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Appendix A

Selected Hints and
Solutions

LY.1; Hint: What if one hasis was

L.1.3; (a) Follows from direct verification,

() Follows from {a).
product, then (a) s

(c) Suppose [jal| = (Ooio, len )y e,

(&} 1 p =32, then (2, y)

(=)

Take @ = (1,0,0,. .. ,0)
Loy =0, and {2 + yy=1 (20 +1)2/r _y

1

smaller than another?

If the norm is kuown to be iuduced by an inner
hows how to uniquely ealealate the inner product.

T '
= 3o Tely indices the norm.
17 the norm is inducod by

an iuner product, then from {a)

" ki
owh = F L o+ P2 (3 g = gy
k=1 k=1

product, (r,a +y) = (x,2) L {

Since (20 4 1)2/7 §
proaches 1 for large A
(20 + 1)

L1.8; Observe that with @ = {,

L4y (7 F) = 0 doos not imply that [{w)

;and y = h1,0,...,0),

Then (z,2) =
), Siace for an inner

@y}, il must be that (27 N¥r w5

0.

5 & monotone decreasing funclion of P which ap-

and is unbounded at the origin, the sotubion of
5abp=2is uigue. We ¢

onclude that p = 2,

R | By is orthogonal to #, 80 that

Il = ayll® = e — Byi? + (e Aull?,

which is minimized when =g, Clearly, il 2 = g , Hien

[ gdl? = [l 2y

150, then we calenlate directly Uy

HiT

w |l — Byl|? = 0, 50 thal & = gy,




APPENDIX A. SELECTED HINTS AND SQLUTIONS

1.1.9; {a) :j)u(w) =1, ml( N o=, da) = x? = %.d)s(ﬂi) = % — —r,rj)d( 1) =

R R T

(b) qbu( ] =1, rf)l( Y o=, palx) = a? —"% = Loos(2cosT @), dule) =
23— 4 = 5 cos(3 cos— b a) gular) =2t —a? 4§ = & cos(d cos ™).

(0) ¢ale) = 1.dil® } ‘1: — Lidp(r) = 2? —do -+ 9, dpafa) = a® — 0o +
18z — 6, y{a) = 2" — 482 + T2z — 96x -+ 24.

() dolr) = 1,(!)1(‘1') =, o) = &% — Loda(x) = ad - %J‘,@(L‘) =
rt— 3?4 8
/ : a

1.1.10; ¢z} = 1 d(r) = pale) = %~ 4 d3(e) = b - S, daln) = at
\;51 + dsl) = 05— 130,38 L85
T b5 : 1359 057t
2.8 3
1.2.1; (a) Relative to the new hasis, A= 1 1 2
D00
1 1 3 1 0 0
) Set C=| 1.2 4 |, and D=1 0 1 1 |. Then the repre-
2 31 0 -1 1
sentation of A in the new basis is
53 1 _
enep [ BT
A =D 'CAC'D=| ¥ -5 -}
T
4 2

O eaf—

o

1.2.2; {(¢) A= ( (l] [I) ), and B = ( 0 ) have the same determinant but

are nokb equivaieut.
1.2.3; () Notice that if ABz = A, then BA{Bx) = A Bx).
(b} If Ad "z = Aw, then Az, ) = {Ad"z, 1) = (A*x, AT2) 2 0.
1.2.4; 1f Az = Az then Aw,z) = (Ax,2) = (, ATz) = —(wx, Aw} = — Mz, 2)-
1.2.5; (a) R(A) = {(1 LT (23,57} N(A) = 0,R(AT) = - R? N(AY) =

{(l-v]-s _L)F} .
(b) R(A) = R{A") = I, N(A) = N(A*) =0

i 1 0 0
12.6 (W) T=| 4 ¢ TlAar=101 0
0 1 1

,-\
=z

~

1l

.

[ ..
— 1
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'S AND SQLUTIONS
) = ¥ — fa () =

sos{2cos ! a), ) =
1= é cos(4 cos ™! @),

2, ¢a{a) = 2% — 902 +

) = 2 — Jx,p4(x) =

|
— o dalo) = o -

0
1 |. Then the repre-
1
)y
=1
- -5H

same determinant but

3.
‘x, ARy 2 0.
z, Az) = — Mz, x).

A*) — ]RZ)N(AA*) =

1.2

1.2.1

1.3.3; Hint: Minimize (Az,2)
1.3.2;

well,
8 4 4
{b) Find the eigenvalues and eigenvectors ofB=| 4 § _4 , and
—l 8
“use them to estimate the eigenvalues of 4,
1 23
- 1.3.3; The matrix 2 2 4 § has a positive, zero, and negative eigenvalue,
4 7

1.4.1;

1.4.2;

1.4.3;

1.4.4;

(d) " does not exist.

H 1 1 0 0 0
(e) T = -1 1 ;l yPlAT = 0 % 0
0 -3 v 00 4

cr=f L 2N, /3y
.'T,T__(_‘,2 _1),1,“ AT_(O 6)'

1.2,

8 If s in M, then Pgp = T, and if % is in the orthogon
M, the Py = q, Therefore, P has two eigenvalues, ) = 0,1

0; {d) Examine the eigenvectors of A and A4* where 4 = ( g . é )
with a vector of the form 27 — (L,~1,20)

i (8) Prove that if the diagonal elements of 5 g
genvalues are increase

Apply 1.3.2a.

i (a) b must be orthogonal to (1,1, -n7

» and the solution, if it exists, is
unigue,

(b) The matrix 4 is invertible, so the solution exists and is unique.

b must be in the range of P, namely M.
(=) Suppose 4 is invertible, and try to solve the e

Taking the inner product with #, we find 0 =
the nuli space of A4 is Zer0,

quation 3. qp; = 0.
Aw, 50 that a = 0, since

(=) Suppose {#:} form & linearly independent set and that Az = 0. Then
(%, Az) = (3 m,qﬁi,}:j Zidi) = 0, s0 that 22 iy = 0, implying that
¥ =0, 80 that A is invertible (by the Fredholm alternative),
Since {Az,z) = {2, A*z) > 0 for all 2 # 0, the null spaces of A and A*
must be empty. Hence, {&,) = 0 for all & in N(A*) s0 that Az = b has

a seiution. Similarly, the solution Is unique since the nyll space of 4 is
empty,

J

al complement of

ymmetric matrix are in-
d (or, not decreased) as




-0
d 4'=1] -5
~4

1.5.3; (a) Take u = 2 —y.

[l oA N

19 8
R T B e
Vi ; and fi = 0 505 /B0B
0 0 V5
1.5.5; Use that
1 (1 -2 V10
A= —
mwhL2 1

or

1.5.6; Use that 4=} ( ; "12 )

v=t (L 70

1.002 0.998

1.5.8; For A = ( 1999 2.001 ), singular values are v/10 and ev/10 with € =

0.1+ -4
0.001/10, 4' = (01 e10
T VB

Using instead singular values /10 and 0, A’ = (

1.5.10; A = ULV where U = 1

B

1 1 —1 [ “\2!05
. H1>,sothatA~« s

Vb
0
0

1
0.2—-;—11-,5
0.2‘1’%

0 0
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-2 1

20
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Figure A.1:
Partial sum

2.2.3; [(z) =




°S AND SOLUTIONS

571
a. T 1
| 2.1.8; For ’L,L = Ek X M, the difference |z, — ~Tp| = PRV a < (n_ll_l)? o X
!
;

< i—l)f ‘r?-Fﬁ‘ is arbitrarily small for m and large

2.1.4; The funcuons {sinnwz)® , are mutually orthogon

al and hence linearly
i independent,

; 2.1.5; max; |f,(¢) - Sm(t) = £(1 - 2) if m > n, which is not uniformly smalil

; for m and n large. However, fo Ifnlt) — Jn (8))?dt = (‘“T'T’,?; < #ﬂ
2,1.6; (a) Hint: Show that (] = | < Ju — .

2.1.8; [ X(t) =

! 2.1.11; fol (fol f(rc,y)dﬂ:) dy = ~f01 (fol ‘,y)dy) dz = —Z. Fubini’s theorem
; 9
1 18 by = fails to apply becaunse fO (fo | £ (, J)ld&,) dy = fol (fol E’éjTyde) dy =
"\ Z10 f tan™* Ldy does not exist.

i C2.2.1; Withw(z) =1 p(z) = 31 sa? B with w(z) = V=37, p(a) == & (627 +
: 1}, and with wlz) = ijf,p(@) (4 24 1),

2.2.2; Define the relative error er by el =1 — [hf—flljr, where fi(z) is the kth

( 1 -1 ) partial sum, fy(z) = E:;_D Gntn{a). Then
‘ 11 _ .
| (a) H{z) - 2H(z — ) = % om0 51—3—}-1 $in(2n + 1)z, ep = 0.201,

: ) ) : b) 2 —7= -2 Yoy Lsinnz, e5 = 0.332,

3

' z O<a<y
that © 1 or—n m<o<an T3 7% Lok gt 020 + D, ep =
g0 tha

0.G06,
d) @*(2n - a)? = 8% _ 45 el o1 COSNT, e3 = 0.002.
15 n=1n

10 and /10 with € = 7

200.1 —99.8 )
-109.8 100.2

1.
11 0.2 ?
02 ) : .
_';' 00 a6 ,l‘]’[ 16 20
2W 0
= V10 | Fignre A.1: Left: Partial sum f,(z} for Problem 2.9.9 with £ = b; Right:
0 g FPartial sum f, () for Problem 2.2.2b with k = 5.
1
16 i
T!E 2-2.3; f(m) =x(r — w)(a; — 271') =12 E;O:I 'ﬁl'g' sinnz,
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Figure A.2: Left: Partial sum fg(z) for Problem 2.2.2¢c with & = 5; Right:
Partial sum fi(z) for Problem 2.2.2d with &k = 3.

2.2.4; With the additional assumption that the function f(x) to be fit intersects
the straight line at the two points & = x; and & = %3, 21 < 22, we must
have that #3 —2y = J,and zo + @y =1, s0 that e = J /(1) - L F(3),8 =

2£(3) - 2f(}).

2.2.6; {a) You should have a procedure that generates the Legendre polynomi-
als from Problem 1.1.9, or use Maple, which knows about Legendre
polynomiats.

Figure A.3: Left: Legendre polynomials P (), P2z} and P3(z); Right: Legen-
dre polynomials Py(z), Ps(z).

(b) glz) = ax +ba® +ca®, where a = 108 (" — 153x% + 1485) = 3.10346,
b= _21];5 (11-4 — 12572 + 1155) = —4.814388, ¢ = 'S%%(T‘A . 1057].3 F
945) = 1.7269.

(c) glz) = 3.074024% — 4.676347a% +-1.6023232°. A plot of g(x) is barely
distinguishable from sin 7z on the interval —1 < z < 1.

2.2.7; Use integration by parts to show that the Fourier coefficients for the two
representations are exactly thie same for any function which is gufficiently
smooth.

2.2.9; (b) Write ¢pi1 — Anodn = 3 poq Bedr, and evaluate the coeflicients by
taking inner products with ¢;, and using part (), and the fact that [|¢ell =
1. Show that By = —An{e¢n,dn), Cn = An/An—1.
:

; P - ik
2.2.14; Direct substitution and integration yields h(£) = 21 3 pe. o0 Jogre" -

2.2.15; !

i

2.2.16; |
{

2.2.19; ¢

Figure

2.2.24; §




INTS AND SOLUTIONS

2.2.15; Suppose the transforms of f, g, and A are f,:(}, and E, respectively. Use

BT T . 1 N=l omighin kb ota
direct substitution and the fact, that W 2jg €T = 1if kis an
integer multiple of N (including 0), and = 0 otherwise to show that % ;=

fig;.
. © 2.2.16; Rewrite the definition of the discrete Fourier transform as a matrix mul-
7;3_ s 20 . tiplication. Show that the matrix is orthogonal.
: 2.2.19; See Fip, A 4.
12.2¢ with k& = 5 Right: . &
| 04
o f(z) to be fit intersects ’ 02
D@ za, ) < @, Wg must 00
ea= it - {rGo-
; 04
i 8 the Legendre polynomi- | B e S
| ch knows about Legendre * : ooy ? :
: Figure A.4: The wavelet generated by the B-spline Ns(@), for Problem 2.2.19,
i
! ?, 2.2.24; Solve the equation Ag = B where
| & 2 1 0 fo= I
A = I 4 1 ) ,8 = fg — f2
: ' . 0 1 2 fi— 1
. 05 1.0
H ¥ ‘The solution is
j 5 3 1
. and P3(z); Right: Legen- -8 - fo
R AT B N I
F A f2
. 2 = 3.10346
3;5:1W_+§;§1?:2 _ _11)'057r2 +’ 2.2.26; (a) Solve Ao = 5 where
’ ” - 1 N 1
ol
i, A plot of g(w) is barely : Gij = /O wivjde, = Zfi /O i da.
-1<z<1, #=0)
i L0 Use Problem 2.2.23 to evaluate the coeflicients, and find that the ith
ier.coefﬁlc‘le}tllt.s fo;ﬁgl;izntly equation is ov;; 4 4o - Xig1 = 2(fipr — Ji1}, fori £ 0, N,
retion which s s ‘ (b) Solve Aa = 3 where
N
Vﬂ]uate the CoefﬁCientS bf arij — /l ?p{wl_d:l:, ﬁj —— Zf; /1 qb,;ﬂ)j'da:.
), and the fact that ||¢ell = o 7 i o ’
e " ' Use Problem 2,2.23 to evaluaie the coefficients, and find that the {th
=2 Y oo SOREN equation is —e;_q + 8¢y ~ Cbiyq = %(fi..,.l = Ji1), fori# 0, N,
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(c)
(d)

Require oy 4+ do; 4+ vy = %(.ﬂ:u — fie1), fori £ 0, N,

Solve Ae = A where

1
o= [ W@
0

1 N !
B; :/o g(e); (x)de — ;fi/n iz (v)da.

2.2.27; Observe that the equations for aq,...,ay.-1 from Problem 2.2.26a and ¢

are iclentical.

R

3.1.1; Use Leibniz rule to differentiate the expression u('c) = Jn =1 f(y)dy+

f‘ @y — 1) f(y)dy twice with respect to z.

3.2.1; Find a sequence of functions whose L2 norm is uniformly bounded but
whose value at zero is unbounded. There are plenty of examples,

3.2.2;

3.2.3;

3.3.1;

3.3.2;

3.4.1; (a) Eigenfunctions are ¢an(:1:) = sinnrrz for A\, = inE

3.4.2;

The proof is the same for &l bounded linear operatbors; see page 107,

(a)

(b)

(c)

w(x)

provided ) o 2 = For A=

u(x)

The null space is spanned by u = 1 when ) = 2, therefore solutions
exist and are unique if A # 2, and solutions exist (but are not unique)

if A== Emdjl/2 E)dt = 0.
The null gpace is spanned by w = z when ) = 3, therefore solutions

exist and are unique il A # 3, and solutions exist, but are not unique,
A =3 and [ tf(0)dt =0

‘The null space is spanned by ¢(x) = cosjz if A = 1. Therefore,
iLA# 4 L for j =1,--,n, the solution exists and is unique, while if
A= f; for some 7, then & solution exists only if f()zﬂ f(&)cosjadz =0

= f(x) +)\f( pI ; L cos jt cos ja f(t)df = sin e T

2, the least squares solution is u(z) = 3.

cos 2,

= = Pola) + 3:3—2XP1(1) + I,EJ{)\PQ(Q:), provided A# 25 Itis

helpful to observe that 22 -+ x = F Py(x) + Pi(z) + 2Pa(x).

(b)

(b)
(c)

(d} ¢nle) =sin e, Ay = &, where a,
k)

1

fl#) =5 Tn_ o 1)2 sin{2n — 1}nz,

pi{x) =sinz, Ay = I do(z) = cosm, Ay = o,

There are no eigenvalues or eigenfunctions, Remark: The existence

ol eigenfunctions is only guarantecd for self-adjoint operators.
— 2n41

APPENDIX A. SELECTED HINTS AND SOLUTIONS

3.4,3;

3.4.4: 4

3.5.1;

3.6.2; If

3.6.3; Io

s
3.6.4; (a2
3.6.5; Sh
3.7.9; =
3.7.2; (a

(is




ND SOLUTIONS

#0,N.

1 (e)dz,

lem 2.2.20a and ¢
1
y Y@ — 1} fy)dy+

mly bounded but
exariples.

see page 107.

herefore solutions
ut are not unique)

:herefore solutions
ut are not unique,

= % Thetrelore,
is unique, while if
flz)cos jode =0

A_w
g;_-§2 o cos 2z,

s u(w) = &.
d A # 3,
().

%’, Tiis

rlk; The existence
b operators.

RN

At N e AT oo e

3.4.3; A\, = ,
y i A .z is a double elgenvalue with Pala) =

fm n odd. 2" ¥ult) = cos ”glt

dudod; B, y) = Ey, x) "’(_1{).

w(x)
3.5.1; (a) vir) = f (@) + [ e F{)dt = o* when fle) =1,
(b wlw) = flz) + jo Sin(t — ) f(1)edt = cosz when flr) =1
{c) u(;z:._) flz) + jU sin{w — £ f(£3dE = ¢* when Sy =142
852 () ule) = fa)+ 2 [ g

)t = @+ 2(—1—— when f(x) = @, provided

AFEL
() u 'i(«?)_j(?)-!- j) el f(thdi = @ when Sy = "'_
(c) (L)—P()Ht (@) [, exp (= ¥ b{t)a( ()elt) b(y)

A4 gy
(BT EY YT

b} Use that §& 1 o
(b) w(t) _H;p“hu,l[{: 3 “JL“)]:J‘J“(I‘« that » > 2, The exact solution is
r) = = some iterates -
ugia) = ‘9‘; rutes e w() =0, wi{e) = 1, tip{a) = 2

3.6.2; Tf f(2*
2

v)p(y)dy.
3.6.1; (a) Show that |[u ~ Uyl <

) =0, for colvergeilce to T, require M=) < 1lor < Fla) <

3.6.3; Por convergence to ", require if f’ )(}12_1

SI(*) # 0 is always satisfied,
3.6.4; (a) Let wypoqy = D 1p— D= 'R,

| < 1, which if f{a*) = 0, and

3.6.5; Show that 1y () = > o ‘Li:

Ty, o= 1L
2

8.7.1; y = y(x) where a2z = gin~
3.7.2; (a) A straight line.

(I

~—

V=1 =1
v = y(x) where @ U —1- % n(y -+ \/Zj\) provided y > |

Wll {ll Ieans th]f) )I{)b 11 B 5’:3 a” meén ] il c; ¢ 1)
lC -.tlb no )]l &
i o y & lg[ l, SINCE ¢ J Ay

Tl) = 77— 1
W ot
(B) Let y = 1/0%

1f1/c W(p)f{p): then use Abel’s bechnique to show (hat z(e) =
1 0 \feipr_1’
(c) Tlo) = 5—2} In \/ﬁ— ¥ —

1 sinfhy
P)

¥, where y =

I\J,Q"

4.1.]' ({],J ch(l - A
-1 se that Suiz) =
m k) si1 12, S for —1 < p <1, and then observe thalt.
O (a) = (k4 —) sine((k %)1

:L*

is a della sequence.
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4.1.4;

4.1.5;

4.1.6;
4,1.7;

4.1.8;
4,1.9;
4.1.10;

4.1.11;

4,2,1;

4.2.2;

4.2.3;

4.2.4;

4.2.5;

4.2.6; g

APPENDIX A, SELECTED IHIINTS AND SOLUTIONS
Observe that y = j_LDO ip(ir)de is a test function, x(0) = 0, so that x = ¢
for some test fuuction ¢. Hence, (x) = a%;(.cqb(;r)).

u(z) = a1 + e FH (@) + e3dla ) Show that a test function 4 is of the form
= £ (22¢) it and only i [ pde = [ pde = (0) = 0.

w(x) = 6(x) +arm + ca

Set u = xu, 80 that #%v’ = 0, and then u(2) = c;x 4+ cprH(2) (using that
x8{z) = 0).

w(a) = e + caH {x). AL
§(x? — ) = 2la|(§(x — a) + 8(z + a)). 1‘3@‘\

In the sense of distribution, x'(z) = é(z) — (5(1 — 1), since {x'(x)¢(2)) =
~{x(2), ' (@ —*j x(e)d (2 (E.mejﬂ "(@)dz = $(0) — ¢(1).

(a) Ier distributions f and g, define (f % g, ¢) = {g, %), WhOIP ()
() dlz +18)).
(b} §x4 = &{x).

i

glwy) =~z for 0 <z <y, 9(2,y) = gly, 7).
U{x) = n is a solution of the homogeneous problem. There is no Green’s
fenction.

cos aef L —|z-y])

gla,y) = s provided « # 2o,

~(l =)z for0<z<y<gl
glz,y) = \

LV (2-ypr -y for0<Sy<a <l

gz, y) = Iny fov o <y, gy, @) = glz, y).

—£(3y%% 1 2) for 0 <<y
glx,y) g3 -

’: (3z+2x7%%)  forz >y

4.2.7; wlz) = —qp [70 e (€)dE.

4.2.8;

4.2.9; ufz) = fﬂ (z, y) f (y)dy— ,\jn g, y)u(y)dy+a(l—z)1- Pz, where g(x,y) =

The functions sin 2z and cos 2x are elements of the null space of the op-
erator,

a(y --1)1010§L<y£1 glx,y) = g(y, 7).

4.2.10; u(v) = [U gla, ) fdy— Aju z, y)u(y)dy where g(z, y) = 3 (z+1){y— -2)

)‘,01 0 <z <y, and glz,y) = gly, x).

4.2.11; u(z) = j;]]'g(:u,y)f(y)d-y — /\fol glz,y)u(y)dt where g(z,y) = g%;fb‘n(yn -

yIlor 0 < e <y <1 gle,y) =gly,x).

4.2.12, gl
4.2.138; u(,
4'2-141 U.(.!

4'3']—: L.k'z
afl

4.3.2; L%
»(l

4.3.3: L%y

4.3.4; (o
(M)

4.3.6; Thi
4.3.7; Al
4.3.8; (n}
(h)

4.3.9; Reqn
(4.3.10;' Req
4.3.11; Req
4.3.12; Requ
4.4.1; gz,
4.4.2; gl
4.4.3; g(a,y,

14.4; gy
21

4.{1.5; g(-f-'a'lj
4.4.6; gl y

4.4.7; u(z) -




TS AND SOLUTIONS

(0) = 0, so that x = a¢
).

netion 4 is of the form

$(0) =0,

'+ car B (z) (using that

1) since (x'(z)p(x)) =
H(0) — (1),

= (g,1"}, where 9(t}) =

a1, There is no Green's

Jhe null space of the op-

—a)+ Bz, where g(@, y) =

e g(z,) = La+1)y~2)

ere gz, y) = ﬁﬁ’ﬂ(y

4.2.12; gz i) = EIC lar -

\j_o“ -1y~
PlEYS o - Eu(E)de,

4.2.14; u{a) =1 j;;iﬁlll(%)u‘(g)d&
4.3.1; L*'v = " — {a{x)v)
a(l)o(l) =0,e(1) + v (0) - a(0p(0) = 0.
4.3.2; L'y =
p(Lr {1

4.3.3; LMo =" — 40’ — 30 witl ¢0) =0,0'(1) =0

4.3.4; (a) ¢ +{Un mhwly) = (g (€, 2), (¢ ~ u))c = (g* (&), (£ ¥
LEJ (%»- ) (5\ U))E = (5(s — )y (€1 J))E = gle, )l ),

(b) H(?)w )— (08 = (e = (Leg™ (&, ), u(e ) = (g (& @), ()
= w( )[ Gly, @) fla)de,

4.3.6; This follows from Problem 4.1.9.

u(yydy — S5 ety nay,

4.2.13; ulx) = cosw -+ A

4.3.7; M*y = (,"T;; + ATy, with the vector ( ;gi% ) € NH[L, R)).
AL

(a) The operator is fovmally self-adjoint, but not sell-adjoint.

(b) Require w'(0) = w (1) =0, for example,

4,3.8;
4.3.9; Require [U 1) sinzde = a, and ];) Fe)coswde = 3.

4.3,10; Require jn fladde = —3.

4.3.11; Requive fj Jsinmede = [+ wa.

4.3.12; Require f) wjde = o — £,
4415 glayy) = yet L (g-a)t
gley) = (5
4.4,3; gla,y) =

=5 {2 y?) for 0 < o < v Lgley) = gy, ).

2

4.4.2: — 3z~ 5+ 4 - 5= —all(y —a).

+ y{dy

—§1- cos 2m{a — ) T sin 2w (e — ¥ - hr 8in 2n(y - 1),

44.4; glw, ) = 22 cogasin i !~ﬁ sinacosy -1 w St sin y—2H (yy—) sin e cos 4

2H (v — y) COH 21 8in ).
4.4.5: g, y) = .‘;?:1‘;!} — =
4.4.6:

b y?) oy p < vy 0l ) = gly, x).

gla,y) = %]11(Iﬁ RS %ln(l “|"}j)+% for -1 <z <y < Logle, y) = gly,a).

447, u(z) = 5 CO8 2 + (2 - o) % + fer — 1;—(0 4 ’;)

A+ b{x)e, with boundary conditions i)+ ' —

—(pla)r’) 4 gl with (e = AN e, and PO (D) =




APPENDIX A. SELECTED HINTS AND SOLUTIONS

4.4.8; u(e) = ~2zcosz - cos -+ 37 803z ~ S sin, 5.1.9, T
4.4.9; u{z) = 0.
; u(z) 5110, 7

4.5.1; u(w) =232 - ¢ L op + Boay? Y1 7327 cos nz, where 5.1

by = -2 fol(f(:c) + o - 8) cosnrade. 112 g
4.5.2; Use Fourier series on [0, 2x]. 5215 u,
4.5.3; Use Fourier series on [0,1]. 5.2.2; u,
4.5.4; No eigenfunction expansion solution exists, 5.2.3; It -
4.5.5; w(z) = oz 4§ —ar + 3 a, cos(2n - 1), u

where Th

. 8 i1-cos(2n—-1) %

O = T r(En—1)% @n—1)¥7E=1 - mu

4.5.6; u(z) = ~§{Z2" - ) - &2, Solution is exact if a - $=0. |

4.5.7; fiu(a-;) = —cLy(z} + (b + 4e) Ly (%), where Li() = 1 -z, and Lg(z) =

3 (% ~ 42 + 2) are Laguerre polynomials, 5.2.5; Use
4.5.8; Use Hermite polynomials: u(z) = (—fz—f2—qg- deyeu’/2, 3.2.6; i{ =
v e

4.5.9; Figenfunctions are ¢y, (z) = sin Tl+1), = ”1’*2, 50 ap = 0 for n even, ‘
an = =138 for p odd. 527, I' =
cosf

4.5.11; ¢l = cos(phlbry 5

e —4sin? g hr k=12, N - 1.

4.5.12; For A = 472, eigenfunctions ave 1,c08 2me, sin 2n2. For A = 4n2n? with ‘ that |
n > 1, elgenfunctions are cos 2rnz and sin 2rnz, '

5.3.1; (a}
4.5.14; With u(a;) = uy, requive uy_; ~ 2u; -+ Ujpy = h? f;;_*l‘ $i{x) f(z)dz. (b)
5.1.1; (a) (&) =0, BB (8 ]
(b) ¢ —y = —cosm. ‘ (
(€ ¥ —y= e ‘ (b) E
5.1.2; yz) = 5(a? - 32 + 1).
[ R
5.1.4; Find the increase in energy due to rotation and determine how this affects : 5:3.8; o' = {
the moving velocity. Then determine how this affects the fastest path.
Show that the rotational kinetic energy of a rolling bead is 2/5 that of the : 5.3.4; (a) u
its translational kinetic energy. Minimize T = I i%i%}i%da:. (b) u
is
5.1.6; Maximize j'ul y(z}dw subject to fol V314 y2de =1—a-b,y(0) = a,y(l) =
b. : 5.3.5; Using ( !
he are of a ci ulw) = |
5.1.7; The arc of a ciccle, does nc




) HINTS AND SOLUTIONS

1%,

y cosnae, where

walg

tifa+ § =0

Ih(z) = 1 -z, and Ly(z) =

b - dc 5"2/2_
Foa- e

2,2
= 21— 50 a, =  for n even,

'

=1,2,---,N_1‘

,sin 27z, For A = 4x2n? with
2mnx.

1= B [ 95(@) f(w)da.

and determine how this a,ffectS;
# this aflects the fastest pa.th»;
a rolling bead is 2/5 that of the;

@ T{1-4-y'"
1= 0 do

2dz = 1 —a—b, y(0) = a,y(1) :;

5.1.9; The Buler-Lagrange equations are ¥y =z =y,

5.1.10; The Euler-Lagrange equation is gj;k’- —y =0
5.1.12; y(z) = 2sin ke,

5.2.1; uy =0 at 2 = 0,1,

5.2.2; Uy, =0 and Fillamg — ottty =0 at z = 0,1.

5.2.8; If w is the vertical displacement of the string, then 7' = % f; puide +
mug (0, 8) -+ mad (), U = & fi /0 Fug) = Dde + EuP(0,4) + b2, g,
Then, require puy = “E%_i\/%? subject to the boundary conditions
Mty + ku = “_1\/%%3‘ at @ =0, and muy + by = —b—r— at g =,

Vtu2
5.2.4; puy = pug, on 0 < g < % and % <z <1, and muy, = Bug(5,2) w=th

="
B.2.5; Use that T = $ml%6% 4 S0%%6in%6, U = mgl(1 - cos6), 7

5.2.6; H = Lma?4 $F12%4 L kyrt . Hamilton's equations are p = —k@—/@ga

L, where p = mi, g = .

g =

.3 pALe , D o .
5.2.7; T = %mlllé’l + %(3?91 + 25112 COS(BI e 92)9192 -+ 1’.3922), U= mlllg(l -
o8 01) + mag(ly (1 — cos 1) +12(1 — cos ).

5.2.9; Set z =p + Cosp, ¥ == sinp, and then T = mp*(1 ~sinp),U = mgsinp, so
that 25(1 - sinp) — p% cosp — geosp = 0.

5.3.1; (a) u(z) = a(l + e+ La?),
(b) ulz) = a(32 + 1085 4 21,2,

m@(@ﬁ%?$+%%+%ﬁhg%ﬂ=m&umm+mwﬁ+
(b) 3(,?2)5? 3%{%%7}3?5??” s + 2905 <2 4(0,99997 4 1.015¢ +

246 1
a&mw={4ﬁ’?<m<2
gy 5 <<l
834 () u(w)=1-g— s t(l—2)=1— g~ 0.230(1 - 2).
(b) ufz) =1 -z ma(l—z) = I—2—0.227(1 -~ z). The exact solition
is u{z) = — “';‘;’1;’{;)1 )
5.3.5; Using (non-orthogonal) basis functions P1(2) =z, o (a) = 22, gy () = @3,

ule) = a(l+ 8¢, (z) + 11692(%) + 25 dg(x)). The Sobolev inmup product
does not give a useful answer.
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APPENDIX A. SELECTED HINTS AND SOLUTIONS f
: |
5.4.1; Use the functional D{p) = fnl P} (@)da + ap(1)p(1), o > 0, subject
bo II(f} = f[]l wleid® (e)de = 1 and
{a) (D) = (1) =0,
| (b) $(0) =10, 6.2.(
‘ (e} #(0) =0, and & = 0.
| 6.2,7
| Show that Af8) > A\ > Ao, f
: C T m n? 0 . -1 ‘ . 6.2.8
i 5.4.2; Minimize [ {w¢(x) + =% (e))de, subject to fo wé(x)de = 1, with
! B(0) = p{1) = 0, or ¢(0) = 0 with (1) nnspecified. 6.2.9
5.4.3; Minimize D{$) = j;; B"()Ydx subject to fol ¢*(z)dr = 1. Use () = 7
VB0 (1 - 2) Lo find D(¢) =10 > 72, 6.2.10
5.4.4; The fitst eigenvalue is approximated by 10, from Problem 5.4.3, The 6.2.11
second eigenfunction is approximated by ¢a(a) = 840z(x — 1)(2 - %),
and D(py) = 42, The exact values are AL =72, My = 472 6.2.13
g 6.1.1; (o) F(-3) = ~ivBd, f(3) = —\/L, /(5) = — /30, 6.2.14
(b) There arve square root branch points at z = +1 and there is & log-
arithinic branch point ou the negative brauch of the square roct at 6.3.4
13 >
J' Z = 12
. 6.1.2; (e*™)* is ot single valued. 6.3.5;
i 613, {a) z= 5+ 2nm — (2 + v/3). 6.3.6:
! (b) z=(2n4 Dr —iln(vV2+ 1),z = 2nr —iin(v2 - 1).
(¢} No such values exist. 6.3.7,
6.1.4; i = =W for o)l inbeger mg It + " = 72 + 20) + Ty .
6.3.8;
arctanh 1 has no value. ,
: 6.1.6; 1t is not true. For exmuple, consider 2, — LU — , 6.3.9;
: 6.1.7; The two regions are [5| < 1| and [2{ > 1; There are branch points at ) 6.3.11;
w =kl  6.3.12;
. = 1581
6.2.1; f(Z} Az 2721 6.1
6.2.2; [, f2)dz = —2m/TO(15) /3e—in/s, o
. ; ‘ 4.2
6.2.3; The integral is independent of path. Jo 273y = 3223171 = —3(2) %!
6.4.3;

6.2.4; T'ind the real part of f(z) = 22 and uge that J is an analytic function.

6.d.4;
6.2.5; (a) |z —i{ <V, |z—d| > V2, , !
(b) jz—il <2}z —i| > 2. i 64




INTS AND SOLUTIONS

p(1)@%(1}, o = 0, subject

0 fol zp(x)dr = I, with
fied.

| 2(a)de = 1. Use ¢(x) =
Jom Problem 5.4.3. The

) = \/8‘10.‘1,‘(:1‘ — 1)(:{: — %)!
, Ag = dn?

20.

: = +1 and there is a log-
anch of the square root at

(/2 —1).

= —m(% +2n) + Zin

2 _ @dwif2
, 2y = € -‘I.

here are branch points at

i 3 if
g = %ZE/SH_H . #3(2)# &

. f i an analytic funchion.

(c

s <2 s i > 2.

)|

() Iz =i <1l <]z =14 2, )z — ] > /5.

) r—dl<Ll<le—il< V2,Vic|e i< |z~ i > V2.
6.2.6; JM 1/2 A dz =0
6.2.7; I!z!=l/‘2 explz® In(1 + 2)jdz = 0 (There is a branci, point ol z = —1).
6.2.8; JI s|=1 3 08I0 2dz = 0 (There are hranch points at z = 41).
6.2.9; JPI—I ;“Ln’g = rrsmh i

6.2.10; [, 2t qs = g

6.2.11; i _, eot zds = 2mi.

6.2.13; Flink: Usc the transforation z = &P where p = L and apply the Phrag-
mén-Lindelof theoren to g(¢) = f(z) “ ‘

g

6.2.14; The function G(z) = F(2)c*"+9)% gatisfies IGliy)) < A and () <
SUD_ o mene |G{2)]. Apply problem 6.2.13. B

. H—ry
6.3.4; n= . L

6.3.5; ¢4 i) = a — 2(h — q) ~ 2ol a1y

290
6.3.6; (Iy) w(z) = Az%+ (5 =% F, — i, = —8prid, )
() Iy —iFy = prldyA — SA%).
6.8.7; The upper half £ plane.
6.3.8; Flow arcuud a corner with angle = gr. This makes sense only [or 3 < 2
6.3.9; F, —iF, = —25pll%asin? gete,
6.3.11; fiz) = UVa7 4 a2

6.3.12; Show that 42 — L (E*w/% VT eﬁw/ﬂ)‘

643 [0 gl = e
@t phule viec—b?

6.4.2; [ 2eng gy — 2e—lal

6.4.3; fi e Fen T

bty [° s = L2

6.4.5; jl

Ea

m?—l(h;a
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[

582

6.4.6; fom ;}%dﬂ: = %

a

6.4.7; [0, gg:—mdw = onH (ka)e *%.

6.4.8; Consider fo uz_d:,, on the rectangular contour with corners at z = £
and z = &m - iR, and let R —+ oo, Show that j:r atr—gig%mdm =

i (F (g - 1)lna - In(a + 1)

6.4.9; f—o—ooo c?)shmd'ﬂ: = cosi,:‘-"ﬁ’i '

6.4.11; [ i = }—t‘m\/ﬁ - Zg——ﬁ(arcta.nﬁ — ).

6.4.12; ["In(a + beos 0)df = 2 ln(ﬁﬁ/—gzg). Hint: Differentiate the integral
with respect to b, and evaluate the derivative.)

6.4.13; foo Alnot. gy = }2- tanh .

0 sinhnz

6.4.14; [y In(sinz)de = —7in2.

. o0 e:'um o 1+u2
6.4.15, f—«oo coshﬁdm = Feosh B2

. _90__6"‘“’ sinh & 47 — inw
6'4'16’ J"—-oo' Zosh® &~ da"'——'ﬂsinh!ﬁ"—f -

6.4.17; [y lﬂillf'f’:—ldm=ﬁln2.

o0 2
6.4.18; J‘Hoo E—O—:’Tﬁdm = Irf—j"'

6.4.20; Evaluate Jo Ff‘?%j on some contour C that contains all the roots.

6.4.22; The change of yariables p? = 2 cos” 8+ »2 gin? § converts this to an integral

for which complex variab
6.4.23, [0t} etdt = ety ik

. — ami/f
6.4.24; [ 1/2eintdt = LR

6.4.27; [T G%‘%ﬁdz = ek g—mi0/2 gin T2\ pulf 0L - BYH (-1}

le techniques work nicely.

/e b NIl but be careful to apply Jordan's

64-28, Use that “m = o
x e i e =it
=y :w;é—? T/ p e H{p)

lemma correctly. Then, [0 oy 7oap

6.5.4, Examine the expression [y (—%g))—‘f—f—q, make the change of variables @ 2
show that f¥) *

ycos? 8 4 1 gin? @ and then use the beta function to
Mfy f[;” @) __dz. For another way to solve this problem, seé probr

- (y—u)" ™"

lem 7.3.4.

7.1.3;
7.1.4;

7.2.1,

7.2.6;

7.2.7;
7.2.8;

7.2.9;
7-2-10;

7.2.11;




'NTS AND SOLUTIONS

with corners at 2 = +n

x meinm —
hat f—w af —2acos #+1 dz

. Differentiate the integral
! |
§

ontains all the roots.

2 § converts this to an integral |

nicely.

(1~ B H(-).

wpf

VA —infd
= e
373

e the change of variables &
function to show that fl

o=y

0

~FE
=F

;; o solve this problem, see Prob

it be careful to apply Jordan’Sfé

6.5.5; (a) W(J,,Y,) = 2.
(b) W{Jy, HV) = 20,

(o) Wi, 1) =

i
z

—4i
my'

6.5.6; (b) Y.(z2) = _%&;#14, higher order terms.
8.5.8; Use that 3 °° _ J, (z)}t" = elt-1/8)2/2,
. (e an 1l 9. _rl — n
8.5.18; 2onso 8™ [y PRt = [} ¢%(z,5)dz = ~ L In(152) = DDl
) so1_ [alpsi L{IT(;
6.5.23; Period = ,/2LB(2 1) = %l—(r%—ggi}il
7.1.2; (a) A with [A] < 1 is residual spectrum, with 1Al = 1 is continuons
spectrum, and with [A| > 1 is resolvent spectrum.

{(b) Nf}tice that Ly = L. Then, A with |A| < 1 is residual spectrum,
with |A| = 1 is continuous spectrum, and with IAl > 1 is resolvent
spectrum.

(c) Ap= ;1; for _positive integers n are point spectrum, there is no residual
spectrum since Lj is self adjoint, and X # % is resolvent specirum
A =1 is continuous spectrum. ,

7.1.3; Use im;_)roper eigenfunctions to show (L4 —A)~! is unbounded. Show that
{#n} with =, = sinné is an improper eigenfunction.
7.1.4; Show that ¢(z) = sinuz is an eigenfunction for all {. Notice that the
operator is no} self-adjoint. '
T2 (a) 8z - £) =237 sin(22=1yg) sin(28=L1yg).
(b} 6(z — &) = 2 [ cos ke cos k¢dk.
(¢) 8z —¢) =2 [P sink{z + ¢) sink(¢ + ¢)dk where tan ¢ = k
7.2.8; (a) 2.
(b) =5
() /Fedr,
T2.7 H(p+m) — H{p — ).
7.2.8;

7.2.9; Use the convolution t
1200 [ F(&)F (- &)de.

7-2-11;

(8) B By, = % which is optimal.

Gl O ffiﬁ(i#F(H))emi"mdﬁ = [ e* 9 f!(s)ds.

heorem to find u(z) = f(z) - %ch’m Ft)e8le—tlgy




(b) EeBy =%

%— = (.274.
{c) B b, = %

7.2.12 (a) [% e Jy(ax)de = o 02” (f_oom gie(utasin g)da;) de
= [2"§(1+ asin§)df = “;\/%7 if Jul < Ja| and = 0 otherwise.
(b) Take the inverse Fourier transform of the answer to part (a).

7.2.15; Show that Ne(l) = 17120, Ng(2) = 13/60, and Ng(3) = 11/20. Then
By(z) = 1202 + 0 z+11+ﬁlﬂi+w

7.3.2; (a) s7(@tU (g +1).
{b) Efi’; provided Re s > a.

7.3.3; w(z) = [ f(w)K(x — y)dy where K = LY

TFL(EE )
7.3.4; (1) '= g ¢ fLoaipgy gy
7.3.6; (a) M[H(z)— H(z—1)]= L.

(b) M[{l + w)_l} = sinnnﬂ'

(c) Me™®] = I(s)

() M = 1711_9

(e) MIe] = i°T(s).

(£} Micosz] = § cosnsl'(s).

7.8.7; F(u) = 7 f(r)sin prdr, r f(r) 2 % F(u) sin prdy.
7.3.8; (a) Show that [° Jo(2)dw = 1, and then G(p ) =

(b) G(p) = i—sm ap.

(¢) G(p) = shub™* !

7.4.2; Let u, = 2.3 Gnjf5 where gnj = 0,n < j, Gnj = +2L—( 3 3™ where
P A+ 1= 0,

_ cosz,x > 0 _ sinz,z >0
7515 w(e) = { cosha,z <0’ uz{z) = { sinhz,r <0

7.5.3; (a) Eigenvalues are A = —u? where tanh p = —akn s >0

(b) A% == A— p where tan g/A = = k= which has positive solutions
it and only if Aa? > Z°

(d) e =1+ Ma—l‘-ﬂ)ﬁ-aﬁ(e"zmq_n, Cly = -gliba 20k ﬁaql H{ziaktfo),
' +G-+F2p)
A* = —p where tanh ap = A(injf. ﬁiu;

APPENDIX A. SELECTED HINTS AND SOLUTIONS

7.5.5; {a
(b
7.5.6;, R =
7.5.7; The
fe

stat

7.5.12: R =
(tan

7.5.13; Use
Thes

at k

8.1.2; (a)
(b)

t

{

t

¢

8.1.3; (a) I
(b) 1

&

J
8.1.4; u(r,6)
8.1.5;, Gz, 2

8.1.6; u(r,0)
J;szg(é

8'1'8; u(a:, '!,J)




TS AND SOLUTIONS

da) do
and = 0 otherwise.

swer to part (a).

Ng(3) = 11/20. Then

e,

o~

2%T(Nn—-j _ MJ‘"”) where

3
0

T ke > 0
ich has positive solutions

gzmaf%ﬂk—ﬂar; pdek-HB2)

7.5.5; (a) R; = Rpe2ik¢,
(b) Rg) — Rfl)e—ziktﬁ_

. = —e?ikia ko cos kyatiky sin ke W
7'5'6’ k= k3 cos kpa-ik, sin ksa where ki = Pl

7.5.7; The general solution is u(w) = e (12 41 4 diktanhz — 3tanh® ) 4

Be (k% 1 1 - Biktanhz — 3tanh®z). 7., (k) = % The bound
states are ¢ (x) = tanh 2 sechz for k = % and ¢o(z) = sech® for k = %,

7.5.12; R = —ehm“g—t% There is one bound state having ¢(z) =
(tanha — tanh g)etsnha(e=a) 44 1 tanha if o < Q.

. — 2k%41 _
7.5.13; Use (7.37) to show that ¢, = “_(*;j, €12 = G2t = gyipeys Con = — '(LH)'
'a:/\/_
‘Fhere is a bound state having é(z) = ¢ T <0
§ 9lo) { "m/vr(1+vrtanllm) z>0
at k= ﬁ
. nh g sinh nn{o—a)
8.1.2; (a) Vn(m) = an::nll: G +b %IH“_—:-EH_’ where Oy == — 2 fO sin —_Eg(y)[h’

bn = § [y sin mf( )dy.

(b) Unly) = “52Lale) oy ST T [ sinh(2 (-
W)F(£)d¢, where P n(€) = BE(f(£) ~ (- 1)"‘_9({)) In the special
case f(u) = y(b—y), g(y) = JZ(I} =0 an = (14 2(-1)m),
by == W(l (—1)"). The first representation converges much faster
than the second and gives a good representation of the solution with

only a few terms.
8.1.3; (a) Require [*° 20 J oo TPt + ey )dudt = 0 for all test functions ¢(x, £).

(b) If u = (ac - ct), make the change of variables E=z+ct,yp=z— ct
to find [ oo J e T Pe + chy)dudt = [ [0 F€)bndedn = 0 since

S0 @udn = 0.
8.1.4; u(r,8) = 3rsing — 78 gin 34,
8.1.5; Glz,z) = %——ln]zzo s
8.1.6; u(r,8) = Yoo an!—n—“ﬂm—_—e ; where a, = ;L 02”9(6)6“"‘”%6. Require
S g(8)d8 = 0.
eh nna o ar{g—a -
8.1.8; u(z, y) =3 ﬂji‘nh%g& + by, 2 ::]h%ﬁ ) cos 228 where

an = = 5 (120(=1)™ — 60n2#? 4 nint + 600),

b = 227 (120 + 600(-- 1™ - 80nPn2(~1)" 4. pigd),




APPENDIX A, SELECTED HINTS AND SOLUTIONS

' 8.1.9; Gla,y€.n) = E:O—L prom. '3111%—“‘-’53111 ——167?,"1" 3 8-1.29; B
B.1.10; {a) Gla.y, 25, 90) = ﬁii;f_fom exp(—ik(z — mw)f&i‘%&@%?‘l’ifﬂdk for f;lg‘

¥ > yo. {Use the Fourier transform in a.)

(b} Using Fourier series in y, G(x,y, X0, Yo) = Py ok aa- exp(— Ayl — 8.2.1; Re
@) sin Ay sin A,y where A, = 2—"%%

; - _ 8.2.2; py
81115 u(r6) = 5500 piliman(Z)" — (2)7€™? — b, ()" — (L6t where 8.2.4: ¢

= ik Jo T 9(0)d8, by = 2= [T F(B)d6. T

i 8.1.12; If f{(8) = E:’f_u o coa‘n(f) = ¢n)s then ufr,0) = 372 a,,(%)" cos n(f — 8.2.7; Wit

| ) = s o7 SO0+ L% (29 [27 1) cosn(0 — ¢)dp. This infinite -

| =1 8-2.8, M(E

: suu can bc sumnmed by converting the cosine to complex exponentials and

using geolnstric series. (a.)

E; 8.1,13; u(r,§) = ;ﬁ I Flp) ‘-"J‘b—':ﬁl{ia“ sin(pIn f)du, where (b)

j Flu) = [~ f(Re™t)sin uide. (<)

8.1.14; u(r,0) = 300 an (5) = sin 2 where a,, = 2 3 f(0)sin 210 g, (d)

i 8.1.16; Hint: Bvaluate 3732, rf cosj¢b using Euler’s formula cos jé = L(e#d o 8.2.9; For ;

i e~%) and geometric series. and ;

' 8.1.17; Using Mellin transforms, 8.9.10: F

w(r, @) = -21? fnm e_““'”' Tt mj]‘kn (C"U") sinh k0 ~ kF'(k) cosh k(0 — 7)) dk ke fOI‘ €

. nr , ik lnr g. or a

WhelBF e fO . Cmi dr Gf ‘}‘0 _N? zk.h T dp. e |

E: 8.1.18; u(rd) = 300 %ei”ﬂ, where a, = 5 C;‘ZW e~ F(0)df, and 1,(z) is sm

ig the modified Bessel function of first kind.

8.2.12; G(r)
8.1.20; u= 'ag__}'_'gf(af - GH([))

8.2.13,‘ Const

8.1.21; u(-r‘, 9) = Z;):;ﬁoo a’na}lﬂf[!r!»! 7|”|g“"“9’ where a,, = 51%. G (9)6‘1’”’9 10, ‘ ﬂllen_/\‘ [
—-pt i

8.1.22; —u(§) = [on- VeG(x, 3 (x)dVx — fyom VeG(x, E)v(x)dSx, where vr ;
- L 8.3 gt |

8.1.24; Eigenfunctions are ¢nm(z,y) = sin BEE gin 25V with eigenvalues Ap =

2 2

8.3.3; Gz, t;

8.1.25; Figenfunctions are J, (p. Lisinnd for n > 0. Thus, eigenvalues are the 8.3.4; Glx,t)

same as for the full circle, with n = 0 exchuded.

; . a o . . 8'3'5; G(Tlt) |
8.1.26; Elgeuﬁmctlom are Game = Jn(link R) e gin T with eigenvalues A =

( ak m Y ‘ 8.3.7; T(w,t)

8.1.27; Eigenfunctions are ¢, (¢, ) = P2 (cos0)sinng (or cos ng) with Aym =
1 N
rm{m -+ 1).

8.3.8; ®=Int

i




AND SOLUTIONS

I k{yo—a) sinh ky dk for

a cosh ka

1 N
leaA—nexP( Anl

)'n — (Q)”'ei"Lg, where
po

52 g an(2)" conn(l

— ¢)de. This infinite
slex exponentials and

S f(8) sin ﬁgﬁde,

la cosj¢ = (e +

k) cosh k(6 — o)) dk
Rlur dT-

~in0 §(9)dg, and I,(z)

f[}l’ﬂ' g(e)eﬁ'iﬂﬂdgl

H(x, &£)v(x)dSx, where
ith eigenvalues Anm =

@ the
us, eigenvalues are th

with eigenvalues A =

or cosng) with Apm =

587

8.1.29; Eigenfunctions are w(r,8,¢) =
eigenvalues )\, = (#2232 where J
that 1 = Ty ph1y = 4,493, pigy = 5.763, gy = 2, 13y = 6,988, ete.

8.2.1; Require A'(a) ah(z) = f'(z) + af{z).

8.2.2) py + (M 4 ATy = (A A7)

8.2.4; G == %H(t—-?‘-—

yo +Czp:u:c'
=&+ LH(E -7 — o 4 ¢)).

B.2.7, With appropriately scaled space and time variables, Q-?? - %;-?

5 = 8in ¢,

gl ) e K00 i enmt X by o
8.2.8; u(x,t) = 2o (@ sin s “F) sin 212 where

L .
(a) b, = ,—{2?,?2' Sin %Ea Gn = 0,

— 2L - onx .
(L) a, = AT Sin Bt by =,

(c) &, = 5292, sin = an, =0,
(d) a, = — 28 (cos &~ cos B5), b, = 0.

8.2.9; For a rectangle with sides q and by w= 2 = 1, /1

i = 5 Eg-l-p:- SGtA=ab
and find that the minimum is af ¢ = VA,

8.2.10; For a square of side L, the fundamental eigenvalue is ) = V2Z whereas
for a circle of radius R the fundamental eigenvalue js ) = 240182

. Take
R
mR? = I? and use that 2 = ) The fundamental frequency for the circle
is gmaller than for the square, Afire - 0.959A79are,

8.2.12; Q(r) = —&I-H(gl){r) is outgoing as 7 -+ .
8.2.13; Construct the Green's function from Hél)(/\lr = &) with A = %, and
then the solution is broportional to (up to a scalar constant) (7, 0) =

A ixrsin{hasing .
L —l’\m?—l for large ».

oAV 18ty v
881 0% = 4 G - £

8.3.3; Gz, ¢, 7) = 2502 (1— e‘”n”z“"')) cosnwa cos naré, for ¢ > 7,

a2
8.3.4; G(x,1) = Eﬁe“ﬂ“—‘”.

8.3.5; G(r,1) = (dmt)=/2e=r* /1 Ghore p = |z

—a . ﬁanz 3
8.3.7; T2, i) = Ty + am + (1 - To)2.- f=° “orrdn, where g = %.

8.3.8; z = In2 20 = 0.8, ¢ = 182 = 3.47 x 108 = 4p days.

ﬁ Snt1/2 (b %) En(cos 6) cosngy with
m-f"I/Z(Nmk) = 0 for m > n. Note




8.3.9;

8.3.10;

8.3.11;

8.3.12

8.3.13;

8.3.14;

8.4.1;

8.4.2;
8.4.5;

8.4.6;
8.4.7;
8.4.8;
9.1.3;
9.2,2;

APPENDIX A. SELECTED HINTS AND SOLUTIONS

t = ‘”32 +5r In 4% = 5.5 hours. At this time the temperature at the bottom
of the cup is 1169 ¥, This seems like a long time. What might be wrong
with the model?

{a) Require u, = D;V%u on regions i = 1,2 subject to the conditions
that u and n - k;Vu be continuous at the interface.

(b) In a spherical domain, eigenfunctions are

—sm A O<r<y
_ /D1 P
olr) = Lsin *—L’"—;l, rp <r <R

"The temperal behavior i3 qﬁ(?')e““% and the values y must satisfy the

transcendental equation hv%T tan ﬁ\/’%f = - % tan ﬂﬂ\/%—:ﬂ.
(c) p? = 6.6 x 1074/s.

Solve the transcendental equation ﬁe Bo—at - = § for t. The velocnty is
h

x,
Propagation occurs provided h*9 < f (}) = 0.076, where

Fly) = (dmy)™32e~1/%W. The propagation velocity is v where HESE

h8, and the minimal velocity is 12,

it (1 + dw 4 day)etllra) (1 4 gy — jary)eiete—b)

u(,t) = (1 +iw +tayeiol — (1 44w — fay)e—tal  ?

where o® = 1 + 4w,
plz,t) = €' P(z), where P(z) = exp(—n(w)z), 7% (w) = s

up(t) = exp(—(@%ﬂﬂ)z)sin(%ﬂ). If we qet n= f”'-}, and h = 4,

have in the limit & — oo, u(z,t) = exp(— )sm(2”) which is the
correct solution of the contmuous heat equatlon with periodic initial data.
un(t) = Jp(~1

'U.n(t) = Jgn(%)

k(w) = cos™ {1 — WZ—"?)

WeC

For stability, require —2 < §tA < 0, for all eigenvalues A of A.
For stability, require that all eigenvalues of A be negative.
q(z) = —2H{2)sech’x. (See Problem 7.5.13.)

(a) d% =3 n(f’%kl aZ}.

N

{b;
9,2.3: Gt

9.3.2; The
%AQ

0.3.3: Use
(9.12

9.3.4; One
s R h.
9.3.5; ((—“u
9.4.3; Verif
0.4.4, (a) .

(h) 1

1

{c) ¢

D450 a, 11,

9.4.6; With |
to sher

9'4'7; S@t b,
emergc

9.4.8; Chops

10.2.1; E,(z) -

10.2.2; fol((‘,o.s:

10,2,8; [l ity

10.2.4; (*()
Q) co
Q) =

10.3.1; &y () =
10.3.2; 7 <o

16.3,5, fui @ty




TS AND SOLUTIONS

erature at the bottom
What might be wrong

bject to the conditions
wface.

r<rp
r< R

alues ¢ must satisfy the
p{R—r )
%E' tan ——‘L\/E

: § for t. The velocity is

where

ity is v where f(h’”) =

i - EOI’}’)PI‘Q g—L)

w — oy e ek

]

2(“") = k-}fi%,uw '

: 1
;:%,aﬂdh:p“’e
)sin(2%2), which is the

7ith periodic initial data.

alues A of A.

negative.

10,2.2; fDL (cosat 4 t¥)ef gt = (=1 L 2 2iypiv 24

10.2.3; [ ity 1/2g =

10.3.1; 72 {x

tu,
(1) i

e A T
9.2.3: g = sinhg.

9.3.2; The bound state Lag o= -—51 There s a singlo soliton wit]; amplitude

2 — _ |2
$4% and speed ¢ = dp? = 42

9.3.3; Use that r(a) = Ge=*+8 4. [na—2r+6ls and find a solution of the form

I3
(9.18) with & = & — d1, 1 =2r — 32¢,
9.3.4; One soliton will emerge,

r. dey A . dig
9.3.5; =0 3601 TRt =0,

9.4.3; Verify (9.20) and (9.21).

9ddi (o) o= 2 ¥ fml o R= L
L{dad—1){nZa? 1y 27 (LG —dad41)—d o
(b} o = #‘E%Uj—g(?"ig ! CH = i - mgufzgl—h}n) a“, Tlhere are two

roots of Gz} =0 at 22 = —TLJ-”J;‘—

L6efy—lag -1

22 2742851
I

(C) = — z,_.a__l),ﬁ“

9.4.5; '.qn]']:?!. = -“_(25.).(,3 B i)

9.4.6; With g5 > 0, sat Qg = *f‘ Tl = —(""”/2, and then use Iroblem 9.4.4b
Lo show that two sohrous moving in opposite directions enierge,

8.4.7; Set h =

oIeErgey,

—‘% # 0 and then use Problem 9.4-de to show that one soliton

2.4.8; Choose spring constants ky, with k2 = 1+ sinh® wsech2nw.

]0.2.]_; Eﬂ‘(;]; ).!, ffnJrL)I

LRl

)= fy Lo~
_7_(] + Gi.r:) ZE{_}—_D(?)ZA

i€

“"i 1/2(” !
= \/“ e TR () L)

nitfj/zdt

10.2.4; Oz) = k\@ Plz)cos7? 4+ Q) sin 22, Sa) = 5/ — Pla)sinx? —

C{z) cosa®, where P {r) =

R

JE— kA
27" ) ol AT

. Lo et 00 Sk I
10.3.2; _10’“ it = Lk:n(—u*:fmrf-

10-3 9] f (4“"‘"]’*]/’)(” — \/;j — ey

£rk=0 ;mm/z iy




590 APPENDIX A. SELECTED HINTS AND SOLUTIONS
| 10.3.6; [° ettt = /2ryev (1 -~ iy 57%.355 +--4), where y = %1, 111,
| 10.3.7; [, t*sin? mtdt = 25— 1267 4 (50 — gx2) Iy 4 ..., 11.1.
(—1)*
10.3.8; [ et 1118 cog tt == DI 21), %’,‘e—i}}g} 11.1,
10.3.11; " ) kinh = g [ gnlin(1+a)-z) it e
8.1 (a) Yo PR =nfe dx ~ /5" for large n.
0) Sio ()8 = 7 e+ daras o (e (2 B "
i 10.8.18; [ et ntdt = vEne® e Ina(sly — pilys + ). 11.1.¢
i 11.1,11
' 10.3.16; ( 11000 ) ~1.82 x 1013,
: 11.1.12
; 10.4.1; [, :('1;2” 2 = 2mwie~3k/4 _ 34—k Z;’i = 4)Jﬂk%}7/§l 11.2.1
| 10.4.3; I(z) = [ expliz(t-+ */3))dt = /Te~20/3(1 — 2 4 385 4 0(z-%)),
‘ 10.4.4; Jo(2) = /2 cos(s — B8 — T) — 4=l [ 2 gin(z - 0% _ Ty 4 O(25/2),
10.4.5; pop = (2n+ 4k —1)F - L1220 4 O(h),
| - [ cos{mtP)dt = L(L)i/eT Ly _ e
| 10.4.6; [, cos{wt?)dt = ;(1)!/PT1) — e, 11,23
| 10.4.7; f;ﬂ (1- E)1/2 cos(x cosB)dB
i q.
= Re { (/55 - g (g + ivE) + )} ~Fba +- B E A
} -
. 10.4.8; If & > 0, the change of variables s = /zt converts this to 2/zI(z%/?), _
i where I(2) is defined in Problem 10.4.3. If 2 < 0, [° cos(sw + s*/B)ds ~  1L.3.1;

o cos( + ). 1132

10.4.9; Use the answer to Problem 10.4.8 to show that the kth zero of the Airy
function is at @y ~ ${—4k + 1)n.

10.4.10; (a) [ %—Eﬁ;dn ~ /T =+ ), for large a. i 11.8.3; |
10.5.1; f) f{z)ee@dz = flo)T($)(M5ed)»3eikale), 1L
10.5.4; Set u(z, ) = e~/ 2w(x, t) so that wy = Wee + *—;w. 11.3.5; 4
11.1.1; @, = ~0.010101, 255 = —0.49495 = 0.863151. )
1 11,1.2; 2, = 0.98979, Since @ = 0 is a double root of z3 — z? = 0, the implicit 11.3.6; 1

function theorem does not apply for roots near = 0. a
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3 AND SOLUTIONS

y=e

/? for large n.

1 2
Jre~mtd (T)—\—i)\/%'

).

.
2l + 0™

-5 - )+ 0.

ts this to Lzl
i cos(sw 4 5° [3)ds ~

he kth zero of the Airy

ge a.

3 . g? = 0, the implicit
=1{.

11185 @ = 1 - e+ 86% — 1265 + O(e), wyg = 4.4 — 3 die+ L 1 O,

11.1.4;
11.1.5;

11.1.6;

11.1.8;
11.1.9;

11.1.11;

11.1.12;

11.2.1;

11.2.2;

11.2.3;

11.3.1;
11.8.2;

11.8.3;

11.3.4;

11.3.5;

11.3.6;

. 2 I3
¢+ =Ulz - L)+ ieal(2)* + O(e2).
¢+t = 2+ ieet® + O(e?).
u(z,y) = a(l—«y)+by+e(a+(b—a)y)-‘ﬁsi —ev(2, 1)+ O(e?), where V29 = 0
and vy(0,y) = 0,05(Ly) = a/2+ (b~ a)y/2,v(,0) = %27, (s, 1) = k2",
Use separation of variables to find v,
w(r,0) = rcosf + e(5(1 - 1) -+ L (12 — r%) cos 26) + O(e?).
u(r,d) = rcost — fer?sin 26 + O(e?).
8/v=k*/24 etk /4 4 O(c5).

i o 2wk sinh? 25142522
For & channel of width 2/, s = ¢ % sinhT okl —akET T

{a) Eigenvalues are 1,2, 3, independent of ¢. Eigenvectors are (—2,0,1-
6)Ta (0,1, O)T: and (0,0, 1)T'

(b) The eigenvalue A = 1 has algebraic multiplicity 2, but gedometric mui-
tiplicity 1, so the “standard” perturbation method fails. The eigen-
values are A = /e — e = 1 £ (e1/2 36977~ Leb/2 L O(e7/2)), with
corresponding elgenvectors (1, 73)? where 7, = +, /i = (M2 +
1/26%7% 4 3186572 4 O(¢7/2Y),

y(x) =sinng + 35 (~z sinng — mnz cos ne + na? cos nz), A =n®—el +

Oe?).

(b) For z; sufficiently large (since f(=) has compact support), ~ Mo+
ekt .U]r(m)’ﬁ'ﬂ(m)dm
2 (z)ds

Steady solutions are at ¢ = 0 and at cos§ = 1t provided 02 > L

y(z) = esinnore

™ 212 . ; —
+62L cos naa) :zzmcosmrw _62{3:12 — 1) sinnry +2¢28H0ATE N cos nrp

3n? 33 cos nw ’
A=nlr? 4 5%;(1 —cosnm) + O(eﬁr).

3 [} [} * 2
Bifurcation points occur at solutions of L:£(1 — 74} =n’n? and there are
. * r » ] 2
a finite number of such solutions. The nth solution exists if %IA > nln?,

u(z, y) = esinnawsin 27 + O(e?), A = —(n? + imhr? — o+ O(e).

W= e+ Oe?), A= N — 63614‘{'%:;%3 if ag # 0 whereas u = e¢ -+ O(c"),
6

A :AO-E%E% if ay =0, as £ 0.

The exact solution is ¢ = 1 + da where a = (1 + Aa)?. A plot of the
amplitude & as a function of A is shown in Iig. A5,




|
E.
!.
E.
|
1

Figure A.5: Plot of ¢ as a function of X for Problem 11.3.6.

11.3.7; {a) u(z) = Ao(x), where A satisfies the quadratic equation
1
A fy oA yydy — 4+ %fol a{y)dy = 0.
(b} u(z) = Aa(z), where 1 = X sin(4) j'c,l a?(y)dy.

3.0+ —

.5 i

U

5
\-\__M o.s—j
— I—————
0= i i 7 T T 1 00 T T 1 T T
00 02 04 0B g 1o 4z 14 s 5 - 2 K F] 4 8

Figure A.6: Left: Plot of 4 &g a function of A for Problern 11.3.7a with a(z) =
sin(z); Right: Plot of A as a Function of A for Problem 11,3.7 with afz) = sin(a).

11.3.9; u(z) = exp{Acosz), where A = AfT ety cosydy,

11.3.10; Solve the system of equations v/ +n?1%y = e(¢+v)? — s~ v, fol vepdr =
0, i = 2¢ foj (¢ + v)?ddz, where ¢ = sin nrz,
11.4.3; (a) o =1 — &6+ 0(?), u(t) = sin(t) + Lecostsint + O(e?), or a =
L 5% 4+ O(), ult) = cos(t) -+ %e(cosg t—2) + Oe?).
(b) The two curves are a =4 — e - 364 4+ O(cb), and @ = 4 — e+
gt + 0

11.4.5; Set u = Ae™’ and find that A% (A% + 1 — w?)? + a’w?) = 1 FZ

— i
11.4.8; Set U/ = a(w)uy(z) and show that for az) to be bounded, it must be that
T2 glz)uh{a)dr = 0.
11.4.7; (a) Use the implicit function theorem to show that w = — 1oz coswi +
O(e*).

(b) Require a = $(¢) = ¥sech “E sin ¢,

W
12.1.1

12.1.2; 4
|

2
12.1.3; T
al

12.1.4; |

12.1.5; 1
1
A,
12.1.6; T
A

1207 {a

1)

12.1.8; Let
d)T =

12.1.0: Wit
O(EH

heoha

Ile(_fﬂ.

2-1.11; Tlhe
sohit

the I




'S AND SOLUTIONS

sblem 11.3.6.

. equation

o

m 11.3.7a with a(z) =
3.7 with a(z) = sin{z).

1y.

)2 pp— v, fol vds =

stgint + O(e?), or a =
2) + O(c?).
(%), and @ = 4~ g5€” +

1
..I_azwg) = :‘IF .

ounded, it must be that

+
hat u = — gz coswh

|
1

503
11.4.8; Require o = @(g) = S cos(),

11.5.1; There are Lwo Hopf bifurcation points, at A = % -+ \T"/.E

11.5.3; Steady state solutions Wave s — A= (A a1 — AV A Hopf bifurealion
oceurs al A = %(u + 1),
11.5.4; Suppose vy satisfes ATy =0, aud ¥ satislies Ay = —iAw). Then a
small periodic solution bakes the form o = ¢(ag, + bty o heiAG )
O(e?) provided 262(Q(p1. 4)), o) -+ a( By, Yo} + a* Qg dy), yo) = 0,
where 2a{Q{¢q, 1), ) = —{ By, ).

12005 ulte) = all+ $) cos((1 ~ £1 - ¢) 4 Ofe*).

12.0.20 u{t) = Alet) sin((1 + 2w )t) + eB{et) cos((1 + 2w )t) -+ O

. (e?) where Ay =
$A( = 44%), B, = L - 4 A -y

A2, and wy = *Tlri

12.1.3; The solution is w(t) = eA{r)sin(t) + (>

) where A4, = g Am(r) ~ LAz,
atel jo = €%y, = ¢f,

4

12.1.4; (a) The Landan ecuation is 4, = »—é—’/l”, with solution A(r) = 75—%%
0 <]

- - . al 12(7) = A, .
where fl((]) = AU, so Lhat l.’-([) = m hlll"\i + (;‘J(]} -+ O(()

(b) The Landan equation is A, =

f%},’.z, with solution Alr) = 8ndy
where A(0) = A,.

dA0T 31

12.1.5; Take g =1 -+ €%ay, take the slow time to be r = ¢2¢

and then the solilion
i ult) = A(r)sin(t + A7)+ Ole) where ¢, = $ay ~ &+ % cos? ),
Ar = &sin ¢hcos o,

12.1.8; The icading order solution i u(t) = A(r)sin(t + (7)) where 1 = e and
Ar = A% cos(), by = & A sin g,

12.1.7; (a) The Landau equation is A, = ﬁgflg cos(7), with sohition A{r) =
-——z"h)—::, where A{() == Ang. This solution exists for all thue

VaAd sin oA

provided A2 < %

(1) The Landau eeuation is Ay = —3 A% (7).
12.1.8; Let 7 = ¢ and then u(t) = A{rysin{t + P(r)) where A, = L4, and
142
(:/)T — EA .

12.1.9; With v = Bcos &, then {{rom higher order averaging) i, = —~%R3 — 5t
O(e3). The solution is B2(t) = 16eR2e="t(16e + 3R — =™ =1 e
behavior predicted by the leading order eqitation I, = — %,FRS

is incorroct,,
because it predicts algehr

aic rather thay exponential, decay.
2111, The exact solution is u{w) = wly( ey o DID(A ey, The approximato

solution is (sef ¢ = G and employ adiabatic invarianee, or approximate
the Bessel functions for lnrge argmiients) is ) ~ e /2

sin(:—‘lr".”” + ).




APPENDIX A. SELECTED HINTS AND SOLUTIONS

12.1.12; Write the equation (12.16) as the system te = (L), vy = f(x, £}, and

then make the exact change of variables 1 = Up + eW{2)z, v = 2 4 €2,

where % =r(g)~T,and Z = Iy fly, cr)dcrwafol fly,o)de, with o = £

12.1.13; Set v = z + eh($)u where B/ = 5 — g, and then % =z + eh(t)u, &
—gu — eh{4)z - 2h(L) .

& = 12.3.8; 4

12.3.11;
12.3.15; In dimensionless time, r. has units of length™2. A good dimensionless (
h

parameter ig e = 7 T =T+ rm/h. The function W is a piecewise linear (
“sawtooth” function with slope -

—Tm_
el

12.1.16; Write the equation as the system o' = v,2' = ¢ (L+ ¢’ (4’ + eav.
‘Then the transformation v = z + egf{ %) transforms this into a system
to which Melnikov’s method can be applied. The requirement is that
a [7 UR(t)dt = JZo, d (ERDYURMUL (D dt, where Us(t) = v/2sech ¢.

12.2.2; The device is a hysteretic switch. There are two stable steady outputs,
Vg = VR, if V<VR, and vy = v v > VR .

Vg for v > Avgy ;
: 12.2.3; (a) i = -"%:7‘1 where 1y = x for Avp. < v < Avgy |, where 4 = ;

UR-. for v < Avg_ :
; Ay |
; Ry+-Ry

(b) The current in the left branch of the circuit satisfies CRyR
Hgin = v ~ vy, thus the efective inductance is L =CR,R,.

12.2.5; u(t) = k5 + et + O(e).
A
1+4

dig
e g

i
12.2.6; u(t) = r35 + 0(e), v(t) = g3 + e + 0(¢).

12.3.2; To lcading order in ¢, u(t) = —In{4) -~ ln(z)e“t,’zcua(% sinfg% +

3t |
cos fgﬁ)

12.8.3; u(t) = —tan™1(}) + £1/3 exp(535) (% sin(;ﬁ@%) - cos(gef”a))
. YL
b 462/52808 exp( 24D

12.3.4; For all 8 there is a solution with u{z) ~ —1+ a boundary layer correction
at ¢ = 1. For 3 > 0.2753 {the real root of 32% + 1222 + 11— 4 — 0), there
is a solntion with u(z) ~ 2+ a boundary layer correction at =z = 1.

12.3.5; The solutions are u(z) = a7 — tanh(F51) + O(c) and u(z) = =L
: tanh(%5"™) -+ O(e) with my and 5, appropriately chosen.
i 12.3.6; The two solutions are u(z) = ﬁ—;;}- + 2e7%/¢ 1 O(e), and u(z) = o

Zemsle 4 Of).

12.3.7; (a) u(z) = ;%5 —tanh(& - tanh"l(:%)).
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TS AND SOLUTIONS

‘ f(w,%)a and
FeW(E)z, v =z €2,

“fly,o)do, with o = %

i—“—z+eh() = [

A good dimensionless
W is a piecewise linear

~ (1 + g'{£))ud + eav.

rms this into a system
'he requirement is that
Un(t) = +/2sech &,

1 stable steady outputs,

Avpy

v < Avgy , where A =

A’i)R._

It satisfies CR R, %2 +

is I = CRpRy.

Je —:/261/

-Cos(—zlg%))

smil;— -+

oundary layer correction
2r? 411z — 4 = 0), there
rrection at x = 1.

2(e) and u(x)
chogen,

)e), and u{z)

12.3.8; ulz) =
12.3.11;

(b) u(z) = 4

-3
(e) u(z) = H(z ~

-2 ta.nh(__." + tanh“l( )]

l 4m bz—1
Seriy

5(1"H($— 1))il=te

where H(z) is the usual Heaviside fUIlCt.J.O

cr+ﬁ 1

(b) T(v) = 2,

+ EIn(cosh(L?i@_)) +0(c).
(&) T ~2in -&-E,
- In 14y

=Ty Where ofv) = 2

1l—4dx
23-3

—_——

1wy

— 3 tanh(Z (2 - 1))




