0,

xT

We consider a fixed but arbitrary time ¢y > 0. For any ¢ € C§°(R), let ¢.(¢,x) = ¢(x)

(5.9

(5.10)

u27 wm&x>

(5.11)

(5.12)

(5.13)

pe(t),

where p. € C§°(R) is a mollifier with the property that p. — (¢ — to), the Dirac mass at ¢¢, as
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e — 0. From (5.13), by using the test function ¢.(t, x), we have

Ja (—2(1 — 02)0:0 [y, I}upe(t)dt> dz +Q [, ( 20,0 [ b1 +10)2pe(t )dt) dz
— Ji (2000 i, (Au— 3u® — Gu2 — 1%Mu+m>suﬁ)m

— Jz (0030 fR+ quE(t)dt) dr =0,

J (—2ax¢ Je, bnpg(t)dt> dz + [, (26@ Jo, 1+ n)u,og(t)dt) dz = 0.

Note that

lim | bupe(t)dt = b(to)u(to, ), lim / bips(t)dt = b(to)n(to, ), in L*(R),
Ry

(5.14)

e—0 R+
and
lim [ (1 +1)%pe(t)dt = b(to)(1 + n(to, z))?,
e—0 R+
. 35 045 1-20A4 9
lim R+(Au—2u —QUe — (L m)7)pe(t)dt

1-2QA

5 (L+n(to,2))?,

— Aulte,z) — gﬁ(to, 7) — 2 (@ulto, ) -

lim | pe(B)dt = v (t0, ),

;i_r% A (1 4+ n)up:(t)dt = (1 + n(to, x))u(to, x)

in L'(R). Therefore, letting ¢ — 0, (5.14) implies that

i b(to)u(to, x) (1 — 82)dpdpdx + Q [ bto) (1 + n(to, x))?Oppda
+ [o (Au(to, ) — 3u2(to, 2) — $(Ozulto, z))? — 2241 + n(to, 2))?) Oppdz
+ fR (to,x)é)ggzﬁdx =0,
— fR (to)n(to, x)Oppdx + fR(l + n(to, z))u(te, )0z pdx = 0.
Thus, we deduce that u(to, x) satisfies (5.2) for ¢ = b(to). Applying Lemma 5.1, we get i(t, z) =

u(to, z — b(to)(t — to)) is a traveling wave solution of system (1.1). Since @(to, z) = u(to, z), by
the uniqueness assumption of the solution of system (1.1), we obtain @ (¢, x) = u(t, x) for all time

(5.15)

t. This completes the proof of Theorem 5.1. ([l
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