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Chapter 1

Integral Perfectoid Rings

1.1 The tilting functor

We say that a ring A of charectiristic p is perfect if the Frobenius map ® : A — A is an
isomorphism. If ® is only surjective, we say that A is semi-perfect.

Definition 1.1. (Tilting Functor)
If A is a ring of characteristic p, set

Arerf = Im A = {(ag,a1,...) € ANl = a;y for alli > 1}
®

For any ring A, we set A’ := (A/p)Pe'7.

e As the notation suggests, for a ring A of characteristic p, AP/ is perfect. We say that
Arerf is the perfection of A.

Indeed, given (x,x%,xp%,...) € Arerf | we have (x,x%,m%,...) = (x%,xr%,m%’...)p and
(x,x%,:cp%,...)p:()ifand only ifaP =g =av = =0,

Moreover AP satisfies a universal property: if f : S — A is a ring homomorphism with S

perfect of characteristic p, then it factors through S — AP/ — A.
o Arerf — A is surjective exactly when R is semi-perfect.

Lemma 1.2. Let A be a ring and m € A be an element such that p € (7). Given a,b € A
such that a = b [r1], we have a?" = " [7"*Y] for all n > 0.

Proof. We prove by induction on n.

Assume that a?" = " + 7"*lc. Rising both sides to the p-th power, we get "t =
n—+1

'+ per e d 4 oD L P for some d € R since p | (7). Hence the result. [ |

Example 1.3. e We have (Fp[Tl/pm]/(T))perf ~ F, (TP (=T-adic completion).
Indeed, it is easy to see that the morphism

F,[TV7]/(T) — Y, [T"/77)/(T7")

(z, mod [T]) — (22" mod [T7"])
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is well defined with inverse sending (yo mod [T],y1 mod [T?],...) to (yo mod [T1], yi/p

mod [T],...).

o If f: S — R is a surjective morphism of characteristic p rings with nilpotent kernel,
then Sref ~ Rperf,
Indeed, let m € N such that Ker(f)P" = 0. We have a natural morphism

fperf: grerf _y prerf
(Sn)neN = (f(S”))neN
Let (1y)neny € RPY7. Let s € S such that f(s),,,,) = Tnim, then s, = s, .°

n+m n+m

verifies f(sn) = 1, s = sp—1 and is independant of the choice of s, ... We see that

fp”f((sn)neN) = (rp)nen; which shows that fP/ is an isomorphism.

m

Lemma 1.4. Assume that A is w-adically complete for some 7 such that p € (w). Then the
projection maps A — A/p — A/w induces bijections
. ~q. oAb~

JLTPA — l%lA/p =A - 1%114/7‘(
of multiplicative monoids (since x — P is not necessarily a morphism of rings).
If one topologizes A with the m-adic topology and A/m and A/p with the quotient topologies
(corresponding with the discrete topology for A/w), then these bijections are homeomor-
phisms.

Proof. We check that the map limg, .0 A — @A/W is bijective. For the injectivity, fix
o

(an), (by) € lim A with a,, = b, [7] Vn. Since aﬁik = ay, for all n, k € N, we get by lemma 1
TP

that a, = b, [7*] Vk. Since A is m-adically complete, we get that a, = b, Vn.
Now for surjectivity, let (d,) € lim A/m with a set theoretical lift (ay,). Then a? ., =
®

Uik [7] VN, k. By lemma 1, for all n the sequence k +— af:;k is cauchy for the m-adic topol-
ogy and has a limit b,. We easily check that b2 = b,, Vn and b, lift a,.
For the last part, the maps defined are clearly continuous, so we need to deal with the

continuity in the other direction. An element of limp A say (bg, bs, . ..) has a basis of neigh-
T—T

bourhoods of the form U,r = {(ai,a9,...) € lim A | a,, = b, [7F]}. But an ele-
xr—xP

ment (b1, ..., bnik, Cnikhit---) € limp A/m verifies a;+k+i = bpyk (7], thus by lemma 1
T—T

we have a;ikk i = bk = by [7*]. Taking to the limit we see that its image by the in-
verse map lies in U, which gives us the desired continuity since the elements of the form
(b1, ...y bpik, piger - .. ) form a neighborhood of (by,... by, ...). [ |
Definition 1.5. (sharp map)

Given the bijection of multiplicative monoids limpA = ligl Alp = A°, we project limpA on
T—x T—T

the last term to obtain a multiplicative map
g A A
[ ff
1
Its image is exactly those f € A that admit a compatible system {f»*} of p-powers.

3
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eBy Lemma 2, we see that the sharp map (or untilting map) # : A> — A is continuous.
e Notice that the sharp map is generally not additive; in fact, if b,c € A°, it transforms
under addition as follows ) ‘

(b4 c)f = lim ((b7")* + (co")#)P'

1—00

However, the composition A° #mod p, A/p is given by the projection on the last coordinate

A ~ limp A/p — A/p, so it it a ring homomorphism.
T—T

1.2 Definition and first properties

Let A be a topological ring. We say that A is integral perfectoid if and only if there exist a
non-zero divisor m € A such that

1. The topology on A is given by the m-adic topology and A is complete for this topology.
2. penPA
3. The morphism ® : A/7A — A/mP A sending a to a” is an isomorphism.
We call any such element 7 a perfectoid pseudo-uniformizer.
Example 1.6.
Lemma 1.7. Let A be integral perfectoid, m € A a perfectoid pseudo-uniformizer. Then
1. Every element of A/pm is a p-th power.

2. If an element a € A[L] satisfies aP € A then a € A.

1
3. After multiplying m by a unit, it has a compatible sequence of p-power roots v L, €

A.

Proof.

1) Let x € A. By surjectivity of ®, there exist elements, ag,x1 € A such that © = af +

mPxq; continuing the procedure for x,, we get that = = Zizo almP" for some a; € A. But

S oiso @t = (375 aim )P [prr] which proves the first property.

2) Let [ > 0 be the smallest integer such that p'a € A. Assuming that [ > 0, we get that

wPlaP C 7' A C P A. But by the third condition in the definition of an integral perfectoid

ring, we have 7la € 1A, and so 7'"'a € A which contradicts the minimality of /.

3) Since the Frobenius is surjective on A/7P; there exist an element of lim A /7P of the form
o

(m mod 7wPA,...). By the bijection in lemma 2, there exist an element a = (ag,a;,...) €

lim A such that ag = 7 [7P], i.e., ap = m(1+ 7P~ 1k) for some k € A; but since A is w-adically
T—T

complete, (1 + 7?~1k) is invertible. [

Lemma 1.8. Let A an integral perfectoid ring. Let t € A be an element satisfying the two
first conditions in the definition of integral perfectoid rings. Then it satisfies the third, i.e.,
it is a perfectoid pseudo-uniformizer.
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Proof. We need to show that ® : A/t — A/t? is an isomorphism.

Let m € A be a perfectoid pseudo-uniformizer. By the first property in lemma 3, we have
that the frobenius is surjective on A/p, hence it is also surjective on its quotient A/t.

Since t and 7 define the same topology, {t"A} and {7" A} are confinal amongst each other.
Thus A[1] = A[7]. If a € A satisfies a? € tPA, then ¢ € A[1] verifies (¢)P € A, so by the
second property of lemma 3, we get that ¢ € A, i.e., a € tA which proves the injectivity. W
Lemma 1.9. Let A be an integral perfectoid ring with a perfectoid pseudo-uniformizer m
admitting p-power roots (which we can assume by lemma 3). Then A® is also an integral

perfectoid ring having a perfectoid pseudo-uniformizer ©° such that o =7 Moreover, the
morphism of rings

A7 #mod, Alm
18 an isomorphism.
Proof. [

Proof. The homeomorphism A limp A/ A shows that A is an inverse limit of discrete rings,
T

hence A is a complete topological ring. Let us show that this topology is the 7’-adic topology
for some non-zero-divisor 7° € A”.

Let 7 = (m, T%, ...) € A’ be the corresponding element satisfying (7T")ﬁ = T.

Let us show that 7 is a non-zero divisor. Notice that for n > 1, we have a sequence

n 7T1/ ™ n
0"V A/r — A/r SaULEN Al L5 Alr =0
which is exact since if a € A satisfies a?" € A, then 7 € A[%] satisfies (W{%)pn € A,

and by the second property in lemma 3 we have a € 7'/7" A.
These sequences are also compatible in n and taking to the limit we get an exact sequence

0 —— 7"V A/r —— A/rm LN Alm SLAEN Almr —— 0

R

0 — 7"V A/ —— Afm xal?, Alr X A/mr —— 0
o - - 5
: . Ib x P . Ib ﬁmOdT(\ I
O 7 A 7 A 7 A/ﬂ- —> 0

since all the transition maps are either surjective (i, id) or zero. Thus 7” is a non-zero
divisor of A’ and the untilting map induces an isomorphism A°/7> = A/x.

Now let us examine the topology on A”. A basis of neighborhood of 0 in A’ is given by
Ker(p,) with p, : A> = Il}_}ngp A/m, (ag,as,...) — a,. But since p, o ™ = py, with ¢™ being

an isomorphism, we get that Ker(p,) = ¢"(Ker(py)) = ¢"(7’A") = 77" A* which shows that
the topology on A is 7”-adic. Combining these two results, we get the first property in the
definition of integral perfectoid rings. The second property is obvious and the third one

comes from the fact that A” is perfect. Therefore A” is integral perfectoid.
[
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1.3 Tilting Correspondence for integral perfectoid rings

Lemma 1.10. Suppose that R is a perfect ring of characteristic p. Let t € R be a non-zero-
divisor such that R is t-adically complete, then W (R) is [t]-adically complete.
Moreover, if , ¢ € W(R) an element such that ¢ = p mod [t], then q is a non-zero-divisor.

Proof. We have [t| = (¢,0,0,...) and for a = (ag, ay,...) € W(R) we have
[t] - a = (tag,a1t?,...) = 0 if and only if a; = 0 Vi

therefore [t] is a non-zero-divisor in W (R).

If there exist a € W(R) such that ap = [t]b, then modding out by p gives b = pb’ for some
b € W(R) so that a = [t]l/ (since p is a non-zero-divisor in W (R)). Thus p is a non-zero-
divisor in W(R)/[t], which in turn, implies that ¢ is a non-zero-divisor of W (R)/[t] and that
[t] is a non-zero-divisor in W (R)/q.

Now for each k > 0 consider the exact sequence

0= p"W(R)/(p" ", [1]") = W(R)/(p" ', [t]") — W(R)/(p". [t]") — O

Since the transition functions are all surjective, taking the limit gives an exact sequence (see
A&M prop.10.2)

—

0 — p"W(R)/p"t!t — W(R)/p"t! — W(R)/p* — 0

where = denote the [t]-adic completion.

L —

Since R = W(R)/p is [t]-adically complete, we can suppose by induction that W(R)/p" =

W (R)/p"™. Since p"W (R)/p"*' ~ R as R-modules, we also get p”VV(E)%"Jrl ~ p"W(R)/p".

Therefore we have a commutative diagram
0 —— p"W(R)/p"™ —— W(R)/p"™ —— W(R)/p" — 0

| | |
0 —— p"W(R)/p! —— W(R)/p"+' —— W(R)/p" — 0

A diagram chase shows that the middle arrow is an isomorphism. Hence W (R)/p"* is [t]-
adically complete.

The natural morphism W (R) — m(: m, W(R)/[t]*) is an isomorphism mod p™ for all

n > 0. Since W(R) is p-adically separated and W (R) is p-adically complete, it follows that
it is an isomorphism. So W (R) is [t]-adically complete as desired.

Now let us show that ¢ is a non-zero-divisor of W (R). So write ¢ = p+[t]b and let a € W(R)
such that ag = 0, i.e., ap + [t]ba = 0. But ap = 0 mod [t] gives us a = 0 mod [t] and so
a = [tla’ for some a' € W(R). Therefore we have [tla'p + [t]?d’b = 0 = a'p + [t]a’b = 0.
Repeating the same thing for a’ shows that a € () _,[t]"W (R), and so a = 0 which gives us
the desired result.

n>0

Theorem 1.11. (Fontaine’s 6-map)
Let A be an integral perfectoid ring.
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1 There is a unique ring homomorphism
0:W(A) = A
which satisfies O([b]) = b* for all b € A°.
2 0 1s surjective and its kernel is generated by a non-zero divisor
3 Given x € Ker(0), x generates its kernel if and only if x = (xo, X1, ... ) with x1 € A

Proof. 1) Since any element b € W (A’) can be written uniquely as b = Y. [b;]p’, we have
a well defined map -

0:W(A)— A
Z[bi]pi = by
=0

1=0

So we only need to show that this map is a ring homomorphism. But since A is p-adically
separated, we only need to show that it is a homomorphism mod p” for all n € N. So fix
n > 0.

Recall that we have a ring homomorphism

W W (A) ey AN B2y g

(ao,a1,...)—>agn—{—pa11)n +...+pnan

n—1i n—1i

Note that if ¢; = a; mod p then ¢’ = ¢/’ mod p ‘al?

"+l g0 that plal = pldl

mod p"*1. Therefore W™ mod p"*' depends only on the value of the Witt coordinates
mod p, i.e., we get a commutative diagram
()
W(A) — 5 A
l l that show that W{" is also a ring homomorphism.

(n)
W(A/p) —— Afp"+!
We claim that the composition

-n mo wm
W(A) S5 W (A7) S W (A p) S Al

is exactly & mod p"*!. Indeed

[e.o] n n

i 2 n n—1 nff n—14 i—nfl n—i i i
S bl = (b, .85, ) = () e ) = Y = i

=0 =0 =0

The first two maps being ring homomorphisms induced by the universal property of the Witt
vectors, we deduce that & mod p"*! is a ring homomorphism as required.
2) Since A and W (A’) are p-adically complete, to prove the surjectivity of 6, it is enough to

show that it is surjective mod p. But this follows from the fact that § mod p: A” — A/p

7
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is surjective.

Let m € A be a perfectoid pseudo-uniformizer admitting p-power roots and let 7 = (7, 7'/?,...) €
A°. Since p € 7PA and @ is surjective, p = 7°0(—z) for some z € W(A’). Hence & :=

p + [7’]Pz € Ker(f). By lemma 6, ¢ is a non-zero-divisor of W(A®) and W(A®) is [r’]-
adically complete. Since A is m-torsion free, one sees that W(A”)/¢ is an isomorphism if
and only if it becomes an isomorphism when we mod out by [7°], i.e., we need to check that
W(A%)/(€,[7]) — A/r is an isomorphism. But since £ = p mod [7°], W(A4%)/(&, [7]) ~

A’ /7” and the map identifies with A° /7’ Fmodm 4 /7 which is an isomorphism by lemma 5.

3) First notice that the Witt vector expansion of & looks like

2 2

(507517"') :p+[ﬂb]x: (071707"'>+(7pr$077er xly"'):< bpx071+7rbp xl)"')

In particular & € A”™ (since A" is 7’-adically complete).
Now let x = (X0, X1,...) € Ker(#). x = B¢ for some 3 = (B, 1, ...) € W(A”), and we have

X = (8o, B1,--.) - (&0, &, - ) = (Bobos Br&G + Boéas - - )

Therefore
Ker(0) = xW (A’) & BEW(A”) = EW(A°)
& f e W(A) (since € is a non-zero-divisor )
& By e A (W(A) is p-adically complete and W(A%)/p = A”)
e e (eAT)
Sx1=6E + /e € A7 (since A’ is 7’-adically complete and fy € A" )

[ |
Theorem 1.12. (Tilting correspondence)
Let A be an integral perfectoid ring A. The tilting induces an equivalence of categories
Perfectoid A-algebras — ~ Perfectoid A’-algebras
B— B
whose inverse sends a perfectoid A’-algebra to its untilt C* := W (C) Ry (a0),9 A-
Proof.
Let m € A be a perfectoid pseudo-uniformizer admitting p-power roots and 7° = (m,7'/?,...) €

A® be the associated perfectoid pseudo-uniformizer of A”. Let ¢ = p + [7°]Pz € W(A) be
generator of Ker(f).

First, we show that for a perfectoid A-algebra B, (B")* = B. For this, consider the commu-
tative diagram

w(B’) -~ B

vl ]

WAy 24 A
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We see that the image of £ in W (B”) lies in Ker(f3) and since the second coordinate in the
Witt vector expansion of ¢ is in A” whose image under v is in B”. By theorem 1, we get that
W (u)(§) generates Ker(6p). Hence the map

W(Bb) ®W(Ab) A— B
b®awr Op(b)u(a)

On the other hand, let C' be a perfectoid A’-algebra. We show that C* is a perfectoid A-
algebra and that (C*)” = C.

Since 64 is surjective with kernel W (A%), we get that C* = W(C) @y A ~ W(C)/E
where it is seen as an A-algebra via the identification W (A4”)/¢ ~ A. is an isomorphism.
Applying lemma 6 for R = C, t = 7” and ¢ = £, we get that 7 is a non-zero-divisor of C*
and that C* is complete for the m-adic topology. It remains to show that ® : C*/7 — C* /7P
is an isomorphism. But ¢ = p mod [7°]P so C*/7 ~ W(C)/(¢,7") ~ C/7" and C*f /7P ~
W(C)/(&,7") ~ C/a°", and the map can be rewritten as ® : C'/n” — C/x"” which is
indeed an isomorphism since 7° is a perfectoid pseudo-uniformizer. Hence C* is a perfectoid
A-algebra. |



Chapter 2

Perfectoid Fields

We say that K is a non-archimedian field if it is equipped with a valuation |- | : K* — Ry,
for which it is complete.

2.1 Definition and first properties

Definition 2.1. A perfectoid field K is a non-archimedian field with residue characteristic
p such that

o The value group |K*| C Rsq is not discrete.
o K°/p is semi-perfect.

Where the subring K° := {x € K | || < 1} is called the valuation ring of K.
It is an open valuation ring with maximal ideal K°° := {x € K | |x| < 1}. A non-zero
element m € K°° s called a pseudo-uniformizer.

e Notice that the ring K° is an integral perfectoid ring with perfectoid pseudo-uniformizer
any non-zero m € K°° such that |7?| > |p|.

e Perfectoid fields are Henselian since they are complete with respect to a rank 1 valua-
tion.

Lemma 2.2. Let K be a perfectoid field.
1. The value group is p-divisible.
2. (K°°)* = K° and so the ring K° is not noetherian.

Proof. 1) Let us call x € K° small if |p| < |z|] < 1. We first check the p-divisibility of
|z| € |K*| for small z. The perfectoidness of K gives some y, z € K° such that y? = x + pz.
Taking absolute value, we get by the non-archimedian property that |y|? = |z|, so |z] € |K*]
is p-divisible.

For the general case, since |K*| is not discrete, |p|Z C |K*| is a strict inclusion, i.e., there
exist ¥ € K* with |z| & |p|%. After rescaling by a suitable power of p, we can assume z to

10
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be small. By total ordering of ideals in K° (it is a valuation ring), we must have p = xy for
small y. But then |p| = |z||y|, so |p| € |[K*| is divisible by p. Since |p|Z and |z| for small x
generate |K*|, we get the result.

2) Let f € K°°. By perfectoidness, we can write f = g? + ph for some g € K°° and h € K°.
The previous proof shows that p € (K°°)? and so f € (K°°). Moreover, Nakayama’s lemma
shows that K° is not noetherian. |

Proposition 2.3. Let m € K° be a perfectoid pseudo-uniformizer with p-power roots and
be the corresponding perfectoid pseudo-uniformizer in K°°.

1. The ring K° is a valuation ring and K° := KOb[ﬁ] is a perfect field.
2. The ideal (Wbl/poo) s mazimal.

3. The valuation topology on K’ coming from 1. coincides with the one coming from the
7 -adic topology on K°°. In this topology, K’ is a perfectoid field and K°° = K*°.

4. The value groups and the residue field of K and K° are canonically identified.

Proof. 1) First, we show that K °" is a domain. Since K°° ~ limp K° as multiplicative
TH—T

monoids, we can check the property on the latter. So let a = (ag,as,...),b = (b, b1,...) €

limp K° such that a,b, = 0 for all n > 0. But since K° is a domain, we can suppose that
Tr—x

ap = 0, and given that a, = @, we get by induction that a = 0 as required.
Now we show that K°” is a valuation ring. So let a,b € K°° and (a,), (b,) € lim K° be the
=T

corresponding elements. Since K° is a valuation ring, we have ag | by or vice versa. Assume
that ag | bo. Then for valuation reasons, we must have a,, | b, for all n > 0. Hence (a,,) | (b,)

in limp K° soa|bin K °* This construction shows, that K°° is endowed with the valuation
T—T

|- :=|-]ot: K — Ryy. In particular, K° is of rank < rank K° = 1. But since
|| = |7| # 1, it is exactly of rank 1. In particular, inverting any non-zero unit in K°” such
as 7, produces the fraction field K°.

2), By lemma 5 we know that K°° /7’ ~ K°/m. And since the maximal ideal of K° is its nil-
radical (since K° is a rank 1 valuation ring), then the same must be true for K°°/z°. But the
nilradical of K°°/n” is the image of (ﬂbl/poo) (since (Wbl/poo) C nilradical and K"b/(ﬂbl/pm)
is perfect and thus reduced). So (Wbl/poo) is maximal.

3) Since K °" is a rank 1 valuation ring , the valuation topology coincides with the f-adic
topology for any non-unit f. But K° is complete for the 7’-adic topology, thus K’ is a
non-archimedian field; and since it is perfect, we get that it is perfectoid.

4) The claim about residue fields follows from 2. using the identification K°°/a” ~ K°/x.
For value groups, we trivially have |K*"|> ¢ |K*|. To show equality, note that |K*| is
generated by |z| for x € K°, |p| < |z| < 1 (proof of lemma 7). But by p-divisibility of the

value group, we can always choose a perfectoid pseudo-uniformizer 7 such that |7?| = |z|
and thus |7°"| = |z|. [

Proposition 2.4. For any continuous valuation | - | : K* — T' (of any rank), the function
|- P i=]-]ot: K =T is also a continuous valuation. This construction identifies the
space of valuations on either fields.

11
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Proof. Fix a continuous valuation |-| on K. It is clear that |- |’ is multiplicative. Moreover,
as the preimage of 0 by the sharp map is {0} (2P =0 — 2 = 0), we have |f|’ =0 < f = 0.

To check the non-archimedian property, let f = (f,),9 = (9.) € lim K ~ K’ so f* = f;,
TP

gti = go. We must check that
|f + g < max(|f]", |g]")

But this follows from
gl = 1(Fg| = Hm(futgn )| = lim | fyrga < Timmax(1£,. lgal”" = limma(| ol loo])

where the second equality follows from the construction of the sharp map and the third
equality from the continuity of | - | on K.

For the second part, write | - |sq for the non-archimedian valuation on K. Observe that the
valuation | - | + K* — I is continuous if for one (or equivalently any) pseudo-uniformizer
f e K, |f[* - 0 as n — oo. Using this remark, one checks the following about the
valuation ring R C K attached to |- |:

e R contains K°° inside its maximal ideal as |f| < 1 for any f € K.

e We have R C K°. Indeed, if not, then R has an element from K°[1/7]\ K°, i.e.,
an element of the form 5 with @ € K° and |a|sta > |7[sta. But then ]’Ta—"|std <1, so

— € K*, and " lies in the maximal ideal of R, which is absurd since its inverse is
included in R.

Conversely, any valuation subring R C K satisfying the above two conditions is continuous.
Indeed by the correspondence between prime ideals and valuation rings above R, the map
R — K° is a localisation of R at its unique height 1 prime. So K°° must lie in all primes
of R, and thus |f|" — 0 for f € K°°. Indeed, suppose the converse, then there exist v € T’
such that |f|* > v for all n > 0. But then considering the ideal I = {z € R | |z| < ~}, VI
is a prime and f & V1: contradiction.

Now if we pass to the quotient, e get that the continuous valuations on K identify bijectively
with valuation rings in K°/K°°. Repeating the same argument for K°, we conclude using
the identification K°/K* ~ K /K", |

Example 2.5. e Let K be the completion of Q,(p'/?™), we claim that K is a perfectoid
field. Clearly it is a non discrete archimedian field, so it remains to show that K°/p
1s semi-perfect. But K°= p-adic completion of Zp[pl/poo]. Thus they have the same

residue ring, i.e., FP[TY/P*)/(TP). From the two evamples in Ezample 1., we get that
K =TF,(TY"™) and so K* = F,((T*™)).

o Let K be the completion of Q,((pe ), we have K° = completion of Z,[(p]. Since modulo

p we have “;p__ll = (z — 1)P71, then we get

K°/p = Fy[XVP7] /(X = 1P < Fy [TV /(TP

where we use the subsitution T'— X — 1. Hence K 1is perfectoid and by Example 1.,
we also get that K* = F,((T""™)).

12
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2.2 Tilting Correspondence for Perfectoid fields

In the previous examples, we saw that the perfectoid fields Qmo) and Qp(/pm“) have iso-
morphic tilts. In particular, the tilting functor K — K7lat is not fully faithful on perfectoid
fields over ,. This is a consequence of working over a non-perfectoid base. We shall see in
this subsection that if the base is perfectoid, then the tilting functor induces an equivalence.

Lemma 2.6. Let K be a non-archimedian field and f(X) € K[X] an irreducible monic
polynomial such that f(X) € K°. Then f(X) € K°[X].

Proof. Write f(X) = fo+ fiX + ---+ f¢ Since f is irreducible, all of its roots have the
same valuation, hence the Newton Polygon of f has only one slope which is the segment
joining (0, val(fo) > 0) and (d,0). All the points (¢, val(f;)) are above this line so we get
val(f;) > 0 for all i. |

Proposition 2.7. Let K be a perfectoid field. If K’ is algebraically closed then K is alge-
braically closed.

Proof. First, fix a perfectoid pseudo-uniformizer m € K with corresponding perfectoid
pseudo-uniformizer 7° in Kb.

Let f(X) € K[X] be an irreducible monic polynomial of degree d. We can suppose that
f(X) € K°[X] (otherwise we replace it by 7% f(7=*X) for some k > 1).

Now we show that given a € K° and n > 0 such that |f(a)| < |x|™, there exist € € K° such
that |e| < |7 and | f(a + €)| < ||

By the 4th property of proposition 1 and the fact that K is algebraically closed, there exist
y € K° such that |y|? = |f(a)]. Whence g(X) := y~%f(a + yX) is a monic irreducible
polynomial in K[X] whose constant coefficient is g(0) = y=¢f(a) € K°. By lemma 8, we
have g(X) € K°[X]. Since K*° /7" ~ K°/m and K" is algebraically closed, there exist b € K°
such that g(b) =0 mod [rr]. We easily see that € := yb checks the desired property.
Repeating the procedure and tending n — oo, we obtain a root of the polynomial f. |

Proposition 2.8.
Let M be a finite extension of K of degree d. Then it’s untilt M* is a finite extension of K
of the same degree.

Proof. Since K is perfect, the extension M /K’ is separable, i.e., the bilinear form Trpg/re (50)
is non degenerate.

Let (eq,...,e,) be a basis of M over K’ and (e%,...,e*) be it’s dual basis with respect to
the Trace map.

Let 7° € K*° be a perfectoid pseudo-uniformizer, and fix N > 0 such that 7TbN€i e M°, Vi.
Define the morphisms:

fo(K) = M

d
s HN
(a1,...,aq) — Z(b (" e;)ay
i=0

13
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and
g: M° —s (K")?
—n N -n N
b (TrM/K"(b¢ (7€), , Tr g g (b (7’ ed)))

where ¢ is the Frobenius automorphism.
Then, we have:

d
fog(b)= Z ¢_n<7TbN€z’) T/ s (bﬁb_n(WbNe:))
i—1

2N d

=17 3" 67 (e:) Trag 0 (b6 ()

The last equality is given by expressing b in the basis (¢~ "(e;)),_; 4 Whose dual basis is

D T

2N
Therefore we get the inclusions @ »" M° C Im(f) C M°.
If we mod out by 7, we get a morphism:

fo(®°a)y — Mo/
Now since K*°/n* ~ K°/m and M° /x> ~ M°* /7 via f mod 7 we can view f as
fo(K°/m)?* — M/

with W%(Moﬁ/ﬂ') C Im(f) and Ker(f) € 7*(K°/7)? where a = 1 — i—f > 0 if we choose a
large n.

Let (1mM;);=1..q be the image of the canonical basis of (K°/7)% and (m;);=1..q be a lift to Mot
then the (m;);—1._4 are free over K°.

Indeed, if Bymg + - - - + Bamg = 0, then if we mod out by 7 we get that the g; € 7 K°.
Hence, if we divide the §; by 7 and repeat the procedure, we get by m-adic separateness of
K° and the fact that o > 0 that g, =---= ;= 0.

We thus have the inclusion 7r%1’Y]\4°ti Cc Komi & - & K°my C M°F.

Finally, inverting 7 gives M* = Km; @ --- ® Kmy, so M* is finite over K and |[M : K°| =
|M*: K. [ |

Lemma 2.9.
Let F' be a non-archimedian field and Fy C F' a dense subfield. The F is separably closed if
and only if Fy is separably closed.

Proof. The lemma follows directly from Krasner’s lemma and the continuity of the roots of
a polynomial with respect to its coefficients. [ |

Theorem 2.10 ( Tilting correspondence for perfectoid fields ).
Let K be a perfectoid field. Then:

14
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1. Any field extension L of K is also a perfectoid field.

2. L L’ is a degree preserving equivalence of categories.

{ finite field extensions of K} — { finite field extensions of K’}

Proof. Since K is complete with respect to a valuation |- | : K — R, the valuation
| - | extends uniquely to any finite extension L/K, the resulting topology is the same as the
topology viewed as a finite dimensional K-vector space and in particular L is complete with
respect to this topology.

Thus the only thing that remains to prove in part 1) is that given a finite extension L/K,
then every element L°/p is a p-th power.

In characteristic p this is true since every finite extension of a perfect field is still perfect.
Hence we would like to deduce the result in characteristic 0 by tilting into characteristic p.
We have an equivalence of categories

{perfectoid fields overK'} — {perfectoid fields over K’}
L L

Let M be a finite extension of K”, M is perfectoid and by proposition 4, its untilt M?* is a
finite extension of K of the same degree. Hence we have fully faithful functors:

{finite field extns of K’} — {finite field extns of K which are perfect } C { finite field extns of K}

We need show that the composition is surjective.

Let Q be a completion of an algebraic closure of K”. Lemma 9 implies that Q is an alge-
braically closed (since it is perfect and separably closed) perfectoid field of characteristic p.
Therefore its untilt Q* is an algebraically closed perfectoid field over K and the inclusion
K’ c M C @ gives the inclusion K C M* C Q¥ for all M finite extensions over K.

Let N = Uy M* C Q*. Let us show that N is dense in Q*.
Indeed, looking at the rings of integers we have:

NO/']T — thoﬁ/ﬂ_ _ hg,lMO/,ﬂ_b — Kboalg/ﬂ_b — Qo/ﬂ_b — Qoﬁ/ﬂ-
M M

where the fourth equality comes from the fact that K ¥ is dense in Q.

By lemma 9, we get that IV is algebraically closed.

Therefore if L is any finite extension of K, L. C N and hence there exist a finite extension
M of K’ such that L ¢ M*. Up to taking the normalization of M, we can suppose it to be
Galois. So we only need to prove that the injective map:

{subextensions of M/K"} — { subextensions of M*/K}

is surjective. But |[M*: K| = |M : K’| and Gal(M*/K)=Gal(M/K") by the equivalence of
categories between perfectoid fields over K and K”. Therefore M*/K is Galois.

15
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By the Galois correspondence, we get that the two sets are finite and have the same cardi-
nality so the injection is a surjection.

Hence L = E* for some E subextension of M and so L is perfectoid and we have the
equivalence of categories.

Corollary 2.11.
Let K be a perfectoid field. Then there is an isomorphism of topological groups Gg — Gys.

2.3 Fontaine-Winterberger Theorem

Lemma 2.12. Let F be field with a rank 1 valuation |- | : F* — Ry such that F° is
henselian. Then the choice of embedding F' — F*? induces an isomorphism Gz = Gp.

Proof. By lemma 10, we have that Fsop s separably closed. Therefore we have the inclusions
Fsep C Fsep ¢ Fsep, So by restriction, we get a map Gp — Gp.

The inclusions also show that F5¢P is dense in F*P. Since F is henselian, the extension to
F*°P is unique and thus the automorphisms of /™ are all isometries. We can thereby extend
these automorphisms to F*P which give the inverse of the above map. [ |

Let k be a field of characteristic p. We define the perfect closure of k to be kP := %ﬂk

©
which is the smallest perfect field containing k. For instance, F,((T))Pef = F,((T))(T'/*™).
Lemma 2.13. We have an isomorphism of topological groups Gy =~ Gjpers.

Proof. Let L be a finite separable extension of k, to it we associate LP = L ®j, kP! a finite
separable extension of kP, Vice-versa, if M is a finite extension of kP*f, by the primitve
element theorem, there exist an a € M such that M = kP*[a]. Let P, € kP[X] be its
minimal polynomial, then there exist a unique n > 0 such that P?" € k[X] and is irreducible,
we define M™ = k[X]/(P?"), which is independant of a.

We easily see that the two constructions are inverse of one another and are functorial.
Therefore we get the desired isomorphism of the Galois groups. [

Combining all the previous results with corollary 1 and example 3, we get the Fontaine-
Winterberger theorem:

Theorem 2.14. There is an 1somorphism of topological groups Gg, (/v =~ Gy

»((T))

2.4 Deeply ramified fields

A normed field F' is called deeply ramified if for every finite extension L of F, the module of
Kébhler differentials €70/ is zero. In this section, we prove that perfectoid fields are deeply
ramified.

Lemma 2.15. Let L/K be a finite separable extension of normed fields. There exist a
non-zero element y € L° such that y - Qe ge = 0.

16
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Proof. Applying the first fundamental exact sequence for the extension of rings K° — K —
L, and since L is 0-smooth over K, we get an exact sequence

0— QK/KO Qi L — QL/KO — QL/K —0

But by theorem 3., {27,/ = 0. Moreover (g, k- = 0 since, by proposition 3., it is a localisation
of Qoo = 0. Hence we get

S_IQLO/KO = QL/KO = O

where S = L°\ {0}. Therefore, for each dx € Q70 ko, there exist v € S such that u-dxr = 0.

In particular, if we choose a basis x1,...,z, € L° that form a basis of L over K, we can
choose aw € L°\{0} such that u-dz; = 0. By choosing ¢ € L°\{0} such that t-L° C @, K°z;,
we see that y = tu verifies y - Q0 /go = 0. [

We say that a normed field K is deeply ramified if for every finite extension L/K, the
L°-module of Kahler differentials €270 /x- is zero.

Theorem 2.16. A perfectoid field is deeply ramified.

Proof. Let K be a perfectoid field and L a finite extension of K. Since perfectoid fields are
either of charactersitic 0 or perfect, the extension is seperable. Therefore by lemma 2., there
exist a non-zero y € L° such that y - Qe ke = 0.

Since any finite extension of a perfectoid field is also perfectoid, L is perfectoid. Hence for
every x € L°, there exist v,z € L° such that x = y? + pz; thus do = py?~'dy + pdz. This
shows by induction that p"Qpe/ge = Qpe/xo for alln > 0. Now let n € N such that |p"| < |y
i.e. y | p". Since y anihilates Qo ke, we have

0=p"Qo,/0x = Lok

17



Chapter 3

Perfectoid K-algebras

3.1 Banach K-algebras

Definition 3.1. (K-Banach algebras)
Let K be a non-archimedian field. A Banach K-algebra R is a K-algebra equipped with a
map | - | : R — Rxq extending the norm on K such that:

e |f| =0 if and only if f=0
o |fgl < [fllg| with equality if f € K

o |f+gl <max(|f],]g])

e R is complete in the metric given by the norm

The category of K-Banach algebras has as objects Banach K algebras and morphisms given
by continuous maps.

Definition 3.2. For a K-Banach algebra R, define the set R° C R of power bounded ele-
ments as

R°:={feR| {|f"|} is bounded} = {f € R| {f"} C R is bounded}

R° is a subring which is open ( as it contains the unit ball R<;) and the construction R — R°
only depends on the topology of R.

Definition 3.3. A K-Banach algebra R is uniform if R° is itself a bounded subset of R.
Proposition 3.4. Let m € K a pseudouniformizer. The following categories are equivalent:

e The category C of uniform Banach K-algebras R with continuous K -algebra maps.

e The category Dy;. of m-adically complete and m-torsionfree K°-algebras A with A totally
integrally closed™ in A[%]

18
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(*) this means that given f € A[X] such that f lies in a finitely generated A—submodule
of A[X] then f € A. This is a slightly more restrictive notion than integral closedness.

The functors between C and Dy;. are R — R° and A — A[%]

Proof. We start by constructing the functor C — D. Let R be a uniform K-algebra. Then
R<; C R° C R, thus R° is an open subring. Besides, R° is bounded by assumption, so
R° C R<, for some r > 0. As R is a K-Banach algebra, we have |7|* — 0 as n — oo.
In particular N, 7" RZ, = 0. Therefore R° is m-adically separated. Since R is complete for
the metric topology, _Rgr is m-adically complete and so is its closed subgroup R° (since it is
open).

Remains to show that R° is totally integrally closed in R. So let f € R such that fN
is contained in a finitely generated R°-submodule of R. Since R = R°[%], it follows that
MNc W—I,CRO C W—I,CRST which shows that fY is bounded so f € R°.

Since bounded elements are mapped to bounded elements via continuous K-linear maps, the
extraction of R° from R is functorial so we obtain the desired functor F.

Conversely, let A € Dy.. We endow R = A[%] with a Banach K-algebra structure by
setting for f € R

|f| =1inf{ |t| | f € tA, fort € K}

We check that this is indeed a K-algebra norm:

First, if |f| = 0, then f € 7" A for all n € N, by w-adic separatedness of A, we get f = 0.
Now, let f € tA and g € 'A for some f,g € Rand t,t' € K. Then fg € tt’A, so |fg] < |t|||
passing to the inf we get | fg| < |f||g|. If we suppose that |f| < |g|, then we can take [t| < ||
and so f + g € t’A hence |f + g| < |g] = max(|g], | f]).

For the completeness, a cauchy sequence (f,).en € R is bounded, hence up to rescaling we
can suppose (f,)nen € A but by assemption A is m-adically complete hence complete for this
metric, so we have the property.

Remark that we have A C R<; C R°. We shall show that A = R°; this will construct
a functor G : Dy, — C such that F oG ~ id. Solet f € R°. Then f~ is bounded; As
{m" A} and {R<p} are confinal amongst each other, there must be some ¢ > 0 such that
Mc #A‘ Therefore f € A as it is totally integrally closed in A[%]

To finish the proof, we need to show that G o F' ~ id. This amounts to showing that
given R € C; the given Banach norm |- |en 00 R is equivalent to the one |- |ge coming from
the construction above via R = RO[%]. But the unit ball for |- |z- is exactly R° and we have
Ry, en,<1 C R°. On the other hand, since R is uniform, we have R° C R||,,., < for some
r > 0. So we get the claim.
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3.2 Algebras over a Perfectoid Field

For the next two sections, we fix a perfectoid field K with tilt K”. Let 7° € K’ be a
pseudouniformizer such that = := * satisfies Ip| < |r| < 1. Then K°/m has characteristic
1

p,and 7 has all p-power roots T — (w7 #F )E,
Definition 3.5. Let A be a perfectoid K°-algebra. The set A, :={f € A[Z] | K*°f € A} is

called the ring of almost elements of A.

Lemma 3.6. Let A be a K°-algebra such that m is a non-zero-divisor. Assume that A C A[Z]
15 integrally closed. Then

1. Ac ﬁ[}r] is integrally closed.
2. A, C A[%] is integrally closed.

Proof. First, we check that we can replace A by its separated quotient A/I where [ =
N,>o ™" A. If g € A such that mg € I, then for all n > 1, we have mg € 7" A and since 7 is a
non-zero-divisor, g € 7" ! A, which shows that ¢ € I.

Now let g € A/I[%] be an element that satisfies a monic polynomial h(X) € A/I[X]. Choose
lifts g € A[%] and h(X) € A[X]. Then h(j) € I[f] =1 C A. So g is integral over A and
thereby g € A and g € A/I as well. So we can reduce to the case where A i m-adically
separated. R R

1) Let g € A[X] with g integral over A. Then g = 7 °h for some h € A and ¢ > 0. By
integrality we can write

gn — an—lgn_l + an_an—2 et ao
for some a; € A Multiplying by 7" we get
hn — 7_[_can_lhn—l + 7T2can_2hn—2 et ,ﬂ_cnao

By approximation, we can choose hy € A with hy = h mod 7" and b; € A with b; = q;
mod 7. So we can write

hy = wan,lhg” + 7T2Cbn,2hg*2 + o+ Tenbo + T

for some d € A. Dividing both sides by 7", we get that gy = 7~ “hg € A[%] is integral over

A and hence is in A. Thus h € 7CA. But since h = hy mod 7", we get that h € A and
sog=m ‘heA.
2) Let g € A[%] be an element integral over A,. We get an equation

gn — an—lgn_l + an—QQn_2 4t ag
with a; € A,. Let € € K°°. Multiplying by " we get
(Eg)n = a’n—1€<eg)n_1 + an_2€2<eg)n_2 + o4 Enao

Since a; € A,, we have that a,_;¢’ € A for each i > 1. In particular, this shows that eg is
integral over A and thereby an element of A. Since this is true for all € € K°°, we get that
g€ A,. [ |
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Proposition 3.7. In the context of proposition 5( but now we assume that K is perfectoid)
the two categories mentioned in this are also equivalent to

1. D;. of t-adically complete and t-torsion free K°-algebras A with A integrally closed in
AlX] and A ~ A,.

2. Dy,e of t-adically complete and t-torsion free K°-algebras A with A p-root closed in
A[L] and A ~ A,.

Proof. For A € Dy let us show that A = A,. So let f € A[%] such that ﬂp%f € A for all n.
But this would imply that fP" € %A for all n; hence fN € %A. By total integral closure, we
get f € A as desired.

We have the inclusions Dy;. C D;. C Dp,c, so we only need to show that if A € D,,. then it
is totally integrally closed.

Let f € A[Z] such that fN € £ A, in particular we have (7" f)P" € A; but A p-root closed
in A[2], so 75" f € A. This is true for all n, hence f € A. |

Corollary 3.8. The category of uniform banach K-algebras has all colimits.

Proof. By proposition 6, it suffices to show the result in the category D;..
Let ((Ai)ier, (fij)i<j) be a direct system where A; are in D,.. Denote by A the m-adic
completion of the underlying colimit of rings. Set Aj;, tobe the integral closure of A in A[%]

We claim that A, := (Zz\m)* Indeed by lemma 14 we have that A, € D,.. Plus suppose
that we have a ring B € D,. and morphisms ¢, : A; — B compatible with the f; ;. By the
universal property of the colimit of rings, we get a map li_ngl,e s A; — B. Since B is complete,

it factors through a morphism A — B which induces a morphism ¢ : A[X] — B[L]. For an
integral element g € A[Z], let P(X) € A[X] be a monic polynomial such that P(g) = 0, then

¢(P)(¢(g)) = 0 which by integral closedness of B shows that ¢(Amy) C B. Similarly, for an

element g € (ZZ;)*, we have ¢(K°°g) = K*°¢(g) C B and so ¢(g) € B. This shows that ¢
restricts to a morphism A, — B which is compatible with the f; ; and clearly unique. |

3.3 Tilting Correspondence for perfectoid K-algebras

Definition 3.9. A Banach K-algebra R is perfectoid if R° C R is bounded, and the Frobenius
map R°/m — R°/m is surjective. With continuous morphisms as morphisms, this gives the
category Perfy of perfectoid K -algebras.

e Remark that for a perfectoid K-algebra R, the ring of bounded elements R° is an
integral perfectoid ring.

Lemma 3.10. Let A be a perfectoid K°-algebra. Then A = A, if and only if A> = A°.

Proof.
(<=)Suppose that A> ~ A°. By the tilting correspondence we get that A = W (A”)/EW (A°)
with € = p + z[r°]? for some z € W (K®).
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We first show that if o € W (A") verifies [Wb]l_l’% | @ mod ¢ for all n, then [7°] | @ mod &.

1 - 1
Modding out by p, we get a = ™5 @, + knzr’?. Hence we get that T | for all n.

Since A" ~ A’ we get that ° |a. Hence [1°] | @ mod p. Given that & = p + z[7"]P, we get
that [7°] | @ mod €.

Now let f € A,. Write f = & with ¢ > 0 and o € A. Since nf € Aie 77! | o, we can
suppose that ¢ = 1. Using the isomorphism A ~ W (A")/¢W (A®) viewed as a K°-algebra via
K° ~ W(K*)/¢W(K®), we stumble upon the previous situation. Hence we get that 7 | «
and therefore f € A, so A = A,.

I

(=) For the same reasons as before, we are reduced to show that if for some o € A”, ol | o
1

for all n, then 7° | a. Composing with the sharp map, this gives e | fov. Since A = A,

we get that 7 | fo. Now given that the § map induces an isomorphism # : A’/7°A> = A/m A,
we get that 7 | o as desired. |

Theorem 3.11. We have an equivalence of categories Perfy ~ Perfy,.

Proof. By proposition 6, we have an equivalence of categories Perfy «— perfectoid K°-algebras
in Dy (K).

But by the second property in lemma 3, for a perfectoid K°-algebra, to be included in D,,.

is equivalent to only have A ~ A,. But by lemma 14 we have that A ~ A, if and only if
AP~ A

perfectoid K°-algebras in D,,.(K) +— perfectoid K*°-algebras in D,,..(K”)
To finish the proof, as in the first case we also have an equivalence of categories

perfectoid K °-algebras inD,,.(K”) «— Perfy,

Proposition 3.12. The category of perfectoid K -algebras has all colimits.

Proof. By theorem 6 and proposition 6, it suffices to show that the category of perfectoid
K'°-algebras that are in D;. admits all colimits. But the colimit (in the category of rings) of
perfect rings is perfect and the operations of taking the integral closure, completeness and
adjoining the almost elements preserve perfectness. By the proof of corollary 2, we get that
in the category D;.(K”), the colimit of perfect rings is still perfect, and therefore the the
colimit of perfectoid rings is still perfectoid. Hence the result. [ |

Remark 3.13. Notice by the construction of the colimit, we get that the colimit of perfectoid
K-algebras is the w-adic completion of the colimit in the category of rings.
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Chapter 4

Adic spaces and perfectoid spaces

4.1 Adic spaces

4.1.1 Tate rings

Definition 4.1. A topological ring A is called Tate if there exist an open subring Ay such
that the induced topology on Ag is the t-adic topology for somet € Ag that becomes a unit in
A. Any such Ag is called a ring of definiton and the element t is called a pseudo-uniformizer.
The pair (Ag,t) is called couple of definition.

e For any couple of definition (Ag,t), we have that A = Ag[]. For if f € A, the
continuity of the multiplication shows that ¢" f — 0 and so we must have t"f € A, for
some n > 0 (as A is an open neighborhood of 0); therefore f € Ag[7].

e A subset S C A is bounded if for a couple of definition (Ag,t), we have S C t~™Aq
for some n > 0. If (A4, s) is another couple of definition, since {s"A; }nen is a basis of
neighborhoods of 0, we have that s"A; C Ag for some n > 0, i.e., A; C s7"Ay. But
there exist a k > 0 such that t*s™™ € A, and thus A; C t~*A, which shows that A4; is
bounded with respect to (Ao, t). Hence the definition of boundedness is independent
of the choice of the couple of definition.

e An element f € A is powerbounded if the set fY is bounded. The collection A° of
all powerbounded elements is a subring of A containing all rings of definition of A.
Conversely, for any f € A° and (Ao, t) a couple of definition, the ring Ag[f] C A is
open and bounded and thus also a ring of definition. Therefore A° is the union of all
rings of definition of A.

We have that A° is integrally closed in A. Indeed, let f € A be an integral element over
A°, then it must be integral over some ring of definition Ag of A and so the subring
Aplf] C A is bounded and thus included in A°.

We say that A is uniform if A° is bounded.

e An element f € A is topologically nilpotent if f* — 0. We denote by A°® the set of
topologically nilpotent elements.
Given a couple of definition (Ay,t), t is clearly topologically nilpotent. Conversely,
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any f € A that is topologically nilpotent and a unit is a pseudo-uniformizer. Indeed
if (Ao, t) is a couple of definition, up to replacing f by f™ for some m > 0, we can
assume that f € tAy. But f becomes a unit in Ag[7] so there exist a g € Ay such that
fg = t™ for some m > 0. Therefore we have that ™Ay C fAy C tAg so that ¢t and f
induce the same topology and so f is a pseudo-uniformizer.

e We say that A is complete if A is complete in its topology; or equivalently, some (or
any) ring of definition A is complete for the ¢-adic topology for a pseudo-uniformizer
te A

4.1.2 Affinoid Tate rings

Definition 4.2. An affinoid Tate ring is a pair (A, AT) where A is a Tate ring and A" is
a ring of integral elements of A. A morphism (A, AT) — (B, B") of affinoid algebras is a
continuous map A — B that carries AT into BT.

Definition 4.3. (Adic Spectrum) Let (A, A%) be an affinoid Tate ring. The adic spectrum
Spa(A, A1) is defined as the set of equivalence classes of valuations x : A — T'U {0} (for
varying ') such that

1 |f(x)| <1 for fe AT
2. x is continuous, i.e., v~ (I'<, U{0}) is open for every v € Gamma.
We endow Spa(A, AT) with the coarsest topology making the sets

Spa(A, A+><§> = [z € Spa(A, A*) | |f(2)] < |g(x)] # 0}

open for every f,g € A.

Proposition 4.4. Let (A, A") be an affinoid Tate ring and U C Spa(A, A1). We say that
U is a rational subset of Spa(A, AT) if and only if there exist f1,..., fn € A that generate
the unit ideal in A and g € A such that

U = Spa(A, AT) <%> = { x € Spa(A, AY) | | fi(z)| < |g(x)| for all i }

The rational subsets are closed under finite intersection and form a basis for the topology on
Spa(A, AT)

Remark 4.5.

e for any x € Spa(A, A") <%>, we must have |g(x)| # 0 since otherwise, we would
get |fi(x)] =0 for all i and thus 1 € (f;) C p, which forces the equality 1 = |1| = 0.
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o Let m € A be a pseudo-uniformizer. Since m is a unit, we have |w(z)| # 0 for all
x € Spa(A, AT). So we are free to scale the parameters f; and g by powers of w. In
particular, we can choose the f; and g to lie inside A*. The condition that the f;
generate the unit ideal of A amount to the condition that the ideal of AT generated by
the f;’s contains ™ for some N > 0 (ie. the ideal is open). In this case we get

st 40 (Bs22) g g (Bl

Proposition 4.6. Let (A, A") be an affinoid Tate ring such that A is a domain and © a
pseudo-uniformizer. Let x € Spu(A, A1) with valuation ring AY CV C L := Frac A. These
facts are equivalent

1. x € Spa(A, AT)

2. ¥Yg € V\ {0}, 3 N € N such that |7(z)"| < |g(z)| Vn > N

3. 'V is w-adically separated

4 L=V[]

5. A mepy CV prime ideal of height 1

6. 3y € Spa(A, A") such that y ~ z, |- |, : A — R and z,y define the same topology.

Proof. 1) = 2) Let g € V., v = |g(x)|. Since x is continuous A<, = {a € A | |a(x)| <~} is
openin A. Since 7™ — 0, there exist N € Nsuch that Vn > N, 7" € A, ie |7 (2)"| < |g(z)].
2) = 3) taking g € maxV in 2) we get that |7(z)| < 1. Then, for all g € V, take N € N
such that |7(2)"] < [g(x)| = |r(2)" "] < |g(2)| = A ¢V =g ¢ 7"V

2) = 1) Let (Ag, 7) be a ring of definition. 3 m € N such that 7 Ay C A since AT is open.
So for v € T" take n € N such that |7(z)"| < 7. Hence V a € Ay, |7(x)"™™a(z)| < v ie
Tt A, C A<, ie A<, is open V7 ie x is continuous.

3) = 4) Let g € L\ 'V then g7! € V. By 3) there exist N € N such that g7! ¢ 7™MV =
ZT;ng_iV:>7rNgeV:>geV[%]cL

4) = 2) Let g € V\ {0}, then g~* € LV for some n>> 1 = 7"g ' € V = |7(2)"] < [g(z)|.
2) < 5) First remark that AT being open and integrally closed, we have m € AT C V. We
also have that \/m C V is a non-zero prime ideal.

5) < /() is a minimal prime ideal of V < Vg € V\ {0}+/(7) C \/(9) & Vg€V, IN € N
such that 7V € (g) & Vg € V' \ {0}, IN € N such that |7(2)*| < |g(z)| Vn > N.

5)=6) V C W :=1, defines y € Spv(L, A") such that y ~» x.

Fix ¢ € (0,1). We know that maxW = /(7). We want to define a morphism of totally
ordered groups

J LY JW* < R
T C

g(n)+1 g(n)

g" € TIMW but ¢g" & 79T, If we had such J we would get ¢~ = < J(g) <c» . So

Let g € max W = /(m). W si m-adically separated, therefore Vn € N, 3 g(n) € N such that
J
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we define J(g) = inf c*v

Now we show that x and y define the same topology on L. Since V* C W* we have a
surjective morphism of ordered groups f : I'y = L*/V* — I', = L*/W* verifying the
Commutative diagram

I, — T, c Ry
\ / with topologies defined by z : {L<,}+er, and y : {L< 7 }rer,
Il I'ly -

We have V7 €'y, L<,, C L<, f(y) and we know by 2) tha Vy = |g(z)| € 'y, 3N € N such
that |7(2)N] <. Hence L over = VW C 7V max W C Le,,

Therefore x and y give the same topology.

6) = 3) y € Spa(A, AT) = W is m-adically separated = V is m-adically separated.

Definition 4.7. An affinoid field is a pair (L, L") such that
1. L is a non-archimedian field.
2. Lt C L° is an open valuation subring of L.

Corollary 4.8.

To give x € Spa(A, AT) is equivalent to giving v : (A, AT) — (L, L") with (L,L") an
affinoid field. ~ being a continuous morphism that carries A™ to L™ such that Frac v(A) is
dense in L and v(m) is a pseudo-uniformizer of L.

Proof.

(=): Consider the prime ideal p = Supp = C A. x defines a continuous valuation on Frac
A/p. Notice that |7(z)| # 0 since 7 € A*.

By the previous proposition 3 y ~» z a continuous valuation |- |, : Frac A/p — R~¢. Set L to
be the completion of FracA/p with respect to this valuation. Hence, L is a non-archimedain
field.

We also have AT/(pNA*) C R, C R, C Frac A/p. So we set

L* := completion of R, C L° = ring of integers of L = completion of R,.

L7 is open and is a valuation ring.

By construction we get the desired map v : A — L such that Frac 7(A) is dense in L and
0 # v(m) € max L° so it is a pseudo-uniformizer.

The fact that Frac 7(A) is dense in L ensures that L is unique.

(<) Let v : A — L as in the statement of the corrolary. Since L is v(7)-adically
separated, then so is L™. By the previous proposition, we get that the valuation y on L
defined by L™ is continuous.

On the other hand, let (Ag, 7) be a ring of definition. 3 N € N such that 7" Ay C A™ since
At is open. So (7N Ag) € y(m)" LT C y(7)"L° ie vy is continuous.

So composing both continuous maps = : A & L % T'U {0} gives the desired element of
Spa(A4, A1). |

26



PERFECTOID SPACES Mohamed Moakher

Proposition 4.9. Let (A, A™) be an affinoid K-algebra. Then
LAY ={feA||f(x)| <1, Ve Spa(A, AT)}
2. A*={ge A |g(x)| #0, ¥V z € Spa(A, AT)}
3. Spa(A, AN =0 A=0

Proof. 2) One inclusion is clear. So assume |f(z)| # 0V = € Spa(A, AT). Consider 7 a
pseudo-uniformizer of A, it is invertible in A, therefore up to a multiplication by a big power
of m, we can assume that f € A*. We need to show that f is not contained in any prime
ideal of A.

First notice that 7 lies in the Jacobson radical of A*. Indeed, V x € AT C A°, 1 + z7 is
invertible in A" (its inverse is >~ (—zm)").

Now Let p € Spec(A), p™ =pN AT, Since 7 ¢ p* (7 is invertible in A), and 7 lies in the
Jacobson radical of A, there exist a prime ideal q that strictly contains A™. Then (A*/p™),
is a local ring strictly included in Frac A*/p*. So there is a valuation ring V' C Frac AT /p*
that dominates (A*/p*),. Notice that the image of 7w in V' is non-zero and is not invertible
(m € q).

We claim that I := [,y 7"V is a prime ideal of V. Indeed, since V' is a valuation ring, it
suffices to check that it is a radical ideal. So let g € V such that ¢* € I for some k € N.
Then ¢* € 7%V for all n. Hence 4 € Frac V has its k-th power in V' and must thus lie in
V. This gives g € 7V for all n, so g € I. Therefore V := V/I is a valuation ring.

Now consider the map A™ — V where 7 is sent to a non-zero element. So we can extend it
toamap A = A*[%] — Frac V. The valuation given by V on Frac V induces a valuation x
on A such that |a(z)| < 1 for all @ € A* since A" is sent to V and such that V is r-adically
separated by construction; so by the previous proposition, z € Spa(A, A™). Moreover, since
|f(z)] # 0, f & Supp(x). But given that p™ C Supp(x), and f € AT (by assumption), we
have that f ¢ p which we wanted to prove.

3) In the proof of 2) we saw that an element p € Spec(A) gives rise to a valuation in
Spa(A, A1). Hence if A # 0, then Spec(A) # () so Spa(A, AT) # 0. [

4.1.3 Adic spaces

Lemma 4.10. Let (A, AT) be an affinoid Tate ring, Y C Spa(A, A1) a quasi-compact sub-
set and g € A an element such that |g(y) # 0 for all y € Y. Then there exist an open
neighborhood 0 € V' C A such that y(f) < y(g) forall f €V, yeY.

Proof. Let (Ag,m) be a pair of definition. Given y € Y, continuity of y implies that
{f € Al y(f) < y(g)} is open in A, whence it contains 7%V A, for large N. This shows

that Y C Uys, Spa(4, A™) <%> Thus the quasi-compactness of Y implies that ¥ C
Spa(A, A1) <§> For some fixed N. But then, for all y € Y and a € Ay, we have

(™ a)| = Jy(ma)|[y(x™)] < [y(x™)] < |y(9)]
So V := 7N+l A, works. [
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Lemma 4.11. Let (A, A™) be a complete affinoid Tate ring, let f1,..., [, € A generating
the unit ideal and let g € A. Then there exist an open neighbourhood U C A of 0 such that
forall g € g+ U and all f! € f; + U, the elements f{,..., f] also generate an open ideal of

AT and
Spa(A, A™) <f1’ g Ja > Spa(A, A™) <—f1’ g 7fn>

Proof. Let (Ag, ) be a pair of definition. For convenience of notation, write fy = g and set

anfly‘-'ufn>
fi

for i = 0,...,n. X; is quasi-compact and |z(f;)| # 0 for all z € X;; therefore the previous
lemma shows that there exist N > 0 such that |z(f;)] > |z(a)| for all z € X; and all
a e VA

Let us show that U := 7V Ay works. So let f/ € f; + 7N Ay, ¢ € g + 7V Ay. We must prove
that

X; = Spa(4, A™) <

Xo = Spa(A, A™) <%>

C: Let x € Xy. Since f/ — f; € ™ Ay, we have |x(f;)| > |x(f/ — fi)| (by the choice of N);
also x € Xg so |z(fo)| > |z(f;)|. Combining these inequalities we get

()] = lz(fi + (fi = fi))| < l=(fo)l = [2(fo + (fg = fo))l = [2(fo)]

so that 2 € Spa(A, A™) < """

D : Let z € Spa(A, At) \Xg Write |z(f;)| = max(|z(fo)], ..., |z(fn)]), then x € X;; so we
have [z(f;)| > |z(f; = [;)| = |2(f;)| = |2(f})| and we get

2(g")| < max(|z(fo)l, [z(fo — g)I) < la(f3)| = [z(f7)]

So = & Spa(A, A™) <g—f’g>

Now let us prove that fi,..., f/ also generate an open ideal of A*. We can take N big
enough so that there exist aq, ..., a, € AT such that 781 = oy f; + - - - + a,, fn. Substuting
fiby fl+(fi — f) we get ¥¥"1 = ayf] +--- + anf, + k. Since A is complete 1 — 7k
is invertible (this is the only point where we use that A is complete). So we get that
aNle (fl ..., fh). [ |

~

Proposition 4.12. Let (A, A") be an affinoid Tate ring. The canonical map g : Spa(A, ;11) —
Spa(A, AT) is a homeomorphism identifying rational subsets.

Proof. Clearly the map ¢ is bijective. So let U € Spa(g f/ljf) a rational subset. We need
to show that g(U) is rational. Write U = Spa(le\,zzl:) <f1 """ f”>. By the previous lemma,

we can choose fi,..., f, to be in A. Now since the fi,..., f, generate an open ideal of A+
there exist N > 0 such that |z(7Y)| < |z(g)| forall x € U. Therefore the rational subset
V :=Spa(A4, A") <%> verifies V = ¢g(U) as desired. [
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Theorem 4.13. Let (A, A™) be an affinoid Tate ring. LetU C X := Spa(A, A1) be a rational
subset. Then there exist a unique complete affinoid Tate (A, AT)-algebra (Ox(U), 0% (U))
satisfying:

1. The map Spa((Ox(U), 0% (U)) — Spa(A, AT) has image contained in U.

2. if (S,ST) is a complete affinoid Tate (A, A™)-algebra, then the map Spa(S,ST) —
Spa(A, AY) factors through Spa(Ox(U), O%(U)).

Moreover the map Spa(Ox(U), O%(U)) — U is a homeomorphism identifying rational sub-
sets of the source with rational subsets of X contained in U.

fi,g € Ag with m € (f;) C Ap for some N > 0. Let By := AO[%] C A[é] and set B := A[le].
Since the ideal (fi,...,f,) contain a power of m, we have B = By[]. We view B as a
Tate A-algebra with couple of definition (By, 7). Let BT be the integral closure of the sub-
ring of B generated by A*[%]. Then (B, B") is an affinoid (A, AT)-algebra. We define
(Ox(U),0%(U)) to be its competion.

The image of Spa((Ox(U), 0% (U)) — Spa(A, A") has image contained in U: for any z €
Spa((Ox(U), 0% (1)), ];i((;f)” <las % € 0L (V).

Now let (S, S*) be any complete affinoid (A4, A*)-algebra such that the induced map Spa(S, ST) —
Spa(A, A1) has image contained in U. For any x € Spa(S, ST), we have |f;(z)| < |gi(z)| # 0
by hypothesis. Proposition 3 shows that g € S* and % € S*. Since ST C S° and S° being
the direct limit of all rings of definition of ', we can choose a ring of definition Sy C C that
contains the image of Ag as well as the elements % € S. This gives a map By — Sy that
induces a map B — S of tate A-algebras by inverting 7. Passing to the m-adic competion,
we get a map Ox(U) — S of Tate A-algebras. As % € St and ST is integrally closed, the

map B — S carries B* into C" and hence the map Ox(U) — S carries O%(U) into ST
giving the desired map (Ox(U), 0% (U)) — (S, S) of complete affinoid (A, A™)-algebras.
For the last assersion, by proposition 5, it suffices to show that ¥ : Y := Spa(B,B") - U
is a homeomorphism preserving rational subsets. The injectivity is clear as A — B is a
localization. For the surjectivity, recall that giving x € Spa(A, A1) is equivalent to giving a
map v : (A, AT) — (L, L™) where (L, L") is an affinoid field such that Frac v(A) is dense in
L. Now for z € U, we have 7(g) € L* so the map factors through B and we have 7(%) eLt
so BT is sent into L™, this gives the preimage of x in Y.

We need to show that U carries rational subsets of Y into rational subsets of X contained in
U. For this, consider V' a rational subset of Y. We can write V' = Y(%) for some b; € By
generating the unit ideal of B. As By C Ao[é], and as ¢ is a unit of B, we can rescale the b;, ¢
by a power of ¢ so that they lift to some b;, ¢ in Ay. Thus we have () = X(u) Since

U is quasi-compact, then so is its image. Using lemma 2 as for all x € W(U), |x(E)JC # 0, there
exist N > 1 such that |z(7")| < |2(¢)| for all x € ¥(U). Therefore, ¥(U) = X(W) is
a rational subset. |

Definition 4.14. (Stalks) Let (A, A*) be an affinoid Tate ring, and let v € X =Spa(A, AT).
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We define the stalks
OX@ = hﬂ@x(U) and O}@ = hﬂ@x(U)—i_

Usx Usx

where both direct limits run through the rational open sets U containing x and are computed
in the category of rings.

Proposition 4.15. Let (A, AT) be an affinoid Tate ring with a pseudo-uniformizer t € AT,
and let x € X =Spa(A, AT).

1. The valuation f — |f(x)| extends to the stalk Ox. and we have Ox, = {f €
Oxo | [f(2)] < 1}.

2. The stalk Ox , is a local ring with mazimal ideal given by m, = {f € Ox. | |f(x)] = 0}.

3. The stalk O, is local with mazimal ideal {f € Ox, | |f(x)| < 1} (in particular m,
is an ideal both in Ox , and (’);EI)

4. Write k(z) for the residue field of Ox, and let k*(x) C k(z) be the image of O% .
The valuation ring corresponding to the induced valuation on k(x) is kT (x) and we

~

have isomorphisms (6;,(9}33) — (k:/(;),kfr(x)) = (L, LE) where (Ly, LY) is the
affinoid field corresponding to x in corollary 2 and where the completion is taken with
respect to the t-adic topology.

Proof. 1) Let U be an open subset of X containing x. Using the universal property
of theorem 7, there exist a unique map (Ox(U),0%(U)) — (L, L}) of affinoid Tate
(A, AT)—algebras. By passage to the limit, we get a map Ox, — L, sending O}vx to L.
This map induces the desired valuation on Ox ., and we see that OF . C {f € Ox,. | |f(z)| <
1}. For the other inclusion, let f € Ox,, be such that |f(z)| < 1, then we can represent it
by some f € Ox(U) with |f(z)] < 1. But then z € V = U(¥> C U and so f € OL(V);
thus f € OF ,.

2) Let g € Ox, \ m,. We need to check that g is invertible.

We have that |g(x)| # 0 so there exist an n > 0 such that |g(x)| > t". Let U be a rational
open set such that g € Ox(U), then V =U (%) is a rational open subsets and g is invertible
in Ox(V), and thus also in Ox .

3) We need to check that any g € Oy, outside of the ideal {f € Ox. | [f(z)] < 1} is
invertible. Let U be a rational open set such that g € Ox(U). By the choice of g we have
lg(x)| = 1, but then z € V = U(§> and g is invertible in OF% (V). Thus g is invertible in
O o

4) It is clear that Oy, induces a valuation on k(x) and that the corresponding valuation
ring is k™ (x). Moreover, by 2., the map A — Ox, — L, factors through Frac(A/p,) (where
p. is the support of ). But by construction of L,, the image of Frac(A/p,) is dense, then so
is the image of Ox,. And thus by t-adic completion, we get 5; — L, is surjective. Now
since Ker (OXJ — Lx) =m, C [),50t"Ox, (t is invertible in Ox,) and so after taking

t-adic completion, we get that 6; — L, is an isomorphism. Now since the maps discussed
above are of affinoid Tate rings, we get the desired result. |
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Definition 4.16. (Structure presheaf)
Let (A, A™) be an affinoid Tate ring. We define the structure presheaf Ox on X =Spa(A, A1)
by setting for an arbitrary open set W C X

Ox(W) := lim Ox(U) and OL(W) = Jim 0% (U)
Ucw Ucw

where the directs limits are taken over all rational open subsets U contained in W ; and are
computed in the category of rings.

Since rational open subsets form a basis for the topology, the stalks defined in definition
13 agree with the stalks of the presheafs Oy and O%. In particular, for x € W, we get a
valuation f — |f(x)| on Ox (W) and we have

OLW) = {f € Ox(W) | |f(z)] <1 for all z € W}

This shows that the presheaf OF is completely determined by the data of Ox and of a
valuation on the stalk.

It is not true in general that Oy is a sheaf. One could be tempted to take the sheafifi-
cation but in that case we lose the universal property in theorem 7. This motivates the next
definition.

Definition 4.17. An affinoid Tate ring is sheafy if the structure presheaf Ox is a sheaf.

Definition 4.18. (Adic Spaces)

An adic space is a pair (X, Ox, {U:E}zEX) where X 1is a topological space, Ox is a sheaf of
topological rings and such that (X, OX) 15 a locally ringed space, and v, a valuation on the
stalk Ox , for every x € X. Moreover, we want that it is locally of the form Spa(A, AT) for
some sheafy affinoid pair (A, AT).

4.2 Perfectoid Spaces

4.2.1 Perfectoid affinoid algebras
Definition 4.19. A perfectoid affinoid K -algebra is a pair (A, A*) such that

1. (A, A™) is an affinoid K-algebra
2. A is a perfectoid K-algebra.

Lemma 4.20. Given a perfectoid K-algebra A, it is equivalent to give
1. AT C A° open integrally closed subring

2. an integrally closed subring At C A°/mA°
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Proof. Given A% open integrally closed, there exist N € N such that 7V A° € A*; therefore
for all f € A°, (ﬂpi"f)an eAt = ﬂﬁf € A". So we have the inclusion mA° C A". We thus
define A+ := A*/mA°. We prove that At is integrally closed. For this, take P(X) € A+[X]
monic such that P(g) = 0 for some g € A°/mA°. Lifting we get P(X) € A*[X] monic such
that P(g) € mA° C AT, so Q(X) = P(X) — P(g) is monic and verifies Q(g) = 0; hence
gE AT =gec At

Viceversa, given AT C A°/mA°, let At .= {g € A° | g € At} C A°. A" is open as
A° is open and we have for every g € A° such that P(g) = 0 for P(X) € A"[X] monic,
P(g)=0=ge€ At = g€ AT so AT is integrally closed. |

Proposition 4.21. We have an equivalence of categories

Perfectoid affinoid K -algebras <— Perfectoid affinoid K°-algebras
(R, R) «— (R, R"™)

such that R — R’ is given by the equivalence of K/Kb—algebms. Moreover, R™ is an integral
perfectoid ring and we have R>T = R*?.

Proof. We have an isomorphism R°/mR° ~ R’ /m° R*°. Since the image of (7?1%"’) in R°/mR°
is its nilradical, and the same is true for (7’7~ ), we get that R°/mR° ~ R /m’R”*. We

Rb,+ s Rbo
define R>* via the pullback square l l

R*/mR° —— R°/mR°
Now since R™ is open and thus closed in R°, we get that R is m-adically complete. To

prove that it is an integral perfectoid ring, it remains to show that Rt/ R % R /TR* is
an isomorphism. But since R°/mR° is perfect, the map is surjective. Injectivity follows by
integral closedness of A™.
R+,b Rbo
We can thus take the tilt of Rt giving us the commutative diagram l l
R*/mR° —— R°/mR°
which is a pullback square since R™/mR° is perfect. This gives us the desired equality

R+,b — Rb’+.
[ |

4.2.2 Tilting rational subsets

Lemma 4.22. Let A — B be an inclusion of rings such that B is equipped with the I-adic
topology for an ideal I C B and A is open in B. If A is integrally closed in B, then A is
integrally closed in B.

Proof. Since A is open in B, there exist N € N such that IN C A Let f € B such that
P(f)=f"+an1f" '+ +ap=0where P € A[X]. Then reducing modulo I* for k > N
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and taking lifts in B, we get Pu(fy) = fk + Ay 1f 4. 48y = with z, € IF C A and
f—fee€I* So fiis a zero of the polynomial Pu(X) — 21, € A[X] so by integral closure of
A we have f, € A. Since the sequence (f;)ren converges to f and A is closed (it is open),
we have that f € A as desired. |

Lemma 4.23. Let A be an integral perfectoid ring and w a pseudo-uniformizer admitting
p-th power roots. Then A is integally closed in R = A[%] if and only if A’ is integrally closed
in B> = A°[4].

Proof. Let f € R such that fN C C where C is a finitely generated (over A) subring of R.
Since C' C ﬁA for some ¢ > 0, we have that f € R°. Therefore we only need to show that
A is integrally closed in R°.

Now the isomorphism R°/7TR° ~ R° /7” R* induces an isomorphism R° /(77 ) ~ R”/(m = ).

Since A is open in R° and perfectoid, then (7TP°°) C A (if 7% fP" € A, then mﬁ‘f € A for
f € R). Hence, by the same argument as in lemma 1, A is integrally closed in R° if and only

if and its image in R°/ (WP%'O) ~ R*/ (Wb’%”) is integrally closed if and only if A” is integrally
closed in R*. [

Fix a perfectoid field K, write m C K° and m* C K for the corresponding maximal ideals.
Choose a unifomizer 7’ € K°, and let 7 = 7. Fix a perfectoid affinoid K-algebra (R,R")
with tilt (R’, R°*). Write X := Spa(R, R*) and X’ := Spa(R’, R°*) for the attached adic

spectra.

Proposition 4.24. Let fi,.. fn,g € RY where f, is a power of ™. Let C be the R™-
subalgebra of RJ"’[ | generated by fp /gp for i=1,...,n and k > 1; similarly, let B be the

R*-subalgebra of R+[gl—ﬁ] generated by the fi /g ok fori=1,....,n and k > 1. Then

1. The kernel of the surjection
b - & &, L
Y RPIX) ] — C, X/ = f /g
1s almost the ideal generated by gP — f” fori=1,....n and k > 1.
2. Similarly, the kernel of the surjection
L % i
v RY X — B, X — f" /g

1

1 ﬁL
s almost the ideal generated by g P X fk — f; " fori=1,....,n and k> 1.

3. The n°-adic completion C is an integral perfectoid R*" algebra.
Let C* be its intilt with corresponding generic fiber Cﬁ[ | (a perfectoid Tate R-algebra).

4. There exist a unique continuous map of R-algebras B[l] — Cﬂ[l]' it is an isomorphism
(therefore B[ ] is a pefrectozd K- algebm) it restricts to an injective almost surjection

B < C! and it sendsf /g * to f" /gp foralli=1,...,n and k > 1.
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5. Ct s integral over B.

—

6. Cis integral over its subring R+b[%] and the difference between the rings is killed by a

—

f
power of ©°; similarly, B is integral over its subring R+[ 2| and the difference between
the two rings is killed by a power of .

Proof 3): Cis obviously perfect and 7” is a non-zero divisor of it; therefore its completion
C’ equipped with the m’-adic topology, is an integral perfectoid R“’—algebra

2): Let J C R* [sz | be the ideal generated by the given elements; we obviously have the
inclusion J C Ker and we want to show that is an almost equality. Since the Frobenius
acts isomorphically on both J and Ker ), it is enough to show that Ker/.J vanishes after
inverting 7, ie., that

1 L a1 = 1
SIXTT g Xt = f7 i k) = OS]

™

R-i—b[

is injective. Since f, is a power of 7°, f,, is invertible on both sides and so ¢ is also invertible
on both sides thanks to the relation ¢X,, — f,,. Hence we can rewrite both terms

RO, T/ 00F = 11 i) — Ol = R¥

which is clearly an isomorphism.
1

2) and 4): The untilts (fz"’ik/gf%’“)ti e C* satisfy

ik pk LIc Pk f pk ﬁpi’“
(f /97 ) = (g7 ((f /g7)) —f _fi
S0 ¢ is invertible in @ﬁ[ ] and thus there is a unique map of R™ algebras e : B — @i[%], it

sends f / g * to ( f " gp »*)¥ and has image in C*. Taking m-adic completion extends this
map to € : B — C* to obtain the desired map.
Now consider the composition

1 ~
et : RYX7))J % B S O

whose reduction modulo 7 identifies with the reduction modulo 7” of ¥”. The latter map
is an almost isomorphism by 1), whence e is an almost isomorphism modulo 7. Since

1
R*[X™]/J is m-adically separated and B is 7-torsion free, we get that v is almost injective;
this proves 2).
Now since ey is an almost isomorphism modulo 7 and ¢ is surjective, we get that e is an
almost isomorphism modulo 7. Since B B3/(m) ~ B/(m), the induced map € : B — C* is an
almost isomorphism modulo 7. Since Bis n- adically separated and C* is 7- adically com-
plete, we get that € is an almost isomorphism. Therefore B[ ] — Cﬁ[ ] is an isomorphism

and since B is 7-torsion free, it restricts to an injection almost surjection B < Ct.
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5) : Let B’ be the integral closure of B in C*. Since C! is pth-root closed in the per-
fectoid tate ring B[], B’ is also pth-root closed in B[Z] so it is integal perfectoid. But B’

e ~
contains f; & / gﬁp’“ for all k > 0 so B” contains C, whence its completeness forces B” = C;
the tilting correspondence gives B’ = C*.

6) : By assemption we have f,, = 7V for some N € N. Thus we have

No o, fin L TN fi e T Iy i
0 | EOT | EANCOL Y | s A e
i1 9 i—1 9 i—1 9 9

Therefore 7" "C € R*b[%] C O, taking the 7°-adic completion we get the inclusion 7" "C' C

—

R”[%] c C. Since C is integral over R+b[%], C is integral over R*b[%]. Indeed, let f € C and
take f € C such that f — f € " "C. There exist a monic polynomial P(X) e R“’[%][X]

—

such that P(f) = 0; thus P(f) € "0 ¢ R+b[%] so that f is the zero of the monic

polynomial Q(X) := P(X) — P(f) € R+b[%]'
The exact same argument works on the untilted side. m

Corollary 4.25. Let U C X be a rational subset. Ox(U) is a perfectoid K -algebra and
Ox»(U”) is a perfectoid K’-algebra. Moreover, The perfectoid affinoid K -algebra (Ox (U), O%(U))
tilts to the perfectoid affinoid K’-algebra (Ox,(U”), 0%, (U")).

Proof. Let B,B\, C, C be as in the statement of the previous proposition. We have Ox(U) =

—

i ~
R[giu] = Rﬂ%][%] = BI1] the last equality is given by 6) of the last proposition. Similarly,
we also have Oy, (U°) = C [5]. Therefore 3) and 4) of the last proposition show that that

Ox(U) and Oy (U”) are perfectoid K and K’ algebras respectively and that there is an
isomorphism of K-algebras Ox(U) — Ox»(U)f. Identifying these perfectoid K-algebras,
we then have

—

O%(U) = integral closure of Rﬂ;—’j] in Ox(U) (by definition)
= integal closure of B in E[%] (by 6. of prev. prop)
— integral closure of C* in éu[%] (by 5. of prev. prop)
= (integral closure of C in éﬁ[%])ﬁ ( since tilting is compatible with integral closures)

= (integral closure of R+b[§] in Oy (U"))  (by 6. of prev. prop)

= (9;“0(Ub)ﬁ (by definition)
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Lemma 4.26. Let B be a perfectoid A-algebra. Then A — B is almost an isomorphism if
and only if the induced map of perfectoid Tate rings A[X] — B[L] (i.e. the generic fibres) is
an 1somorphism.

Proof. (=) Suppose that A — B is an isomorphism. Then the kernel and cokernel are in
particular killed by 7, whence A[2] — B[] is an isomorphism.

(<) Suppose that A[L] = B[] := R. We may view A C B as integral perfectoid subrings
of definition of R. That and the fact that A is p-closed, gives R°° C A; so 77 B C A for all
n € N*. |

Lemma 4.27. (Scholze approzimation lemma)
Let R = K(TJ™,....,TX™). Let f € R° be a homogenious element of degree d € N[] (f lies

1
P
in the the completion of @, ], 3, kimd KeT* ... T* ). Then for any c € N[ﬂ and
any € € N*[%] there exist an element
1

Jee € R = K™(Ty=,..., ;')
homogenious of degree d such that for all x € Spa(R, R°), we have

[f(@) = g ()] < |m(@)'™ max(|f(2), [7(2)|°)

Remark 4.28. Note that for € < 1, the given estimate says in particular that for all x € X,
we have

max(|f(2)], |w(2)|) = max(|gf ()], [7])

Proof. We fix e > 0, we can suppose that ¢ <1 and ¢ € N []l?] We prove inductively that for

any ¢ we can find some €(c) € N*[%] and some

1 1
ge € R® = K™(TF™ ... . TF)
homogenious of degree d such that for all z € X = Spa(R, R°), we have

[f (@) = gé(@)] < |m(2)|' = max(|f (), |r(2)[)

Now fix 0 < a < € a rational number in N [%] We will argue by induction increasing from
cto d = c+a. Since |m(x)| <1 for all x, we can replace €(c) by something smaller, se we
assume €(c) < € — a.

Let U, = X*(%.) where X* = Spa(R’, R*°). By the previous remark, its preimage is Uf =

-

X (:L). This implies that

b= f . gg c 7TC+176+€(C)O}|}(U£)

Corollary 2 as well as lemma 6 show that B = R°<(fr—£)z%°°> — Ox(Uf)° D O%(U?). But h is
homogenious of degree < d, so that h almost lies in the 7m-adic completion of

#
c+1—e+e(c gc 1 O
@ ettt )(_ﬂc) Rieg—d—ai

ieN[1],0<i<1
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Hence we can find elements r; € R° homogenious of degree d — d¢ such that r; — 0, with
i
b — ct1—ete(c) & i ;
> 7 (o)
ieN[%],Ogigl

where we chose some 0 < €(¢) < €(c) in N[%]. Since R°/(w) ~ R /(x”) we can choose

€ R’ homogenious of degree d — di, s; — 0 such that 7 divides r; — s?. Now set

c+1—e+te(c! e i
ge =gt D (@) ()
ieN[1],0<i<1

Let us show the induction step, i.e. that for all x € X, we have

/

[f (@) = gl ()] < ()"~ max(| f(2)], | (2)|)
Assume first that |f(x)| > |w(z)]°. Then we have |gi(x)| = |f(z)| > |7 (x)|° by the remark.

Plus we have

|<wb)c+1-f+€<c’><%>isi>ﬂ<x>| < Ja(@)[ | f ()|

Indeed, since s' € R°, |s'(2)| < 1; so neglecting them the left-hand side is maximal when
i=1 (| CIE ( )| > 1) in which case the two sides are equal. Therefore we have

/(@) = gh ()] = |h(z) — (g% — g&) (=)
< max(|a(z) — (g0 = 90} (@)1, /(g — g0)* () = (b — gb)(@)])
< max(|h(z)], I( o = 90} @)] ()] - |g& ()], I ()] - |g&(x)])
< | ()| ()

where we used the fact that |(ge—g.) (z)| = |h(z)] < |7 (2)]" O | f(z)] < |x(z)[* =] f(2)]
by definition of g~ and the choices of the s;; and we also used the fact that |(a + b)*| <

| (2)] - max(|a (x)], b (x)]) (since 7 | p).
Now we treat the case |f(x)| < |m(z)|°. We claim that in fact

|f(l‘) - gg/(l’)’ < |7-‘-(x>|6'+1—e+6(c’)

in this case, which clearly implies the inequality. For this, it is enough to see that f — gg, is
an element of 7! T¢Ox (U?), because c+1 > ¢ + 1 — e+ ¢(’) ( remember €(¢’) < ¢ —a). But
we have

ge' _ 1 —e+e(c) Ge i
(7rb e T Z ( b)c) Si

with all terms being in Oy (U,)°. Hence since Oy (U..)° tilts to Ox (U#)° by corollary 2 , we
get

: f at
Jo _ Je Zﬁl_EJre(c)(g—‘;)ln mod 7Ox (U*)°

e e - 0
7
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Multiplying by 7€, this rewrites as
f=go=f-gi-h=0 modnOx(U})"
which gives the desired estimate. [
Corollary 4.29. Let (R, RT) be a perfectoid affinoid K -algebra, with tilt (R*, R°*). Then
1. For any f € R and any c € N[%] , €€ N*[%], there exist some g.. € R’ such that
|(f = gt (@)] < |m(@)['~ max(| f ()], [7(2)[)
forallz € X.

2. Given f,g € R and an integer ¢ > 0, there exist a,b € R’ such that

f?ﬂc aﬁ7ﬂ-c
Doy =X
) =X

X

3. Ewvery rational subset of X is the preimage of a rational subset of X".

Proof. 1): Tt suffices to prove the corollary for f € RT. Indeed, if we had this case, then
givenany f € R, c € N[%L we can set g = 7 hesn Where n is picked so that 7 f € R and
hesn € R*T is chosen so that |(7"f — B%,,) ()] < |7(x)|'~¢ max(|x" f(z)|, |7 (x)|*T™). Thus
we reduce to the case of f € R*.

We also may assume that c is an integer. Indeed if d < ¢, then

max(| f(z)|, [7(x)|°) < max(|f(z)],[7(z)|)

Recall the partial order z = y < = ~» y < y € {z} for 2,5 € Spa(R, Rt). For a fixed
y € Spa(R, RT), the set {z | = > y} is totally ordered and its maximal element y, lies in
Spa(R, R°). Proving the corollary for y, and for a slightly bigger e implies the corollary for
y. Indeed, we have

[(f = g2 (o)l < Im(yo)| '™ max(1f (yo), [w(y0)|) = I(f — gE.)W)| < [7 ()" max(| f (y), Iw(y)]°)

Therefore, it is enough to check the inequality at maximal points and so we can assume that
Rt = R°.

Now let f € R* and ¢ > 0 an integer. We can choose gy, ..., g. € R°t and f..; € Rt such
that

f=a+dim+ -+ gn+ font

Write fo = 320, gin?, so that f = fo+7t! f.;1. Using the strict non-archimedian inequality,
we see that the right side of the desired inequality is left unchanged if we replace f by fo,
we can thus easily check that any choice of g. that solves the inequality for f; also solves it
for f. Thus we can assume f = fy. Now consider the map

1 1

p:Pi=K({T7™ ... T") =R
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of perfectoid K-algebras carrying T; to g?; this map satisfies u(P°) C R° = R which induces
the map Spa(R, R°) — Spa(P, P°) (given by the composition by p. By lemma 7 applied to
S5 o Tim' € P°, there exist some hg € P such that h = i’ (hg) € R** satisfies

[(f = P¥)(2)| < 7'~ max(| f(2), |7 (2)[°)
for all x € Spa(R, R") as wanted.

2: Using 1) we can choose a,b € R’ such that

(g = ¥)(@)] < max(|g(x)], |7 ()[)

and
max(|f(x), |[7(2)|°) = max(|a*(z)], |7 (2)|°)

Now say x € X(%) As |m(z)¢| < |g(x)], we get by the first inequality |g(z)—b*(x)| < |g(x)]|.
By the strict non-archimedian inequality, this can only happen if |b*(z)| = |g(z)|, so we get
|7 (x)|¢ < |b*(x)]. Moreover, the second equality shows that we either have |af(x)| < |7 (x)|¢
or a*(z)| = | f(z)]; both these cases give |a*(x)| < |g(x)| = |[b*(2)| proving that = € X(%>
Conversely, say © € X (“ﬁb—f> If |7¢(x)| > |g(x)| then by the first inequality and the strict
non-archimedian inequality, this would imply that |g(x)] = [b*(x)| but this means that
b*(x)| = |g(x)| < |7(x)¢| : contradiction. Therefore we must have |7(x)¢| < |g(z)|. This im-
plies, as seen before, that |g(x)| = b*(z)|. It remains to check that that |f(z)] < |g(x)|.
If not, we must have |f(z)| > |g(x)| > 7° By the second equality, this means that

la*(z)| = |f(z)] > |g(z)] = [b*(x)| which contradicts the assumption on z. Therefore
reX (%>

3) the general case for a rational subset U = X <f1"é"f”) with f, = #¢ for some integer

¢ > 1, observe that U = (/' X <%> so the result follows from 2. |

Theorem 4.30. The map v : X — X’ is a homeomorphism sending rational in X subsets
to rational subsets in X",

Proof.
Injectivity follows from the fact that ¢ : X — X” is continuous, X is Ty and that a rational
open in X is a preimage of a rational open in X’ (corollary 4).

—

Now let us show surjectivity. Consider z € X°. The open valuation ring k(z)* is the 7-adic

completion of the direct limit of the perfect rings Oy, (U”) as U’ ranges through rational
open subsets of X” containing z. So k(z)* is perfect and thus perfectoid. Inverting 7 we

have that E(:L‘) is a perfectoid K-algebra and so the couple (k(x),@) is a perfectoid

affinoid field. Moreover, the point z defines a map (R’, R™") — (k:/(;), k/(:va) Since tilting
preserve perfectoid affinoid fields, this map untilts to a map (R, R*) — (L, L) whee (L, L)
is a perfectoid affinoid field. By corrolary 1), this corresponds to a point y € Spa(R, R*).

The valuation 9 (y) is defined by the map R’ % R — L which coincides with the map
R — k(x) 51 defining x. So ¥ (y) = x which proves surjectivity. |
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Corollary 4.31. Forx € X, the affinoid field (k/(;), k:/(xF) is perfectoid with tilt (/@, W)
Proof. We have that W is the m-adic completion of the direct limit of the perfectoid
K°-algebras O%(U) as U ranges through the rational subsets of X. By remark 1, this gives

_—

that k(z) = k(z)*[+ is the colimit of the Ox(U) in the category of perfectoid K-algebras

—

and thus k(x) is perfectoid. Its tilt is the colimit of the tilts of Ox(U), i.e., the colimit of

—

the Ox(U®) which is k(z”) (since the rational neighborhoods of z are sent bijectively to the
rational neighborhoods of z°) . |

Theorem 4.32. (Criterion of K.Buzzard and A.Verberkmoes)

We say say that an affinoid K-algebra (A, A%) is stably uniform if for all U CSpa(A, A™T)
rational open, the Banach K-algebra Ox(U) is uniform, i.e., Ox(U)° is bounded.

If (A, A") is stably uniform then it is sheafy.

We deduce form this criterion that we can associate to any perfectoid affinoid K-algebra
(R,R*) an affinoid adic space X =Spa(R, R"). We call these spaces affinoid perfectoid
spaces.

Definition 4.33. (Perfectoid Spaces) A perfectoid space is an adic space over K that is
locally isomorphic to an affinoid perfectoid space.

Theorem 4.34. Any perfectoid space X admits a tilt X°. This operation identifies the
category of perfectoid spaces over I and the category of perfectoid spaces over K°.
The topological spaces of X and X° are identified, and X is affinoid perfectoid if and only
if X is affinoid perfectoid. Moreover, for any affinoid perfectoid subspace U C X, the pair
(Ox(U),0%(U)) is a perfectoid affinoid K -algebra with tilt (Ox»(U"), Ox»(U")T).
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Appendix A

Valuation rings

Definition A.1. Let V be an integral domain and let K be its fraction field. We say that
V is a valuation ring if for every x € K*, eitherx € V or ' € V.

Consider two local rings A and B with respective maximal ideals m and n. We say that B
dominates A and we write A X Bif AC Bandm=ANn.

We see that if B dominates A then we have an inclusion of residue fields A/m C B/n.

For a field K, the relation B dominates A defines a partial order on the set of local rings
contained in K.

This relation gives another characterisation of valuation rings.

Theorem A.2. LetV be an integral domain and let K be a field containing V. The following
conditions are equivalent

1. V' is a valuation ring

2. K is the fraction field of V and the set of principal ideals of V' is totally ordered by
inclusion.

3. K is the fraction field of V and the set of ideals of V' is totally ordered by inclusion.

4. K s the fraction field of V' and V is a maximal element in the set of local rings
contained in K and ordered by the relation of domination.

Proof.

1) = 2) Let z and y be non-zero elements of V. Then we either have ¥ € Voor £ € V, ie,
x|lyory|x.

2) = 3) Let I and J be two ideals of J and suppose that I ¢ J. So let a € I'\ J. By total
order on principal ideals, for each b € J we either have a | b or b | a. But b | @ means that
a € J which contradicts the choice of @ and so b € I. This is true for all b € J and so J C I.
3) = 4) Since V contains a maximal ideal, it must be unique by the total ordering of ideals
and so V is local. Suppose that there exist a local ring V' C K that dominates V' and let
x € V' be a non-zero element. Then x = § with a,b € V. But we either have b | a or a | b.
In the first case we have z € V. And in the second, we get that = € V; more precisely
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x7! € m (since z7! is not invertible in V). But given that V' dominates V, we have that

271 is contained in the maximal ideal of V' and is invertible in V’: contradiction. So z € V
and we have V' =V’ so that V' is maximal with respect to the relation of domination.
4) = 1) Denote by m the maximal ideal of V. Let x € K such that x ¢ V and set V' = V[z].
There is no prime p of V" that lies over m (meaning that pNV = m), otherwise V; would be a
local ring that dominates V' which contradicts the maximality of V. Thus we have mV’ = V",
i.e., we can write 1 = vg+ vz + - - -+ v,2" for some v; € V. Dividing this equation by x™ we
get that 271 is integral over V. Therefore the ring V[z7!] is integral over V and therefore
(by the lying over property) has a prime that lies over m. By the same reasoning as before,
we get that V[z7!] =V and so z7 ! € V.

[ |

Proposition A.3. Let A be an integral domain contained in a field K and h : A — Q be a
morphism of A to an algebraically closed field €0, then there exist a valuation ring V C K
and a morphism f :V — L which extends h and such that max(V) = f~1(0).

In particular, any local subring A of a field K is dominated by at least one valuation ring V'
of K.

Proof. We consider the set Y- = {(B, f) | B C K and f : B — Q extending h}. We partially
order this set by (B, f) < (C,g) if B C C and g;5 = f. Any totally ordered subset ((Ba, fa))
of > has an upper bound (B, f) with B consisting of the union of all the B, and f being
the obvious extending map. Hence, by Zorn’s lemma the set ) contains a maximal elements
(V, f). We claim that (V, f) is the desired valuation ring and morphism.

If we denote by p the kernel of f : V' — L (which is prime), then we can extend f to the
local ring V},, and thus by maximality V, = V hence V' is a local ring and p is its maximal
ideal.

Now we show that for an x € K, either z € V or z7! € V. If z is integral over V| then by
algebraic closedness of €2, f extends to a map V]z] — Q. But (V, f) is a maximal element
and so Vi[z] =V, ie,zeV.

If z is not integral over V, then we have x & V[z™!]. So 27! is not invertible in V[z~!] and
therefore lies in a maximal ideal q. Consider the morphisms ¢ : V' — V[z™ and p: V]z™!] —
V[z7'/q. Then since p(z~!) = 0, we get that p(V[z™!]) = po ¢(V). Given that V[z~!]/q is
a field and V is local then V[z™!]/q = V/p so that the morphism fop: V]z™!] — Q extends
f which by the maximality of (V, f) gives that V[z™!| =V ie, 27! € V. [ |

Proposition A.4. Let V' be a valuation ring with fraction field K.

1. We have a1 :1 correspondence between V-C W C K wvaluation rings and p C V' prime
1deals given by

W — maxW
Vo—p

In particular Spu(K, V) is a totally ordered where v < w < v € {w}

2. VI CV,VICV isaprime ideal.
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Proof. It p C V is a prime ideal, then V' C V,, C K. Since V is a valuation ring then so is V,
and by the localisation properties we have maxV, = maxV, NV = p.
Now let V' C W be a valuation ring. Let v € max W.
Suppose @ € V, then ™! € V. C W = aa™! = 1 € maxW: contradiction. Hence
max W C V is a prime ideal of V. We also get the inclusion V.. C W; but by the
maximality property of valuation rings, we get an equality.
3) Let I C V be an ideal. We have v/T = Nrcpp. Let z,y € V such that zy € VIbut z &1
and y ¢ /T hence there are prime ideals p, q such that z ¢ p and y & q. Since ideals are
totally ordered, we can suppose that p C q, then =,y € p but zy € p: contradiction.

[ |

Definition A.5. Given a ring A, a valuation on A is a map |-|: A — I'U{0} such that

° (F, -, < ) is a totally ordered abelian group Vo, 5,y €T, a<f&a-vy<p-7).
We extend < to I' U {0} so that 0 < o and o - 0 = 0 Yo € Gamma.

e [0]=0and|l|=1
o |- | is multiplicative, i.e., |z -y| = |x| - |y|
o |z +y| <max(|z|,|y|) for all z,y € A
We define the support of | - | to be supp(|-|) :=={xz € A | |x| =0}. It is a prime ideal of A.

Remark A.6. Given a valuation ||, this defines a valuation |-|" : Frac(A/supp(]-|) — F'U{0}
such that |z|" = 0 if and only if x = 0. Conwversely, given a prime p of A and a valuation
| -|": Frac(A/p) — I'U{0}, we get a valuation |y| : A — I'U{0} by composing | - |" with the
map A — Frac(A/p).

Proposition A.7. Let |- | : K — ' U {0} be a valuation on a field K. Then the set
A={z e K| |z| <1} is a valuation ring with mazimal ideal m = {z € K | |z| < 1}.
Conversely, to any valuation ring V' of K we can associate a valuation |- |y : K — I'U {0}
on K such that V is the inverse image of {a € Gamma | a < 1}.

Proof. By the properties of the valuation we get that A is a ring. Moreover for x € K*,
since T is totally ordered, we either have |x| > 1 or |z7!| > 1,ie, 2 € Aora™! € A.

For the converse, we set I' to be the quotient of K* by the group V> of invertible elements of
V. The divisibility relation on V' defines a partial order on I' (zV* < yV* & Jz € V z = 2y)
which is compatible with the group structure and since for every zV>* yV>* € I' we either
have zy~! € V or yz~! € V, then this order is total. The canonical mapping K* — I" gives
the desired valuation when extended at 0. |

Given two valuations |- |: A — I" and m :A—Ton A

We say that |-| and | - | are equivalent and we write |-| ~ | - | if one of the follwing equivalent
conditions hold
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FH — FFI

e There exist an isomorphism of totally ordered groups \ / where I,
¥ [l
A

denotes the image of | - | (same for | - |.

o |a| < [b] & [a] < [b]

e supp(| - |) = supp (| -|) = p and the induced valuation on Frac(A/p) has the same
valuation ring.

Definition A.8. Let A be a domain and K its fraction field. We define the valuation
spectrum of A to be

X =Spu(K,A) :={]-|: K = T U{0} valuation | |a| <1Va e A}/ ~

For every z € X, we write |f(z)| for the associated valuation of f € K, and we denote
A, C K to be the associated valuation ring.

From what have been said above on valuations, we have a bijection

X = {A CV C K valuation ring }
r— A,

For f1,...,f, € Aand g #0 € A we set

Xt = {r € X | fi(2)] < g(x)[}

So that we define a topology on X by allowing the sets Xy,
topology.

a9 tO be a basis for the

,,,,,

Lemma A.9. Let A be an integral domain with fraction field K. Let A be the normalization
of A in K. Then A is the intersection of valuation rings containing A.

Proof. First, since notice that valuation rings are normal. Indeed suppose that © ¢ V is
integral over V, then z € V[z™!]. But given that V is a valuation ring, we have z=! € V|
thus x € V: contradiction. Therefore we get that A is in the intersection of all valuation
rings containing A. B

On the other hand, let x € K such that z ¢ A. We have x € A[z~!'] C K. Hence 27!
is not a unit in A[z™'] and is thus contained in a maximal ideal m. By proposition 15,
Alz7!], is dominated by a valuation ring V. Hence we have A C A[z™'], C V such that
27! € max(Alx™Y,) C max(V) and so 7! is not invertible in V, i.e., z € V. |

We define a sheaf Oy on X =Spv(K, A) by setting for every U C X open subset

Ox(U) =) 4

zeU
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We have that for every, fi,...,fn € A, g#0€ A

L

z€X, A[f?l ..... fn)ca,

In fact we have Spv(K, A[%, o f?”] ~ X g
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Appendix B

Witt Vectors

In this section we mainly follow the book of J.P.Serre ”Corps Locaux” and the course notes
of Pierre Colmez on local fields.
We fix a prime number p.

Let R be a perfect ring of characteristic p. We say that A is a perfect p-ring of residual
ring R, if there exist a non-zero divisor m € A such that A is separated and complete for the
m-adic topology and such that A/m = R (thus p € 7A).
If m = p then A is said to be strict.
Since R is perfect, we have A° ~ R, and the sharp map induces a map [] : R — A called
the Teichmiiller lift which is multiplicative and verifies m = r for all » € R. By m-adic
separatedness of A, and the fact that 7 is a non-zero-divisor, every element a of A can be
written uniquely in the form

a= Z [a;]7"

1=0

For example, consider A to be a set of indices, we define Sy := Z[Xé/pm]aeA = Unmen Z[X;/pm]ael\.

We write S’X for the completion of Sy for the p-adic topology. We have Sy = Sa/p=Sp/p=
Fp[Xg/ P Oo]aeA which is perfect. Therefore Sy is a strict perfect p-ring.

Now we proceed to the construction of the ring of Witt vectors for a general commuta-

tive ring R.
Consider the sequence of polynomials in Z[X;];en

Wo =Y o XI = X5 X! 4 X,
=0

If we write Z' = Z[%], then we can easily show that the X; can be expressed as polynomials

in Z/[Wi]ieN; i.e., XO = Wg, X1 = %Wl - %Wé), etc...

Theorem B.1. Let ¢ € Z[X,Y]. There exist a sequence of polynomials (pg, ..., Qn,...) in
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Z1X;,Yjijen that uniquely verify
Wl ) = (WX, ), Wa(¥or..)) ¥n €N

Proof. Consider the polynomials P, € Z’[X|;eny such that X, = P,(Wy,..., W;,...) =
W,(Py,...,P;,...). Then letting

on(Xi,Y;) = Pn<q§(WO(XO,...),WO(YO,...)),...,¢(Wi(X0,...),...,WZ-(YO,...)),...)

we see that the (¢, )nen exist in Z'[X;, Y}]; jen and are unique. So we need to show that they
are actually in Z[X;,Y}]; jen.

Consider the ring Sy = Z[X, /7™ le/poo]i,jeN and let o' = > % X7 pfand y = >0 le/pj P
Since ¢(2',y’) € S, it can be uniquely written as
o' y') = Z[%]l/pnpn Un € Shun

n=0

Write 1), for a representative of ¢,,. We will prove that the ¢,, are in Z[X;, Yj]; jen and that
they are congruent mod p to the 1,.
First modding out everything by p™ we get

k k _
o> XPpE VTP =3 T [0k(X, Y)Y mod p!

k<n k<n k<n

Replacing the X;s and Yjs by X?" and Yf’n7 we get

YW (X0), Wa(Y5)) = Y [(XI", VPP pF mod p !
k<n
But %(an, Yjpn) = . (X;, Y;)P" and since [ - ] is multiplicative, we see that W, (¢, - . ., pn) =
Zkgn[%]pnfkpk mod p™*'. Given that [¢x] = ¥ mod p, we have by lemma 1, [i);]?" " =

n—1

(s mod p"~ 1. Therefore

W0, - -, 0n) = Wa(¥o, ..., %,) mod p™™t (%)

Since g and 1y can both be taken ¢(Xy,Yy), we can reason by induction on n and suppose
that all the ¢y € Z[X;, Y]] jen for k < n and that ¢, = 1), mod p.

We deduce by (*) and by the expression of W,, that p"¢, = p™), mod p"*'. Hence ¢, has
integer coefficients and ¢,, = v,, mod p. |

Now let (So,...,Sn,...) (resp. (Po,..., P,,...) be the polynomials (¢, ),y associated to the
polynomial ¢(X,Y) = X +Y (resp.¢(X,Y) = XY).
Let R be a commutative ring. We would like to give the set RN a structure of a commutative
ring by setting for a = (ag,ay,...) and b = (bg, by,...) in RN
a+b:= (S()(az‘, bj), Sl(ai, bj), - )
a-b:= (Po(ai, b]), P1<CL,L', bj), R )
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Theorem B.2. These laws of composition turn RY into a commutative ring called the ring
of Witt vectors with coefficients in R and denoted by W(R).

Proof. By the above theorem, we get a homomorphism

W, : W(R) — RY
(Ti)ieN = (WO(ri)7 Wl(ri)a s )
Indeed for example (W, (So(ai, b;), S1(a:, by), . . . ))neN = (Wa(a:) + Wn<bj))neN~

The morphism W, is an isomorphism if p is invertible in R (in this case, the inverse map is
given by the polynomials P; expressing the X; in terms of the W;), and we see that W (R) is

a commutative element with unit 1 = (1,0,...,0,...).
But if a theorem is true for a ring R, it is true for its subrings and its quotients. And since
it is true for Z'[T,]aen, it is also true for Z[T,],ea and hence for every ring R. [ |

We see that in particular the maps Wf") : W(R) — R defined to be the composition of W,
with the projection on the n-th coordinate, are ring homomorphisms.

Let € R, we define T'(xz) = (x,0,...). Hence we get a map T : R — W(R). When p
is invertible in R, W, or : z +— (z, 2P, xp2, ... ). We deduce that for a general R
T(ry) =T(x)T(y) Va,yeR
T(x) - (Yo, y1,---) = ($y0>33py17$p2y2> ) VayeA

Now we go back to the case of a perfect ring R of characteristic p. Recall that there exist
polynomials (¢, )nen that verifying

Wn(SDO(XHY;) 901(X1’Y}) ) = ¢(Wn(X0>X1> ce )’ Wn<YEJ7Yla s ))

. We showed that ¢,, = 1, mod p for all n € N where (¢,,)nen are the polynomials verify

gzﬁ(x/,y') Z[%( i J)]l/p”pn

n=0

for 2/ =377, Xl/p fand ¥ =0, Yl/p i in Syiy. Therefore, since R is of characteristic
p, We can assume that on =Y, for all n € N

Assume that ¢(X,Y) = pX and let (¢,)nen be the corresponding polynomials. Since they
are uniquely defined, the map (xg,x1,...) — (po(zo, x1,...), ¢1(x0,21,...),...) correspond
to the multiplication by p in the ring of Witt vectors of R.

But in the ring Sypn we have

S ) = o = S (X V) = 3 X
n=0 n=1
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we get that ¢y = 0 and ¢,(X;,Y;) = XP_, for n > 0.
Therefore for an element r = (rg,71,...) € W(R)

p-r=(0,r5,r,...)

On the other hand, if » € W(R) is of the form r = (0,rg,71,...) then r = pr’ for ' =

(rg/?, 717 ) (by perfectness of R). Therefore we get an exact sequence :

W
0— pW(R) — W(R) M S R>0

More generally we get that p"W (R) = {(ro,71,...) € W(R) | ro = -+- = r,_1 = 0}, therefore
W (R) is p-adically separated.

Now since S, (X;,Y;) is a polynomial in only Xi,Y:,...,X,,Y,, we get that z 4+ p"W(R) =
{(ro,r1,...) € W(R) | 70 = x¢,...,7n = x,} (we also use the fact that (—1) - (rg,71,...) =
(—7“0, —T1,... ))

Therefore we easily see that W(R) is p-adically complete. By perfectness of R, p is a non-
zero divisor; so W (R) is a strict perfect p-ring with residue ring R.

Since the map T verifies T(x) mod p = x for all z € R and is multiplicative, then it is

identified with the Teichmuiller lift. Moreover, we have

oo

i 2
Z[ri]p = (ro,r7,rh ,...)

1=0

—

Indeed, looking at the sum in Sy

oo

2y = (S, Y)Y
n=0
if set Y; = Yy = - = 0, we see that So(X;, Yp,0,...) = Xo+ Yy and S, (X;, Y5,0,...) = X,,.

This shows that in W(R),
(ro,r1,72,...) + (2,0,0,...) = (ro + x,71,72,...)
which, together with the formula for multiplication by p, shows the above equality.

Lemma B.3. Let A to be a set of indices and A to be a perfect p-ring of residual ring R. If
f: Sy — R is a morphism of rings and 2ff Sy = Aisa multiplicative map lifting f, then
there exist a unique morphism of rings f SA — A such that f [] = f.

Proof. We should clearly have f (Zl olzilp) =327, f(x;)p', which proves the unicity. Now
let f: Sy — A sending Xa VP o f(Xa VP") for o € A and n € N. We extend by continuity

to a morphism f Sa A — A whose reduction mod p agrees with f on the X, V7" Since they
generate S the two maps are equal; which gives the desired property. [
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If (ra)aca is a set of generators of R as an F,-algebra, get a map f : Sy — R sending X7 to
ri/™ for all @ € A and n € N. We also get a multiplicative map f = [Jof: Sy — W(R). By
the previous lemma applied to A = W(R), there exist a morphism of rings ]?: EX — W(R)
making the following diagram commute

SA—>W

Tl / [ ]Tl

Sy —L 5 R

Since f is surjective, we get that fis also surjective, and inspecting the commutative diagram
shows that

Ker(f —{Zslp € Sy | s; € Ker(f) Vi € N}

=0

Theorem B.4. Let R be a perfect ring of characteristic p. Then the ring of Witt vectors
satisfy the following universal property: if A is a p-ring of residue ring R' and if theta : R —
R’ is a ring homomorphism with a multiplicative map 0 : R — A lifting 0, then there exist a
unique ring morphism 6 : W(R) — A such that 0([z]) = 0(z) for all z € R.

Proof. Applying the previous lemma to the composition Sy Sy RS R and Sh ENY IR A,
we obtain a commuative diagram

§X © s A

] 7 % ]H

oLy RrR_, R

we see that Ker(f) C Ker(0), therefore © factors through W (R) which shows the universal
property. |

These result could be established for any strict p-ring of residue ring R. Therefore by the
universal property, we conclude that W (R) is the unique strict p-ring of residue ring R up
to isomorphism.
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Appendix C

Kahler Differentials

Let k£ be a ring, A a k-algebra and M an A-module.

Definition C.1. A derivation D : A — M is a map such that that
e D(a+0b) = D(a)+ D(b)
e D(ab) = aD(b) + bD(a)

The set of all derivations from A to M is denoted Der(A, M). We equip it with a structure
of A-module in the obvious way.

If moreover D(w) = 0 for all w € k, we say that D is a k-derivation and we denote,
Dery(A, M) the subset of Der(A, M) of k-derivations.

Remark C.2. Given a commutative diagram in the category of k-algebras

B ! > A
\ %
h
C
we say that h is a lift of g to B.
Let N = Ker f C B. If I is another lift of g, then h — h' is a morphism from C to N. If

N2 =0, then N is an f(B)-module and by g : C — f(B) C A, a C-module. h—1h' :C — N
is a k-deriwation. Indeed

(h — )(ab) = h(a)h(b) — I/ (a)k' (b)
h(a)(h(b) — (b)) + I'(b)(h(a) — h'(D))
a.(h—1)(b) + b.(h — I)(a)

since h(a) is a lift of g(a) and W' (b) is a lift of g(b).

Conversely, if D € Dery(C,N), then clearly h + D is a lift of g.

Now for an A-module M, we give the A-module A@® M the structure of a k-algebra by defining
the product as

(a,m)(a’,m") = (ad;am' +a'm)  fora,a’ € A and m,m' € M
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we write A x M for this algebra.

Note that M is an ideal of AxM with square zero. And the projection m : AxM — A is a mor-
Ax M

= > A
phism of k-algebras as well. Considering the commutative diagram \ y
h
A

we see by the previous remark that, writing h(a) = (a,da), we get that h is a morphism of
k-algebras precisely when d is a k-derivation from A to M. Thus Dery(A, M) identifies with
the set of sections of .

Proposition C.3. The functor

A— Mod — A— Mod
M —  Dery(A, M)

is representable, i.e. there exist an A-module denoted 24/, and a k-derwation d : A — Qy
such that the map

HomA(QA/k,M) — D€7“k(A, M)
f = fod

Proof. Define the morphism of k-algebras p: A ®; A — A given by pu(r ® y) = zy. Let
I =Kerp, Qay:=1/1* and B = (A®y A)/I?, then we have an exact sequence

0—=Qup—+B—-A—=0

B K s A

Consider the commutative diagram \k V where \; : 1 — a®a and Ay :
A2

A

ar—a®l.
By Remark 1, we get that d := Ay — Ay is a k-derivation from A to Qg4, .
If D € Derg(A, M), the map

0 AR A— Ax M
r @y (vy,zDy)

is a morphism of k-algebras verifying ¢(I) C M. Since M? = 0, we get a morphism of
A-modules f: I/I* = Qi — M. Moreover, for a € A we have

f(da) = fl®a—a®1 modI*) =¢(l®a)—y¢la®1)=Da—aD(1) = Da

so that D = f od. Which gives surjectivity of the desired map.
Moreover, €4/, has the A-module structure induced by multiplication by a®1in A® A (or
the multiplication by 1 ® a since the difference lies in /. From the formula

a®ad=(@1)(1®d —d®1)+a @1

we see that 4, is generated as an A-module by {da | a € A} which give sthe uniqueness
of the linear map satisfying D = f o d. |
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Remark C.4. If A is generated as a k-algebra by a subset U C A, then 4,y is generated
as an A-module by {da | a € U}. Indeed, given a € A, there exist a polynomial f(X) €
k[Xi,...,X,] and a; € U such that a = f(aq,...,a,). Differentiating, we get

da = Zfi(al, ..y ap)da; where f; = 0f/0X;
i=1

In particular, if A = k[Xy,...,X,], then Qu), = AdX, @ --- ® AdX,, since the derivation
Di = 8/8XZ veriﬁes DZ(Xj) = 52"]'.

Definition C.5. We say that a k-algebra A is 0-smooth over k if it has the following prop-
erty: for any k-algebra C with an ideal N such that N* = 0, then given the commuta-

A —~ C/N

tive diagram l T there exist a morphism of k-algebras v such that the diagram
k—— C

A —— C/N

l \ T 18 commutative. Moreover, we say that A is O-unramified over k if there is

k—— C
at most one such v. When A is both 0-smooth and O-unramified, we say that A is 0-etale.

By remark 1, the condition of being 0O-unramified is that Q4 = 0 (it would imply that
d - >\1 - )\2 == 0)

If Ais aring and S C A is a multiplicative subset, then the localisation Ag is 0O-etale

over A.
S™1A —— C/N
Indeed, given a commutative diagram l T then for s € S, t(s) is invertible in

A—L ¢
C'/N; say thereis ¢ € C,n € N such that t(s)y = 1+n, then t(s)y(1—n) = (1+n)(1—n) = 1.
Thus ¢(S) C C*, by the universal property of the localisation, there is a unique map

S1A ——= C/N
v : 71 — C making the lower part of the diagram l \ T commute, but

A—L 5 ¢
this map would also make the whole diagram commute.

Lemma C.6. A sequence of A-modules
ML g
is exact if for every A-module T
homu(M",T) AN hom (M, T) EAN homu(M', T)

the sequence is exact.
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Proof. Suppose that hom4(M",T') EAN homy (M, T) EAN homy (M',T) is exact for every 7.
For T'= M", we have f* o ¢g*(idpy») =go f =0.

Now take T' = M/Imf and let r : M — M/Imf be the canonical reduction. Clearly
we have f*(r) = 0, hence by exactness of the above sequence, there exist a morphism
s: M" — M/Imf such that s o g = r; therefore we get that Kerg C Imf. [ |

Theorem C.7. (First fundamental exact sequence)

A composite k ENJRENYS of ring homomorphisms lead to an exact sequence of B-modules
a B
QA/k®B_>QB/k%QB/A (Cl)

where the maps are given by a(dawa @ b) = b - dpg(a) and B(dp/kb) = dp/ab.
If moreover B is 0-smooth over A, then the sequence

0—>QA/k®Bg)QB/kﬁ>QB/A—>O (CQ)
1s a split exact sequence.

Proof. For every B-module T" we have an exact sequence
0 — Dera(B,T) = Dery(B,T) — Deri(A,T) (C.3)

Using the identification given in proposition 1, we obtain the exact sequence
0— hOHlB(QB/A,T) ﬁ hOHlB<QB/k, T) &—*> hOHlA<QA/k,T)

where dp/qa = fodp, and dp,, 0 g = v o dyyy.
Since we have an isomorphism of B-modules hom (€24 /%, T') = homp(Qa/x ®a B,T) we get
the exact sequence

0— hOHlB(QB/A,T) ﬁ) hOIIlB(QB/k,T) a—*> hOIﬂB(QA/k Xa B,T)

where o : Q4 ®4 B — Qpyy is given by a(z ® b) = b - a(z).
This sequence is exact for every B-module T, therefore by lemma 1 we get the desired exact
sequence

a B
QA/k ®as B — QB/k — QB/A —0

Now suppose that B is 0-smooth over A. Choose D € Derg(A,T') and consider the diagram
BB
QT WT with 7(a) = (g(a), Da).

A—25 BxT
By assumption, there exist a section of 7 h : B — B x T wich can be added to the diagram
leaving it commutative. By remark 1, h = (idg, D") where D’ is an k-derivation from B to
T and it verifies D = D’ o g. Therefore the map Der(B,T) — Dery(A,T) in the sequence
(3) is surjective for all B-module 7. By lemma 1, this gives the exactness of the sequence
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(2).

Now take T" = Q4 ® B and define D by D(a) = dask(a) ® 1, so that D = D’ o g. Let
o : Qg — QA/k ® B be the map such that D’ = o’ o dgy;. Using the expression of a, we
see that o/ o o = idy, therefore (2) is split.

Now consider the case k % A % B where g is surjective; set m := Ker g so that B = A/m,
then we would have Q0p,4 = 0 since every A-derivation kills A.

Theorem C.8. (Second fundamental exact sequence)
In the above notation, we have an exact sequence

m/m21>QA/k ®ABi)QB/k—>O (04)

where 0 is the B-linear map defined by 6(x mod m?) = d .z ® 1.
Moreover, if B is 0-smooth over k then

O—>m/m2i>QA/k®ABiQB/k—>O (05)
1s a split exact sequence.

Proof. First notice that ¢ is well defined. Indeed V z,y € m, da/pzy ® 1 = 2dajy @ 1+
ydapr @1 =dapy @I +dapzr @y =0.
Consider the sequence(4). Since Q054 = 0, by the first fundamental sequence we get that
« is surjective. Hence it remains to prove that Im § = Ker . So as before, considering an
arbitrary B-module T" and the sequence

0 — homp(Qp i, T) <= homp(Qa/x ®4 B, T) 2 homp(m/m?, T)

we need to show that it is exact.
Via the identification of proposition 1, we can rewrite it as

0 —Dery (B, T)—Dery (A, T) — homp(m/m? T) (C.6)
sodpy, > soaodyy
to dA/k: — [t] %)

where [t] : Qa, ®a4 B =T, 2 ® b+ b-t(x). Concretely, the second map takes a derivation
D € Der(A,T) to it’s restriction Dy, € homg(m/m?*,T').
First, we have [@] 0§ = a o4 : (z mod m?) — dapr ® 1 — dajg(x) = 0. Therefore
0 oa* =0.
Now let D =t odyy such that [tfod = 0. Then V x € m, t(das)(x) = D(xz) = 0. So D
factors through ¢ and thus D € Im o*.

B, p
Suppose now that B is O-smooth over k, then looking at the commutative diagram T gT

k —— A/m?
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we see by definition of O-smoothness that there is a k-morphism s : B — A/m? such that
A/m? J > B
gos =1idg. Now considering the diagram / we get by remark

sog

id g A/m2

1. that D =id4 — s o g € Derj,(A, m/m?).
If ) € homp(m/m?,T), then the composite D’ of
A= Am> D mm2 ST

is an element of Dery(A,T) satisfying Dj, = 9. Indeed, for € m, letting Z = 2 mod m?,
we have

D'(x) = (D(x)) = (2 — 50 9(z)) = (7).

Therefore the last map in (6) is surjective. If we set T = m/m?, then we see that (5) is a
split exact sequence. [

Proposition C.9. (Base change)
Let k — k' be a morphism of rings. For any k-algebra A, let A" = ARy k' be its base change.
There is a canonical isomorphism of A'-modules

QA’/k’ ~ QA/k Rk k/

Proof. By Yoneda’s Lemma, it suffices to prove that there is a natural bijection between
hom 4/ Q47 /4, —) and hom 4/ (4, @k k', —) =~ homy (24/x, —). But by proposition 1., this is
equivalent to giving a natural bijection between Dery (A’, —) and Derg(A, —).

But for an A’-module T', we have a natural bijection

Dery (A", T) — Der(A,T)
D'~ (a—~Da®1))

who’s inverse is given by

Der(A,T) — Derp (A", T)
D—(z®@y—y-D(x))
indeed, we have D'(z2' ® yy') = yy'D(zx’) = yy'zD(2’) + yy'2'D(z) =z @y - D'(2' ® y') +
¥Ry -D(r®y).

Thus we the desired natural bijection. [ |

Proposition C.10. Let k be a ring, A a k-algebra and S C A a multiplicatively closed
subset. Then we have a natural isomorphism

S_lQA/k >~ stlA/k
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Proof. Since S—! is 0-smooth over A, by the first fundamental exact sequence we have that
0— QA/k XA S7TA — QS—lA/k — QS—IA/A —0

is exact. Thus we only need to show that Qg-14,4 = 0. But since it is an S A-module,
localizing at S does nothing to it, so we have

Qg-14/4 = Qg-14/4 ®4 S'A

By the base change formula we have 2g-14/4 ®4 S™TA ~ Qg 140,55 1474 = Qg-14/5-14 =0
(since ST!A®4 STIA ~ STLA). |

Theorem C.11. Let L/K be a separable algebraic extension. Then L is 0-etale over K (in
particular Q. = 0). Moreover, for any subfield k C K we have

Qriw = Ok @ L

L —— C/N
Proof. Consider the commutative diagram T T such that N2 = 0. If L' is
K——C
an intermediate field that is finite over K, by the primitif element theorem L = K(«). Let
f(X) € K[X] be the minimum polynomial of o over K so that L = K[X]/(f) and f'(a) #
To lift ur : L' = C/N to C, we only need to find an element y € C such that f(y) =0 and

y = u(a) mod N. For that, let y be any lift of u(«). We have f(y) = f(u(a)) = u(f(a)) =
mod N. Moreover, we have N? = 0, so we get

fly+n)=fly)+ f(y)n

but f’(a) is a unit of L, so that u(f'(«)) = f'(y) mod N is a unit of C'/N but since N? = 0
f'(y) is a unit of C. Thus if we take n = J{,((y)) € N, we have f(y +n) = 0. The K-algebra
morphism v : L' — C obtained by taking a to y + 7 is a lifting of uz/.

Now notice that for every separable algebraic element o over K with minimal polynomial

f(X) we have

0= d(f(a)) = f'(a)da

But since f'(«) # 0, we have da = 0; so that Qp/x = 0 (since it is generated by da for
a € L. We also have Qp//x = 0, which by definition 2 (0-ramified), implies that the lift v is
unique. Thus gluing the unique lifts of the finite extensions K C L' C L, we obtain a lift
v : L — C which is unique. Hence L is 0O-etale.

Using the fact that L is 0-smooth over K and that €7, = 0, the first fundamental exact

sequence gives us the desired equality.
[ |
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