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Slide credit: Fei-Fei Li

This image is CC0 public domain

https://pixabay.com/images/search/kitten+cute/
https://creativecommons.org/publicdomain/zero/1.0/deed.en
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Slide credit: Fei-Fei Li

Caption generated using neuraltalk2
Image is CC0 Public domain

https://github.com/karpathy/neuraltalk2
https://pixabay.com/photos/suitcase-antique-cat-1643010/
https://creativecommons.org/publicdomain/zero/1.0/deed.en
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Slide credit: Fei-Fei Li

This image is CC0 public domain

https://pixabay.com/photos/pets-christmas-dogs-cat-962215/
https://creativecommons.org/publicdomain/zero/1.0/deed.en
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Slide credit: Fei-Fei Li
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Slide credit: Fei-Fei Li

This image is CC0 public domain

https://commons.wikimedia.org/wiki/File:ClusterAnalysis_Mouse.svg
https://creativecommons.org/publicdomain/zero/1.0/deed.en
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Slide credit: Fei-Fei Li

This image from Matthias Scholz is
CC0 public domain

http://phdthesis-bioinformatics-maxplanckinstitute-molecularplantphys.matthias-scholz.de/fig_pca_illu3d.png
https://creativecommons.org/publicdomain/zero/1.0/deed.en
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Slide credit: Fei-Fei Li

2-d density images left and right
are CC0 public domain

Modeling P(x)

https://commons.wikimedia.org/wiki/File:Bivariate_example.png
https://www.flickr.com/photos/omegatron/8533520357
https://creativecommons.org/publicdomain/zero/1.0/deed.en
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Slide credit: Fei-Fei Li
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Slide credit: Fei-Fei Li
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Generative Modeling

Slide credit: Fei-Fei Li

Generated Samples ~ Pmodel(x)
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Why Generative Models? Debiasing

How can we use this information to create fair and representative datasets?
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© Alexander Amini and Ava Amini MIT Introduction to Deep Learning IntroToDeepLearning.com

http://introtodeeplearning.com/
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Why Generative Models? Outlier Detection
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© Alexander Amini and Ava Amini MIT Introduction to Deep Learning IntroToDeepLearning.com

http://introtodeeplearning.com/
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Why Generative Models? Sample Generation
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© Alexander Amini and Ava Amini MIT Introduction to Deep Learning IntroToDeepLearning.com

http://introtodeeplearning.com/
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Generative Modeling

Slide credit: Fei-Fei Li
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Generative Modeling: Applications

Slide credit: Fei-Fei LiFigures from L-R are copyright: (1) Alec Radford et al. 2016; (2) Phillip Isola et al. 2017. Reproduced from (3) BAIR Blog.
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https://arxiv.org/abs/1511.06434
https://phillipi.github.io/pix2pix/
https://bair.berkeley.edu/blog/2018/11/30/visual-rl/
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Taxonomy of Generative Models

Slide credit: Fei-Fei Li

Figure copyright and adapted from Ian Goodfellow, Tutorial on Generative Adversarial Networks, 2017
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PixelRNN and PixelCNN
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Fully visible belief network (FVBN)

Slide credit: Fei-Fei Li

Explicit density model
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Fully visible belief network (FVBN)

Slide credit: Fei-Fei Li

Explicit density model

Use chain rule to decompose likelihood of an image x into product of 1-d distributions:

Then maximize likelihood of training data

20



21

Fully visible belief network (FVBN)

Slide credit: Fei-Fei Li

Explicit density model

Use chain rule to decompose likelihood of an image x into product of 1-d distributions:

Then maximize likelihood of training data
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Another solution: Recurrent Neural Network

Slide credit: Fei-Fei Li
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PixelRNN

Slide credit: Fei-Fei Li

[van der Oord et al. 2016]

Generate image pixels starting from corner

Dependency on previous pixels modeled
using an RNN (LSTM)
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PixelRNN

Slide credit: Fei-Fei Li

[van der Oord et al. 2016]

Generate image pixels starting from corner

Dependency on previous pixels modeled
using an RNN (LSTM)
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PixelRNN

Slide credit: Fei-Fei Li

[van der Oord et al. 2016]

Generate image pixels starting from corner

Dependency on previous pixels modeled
using an RNN (LSTM)
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PixelRNN

Slide credit: Fei-Fei Li

[van der Oord et al. 2016]

Generate image pixels starting from corner

Dependency on previous pixels modeled
using an RNN (LSTM)

Drawback: sequential generation is slow in
both training and inference!
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PixelRNN

[PixelRNN, van der Oord et al. 2016]

[van der Oord et al. 2016]
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Samples from PixelRNN

Image completions (conditional samples) from PixelRNN
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f✓
<latexit sha1_base64="/ij4NDw1XHtQ2g/MYQ4Asu23I5M=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKZvtpF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJFIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbATMohcIGCZLYTjSyKJDYCsa3M7/1hNqIWD3QJMFexIZKhIIzstJj2M+6NEJi03654lW9OdxV4uekAjnq/fJXdxDzNEJFXDJjOr6XUC9jmgSXOC11U4MJ42M2xI6likVoetn84ql7ZpWBG8baliJ3rv6eyFhkzCQKbGfEaGSWvZn4n9dJKbzuZUIlKaHii0VhKl2K3dn77kBo5CQnljCuhb3V5SOmGScbUsmG4C+/vEqaF1Xfq/r3l5XaTR5HEU7gFM7BhyuowR3UoQEcFDzDK7w5xnlx3p2PRWvByWeO4Q+czx/muZEN</latexit><latexit sha1_base64="Q0rCX3d0CXD5UexfCAZWafh/5qQ=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgUkIs5O7yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMkUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDcDZlAKhTUSJLGZaGRRILERDK8mfuMBtRGxuqNRgp2I9ZUIBWdkpfuwm7VpgMTG3VLZq3hTuIvEz0kZcvwv3i19tnsxTyNUxCUzpuV7CXUypklwieNiOzWYMD5kfWxZqliEppNNzxq7x1bpuWGs7VPkTtWfExmLjBlFgU1GjAZm3puIf3mtlMKLTiZUkhIqPlsUptKl2J105PaERk5yZAnjWti/unzANONkmyza0/35QxdJ/bTiexX/9qxcvcw7K8AhHMEJ+HAOVbiGG6gBBwWP8AyvzpPz4rw577PokpPPHMAvOB/f2EWYhg==</latexit><latexit sha1_base64="Q0rCX3d0CXD5UexfCAZWafh/5qQ=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgUkIs5O7yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMkUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDcDZlAKhTUSJLGZaGRRILERDK8mfuMBtRGxuqNRgp2I9ZUIBWdkpfuwm7VpgMTG3VLZq3hTuIvEz0kZcvwv3i19tnsxTyNUxCUzpuV7CXUypklwieNiOzWYMD5kfWxZqliEppNNzxq7x1bpuWGs7VPkTtWfExmLjBlFgU1GjAZm3puIf3mtlMKLTiZUkhIqPlsUptKl2J105PaERk5yZAnjWti/unzANONkmyza0/35QxdJ/bTiexX/9qxcvcw7K8AhHMEJ+HAOVbiGG6gBBwWP8AyvzpPz4rw577PokpPPHMAvOB/f2EWYhg==</latexit><latexit sha1_base64="Q0rCX3d0CXD5UexfCAZWafh/5qQ=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgUkIs5O7yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMkUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDcDZlAKhTUSJLGZaGRRILERDK8mfuMBtRGxuqNRgp2I9ZUIBWdkpfuwm7VpgMTG3VLZq3hTuIvEz0kZcvwv3i19tnsxTyNUxCUzpuV7CXUypklwieNiOzWYMD5kfWxZqliEppNNzxq7x1bpuWGs7VPkTtWfExmLjBlFgU1GjAZm3puIf3mtlMKLTiZUkhIqPlsUptKl2J105PaERk5yZAnjWti/unzANONkmyza0/35QxdJ/bTiexX/9qxcvcw7K8AhHMEJ+HAOVbiGG6gBBwWP8AyvzpPz4rw577PokpPPHMAvOB/f2EWYhg==</latexit>

…

sample
<latexit sha1_base64="WOLwF0ApMKqif9/lKetKcawnGRk="></latexit><latexit sha1_base64="1qhFtEv7yQ+Id/cO87T/xsWDA2c="></latexit><latexit sha1_base64="1qhFtEv7yQ+Id/cO87T/xsWDA2c="></latexit><latexit sha1_base64="1qhFtEv7yQ+Id/cO87T/xsWDA2c="></latexit>

Iterate
<latexit sha1_base64="NteN0Q04VCFPL/KxqQDLX4v43TM="></latexit><latexit sha1_base64="hQBxFgEGkgZIyEqgdWeBIRFe2lk="></latexit><latexit sha1_base64="hQBxFgEGkgZIyEqgdWeBIRFe2lk="></latexit><latexit sha1_base64="hQBxFgEGkgZIyEqgdWeBIRFe2lk="></latexit>

f✓
<latexit sha1_base64="/ij4NDw1XHtQ2g/MYQ4Asu23I5M=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKZvtpF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJFIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbATMohcIGCZLYTjSyKJDYCsa3M7/1hNqIWD3QJMFexIZKhIIzstJj2M+6NEJi03654lW9OdxV4uekAjnq/fJXdxDzNEJFXDJjOr6XUC9jmgSXOC11U4MJ42M2xI6likVoetn84ql7ZpWBG8baliJ3rv6eyFhkzCQKbGfEaGSWvZn4n9dJKbzuZUIlKaHii0VhKl2K3dn77kBo5CQnljCuhb3V5SOmGScbUsmG4C+/vEqaF1Xfq/r3l5XaTR5HEU7gFM7BhyuowR3UoQEcFDzDK7w5xnlx3p2PRWvByWeO4Q+czx/muZEN</latexit><latexit sha1_base64="Q0rCX3d0CXD5UexfCAZWafh/5qQ=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgUkIs5O7yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMkUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDcDZlAKhTUSJLGZaGRRILERDK8mfuMBtRGxuqNRgp2I9ZUIBWdkpfuwm7VpgMTG3VLZq3hTuIvEz0kZcvwv3i19tnsxTyNUxCUzpuV7CXUypklwieNiOzWYMD5kfWxZqliEppNNzxq7x1bpuWGs7VPkTtWfExmLjBlFgU1GjAZm3puIf3mtlMKLTiZUkhIqPlsUptKl2J105PaERk5yZAnjWti/unzANONkmyza0/35QxdJ/bTiexX/9qxcvcw7K8AhHMEJ+HAOVbiGG6gBBwWP8AyvzpPz4rw577PokpPPHMAvOB/f2EWYhg==</latexit><latexit sha1_base64="Q0rCX3d0CXD5UexfCAZWafh/5qQ=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgUkIs5O7yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMkUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDcDZlAKhTUSJLGZaGRRILERDK8mfuMBtRGxuqNRgp2I9ZUIBWdkpfuwm7VpgMTG3VLZq3hTuIvEz0kZcvwv3i19tnsxTyNUxCUzpuV7CXUypklwieNiOzWYMD5kfWxZqliEppNNzxq7x1bpuWGs7VPkTtWfExmLjBlFgU1GjAZm3puIf3mtlMKLTiZUkhIqPlsUptKl2J105PaERk5yZAnjWti/unzANONkmyza0/35QxdJ/bTiexX/9qxcvcw7K8AhHMEJ+HAOVbiGG6gBBwWP8AyvzpPz4rw577PokpPPHMAvOB/f2EWYhg==</latexit><latexit sha1_base64="Q0rCX3d0CXD5UexfCAZWafh/5qQ=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgUkIs5O7yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMkUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDcDZlAKhTUSJLGZaGRRILERDK8mfuMBtRGxuqNRgp2I9ZUIBWdkpfuwm7VpgMTG3VLZq3hTuIvEz0kZcvwv3i19tnsxTyNUxCUzpuV7CXUypklwieNiOzWYMD5kfWxZqliEppNNzxq7x1bpuWGs7VPkTtWfExmLjBlFgU1GjAZm3puIf3mtlMKLTiZUkhIqPlsUptKl2J105PaERk5yZAnjWti/unzANONkmyza0/35QxdJ/bTiexX/9qxcvcw7K8AhHMEJ+HAOVbiGG6gBBwWP8AyvzpPz4rw577PokpPPHMAvOB/f2EWYhg==</latexit>

f✓
<latexit sha1_base64="/ij4NDw1XHtQ2g/MYQ4Asu23I5M=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKZvtpF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJFIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbATMohcIGCZLYTjSyKJDYCsa3M7/1hNqIWD3QJMFexIZKhIIzstJj2M+6NEJi03654lW9OdxV4uekAjnq/fJXdxDzNEJFXDJjOr6XUC9jmgSXOC11U4MJ42M2xI6likVoetn84ql7ZpWBG8baliJ3rv6eyFhkzCQKbGfEaGSWvZn4n9dJKbzuZUIlKaHii0VhKl2K3dn77kBo5CQnljCuhb3V5SOmGScbUsmG4C+/vEqaF1Xfq/r3l5XaTR5HEU7gFM7BhyuowR3UoQEcFDzDK7w5xnlx3p2PRWvByWeO4Q+czx/muZEN</latexit><latexit sha1_base64="Q0rCX3d0CXD5UexfCAZWafh/5qQ=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgUkIs5O7yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMkUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDcDZlAKhTUSJLGZaGRRILERDK8mfuMBtRGxuqNRgp2I9ZUIBWdkpfuwm7VpgMTG3VLZq3hTuIvEz0kZcvwv3i19tnsxTyNUxCUzpuV7CXUypklwieNiOzWYMD5kfWxZqliEppNNzxq7x1bpuWGs7VPkTtWfExmLjBlFgU1GjAZm3puIf3mtlMKLTiZUkhIqPlsUptKl2J105PaERk5yZAnjWti/unzANONkmyza0/35QxdJ/bTiexX/9qxcvcw7K8AhHMEJ+HAOVbiGG6gBBwWP8AyvzpPz4rw577PokpPPHMAvOB/f2EWYhg==</latexit><latexit sha1_base64="Q0rCX3d0CXD5UexfCAZWafh/5qQ=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgUkIs5O7yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMkUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDcDZlAKhTUSJLGZaGRRILERDK8mfuMBtRGxuqNRgp2I9ZUIBWdkpfuwm7VpgMTG3VLZq3hTuIvEz0kZcvwv3i19tnsxTyNUxCUzpuV7CXUypklwieNiOzWYMD5kfWxZqliEppNNzxq7x1bpuWGs7VPkTtWfExmLjBlFgU1GjAZm3puIf3mtlMKLTiZUkhIqPlsUptKl2J105PaERk5yZAnjWti/unzANONkmyza0/35QxdJ/bTiexX/9qxcvcw7K8AhHMEJ+HAOVbiGG6gBBwWP8AyvzpPz4rw577PokpPPHMAvOB/f2EWYhg==</latexit><latexit sha1_base64="Q0rCX3d0CXD5UexfCAZWafh/5qQ=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgUkIs5O7yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMkUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDcDZlAKhTUSJLGZaGRRILERDK8mfuMBtRGxuqNRgp2I9ZUIBWdkpfuwm7VpgMTG3VLZq3hTuIvEz0kZcvwv3i19tnsxTyNUxCUzpuV7CXUypklwieNiOzWYMD5kfWxZqliEppNNzxq7x1bpuWGs7VPkTtWfExmLjBlFgU1GjAZm3puIf3mtlMKLTiZUkhIqPlsUptKl2J105PaERk5yZAnjWti/unzANONkmyza0/35QxdJ/bTiexX/9qxcvcw7K8AhHMEJ+HAOVbiGG6gBBwWP8AyvzpPz4rw577PokpPPHMAvOB/f2EWYhg==</latexit>

f✓
<latexit sha1_base64="/ij4NDw1XHtQ2g/MYQ4Asu23I5M=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKZvtpF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJFIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbATMohcIGCZLYTjSyKJDYCsa3M7/1hNqIWD3QJMFexIZKhIIzstJj2M+6NEJi03654lW9OdxV4uekAjnq/fJXdxDzNEJFXDJjOr6XUC9jmgSXOC11U4MJ42M2xI6likVoetn84ql7ZpWBG8baliJ3rv6eyFhkzCQKbGfEaGSWvZn4n9dJKbzuZUIlKaHii0VhKl2K3dn77kBo5CQnljCuhb3V5SOmGScbUsmG4C+/vEqaF1Xfq/r3l5XaTR5HEU7gFM7BhyuowR3UoQEcFDzDK7w5xnlx3p2PRWvByWeO4Q+czx/muZEN</latexit><latexit sha1_base64="Q0rCX3d0CXD5UexfCAZWafh/5qQ=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgUkIs5O7yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMkUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDcDZlAKhTUSJLGZaGRRILERDK8mfuMBtRGxuqNRgp2I9ZUIBWdkpfuwm7VpgMTG3VLZq3hTuIvEz0kZcvwv3i19tnsxTyNUxCUzpuV7CXUypklwieNiOzWYMD5kfWxZqliEppNNzxq7x1bpuWGs7VPkTtWfExmLjBlFgU1GjAZm3puIf3mtlMKLTiZUkhIqPlsUptKl2J105PaERk5yZAnjWti/unzANONkmyza0/35QxdJ/bTiexX/9qxcvcw7K8AhHMEJ+HAOVbiGG6gBBwWP8AyvzpPz4rw577PokpPPHMAvOB/f2EWYhg==</latexit><latexit sha1_base64="Q0rCX3d0CXD5UexfCAZWafh/5qQ=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgUkIs5O7yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMkUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDcDZlAKhTUSJLGZaGRRILERDK8mfuMBtRGxuqNRgp2I9ZUIBWdkpfuwm7VpgMTG3VLZq3hTuIvEz0kZcvwv3i19tnsxTyNUxCUzpuV7CXUypklwieNiOzWYMD5kfWxZqliEppNNzxq7x1bpuWGs7VPkTtWfExmLjBlFgU1GjAZm3puIf3mtlMKLTiZUkhIqPlsUptKl2J105PaERk5yZAnjWti/unzANONkmyza0/35QxdJ/bTiexX/9qxcvcw7K8AhHMEJ+HAOVbiGG6gBBwWP8AyvzpPz4rw577PokpPPHMAvOB/f2EWYhg==</latexit><latexit sha1_base64="Q0rCX3d0CXD5UexfCAZWafh/5qQ=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgUkIs5O7yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMkUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDcDZlAKhTUSJLGZaGRRILERDK8mfuMBtRGxuqNRgp2I9ZUIBWdkpfuwm7VpgMTG3VLZq3hTuIvEz0kZcvwv3i19tnsxTyNUxCUzpuV7CXUypklwieNiOzWYMD5kfWxZqliEppNNzxq7x1bpuWGs7VPkTtWfExmLjBlFgU1GjAZm3puIf3mtlMKLTiZUkhIqPlsUptKl2J105PaERk5yZAnjWti/unzANONkmyza0/35QxdJ/bTiexX/9qxcvcw7K8AhHMEJ+HAOVbiGG6gBBwWP8AyvzpPz4rw577PokpPPHMAvOB/f2EWYhg==</latexit>

…f✓
<latexit sha1_base64="/ij4NDw1XHtQ2g/MYQ4Asu23I5M=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKZvtpF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJFIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbATMohcIGCZLYTjSyKJDYCsa3M7/1hNqIWD3QJMFexIZKhIIzstJj2M+6NEJi03654lW9OdxV4uekAjnq/fJXdxDzNEJFXDJjOr6XUC9jmgSXOC11U4MJ42M2xI6likVoetn84ql7ZpWBG8baliJ3rv6eyFhkzCQKbGfEaGSWvZn4n9dJKbzuZUIlKaHii0VhKl2K3dn77kBo5CQnljCuhb3V5SOmGScbUsmG4C+/vEqaF1Xfq/r3l5XaTR5HEU7gFM7BhyuowR3UoQEcFDzDK7w5xnlx3p2PRWvByWeO4Q+czx/muZEN</latexit><latexit sha1_base64="Q0rCX3d0CXD5UexfCAZWafh/5qQ=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgUkIs5O7yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMkUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDcDZlAKhTUSJLGZaGRRILERDK8mfuMBtRGxuqNRgp2I9ZUIBWdkpfuwm7VpgMTG3VLZq3hTuIvEz0kZcvwv3i19tnsxTyNUxCUzpuV7CXUypklwieNiOzWYMD5kfWxZqliEppNNzxq7x1bpuWGs7VPkTtWfExmLjBlFgU1GjAZm3puIf3mtlMKLTiZUkhIqPlsUptKl2J105PaERk5yZAnjWti/unzANONkmyza0/35QxdJ/bTiexX/9qxcvcw7K8AhHMEJ+HAOVbiGG6gBBwWP8AyvzpPz4rw577PokpPPHMAvOB/f2EWYhg==</latexit><latexit sha1_base64="Q0rCX3d0CXD5UexfCAZWafh/5qQ=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgUkIs5O7yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMkUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDcDZlAKhTUSJLGZaGRRILERDK8mfuMBtRGxuqNRgp2I9ZUIBWdkpfuwm7VpgMTG3VLZq3hTuIvEz0kZcvwv3i19tnsxTyNUxCUzpuV7CXUypklwieNiOzWYMD5kfWxZqliEppNNzxq7x1bpuWGs7VPkTtWfExmLjBlFgU1GjAZm3puIf3mtlMKLTiZUkhIqPlsUptKl2J105PaERk5yZAnjWti/unzANONkmyza0/35QxdJ/bTiexX/9qxcvcw7K8AhHMEJ+HAOVbiGG6gBBwWP8AyvzpPz4rw577PokpPPHMAvOB/f2EWYhg==</latexit><latexit sha1_base64="Q0rCX3d0CXD5UexfCAZWafh/5qQ=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgUkIs5O7yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMkUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDcDZlAKhTUSJLGZaGRRILERDK8mfuMBtRGxuqNRgp2I9ZUIBWdkpfuwm7VpgMTG3VLZq3hTuIvEz0kZcvwv3i19tnsxTyNUxCUzpuV7CXUypklwieNiOzWYMD5kfWxZqliEppNNzxq7x1bpuWGs7VPkTtWfExmLjBlFgU1GjAZm3puIf3mtlMKLTiZUkhIqPlsUptKl2J105PaERk5yZAnjWti/unzANONkmyza0/35QxdJ/bTiexX/9qxcvcw7K8AhHMEJ+HAOVbiGG6gBBwWP8AyvzpPz4rw577PokpPPHMAvOB/f2EWYhg==</latexit>
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<latexit sha1_base64="/ij4NDw1XHtQ2g/MYQ4Asu23I5M=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKZvtpF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJFIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbATMohcIGCZLYTjSyKJDYCsa3M7/1hNqIWD3QJMFexIZKhIIzstJj2M+6NEJi03654lW9OdxV4uekAjnq/fJXdxDzNEJFXDJjOr6XUC9jmgSXOC11U4MJ42M2xI6likVoetn84ql7ZpWBG8baliJ3rv6eyFhkzCQKbGfEaGSWvZn4n9dJKbzuZUIlKaHii0VhKl2K3dn77kBo5CQnljCuhb3V5SOmGScbUsmG4C+/vEqaF1Xfq/r3l5XaTR5HEU7gFM7BhyuowR3UoQEcFDzDK7w5xnlx3p2PRWvByWeO4Q+czx/muZEN</latexit><latexit sha1_base64="Q0rCX3d0CXD5UexfCAZWafh/5qQ=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgUkIs5O7yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMkUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDcDZlAKhTUSJLGZaGRRILERDK8mfuMBtRGxuqNRgp2I9ZUIBWdkpfuwm7VpgMTG3VLZq3hTuIvEz0kZcvwv3i19tnsxTyNUxCUzpuV7CXUypklwieNiOzWYMD5kfWxZqliEppNNzxq7x1bpuWGs7VPkTtWfExmLjBlFgU1GjAZm3puIf3mtlMKLTiZUkhIqPlsUptKl2J105PaERk5yZAnjWti/unzANONkmyza0/35QxdJ/bTiexX/9qxcvcw7K8AhHMEJ+HAOVbiGG6gBBwWP8AyvzpPz4rw577PokpPPHMAvOB/f2EWYhg==</latexit><latexit sha1_base64="Q0rCX3d0CXD5UexfCAZWafh/5qQ=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgUkIs5O7yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMkUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDcDZlAKhTUSJLGZaGRRILERDK8mfuMBtRGxuqNRgp2I9ZUIBWdkpfuwm7VpgMTG3VLZq3hTuIvEz0kZcvwv3i19tnsxTyNUxCUzpuV7CXUypklwieNiOzWYMD5kfWxZqliEppNNzxq7x1bpuWGs7VPkTtWfExmLjBlFgU1GjAZm3puIf3mtlMKLTiZUkhIqPlsUptKl2J105PaERk5yZAnjWti/unzANONkmyza0/35QxdJ/bTiexX/9qxcvcw7K8AhHMEJ+HAOVbiGG6gBBwWP8AyvzpPz4rw577PokpPPHMAvOB/f2EWYhg==</latexit><latexit sha1_base64="Q0rCX3d0CXD5UexfCAZWafh/5qQ=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgUkIs5O7yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMkUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDcDZlAKhTUSJLGZaGRRILERDK8mfuMBtRGxuqNRgp2I9ZUIBWdkpfuwm7VpgMTG3VLZq3hTuIvEz0kZcvwv3i19tnsxTyNUxCUzpuV7CXUypklwieNiOzWYMD5kfWxZqliEppNNzxq7x1bpuWGs7VPkTtWfExmLjBlFgU1GjAZm3puIf3mtlMKLTiZUkhIqPlsUptKl2J105PaERk5yZAnjWti/unzANONkmyza0/35QxdJ/bTiexX/9qxcvcw7K8AhHMEJ+HAOVbiGG6gBBwWP8AyvzpPz4rw577PokpPPHMAvOB/f2EWYhg==</latexit>
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<latexit sha1_base64="b4HLEbhr7TEtaehBb4ygFYyuiV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AyvGM6g==</latexit><latexit sha1_base64="b4HLEbhr7TEtaehBb4ygFYyuiV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AyvGM6g==</latexit><latexit sha1_base64="b4HLEbhr7TEtaehBb4ygFYyuiV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AyvGM6g==</latexit><latexit sha1_base64="b4HLEbhr7TEtaehBb4ygFYyuiV8=">AAAB6HicbVBNS8NAEJ3Ur1q/qh69LBbBU0lEqMeiF48t2A9oQ9lsJ+3azSbsboQS+gu8eFDEqz/Jm//GbZuDtj4YeLw3w8y8IBFcG9f9dgobm1vbO8Xd0t7+weFR+fikreNUMWyxWMSqG1CNgktsGW4EdhOFNAoEdoLJ3dzvPKHSPJYPZpqgH9GR5CFn1FipGQ7KFbfqLkDWiZeTCuRoDMpf/WHM0gilYYJq3fPcxPgZVYYzgbNSP9WYUDahI+xZKmmE2s8Wh87IhVWGJIyVLWnIQv09kdFI62kU2M6ImrFe9ebif14vNeGNn3GZpAYlWy4KU0FMTOZfkyFXyIyYWkKZ4vZWwsZUUWZsNiUbgrf68jppX1U9t+o1ryv12zyOIpzBOVyCBzWowz00oAUMEJ7hFd6cR+fFeXc+lq0FJ585hT9wPn8AyvGM6g==</latexit> �
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xn
<latexit sha1_base64="NEqcSgvVdiYNMT3e3vfZTfnIuzA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuaSYYko5Zh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoLJde53HqjSTIo7M42pH+GRYCEj2Fjpvh9hMw7C9CkbpCIbVGtu3Z0BLROvIDUo0BxUv/pDSZKICkM41rrnubHxU6wMI5xmlX6iaYzJBI9oz1KBI6r9dJY6QydWGaJQKvuEQTP190aKI62nUWAn85R60cvF/7xeYsJLP2UiTgwVZH4oTDgyEuUVoCFTlBg+tQQTxWxWRMZYYWJsURVbgrf45WXSPqt7bt27Pa81roo6ynAEx3AKHlxAA26gCS0goOAZXuHNeXRenHfnYz5acoqdQ/gD5/MHU2aTCQ==</latexit><latexit sha1_base64="IYTkgzSO0wB0ZCxojdc1faITPZE=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg1NMkOSEcsw/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pwg5kwb1/1ySkvLK6tr5fXKxubW9k51d6+lo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+zP32PVWaRfLWTGLqCzyULGQEGyvd9QQ2oyBMH7J+KrN+tebW3SnQIvEKUoMC/xvvVz96g4gkgkpDONa667mx8VOsDCOcZpVeommMyRgPaddSiQXVfjqNlqEjqwxQGCn7pEFT9edGioXWExHYyTyKnvdy8S+vm5jw3E+ZjBNDJZkdChOOTITyntCAKUoMn1iCiWL2r4iMsMLE2DYrNro3H3SRtE7qnlv3bk5rjYuiszIcwCEcgwdn0IAruIYmEFDwCM/w6jw5L86b8z4bLTnFzj78gvP5DYkqmoI=</latexit><latexit sha1_base64="IYTkgzSO0wB0ZCxojdc1faITPZE=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg1NMkOSEcsw/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pwg5kwb1/1ySkvLK6tr5fXKxubW9k51d6+lo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+zP32PVWaRfLWTGLqCzyULGQEGyvd9QQ2oyBMH7J+KrN+tebW3SnQIvEKUoMC/xvvVz96g4gkgkpDONa667mx8VOsDCOcZpVeommMyRgPaddSiQXVfjqNlqEjqwxQGCn7pEFT9edGioXWExHYyTyKnvdy8S+vm5jw3E+ZjBNDJZkdChOOTITyntCAKUoMn1iCiWL2r4iMsMLE2DYrNro3H3SRtE7qnlv3bk5rjYuiszIcwCEcgwdn0IAruIYmEFDwCM/w6jw5L86b8z4bLTnFzj78gvP5DYkqmoI=</latexit><latexit sha1_base64="IYTkgzSO0wB0ZCxojdc1faITPZE=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg1NMkOSEcsw/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pwg5kwb1/1ySkvLK6tr5fXKxubW9k51d6+lo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+zP32PVWaRfLWTGLqCzyULGQEGyvd9QQ2oyBMH7J+KrN+tebW3SnQIvEKUoMC/xvvVz96g4gkgkpDONa667mx8VOsDCOcZpVeommMyRgPaddSiQXVfjqNlqEjqwxQGCn7pEFT9edGioXWExHYyTyKnvdy8S+vm5jw3E+ZjBNDJZkdChOOTITyntCAKUoMn1iCiWL2r4iMsMLE2DYrNro3H3SRtE7qnlv3bk5rjYuiszIcwCEcgwdn0IAruIYmEFDwCM/w6jw5L86b8z4bLTnFzj78gvP5DYkqmoI=</latexit>

x1, . . . ,xn�1
<latexit sha1_base64="znjXy0+k6Y6LgLBlKwLGl2a8VrY=">AAACEXicbVC7TsMwFHXKq5RXgJHFokLqAFWCkGCsYGEsEn1ITRQ5jtNadZzIdhBVlF9g4VdYGECIlY2Nv8FpM5SWI1k+Oude3XuPnzAqlWX9GJWV1bX1jepmbWt7Z3fP3D/oyjgVmHRwzGLR95EkjHLSUVQx0k8EQZHPSM8f3xR+74EISWN+ryYJcSM05DSkGCkteWbDiZAa+WH2mHuZnZ9ChwWxkvqf0/mZnXtm3WpaU8BlYpekDkq0PfPbCWKcRoQrzJCUA9tKlJshoShmJK85qSQJwmM0JANNOYqIdLPpRTk80UoAw1joxxWcqvMdGYqknES+riz2lIteIf7nDVIVXrkZ5UmqCMezQWHKoIphEQ8MqCBYsYkmCAuqd4V4hATCSodY0yHYiycvk+5507aa9t1FvXVdxlEFR+AYNIANLkEL3II26AAMnsALeAPvxrPxanwYn7PSilH2HII/ML5+AZwFnXw=</latexit><latexit sha1_base64="4azmvVdzS4TRwLXAxwNO+gJO+b8=">AAACNnicjVC9TsMwGHTKXyl/AUYWiwqpA1QJQoKxgoURJPojNVHkOE5r1XEi20FUUV6Bp2Fg4SXYWFgQYuURcNoMpWXgkyyf7u6TfecnjEplWW9GZWl5ZXWtul7b2Nza3jF39zoyTgUmbRyzWPR8JAmjnLQVVYz0EkFQ5DPS9UdXhd69J0LSmN+pcULcCA04DSlGSlOe2XAipIZ+mD3kXmbnx9BhQaykvmd4fmLnnlm3mtZk4CKwS1AH5fzP7pmvThDjNCJcYYak7NtWotwMCUUxI3nNSSVJEB6hAelryFFEpJtNYufwSDMBDGOhD1dwws5uZCiSchz52lmEkfNaQf6l9VMVXrgZ5UmqCMfTh8KUQRXDokMYUEGwYmMNEBZU/xXiIRIIK910TUe354Mugs5p07aa9u1ZvXVZdlYFB+AQNIANzkELXIMb0AYYPIIn8AI+jGfj3fg0vqbWilHu7INfY3z/ADAapPU=</latexit><latexit sha1_base64="4azmvVdzS4TRwLXAxwNO+gJO+b8=">AAACNnicjVC9TsMwGHTKXyl/AUYWiwqpA1QJQoKxgoURJPojNVHkOE5r1XEi20FUUV6Bp2Fg4SXYWFgQYuURcNoMpWXgkyyf7u6TfecnjEplWW9GZWl5ZXWtul7b2Nza3jF39zoyTgUmbRyzWPR8JAmjnLQVVYz0EkFQ5DPS9UdXhd69J0LSmN+pcULcCA04DSlGSlOe2XAipIZ+mD3kXmbnx9BhQaykvmd4fmLnnlm3mtZk4CKwS1AH5fzP7pmvThDjNCJcYYak7NtWotwMCUUxI3nNSSVJEB6hAelryFFEpJtNYufwSDMBDGOhD1dwws5uZCiSchz52lmEkfNaQf6l9VMVXrgZ5UmqCMfTh8KUQRXDokMYUEGwYmMNEBZU/xXiIRIIK910TUe354Mugs5p07aa9u1ZvXVZdlYFB+AQNIANzkELXIMb0AYYPIIn8AI+jGfj3fg0vqbWilHu7INfY3z/ADAapPU=</latexit><latexit sha1_base64="4azmvVdzS4TRwLXAxwNO+gJO+b8=">AAACNnicjVC9TsMwGHTKXyl/AUYWiwqpA1QJQoKxgoURJPojNVHkOE5r1XEi20FUUV6Bp2Fg4SXYWFgQYuURcNoMpWXgkyyf7u6TfecnjEplWW9GZWl5ZXWtul7b2Nza3jF39zoyTgUmbRyzWPR8JAmjnLQVVYz0EkFQ5DPS9UdXhd69J0LSmN+pcULcCA04DSlGSlOe2XAipIZ+mD3kXmbnx9BhQaykvmd4fmLnnlm3mtZk4CKwS1AH5fzP7pmvThDjNCJcYYak7NtWotwMCUUxI3nNSSVJEB6hAelryFFEpJtNYufwSDMBDGOhD1dwws5uZCiSchz52lmEkfNaQf6l9VMVXrgZ5UmqCMfTh8KUQRXDokMYUEGwYmMNEBZU/xXiIRIIK910TUe354Mugs5p07aa9u1ZvXVZdlYFB+AQNIANzkELXIMb0AYYPIIn8AI+jGfj3fg0vqbWilHu7INfY3z/ADAapPU=</latexit>

x̂n
<latexit sha1_base64="tuZYpdb5xpUrPFc3v9Np5ovJ474=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURQZdFNy4r2FZoQplMJ+3QySTMTMQagr/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZEyScKe0431ZlaXllda26XtvY3NresXf3OipOJaFtEvNY3gVYUc4EbWumOb1LJMVRwGk3GF8VfveeSsVicasnCfUjPBQsZARrI/XtA2+EdeZFWI+CMHvI834m8r5ddxrOFGiRuCWpQ4lW3/7yBjFJIyo04Vipnusk2s+w1Ixwmte8VNEEkzEe0p6hAkdU+dk0fY6OjTJAYSzNExpN1d8bGY6UmkSBmSxiqnmvEP/zeqkOL/yMiSTVVJDZoTDlSMeoqAINmKRE84khmEhmsiIywhITbQqrmRLc+S8vks5pw3Ua7s1ZvXlZ1lGFQziCE3DhHJpwDS1oA4FHeIZXeLOerBfr3fqYjVascmcf/sD6/AG3E5YH</latexit><latexit sha1_base64="8QdJDkrA1hgbV1FJgIs/iQLR9cI=">AAACInicjVDLSsNAFL3xWesrPnZuBovgqiQi6LLoxqWCfUBTwmQ6aYdOJmFmItaQf3Hhxl9xI+pK8GOctFlo68IDA4dz7uXOOUHCmdKO82ktLC4tr6xW1qrrG5tb2/bObkvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bweiy8Nt3VCoWi1s9TmgvwgPBQkawNpJv73tDrDMvwnoYhNl9nvuZyH275tSdCdA8cUtSgxL/G/ftd68fkzSiQhOOleq6TqJ7GZaaEU7zqpcqmmAywgPaNVTgiKpeNomYoyOj9FEYS/OERhP150aGI6XGUWAmiyxq1ivEv7xuqsPzXsZEkmoqyPRQmHKkY1T0hfpMUqL52BBMJDN/RWSIJSbatFo10d3ZoPOkdVJ3nbp7c1prXJSdVeAADuEYXDiDBlzBNTSBwAM8wjO8Wk/Wi/VmfUxHF6xyZw9+wfr6BlE0nYA=</latexit><latexit sha1_base64="8QdJDkrA1hgbV1FJgIs/iQLR9cI=">AAACInicjVDLSsNAFL3xWesrPnZuBovgqiQi6LLoxqWCfUBTwmQ6aYdOJmFmItaQf3Hhxl9xI+pK8GOctFlo68IDA4dz7uXOOUHCmdKO82ktLC4tr6xW1qrrG5tb2/bObkvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bweiy8Nt3VCoWi1s9TmgvwgPBQkawNpJv73tDrDMvwnoYhNl9nvuZyH275tSdCdA8cUtSgxL/G/ftd68fkzSiQhOOleq6TqJ7GZaaEU7zqpcqmmAywgPaNVTgiKpeNomYoyOj9FEYS/OERhP150aGI6XGUWAmiyxq1ivEv7xuqsPzXsZEkmoqyPRQmHKkY1T0hfpMUqL52BBMJDN/RWSIJSbatFo10d3ZoPOkdVJ3nbp7c1prXJSdVeAADuEYXDiDBlzBNTSBwAM8wjO8Wk/Wi/VmfUxHF6xyZw9+wfr6BlE0nYA=</latexit><latexit sha1_base64="8QdJDkrA1hgbV1FJgIs/iQLR9cI=">AAACInicjVDLSsNAFL3xWesrPnZuBovgqiQi6LLoxqWCfUBTwmQ6aYdOJmFmItaQf3Hhxl9xI+pK8GOctFlo68IDA4dz7uXOOUHCmdKO82ktLC4tr6xW1qrrG5tb2/bObkvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bweiy8Nt3VCoWi1s9TmgvwgPBQkawNpJv73tDrDMvwnoYhNl9nvuZyH275tSdCdA8cUtSgxL/G/ftd68fkzSiQhOOleq6TqJ7GZaaEU7zqpcqmmAywgPaNVTgiKpeNomYoyOj9FEYS/OERhP150aGI6XGUWAmiyxq1ivEv7xuqsPzXsZEkmoqyPRQmHKkY1T0hfpMUqL52BBMJDN/RWSIJSbatFo10d3ZoPOkdVJ3nbp7c1prXJSdVeAADuEYXDiDBlzBNTSBwAM8wjO8Wk/Wi/VmfUxHF6xyZw9+wfr6BlE0nYA=</latexit>

xn � log x̂n
<latexit sha1_base64="dv/s6KhWlP2i7tLlzYMjHHhlho8="></latexit><latexit sha1_base64="ZfGhy44v2GXbFMrMRwsMq1rOLSg="></latexit><latexit sha1_base64="ZfGhy44v2GXbFMrMRwsMq1rOLSg="></latexit><latexit sha1_base64="ZfGhy44v2GXbFMrMRwsMq1rOLSg="></latexit>

Prediction Ground truth label

- 0 1log prob Prob1
<latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="z3MPlMVKwDt6VXp5+ofTHIRoWpw=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAckSZiezyZjZ2WXmrrAs+QcLG3/FRsTWys6/cZJsoYmFBwYO55zLnXuCRAqDrvvlLC2vrK6tlzbKm1vbO7uVvf2miVPNeIPFMtbtgBouheINFCh5O9GcRoHkrWB0NfFbD1wbEas7zBLuR3SgRCgYRSs1u0KFmPUqVbfmTkEWiVeQKhT4X7xX+ez2Y5ZGXCGT1JiO5ybo51SjYJKPy93U8ISyER3wjqWKRtz4+fSkMTm2Sp+EsbZPIZmqPydyGhmTRYFNRhSHZt6biH95nRTDCz8XKkmRKzZbFKaSYEwm/ZC+0JyhzCyhTAv7V8KGVFOGtsWyPd2bP3SRNE9rnlvzbs+q9cuisxIcwhGcgAfnUIdruIEGMLiHR3iGV+fJeXHenPdZdMkpZg7gF5yPb3W6lrU=</latexit><latexit sha1_base64="z3MPlMVKwDt6VXp5+ofTHIRoWpw=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAckSZiezyZjZ2WXmrrAs+QcLG3/FRsTWys6/cZJsoYmFBwYO55zLnXuCRAqDrvvlLC2vrK6tlzbKm1vbO7uVvf2miVPNeIPFMtbtgBouheINFCh5O9GcRoHkrWB0NfFbD1wbEas7zBLuR3SgRCgYRSs1u0KFmPUqVbfmTkEWiVeQKhT4X7xX+ez2Y5ZGXCGT1JiO5ybo51SjYJKPy93U8ISyER3wjqWKRtz4+fSkMTm2Sp+EsbZPIZmqPydyGhmTRYFNRhSHZt6biH95nRTDCz8XKkmRKzZbFKaSYEwm/ZC+0JyhzCyhTAv7V8KGVFOGtsWyPd2bP3SRNE9rnlvzbs+q9cuisxIcwhGcgAfnUIdruIEGMLiHR3iGV+fJeXHenPdZdMkpZg7gF5yPb3W6lrU=</latexit><latexit sha1_base64="z3MPlMVKwDt6VXp5+ofTHIRoWpw=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAckSZiezyZjZ2WXmrrAs+QcLG3/FRsTWys6/cZJsoYmFBwYO55zLnXuCRAqDrvvlLC2vrK6tlzbKm1vbO7uVvf2miVPNeIPFMtbtgBouheINFCh5O9GcRoHkrWB0NfFbD1wbEas7zBLuR3SgRCgYRSs1u0KFmPUqVbfmTkEWiVeQKhT4X7xX+ez2Y5ZGXCGT1JiO5ybo51SjYJKPy93U8ISyER3wjqWKRtz4+fSkMTm2Sp+EsbZPIZmqPydyGhmTRYFNRhSHZt6biH95nRTDCz8XKkmRKzZbFKaSYEwm/ZC+0JyhzCyhTAv7V8KGVFOGtsWyPd2bP3SRNE9rnlvzbs+q9cuisxIcwhGcgAfnUIdruIEGMLiHR3iGV+fJeXHenPdZdMkpZg7gF5yPb3W6lrU=</latexit> 0 -1<latexit sha1_base64="SewSXpMSbbFZwBdSTgiis61GRk4=">AAAB7XicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPaUDbbTbt2swm7EyGE/gcvHhTx6v/x5r9x2+agrQ8GHu/NMDMvSKQw6LrfTmltfWNzq7xd2dnd2z+oHh61TZxqxlsslrHuBtRwKRRvoUDJu4nmNAok7wST25nfeeLaiFg9YJZwP6IjJULBKFqp3RcqxGxQrbl1dw6ySryC1KBAc1D96g9jlkZcIZPUmJ7nJujnVKNgkk8r/dTwhLIJHfGepYpG3Pj5/NopObPKkISxtqWQzNXfEzmNjMmiwHZGFMdm2ZuJ/3m9FMNrPxcqSZErtlgUppJgTGavk6HQnKHMLKFMC3srYWOqKUMbUMWG4C2/vEraF3XPrXv3l7XGTRFHGU7gFM7BgytowB00oQUMHuEZXuHNiZ0X5935WLSWnGLmGP7A+fwBwi+PPA==</latexit><latexit sha1_base64="z3MPlMVKwDt6VXp5+ofTHIRoWpw=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAckSZiezyZjZ2WXmrrAs+QcLG3/FRsTWys6/cZJsoYmFBwYO55zLnXuCRAqDrvvlLC2vrK6tlzbKm1vbO7uVvf2miVPNeIPFMtbtgBouheINFCh5O9GcRoHkrWB0NfFbD1wbEas7zBLuR3SgRCgYRSs1u0KFmPUqVbfmTkEWiVeQKhT4X7xX+ez2Y5ZGXCGT1JiO5ybo51SjYJKPy93U8ISyER3wjqWKRtz4+fSkMTm2Sp+EsbZPIZmqPydyGhmTRYFNRhSHZt6biH95nRTDCz8XKkmRKzZbFKaSYEwm/ZC+0JyhzCyhTAv7V8KGVFOGtsWyPd2bP3SRNE9rnlvzbs+q9cuisxIcwhGcgAfnUIdruIEGMLiHR3iGV+fJeXHenPdZdMkpZg7gF5yPb3W6lrU=</latexit><latexit sha1_base64="z3MPlMVKwDt6VXp5+ofTHIRoWpw=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAckSZiezyZjZ2WXmrrAs+QcLG3/FRsTWys6/cZJsoYmFBwYO55zLnXuCRAqDrvvlLC2vrK6tlzbKm1vbO7uVvf2miVPNeIPFMtbtgBouheINFCh5O9GcRoHkrWB0NfFbD1wbEas7zBLuR3SgRCgYRSs1u0KFmPUqVbfmTkEWiVeQKhT4X7xX+ez2Y5ZGXCGT1JiO5ybo51SjYJKPy93U8ISyER3wjqWKRtz4+fSkMTm2Sp+EsbZPIZmqPydyGhmTRYFNRhSHZt6biH95nRTDCz8XKkmRKzZbFKaSYEwm/ZC+0JyhzCyhTAv7V8KGVFOGtsWyPd2bP3SRNE9rnlvzbs+q9cuisxIcwhGcgAfnUIdruIEGMLiHR3iGV+fJeXHenPdZdMkpZg7gF5yPb3W6lrU=</latexit><latexit sha1_base64="z3MPlMVKwDt6VXp5+ofTHIRoWpw=">AAACEnicjVC7SgNBFL3rM8ZX1NJmMAhWYVcELYM2lgrmAckSZiezyZjZ2WXmrrAs+QcLG3/FRsTWys6/cZJsoYmFBwYO55zLnXuCRAqDrvvlLC2vrK6tlzbKm1vbO7uVvf2miVPNeIPFMtbtgBouheINFCh5O9GcRoHkrWB0NfFbD1wbEas7zBLuR3SgRCgYRSs1u0KFmPUqVbfmTkEWiVeQKhT4X7xX+ez2Y5ZGXCGT1JiO5ybo51SjYJKPy93U8ISyER3wjqWKRtz4+fSkMTm2Sp+EsbZPIZmqPydyGhmTRYFNRhSHZt6biH95nRTDCz8XKkmRKzZbFKaSYEwm/ZC+0JyhzCyhTAv7V8KGVFOGtsWyPd2bP3SRNE9rnlvzbs+q9cuisxIcwhGcgAfnUIdruIEGMLiHR3iGV+fJeXHenPdZdMkpZg7gF5yPb3W6lrU=</latexit> 0

Elementwise scores

f✓
<latexit sha1_base64="/ij4NDw1XHtQ2g/MYQ4Asu23I5M=">AAAB8XicbVBNS8NAEJ3Ur1q/qh69BIvgqSQi6LHoxWMF+4FtKZvtpF262YTdiVBC/4UXD4p49d9489+4bXPQ1gcDj/dmmJkXJFIY8rxvp7C2vrG5Vdwu7ezu7R+UD4+aJk41xwaPZazbATMohcIGCZLYTjSyKJDYCsa3M7/1hNqIWD3QJMFexIZKhIIzstJj2M+6NEJi03654lW9OdxV4uekAjnq/fJXdxDzNEJFXDJjOr6XUC9jmgSXOC11U4MJ42M2xI6likVoetn84ql7ZpWBG8baliJ3rv6eyFhkzCQKbGfEaGSWvZn4n9dJKbzuZUIlKaHii0VhKl2K3dn77kBo5CQnljCuhb3V5SOmGScbUsmG4C+/vEqaF1Xfq/r3l5XaTR5HEU7gFM7BhyuowR3UoQEcFDzDK7w5xnlx3p2PRWvByWeO4Q+czx/muZEN</latexit><latexit sha1_base64="Q0rCX3d0CXD5UexfCAZWafh/5qQ=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgUkIs5O7yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMkUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDcDZlAKhTUSJLGZaGRRILERDK8mfuMBtRGxuqNRgp2I9ZUIBWdkpfuwm7VpgMTG3VLZq3hTuIvEz0kZcvwv3i19tnsxTyNUxCUzpuV7CXUypklwieNiOzWYMD5kfWxZqliEppNNzxq7x1bpuWGs7VPkTtWfExmLjBlFgU1GjAZm3puIf3mtlMKLTiZUkhIqPlsUptKl2J105PaERk5yZAnjWti/unzANONkmyza0/35QxdJ/bTiexX/9qxcvcw7K8AhHMEJ+HAOVbiGG6gBBwWP8AyvzpPz4rw577PokpPPHMAvOB/f2EWYhg==</latexit><latexit sha1_base64="Q0rCX3d0CXD5UexfCAZWafh/5qQ=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgUkIs5O7yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMkUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDcDZlAKhTUSJLGZaGRRILERDK8mfuMBtRGxuqNRgp2I9ZUIBWdkpfuwm7VpgMTG3VLZq3hTuIvEz0kZcvwv3i19tnsxTyNUxCUzpuV7CXUypklwieNiOzWYMD5kfWxZqliEppNNzxq7x1bpuWGs7VPkTtWfExmLjBlFgU1GjAZm3puIf3mtlMKLTiZUkhIqPlsUptKl2J105PaERk5yZAnjWti/unzANONkmyza0/35QxdJ/bTiexX/9qxcvcw7K8AhHMEJ+HAOVbiGG6gBBwWP8AyvzpPz4rw577PokpPPHMAvOB/f2EWYhg==</latexit><latexit sha1_base64="Q0rCX3d0CXD5UexfCAZWafh/5qQ=">AAACFnicjVC7SgNBFL3rM8ZX1NJmMQhWYVcELYM2lgrmgUkIs5O7yZDZ2WXmrhCW/IWFjb9iI2Irdv6Nk2QLTSw8MHA451zu3BMkUhjyvC9naXlldW29sFHc3Nre2S3t7ddNnGqONR7LWDcDZlAKhTUSJLGZaGRRILERDK8mfuMBtRGxuqNRgp2I9ZUIBWdkpfuwm7VpgMTG3VLZq3hTuIvEz0kZcvwv3i19tnsxTyNUxCUzpuV7CXUypklwieNiOzWYMD5kfWxZqliEppNNzxq7x1bpuWGs7VPkTtWfExmLjBlFgU1GjAZm3puIf3mtlMKLTiZUkhIqPlsUptKl2J105PaERk5yZAnjWti/unzANONkmyza0/35QxdJ/bTiexX/9qxcvcw7K8AhHMEJ+HAOVbiGG6gBBwWP8AyvzpPz4rw577PokpPPHMAvOB/f2EWYhg==</latexit>

… …
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!
<latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit>

!
<latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit>

(

<latexit sha1_base64="q4WCp+vNSk6GA1s6N0x45fCcZO8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ac0oWy203TpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6lGwSW2DTcCe6lCGocCu+Hkbu53n1BpnshHM00xiGkk+YgzaqzU9Zs8ivx8UK25dXcBsk68gtSgQGtQ/fKHCctilIYJqnXfc1MT5FQZzgTOKn6mMaVsQiPsWyppjDrIF+fOyIVVhmSUKFvSkIX6eyKnsdbTOLSdMTVjverNxf+8fmZGt0HOZZoZlGy5aJQJYhIy/50MuUJmxNQSyhS3txI2pooyYxOq2BC81ZfXSeeq7rl17+G61mgWcZThDM7hEjy4gQbcQwvawGACz/AKb07qvDjvzseyteQUM6fwB87nDyI/j2w=</latexit><latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit><latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit><latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit>

(

<latexit sha1_base64="q4WCp+vNSk6GA1s6N0x45fCcZO8=">AAAB7nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GOpF48V7Ac0oWy203TpZhN2N0IJ/RFePCji1d/jzX/jts1BWx8MPN6bYWZemAqujet+O6WNza3tnfJuZW//4PCoenzS0UmmGLZZIhLVC6lGwSW2DTcCe6lCGocCu+Hkbu53n1BpnshHM00xiGkk+YgzaqzU9Zs8ivx8UK25dXcBsk68gtSgQGtQ/fKHCctilIYJqnXfc1MT5FQZzgTOKn6mMaVsQiPsWyppjDrIF+fOyIVVhmSUKFvSkIX6eyKnsdbTOLSdMTVjverNxf+8fmZGt0HOZZoZlGy5aJQJYhIy/50MuUJmxNQSyhS3txI2pooyYxOq2BC81ZfXSeeq7rl17+G61mgWcZThDM7hEjy4gQbcQwvawGACz/AKb07qvDjvzseyteQUM6fwB87nDyI/j2w=</latexit> <latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit> <latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit> <latexit sha1_base64="6OZsRXZb9l4oZkzeMOaKbNhciVU=">AAACE3icjVA9SwNBFHwXv2L8ilraLAbBKtyJoGWIjaWCSYTkCHubd5cle3vH7p4QjvwICxv/io2IrY2d/8ZNcoUmFg4sDDPzePsmSAXXxnW/nNLK6tr6RnmzsrW9s7tX3T9o6yRTDFssEYm6D6hGwSW2DDcC71OFNA4EdoLR1dTvPKDSPJF3ZpyiH9NI8pAzaqzU6TV5FPXyfrXm1t0ZyDLxClKDAv+L96ufvUHCshilYYJq3fXc1Pg5VYYzgZNKL9OYUjaiEXYtlTRG7eezmybkxCoDEibKPmnITP05kdNY63Ec2GRMzVAvelPxL6+bmfDSz7lMM4OSzReFmSAmIdOCyIArZEaMLaFMcftXwoZUUWZsjRV7urd46DJpn9U9t+7dntcazaKzMhzBMZyCBxfQgGu4gRYwGMEjPMOr8+S8OG/O+zxacoqZQ/gF5+Mb216W5Q==</latexit>

,

,

Learner
<latexit sha1_base64="EHTz7C4fqz2wFVyEFTn6ZACLM4k=">AAAB7nicbVA9SwNBEJ2LXzF+nVraLAbBKtyl0TJoY2ERwXxAcoS9zVyyZG/v2N0TwpEfYWOhiK2/x85/4ya5QhMfDDzem2FmXpgKro3nfTuljc2t7Z3ybmVv/+DwyD0+aeskUwxbLBGJ6oZUo+ASW4Ybgd1UIY1DgZ1wcjv3O0+oNE/ko5mmGMR0JHnEGTVW6twjVRLVwK16NW8Bsk78glShQHPgfvWHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ6mkMeogX5w7IxdWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxE10HOZZoZlGy5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAj+6svrpF2v+V7Nf6hXGzdFHGU4g3O4BB+uoAF30IQWMJjAM7zCm5M6L86787FsLTnFzCn8gfP5A036j4c=</latexit><latexit sha1_base64="EHTz7C4fqz2wFVyEFTn6ZACLM4k=">AAAB7nicbVA9SwNBEJ2LXzF+nVraLAbBKtyl0TJoY2ERwXxAcoS9zVyyZG/v2N0TwpEfYWOhiK2/x85/4ya5QhMfDDzem2FmXpgKro3nfTuljc2t7Z3ybmVv/+DwyD0+aeskUwxbLBGJ6oZUo+ASW4Ybgd1UIY1DgZ1wcjv3O0+oNE/ko5mmGMR0JHnEGTVW6twjVRLVwK16NW8Bsk78glShQHPgfvWHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ6mkMeogX5w7IxdWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxE10HOZZoZlGy5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAj+6svrpF2v+V7Nf6hXGzdFHGU4g3O4BB+uoAF30IQWMJjAM7zCm5M6L86787FsLTnFzCn8gfP5A036j4c=</latexit><latexit sha1_base64="EHTz7C4fqz2wFVyEFTn6ZACLM4k=">AAAB7nicbVA9SwNBEJ2LXzF+nVraLAbBKtyl0TJoY2ERwXxAcoS9zVyyZG/v2N0TwpEfYWOhiK2/x85/4ya5QhMfDDzem2FmXpgKro3nfTuljc2t7Z3ybmVv/+DwyD0+aeskUwxbLBGJ6oZUo+ASW4Ybgd1UIY1DgZ1wcjv3O0+oNE/ko5mmGMR0JHnEGTVW6twjVRLVwK16NW8Bsk78glShQHPgfvWHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ6mkMeogX5w7IxdWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxE10HOZZoZlGy5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAj+6svrpF2v+V7Nf6hXGzdFHGU4g3O4BB+uoAF30IQWMJjAM7zCm5M6L86787FsLTnFzCn8gfP5A036j4c=</latexit><latexit sha1_base64="EHTz7C4fqz2wFVyEFTn6ZACLM4k=">AAAB7nicbVA9SwNBEJ2LXzF+nVraLAbBKtyl0TJoY2ERwXxAcoS9zVyyZG/v2N0TwpEfYWOhiK2/x85/4ya5QhMfDDzem2FmXpgKro3nfTuljc2t7Z3ybmVv/+DwyD0+aeskUwxbLBGJ6oZUo+ASW4Ybgd1UIY1DgZ1wcjv3O0+oNE/ko5mmGMR0JHnEGTVW6twjVRLVwK16NW8Bsk78glShQHPgfvWHCctilIYJqnXP91IT5FQZzgTOKv1MY0rZhI6wZ6mkMeogX5w7IxdWGZIoUbakIQv190ROY62ncWg7Y2rGetWbi/95vcxE10HOZZoZlGy5KMoEMQmZ/06GXCEzYmoJZYrbWwkbU0WZsQlVbAj+6svrpF2v+V7Nf6hXGzdFHGU4g3O4BB+uoAF30IQWMJjAM7zCm5M6L86787FsLTnFzCn8gfP5A036j4c=</latexit>

!
<latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit>

!
<latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit><latexit sha1_base64="sVBkjs/c+hJlwPgmxP0/MoyXMvk=">AAAB8nicbVBNS8NAEJ3Ur1q/qh69LBbBU0lE0GPRi8cK9gPSUDbbTbt0kw27E6WE/gwvHhTx6q/x5r9x2+agrQ8GHu/NMDMvTKUw6LrfTmltfWNzq7xd2dnd2z+oHh61jco04y2mpNLdkBouRcJbKFDybqo5jUPJO+H4duZ3Hrk2QiUPOEl5ENNhIiLBKFrJ72kxHCHVWj31qzW37s5BVolXkBoUaParX72BYlnME2SSGuN7bopBTjUKJvm00ssMTykb0yH3LU1ozE2Qz0+ekjOrDEiktK0EyVz9PZHT2JhJHNrOmOLILHsz8T/PzzC6DnKRpBnyhC0WRZkkqMjsfzIQmjOUE0so08LeStiIasrQplSxIXjLL6+S9kXdc+ve/WWtcVPEUYYTOIVz8OAKGnAHTWgBAwXP8ApvDjovzrvzsWgtOcXMMfyB8/kDwruRjQ==</latexit>

S
am

p
li
n
g

<latexit sha1_base64="njAQj444Og2vP6pxJWF5hHmGmMk=">AAAB73icbVA9SwNBEJ3zM8avqKXNYhCswl0aLYM2lhHNByRH2NvsJUt2987dOSGE/AkbC0Vs/Tt2/hs3yRWa+GDg8d4MM/OiVAqLvv/tra1vbG5tF3aKu3v7B4elo+OmTTLDeIMlMjHtiFouheYNFCh5OzWcqkjyVjS6mfmtJ26sSPQDjlMeKjrQIhaMopPa91S5LXrQK5X9ij8HWSVBTsqQo94rfXX7CcsU18gktbYT+CmGE2pQMMmnxW5meUrZiA54x1FNFbfhZH7vlJw7pU/ixLjSSObq74kJVdaOVeQ6FcWhXfZm4n9eJ8P4KpwInWbINVssijNJMCGz50lfGM5Qjh2hzAh3K2FDaihDF1HRhRAsv7xKmtVK4FeCu2q5dp3HUYBTOIMLCOASanALdWgAAwnP8Apv3qP34r17H4vWNS+fOYE/8D5/ACLVkAM=</latexit><latexit sha1_base64="Aj9KcFM1SaOsijOddBZodfEW3RA=">AAACFHicjVC7SgNBFL3rM8ZX1NJmMAhWYTeNlkEbS0XzgGQJdyezyZCZ2WVmVgghP2Fh46/YiNha2Pk3TpItNLHwwMDhnHu5c06UCm6s7395K6tr6xubha3i9s7u3n7p4LBhkkxTVqeJSHQrQsMEV6xuuRWslWqGMhKsGQ2vpn7zgWnDE3VvRykLJfYVjzlF66TWHUp3RfW7pbJf8WcgyyTISRly/G+8W/rs9BKaSaYsFWhMO/BTG45RW04FmxQ7mWEp0iH2WdtRhZKZcDwLNSGnTumRONHuKUtm6s+NMUpjRjJykxLtwCx6U/Evr53Z+CIcc5Vmlik6PxRngtiETBsiPa4ZtWLkCFLN3V8JHaBGal2PRRc9WAy6TBrVSuBXgttquXaZd1aAYziBMwjgHGpwDTdQBwoCHuEZXr0n78V7897noytevnMEv+B9fAPwxJd8</latexit><latexit sha1_base64="Aj9KcFM1SaOsijOddBZodfEW3RA=">AAACFHicjVC7SgNBFL3rM8ZX1NJmMAhWYTeNlkEbS0XzgGQJdyezyZCZ2WVmVgghP2Fh46/YiNha2Pk3TpItNLHwwMDhnHu5c06UCm6s7395K6tr6xubha3i9s7u3n7p4LBhkkxTVqeJSHQrQsMEV6xuuRWslWqGMhKsGQ2vpn7zgWnDE3VvRykLJfYVjzlF66TWHUp3RfW7pbJf8WcgyyTISRly/G+8W/rs9BKaSaYsFWhMO/BTG45RW04FmxQ7mWEp0iH2WdtRhZKZcDwLNSGnTumRONHuKUtm6s+NMUpjRjJykxLtwCx6U/Evr53Z+CIcc5Vmlik6PxRngtiETBsiPa4ZtWLkCFLN3V8JHaBGal2PRRc9WAy6TBrVSuBXgttquXaZd1aAYziBMwjgHGpwDTdQBwoCHuEZXr0n78V7897noytevnMEv+B9fAPwxJd8</latexit><latexit sha1_base64="Aj9KcFM1SaOsijOddBZodfEW3RA=">AAACFHicjVC7SgNBFL3rM8ZX1NJmMAhWYTeNlkEbS0XzgGQJdyezyZCZ2WVmVgghP2Fh46/YiNha2Pk3TpItNLHwwMDhnHu5c06UCm6s7395K6tr6xubha3i9s7u3n7p4LBhkkxTVqeJSHQrQsMEV6xuuRWslWqGMhKsGQ2vpn7zgWnDE3VvRykLJfYVjzlF66TWHUp3RfW7pbJf8WcgyyTISRly/G+8W/rs9BKaSaYsFWhMO/BTG45RW04FmxQ7mWEp0iH2WdtRhZKZcDwLNSGnTumRONHuKUtm6s+NMUpjRjJykxLtwCx6U/Evr53Z+CIcc5Vmlik6PxRngtiETBsiPa4ZtWLkCFLN3V8JHaBGal2PRRc9WAy6TBrVSuBXgttquXaZd1aAYziBMwjgHGpwDTdQBwoCHuEZXr0n78V7897noytevnMEv+B9fAPwxJd8</latexit>

T
ra
in
in
g

<latexit sha1_base64="TRc/X31uf+rkNQ2GCCLPpvHdBuU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SmDJoYxkhX5AcYW+zlyzZ2zt354Rw5E/YWChi69+x89+4Sa7QxAcDj/dmmJkXJFIYdN1vp7C1vbO7V9wvHRweHZ+UT886Jk41420Wy1j3Amq4FIq3UaDkvURzGgWSd4Pp3cLvPnFtRKxaOEu4H9GxEqFgFK3Ua2kqlFDjYbniVt0lyCbxclKBHM1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8t75+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY1v1MqCRFrthqUZhKgjFZPE9GQnOGcmYJZVrYWwmbUE0Z2ohKNgRv/eVN0qlVPbfqPdQqjds8jiJcwCVcgwc30IB7aEIbGEh4hld4cx6dF+fd+Vi1Fpx85hz+wPn8ASR0kAQ=</latexit><latexit sha1_base64="TRc/X31uf+rkNQ2GCCLPpvHdBuU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SmDJoYxkhX5AcYW+zlyzZ2zt354Rw5E/YWChi69+x89+4Sa7QxAcDj/dmmJkXJFIYdN1vp7C1vbO7V9wvHRweHZ+UT886Jk41420Wy1j3Amq4FIq3UaDkvURzGgWSd4Pp3cLvPnFtRKxaOEu4H9GxEqFgFK3Ua2kqlFDjYbniVt0lyCbxclKBHM1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8t75+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY1v1MqCRFrthqUZhKgjFZPE9GQnOGcmYJZVrYWwmbUE0Z2ohKNgRv/eVN0qlVPbfqPdQqjds8jiJcwCVcgwc30IB7aEIbGEh4hld4cx6dF+fd+Vi1Fpx85hz+wPn8ASR0kAQ=</latexit><latexit sha1_base64="TRc/X31uf+rkNQ2GCCLPpvHdBuU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SmDJoYxkhX5AcYW+zlyzZ2zt354Rw5E/YWChi69+x89+4Sa7QxAcDj/dmmJkXJFIYdN1vp7C1vbO7V9wvHRweHZ+UT886Jk41420Wy1j3Amq4FIq3UaDkvURzGgWSd4Pp3cLvPnFtRKxaOEu4H9GxEqFgFK3Ua2kqlFDjYbniVt0lyCbxclKBHM1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8t75+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY1v1MqCRFrthqUZhKgjFZPE9GQnOGcmYJZVrYWwmbUE0Z2ohKNgRv/eVN0qlVPbfqPdQqjds8jiJcwCVcgwc30IB7aEIbGEh4hld4cx6dF+fd+Vi1Fpx85hz+wPn8ASR0kAQ=</latexit><latexit sha1_base64="TRc/X31uf+rkNQ2GCCLPpvHdBuU=">AAAB73icbVA9SwNBEJ2LXzF+RS1tFoNgFe7SmDJoYxkhX5AcYW+zlyzZ2zt354Rw5E/YWChi69+x89+4Sa7QxAcDj/dmmJkXJFIYdN1vp7C1vbO7V9wvHRweHZ+UT886Jk41420Wy1j3Amq4FIq3UaDkvURzGgWSd4Pp3cLvPnFtRKxaOEu4H9GxEqFgFK3Ua2kqlFDjYbniVt0lyCbxclKBHM1h+WswilkacYVMUmP6npugn1GNgkk+Lw1SwxPKpnTM+5YqGnHjZ8t75+TKKiMSxtqWQrJUf09kNDJmFgW2M6I4MeveQvzP66cY1v1MqCRFrthqUZhKgjFZPE9GQnOGcmYJZVrYWwmbUE0Z2ohKNgRv/eVN0qlVPbfqPdQqjds8jiJcwCVcgwc30IB7aEIbGEh4hld4cx6dF+fd+Vi1Fpx85hz+wPn8ASR0kAQ=</latexit>

Predictor
<latexit sha1_base64="+R+U7dKldTVrW+2u01d5L703cDY=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKezmosegF48RzEOSJczOziZD5rHMzAphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFKWfG+v63V9rY3NreKe9W9vYPDo+qxycdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5nfvdJ6oNU/LBTlMaCjySLGEEWyc9tjSNGbFKD6s1v+4vgNZJUJAaFGgNq1+DWJFMUGkJx8b0Az+1YY61ZYTTWWWQGZpiMsEj2ndUYkFNmC8OnqELp8QoUdqVtGih/p7IsTBmKiLXKbAdm1VvLv7n9TObXIc5k2lmqSTLRUnGkVVo/j2KmabE8qkjmGjmbkVkjDUm1mVUcSEEqy+vk06jHvj14L5Ra94UcZThDM7hEgK4gibcQQvaQEDAM7zCm6e9F+/d+1i2lrxi5hT+wPv8AfYvkH4=</latexit><latexit sha1_base64="t8odHEcuZ7FPmmH/Qa/KBYIQVJQ=">AAACFXicjVC7SgNBFJ2NrxhfUUubwSBYhd00WgZtLCOYhyRLmJ2dTYbMY5m5K4SQr7Cw8VdsRGwFO//GSbKFJhYeGDiccy537olSwS34/pdXWFvf2Nwqbpd2dvf2D8qHRy2rM0NZk2qhTScilgmuWBM4CNZJDSMyEqwdja5nfvuBGcu1uoNxykJJBoonnBJw0n3DsJhT0KZfrvhVfw68SoKcVFCO/8X75c9erGkmmQIqiLXdwE8hnBADnAo2LfUyy1JCR2TAuo4qIpkNJ/OrpvjMKTFOtHFPAZ6rPycmRFo7lpFLSgJDu+zNxL+8bgbJZTjhKs2AKbpYlGQCg8azinDMDaMgxo4Qarj7K6ZDYggFV2TJnR4sH7pKWrVq4FeD21qlfpV3VkQn6BSdowBdoDq6QQ3URBRJ9Iie0av35L14b977Ilrw8plj9AvexzfUp5f3</latexit><latexit sha1_base64="t8odHEcuZ7FPmmH/Qa/KBYIQVJQ=">AAACFXicjVC7SgNBFJ2NrxhfUUubwSBYhd00WgZtLCOYhyRLmJ2dTYbMY5m5K4SQr7Cw8VdsRGwFO//GSbKFJhYeGDiccy537olSwS34/pdXWFvf2Nwqbpd2dvf2D8qHRy2rM0NZk2qhTScilgmuWBM4CNZJDSMyEqwdja5nfvuBGcu1uoNxykJJBoonnBJw0n3DsJhT0KZfrvhVfw68SoKcVFCO/8X75c9erGkmmQIqiLXdwE8hnBADnAo2LfUyy1JCR2TAuo4qIpkNJ/OrpvjMKTFOtHFPAZ6rPycmRFo7lpFLSgJDu+zNxL+8bgbJZTjhKs2AKbpYlGQCg8azinDMDaMgxo4Qarj7K6ZDYggFV2TJnR4sH7pKWrVq4FeD21qlfpV3VkQn6BSdowBdoDq6QQ3URBRJ9Iie0av35L14b977Ilrw8plj9AvexzfUp5f3</latexit><latexit sha1_base64="t8odHEcuZ7FPmmH/Qa/KBYIQVJQ=">AAACFXicjVC7SgNBFJ2NrxhfUUubwSBYhd00WgZtLCOYhyRLmJ2dTYbMY5m5K4SQr7Cw8VdsRGwFO//GSbKFJhYeGDiccy537olSwS34/pdXWFvf2Nwqbpd2dvf2D8qHRy2rM0NZk2qhTScilgmuWBM4CNZJDSMyEqwdja5nfvuBGcu1uoNxykJJBoonnBJw0n3DsJhT0KZfrvhVfw68SoKcVFCO/8X75c9erGkmmQIqiLXdwE8hnBADnAo2LfUyy1JCR2TAuo4qIpkNJ/OrpvjMKTFOtHFPAZ6rPycmRFo7lpFLSgJDu+zNxL+8bgbJZTjhKs2AKbpYlGQCg8azinDMDaMgxo4Qarj7K6ZDYggFV2TJnR4sH7pKWrVq4FeD21qlfpV3VkQn6BSdowBdoDq6QQ3URBRJ9Iie0av35L14b977Ilrw8plj9AvexzfUp5f3</latexit>

Predictor
<latexit sha1_base64="+R+U7dKldTVrW+2u01d5L703cDY=">AAAB8HicbVDLSgNBEOyNrxhfUY9eBoPgKezmosegF48RzEOSJczOziZD5rHMzAphyVd48aCIVz/Hm3/jJNmDJhY0FFXddHdFKWfG+v63V9rY3NreKe9W9vYPDo+qxycdozJNaJsornQvwoZyJmnbMstpL9UUi4jTbjS5nfvdJ6oNU/LBTlMaCjySLGEEWyc9tjSNGbFKD6s1v+4vgNZJUJAaFGgNq1+DWJFMUGkJx8b0Az+1YY61ZYTTWWWQGZpiMsEj2ndUYkFNmC8OnqELp8QoUdqVtGih/p7IsTBmKiLXKbAdm1VvLv7n9TObXIc5k2lmqSTLRUnGkVVo/j2KmabE8qkjmGjmbkVkjDUm1mVUcSEEqy+vk06jHvj14L5Ra94UcZThDM7hEgK4gibcQQvaQEDAM7zCm6e9F+/d+1i2lrxi5hT+wPv8AfYvkH4=</latexit><latexit sha1_base64="t8odHEcuZ7FPmmH/Qa/KBYIQVJQ=">AAACFXicjVC7SgNBFJ2NrxhfUUubwSBYhd00WgZtLCOYhyRLmJ2dTYbMY5m5K4SQr7Cw8VdsRGwFO//GSbKFJhYeGDiccy537olSwS34/pdXWFvf2Nwqbpd2dvf2D8qHRy2rM0NZk2qhTScilgmuWBM4CNZJDSMyEqwdja5nfvuBGcu1uoNxykJJBoonnBJw0n3DsJhT0KZfrvhVfw68SoKcVFCO/8X75c9erGkmmQIqiLXdwE8hnBADnAo2LfUyy1JCR2TAuo4qIpkNJ/OrpvjMKTFOtHFPAZ6rPycmRFo7lpFLSgJDu+zNxL+8bgbJZTjhKs2AKbpYlGQCg8azinDMDaMgxo4Qarj7K6ZDYggFV2TJnR4sH7pKWrVq4FeD21qlfpV3VkQn6BSdowBdoDq6QQ3URBRJ9Iie0av35L14b977Ilrw8plj9AvexzfUp5f3</latexit><latexit sha1_base64="t8odHEcuZ7FPmmH/Qa/KBYIQVJQ=">AAACFXicjVC7SgNBFJ2NrxhfUUubwSBYhd00WgZtLCOYhyRLmJ2dTYbMY5m5K4SQr7Cw8VdsRGwFO//GSbKFJhYeGDiccy537olSwS34/pdXWFvf2Nwqbpd2dvf2D8qHRy2rM0NZk2qhTScilgmuWBM4CNZJDSMyEqwdja5nfvuBGcu1uoNxykJJBoonnBJw0n3DsJhT0KZfrvhVfw68SoKcVFCO/8X75c9erGkmmQIqiLXdwE8hnBADnAo2LfUyy1JCR2TAuo4qIpkNJ/OrpvjMKTFOtHFPAZ6rPycmRFo7lpFLSgJDu+zNxL+8bgbJZTjhKs2AKbpYlGQCg8azinDMDaMgxo4Qarj7K6ZDYggFV2TJnR4sH7pKWrVq4FeD21qlfpV3VkQn6BSdowBdoDq6QQ3URBRJ9Iie0av35L14b977Ilrw8plj9AvexzfUp5f3</latexit><latexit sha1_base64="t8odHEcuZ7FPmmH/Qa/KBYIQVJQ=">AAACFXicjVC7SgNBFJ2NrxhfUUubwSBYhd00WgZtLCOYhyRLmJ2dTYbMY5m5K4SQr7Cw8VdsRGwFO//GSbKFJhYeGDiccy537olSwS34/pdXWFvf2Nwqbpd2dvf2D8qHRy2rM0NZk2qhTScilgmuWBM4CNZJDSMyEqwdja5nfvuBGcu1uoNxykJJBoonnBJw0n3DsJhT0KZfrvhVfw68SoKcVFCO/8X75c9erGkmmQIqiLXdwE8hnBADnAo2LfUyy1JCR2TAuo4qIpkNJ/OrpvjMKTFOtHFPAZ6rPycmRFo7lpFLSgJDu+zNxL+8bgbJZTjhKs2AKbpYlGQCg8azinDMDaMgxo4Qarj7K6ZDYggFV2TJnR4sH7pKWrVq4FeD21qlfpV3VkQn6BSdowBdoDq6QQ3URBRJ9Iie0av35L14b977Ilrw8plj9AvexzfUp5f3</latexit>

x1, . . . ,xn�1
<latexit sha1_base64="znjXy0+k6Y6LgLBlKwLGl2a8VrY=">AAACEXicbVC7TsMwFHXKq5RXgJHFokLqAFWCkGCsYGEsEn1ITRQ5jtNadZzIdhBVlF9g4VdYGECIlY2Nv8FpM5SWI1k+Oude3XuPnzAqlWX9GJWV1bX1jepmbWt7Z3fP3D/oyjgVmHRwzGLR95EkjHLSUVQx0k8EQZHPSM8f3xR+74EISWN+ryYJcSM05DSkGCkteWbDiZAa+WH2mHuZnZ9ChwWxkvqf0/mZnXtm3WpaU8BlYpekDkq0PfPbCWKcRoQrzJCUA9tKlJshoShmJK85qSQJwmM0JANNOYqIdLPpRTk80UoAw1joxxWcqvMdGYqknES+riz2lIteIf7nDVIVXrkZ5UmqCMezQWHKoIphEQ8MqCBYsYkmCAuqd4V4hATCSodY0yHYiycvk+5507aa9t1FvXVdxlEFR+AYNIANLkEL3II26AAMnsALeAPvxrPxanwYn7PSilH2HII/ML5+AZwFnXw=</latexit><latexit sha1_base64="4azmvVdzS4TRwLXAxwNO+gJO+b8=">AAACNnicjVC9TsMwGHTKXyl/AUYWiwqpA1QJQoKxgoURJPojNVHkOE5r1XEi20FUUV6Bp2Fg4SXYWFgQYuURcNoMpWXgkyyf7u6TfecnjEplWW9GZWl5ZXWtul7b2Nza3jF39zoyTgUmbRyzWPR8JAmjnLQVVYz0EkFQ5DPS9UdXhd69J0LSmN+pcULcCA04DSlGSlOe2XAipIZ+mD3kXmbnx9BhQaykvmd4fmLnnlm3mtZk4CKwS1AH5fzP7pmvThDjNCJcYYak7NtWotwMCUUxI3nNSSVJEB6hAelryFFEpJtNYufwSDMBDGOhD1dwws5uZCiSchz52lmEkfNaQf6l9VMVXrgZ5UmqCMfTh8KUQRXDokMYUEGwYmMNEBZU/xXiIRIIK910TUe354Mugs5p07aa9u1ZvXVZdlYFB+AQNIANzkELXIMb0AYYPIIn8AI+jGfj3fg0vqbWilHu7INfY3z/ADAapPU=</latexit><latexit sha1_base64="4azmvVdzS4TRwLXAxwNO+gJO+b8=">AAACNnicjVC9TsMwGHTKXyl/AUYWiwqpA1QJQoKxgoURJPojNVHkOE5r1XEi20FUUV6Bp2Fg4SXYWFgQYuURcNoMpWXgkyyf7u6TfecnjEplWW9GZWl5ZXWtul7b2Nza3jF39zoyTgUmbRyzWPR8JAmjnLQVVYz0EkFQ5DPS9UdXhd69J0LSmN+pcULcCA04DSlGSlOe2XAipIZ+mD3kXmbnx9BhQaykvmd4fmLnnlm3mtZk4CKwS1AH5fzP7pmvThDjNCJcYYak7NtWotwMCUUxI3nNSSVJEB6hAelryFFEpJtNYufwSDMBDGOhD1dwws5uZCiSchz52lmEkfNaQf6l9VMVXrgZ5UmqCMfTh8KUQRXDokMYUEGwYmMNEBZU/xXiIRIIK910TUe354Mugs5p07aa9u1ZvXVZdlYFB+AQNIANzkELXIMb0AYYPIIn8AI+jGfj3fg0vqbWilHu7INfY3z/ADAapPU=</latexit><latexit sha1_base64="4azmvVdzS4TRwLXAxwNO+gJO+b8=">AAACNnicjVC9TsMwGHTKXyl/AUYWiwqpA1QJQoKxgoURJPojNVHkOE5r1XEi20FUUV6Bp2Fg4SXYWFgQYuURcNoMpWXgkyyf7u6TfecnjEplWW9GZWl5ZXWtul7b2Nza3jF39zoyTgUmbRyzWPR8JAmjnLQVVYz0EkFQ5DPS9UdXhd69J0LSmN+pcULcCA04DSlGSlOe2XAipIZ+mD3kXmbnx9BhQaykvmd4fmLnnlm3mtZk4CKwS1AH5fzP7pmvThDjNCJcYYak7NtWotwMCUUxI3nNSSVJEB6hAelryFFEpJtNYufwSDMBDGOhD1dwws5uZCiSchz52lmEkfNaQf6l9VMVXrgZ5UmqCMfTh8KUQRXDokMYUEGwYmMNEBZU/xXiIRIIK910TUe354Mugs5p07aa9u1ZvXVZdlYFB+AQNIANzkELXIMb0AYYPIIn8AI+jGfj3fg0vqbWilHu7INfY3z/ADAapPU=</latexit>

xn
<latexit sha1_base64="NEqcSgvVdiYNMT3e3vfZTfnIuzA=">AAAB9XicbVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cV7APasWTSTBuaSYYko5Zh/sONC0Xc+i/u/Bsz7Sy09UDgcM693JMTxJxp47rfTmlldW19o7xZ2dre2d2r7h+0tUwUoS0iuVTdAGvKmaAtwwyn3VhRHAWcdoLJde53HqjSTIo7M42pH+GRYCEj2Fjpvh9hMw7C9CkbpCIbVGtu3Z0BLROvIDUo0BxUv/pDSZKICkM41rrnubHxU6wMI5xmlX6iaYzJBI9oz1KBI6r9dJY6QydWGaJQKvuEQTP190aKI62nUWAn85R60cvF/7xeYsJLP2UiTgwVZH4oTDgyEuUVoCFTlBg+tQQTxWxWRMZYYWJsURVbgrf45WXSPqt7bt27Pa81roo6ynAEx3AKHlxAA26gCS0goOAZXuHNeXRenHfnYz5acoqdQ/gD5/MHU2aTCQ==</latexit><latexit sha1_base64="IYTkgzSO0wB0ZCxojdc1faITPZE=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg1NMkOSEcsw/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pwg5kwb1/1ySkvLK6tr5fXKxubW9k51d6+lo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+zP32PVWaRfLWTGLqCzyULGQEGyvd9QQ2oyBMH7J+KrN+tebW3SnQIvEKUoMC/xvvVz96g4gkgkpDONa667mx8VOsDCOcZpVeommMyRgPaddSiQXVfjqNlqEjqwxQGCn7pEFT9edGioXWExHYyTyKnvdy8S+vm5jw3E+ZjBNDJZkdChOOTITyntCAKUoMn1iCiWL2r4iMsMLE2DYrNro3H3SRtE7qnlv3bk5rjYuiszIcwCEcgwdn0IAruIYmEFDwCM/w6jw5L86b8z4bLTnFzj78gvP5DYkqmoI=</latexit><latexit sha1_base64="IYTkgzSO0wB0ZCxojdc1faITPZE=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg1NMkOSEcsw/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pwg5kwb1/1ySkvLK6tr5fXKxubW9k51d6+lo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+zP32PVWaRfLWTGLqCzyULGQEGyvd9QQ2oyBMH7J+KrN+tebW3SnQIvEKUoMC/xvvVz96g4gkgkpDONa667mx8VOsDCOcZpVeommMyRgPaddSiQXVfjqNlqEjqwxQGCn7pEFT9edGioXWExHYyTyKnvdy8S+vm5jw3E+ZjBNDJZkdChOOTITyntCAKUoMn1iCiWL2r4iMsMLE2DYrNro3H3SRtE7qnlv3bk5rjYuiszIcwCEcgwdn0IAruIYmEFDwCM/w6jw5L86b8z4bLTnFzj78gvP5DYkqmoI=</latexit><latexit sha1_base64="IYTkgzSO0wB0ZCxojdc1faITPZE=">AAACGnicjVDLSgMxFL1TX7W+qi7dBIvgqsyIoMuiG5cK9gHtWDJppg1NMkOSEcsw/+HCjb/iRsSduPFvzLSz0NaFBwKHc+7l5pwg5kwb1/1ySkvLK6tr5fXKxubW9k51d6+lo0QR2iQRj1QnwJpyJmnTMMNpJ1YUi4DTdjC+zP32PVWaRfLWTGLqCzyULGQEGyvd9QQ2oyBMH7J+KrN+tebW3SnQIvEKUoMC/xvvVz96g4gkgkpDONa667mx8VOsDCOcZpVeommMyRgPaddSiQXVfjqNlqEjqwxQGCn7pEFT9edGioXWExHYyTyKnvdy8S+vm5jw3E+ZjBNDJZkdChOOTITyntCAKUoMn1iCiWL2r4iMsMLE2DYrNro3H3SRtE7qnlv3bk5rjYuiszIcwCEcgwdn0IAruIYmEFDwCM/w6jw5L86b8z4bLTnFzj78gvP5DYkqmoI=</latexit>

x1, . . . ,xn�1
<latexit sha1_base64="znjXy0+k6Y6LgLBlKwLGl2a8VrY=">AAACEXicbVC7TsMwFHXKq5RXgJHFokLqAFWCkGCsYGEsEn1ITRQ5jtNadZzIdhBVlF9g4VdYGECIlY2Nv8FpM5SWI1k+Oude3XuPnzAqlWX9GJWV1bX1jepmbWt7Z3fP3D/oyjgVmHRwzGLR95EkjHLSUVQx0k8EQZHPSM8f3xR+74EISWN+ryYJcSM05DSkGCkteWbDiZAa+WH2mHuZnZ9ChwWxkvqf0/mZnXtm3WpaU8BlYpekDkq0PfPbCWKcRoQrzJCUA9tKlJshoShmJK85qSQJwmM0JANNOYqIdLPpRTk80UoAw1joxxWcqvMdGYqknES+riz2lIteIf7nDVIVXrkZ5UmqCMezQWHKoIphEQ8MqCBYsYkmCAuqd4V4hATCSodY0yHYiycvk+5507aa9t1FvXVdxlEFR+AYNIANLkEL3II26AAMnsALeAPvxrPxanwYn7PSilH2HII/ML5+AZwFnXw=</latexit><latexit sha1_base64="4azmvVdzS4TRwLXAxwNO+gJO+b8=">AAACNnicjVC9TsMwGHTKXyl/AUYWiwqpA1QJQoKxgoURJPojNVHkOE5r1XEi20FUUV6Bp2Fg4SXYWFgQYuURcNoMpWXgkyyf7u6TfecnjEplWW9GZWl5ZXWtul7b2Nza3jF39zoyTgUmbRyzWPR8JAmjnLQVVYz0EkFQ5DPS9UdXhd69J0LSmN+pcULcCA04DSlGSlOe2XAipIZ+mD3kXmbnx9BhQaykvmd4fmLnnlm3mtZk4CKwS1AH5fzP7pmvThDjNCJcYYak7NtWotwMCUUxI3nNSSVJEB6hAelryFFEpJtNYufwSDMBDGOhD1dwws5uZCiSchz52lmEkfNaQf6l9VMVXrgZ5UmqCMfTh8KUQRXDokMYUEGwYmMNEBZU/xXiIRIIK910TUe354Mugs5p07aa9u1ZvXVZdlYFB+AQNIANzkELXIMb0AYYPIIn8AI+jGfj3fg0vqbWilHu7INfY3z/ADAapPU=</latexit><latexit sha1_base64="4azmvVdzS4TRwLXAxwNO+gJO+b8=">AAACNnicjVC9TsMwGHTKXyl/AUYWiwqpA1QJQoKxgoURJPojNVHkOE5r1XEi20FUUV6Bp2Fg4SXYWFgQYuURcNoMpWXgkyyf7u6TfecnjEplWW9GZWl5ZXWtul7b2Nza3jF39zoyTgUmbRyzWPR8JAmjnLQVVYz0EkFQ5DPS9UdXhd69J0LSmN+pcULcCA04DSlGSlOe2XAipIZ+mD3kXmbnx9BhQaykvmd4fmLnnlm3mtZk4CKwS1AH5fzP7pmvThDjNCJcYYak7NtWotwMCUUxI3nNSSVJEB6hAelryFFEpJtNYufwSDMBDGOhD1dwws5uZCiSchz52lmEkfNaQf6l9VMVXrgZ5UmqCMfTh8KUQRXDokMYUEGwYmMNEBZU/xXiIRIIK910TUe354Mugs5p07aa9u1ZvXVZdlYFB+AQNIANzkELXIMb0AYYPIIn8AI+jGfj3fg0vqbWilHu7INfY3z/ADAapPU=</latexit><latexit sha1_base64="4azmvVdzS4TRwLXAxwNO+gJO+b8=">AAACNnicjVC9TsMwGHTKXyl/AUYWiwqpA1QJQoKxgoURJPojNVHkOE5r1XEi20FUUV6Bp2Fg4SXYWFgQYuURcNoMpWXgkyyf7u6TfecnjEplWW9GZWl5ZXWtul7b2Nza3jF39zoyTgUmbRyzWPR8JAmjnLQVVYz0EkFQ5DPS9UdXhd69J0LSmN+pcULcCA04DSlGSlOe2XAipIZ+mD3kXmbnx9BhQaykvmd4fmLnnlm3mtZk4CKwS1AH5fzP7pmvThDjNCJcYYak7NtWotwMCUUxI3nNSSVJEB6hAelryFFEpJtNYufwSDMBDGOhD1dwws5uZCiSchz52lmEkfNaQf6l9VMVXrgZ5UmqCMfTh8KUQRXDokMYUEGwYmMNEBZU/xXiIRIIK910TUe354Mugs5p07aa9u1ZvXVZdlYFB+AQNIANzkELXIMb0AYYPIIn8AI+jGfj3fg0vqbWilHu7INfY3z/ADAapPU=</latexit>

x̂n
<latexit sha1_base64="tuZYpdb5xpUrPFc3v9Np5ovJ474=">AAAB/XicbVDLSsNAFL2pr1pf8bFzM1gEVyURQZdFNy4r2FZoQplMJ+3QySTMTMQagr/ixoUibv0Pd/6NkzYLbT0wcDjnXu6ZEyScKe0431ZlaXllda26XtvY3NresXf3OipOJaFtEvNY3gVYUc4EbWumOb1LJMVRwGk3GF8VfveeSsVicasnCfUjPBQsZARrI/XtA2+EdeZFWI+CMHvI834m8r5ddxrOFGiRuCWpQ4lW3/7yBjFJIyo04Vipnusk2s+w1Ixwmte8VNEEkzEe0p6hAkdU+dk0fY6OjTJAYSzNExpN1d8bGY6UmkSBmSxiqnmvEP/zeqkOL/yMiSTVVJDZoTDlSMeoqAINmKRE84khmEhmsiIywhITbQqrmRLc+S8vks5pw3Ua7s1ZvXlZ1lGFQziCE3DhHJpwDS1oA4FHeIZXeLOerBfr3fqYjVascmcf/sD6/AG3E5YH</latexit><latexit sha1_base64="8QdJDkrA1hgbV1FJgIs/iQLR9cI=">AAACInicjVDLSsNAFL3xWesrPnZuBovgqiQi6LLoxqWCfUBTwmQ6aYdOJmFmItaQf3Hhxl9xI+pK8GOctFlo68IDA4dz7uXOOUHCmdKO82ktLC4tr6xW1qrrG5tb2/bObkvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bweiy8Nt3VCoWi1s9TmgvwgPBQkawNpJv73tDrDMvwnoYhNl9nvuZyH275tSdCdA8cUtSgxL/G/ftd68fkzSiQhOOleq6TqJ7GZaaEU7zqpcqmmAywgPaNVTgiKpeNomYoyOj9FEYS/OERhP150aGI6XGUWAmiyxq1ivEv7xuqsPzXsZEkmoqyPRQmHKkY1T0hfpMUqL52BBMJDN/RWSIJSbatFo10d3ZoPOkdVJ3nbp7c1prXJSdVeAADuEYXDiDBlzBNTSBwAM8wjO8Wk/Wi/VmfUxHF6xyZw9+wfr6BlE0nYA=</latexit><latexit sha1_base64="8QdJDkrA1hgbV1FJgIs/iQLR9cI=">AAACInicjVDLSsNAFL3xWesrPnZuBovgqiQi6LLoxqWCfUBTwmQ6aYdOJmFmItaQf3Hhxl9xI+pK8GOctFlo68IDA4dz7uXOOUHCmdKO82ktLC4tr6xW1qrrG5tb2/bObkvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bweiy8Nt3VCoWi1s9TmgvwgPBQkawNpJv73tDrDMvwnoYhNl9nvuZyH275tSdCdA8cUtSgxL/G/ftd68fkzSiQhOOleq6TqJ7GZaaEU7zqpcqmmAywgPaNVTgiKpeNomYoyOj9FEYS/OERhP150aGI6XGUWAmiyxq1ivEv7xuqsPzXsZEkmoqyPRQmHKkY1T0hfpMUqL52BBMJDN/RWSIJSbatFo10d3ZoPOkdVJ3nbp7c1prXJSdVeAADuEYXDiDBlzBNTSBwAM8wjO8Wk/Wi/VmfUxHF6xyZw9+wfr6BlE0nYA=</latexit><latexit sha1_base64="8QdJDkrA1hgbV1FJgIs/iQLR9cI=">AAACInicjVDLSsNAFL3xWesrPnZuBovgqiQi6LLoxqWCfUBTwmQ6aYdOJmFmItaQf3Hhxl9xI+pK8GOctFlo68IDA4dz7uXOOUHCmdKO82ktLC4tr6xW1qrrG5tb2/bObkvFqSS0SWIey06AFeVM0KZmmtNOIimOAk7bweiy8Nt3VCoWi1s9TmgvwgPBQkawNpJv73tDrDMvwnoYhNl9nvuZyH275tSdCdA8cUtSgxL/G/ftd68fkzSiQhOOleq6TqJ7GZaaEU7zqpcqmmAywgPaNVTgiKpeNomYoyOj9FEYS/OERhP150aGI6XGUWAmiyxq1ivEv7xuqsPzXsZEkmoqyPRQmHKkY1T0hfpMUqL52BBMJDN/RWSIJSbatFo10d3ZoPOkdVJ3nbp7c1prXJSdVeAADuEYXDiDBlzBNTSBwAM8wjO8Wk/Wi/VmfUxHF6xyZw9+wfr6BlE0nYA=</latexit>

…

Foundations of Computer Vision Torralba, Isola, Freeman 2024
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Taxonomy of Generative Models

Slide credit: Fei-Fei Li
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Generative Adversarial Networks (GANs)

Slide credit: Fei-Fei Li

What if we give up on explicitly modeling density, and just want ability to sample?

GANs: not modeling any explicit density function!
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Generative Adversarial Networks (GANs)

Slide credit: Fei-Fei LiIan Goodfellow et al., “Generative Adversarial Nets”, NIPS 2014

Problem: Want to sample from complex, high-dimensional training distribution. No direct way to
do this!

Solution: Sample from a simple distribution we can easily sample from, e.g. random noise. Learn
transformation to training distribution.

33
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Generative Adversarial Networks (GANs)

Slide credit: Fei-Fei LiIan Goodfellow et al., “Generative Adversarial Nets”, NIPS 2014

Problem: Want to sample from complex, high-dimensional training distribution. No direct way to
do this!

Solution: Sample from a simple distribution we can easily sample from, e.g. random noise. Learn
transformation to training distribution.

But we don’t know which
sample z maps to which
training image -> can’t
learn by reconstructing
training images

Input: Random noise

Objective: generated
images should look “real”

34

Output: Sample from
training distribution
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Generative Adversarial Networks (GANs)

35

© Alexander Amini and Ava Amini MIT Introduction to Deep Learning IntroToDeepLearning.com

http://introtodeeplearning.com/


Adversarial Networks Framework

Discriminator 
Real vs. Fake

Generator
𝑥 ~ 𝐺(𝑧)

[Goodfellow et al. 2014]

Jun-Yan Zhu
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Training GANs: Two-player game

Slide credit: Fei-Fei LiIan Goodfellow et al., “Generative Adversarial Nets”, NIPS 2014

Discriminator network: try to distinguish between real and fake images
Generator network: try to fool the discriminator by generating real-looking images
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Training GANs: Two-player game

Slide credit: Fei-Fei LiIan Goodfellow et al., “Generative Adversarial Nets”, NIPS 2014

Discriminator network: try to distinguish between real and fake images
Generator network: try to fool the discriminator by generating real-looking images

Train jointly in minimax game

Minimax Objective Function:

38
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Training GANs: Two-player game

Slide credit: Fei-Fei LiIan Goodfellow et al., “Generative Adversarial Nets”, NIPS 2014

Discriminator network: try to distinguish between real and fake images
Generator network: try to fool the discriminator by generating real-looking images

Train jointly in minimax game
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Training GANs: Two-player game

Slide credit: Fei-Fei LiIan Goodfellow et al., “Generative Adversarial Nets”, NIPS 2014

Discriminator network: try to distinguish between real and fake images
Generator network: try to fool the discriminator by generating real-looking images

Train jointly in minimax game

• Discriminator (θd) wants to maximize objective such that D(x) is close to 1 (real) and D(G(z)) is 
close to 0 (fake)

• Generator (θg) wants to minimize objective such that D(G(z)) is close to 1 (discriminator is 
fooled into thinking generated G(z) is real)

40



41

Training GANs: Two-player game

Slide credit: Fei-Fei LiIan Goodfellow et al., “Generative Adversarial Nets”, NIPS 2014

Alternate between:

41
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Training GANs: Two-player game

Slide credit: Fei-Fei LiIan Goodfellow et al., “Generative Adversarial Nets”, NIPS 2014

Alternate between:

In practice, optimizing this generator 
objective does not work well!

When sample is likely
fake, want to learn from
it to improve generator
(move to the right on X
axis).

But gradient in this
region is relatively flat!

Gradient signal
dominated by region
where sample is
already good

42
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Training GANs: Two-player game

Slide credit: Fei-Fei LiIan Goodfellow et al., “Generative Adversarial Nets”, NIPS 2014
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Training GANs: Two-player game

Slide credit: Fei-Fei LiIan Goodfellow et al., “Generative Adversarial Nets”, NIPS 2014

Putting it together: GAN training algorithm

Some find k=1 more
stable, others use k
> 1, no best rule.

Followup work (e.g.
Wasserstein GAN,
BEGAN) alleviates
this problem, better
stability!
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Training GANs: Other Divergence

https://arxiv.org/pdf/1611.04076
https://sh-tsang.medium.com/review-lsgan-least-squares-generative-
adversarial-networks-gan-bec12167e915Xudong Mao et al., “Least Squares GAN”, ICCV 2017

45

Least Squares GAN

* Employed for our Assignment.

https://arxiv.org/pdf/1611.04076
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Training GANs: Two-player game

Slide credit: Fei-Fei LiIan Goodfellow et al., “Generative Adversarial Nets”, NIPS 2014

Generator network: try to fool the discriminator by generating real-looking images
Discriminator network: try to distinguish between real and fake images

Fake and real images copyright Emily Denton et al. 2015
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GANs: Generating New Data

47

GANs are Distribution Transformers
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GANs: Generating New Data

48

GANs are Distribution Transformers
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GANs: Generating New Data

49

GANs are Distribution Transformers
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Lab 13a: Generative Adversarial Networks 
(GANs) for Digits

Duration: 10 min
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Generative Adversarial Nets

Slide credit: Fei-Fei LiIan Goodfellow et al., “Generative Adversarial Nets”, NIPS 2014
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Generative Adversarial Nets

Slide credit: Fei-Fei LiIan Goodfellow et al., “Generative Adversarial Nets”, NIPS 2014
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Generative Adversarial Nets: Convolutional 
Architectures

Slide credit: Fei-Fei LiRadford et al, “Unsupervised Representation Learning with Deep Convolutional Generative Adversarial Networks”, ICLR 2016

Generator is an upsampling network with fractionally-strided convolutions
Discriminator is a convolutional network
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Generative Adversarial Nets: Convolutional 
Architectures

Slide credit: Fei-Fei LiRadford et al, “Unsupervised Representation Learning with Deep Convolutional Generative Adversarial Networks”, ICLR 2016

Samples
from the
model look
much
better!
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Generative Adversarial Nets: Convolutional 
Architectures

Slide credit: Fei-Fei LiRadford et al, “Unsupervised Representation Learning with Deep Convolutional Generative Adversarial Networks”, ICLR 2016

Interpolating
between
random
points in latent
space

55
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Adapted from Serena Young

GANs: Interpretable Vector Math
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Adapted from Serena Young

GANs: Interpretable Vector Math
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Adapted from Serena Young

2017: Explosion of GANs

https://github.com/hindupuravinash/the-gan-zoo 
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Adapted from Serena Young

2017: Explosion of GANs
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Adapted from Serena Young

Summary: GANs
Don’t work with an explicit density function

Take game-theoretic approach: learn to generate from training distribution through 2-player game

Pros:
- Beautiful samples!

Cons:
- Trickier / more unstable to train
- Can’t solve inference queries such as p(x), p(z|x)

Active areas of research:
- Better loss functions, more stable training (Wasserstein GAN, LSGAN, many others)
- Conditional GANs, GANs for all kinds of applications
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Lab 13b: Generative Adversarial Networks 
(GANs)

Duration: 10 min
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Adapted from Fei-Fei Li

Taxonomy of Generative Models
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Denoising Diffusion Models
Learning to generate by denoising
Denoising diffusion models consist of two processes:
• Forward diffusion process that gradually adds noise to input
• Reverse denoising process that learns to generate data by denoising

slide from https://cvpr2022-tutorial-diffusion-models.github.io/
Courtesy of Ruiqi Gao

Sohl-Dickstein et al., Deep Unsupervised Learning using Nonequilibrium Thermodynamics, ICML 2015 Ho et
al., Denoising Diffusion Probabilistic Models, NeurIPS 2020
Song et al., Score-Based Generative Modeling through Stochastic Differential Equations, ICLR 2021
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Diffusion Models
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Diffusion Models
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Diffusion Models
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Diffusion Models
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Denoiser
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Diffusion Models
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Diffusion Models
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Gaussian Diffusion Models
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Diffusion Models: Training

72

1. Generate Training data by corrupting a 
bunch of images (forward process; 
noising)

2. Train a neural net to invert each step of 
corruption (reverse process; denoising)
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Diffusion Models: Training

73

Lab 13c

Forward 
Process.
Noising

Reverse 
Process.
Denoising



Lab 13c: Diffusion Models
Duration: 10 min
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Diffusion Models: Training – Unet model 
transition

75

https://cvpr2022-tutorial-diffusion-models.github.io/ 



Autoregressive Modes vs Diffusion Models
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Autoregressive Modes vs Diffusion Models

77

A common strategy is to turn generative modeling into a 
sequence of supervised learning problems
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2022 / 2023 : The year of diffusion and 
generative modeling?

slide from https://cvpr2022-tutorial-diffusion-models.github.io/
Courtesy of Ruiqi Gao
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Useful Resources on Generative Models

CS 236: Deep Generative Models (Stanford)

CS 294-158 Deep Unsupervised Learning (Berkeley)

79

https://deepgenerativemodels.github.io/
https://sites.google.com/view/berkeley-cs294-158-sp20/home


Applications: Celebrities Who Never Existed

Karras et al., “Progressive Growing of GANs for Improved Quality, Stability, and Variation”, ICLR 2018

80



Applications: StarGAN

Choi et al., “StarGAN: Unified Generative Adversarial Networks for Multi-Domain Image-to-Image Translation”, CVPR 2018
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Input Output Input Output Input Output

Edges from [Xie & Tu, 2015]

Pix2pix / CycleGAN

Applications: Edges to Images
82



Input Output Input Output Input Output

Trained on Edges → Images
Data from [Eitz, Hays, Alexa, 2012]

Pix2pix / CycleGAN

Applications: Sketches to Images
83



#edges2cats [Christopher Hesse]

Ivy Tasi @ivymyt

@gods_tail

@matthematician

https://affinelayer.com/pixsrv/

Vitaly Vidmirov @vvid

Pix2pix / CycleGAN

Applications: Edges to Images
84



Cezanne Ukiyo-eMonetInput Van Gogh

Pix2pix / CycleGAN

Applications: Changing Artistic Style
85



Pix2pix / CycleGAN

Applications: Changing Seasons
86



Extra
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Taxonomy of Generative Models

Slide credit: Fei-Fei Li
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PixelCNN

Slide credit: Fei-Fei Li

[van der Oord et al. 2016]

Still generate image pixels starting from
corner

Dependency on previous pixels now modeled
using a CNN over context region
(masked convolution)

Figure copyright van der Oord et al., 2016
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PixelCNN

Slide credit: Fei-Fei Li

[van der Oord et al. 2016]

Still generate image pixels starting from
corner

Dependency on previous pixels now modeled
using a CNN over context region
(masked convolution)

Figure copyright van der Oord et al., 2016

Training is faster than PixelRNN
(can parallelize convolutions since context 
Region values known from training images)

Generation is still slow:
For a 32x32 image, we need to do forward passes of the
network 1024 times for a single image

90
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Generation Samples

Slide credit: Fei-Fei Li
Figures copyright Aaron van der Oord et al., 2016
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PixelRNN and PixelCNN

Slide credit: Fei-Fei Li

Pros:

- Can explicitly compute likelihood p(x)
- Easy to optimize
- Good samples

Cons:
- Sequential generation => slow

Improving PixelCNN performance
- Gated convolutional layers
- Short-cut connections
- Discretized logistic loss
- Multi-scale
- Training tricks
- Etc…

See
- Van der Oord et al. NIPS 2016
- Salimans et al. 2017 (PixelCNN++)
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How to improve PixelCNN?

Slide credit: Jun-Yan Zhu - Learning-Based Image Synthesis

93

What are the limitations of PixelCNN/RNN?

• Slow sampling time.

• May accumulate errors over multiple steps. (might 
not be a big issue for image completion)

How can we further improve results?
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VQ-VAE-2 :VAE+PixelCNN

Generating Diverse High-Fidelity Images with VQ 45 -VAE-2 [Razavi et al., 2019]

94

VQ (Vector quantization) maps continuous vectors into discrete codes

Common methods: clustering (e.g., k-means)
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VQ-VAE-2 : Vector Quantization

https://wiki.aalto.fi/pages/viewpage.action?pageId=149883153 

95

K-means, EM (GMM), 
end-to-end learning
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VQ-VAE-2 :VAE+PixelCNN

Generating Diverse High-Fidelity Images with VQ 45 -VAE-2 [Razavi et al., 2019]

96

VAE+VQ: learn a more compact codebook for PixelCNN (instead of pixels)
PixelCNN: use a more expressive bottleneck for VAE (instead of Gaussian
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Taxonomy of Generative Models

Slide credit: Fei-Fei Li
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The Myth of the Cave

98

https://www.youtube.com/watch?v=1RWOpQXTltA&ab_channel=TED-Ed
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What is a Latent Variable?

https://en.wikipedia.org/wiki/Myth_of_the_Cave

99
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The Myth of the Cave

Can we learn the true explanatory factors (e.g. latent variables) from only observed data?

https://en.wikipedia.org/wiki/Myth_of_the_Cave

100
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Variational AutoEncoders (VAE)

Slide credit: Fei-Fei Li
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Background: AutoEncoders

Slide credit: Fei-Fei Li

Unsupervised approach for learning a lower-dimensional feature representation from
unlabeled training data

Latent Space
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Background: AutoEncoders

Slide credit: Fei-Fei Li

Unsupervised approach for learning a lower-dimensional feature representation from
unlabeled training data

z usually smaller than x
(dimensionality reduction)

Q: Why dimensionality
reduction?

A: Want features to
capture meaningful
factors of variation in
data
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Background: AutoEncoders

Slide credit: Fei-Fei Li

How to learn this feature
representation?

Train such that features
can be used to
reconstruct original data
“Autoencoding” -
encoding input itself
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Background: AutoEncoders

Slide credit: Fei-Fei Li

Train such that features can
be used to reconstruct
original data

Doesn’t use labels!
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Background: AutoEncoders
How can we learn this latent space?

Train the model to use these features to reconstruct the original data.

Latent Space

106
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Background: AutoEncoders

Slide credit: Fei-Fei Li
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Background: AutoEncoders – Reconstruction Quality

Slide credit: Ava Aminihttps://introtodeeplearning.com/

Autoencoding is a form of compression!
Smaller latent space will force a larger training bottleneck

108
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Background: AutoEncoders

Slide credit: Fei-Fei Li
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Background: AutoEncoders

Slide credit: Fei-Fei Li

Autoencoders can reconstruct
data, and can learn features to
initialize a supervised model

Features capture factors of
variation in training data.

But we can’t generate new images
from an autoencoder because we
don’t know the space of z.

How do we make autoencoder a
generative model?
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Variational AutoEncoders

Slide credit: Fei-Fei Li

Probabilistic spin on autoencoders - will let us sample from the model to generate data!

Intuition (remember from autoencoders!): x
is an image, z is latent factors used to
generate x: attributes, orientation, etc.

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014
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Variational AutoEncoders: Key Difference with 
AutoEncoders

Variational autoencoders are a probabilistic twist on autoencoders!
Sample from the mean and standard deviation to compute latent sample

112
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Variational AutoEncoders

Slide credit: Fei-Fei Li

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014

We want to estimate the true parameters
of this generative model given training data x.

How should we represent this model?

Choose prior p(z) to be simple, e.g. Gaussian.
Reasonable for latent attributes, e.g. pose, how
much smile.

Conditional p(x|z) is complex (generates image)
=> represent with neural network
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Variational AutoEncoders

Slide credit: Fei-Fei Li

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014

We want to estimate the true parameters
of this generative model given training data x.

How to train the model?

Learn model parameters to maximize likelihood
of training data

Q: What is the problem with this?
A: Intractable!
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Variational AutoEncoders: Intractability

Slide credit: Serena Young

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014

Data likelihood:

Monte Carlo estimation is too high variance

Intractable to compute p(x|z) for every z!

Simple Gaussian prior Decoder neural network
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Variational AutoEncoders: Intractability

Slide credit: Fei-Fei Li

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014

Data likelihood:

Posterior density:

Intractable data likelihood
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Variational AutoEncoders: Intractability

Slide credit: Fei-Fei Li

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014

Data likelihood:

Posterior density also intractable:

Solution: In addition to modeling pθ(x|z), learn qɸ(z|x) that approximates the true posterior pθ(z|x).

Will see that the approximate posterior allows us to derive a lower bound on the data likelihood that is 
tractable, which we can optimize.

Variational inference is to approximate the unknown posterior distribution from only the observed data x
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Variational AutoEncoders

Slide credit: Fei-Fei Li

Since we’re modeling probabilistic generation of data, encoder and decoder networks are probabilistic

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014
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Variational AutoEncoders

Slide credit: Fei-Fei Li

Since we’re modeling probabilistic generation of data, encoder and decoder networks are probabilistic

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014
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Variational AutoEncoders

Slide credit: Fei-Fei Li

Since we’re modeling probabilistic generation of data, encoder and decoder networks are probabilistic

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014Encoder and decoder networks also called
“recognition”/“inference” and “generation” networks
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Variational AutoEncoders

Slide credit: Fei-Fei Li

Now equipped with our encoder and decoder networks, let’s work out the (log) data likelihood:

Taking expectation wrt. z
(using encoder network) will
come in handy later

The expectation wrt. z (using
encoder network) let us write

nice KL terms
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Variational AutoEncoders

Slide credit: Fei-Fei Li

Now equipped with our encoder and decoder networks, let’s work out the (log) data likelihood:

We want to
maximize the
Data likelihood

Decoder network gives pθ(x|z), can
compute estimate of this term through

sampling (need some trick to differentiate
through sampling).

This KL term (between
Gaussians for encoder and z
prior) has nice closed-form

solution!

pθ(z|x) intractable (saw earlier),
can’t compute this KL term :(
But we know KL divergence

always >= 01

1 https://statproofbook.github.io/P/kl-nonneg.html
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Variational AutoEncoders

Slide credit: Fei-Fei Li

Now equipped with our encoder and decoder networks, let’s work out the (log) data likelihood:

We want to
maximize the
Data likelihood

Tractable lower bound which we can take
gradient of and optimize! (pθ(x|z) differentiable,

KL term differentiable)

>=0L(x(i), θ, φ)

Decoder:
reconstruct
the input data

Encoder:
make approximate
posterior distribution
close to prior
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Variational AutoEncoders

Slide credit: Fei-Fei Li

Putting it all together: maximizing the
likelihood lower bound

Let’s look at computing 
the KL divergence

between the estimated 
posterior and the

prior given some data
Make approximate
posterior distribution
close to prior
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Variational AutoEncoders: KL Divergence

Fixed Prior on 
Latent Distribution

Inferred Latent 
Distribution

• Encourage encodings to distribute them evenly around the center of 
the latent space

• Penalize the network when it tries to “cheat” by clustering points in 
specific regions (i.e. memorizing data)
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Variational AutoEncoders: KL Divergence
What properties do we want to achieve from KL Divergence?

1. Continuity: Points that are close in latent space à similar content after decoding
2. Completeness: sampling from latent space à “meaningful” content after decoding
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Variational AutoEncoders

Slide credit: Fei-Fei Li

Putting it all together: maximizing the
likelihood lower bound

Make approximate
posterior distribution
close to prior

Not part of the computation graph!
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Variational AutoEncoders

Slide credit: Fei-Fei Li

Putting it all together: maximizing the
likelihood lower bound

Reparameterization trick to make
sampling differentiable:

Part of 
computation graph

Input to
the graph
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Variational AutoEncoders

Slide credit: Fei-Fei Li
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Variational AutoEncoders

Slide credit: Fei-Fei Li
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Variational AutoEncoders

Slide credit: Fei-Fei Li
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Variational AutoEncoders: Generating Data!

Slide credit: Fei-Fei Li

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014
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Variational AutoEncoders: Generating Data!

Slide credit: Fei-Fei Li

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014
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Variational AutoEncoders: Generating Data!

Slide credit: Fei-Fei Li
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Variational AutoEncoders: Generating Data!

Slide credit: Fei-Fei Li

Diagonal prior on z
=> independent
latent variables

Different dimensions
of z encode
interpretable factors
of variation

Kingma and Welling, “Auto-Encoding Variational Bayes”, ICLR 2014

Also good feature representation that
can be computed using qɸ(z|x)!
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Variational AutoEncoders: Generating Data!

Slide credit: Fei-Fei Li

Figures copyright (L) Dirk Kingma et al. 2016; (R) Anders Larsen et al. 2017. 
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Music VAE
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Variational AutoEncoders: Generating Data!

Slide credit: Fei-Fei Li

Probabilistic spin to traditional autoencoders => allows generating data
Defines an intractable density => derive and optimize a (variational) lower bound

Pros:
• Principled approach to generative models
• Interpretable latent space.
• Allows inference of q(z|x), can be useful feature representation for other tasks

Cons:
• Maximizes lower bound of likelihood: okay, but not as good evaluation as 

PixelRNN/PixelCNN
• Samples blurrier and lower quality compared to state-of-the-art (GANs)

Active areas of research:
• More flexible approximations, e.g. richer approximate posterior instead of diagonal Gaussian, 

e.g., Gaussian Mixture Models (GMMs), Categorical Distributions.
• Learning disentangled representations.
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GAN Example for Digits on Numpy
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From VQ-VAE to VQGAN

Slide credit: Robin Rombach
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From VQ-VAE to VQGAN

Slide credit: Robin Rombach
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From VQ-VAE to VQGAN

Slide credit: Robin Rombach
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