
Hodge-Tate decomposition for p-divisible groups

Mohamed Moakher

April 2020

Contents

1 Preliminaries 1
1.1 Formal Lie algebra . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 1
1.2 Points of a p-divisible group . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 2
1.3 The Tate module . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3

2 Hodge-Tate decomposition for p-divisible groups 3
2.1 The logarithm map . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 3
2.2 Exploiting duality . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5
2.3 The Hodge-Tate decomposition . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . 5

3 The main theorem 8

1 Preliminaries

In this section, we introduce some objects and results that will be useful later on.

1.1 Formal Lie algebra

Let R be a ring and consider A “ RrrX1, . . . , Xnss the ring of power series in n variables over R.

Definition 1.1. A commutative formal group law of dimension n over R is an n-tuple of power series
F “ pF1, . . . , Fnq, Fi P RrrX1, . . . , Xn, Y1, . . . Ynss such that

1. FipX, 0q “ Fip0, Xq “ Xi,

2. FipF pX,Y q, Zq “ FipZ,F pX,Y qq,

3. FipX,Y q “ FipY ,Xq.

It turns out that 1q and 2q automatically imply the existence of an inverse map ι : RrrX1, . . . , Xnss Ñ

RrrX1, . . . , Xnss given by power series ιipXq such that

F pX, ιpXqq “ F pιpXq, Xq “ 0.

A p-divisible formal Lie group is a commutative formal Lie group F such that the map

rps : RrrX1, . . . , Xnss Ñ RrrX1, . . . , Xnss,

makes RrrX1, . . . , Xnss a free module over itself.
Let I “ pX1, . . . , Xnq be the augmentation ideal of A. If F is a p-divisible formal Lie group, for v ě 1,
consider the ring Av “ A{rpvsF pIq. It is a finite flat R-module and F equips the scheme Γv “ SpecAv with
the structure of a group scheme. There are also canonical inclusions iv : Γv Ñ Γv`1 and one can verify that
pΓv, ivq forms a connected p-divisible group. We have the following theorem:
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Theorem 1. Let R be a complete local Noetherian ring with residue characteristic p ą 0. Then the above
construction F ù pΓv, ivq is an equivalence between the category of p-divisible formal Lie groups and the
category of connected p-divisible groups.

Remark 1. Note that if G “ pGv “ SpecAv, ivq is a connected p-divisible group, the arrow in the other
direction is given by equipping A – lim

ÐÝ
v

Av with the formal group structure induced from the compatible group

structures on the Gv.

If pGv “ SpecAv, ivq is a p-divisible group over a complete local Noetherian ring R, there exists a compatible
family of exact sequences

0 Ñ G˝v Ñ Gv Ñ Gét
v Ñ 0,

which gives rise to an exact sequence of p-divisible groups

0 Ñ G˝ Ñ GÑ Gét Ñ 0,

where G˝ is a connected p-divisible group called the connected component of G, and Gét is an étale p-
divisible group called the étale component of G. By the previous theorem, we have that A˝ “ lim

ÐÝ
v

A˝v –

RrrX1, ¨ ¨ ¨ , Xnss, where n “ dimG. If S is an R-algebra, we define the tangent space of G with coefficients
in S to be

tGpSq “ HomRpI{I
2, Sq,

where I is the augmentation ideal of A˝.

1.2 Points of a p-divisible group

Let O be a complete Noetherian local domain with maximal ideal m and fraction field K, and consider
G “ pGv “ SpecAv, ivqv a p-divisible group over O. If R is a complete local O-algebra, we want to define
the set of R-valued points of G in a way that it carries topological information. In order for this to work,
we need to assume that for all x P mR, there exists r " 0 such that xr P mR.
We define the R-valued points of G to be

GpRq “ lim
ÐÝ
r

lim
ÝÑ
v

GvpR{m
rRq.

Putting A “ lim
ÐÝ
v

Av equipped with the inverse limit topology (where each Av has the mAv-adic topology),

we see that
GpRq “ lim

ÐÝ
r

lim
ÝÑ
v

HomO-algpAv, R{m
rRq “ HomCont O-algpA, Rq,

where R has the mR-adic topology.

Lemma 1. We have the following properties:

1. GpRq is a Zp-module.

2. The canonical map lim
ÝÑ
v

lim
ÐÝ
r

GvpR{m
rRq Ñ lim

ÐÝ
r

lim
ÝÑ
v

GvpR{m
rRq is injective and its image is GpRqtors

(the torsion points of GpRq).

3. If G is étale then the previous map is an isomorphism, GpRq “ lim
ÝÑ
v

GvpR{mRq and it is torsion.

4. If O has residue characteristic p and G is connected, then there exists a (non-canonical) GK-equivariant
isomorphism (as topological spaces)

GpRq – mnR,

where n is the dimension of G.
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Proposition 1. Suppose that O has perfect residue field of characteristic p and let R be a complete local
O-algebra. Then, the sequence of Abelian groups

0 Ñ G˝pRq Ñ GpRq Ñ GétpRq Ñ 0

is exact.

Corollary 1. If moreover R is normal and has algebraically closed residue field, then GpRq is a divisible
group.

1.3 The Tate module

With the same notation as before, let Kalg be the algebraic closure of K and let GK be the absolute Galois
group GalpKalg{Kq of K. The Tate module of G is the ZprGKs-module

TppGq :“ lim
ÐÝ
v

GvpK
algq,

where the limit is taken over the maps jv : Gv`1 Ñ Gv induced by the multiplication by p. The Tate
co-module is the ZprGKs-module

ΦppGq :“ lim
ÝÑ
v

GvpK
algq,

where the colimit is taken over the inclusions iv.

Lemma 2. The Tate module and co-module have the following properties:

1. TppGq is a free Zp-module of rank h such that TppGq{p
v “ GvpK

algq,

2. ΦppGq – TppGq bZp Qp{Zp as ZprGKs modules (so ΦppGq – pQp{Zpqh as Zp-modules)
and ΦppGqrp

vs “ Gv,

3. TppGq – HomZp

`

Qp{Zp,ΦppGq
˘

as ZprGKs-modules.

Proposition 2. Let K be any field of characteristic 0. The functor G ù TppGq induces an equivalence of
categories

"

p-divisible groups
over K

*

–
ÝÑ

"

finite free Zp-modules with
continuous Zp-linear action of GK

*

2 Hodge-Tate decomposition for p-divisible groups

In this section, we consider a complete discrete valuation field K with valuation ν. We let O be its ring of
integers, whose maximal ideal and residue field are denoted respectively by m and k. The valuation ν on K
extends uniquely to Kalg, as well as CK , the completion of Kalg under ν. We denote by GK the absolute
Galois group of K and by R the ring of integers of CK .

2.1 The logarithm map

We define a Zp-module homomorphism

logG : GpRq Ñ tGpCKq “ HomOpI{I
2,CKq,

f ÞÑ
`

x ÞÑ lim
rÑ8

prprsfqpxq

pr
˘

.

First note that since GétpRq is torsion, and since we have an exact sequence

0 Ñ G˝pRq Ñ GpRq Ñ GétpRq Ñ 0,

then rprsf P G˝pRq “ ContHomO´algpA˝, V q for r " 0. Hence prprsfqpxq makes sense for big r.
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We define a filtration on G˝pRq given by

FλG˝pRq :“ tf P G˝pRq | ν
`

fpaq
˘

ě λ@a P Iu.

If f P FλG˝pRq and x P I, then rpsx “ px` z for some z P I2, and

prpsfqpxq “ fprpsxq “ fppx` zq “ pfpxq ` fpzq.

Since f is multiplicative, we have νpfpzqq ě 2λ. Hence νprpsfpxqq ě minpνppq ` λ, 2λq and we get

rpsFλG˝pRq Ď Fλ`minpνppq,λqG˝pRq.

Since any f P G˝pRq belongs to FλG˝pRq for some λ ą 0, up to replacing f by rpisf for some i " 0, we can
assume that λ ě νppq. Replacing f with rprsf in the previous calculations, we get

prpr`1sfqpxq

pr`1
´
prprsfqpxq

pr
“
rprspfqpzq

pr`1
,

which has valuation ě 2pλ` rνppqq ´ pr ` 1qνppq “ 2λ ` pr ´ 1qνppq Ñ 8 as r Ñ8.

This shows that the sequence prprsfqpxq
pr is Cauchy, so it converges in CK . It also shows that if z P I2, then

the sequence prprsfqpzq
pr tends to zero as r Ñ8. Therefore logG is well defined.

The logarithm logG is actually a group homomorphism. Indeed, if we let f, g P G˝pRq, we have

f ` g “ A F
ÝÑ ApbA fbg

ÝÝÝÑ RpbR
µ
ÝÑ R,

where for x P I, F pxq “ xb 1` 1bx` z with z P I pbI. Hence pf ` gqpxq ” fpxq` gpxq mod fpIqgpIq. And
we get that logGpf ` gq “ logGpfq ` logGpgq using the above calculations.

Lemma 3.

1. The logarithm logG : GpRq Ñ tGpCKq is a local homeomorphism. More precisely, for every λ ą νppq
p´1 it

induces an isomorphism

logG : FλG˝pRq
–
ÝÑ tτ P tGpCKq | νpτpXiqq ě λ for 1 ď i ď nu.

2. We have a short exact sequence

0 Ñ GpRqtors Ñ GpRq
logG
ÝÝÝÑ tGpCKq Ñ 0.

Proof. 1) Let τ P tGpCKq be an element of the set on the right hand side. We want to construct f P FλG˝pRq
such that logGpfq “ τ .
Let µ “ νppq. We can write rpspXq “ p

`

X ` φpXq
˘

` ψpXq with degpψq ě p and degpφq ě 2 (see the
Corollary to Lazard’s theorem in [5, p. 115]). An easy calculation shows that for x P mnCK

νpxq ą µ
p´1 ,

ν
`

rpspxq
˘

“ νpxq ` ν. In fact multiplication by p induces an isomorphism rps : FλG˝pRq
–
ÝÑ Fλ`µG˝pRq for

all λ ą µ
p´1 (see Theorem 4 in [5, p. 119]). Therefore, for every r ě 0 there is a unique element fr P F

λG˝pRq

such that prprsfrqpXiq “ prτpXiq for all 1 ď i ď n. And we have

rpr`1s
`

frpXiq ´ fr`1pXiq
˘

“ rps
`

prτpXiq
˘

´ pr`1τpXiq

“ pφpprτpXiqq ` ψpp
rτpXiqq.

Thus ν
`

rpr`1s
`

frpXiq ´ fr`1pXiq
˘˘

ě p2r ` 1qµ` 2λ, and ν
`

frpXiq ´ fr`1pXiq
˘

ě rµ` 2λÑ8 as r Ñ8.
Finally, we set fpXiq “ lim

rÑ8
frpXiq for 1 ď i ď n. Almost by construction, we have

lim
rÑ8

prprsfqpXiq

pr
“ τpXiq.
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Thus logGpfq “ τ . And this constitute the inverse of the logarithm.
2) Since tGpCKq is torsion free, we have that GpRqtors Ď ker logG. Conversely, if f P ker logG, then rpisf P
ker logG for all i ě 0. But for i " 1, we have rpisf P FλG˝pRq, so by the statement above, we must have
rpisf “ 0 and f is torsion. To prove surjectivity of logG, let τ P tGpCKq, then for i " 1, piτ lies in the
right-hand-side of the above isomorphism, so piτ lies in the image of logG. But by corollary 1, GpRq is
divisible, so τ is also in the image of logG which proves the result.

Example 1. If G “ µp8,O is the p-divisible group associated to Gm, one can verify that GpRq “ 1`mR, so
GpRqtors is the group µp8 of p-power roots of unity in 1`mR, and we have an exact sequence

0 Ñ µp8 Ñ 1`mR
logG
ÝÝÝÑ CK Ñ 0,

where logGp1` xq “
ř8

n“1p´1qn`1xn{n is the usual logarithm.

2.2 Exploiting duality

Using the Cartier duality, we can define a p-divisible group GD “ pGDv , j
D
v qv where GDv is the Cartier dual

of Gv and jv : Gv`1 Ñ Gv is the map induced by the multiplication by p . We have pairings GDv ˆGv Ñ µpv

for each v ě 1 which are compatible in the sense that the following diagram

GDt`v ˆ Gt`v µpt`v

GDv ˆ Gv µpv

jt,v iv,t iv

commutes. Taking the Kalg-points and then the limit over v projectively with GDv and inductively with Gv
yields a GK-equivariant perfect pairing

TppG
Dq ˆ ΦppGq Ñ Φppµp8q “ Qp{Zpp1q. (1)

We also get another GK-equivariant perfect pairing

TppG
Dq ˆ TppGq Ñ Tppµp8q “ Zpp1q, (2)

where we add p1q for the twist by the cyclotomic character. Indeed, for pxvqv P TppG
Dq and pyvqv P TppGq,

we have

xxv, yvy “ xjt,vpxt`vq, jt,vpyt`vqy “ xxt`v, iv,tjt,vpyt`vqy “ xxt`v, p
tpyt`vqy “ xxt`v, yt`vy

pt .

So we set
xpxvqv, pyvqvy “ pxxv, yvyqv P Tppµp8q,

which is a level-wise GK-equivariant perfect pairing.

2.3 The Hodge-Tate decomposition

Given that every finite flat group scheme over an algebraically closed field of characteristic 0 is constant, we
have for every v ě 1

GvpK
algq “ GvpCKq “ GvpRq.

The last equality holds since every O-algebra homomorphism AÑ CK with A finite as an O-module factors
through R. Thus, Cartier duality yields an isomorphism

TppG
Dq “ lim

ÐÝ
v

GDv pRq “ lim
ÐÝ
v

HomGsch{RpGv bO R,µpv,Rq “ Homp-divisible groupspGbO R,µp8,Rq,

of ZprGKs-modules. By functoriality, any map of p-divisible groups induces a map on the points and on the
tangent spaces over CK . Hence, we get two GK-equiavariant maps

TppG
Dq Ñ HomZp

pGpRq, µp8pRqq and TppG
Dq Ñ HomCK

`

tGpCKq, µp8,OpCKq
˘

.
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These induce ZprGKs-module homomorphisms

α : GpRq Ñ HomZp
pTppG

Dq, 1`mRq,

which restricts to torsion points, and

dα : tGpCKq Ñ HomZp
pTppG

Dq,CKq.

Proposition 3. We have a map of exact sequences of ZprGKs-modules

0 GpRqtors GpRq tGpCKq 0

0 HomZp
pTppG

Dq, µp8q HomZp
pTppG

Dq, 1`mRq HomZp
pTppG

Dq,CKq 0

α0

logG

α dα

log˚

where α0 is an isomorphism, and α and dα are injective.

Proof. First, note that the square commutes by functoriality of the logarithm and by the definition of α and
dα. Moreover, the bottom map is HomZp

pTppG
Dq,´q applied to the exact sequence

0 Ñ µp8 Ñ 1`mR
log
ÝÝÑ CK Ñ 0.

So it’s exact (TppG
Dq is a free Zp-module). Next, using the isomorphism GpRqtors – ΦppGq, α0 identifies

with the isomorphism ΦppGq – HomZp

`

TppG
Dq,Φppµp8q

˘

induced by the perfect pairing p1q. Thus α0 is an
isomorphism. It remains to show that α and dα are injective. We will prove this in a series of steps:

Step 1 The kernel and cokernel of α are Qp-vector spaces (A priori they are only Zp-modules).
Applying the snake lemma and the fact that α0 is an isomorphism, we get that the maps kerαÑ ker dα and
cokerα Ñ coker dα induced by the logarithm are isomorphisms. But since dα is a Zp-linear map between
Qp-vector spaces it is automatically Qp-linear. Thus its kernel and cokernel are also Qp-vector spaces.

Step 2 We have GpRqGK “ GpOq and tGpCKqGK “ tGpKq.
By the exact sequence in proposition 1, it suffices to show the fact separately for Gét and G˝. By 4. of lemma
4 and Ax-Sen-Tate theorem, we have

G˝pRqGK “ pmdRq
GK “ md “ G˝pOq.

Again by 3. of lemma 4, we have GétpRq “ lim
ÝÑ
v

Gvpk
algq and GétpOq “ lim

ÝÑ
v

Gvpkq where kalg “ R{mR is the

algebraic closure of k. But on any group scheme H over O, we have HppkalgqGK q “ HpkalgqGK “ Hpkq from
which we get the result.
For the tangent spaces, by Ax-Sen-Tate theorem,

tGpCKqGK “ HomOpI{I
2,CGK

K q “ HomOpI{I
2,Kq “ tGpKq.

Step 3 α is injective on GpOq.
Since GpRqGK “ GpOq, the kernel of α restricted to GpOq is pkerαqGK which is a Qp vector space by step
1. Decomposing G into its étale and connected pieces, by a diagram chase (and the fact that TpppG

˝qDq�
TppG

Dq) we can reduce to these pieces. So it suffices to shows that neither GétpOq nor G˝pOq contain a
non-zero Qp-vector space. But this is straightforward for GétpOq since it is torsion ( by lemma 4). For G˝pOq,
since the valuation on O is discrete, we have rpsF δG˝pOq Ď F δ`1G˝pOq. Moreover,

Ş

vrp
vsG˝pOq “ 0, so

G˝pOq does not contain a non-zero p8-divisible point. Thus it cannot contain a non-zero Qp-vector space.

Step 4 The restriction of dα to tGpKq Ď tGpCKq is injective.
Using a diagram chase and the fact that α is injective on GpOq we get that dα is injective on logGpGpOqq.
Thus it is also injective on the Qp-vector space it generates. But this is exactly tGpKq. Indeed for any
τ P tGpKq, there exist n " 0 such that pnτ P im logGpGpOqq by lemma 3.
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Step 5 The map dα is injective (hence so is αq.
We factor it as follows

tGpCKq “ tGpKq bK CK Ñ HomZppTppG
Dq,CKqGK bK CK Ñ HomZppTppG

Dq,CKq,

where the first map is injective by step 4 and the second map is injective by the following step:

Step 6 Let W be a CK-vector space endowed with a semi-linear CK-action. Then, the CK-linear map

f : WGK bK CK ÑW,

is injective.
Suppose that this is not the case, and let w ‰ 0 P ker f , say w “ w1 b c1 ` w2 b c2 ¨ ¨ ¨ ` wr b cr with
wi P W

GK and ci P CK . We can assume that r is minimal (among the expressions of elements of the
kernel of f), so in particular ci ‰ 0. Up to dividing x by c1, we can also assume that c1 “ 1. If σ P GK ,
σpwq “ w1 b 1` w2 b σpc2q ` ¨ ¨ ¨ ` wr b σpcrq P ker f . And σpwq ´ w P ker f is a tensor of rank ď r ´ 1 so
it must be zero by minimality of r. If σpciq ‰ ci for some i, then wi b 1 is a linear combination of the other
wj b 1 which contradicts the minimality of r. So by Ax-Sen-Tate theorem, ci P CGK

K “ K. Thus r “ 1, and
we get fpw1 b 1q “ 0 ùñ w1 “ 0.

Theorem 2. The maps
αO : GpOq Ñ HomZprGK spTppG

Dq, 1`mRq,

and
dαO : tGpKq Ñ HomZprGK spTppG

Dq,CKq,

induced from the previous maps by taking the GK-invariants, are isomorphisms.

Proof. Let us recollect what we know from the previous proposition in the following diagram

0 GpRqtors GpRq tGpCKq 0

0 HomZppTppG
Dq, µp8q HomZppTppG

Dq, 1`mRq HomZppTppG
Dq,CKq 0

cokerα coker dα

α0–

logG

α dα

log˚

–

Taking the GK-invariants of the two vertical columns, we get two exact sequences

0 Ñ GpOq αO
ÝÝÑ HomZprGK s

`

TppG
Dq, 1`mR

˘

Ñ pcokerαqGK ,

and
0 Ñ tGpKq

dαO
ÝÝÝÑ HomZprGK s

`

TppG
Dq,CK

˘

Ñ pcoker dαqGK .

It follows that the map cokerαO Ñ coker dαO induced by the logarithm, is injective. Therefore, it is enough
to show that dαO is surjective.
Since dαO is an injective morphism of K-vector spaces, we just need to equate the dimension of both sides.
For this, we set

W “ HomZp
pTppGq,CKq and WD “ HomZp

pTppG
Dq,CKq.

Let d “ dimKW
GK and d1 “ dimKpW

DqGK . By injectivity of dαO, we have dimG “ dimK tGpKq ď d1,
and swapping G and GD, we also have dimGD ď d. We want to show that the equalities hold, but since
dimG`dimGD “ htpGq “: h, it suffices to show that d`d1 ď h. The key is to use the Tate modules pairing
2 which induces a perfect pairing of h-dimensional CK-vector spaces

W ˆWD Ñ HomZp
pZpp1q,CKq – CKp´1q. (3)

7



Taking the GK-invariants, we get a pairing

WGK ˆ pWDqGK Ñ HomZprGK spZpp1q,CKq “ 0,

where the vanishing is due to Ax-Sen-Tate’s theorem (CK does not contain a period for the cyclotomic
character). We deduce that WGK bK CK and pWDqGK bK CK are orthogonal with respect to the pairing
p3q so the sum of their dimensions is ď h as desired.

Corollary 2. (Hodge-Tate decomposition)
There is a GK-equivariant isomorphism of CK-vector spaces

TppGq bZp
CK –

`

t˚GD pKq bK CK
˘

‘
`

tGpKq bK CKp1q
˘

,

where t˚
GD pKq is the cotangent space of GD at k, i.e., t˚

GD pKq “ HomKptGD pKq,Kq.

Proof. Actually the proof of the previous theorem, tells us that d`d1 “ h, so WGK bKCK and pWDqGK bK

CK are complements of each other under the pairing p3q. Therefore, by the isomorphism in theorem 2, we
get a GK-equivariant exact sequence

0 Ñ tGpKq bK CK
dαObid
ÝÝÝÝÝÑWD Ñ HomZp

`

tGD pKq bK CK ,CKp´1q
˘

Ñ 0,

tensoring by CKp1q, and noting that TppGq bZp
CK “ HomZp

`

TppG
Dq,Zpp1q

˘

bZp
CK “WDp1q, we get

0 Ñ tGpKq bK CKp1q Ñ TppGq bZp
CK Ñ t˚GD pKq bK CK Ñ 0.

But by Ax-Sen-Tate’s theorem, we have that Ext1
GK

`

CK ,CKp1q
˘

“ H1
`

GK ,CKp1q
˘

“ 0 so the above
sequence splits which gives the result.

3 The main theorem

In this section, we will prove the following result

Theorem 3. Let R be an integrally closed, Noetherian integral domain, whose fraction field is of character-
istic 0. Let G and H be p-divisible groups over R, then the map

HomR-pdivpG,Hq Ñ HomK-pdivpGbR K,H bR Kq,

is bijective.

Before attempting to prove this theorem, we shall make a few reductions. So let us reformulate the problem,
and for v ě 1, consider Av (resp. Bv) to be the Hopf algebra associated to Gv (resp. Hv). An element
ϕ P HomK-pdivpGbRK,H bRKq is a compatible sequence of morphisms of group schemes ϕv : Gv bRK Ñ

Hv bR K, or equivalently a compatible sequence of morphisms of Hopf algebras uv : Bv bR K Ñ Av bR K.
Note that since Bv is flat over R, the injectivity of the map in the statement of the theorem is injective, so
the hard part is to prove surjectivity.
Since Bv and Av are finitely generated as an R-module, we can identify uv with a matrix with coefficients
in K relative to a generating system over R of Bv and Av. To ask that uv lifts to a morphism Bv Ñ Av
is the same as asking that the matrix has coefficients in R. So if we know that the result holds for discrete
valuation rings, then it holds for any localisation Rp of R with respect to a minimal prime ideal p. So the
matrix associated to uv has coefficients in Rp for all minimal prime ideals p. But since R is integrally closed,
we have

Ş

p minimalRp “ R. Therefore uv has coefficients in R as desired. So we can reduce to the case
that R is a discrete valuation ring. Note also that if R Ñ R1 is an extension of discrete valuation rings,
then R1 XK “ R, so it suffices to check the result for R1. In particular, we choose R1 to be the completion
of the ring of integers of the maximal unramified extension of K. Moreover, if the residue characteristic is
zero, then the p-divisible groups are étale and the theorem follows (we have an explicit description of étale
p-divisible groups over Henselian local rings). Therefore, for the rest of the section, we can assume that R
is a complete discrete valuation ring with algebraically closed residue field of characteristic p ą 0.
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Lemma 4. If g : GÑ H is a homomorphism of p-divisible groups over R such that its restriction GbRK Ñ

H bR K is an isomorphism, then g is an isomorphism.

Proof. Let G “ pGvqv, H “ pHvqv and Av (resp. Bv) be the Hopf algebra corresponding to Gv (resp. Hv).
We have a sequence of compatible homomorphisms uv : Bv Ñ Av such that uv b id : Bv bR K Ñ Av bR K
are isomorphism. Given that Bv is flat over R, it follows that uv is injective for all v ě 1. Now R is a
PID, and Bv and Av are finite torsion free modules over R, so they are free of rank k “ pvh where h is the
height of G (and H). Moreover, Bv is a submodule of Av over a PID, so there exist a basis ω1, . . . , ωk of Av
over R such that πr1ω1, . . . , π

r2ωk is a basis of Bv (where π is the uniformizer of R). If we can show that
discpBvq “ discpAvq then we are done. Indeed, we have

det
`

Trpπriωiπ
rjωjq

˘

“ c2 det
`

Trpωiωjq
˘

,

where c “ π
ř

i ri . So in that case we would have c P Rˆ which implies ri “ 0 for all i, and consequently that
Av “ Bv.
We have a formula for the discriminant of a p-divisible group given by discpGvq “

`

pnvp
hv˘

where n is the
dimension of G and h is its height. Since G and H have the same height (it is determined by the Tate
module, hence by the generic fiber), in order for the equality between the discriminants to hold, it suffices
to show that they have the same dimension. But the dimension is also determined by the Tate module
thanks to Theorem 2 ( dimG “ dimK tGpKqq. So Gv and Hv have the same discriminant, which proves the
lemma.

Proposition 4. If F is a p-divisible group over R, and M is a GK-submodule of TppF q which is a Zp-direct
summand, then there exist a p-divisible group E over R and a homomorphism ϕ : E Ñ F inducing closed
immersions at each finite level and an isomorphism TppEq –M via Tppϕq.

Proof. By proposition 2, the module M Ď TppF q corresponds to a p-divisible group E˚ over K which is a
closed subgroup of F bR K. For v ě 1, let Fv “ SpecpBvq, E

˚
v “ SpecA˚v , so that we have a surjective

morphism of rings uv : Bv bR K Ñ A˚v . We set Av “ uvpBvq and E1v “ SpecAv. Then E1v is a finite flat
closed R-subgroup scheme of Fv, and E˚v “ E1v bR K.
The inclusions Fv ãÑ Fv`1 induce inclusions u1v : E1v ãÑ E1v`1. Since orders can be computed on the generic
fiber, each E1v has order pvh where h is the Zp-rank of M . Moreover, given that E˚ is a p-divisible group,
E˚v is killed by pv, and so is E1v (since the corresponding rings are flat over R, the triviality of a map can be
checked on the generic fiber). Similarly, we get that E1v`1{E

1
v is killed by p. Therefore, multiplication by p

induce homomorphisms
E1v`2{E

1
v`1 Ñ E1v`1{E

1
v, (4)

which become isomorphisms on the generic fiber. Set E1v`1{E
1
v “ SpecDv, then by definition of surjectivity

of maps between finite flat group schemes, the morphism Dv Ñ Av`1 is faithfully flat, so in particular it
is injective. Therefore Dv is finitely generated as an R-module. The morphism in p4q corresponds to a
morphism Dv Ñ Dv`1 which becomes an isomorphism upon tensoring with K, so it is injective, and as
a consequence, the Dv can be viewed as an increasing sequence of R-orders in the finite étale K-algebra
D1bRK. Given that the Dv are finite as R-modules, they all lie in the integral closure of R inside D1bRK
which we denote rR. But R being an integrally closed Noetherian domain, rR is a Noetherian R-module.
Therefore, the increasing sequence of R-modules pDvqv inside rR is stationary, i.e., there exist v0 ě 1, such
that @v ě v0, Dv “ Dv`1.
Define Ev “ E1v`v0{E

1
v0 . The inclusions u1v`v0 : E1v`v0 ãÑ E1v`v0`1 induce inclusions uv : Ev ãÑ Ev`1, and

we now show that pEv, uvq is a p-divisible group. In order to do so, let us consider the following diagram

Ev`1 “ E1v`v0`1{E
1
v0 E1v`v0`1{E

1
v0 “ Ev`1

E1v0`v`1{E
1
v0`v E1v0`1{E

1
v0

α

pv

β

γ

where α is the canonical projection, γ the canonical inclusion, and β is the composition of the multiplication
by p maps as in p4q. By the choice of v0, β is an isomorphism, and given that γ is a closed immersion, we
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have kerrpvs “ kerα “ E1v0`v{E
1
v0 “ Ev. Moreover, the order of Ev is equal to ordpE1v0`vq{ordpE1v0q “ pvh.

So pEv, uvq is a p-divisible group of order h as desired.
Finally, we have a morphism of p-divisible groups ϕ : E Ñ F given on each finite level by

Ev “ E1v0`v{E
1
v0

pv0
ÝÝÑ E1v Ď Fv,

which identifies TppEq with TppE
˚q “M .

Finally, we finish by the proof of the main theorem.

Proof. of Theorem 3.
Let G and H be p-divisible groups over R, and let f : GbRK Ñ HbRK be a morphism of p-divisible groups
between their generic fibers. Consider the graph Γ of Tppfq inside TppGq ˆ TppHq which is a GK-module.
The quotient

`

TppGq ˆ TppHq
˘

{Γ injects into TppHq via px, yq ÞÑ y ´ Tppfqpxq, so it is torsion free, hence a
free Zp-module. Consequently, Γ is a direct Zp summand of TppGqˆTppHq. Applying proposition 4 to Γ, we
get a p-divisible group E Ď G ˆH over R such that TppEq – Γ. Consequently, the projection π1 : E Ñ G
induces an isomorphism TppEq – TppGq, hence an isomorphism on the generic fibers (by proposition 2). So
by lemma 4, π1 is an isomorphism. Finally, the morphisms of p-divisible groups over R

π2 ˝ π
´1
1 : GÑ H,

extends f (one can see that by looking for example at the map on the Tate modules). This finishes the proof
of the theorem.
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