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Abstract. A functional differential equation that arises from the classic theory of neura
networks is considered. As the length of the absolute refractory period is varied, there is,
as shown here, a super-critical Hopf bifurcation. Asthe ratio of the refractory period to the
time constant of the network increases, a novel relaxation oscillation occurs. Some approx-
imations are made and the period of this oscillation is computed.

1. Introduction

Wilson and Cowan [10] introduced a class of neural network equations modeling
the excitatory and inhibitory interactions between two populations of cells. Each
population obeys a functional-differential equation of the form:

du(t)

t
T =—ut)+ (1- / u(s) ds) f(I(t))
dt —R

where 7 isthetime constant, 7 (¢) representsinputsto the population, f isthefiring
rate curve, and R isthe absolute refractory period of the neurons. The function u(z)
isthe fraction of the population of neurons which isfiring. It can also be regarded
as the actual firing rate of the population. The refractory term premultiplying the
firing rate was approximated (by assuming that R is small) as

t
1—/ u(s)ds =~ 1— Ru(t).
—R

All subsequent analyses of these equations either make this assumption or set
R=0.

There have been numerous analyses of neura networks with delays. Castel-
franco and Stech [2] prove the existence of oscillatory solutions to a two-
dimensional model due to Plant which has delayed negative feedback. Similar
results are described by Campbell et al. in a model for pupillary control [1].
Marcus and Westervelt [9] linearize a Hopfield symmetrically coupled network
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and show that the fixed points are asymptotically stable. Ye et a. [11] improve on
this result by rigorously showing global stability of fixed points for the Hopfield
network with delay.

The purpose of this note isto explore the consequences of keeping the original
form of the Wilson-Cowan equations. In particular, we will look at a self-excited
population of cells. We consider the functional-differential equation

du 1 1/ J
tz_—u—i—( _E/;RM(S) s)f(u)

where f is a smooth monotonically increasing function ( f/ > 0) which takes
values between 0 and 1. We have normalized theintegral term in order to study the
temporal effects of altering this absolute refractory period.

By rescaling the time r — /R and letting r = R/t denote the ratio of the
absoluterefractory period to thetime constant of the network, the equation becomes

Z—IZ=r|:—u+(1—[Ilu(s)ds>.f(u)i| D

We can dternatively rescaletime ast +— ¢/t and obtain:

du 1
= :_u+<1_;/t_ru(s)ds>f(u)-

In this rescaling, it is clear that thisis a “delayed negative-feedback” system and
that in the limit asr — 0 we obtain the original Wilson-Cowan equations

du
m =—u+Q-u)f(u).

Because the calculations are simpler, we will use the first rescaling, (1) in the
remainder of the paper.

Figure 1 shows a simulation of (1) for a variety of values of the parameter r.
The horizontal line correspondsto afixed point. For the choice of parametersin the
figure, solutionsconvergetothefixed point for r < 4.7andforr > 4.84all solutions
numerically converge to a periodic orbit. Thus, it appearsthat as the refractoriness
r increases, the constant solution loses stability through a Hopf bifurcation. For all
larger values of r, solutions converge to a family of periodic orbits whose ampli-
tude increases. Our goal in the subsequent sections is to show that thisis in fact
the correct picture. Section 2 is devoted to the analysis of fixed points and their
stahility. In section 3, we find the normal form for the Hopf bifurcation and show
that the bifurcation is supercritical. We then look at the limit as r gets large. We
show that the resulting equation behaves like a relaxation oscillator and compute
the period for this system. We close with some simulations of waves and related
phenomenain alocally connected network.



Oscillationsin arefractory neural net 83

u(t)
1

0.8

0.6

04 |

0.2

O 1 1 1 1 1 1 1
200 201 202 203 204 205 206 207 208

Fig. 1. The behavior of (1) for different values of the parameter r = R/t with f(u) =
1/(1+ exp(—8(u — .333))). The period of the smallest oscillation is 4 and that of the largest
is1.43.

2. Fixed pointsand stability

Thefixed pointsfor (1) areu = i for al ¢ and u satisfies
—ii+ (1 —ii) f(@) =0 @)

It iseasy to check that because 0 < f < 1 thereisno equilibrium pointin (—oo, 0] U
[3, 00), but thereis at least onein (0, 3), say i

For such an equilibrium we can rewrite the equation (1), by definingu ;= u+y
and using the Taylor expansion for the function f about «, as

d—y—r[wy(l—u)f(u) (u)/ (s)ds}

dt
f”(u) }

+r[ yf(u)/ y(s)ds +y*(1— i)

+r[ Zf(”)f V() ds + 31— )fé_)}ww“) &)
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Asafirst stepinour analysiswewill consider only thelinearized part of theequation

), i.e
dy !
E;—r(—Ay—bLlrﬂ@da

where the coefficients A and b are givenby A = 1 — (1 — &) f'(i) < 1 and
b= f(@@) € (0, 1).

The stability of this equation is determined by studying the roots of the charac-
teristic equation obtained by substituting y(1) = exp Az intothelinearized equation.
Thisresultsin

1—e?

A+Ar+br

4)

A very similar equation to thisis studied in Diekmann et al., Chapter X1.4.3. We
summarize the main points as they apply to the present equations. First, . = O if
and only if A + b = 0 and furthermore aslong asb # 0, » = O isasimple root.
All roots with positive real part are bounded by the following inequality:

[A] < r(A]+1b).

Thus, the only way that roots can enter the right-half plane is to go through the
imaginary axis. Clearly if b = 0and A > 0, then al roots have negative real parts.
Furthermore, as we just noted, roots can cross 0 only if A + b = 0. Thus, we are
interested in when there are roots of theform A = iw. Substituting thisinto (4) we
see that
wSNw
Ar = 1—cosw’ ©)

w2

br = 1—cosw’ ©)
Since there are singularities at w = 2k, these equations define a series of para-
metric curves defined in the regions w € (2kw, 2(k + 1)7) for k an integer. The
first two of these curves are plotted in Figure 2. Crossing these curves results in
new complex eigenvalueswith positivereal parts. To study stability asafunction of
the parameter r, we note that (Ar, br) defines aline through the origin with slope
b/A asr variesinthethe (Ar, br) plane shown inthefigure. If thisline crossesthe
lower emphasized curve then stability islost through apair of complex eigenvalues
as the parameter r increases. Taking the ratio of the two above equations, we see
that there will be such aroot if and only if:

A Snw

—=— 7

5 » 7
The minimum of this function is —1 and the maximum is M = — sin(¢)/& where

& isthe smallest root of tan(x) = x greater than . Thus, the slope of the line
b/A must lie between 1/M =~ 4.60334 and —1. These two lines are illustrated in
Figure 2. If b/ A liesbetween —1 and 4.6033. . ., then starting at small values of r
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Fig. 2. Stahility diagram for (4) asafunction of A r and b r. Straight lines depictsthe curve
b=—Aandb = A/M where M is defined in the text. The remaining curves depict lines
aong which there are purely imaginary roots. Numbers denote the number of eigenvalues
with positive rea parts.

asr increases, it pierces the lower stability curve and a pair of complex conjugate
eigenvalues cross the imaginary axis resulting in aloss of stability. Clearly, if b/ A
is within these bounds, then we can solve (7) for a value of w between 0 and 2.
Then we can use (6) to find

5 1 w?

rn=-———
b1— cosw
the critical value of r (which is always positive). If b/ A is positive and less than
1/M then no increases in r can ever lead to a loss of stability. If the Slope b/A
is negative and shallower than —1, then for all positive values of r thereis areal
positive root to (4). To see this, note that we can rewrite (4) as

1—e?
br = —(A+ Ar).
A
The left-hand side is monotonically decreasing, positive, and startsat br at A = 0.
Supposethat —Ar > br. Then —(A + Ar) islarger than br at . = 0 and crossesthe
x-axiswhen A = —Ar > 0. Thus, there is an intersection of the two for a positive
value of A between 0 and —Ar.
We summarize these calculations in the foll owing theorem.
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Theorem 1. Supposei isafixed point of theequation (1). Let A = 1—(1—a) f'(ir)
and b = f(u).

e Suppose that —b < A < bM where M = —sin(¢)/é ~ 1/4.60334 =
0.2172336 with & the smallest root greater than x to tan(x) = x. Then for
r small enough, the fixed point is stable. Asr increases, stability islost when r
crosses g where

- 1 a)g
n=-————
0 b 1 — coswg
and wq is the unique root to
A Snw
b w

between 0 and 2.
o If A > Mb then thefixed point is stable for all values of r.
e If A < —b then thefixed point is unstable for all positive r.

3. Normal form

The numerical simulationsin figure 1 indicate that there exist oscillatory solutions
for large enough r. Because of the above stability analysis we suspect the presence
of an Andronov-Hopf bifurcation point for certain values of the parameter r. The
next reasonabl e step would be the construction of the corresponding normal form
and this is exactly what we do in this section. The Hopf bifurcation theorem has
been rigorously proven for (1) and related equationsin Diekmann, et.al.[ 3] Indeed,
the authors compute the normal form for arelated equation in Chapter X14.3. Faria
and Magalhaes [4] describe a method to compute normal forms using the adjoint
for equations of the form:

o L(pya+ Flzp, p)
ar D)zt 2ty P

where p represents parameters. Our approach is similar to theirs. With minor
modifications, we could apply the formula in Theorem 3.9 Diekmann, et al. [3]
(page 298), but for completeness, we derive the coefficients for the normal form
here.

Let us consider the equation (3) and define the linear operators

dy !
Ly:=—+Aroy+bro y(s)ds
dt t—1

t
Ay = —Ay—b/ y(s)ds
-1
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aswell as the quadratic and cubic forms

1_ bt /(= (o t
B(y1,y2) =10 [% yiy2 — % y1/ y2(s)ds
t—1

e t
e, / y1(S)dS]
—1

2
L —i) f" () f" (@) !
e Y1Y2ys— T2 y3(s)ds
-1

f" @)

t f//(ﬁ) t
y2¥3 yi(s)ds — y3y1 ya(s)ds
6 1 6 -1

Taking a small perturbation of the parameter (r = ro + «), the equation (3) can be
rewritten as

C(y1,¥2,¥3) ‘=10 [

Ly =aAy+ B(y,y) +C(y, y,y) + aB(y,y) + 0% ®)

Since we are interested in finding small oscillatory solutions we can consider the
following asymptotic expansion for (small) y and «

o :ea1+62a2+63a3+---
y(t) = €uo(t) + €2ur(t) + Sup(t) +--- € >0

and obtain, instead of (8),

eLuo+62Lu1+e3Lu2+O(e4)

:[60[1+62(12+€30l3+~-~]-[GAM0+62AM1+€3AL£2+-~-]
+[1+ear+---]-Bleug+ €2ur+€up+ -, cug~+ €ur+ €up+---)
+C(EM0+62M1+E3M2+--- ,euo+62u1+63u2+~-~ ,euo—l-ezul
+up+--)+ 0% @ e—0

or, equivalently,

€ Lug + 62LM1 + 63Lu2 + 0(64)
= €?[ a1 Aug + B(uo, uo) ] + €3[ a1 Aug + az Aug + 2B(uo, u1)
+ C(uo, uo, uo) + o1 B(uo, uo)] + O(*). 9)

Based on the fact that the equation Ly = 0 has two independent solutions (e <o)
on the center manifold and by the asymptotic expansion

Lug = € [o1 Auo + B(uo, ug) — Lug] +---
we can choose

uo(t) = (e’ +z()e™'
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with z depending on € (e.g. z = z(¢21)). The expansion with respect to e gives
z = z(0) + €27/ (0) + O(e*) as e tends to 0. We then use z and the properties of
the defined operators and obtain

0= e[a12(0) A(e'™) + a1Z(0) A(e™'®) + 22(0)Z(0) B(e'“", e™'*")
+2(0)2B(e', &%) + Z(0)?B(e™"™, ¢ ') — Lu]
+€?[ —Lup — 7'(0) L(te'“") — 7 (0) L(te™"°") + g Auy
+a22(0) A(e'™") + a2 2(0) A(e™"“") + 2B(uo, u1) + o1 B(uo, uo)
+C (ug, ug, ug) ] + O(3). (10)

The coefficient of ¢ should be zero on the center manifold. This implies that at
€ = 0wemust solve Luj = g, with the given function g,

g(1) = a12(0) A(e'") + a1 7(0) A(e™"") + 22(0)Z(0) B(e'“®, e™'0")
+ 207 B(e!™, ') + Z(0)*B(e 7% 7).

In order to ensure the existence of a solution for the equation Lu; = g we
need the inhomogeneous term g(¢) to be orthogonal to the solutions of the adjoint
homogeneous equation. The adjoint operator of L (see appendix A) is L*y =
—fl—f 4+ Argy + bro ff”y(s) ds, and on the two-dimensiona center manifold

¢! and e~0! gre independent solutions for L*. The inner product is the usual
21

one: < ¢, ¥ >= [ ¢ ()Y (1) dt, S0 we need

2n

/wo g(D)eTi dr = 0.
0

Using the identities which are proven in appendix B,

L(e™) = L)) M
Ale™) = A(v) €M
B(e)‘lt, ekzt) — B(kl, A2) e(M-H»z)Z
C(e)‘lt, e)hgt, ekgt) _ CN'()»;L, A2, A3) i tAa)t

for certain functions L, A, B and C, the function g can be expressed as a linear
combination of powers of ¢!“0" and e~'®°’, The orthogonality condition becomes
@12(0) Z A(—iwg) =0
@12(0) 2 A(iwg) =0

Obvioudly in this case 1 is zero, and the equation corresponding to u1 is on the
center manifold

Lutr = z(0)2 B(iwo, iwo) €2 + 7(0)2 B(—iwo, —iwo) o~ 2iwor
+22(0)z(0) B(iwo, —iwo) (11)
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Choose
Uy = alZZeZzwot + 2612ZZ +a322€_2lw0t

U
u1 = a1z2(0)e? ™" + 2a2(0)2(0) + azz2(0)e 2" + O(%t) a €—0

and introduce in L and compare with (11). We get the coefficients a1, a2, as,

B(iwo, iwo)
al = ———
L(2iwg)
B(iwo, —iwo)
ap=——->—
L(0)
B(—iwo, —iwo)
ag3= —F5——"——
L(—2iwg)

withas, € Randa; = as.
So far we have calculated ug, u1, o1. We can now conclude that in the equation
(10), u2 should satisfy

Luy = — 7/(0) L(1e'™") — 7/(0) L(te'0")
+ a22(0) Aliwp)e' ™" + a2 Z(0) A (—iwp)e '
+2a12%(0) B¢, ¥*) + dap z2(0)Z(0) B(e'™', 1)
+2a373(0) B(e ™', e 720" + 4ap 2(0)Z2(0) B(e ', 1)
+ 2(11 ZZ(O)Z(O) B(e—iwot’ eZia)ot) + 2613 z(O)Zz(O) B(@iwol, e—2ia)0t)
+ ZS(O) (:(eiwot7 eiwot’ eia)ot) + 3Z2(0)Z(0) C(eiwot’ eia)ot7 e—ia)ot)
+ 23(0) C(efiwol’ e*ia)of’ e*ia)ot) + 32(0)22(0) C(eiwot, e*ia)ol" e*iwol)
Similar to what we have already seen for u, in order to have solutions, we need
the right hand side to be orthogonal on e/ i.e
z (O)f —lwotL(tela)ot)dt +7 (0)/ —la)otL(te—la)ot)dt
21 2
= 022(0) Aliwo) — + 241 z2(0)Z(0) B(—iwp, 2iwp) —
«0 21 “o 21
+ 4ay ZZ(O)Z(O) B(lwo, 0 — + 3Z2(0)Z(0) C(la)o, iwg, —iwg) —
wo (<]
and, findly,

Z(0) =

I woa2

7o [2+ Arg+i(wg — —Ar°+br°)]

z(0)

4azB(la)o,O)+2alB( iwo, 2iwg) + 3C (iwo, iwg, —iwo) 5
Aro+br (O) (O)
24+ Aro+i(wo — M)
(12)

with specific values for B and C calculated in Appendix B.
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We have just proven the following theorem.

Theorem 2. Suppose that i is an equilibrium point of the equation (1) and that
A, b satisfy —b < A < Mb where M isasin Theorem 1. Take 7o and wg asin
Theorem 1 and denote by § the coefficient of z2(0)z(0) in (12).

Then the normal form on the center manifold at r = 7p is given by (12). If
Re(8) < 0(Re(8) > 0) then at r = rp the system passes through a supercritical
(subcritical) Andronov-Hopf bifurcation which proves the existence of a small am-
plitude periodic stable (unstable) solution in the vicinity of the steady state near
the bifurcation point.

Proof. Thenondegeneracy condition requiresthereal part of the coefficient of z(0)
to be nonzero. Thereal part of the coefficient is

a)g —(A+b)ro
rol(2+ Arg)? + (wo — (A + b)ro/wo)?]”

Substitution of rg = wg/ [6(1 — coswp)] into the numerator and using the fact that
A/b = — sin(wg)/wo We find that the numerator is

1 — coswo

2 .
wq Sinwo
2]

— COSa)o) )

Thefirst term cannot vanish since wg € (0, 2). Thus, the coefficient will be zero
if and only if

Sina)o
= COSwp.
o

Recall that the extrema of sin(w)/w = —A/b can occur only when sin(w)/w =
cosw so that the numerator will vanish only along thelinesA = —band A = Mb.
Since —b < A < bM thisisimpossible. O
3.1. Example

We consider the function

1 .
f(x) = m with a = 8, 6 = —0.333.

Thereisonly one equilibrium point iz . We compute A, b and the valuesfor thefirst
three derivatives

u = 0.335909
A = —0.328002
b = 0.505818

£/ (i) = 1.99973
f"(it) = —0.186145
(i) = —63.9653
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and solve for w and r. Thereis a unique solution

wo = 1.541455 and
ro = 4.839469881

By immediate calculation sin(wg)/wp — COSwp = 0.619121, so the linear coeffi-
cient in the normal form is positive and the rest state loses stability when the value
of r increases through r = rg. At r = ro a stable periodic orbit is born. In this
example the quantities which appear in the formula for the coefficient of z2Z in the
normal form are

2+ Arg+i(wp — W) = 0.4126442001 + 0.9831933729
L(0) = 0.8605351764

L(2iwg) = —1.54079164 + 1.496237313

B(iwo, 0) = —8.275709357 + 3.047038468 i

B(—iwo, 2iwg) = —3.52893752 + 0.0893831027 i
B(iwo, —iwp) = —6.574664704

B(iwo, iwg) = —6.574664704 + 6.094076935 i

C(iwo, iwg, —iwp) = —33.97038306 — 0.0945445928 i
a1 = 4.172849433 + 0.097025506 i

ap = —7.640204473

§ = —36.6125 — 138.977.

Obvioudy since Re(8) < 0 thisisasupercritical Andronov-Hopf bifurcation.

We note that Figure 1 shows the numerical solutions for avariety of values of
r. In particular, the fixed point is the only attractor for » = 4.7 but clearly, when
r = 4.9 there is a stable periodic solution. The period computed analyticaly is
27 /wo = 4.08 which agrees well with the numerically found period of 4.00. Thus,
the numerical solutions and the Hopf cal culations are consistent.

4. Relaxation oscillator

We now consider equation (1) for large values of the parameter r. By introducing
€ = 1 and the function z(1)

t
z(t) :=/ u(s)ds
t—1

equation (1) is equivalent to the two-dimensional delay-differential equation

{edu/dt =—u+A-2) f a3

dz/dt =u(t)—u(t -1

We recall that (1) is obtained by rescaling time ¢ with respect to the parameter r
in the original equation, so ¢ represents a slow time. We analyze the solution by
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treating € as a small positive parameter. We will first point out how to construct
a singular periodic orbit for this system and then we will estimate the period T
for the relaxation oscillator. Mallet-Paret and Nussbaum [8] have extensively and
rigorously analyzed an equation similar to (13):

dx(t

e i+ fate - 1)
dt

where f is an odd negative feedback function (that is, xf (x) < 0). In particular,
they consider a step function for f. Hale and Huang [5] have studied the vector
anaogue:

PO~ Ax@ 4+ AF G xte 1)

where A isan invertible matrix and f is smoothly dependent on x and the free pa-
rameter 1. They assume that the map x — f (A, x) undergoes a period-doubling
bifurcation at 2. = 0 and then prove that the delay-differential equation undergoes
a similar bifurcation. More recent work by Hale and Huang [6] shows a similar
behavior as well as a Hopf bifurcation. As far as we know, however, the rigorous
analysis of equation (13) has not been done and remains an open problem. Our
approach is formal and approximate.

By setting ¢ = 0 in (13), we obtain the equations corresponding to the slow
flow

{o ——u+(1-2) f@ 1

dz/dt =u()—u(l—1)

For the fast flow we consider the original integro-differential equation. In this case
thefunctionzis z(t) = £ [' u(s)ds andit satisfies

dz/dt = () — u(t —r))/r.

When r tends to infinity (e tends to zero), the system becomes

du/dt =—-u+ 1—72) f(u)
dz/dt =0

Thus, the two-dimensional system is decomposed in two one-dimensional equa-
tions, the solutions of which we now characterize.
Consider the graph for

O=—u+1A-2)fw

1

W,CI:S, 6 =—0.333

with fx) =
Thesignof (—u + (1 —2) f(u)) isnegative above the graph and positive below
it. Consider the points A, B, C, D on the graph with corresponding coordinates:
A(u1, Zmin) » B(umax, 2min) » € (2, zmax) » D (umijn. zmax)- (See Figure 3.) We
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Fig. 3. Plot of 0 = —u + (1 — z) f (1) with points relevant to the relaxation oscillation
labeled. Below is a numerically computed solution with r = 300 illustrating the relaxation
character of the oscillation.
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begin with the system at the point A at r = 0, where z cannot decreases anymore
so ajump up takes placeto the BC branch ( z = constant and u suddenly increas-
es by the fast system). On this branch the system’s law of motion is (14). Here
dz/dt > 0 s0 z increases until the point reaches C. We remark that in order to
have dz/dt > 0 on BC branch we need u(¢r) > u(r — 1) dl the time. Thisis
obvioudly true at B sinceup = u(t = 0+) = umax > u(t = —1). In order to
haveuc =u(t =Ty) > u(t =T; — 1) weneedu(t = T; — 1) tobeonthe DA
branch. Thisimpliesthat T, must be less than 1.

At the point C since z cannot increases anymore there is a jump down to the
branch DA (z = constant and u decreasesby thefast system). Onthebranch DA, z
decreasesfrom zmax t0 zpyjn. INorder to havedz/dt < Oweneedu(t) < u(t —1),
inparticular up = u(t =Ty +) =umin <u(t =Ty —Dandus =u(t =T) <
u(t = T — 1), which meansthat it isnecessary that u (T — 1) be on the BC branch,
i.e. T — lispositive and lessthan 7.

Following these considerations we see that in order to construct a singular
periodic solution it has to be true that

O0<T—-1<Ty<1<T =T<2

where T isthe period of oscillation and 7, isthetime the system stays on the upper
branch BC. Weestimate T and T,; considering u constant: (u = u g) onthe branch
BC and u = u;, onthebranch DA.

Att =0,z = zmqip. ¥ = up and

0 1 e[0,Ty+1—T]
- ,t T, 1-T7,T1,
dzjdt = u(t) —u(t —1) = "4 € [Ty + 4]
0 Jte[Ty, 1]
up —uy ,te€l[l,T]
equivalently with
Zmin ,t€e[0,T;+1-T]
() = (ug —up)t+C1 ,te[ly+1-T,T4]
C2 ’te[Tdsl]
(up —up)t .t €[1,T]

with z(T) = zmijpn and z(Ty) = zmax- Using this and the identity z(r = 0) =
Zmin = ffl u(s)ds weobtain an estimate for 7 and 7y

T = 1+ Zmax —Zmin and

Uy —ip
For our example
Umin = 0.065 u1 = 0.15957447
umax = 0.777 up = 0.45106383

Zmin = 0.20141882 zmax = 0.37353106
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Choosinguy = upjn and ugp = uppjp We have
T =12417 T, =0.4333

The period for the oscillation shown in Figure 3 is 1.35. Given that u is not really
constant on the branches, this is a pretty good estimate of the period. We can im-
prove this estimate with just a minor change in the choice of u; and uy. Above,
we chose umax and umjn. A better estimate is to choose the mean value:

_ Umin + 41 _ uz + umax
=Ty =TT

For our example, thisimpliesu; = 0.1122872, uy = 0.6140319 and
T = 1.3430, T, = 0.5206.

Thisisaconsiderably better estimate of the period without any extrawork.

5. Discussion and further developments

We have analyzed the original Wilson-Cowan model for an excitatory population of
neuronswith an absolute refractory period. It isnot surprising that there exist oscil-
lations as the system is essentially a delayed negative feedback model. Curiously,
however, as the effective delay increases, the oscillation convergesto arelaxation-
like pattern and the frequency goesto anicelimit. In termsof the original time, the
actua oscillation period scales linearly with R the absolute refractory period.

We have looked only at oscillatory solutions of the scalar problem. What hap-
penswhen two popul ationsare coupled?Will theresulting oscillationssynchroni ze?
For example, what is the nature of solutions to

duj

t
=r(1—/ u(s)ds)f(uj—i—gugj) j=12
dt ;

-1
where g is the coupling coefficient? Numerical solutions of this indicate that all
initial conditions tend to the synchronous state. We can use the results of section
3 to understand why thisistrue, at least near the Hopf bifurcation. Letting ¢ be a
small parameter, the normal form for the weakly coupled system is

Zi = 2iN(lzj) +dza—j j=1.2

N®@) = ¢(r — ro) + 8v2 where § was calculated in section 4. The coefficient
d = (1— i) f'(n) isrea and positive. Thus, the synchronous solution is always a
stable solution. (These results follow from Hoppensteadt and 1 zhikevich, [7]).

If welet a be larger in the definition of the function f, then the system is not
oscillatory but rather excitable. That is, a small initial condition decays back to 0
but alarge value grows rapidly before decaying to rest. This suggests that aline of
such units coupled locally can generate a traveling wave. Consider

! 1
u’jz—uj—l—(l—/luj(s)ds>f(§Zuk)
= k
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u@i.t)

0.7

0.6

0.5

0.4

0.3

0.2

0.1

Fig. 4. The time evolution of cells 4,8,12,16, in a line of 20 cells for f(u) = 1/(1 +
exp(—10(u — .333))) and r = 10.

where the sum is over the two neighbors. Figure 4 shows a simulation of this for
20 cellsinwhich cell Lisinitialy set to 1 and all the remaining cells are set to their
resting state. The simulation suggests that the solution develops into a traveling
wave. By lettinga — oo, sothat f approaches a step function, it may be possible
to analytically construct the traveling wave for this model. This remains an open
problem.

Appendix A
We construct the adjoint operator of L
dy !
Ly=—+Arpy+brg y(s)ds
dt -1

in the space of solutions spanned by {e@0!, ¢—io! o2iwot o—2iwor 1 \which
means we work with functions x = x(r) which satisfy x(0) = x(i—’;) and have
zero mean. We notice that the primitive X (¢) := fé x(s)ds is aso periodic with
period w% and furthermore, it istruethat X (0) = X(i—’(’)) = 0. Wedefinetheinner
product as

2
<, ¥ >= fo‘"" SOV () dt
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Now for any two functions x, y inthisspace < x, Ly >=< L*x,y >, where L*
isthe adjoint of the operator L.
Compute < x, Ly > :

2 d t
<x,Ly>:/ 0)c(t) —y—i-Aroy—i-bro/ y(s)ds
0 dt -1

2

2 = @0
= x(1) 5(1)|g° —/ ° d—xy(z)dt+Ar0/ °x) §(t)dt
o dt 0

2r -
+bro/w0 |:x(t)/ y(s)ds:|
0 t—1

3775 dx _ wgo _
= — = 5(t)dt+ Aro x() (1) dt
o dt 0
2

2 V. —1
+bro/w0 |:x(t)/ y(s)ds —x(t)/ y(s)ds:|
0 0 0

2n

[ A t dx y(t) dt
—fo [rox()—z}y()

2 2
+bro [/”" x(1) Y (t)dt —/‘“" x(t) Y (t — 1)dti|
0 0

' — dX — dr
Sincex = - andy = %

functions X and Y to get

we use integration by parts and the properties of the

& dx7 _ % ([ _
<x,Ly > =/ I:Arox(t)——i| y(t)dt—bro/ (/ x(s)ds) y(t)dt
0 dt 0 0

g
+bro/ X+ 1D @) dt
-1

f}—g dx t r+1
=/ Arox(t)———bro/x(s)ds—i—bro/ x(s)ds | y(¢)dt
0 dt 0 0

0 2

+br0/ X(z+1)y(z)dr—brof‘”° X(t 4+ 1)y@)dt
_1 2 _q

@0
After achange of dummy variablesin the last integral we get

a% dx t+1
<x,Ly >=/ Arox(t)—z—i—bro/ x(s)ds | y(¢)dt
0 t

The adjoint operator is

. dx t+1
Lx:—E+Ar0x+bro x(s)ds
t
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By direct calculation we see that L*(eT10") = 0. We use for this both 19 =
=+ iwg and the characteristic equation (4).

Appendix B

Directly fromthe definition of theoperators L, A, B, C wecan provethat L(eM) =
L(»)e* wherethe function L is defined as follows:

5 (1—eMbrg
oy = A+ Arg+ —"— ,A#£0
(A+b)rg ,A=0
Similarly,
o _1—6_}‘
A =AM with A = A b 70
—(A+b) ,A=0
and
B(eM, &) = B(Aq, Ao)ei 2! with
rol5t £ - § [+ 52| fdro aa #0204 0
) ol (@) — 2L frayr 1#0,22=0
B(A1, A2) = 2_ 2 [ 2:|
ol 1@ — § [14 552 ] @ 1=0.42#0
roX5E (i) — f'(@) ro ,A1=0,12=0
and

C(E)th, e}»zt’ e)L3Z) — é()\’l’ )\'2’ )\.3)€Alt€k2t€)\3t

In our ~problem we are interested only in the case when all A1, A2, A3 are nonzero.
Then C(A1, A2, A3) iS

ol _ l-u "=
C(A1, A2, A3) =10 S ()
1[1—e™ 4 1—e?2 n 1—e73 @)
—= u)r
6| A2 A3 0

We make the remark that L(A) = L(A) , A(L) = A(L) , B(A1, A2) = B(A2, A1),
B(A1. X2) = B(A1, h2) and C (A1, X2, A3) = C (A1, A2, A3)
In order to find the coefficient of z2(0)z(0) inthe normal form (12) we compute

. . Aro+b
L(1ei“0") = ¢lof [2+ Aro+i (a)o _ M)}
wo

and

. . A b
L(te—lwot) :e—la)ot |:2+Ar0+l (—0)0+ ro + r0>]

wo
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Finally we have

~ iwo
A(iwg) = —
ro

LO)=(A+b)rg

- A w? ) worg A2 w3
L(Zzwo)zTo—l—t |:w0_T+Tgo

—u "= A /o=
5 f(u)+3f(u)ro

—Uu A
L@ + = f'(@) Vo} +i %f/(ﬁ)

B(ia)o, —iwg) = 1o

B(iwo, iwg) = [ro

2
. 1—i A Awd
B(—iwo, Ziwg) = |:V0 > ‘ [ @) + (% - %) f’(ﬁ):|
IECLCY IS | s
4p2 rg

2

D ﬁ//— A/— 1/— . wWo ., -
B(zwo,0)=|:ro f(u)—l—zf(u)ro—Ef(u)ro]—i—zzf(u)

= . . _ 1-u "= A 1", = . W0 .-
C(iwo, iwo, lwo)—[ro 6 f (u)+2bf () ro +16bf (1)
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