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Abstract

Given p∈ (1, 2], the unique Lp solutions of backward stochastic differential equations with jumps (BSDEJs)

allow us to extend the notion of g−evaluations, in particular g−expectations, to the jump case with Lp domains.

We explore many important properties of the extended g−evaluations including optional sampling, upcrossing

inequality, Doob-Meyer decomposition, generator representation and Jensen’s inequality. Most of these results

are important for the further development of jump-filtration consistent nonlinear expectations with Lp domains

in [95].
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1 Introduction

Let p∈(1, 2] and T ∈ (0,∞). Given a Lipschitz generator g, [94] showed that for each p−integrable terminal data ξ,

the real-valued backward stochastic differential equation with jumps (BSDEJ)

Yt = ξ +

∫ T

t

g(s, Ys, Zs, Us)ds−
∫ T

t

Zs dBs −
∫

(t,T ]

∫
X
Us(x)Ñp(ds, dx), t ∈ [0, T ] (1.1)

that is driven by a Brownian motion B and an independent X−valued Poisson point process p admits a unique

Lp−solution (Y ξ, Zξ, Uξ). In particular, the process Y ξ can be regarded as the so-called “(conditional) g−expectation”

of ξ: Eg[ξ|Ft] := Y ξt , t ∈ [0, T ]. The g−expectation {Eg[ξ|Ft]}t∈[0,T ] can be further generalized as g−evaluations{
Egτ,γ [ξ]

}
τ<γ

, by considering BSDEJ with random horizon. Such a g−evaluations are closely related to a large class

of coherent or convex risk measures for p−integrable financial positions (which may not be square-integrable) in a

market with jumps.

In this paper, we show that as nonlinear expectations with Lp domains under jump filtration (the filtration

generated by B and Poisson random measure Np), the g−evaluations inherit many important (martingale) properties

from the classic linear expectations such as optional sampling, upcrossing inequality, Doob-Meyer decomposition,

Jensen’s inequality and etc. Most of these results will assist us to study finance markets with jumps using nonlinear

evaluation criteria or risk measurement.

The well-known Allais paradox suggests people to develop a nonlinear-expectation version of the von Neumann-

Morgenstern’s axiomatic system of expected utilities, a fundamental notion in the modern economics. Motivated

by such a generalization, Peng [77, 80] introduced the concepts of g−expectations and g−evaluations via backward

stochastic differential equations (BSDEs). These two seminal works and some following research ([30, 15, 22, 81, 86]

among others) show that the g−evaluations are closely related to axiom-based coherent and convex risk measures

(see [4, 39]) in mathematical finance: When the generator g is positively homogeneous or convex in (y, z), then

ρgt (ξ) :=Eg[−ξ|Ft] defines a coherent or convex risk measure. Reversely, under certain domination condition (see (4.1)

of [30]), a coherent or convex risk measure {ρt}t∈[0,T ] with L2 domain under Brownian filtration can be represented

by some g−expectation or the solution of a BSDE with generator g and square-integrable terminal data ξ.

Lin [67] and Royer [87] extended the g−expectations to the jump case and obtained a Doob-Meyer decomposition

for g−expectations with L2 domains under jump filtration. Under a similar domination condition to (4.1) of [30], [87]
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also showed that a risk measure with L2 domain is still a g−expectation in a financial market with jumps. On the

other hand, Ma and Yao [68] generalized the g−evaluations to the quadratic case (i.e. the generator g has a quadratic

growth in z) while Hu et al. [45] derived a representation of convex risk measures by quadratic g−expectations under

a different domination condition. Recently, [54] even extended the quadratic g−expectations to the jump case

and demonstrated that the corresponding martingale properties still hold, such as Doob-Meyer decomposition and

downcrossing inequality. Based on these features, they provided a dual representation for dynamic risk measures

with jumps.

The present paper starts with a strict comparison theorem for Lp−solutions of BSDEJs (Theorem 2.2) under

an additional condition (A3) in u. Theorem 2.2 together with the uniqueness result of BSDEJs in Lp sense implies

that the corresponding g−evaluations with Lp domains under the jump filtration inherits “strict monotonicity ”,

“constant preserving”, “time-consistency”, “zero-one law”, “translation invariance”, “convexity”, “positive homo-

geneity”
(
(g1)−(g7)

)
from linear expectations and thus preserves some classic martingale properties such as optional

sampling, upcrossing inequality and Doob-Meyer decomposition (Proposition 4.1, Proposition 4.2, Theorem 4.1). In

particular, the proof of the Doob-Meyer decomposition for g−supermatingales also depends on a monotonic limit

theorem of p−integrable jump diffusion processes with jumps (Theorem A.1) as well as an a priori Lp−estimate of

a generalized BSDEJ (Proposition 4.3).

Moreover, we explore other nice properties of g−evaluations: Using a result of [94], we can represent a generator

g as the limit of the difference quotients of the corresponding g−evaluations (see Proposition 5.1), which gives

rise to a reverse comparison theorem of BSDEJs (Theorem 5.1). Proposition 5.1 also establishes an equivalence

between the convexity (resp. positive homogeneity) of g in (y, z, u) and the convexity (resp. positive homogeneity) of

g−evaluations, as well as an equivalence between the independence of g on y−variable and the translation invariance

of g−evaluations (Proposition 5.2). When the generator is convex in (z, u), we can use the comparison theorem of

BSDEJs again to derive Jensen’s inequality of g−evaluations (Theorem 5.2).

Main Contributions.

Given U ∈U2
loc, unlike the case of Brownian stochastic integrals, the Burkholder-Davis-Gundy inequality is not ap-

plicable for the p/2−th power of the Poisson stochastic integral
∫

(0,t]

∫
X YsUs(x)Ñp(ds, dx), t∈ [0, T ] (see e.g. Theorem

VII.92 of [34]): i.e. E

[
sup
t∈[0,T ]

( ∫
(0,t]

∫
X YsUs(x)Ñp(ds, dx)

) p
2

]
cannot be dominated by E

[( ∫
(0,T ]

∫
X |Ys|

2|Ut(x)|2Np(dt,

dx)
) p

4

]
. So to derive an a priori Lp estimate for BSDEJs, we could not follow the classical argument in the

proof of [16, Proposition 3.2], neither could we employ the space U2,p :=
{
U : E

[( ∫ T
0

∫
X |Ut(x)|2ν(dx)dt

) p
2

]
<∞

}
or the space Ũ2,p :=

{
U : E

[( ∫
(0,T ]

∫
X |Ut(x)|2Np(dt, dx)

) p
2

]
< ∞

} (
Actually one may not be able to compare

E
[( ∫

(0,T ]

∫
X |Ut(x)|2Np(dt, dx)

) p
2

]
with E

[( ∫ T
0

∫
X |Ut(x)|2ν(dx)dt

) p
2

])
.

In [94], we started with a generalization of the Poisson stochastic integral for a random field U ∈Up by construct-

ing a càdlàg uniformly integrable martingale MU
t :=

∫
(0,t]

∫
X Us(x)Ñp(ds, dx), t ∈ [0, T ], whose quadratic variation

[MU,MU ] is still
∫

(0,t]

∫
X |Us(x)|2Np(ds, dx), t∈ [0, T ]. In deriving the key Lp−type inequality (see Lemma 3.1 of [94])

about the difference Y = Y 1−Y 2 of two p−integrable solutions to BSDEJs with different parameters, our delicate

analysis showed that the variational jump part
∑
s

(
|Ys|p−|Ys−|p−p

〈
|Ys−|p−1,∆Ys

〉)
in the dynamics of |Y |p will

eventually boil down to the term E
∫ T

0

∫
X |U

1
t (x)−U2

t (x)|pν(dx)dt, which justifies our choice of Up over U2,p or Ũ2,p

as the space for jump diffusion. The estimation course of the variational jump is full of analytical subtleties, but we

managed to overcome them by utilizing some new techniques and special treatments
(
see (5.11)−(5.21) of [94] for

details
)
.

In the present paper, we developed these techniques to handle similar (bur more complicated) technical hurdles

when we are deriving the a priori Lp−estimate for a special BSDEJ in Proposition 4.3 (see (6.56)−(6.59)), or when

we are measuring the Lp−distance of an increasing sequence of jump diffusion processes Y n from its limit Y in

Theorem A.1 (see (A.40)−(A.47) or (A.57)−(A.60)). As aforementioned, both Proposition 4.3 and Theorem A.1 are

crucial in proving the Doob-Meyer decomposition for g−supermatingales (our main Theorem 4.1).
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Our analysis in the paper also heavily relies on the follow inequality

E
[
[MU,MU ]

p
2

]
=E

[( ∫ T

0

∫
X
|Ut(x)|2ν(dx)dt

) p
2
]
≤E

∫
(0,T ]

∫
X
|Ut(x)|pNp(dt, dx)=E

∫ T

0

∫
X
|Ut(x)|pν(dx)dt.

Although many of our results look similar to those with L2 domains in the non-jump case ([30]) or in jump case

([87]), we have to do more delicate analysis to overcome various technical subtleties raised in the Lp−jump case. For

instance, to demonstrate the monotonic limit theorem (Theorem A.1), we nontrivially extend Lemma 2.3 of [78] to

the Lp−jump case, see Lemma A.4.

All martingale properties of g−evaluations in Lp−jump case, especially the Doob-Meyer decomposition and the

monotonic limit theorem, will play important roles in our study of a general class of jump-filtration consistent non-

linear expectations E with Lp−domains, which encompasses many coherent or convex time-consistent risk measures

ρ = {ρt}t∈[0,T ]. Under certain domination condition, we show in [95] that the nonlinear expectation E preserves

many important (martingale) properties of linear expectations (including optional sampling and Doob-Meyer decom-

position), and thus can be represented by some g−expectation. Consequently, one can utilize the BSDEJ theory

to systematically analyze the risk measure ρ with Lp−domains and employ numerical schemes of BSDEJs to run

simulation for financial problems involving ρ in a market with jumps.

In another of our accompany paper [93], we analyze a BSDEJ with a p−integrable reflecting barrier L whose

generator g is Lipschitz continuous in (y, z, u). We show that such a reflected BSDEJ with p−integrable parameters

admits a unique Lp solution, and thus solves the corresponding optimal stopping problem under the g−expectation or

some dominated risk measure with Lp−domain: the Y−component of the unique solution is exactly the Snell envelope

of process L under the g−expectation and the first time it meets L is an optimal stopping time for maximizing the

g−expectation of reward L or minimizing the risk measure of financial position L.

Relevant Literature.

The backward stochastic equation (BSDE) was introduced by Bismut [12] as the adjoint equation for the Pon-

tryagin maximum principle in stochastic control theory. Later, Pardoux and Peng [76] commenced a systematical

research of BSDEs. Since then, the BSDE theory has grown rapidly and has been applied to various areas such

as mathematical finance, theoretical economics, stochastic control and optimization, partial differential equations,

differential geometry and etc, (see the references in [38, 31]).

1) Li and Tang [90] introduced into the BSDE a jump term that is driven by a Poisson random measure independent

of the Brownian motion. These authors obtained the existence of a unique solution to a BSDEJ with a Lipschitz

generator and square-integrable terminal data. Then Barles, Buckdahn and Pardoux [19, 7] showed that the well-

posedness of BSDEJs gives rise to a viscosity solution of a semilinear parabolic partial integro-differential equation

(PIDE) and thus provides a probabilistic interpretation of such a PIDE. Later, Pardoux [75] relaxed the Lipschitz

condition of the generator on variable y by assuming a monotonicity condition on variable y instead. Situ [89] and

Mao and Yin [96] even degenerated the monotonicity condition of the generator to a weaker version so as to remove

the Lipschitz condition on variable z.

2) During the development of the BSDE theory, some efforts were made in relaxing the square integrability on the

terminal data so as to be compatible with the fact that linear BSDEs are well-posed for integrable terminal data

or that linear expectations have L1 domains: El Karoui et al. [38] showed that for any p−integrable terminal data,

the BSDE with a Lipschitz generator admits a unique Lp−solution. Then Briand and Carmona [14] reduced the

Lipschitz condition of the generator on variable y by a strong monotonicity condition as well as a polynomial growth

condition on variable y. Later, Briand et al. [16] found that the polynomial growth condition is not necessary if one

uses the monotonicity condition similar to that of [75].

We analyzed Lp solutions of multi-dimensional BSDEJs under a monotone condition in [94], while Kruse and

Popier [61, 63] studied a similar Lp−solution problem of BSDE under a right-continuous filtration which may be

larger than the jump filtration:

Yt=ξ+

∫ T

t

f(s, Ys, Zs, Us)ds−
∫ T

t

Zs dBs−
∫

(t,T ]

∫
X
Us(x)Ñp(ds, dx)−

∫ T

t

dMs, t∈ [0, T ], (1.2)

where M is a local martingale orthogonal to the jump filtration. Also, Klimsiak studied Lp solutions of reflected

BSDEs under a general right-continuous filtration in [57].
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3) The researches on BSDEs over general filtered probability spaces have recently attracted more and more attention.

A series of works [18, 36, 38, 17, 20, 66, 21] are dedicated to the theory of BSDEs (1.2) but driven by a càdlàg

martingale under a right-continuous filtration that is also quasi-left continuous. Lately, [13, 74] removed the quasi-

left continuity assumption from the filtration so that the quadratic variation of the driving martingale does not need

to be absolutely continuous. On the other hand, based on a general martingale representation result due to Davis and

Varaiya [32], Cohen and Elliott [25, 26] discussed the case where the driving martingales are not a priori chosen but

imposed by the filtration; see Hassani and Ouknine [44] for a similar approach on a BSDE in form of a generic map

from a space of semimartingales to the spaces of martingales and those of finite-variation processes. Also, Mania and

Tevzadze [69] and Jeanblanc et al. [48] studied BSDEs for semimartingales and their applications to mean-variance

hedging.

As to BSDEs driven by other discontinuous random sources, Xia [92] and Bandini [6] studied BSDEs driven by

a random measure; Confortola et al. [28, 29] considered BSDEs driven by a marked point process; [73, 5, 84, 42]

analyzed BSDEs driven by Lévy processes; [2, 88, 55] discussed BSDEs driven by a process with a finite number of

marked jumps.

4) There are also plenty of researches on quadratic BSDEJs:

To study the exponential utility maximization problem with an additional liability, Becherer [10] extended Koby-

lanski [60]’s monotone stability approach to a jump-diffusion model and obtained a unique bounded solution to a

related BSDE driven by a random measure whose generator may not be Lipschitz continuous in u. Becherer et al.

[11] recently generalized this result for random measures of infinite activity with a non-deterministic compensator.

Meanwhile, Morlais [70] utilized a similar monotone stability approach and dynamic programming to show that a

special quadratic BSDEJ with bounded terminal data has a unique solution, whose Y component is the value process

of an exponential utility maximization problem with jumps. Morlais [71] even obtained an existence result for such

quadratic BSDEJs with exponentially integrable terminal data.

For general quadratic BSDEJs with unbounded terminal data, Ngoupeyou [72] and El Karoui et al. [37] extended

Barrieu and El Karoui [8]’s quadratic semimartingales approach to the jump case. They managed to obtain an

existence result for quadratic-exponential BSDEJs (i.e. quadratic BSDEJs whose generators have a exponential

growth in u) with unbounded terminal data. Also, Jeanblanc et al. [49] described the value process of a utility

optimization problem under Knightian-uncertainty in a jump setting as a class of quadratic-exponential BSDEJs.

When generators of quadratic-exponential BSDEJs are allowed to be locally-Lipschitz, Fujii and Takahashi [40]

provided a sufficient condition for the Malliavin’s differentiability of such BSDEJs with bounded terminal data while

[3] could still employ [60]’s monotone stability approach to show the wellposedness of such BSDEJs.

As to different methods on quadratic BSDEJs, Kazi-Tani et al. [51, 54] exploited the fixed-point approach as

in Tevzadze [91] and an exquisite splitting technique to demonstrate the wellposedness of quadratic-exponential

BSDEJs with bounded terminal data and applied this result to study the related nonlinear expectations; Laeven and

Stadje [64] took a duality approach to characterize the value of an optimal portfolio valuation problem as the unique

solution to a BSDEJ with a convex generator which has at most quadratic growth in z.

5) It is worth mentioning that [53, 52] recently made a very interesting development of second-order BSDEs with

jumps, and provided a probabilistic interpretation for the related fully-nonlinear PIDEs.

For topics of BSDEJs in other directions, see Cohen and Elliott [23, 24, 27] for BSDEs driven by Markov chains;

see Kharroubi et al. [56] for (minimal) solutions to BSDEs with constrained jumps and related quasi-variational

inequalities; see Aazizi and Ouknine [1] for a class of constrained BSDEJs and its application in pricing and hedging

American options; see Klimsiak and Rozkosz [58, 59] for a general (non-Markovian) BSDE and a related semilinear

elliptic equation with measure data whose operator is associated with a regular semi-Dirichlet form; see [62, 43]

for BSDEJs with singular terminal data and their applications to optimal position targeting and a non-Markovian

liquidation problem respectively; see also [65, 41, 35] for numerical simulation of BSDEJs among other.

The rest of the paper is organized as follows: We introduce some notations in Section 1.1. In Section 2, after

making basic assumptions on generator g, we review some properties of Lp solutions to BSDEJs with generator

g (including the wellposedness result, the martingale representation theorem as well as an a priori estimate), and

prove a strict comparison theorem for these Lp solutions. In Section 3, we define the g−evaluation with domain Lp

under jump filtration according to the wellposedness of BSDEJs with generator g in Lp sense. Then we show that

the g−evaluation preserves many basic properties of linear expectations. In Section 4, we obtained some martingale
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properties of the g−evaluation such as optional sampling, upcrossing inequality and Doob-Meyer decomposition.

Section 5 discuss some other fine properties of g−evaluations including a generator representation via g−evaluations,

some of its consequences and Jensen’s inequality of the g−evaluations. The proofs of our results are relegated to

Section 6. We generalize [79]’s monotonic limit theorem for p−integrable jump diffusion processes with jumps in the

appendix as it is interesting in its own right.

1.1 Notation and Preliminaries

Throughout this paper, we fix a time horizon T ∈(0,∞) and let (Ω,F , P ) be a complete probability space on which

a d−dimensional Brownian motion B is defined.

For a generic càdlàg process X, we denote its corresponding jump process by ∆Xt :=Xt−Xt−, t ∈ [0, T ] with

X0− :=X0. Given a measurable space (X ,FX ), let p be an X−valued Poisson point process on (Ω,F , P ) that is

independent of B. For any scenario ω ∈ Ω, the set Dp(ω) of all jump times of path p(ω) is a countable subset of

(0, T ] (see e.g. Section 1.9 of [46]). We assume that for some finite measure ν on
(
X ,FX

)
, the counting measure

Np(dt, dx) of p on [0, T ]×X has compensator E
[
Np(dt, dx)

]
= ν(dx)dt. The corresponding compensated Poisson

random measure Ñp will be denoted by Ñp(dt, dx) :=Np(dt, dx)−ν(dx)dt.

For any t∈ [0, T ], we define sigma-fields

FBt := σ
{
Bs; s ≤ t

}
, FNt := σ

{
Np((0, s], A); s ≤ t, A ∈ FX

}
, Ft :=σ

(
FBt ∪FNt

)
and augment them by all P−null sets of F . Clearly, the jump filtration F = {Ft}t∈[0,T ] is complete and right-

continuous (i.e. satisfies the usual hypotheses, see e.g., [82]). Denote by P
(
resp. P̂

)
the F−progressively measurable

(resp. F−predictable) sigma-field on [0, T ]×Ω, and let T be the collection of all F−stopping times. For any τ ∈T ,

we set Tτ :={γ∈T : γ≥τ, P−a.s.}.
Recall that a uniformly integrable càdlàg martingale M is said to be a BMO (“Bounded Mean Oscillation”)

martingale if there exists C>0 such that for any τ ∈T

E
[
[M,M ]T − [M,M ]τ |Fτ

]
≤ C and |∆Mτ |2 ≤ C, P−a.s.

The following spaces of functions will be used in the sequel:

1) For any p∈ [1,∞), let Lp+[0, T ] be the space of all measurable functions ψ : [0, T ] 7→ [0,∞) with
∫ T

0

(
ψ(t)

)p
dt<∞.

2) For p ∈ (1,∞), let Lpν := Lp(X ,FX , ν;R) be the space of all real-valued, FX−measurable functions u with

‖u‖Lpν :=
( ∫
X |u(x)|pν(dx)

) 1
p <∞. For any u1, u2∈Lpν , we say u1 =u2 if u1(x)=u2(x) for ν−a.s. x ∈X.

3) For any sub-sigma-field G of F , let L0(G) be the space of all real-valued, G−measurable random variables and set

• Lp(G) :=

{
ξ ∈ L0(G) : ‖ξ‖Lp(G) :=

{
E
[
|ξ|p
]} 1

p

<∞
}

for any p∈(1,∞);

• L∞(G) :=
{
ξ ∈ L0(G) : ‖ξ‖L∞(G) := esssup

ω∈Ω
|ξ(ω)| <∞

}
.

4) Let D0 be the space of all real-valued, F−adapted càdlàg processes, and let K0 be a subspace of D0 that includes

all F−predictable càdlàg increasing processes X with X0 =0.

5) Set Z2
loc :=L2

loc

(
[0, T ]×Ω, P̂, dt×dP ;Rd

)
, the space of all Rd−valued, F−predictable processes Z with

∫ T
0
|Zt|2 dt

<∞, P−a.s.

6) For any p ∈ [1,∞), we let

• Dp :=
{
X∈D0 : ‖X‖Dp :=

{
E[Xp

∗ ]
} 1
p <∞

}
, where X∗ := sup

t∈[0,T ]

|Xt|<∞.

• Kp :=K0∩Dp=
{
K∈K0 : E[Kp

T ]<∞
}

.

• Z2,p :=
{
Z ∈ Z2

loc : ‖Z‖Z2,p :=
{
E
[( ∫ T

0
|Zt|2 dt

) p
2

]} 1
p

< ∞
}

. For any Z ∈ Z2,p, the Burkholder-Davis-Gundy

inequality implies that

E

[
sup
t∈[0,T ]

∣∣∣ ∫ t

0

ZsdBs

∣∣∣p]≤cpE[(∫ T

0

∣∣Zs∣∣2ds)p2 ]<∞ (1.3)

for some constant cp>0 depending on p. So
{ ∫ t

0
ZsdBs

}
t∈[0,T ]

is a uniformly integrable martingale.
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• Uploc := Lploc

(
[0, T ]×Ω×X , P̂⊗FX , dt×dP ×ν(dx);R

)
be the space of all P̂⊗FX−measurable random fields

U : [0, T ]×Ω×X→R such that
∫ T

0

∫
X |Ut(x)|pν(dx)dt=

∫ T
0
‖Ut‖pLpνdt<∞, P−a.s.

• Up :=
{
U ∈Uploc : ‖U‖Up :=

{
E
∫ T

0

∫
X |Ut(x)|pν(dx)dt

} 1
p <∞

}
=Lp

(
[0, T ]×Ω×X , P̂⊗FX , dt×dP×ν(dx);R

)
.

For any U ∈Uploc

(
resp. Up

)
, it holds for dt×dP−a.s. (t, ω)∈ [0, T ]×Ω that U(t, ω)∈Lpν . According to Section 1.2

of [94], we can define a Poisson stochastic integral of U :

MU
t :=

∫
(0,t]

∫
X
Us(x)Ñp(ds, dx), t ∈ [0, T ], (1.4)

which is a càdlàg local martingale (resp. uniformly integrable martingale) with quadratic variation [MU,MU ]t =∫
(0,t]

∫
X |Us(x)|2Np(ds, dx), t∈ [0, T ]. The jump process of MU is ∆MU

t (ω) =1{t∈Dp(ω)}U
(
t, ω, pt(ω)

)
, t∈ (0, T ]. For

any U ∈Up, an analogy to (5.1) of [94] shows that

E
[( ∫

(t,s]

∫
X
|Ut(x)|2Np(dt, dx)

) p
2

]
≤E

∫ s

t

∫
X

∣∣Ut(x)
∣∣pν(dx)dt, ∀ 0≤ t<s≤T. (1.5)

• We simply denote Dp×Z2,p×Up by Sp.
As usual, we set x− := (−x)∨0, x+ :=x∨0 for any x∈R, and use the convention inf ∅ := ∞. Given p ∈ (0,∞),

the following two inequalities will be frequently applied in this paper:

(i) For any a, b∈R, |a±−b±|≤|a−b|. (1.6)

(ii) For any finite subset {a1, · · · , an} of (0,∞), (1 ∧ np−1)

n∑
i=1

api ≤
( n∑
i=1

ai

)p
≤(1 ∨ np−1)

n∑
i=1

api . (1.7)

Also, we let cp denote a generic constant depending only on p (in particular, c0 stands for a generic constant depending

on nothing), whose form may vary from line to line.

2 Lp Solutions of BSDEs with Jumps

From now on, we fix p∈(1, 2] and set q := p
p−1≥2.

A mapping g : [0, T ]×Ω×R×Rd×Lpν → R is called a p−generator if it is P⊗B(R)⊗B(Rd)⊗B
(
Lpν
)
/B(R)−

measurable. For any τ ∈T ,

gτ (t, ω, y, z, u) :=1{t<τ(ω)} g(t, ω, y, z, u), ∀ (t, ω, y, z, u)∈ [0, T ]×Ω×R×Rd×Lpν

is also P⊗B(R)⊗B(Rd)⊗B
(
Lpν
)
/B(R)−measurable.

We say a p−generator g is convex in (y, z, u) if it holds P−a.s. that for any (t, α)∈(0, T )×[0, 1] and (yi, zi, ui)∈
R×Rd×Lpν , i=1, 2

g
(
t, αy1+(1−α)y2, αz1+(1−α)z2, αu1+(1−α)u2

)
≤αg(t, y1, z1, u1)+(1−α)g(t, y2, z2, u2). (2.1)

Also, we say a p−generator g is positively homogeneous in (y, z, u) if it holds P−a.s. that

g(t, α̃y, α̃z, α̃u)= α̃g(t, y, z, u), ∀ (t, α̃)∈(0, T )×[0,∞), ∀ (y, z, u)∈R×Rd×Lpν . (2.2)

Definition 2.1. Given p ∈ (1, 2], let ξ ∈ L0(FT ) and g be a p−generator. A triplet (Y, Z, U) ∈ D0×Z2
loc×Uploc is

called a solution of a backward stochastic differential equation with jumps that has terminal data ξ and generator g(
BSDEJ (ξ, g) for short

)
if
∫ T

0
|g(s, Ys, Zs, Us)|ds<∞, P−a.s. and if (1.1) holds P−a.s.

We shall make the following standard assumptions on p−generators g:

(A1)
∫ T

0
|g(t, 0, 0, 0)|dt∈Lp(FT ).

(A2) There exist two [0,∞)−valued, B[0, T ]⊗FT−measurable processes β, Λ with
∫ T

0

(
βqt ∨Λ2

t

)
dt∈L∞(FT ) such

that for dt×dP−a.s. (t, ω)∈ [0, T ]×Ω∣∣g(t, ω, y1, z1, u)−g(t, ω, y2, z2, u)
∣∣≤β(t, ω)|y1−y2|+Λ(t, ω)|z1−z2|, ∀ (y1, z1), (y2, z2)∈R×Rd, ∀u∈Lpν .
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(A3) There exists a function h : [0, T ]×Ω×R×Rd×Lpν×Lpν → Lqν such that

(i) h is P⊗B(R)⊗B(Rd)⊗B(Lpν)⊗B(Lpν)/B(Lqν)−measurable;

(ii) There exist κ1∈(−1, 0] and κ2≥−κ1 such that for any (t, ω, y, z, u1, u2, x)∈ [0, T ]×Ω×R×Rd×Lpν×Lpν×X

κ1 ≤
(
h(t, ω, y, z, u1, u2)

)
(x) ≤ κ2;

(iii) It holds for dt×dP−a.s. (t, ω) ∈ [0, T ]×Ω that

g(t, ω, y, z, u1)−g(t, ω, y, z, u2)≤
∫
X

(
u1(x)−u2(x)

)
·
(
h(t, ω, y, z, u1, u2)

)
(x) ν(dx), ∀ (y, z, u1, u2)∈R×Rd×Lpν×Lpν . (2.3)

We refer to Ξ:=(β,Λ, κ1, κ2) as a p−coefficient set.

Remark 2.1. Let p∈(1, 2] and let g be a p−generator.

(1 ) By (A3 ) (ii), (iii) and Hölder’s inequality, (A2 ) and (A3 ) imply

(A2’) There exist two [0,∞)−valued, B[0, T ]⊗FT−measurable processes β, Λ with
∫ T

0

(
βqt ∨Λ2

t

)
dt∈L∞(FT ) such

that for dt×dP−a.s. (t, ω)∈ [0, T ]×Ω∣∣g(t, ω, y1, z1, u1)−g(t, ω, y2, z2, u2)
∣∣≤β(t, ω)

(
|y1−y2|+‖u1−u2‖Lpν

)
+Λ(t, ω)|z1−z2|, ∀ (yi, zi, ui)∈R×Rd×Lpν , i=1, 2.

(2 ) If g satisfies (A2’ ) and
∫ T

0
|g(t, 0, 0, 0)|dt<∞, P−a.s., then an analogy to Remark 2.1 of [94] shows that for any

(Y,Z, U)∈D1×Z2
loc×U

p
loc, one has

∫ T
0
|g(s, Ys, Zs, Us)|ds<∞, P−a.s.

(3 ) If g satisfies (A1 ), (A2 )
(
resp. (A2’ )

)
, then g(t, ω, y, z, u) :=−g(t, ω,−y,−z,−u), (t, ω, y, z, u)∈ [0, T ]×Ω×R×

Rd×Lpν and gτ , ∀ τ ∈T are also p−generators satisfying (A1 ), (A2 )
(
resp. (A2’ )

)
. If g further satisfies (A3 ), so

do g and gτ .

(4 ) We need the assumption “κ1>−1” in (A3 ) (ii) for a strict comparison theorem of BSDEJs (Theorem 2.2) and

the upcrossing inequality of g−supermartingales (Proposition 4.2). Actually, it is necessary for the Doléans-Dade

exponentials E·(M) in (6.6) and E·(MD) in (6.40) to be strictly positive martingales (see e.g. [50]), which then

allows us to apply Girsanov Theorem to change probabilities in the proofs of Theorem 2.2 and Proposition 4.2.

For simplicity, we set Ĉ :=
∥∥ ∫ T

0

(
1∨βqt ∨Λ2

t

)
dt
∥∥
L∞(FT )

, and let C be a generic constant depending on T , ν(X ), p,

Ĉ (and κ2 if necessary), whose form may vary from line to line.

For Lp solutions of BSDEs with jumps, we first quote a wellposedness result, the corresponding martingale

representation theorem as well as an a priori estimate from Remark 4.1, Proposition 3.1, Corollary 4.1, Corollary 2.1

and Lemma 3.1 of [94].

Theorem 2.1. Given p ∈ (1, 2], Let g be a p−generator satisfying (A1 ) and (A2’ ). For any ξ ∈ Lp(FT ), the

BSDEJ (ξ, g) admits a unique solution
(
Y ξ,g, Zξ,g, Uξ,g

)
∈Sp, which satisfies

∥∥Y ξ,g∥∥pDp +
∥∥Zξ,g∥∥pZ2,p +

∥∥Uξ,g∥∥pUp≤CE[ |ξ|p+
(∫ T

0

|g(t, 0, 0, 0)|dt
)p ]

. (2.4)

In particular, for any τ ∈ T and ξ ∈ Lp(Fτ ), the unique solution
(
Y ξ,gτ , Zξ,gτ , Uξ,gτ

)
of the BSDEJ (ξ, gτ ) in Sp

satisfies that P
{
Y ξ,gτt =Y ξ,gττ∧t , t∈ [0, T ]

}
=1 and that

(
Zξ,gτt , Uξ,gτt

)
=1{t≤τ}

(
Zξ,gτt , Uξ,gτt

)
, dt×dP−a.s.

Remark 2.2. Given p∈ (1, 2], let g be a p−generator satisfying (A1 ) and (A2’ ). It holds for any ξ∈Lp(FT ) that

P
{
Y ξ,gt = −Y −ξ,gt , ∀ t∈ [0, T ]

}
=1.

Corollary 2.1. Let p∈(1, 2]. For any ξ ∈ Lp(FT ), there exists a unique pair (Z,U) ∈ Z2,p×Up such that P−a.s.

E[ξ|Ft] = E[ξ] +

∫ t

0

ZsdBs +

∫
(0,t]

∫
X
Us(x)Ñp(ds, dx), t∈ [0, T ].

Proposition 2.1. Let p∈ (1, 2]. For i=1, 2, let ξi∈L0(FT ), gi be a p−generator, and (Y i, Zi, U i) be a solution of

BSDEJ (ξi, g
i) such that Y 1−Y 2∈Dp. If gi satisfies (A2’ ), then∥∥Y 1−Y 2

∥∥p
Dp+

∥∥Z1−Z2
∥∥p
Z2,p+

∥∥U1−U2
∥∥p
Up≤CE

[
|ξ1−ξ2|p+

(∫ T

0

∣∣g1(t, Y 2
t , Z

2
t , U

2
t )−g2(t, Y 2

t , Z
2
t , U

2
t )
∣∣dt)p ]. (2.5)
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Moreover, we have the following strict comparison theorem for BSDEJs, which will play a key role in the paper.

Theorem 2.2. Let p ∈ (1, 2], τ ∈ T and γ ∈ Tτ . For i = 1, 2, let ξi ∈ L0(FT ), let gi be a p−generator, and let

(Y i, Zi, U i) be a solution of BSDEJ (ξi, g
i) such that Y 1−Y 2 ∈ Dp and that Y 1

γ ≤Y 2
γ , P−a.s. For either i=1 or i=2,

if gi satisfies (A2 ), (A3 ), and if g1(t, Y 3−i
t , Z3−i

t , U3−i
t )≤ g2(t, Y 3−i

t , Z3−i
t , U3−i

t ), dt×dP−a.s. on ]]τ, γ[[ , then it

holds P−a.s. that Y 1
t ≤Y 2

t for any t ∈ [τ, γ]. If one further has Y 1
τ = Y 2

τ , P−a.s., then

(i) it holds P−a.s. that Y 1
t =Y 2

t for any t ∈ [τ, γ];

(ii) it holds dt×dP−a.s. on ]]τ, γ]] that (Z1
t , U

1
t )=(Z2

t , U
2
t ) and g1(t, Y it , Z

i
t , U

i
t )=g2(t, Y it , Z

i
t , U

i
t ), i = 1, 2.

3 g−Evaluations with Lp Domains

The wellposedness result of BSDEs with jumps in Lp sense (Theorem 2.1) gives rise to a nonlinear expectation, called

g−evaluations with Lp domains, which generalizes the one introduced in [77] and [80]:

Definition 3.1. Given p ∈ (1, 2], let g be a p−generator satisfying (A1 ), (A2’ ), and let τ ∈ T , γ ∈ Tτ . Define

g−evaluation Egτ,γ : Lp(Fγ)→Lp(Fτ ) by

Egτ,γ [ξ] :=Y ξ,gγτ , ∀ ξ ∈ Lp(Fγ).

If γ = T , we call Eg[ξ|Fτ ] := Egτ,T [ξ] the (conditional) g−expectation of ξ ∈ Lp(FT ) at time τ . By Theorem 2.1, it

holds for any ξ∈Lp(Fγ) that

1{τ=γ}Egτ,γ [ξ]=1{τ=γ}Y
ξ,gγ
τ =1{τ=γ}Y

ξ,gγ
γ =1{τ=γ}Y

ξ,gτ
T = 1{τ=γ}ξ, P−a.s. (3.1)

Lemma 3.1. Given p∈(1, 2], let g be a p−generator satisfying (A2’ ) and that dt×dP−a.s.

g(t, y, 0, 0)=0, ∀ y∈R. (3.2)

For any τ ∈T and γ ∈Tτ , it holds for any ξ∈Lp(Fγ) that Egτ,γ [ξ] = Eg[ξ|Fτ ], P−a.s. In particular, when g≡0, the

g−evaluation degenerates to the classic linear expectation: for any τ ∈T and γ∈Tτ , it holds for any ξ∈Lp(Fγ) that

Egτ,γ [ξ] = E[ξ|Fτ ], P−a.s.

Let p∈ (1, 2] and let g be a p−generator satisfying (A1) and (A2’). One can deduce from the uniqueness result

and the comparison theorem of Lp−solutions to BSDEJs (Theorem 2.1 and 2.2) as well as Lemma 3.1 that the

g−evaluations with Lp domains possess the following basic properties (cf. [81]): Let τ ∈T , γ∈Tτ and ξ∈Lp(Fγ).

(g1) “Strict Monotonicity”: If g further satisfies (A3), then for any η∈Lp(Fγ) with ξ≤η, P−a.s. one has Egτ,γ [ξ]≤
Egτ,γ [η], P−a.s.; Moreover, if it further holds that Egτ,γ [ξ]=Egτ,γ [η], P−a.s., then ξ=η, P−a.s.

(g2) “Constant Preserving”: Under (3.2), if ξ is Fτ−measurable, then Egτ,γ [ξ]=ξ, P−a.s.

(g3) “Time Consistency”: For any ζ∈T with τ≤ζ≤γ, P−a.s., it holds P−a.s. that Egτ,ζ
[
Egζ,γ [ξ]

]
=Egτ,γ [ξ].

(g4) “Zero−One Law”: For any A ∈ Fτ , we have 1AEgτ,γ [1Aξ] = 1AEgτ,γ [ξ], P−a.s.; In addition, if g(t, 0, 0, 0) = 0,

dt×dP−a.s., then Egτ,γ [1Aξ]=1AEgτ,γ [ξ], P−a.s.

(g5) “Translation Invariance”: If g is independent of y, then Egτ,γ [ξ+η]=Egτ,γ [ξ]+η, P−a.s. for any η∈Lp(Fτ ).

(g6) “Convexity”: If g is convex in (y, z, u), then Egτ,γ [αξ+(1−α)η]≤αEgτ,γ [ξ]+(1−α)Egτ,γ [η], P−a.s. for any η∈Lp(Fγ)

and α∈ [0, 1].

(g7) “Positive Homogeneity”: If g is positively homogeneous in (y, z, u), then Egτ,γ [αξ] = αEgτ,γ [ξ], P−a.s. for any

α∈ [0,∞).

Now, let us consider two specific p−generators satisfying (A1)−(A3) and their corresponding g−evaluations:

Example 3.1. Given p∈(1, 2], let Ξ be a p−coefficient set. The functions

gΞ(t, ω, y, z, u) := β(t, ω)|y|+Λ(t, ω)|z|−κ1

∫
X
u−(x)ν(dx)+κ2

∫
X
u+(x)ν(dx),

gΞ(t, ω, y, z, u) := −gΞ(t, ω,−y,−z,−u), ∀ (t, ω, y, z, u)∈ [0, T ]×Ω×R×Rd×Lpν

are two p−generators satisfying (A1 )−(A3 ) with respect to the same coefficient set Ξ, where u±(x) :=(u(x))±. Then

EΞ
τ,γ :=EgΞ

τ,γ and EΞ

τ,γ :=EgΞ

τ,γ , ∀ τ ∈T , ∀ γ∈Tτ are two g−evaluations with Lp domains.
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In light of the comparison theorem for BSDEJs (Theorem 2.2), we can bound the variation of a g−evaluation by

gΞ−evaluation and gΞ−evaluation as follows.

Proposition 3.1. Given p∈ (1, 2], let g be a p−generator satisfying (A1 )−(A3 ) with respect to some p−coefficient

set Ξ. For any τ ∈T , ∀ γ∈Tτ and ξ, η∈Lp(FT ), it holds P−a.s. that EΞ

τ,γ [ξ−η]≤Egτ,γ [ξ]−Egτ,γ [η]≤EΞ
τ,γ [ξ−η].

4 g−Martingales

Let g be a p−generator satisfying (A1) and (A2’). We can define martingales with respect to the g−evaluations that

have Lp domains under jump filtration.

Definition 4.1. Given p∈(1, 2], let g be a p−generator satisfying (A1 ) and (A2’ ). A real-valued, F−adapted process

X is called a g−submartingale
(
resp. g−supermartingale or g−martingale

)
if for any 0≤ t≤s≤T , E[|Xs|p]<∞ and

Egt,s[Xs]≥(resp. ≤ or =) Xt, P−a.s.

The g−martingales retain many classic properties such as “optional sampling”, “upcrossing inequality” and

“Doob-Meyer decomposition”.

Let us start with the optional sampling theorem of g−martingales, which is important for the Doob-Meyer

decomposition of g−martingales (Theorem 4.1).

Proposition 4.1. (Optional Sampling) Given p∈ (1, 2], let g be a p−generator satisfying (A1 )−(A3 ). Let X be a

g−submartingale (resp. g−supermartingale) with E[Xp
∗ ]<∞ and let τ ∈T , γ∈Tτ . If X is right-continuous or if τ ,

γ are finitely valued, then Egτ,γ [Xγ ] ≥ (resp. ≤) Xτ , P−a.s.

The proof of Proposition 4.1 depends on the following lemma.

Lemma 4.1. Given p∈(1, 2], let g be a p−generator satisfying (A1 ) and (A2’ ). Let τ ∈T taking values in a finite

set {0= t1< · · ·<tn=T} with n≥2. If ti≤ t<s≤ ti+1 for some i∈{1, · · ·n−1}, then for any ξ∈Lp(Fτ∧s)

Egτ∧t,τ∧s[ξ] = 1{τ≤ti}ξ + 1{τ≥ti+1}E
g
t,s[ξ], P−a.s. (4.1)

To present the upcrossing inequality of g−martingales, we recall the notion of number of upcrossings: Given a

real-valued process X and two real numbers a< b, for any finite subset D= {t1 < · · ·< tm} of [0, T ], we define the

“number of upcrossings” UD(a, b;X(ω)) of interval [a, b] by the sample path {Xt(ω)}t∈D as follows: Set m′ :=
⌈
m
2

⌉
and τ0 :=−1. For i=1, · · · ,m′, we recursively define

τ2i−1(ω) := min{t ∈ D : t > τ2i−2(ω), Xt(ω) < a} ∧ tm ∈ T and

τ2i(ω) := min{t ∈ D : t > τ2i−1(ω), Xt(ω) > b} ∧ tm ∈ T ,
(4.2)

with the convention min ∅=∞. Then UD(a, b;X(ω)) is set to be the largest integer i such that τ2i(ω)<tm. To wit,

UD
(
a, b;X(ω)

)
=

m′∑
i=1

1{τ2i(ω)<tm}.

Proposition 4.2. (Upcrossing Inequality) Given p∈(1, 2], let g be a p−generator satisfying (A1 )−(A3 ) with respect

to some p−coefficient set Ξ, and let X be a g−supermartingale with E[Xp
∗ ]<∞. For any real numbers a<b and any

finite subset D={t1< · · ·<tm} of [0, T ], the upcrossing number UD(a, b;X) of interval [a, b] satisfies

E
[

ln
(
1+UD(a, b;X)

)]
≤ ln

{
e3Ĉ

b−a
EΞ

0,tm

[
(Xtm−a)−+

∫ tm

0

|g(s, 0, 0, 0)|ds
]
+
|a|e3Ĉ

b−a
+1

}
+

1

2
Ĉ+

(
κ2−ln(1+κ1)

)
ν(X )T.

The Doob-Meyer decomposition of g−martingales will play a crucial role for representing jump-filtration consistent

nonlinear expectations with domain Lp(FT ) by g−expectations in our accompanying paper [95].

Theorem 4.1. (Doob-Meyer Decomposition) Given p ∈ (1, 2], let g be a p−generator satisfying (A2 ). Assume

that g also satisfies (A3 ) with
∫ T

0
Λ

2p
2−p
t dt ∈ L∞(FT ) if p ∈ (1, 2), or with Λ ≡ κΛ ∈ [0,∞) if p = 2. If X ∈ Dp is
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a g−supermartingale (resp. g−submartingale) and if E
∫ T

0
|g(t, 0, 0, 0)|pdt <∞, then there exist unique processes

(Z,U,K)∈Z2,p×Up×Kp such that P−a.s.

Xt=XT +

∫ T

t

g(s,Xs, Zs, Us)ds−
∫ T

t

ZsdBs−
∫

(t,T ]

∫
X
Us(x)Ñp(ds, dx)+KT−Kt (resp.−KT +Kt), t∈ [0, T ]. (4.3)

The proof of Theorem 4.1 relies on a monotonic limit theorem of jump diffusion processes over Dp (see Theorem

A.1) as well as the following a priori Lp−estimate to a special BSDEJ:

Proposition 4.3. Given p∈ (1, 2] and ξ ∈Lp(FT ), let g be a p−generator and let X be a real-valued, F−adapted

càdlàg process with X+∈Dp. Let (Y, Z, U,K)∈Dp×Z2
loc×U

p
loc×Kp satisfies that P−a.s.

Yt=ξ+

∫ T

t

g(s, Ys, Zs, Us)ds+KT−Kt−
∫ T

t

Zs dBs−
∫

(t,T ]

∫
X
Us(x)Ñp(ds, dx), t ∈ [0, T ]∫ T

0

1{Yt−>Xt−}dKt=0.

(4.4)

If there exist three [0,∞)−valued, B[0, T ]⊗FT−measurable processes f, β, Λ with
∫ T

0
ftdt∈Lp(FT ),

∫ T
0

(
βqt ∨Λ2

t

)
dt∈

L∞(FT ) such that ∣∣g(t, Yt, Zt, Ut)
∣∣≤ ft+βt

(
|Yt|+‖Ut‖Lpν

)
+Λt|Zt|, dt×dP−a.s., (4.5)

then (Z,U)∈Z2,p×Up and

‖Y ‖pDp+
∥∥Z∥∥pZ2,p+

∥∥U∥∥pUp+E[Kp
T ]≤CE

[
|ξ|p+

(∫ T

0

ftdt
)p

+(X+
∗ )p

]
. (4.6)

5 Other Fine Properties of g−Evaluations

In this section we will extend some fine properties of g−evaluations to the jump case with Lp domains. These

properties have been explored for different reasons under Brownian filtration, and thus form an important ingredient

of the nonlinear-expectation theory.

In light of Proposition 4.1 of ArXiv version of [94], we can first represent generators g as the limit of the difference

quotients of the corresponding g−evaluations:

Proposition 5.1. Given p∈(1, 2] and κg>0, let g be a p−generator satisfying (A1 ) and

(A2”) there exists some [0,∞)−valued, B[0, T ]⊗FT−measurable process β with
∫ T

0
βqt dt ∈ L∞+ (FT ) such that for

dt×dP−a.s. (t, ω)∈ [0, T ]×Ω∣∣g(t, ω, y1, z1, u1)−g(t, ω, y2, z2, u2)
∣∣≤β(t, ω)|y1−y2|+κg

(
|z1−z2|+‖u1−u2‖Lpν

)
, ∀ (yi, zi, ui)∈R×Rd×Lpν , i=1, 2.

Let (t, y, z, u)∈ [0, T )×R×Rd×Lpν such that

lim
s→t+

g(s, y, z, u)=g(t, y, z, u), P−a.s. and E
[

sup
s∈[t,t+δ]

|g(s, y, 0, 0)|p
]
<∞ for some δ=δ(t, y)∈(0, T−t]. (5.1)

Then it holds P−a.s. that g(t, y, z, u) = lim
ε→0+

1
ε

(
Egt,t+ε

[
y+V (t, t+ ε, z, u)

]
−y
)
, where V (t, s, z, u) := z(Bs−Bt) +∫

r∈(t,s]

∫
Xu(x)Ñp(dr, dx), ∀ s∈(t, T ].

A simple application of Proposition 5.1 gives rise to the following reverse to Theorem 2.2.

Theorem 5.1. (A Reverse Comparison Theorem of BSDEJs) Given p ∈ (1, 2], κg > 0 and i = 1, 2, let gi be a

p−generator satisfying (A1 ) and (A2”). Let (t, y, z, u)∈ [0, T )×R×Rd×Lpν such that both g1 and g2 satisfy (5.1). If

there exists δ(t, y)∈(0, T−t] such that Eg1

t,s[ξ] ≤ E
g2

t,s[ξ], P−a.s. for any s∈(t, t+δ(t, y)] and ξ ∈ Lp(Fs), then it holds

P−a.s. that g1(t, y, z, u)≤g2(t, y, z, u).
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As other consequences of Proposition 5.1, we have the following reverse (g5)−(g7) properties of g−evaluations,

which show that the convexity (resp. positive homogeneity) of g in (y, z, u) is equivalent to the convexity (resp.

positive homogeneity) of g−evaluations and that the independence of g on y−variable is equivalent to the translation

invariance of g−evaluations.

Proposition 5.2. Given p∈ (1, 2], assume that Lpν is a separable space. Let g be a p−generator such that for some

κg>0, (A2 ) holds with Λt=κg, ∀ t∈ [0, T ] and that for P−a.s. ω∈Ω

g(t, ω, y, z, u) is right continuous in t∈ [0, T ) for any (y, z, u) ∈ R×Rd×Lpν . (5.2)

(1 ) If g also satisfies (A1 ), (A2”) and if for any (t, y) ∈ [0, T )×R, E
[

sup
s∈[t,t+δ]

|g(s, y, 0, 0)|p
]
< ∞ for certain

δ=δ(t, y)∈(0, T−t], then g is convex (resp. positively homogeneous) in (y, z, u) if and only if

Egt,s[·] is a convex (resp. positively homogeneous) operator on Lp(Fs) for any 0≤ t≤s≤T . (5.3)

(2 ) If g also satisfies (3.2) and (A3 ), then g is independent of y if and only if

Eg0,t[ξ + c] = Eg0,t[ξ] + c, ∀ t∈ [0, T ], ∀ ξ∈Lp(Ft), ∀ c∈R. (5.4)

What next is a Jensen’s inequality of g−evaluations with Lp domains. Before discussing it, we recall some basic

features of convex functions (see [85] for the related notions): Let f : R→R be a convex function and x∈R. One has{
f(λx) ≤ λf(x) + (1−λ)f(0), if λ ∈ [0, 1],

f(λx) ≥ λf(x) + (1−λ)f(0), if λ ∈ (0, 1)c=(−∞, 0]∪[1,∞).
(5.5)

Also, the subdifferential ∂f(x) of f at x is the interval
[
f ′−(x), f ′+(x)

]
, where f ′−(x) and f ′+(x) are left−derivatives

and right−derivatives of f at x respectively.

Theorem 5.2. (Jensen’s Inequality) Let f : R→R be a convex function. Given p ∈ (1, 2], let g be a p−generator

independent of y such that (A2 ), (A3 ) hold and that

g(t, 0, 0)=0, dt×dP−a.s. (5.6)

Given τ ∈T and γ∈Tτ , let ξ∈Lp(Fγ) such that E
[
|f(ξ)|p

]
<∞ and that ∂f

(
Egτ,γ [ξ]

)
∩ (0, 1)c 6= ∅, P−a.s. If

it holds for dt×dP−a.s. (t, ω)∈ ]]τ, γ[[ that g(t, ω, z, u) is convex in (z, u)∈Rd×Lpν , (5.7)

then f
(
Egτ,γ [ξ]

)
≤Egτ,γ

[
f(ξ)

]
, P−a.s.

6 Proofs

6.1 Proofs of Section 2

Proof of Remark 2.1 (1): We can deduce that for dt×dP−a.s. (t, ω)∈ [0, T ]×Ω

|g(t, ω, y, z, u1)−g(t, ω, y, z, u2)| ≤ κ2

∫
X
|u1(x)−u2(x)|ν(dx)

≤ κ2

(
ν(X )

) 1
q ‖u1−u2‖Lpν , ∀ (y, z, u1, u2)∈R×Rd×Lpν×Lpν . (6.1)

So one can take β̃t :=βt∨
(
κ2

(
ν(X )

) 1
q

)
, ∀ t∈ [0, T ].

(2) Let (Y,Z, U)∈D1×Z2
loc×U

p
loc. Fix n∈N. Define

τn :=inf

{
t ∈ [0, T ] :

∫ t

0

|g(s, 0, 0, 0)|ds+

∫ t

0

∣∣Zs∣∣2ds+

∫ t

0

∫
X
|Us(x)|pν(dx)ds>n

}
∧T ∈T .
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Hölder’s inequality and (A2’) imply that

E
[ ∫ τn

0

∣∣g(t, Yt, Zt, Ut)
∣∣dt]≤E∫ τn

0

(
|g(t, 0, 0, 0)|+βt|Yt|+Λt|Zt|+βt‖Ut‖Lpν

)
dt

≤n+E

[
Y∗

∫ T

0

(1∨βqt )dt

]
+
(
E

∫ τn

0

Λ2
tdt
) 1

2
(
E

∫ τn

0

|Zt|2dt
) 1

2

+
(
E

∫ τn

0

βqt dt
) 1
q
(
E

∫ τn

0

‖Ut‖pLpνdt
) 1
p

≤n+Ĉ‖Y ‖D1 +
(
nĈ
) 1

2 +n
1
p Ĉ

1
q <∞,

which shows that
∫ τn

0

∣∣g(t, Yt, Zt, Ut)
∣∣dt<∞ except on a P−null set Nn. Since

∫ T
0
|g(t, 0, 0, 0)|dt<∞, P−a.s. and since

(Z,U)∈Z2
loc×U

p
loc, there exists a P−null set N0 such that for any ω∈N c

0 , τn(ω)=T for some n=n(ω)∈N. Now, for

any ω∈ ∩
n∈N∪{0}

N c
n, one can deduce that

∫ T
0

∣∣g(t, ω, Yt(ω), Zt(ω), Ut(ω))
∣∣dt=∫ τn(ω)

0

∣∣g(t, ω, Yt(ω), Zt(ω), Ut(ω))
∣∣dt<∞.

(3) Let τ ∈T . If g satisfies (A1), (A2)
(
resp. (A2’)

)
, then g and gτ are clearly P⊗B(R)⊗B(Rd)⊗B

(
Lpν
)
/B(R)−

measurable functions satisfying (A1), (A2)
(
resp. (A2’)

)
.

Assume further that g satisfies (A3). Then gτ satisfies (A3) with
(
hτ (t, ω, y, z, u1, u2)

)
(x) :=1{t<τ(ω)}

(
h(t, ω, y, z, u1,

u2)
)
(x)∈ [κ1, κ2], ∀ (t, ω, y, z, u1, u2, x)∈ [0, T ]×Ω×R×Rd×Lpν×Lpν×X . On the other hand, for any (t, ω, y, z, u1, u2)∈

[0, T ]×Ω×R×Rd×Lpν×Lpν , one can deduce that

g(t, ω, y, z, u1)−g(t, ω, y, z, u2) = g(t, ω,−y,−z,−u2)−g(t, ω,−y,−z,−u1)

≤
∫
X

(
−u2(x)+u1(x)

)
·
(
h(t, ω,−y,−z,−u2,−u1)

)
(x)ν(dx). (6.2)

So g satisfies (2.3) with
(
h(t, ω, y, z, u1, u2)

)
(x)=

(
h(t, ω,−y,−z,−u2,−u1)

)
(x)∈ [κ1, κ2], ∀x∈X . The P⊗B(R)⊗

B(Rd)⊗B(Lpν)⊗B(Lpν)/B(Lqν)−measurability of mapping h easily implies that of mappings hτ and h. �

Proof of Theorem 2.1: Let ξ∈Lp(FT ). Under (A1) and (A2’), the wellposedness of BSDEJ (ξ, g) directly follows

from Remark 4.1 of [94]. By (A2’), it holds dt×dP−a.s. that∣∣g(t, Y ξ,gt , Zξ,gt , Uξ,gt
)∣∣ ≤ |g(t, 0, 0, 0)|+ βt

(∣∣Y ξ,gt

∣∣+∥∥Uξ,gt ∥∥
Lp(ν)

)
+ Λt

∣∣Zξ,gt ∣∣.
So we see that the condition (3.1) of [94] holds for (ξ1, f1, Y

1, Z1, U1) =
(
ξ, g, Y ξ,g, Zξ,g, Uξ,g

)
, (ξ2, f2, Y

2, Z2, U2) =

(0, 0, 0, 0, 0) and (gt,Φt,Λt,Γt,Υt)=
(
|g(t, 0, 0, 0)|, βt,Λt, βt, 0

)
, t∈ [0, T ]. Then Lemma 3.1 and Corollary 4.1 of [94]

yields (2.4) and the remaining conclusion. �

Proof of Remark 2.2: Given ξ∈Lp(FT ), let (Y,Z, U)∈Sp be the unique solution of BSDEJ (ξ, g). Multiplying −1

to BSDEJ (ξ, g) shows that (−Y,−Z,−U)∈Sp solves BSDEJ (−ξ, g). Then we see from Remark 2.1 (3) and Theorem

2.1 that P
{
Y ξ,gt =−Y −ξ,gt , ∀ t∈ [0, T ]

}
=1. �

Proof of Proposition 2.1: By (A2’), it holds dt×dP−a.s. that∣∣g1(t, Y 1
t , Z

1
t , U

1
t )−g2(t, Y 2

t , Z
2
t , U

2
t )
∣∣≤ ∣∣g1(t, Y 2

t , Z
2
t , U

2
t )−g2(t, Y 2

t , Z
2
t , U

2
t )
∣∣+βt(|Y 1

t −Y 2
t |+‖U1

t −U2
t ‖Lp(ν)

)
+Λt

∣∣Z1
t −Z2

t

∣∣,
which shows that the condition (3.1) of [94] holds for (ξi, fi, Y

i, Zi, U i)=(ξi, g
i, Y i, Zi, U i), i=1, 2 and (gt,Φt,Λt,Γt,Υt)=(

|g1(t, Y 2
t , Z

2
t , U

2
t )−g2(t, Y 2

t , Z
2
t , U

2
t )|, βt,Λt, βt, 0

)
, t∈ [0, T ]. Then Lemma 3.1 of [94] gives rise to (2.5). �

Proof of Theorem 2.2: Without loss of generality, we suppose that g1 satisfies (A2), (A3) and that

g1(t, Y 2
t , Z

2
t , U

2
t )≤g2(t, Y 2

t , Z
2
t , U

2
t ), dt×dP−a.s. on ]]τ, γ[[ . (6.3)

1) Set (Y,Z, U) :=(Y 1−Y 2, Z1−Z2, U1−U2) and consider the following F−progressively measurable processes:

at := 1{Yt 6=0}
g1(t, Y 1

t , Z
1
t , U

1
t )− g1(t, Y 2

t , Z
1
t , U

1
t )

Yt
, Θt := e

∫ t
0
asds>0, and

bt := 1{Zt 6=0}
g1(t, Y 2

t , Z
1
t , U

1
t )− g1(t, Y 2

t , Z
2
t , U

1
t )

|Zt|2
Zt, ∀ t ∈ [0, T ].
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By (A2), it holds dt×dP−a.s. that

|at| ≤ βt and |bt| ≤ Λt. (6.4)

Define Ht :=h(t, Y 2
t , Z

2
t , U

1
t , U

2
t ) and

Mt :=

∫ t

0

bsdBs+

∫
(0,t]

∫
X
Hs(x)Ñp(ds, dx), ∀ t∈ [0, T ]. (6.5)

Since E
[( ∫ T

0
Λ2
tdt
)p

2+
∫ T

0

∫
X |Ht(x)|pν(dx)dt

]
≤ Ĉ

p
2+κp2ν(X )T <∞, we see from (1.3) and (1.4) thatM is a uniformly in-

tegrable martingale. For any ζ∈T , (6.4) and (A3) (ii) again yield that ∆M(ζ(ω), ω)=1{ζ(ω)∈Dp(ω)}H
(
ζ(ω), ω, p(ζ(ω), ω)

)
∈

[κ1, κ2], ∀ω∈Ω, and that

E
[
[M,M ]T − [M,M ]ζ |Fζ

]
= E

[ ∫ T

ζ

|bs|2ds+

∫
(ζ,T ]

∫
X

∣∣Hs(x)
∣∣2Np(ds, dx)

∣∣∣Fζ]
= E

[ ∫ T

ζ

|bs|2ds+

∫ T

ζ

∫
X

∣∣Hs(x)
∣∣2ν(dx)ds

∣∣∣Fζ] ≤ Ĉ+κ2
2ν(X )T <∞.

Thus, M is a BMO martingale. In virtue of [50], the Doléans-Dade exponential of M

Et(M) :=eMt− 1
2 〈M

c〉t
∏

0<s≤t

(1+∆Ms)e
−∆Ms>0, t∈ [0, T ] (6.6)

is a uniformly integrable martingale, where M c denote the continuous part of M .

Define a probability measure Q by dQ
dP := ET (M), which satisfies dQ

dP

∣∣
Ft

:= Et(M), ∀ t ∈ [0, T ]. The Girsanov’s

Theorem (e.g. [47, 82]) then shows that BQt := Bt −
∫ t

0
bsds, t ∈ [0, T ] is a Q−Brownian motion and ÑQ

p (t, A) :=

Ñp(t, A)−
∫

(0,t]

∫
XHs(x)ν(dx)ds, t∈ [0, T ], A∈FX is a Q−compensated Poisson random measure. By (6.4),

Θ∗ ≤ e
∫ T
0
βtdt ≤ eĈ , P−a.s. and thus Q−a.s. (6.7)

Now, we fix 0≤ t≤s≤T and n ∈ N. Define γn := inf
{
r∈ [τ, T ] :

∫ r
τ
|Zr′ |2dr′+

∫ r
τ

∫
X |Ur′(x)|pν(dx)dr′>n

}
∧γ∈Tτ

and set ζn :=(τ∨t)∧γn, ςn :=(τ∨s)∧γn. Applying Itô’s formula to ΘrYr on [ζn, ςn]=
[
τ, γn

]
∩[t, s] yields that

ΘζnYζn = ΘςnYςn+

∫ ςn

ζn

Θr

(
gr−arYr

)
dr−

∫ ςn

ζn

ΘrZrdBr−
∫

(ζn,ςn]

∫
X

ΘrUr(x)Ñp(dr, dx), P−a.s. (6.8)

where gr :=g1(r, Y 1
r , Z

1
r , U

1
r )−g2(r, Y 2

r , Z
2
r , U

2
r ). By (A3) (iii) and (6.3), it holds dr × dP−a.s. on ]]τ, γ[[ that

gr=arYr+brZr+g1(r, Y 2
r , Z

2
r , U

1
r )−g2(r, Y 2

r , Z
2
r , U

2
r )≤arYr+brZr+

∫
X
Hr(x)Ur(x)ν(dx).

Plugging this inequality back into (6.8) leads to that

ΘζnYζn ≤ ΘςnYςn−
(
Mn

s−Mn
t +M n

s −M n
t

)
, P−a.s. and thus Q−a.s., (6.9)

where Mn
r :=

∫ r
0
1{r′∈(τ,γn]}Θr′Zr′dB

Q
r′ and M n

r :=
∫

(0,r]

∫
X1{r′∈(τ,γn]}Θr′Ur′(x)ÑQ

p (dr′, dx), r∈ [0, T ].

We can deduce from the Burkholder-Davis-Gundy inequality, (1.5) and (6.7) that

EQ

[
sup

r∈[0,T ]

∣∣Mn
r

∣∣p+ sup
r∈[0,T ]

∣∣M n
r

∣∣p]≤ cpEQ[(∫ γn

τ

|Θr|2|Zr|2dr
)p

2

+
(∫

(τ,γn]

∫
X
|Θr|2|Ur(x)|2Np(dr, dx)

) p
2

]
≤ cpepĈEQ

[(∫ γn

τ

|Zr|2dr
) p

2

+

∫ γn

τ

∫
X
|Ur(x)|pν(dx)dr

]
≤cpepĈ

(
n
p
2 +n

)
<∞,

thus Mn and M n are two uniformly integrable Q−martingales. Taking conditional expectation EQ[ |Fζn ] in (6.9)

yields that Q−a.s.

ΘζnYζn≤EQ
[
ΘςnYςn |Fζn

]
=1{γn<(τ∨t)∧γ}EQ

[
ΘςnYςn |Fγn

]
+1{γn≥(τ∨t)∧γ}EQ

[
ΘςnYςn |F(τ∨t)∧γ

]
:=ηn1 +ηn2 . (6.10)
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As (Z,U)∈Z2
loc×U

p
loc, one has

∫ T
0

(
|Zr|2+‖Ur‖pLpν

)
dr<∞, P−a.s. and thus Q−a.s. So for Q−a.s. ω∈Ω there exists

a Nω∈N such that

for any n ≥ Nω, γn(ω) = γ(ω) and thus ηn1 (ω) = 0. (6.11)

It follows that lim
n→∞

ηn1 = 0, Q−a.s. On the other hand, the first equality in (6.11) also shows that lim
n→∞

ΘζnYζn =

Θ(τ∨t)∧γY(τ∨t)∧γ and lim
n→∞

ΘςnYςn =Θ(τ∨s)∧γY(τ∨s)∧γ , Q−a.s. even though the process Y may not be left-continuous.

For any n∈N, (6.7) shows that |ΘςnYςn |≤ eĈY∗, P−a.s. Since a slight extension of [83, Proposition A.1 (a)] shows

that E
[
E q
T (M)

]
<∞, we can deduce from Hölder’s inequality that

EQ[Y∗] = E[ET (M)Y∗] ≤ ‖ET (M)‖Lq(FT )‖Y ‖Dp <∞. (6.12)

As n→∞ in (6.10), a conditional-expectation version of dominated convergence theorem and (6.11) yield that

Θ(τ∨t)∧γY(τ∨t)∧γ ≤ lim
n→∞

EQ
[
ΘςnYςn |F(τ∨t)∧γ

]
= EQ

[
Θ(τ∨s)∧γY(τ∨s)∧γ |F(τ∨t)∧γ

]
, Q−a.s. (6.13)

Taking s = T shows that Θ(τ∨t)∧γY(τ∨t)∧γ ≤ EQ
[
ΘγYγ |F(τ∨t)∧γ

]
≤ 0, Q−a.s. and thus P−a.s. It follows that

Y(τ∨t)∧γ ≤ 0, P−a.s. By the right continuity of processes Y 1 and Y 2, it holds P−a.s. that Y 1
t ≤ Y 2

t for any t∈ [τ, γ].

2) Suppose further that Y 1
τ = Y 2

τ , P−a.s. For any t ∈ [0, T ], as Θ(τ∨t)∧γY(τ∨t)∧γ ≤ 0, Q−a.s., applying (6.13) with

(t, s) = (0, t) shows that 0 = Θτ (Y 1
τ −Y 2

τ ) ≤ EQ
[
Θ(τ∨t)∧γY(τ∨t)∧γ |Fτ

]
≤ 0, Q−a.s. So EQ

[
Θ(τ∨t)∧γY(τ∨t)∧γ

]
=

EQ

[
EQ
[
Θ(τ∨t)∧γY(τ∨t)∧γ |Fτ

]]
= 0, which happens only if Y(τ∨t)∧γ = 0, P−a.s. since Θ(τ∨t)∧γ > 0. Using the right

continuity of Y 1, Y 2 again shows that P
{
Y 1
t =Y 2

t , ∀ t∈ [τ, γ]
}

=1. It then follows from (1.1) that P−a.s.∫ (τ∨t)∧γ

τ

(
g1(r, Y 1

r , Z
1
r , U

1
r )−g2(r, Y 2

r , Z
2
r , U

2
r )
)
dr=

∫ (τ∨t)∧γ

τ

(Z1
r−Z2

r ) dBr+

∫
(τ,(τ∨t)∧γ]

∫
X

(U1
r (x)−U2

r (x))Ñp(dr, dx), t∈ [0, T ].

As continuous finite-variational processes, continuous martingales and discontinuous (jump) martingales are of

different natures, any two of them only intersect at 0. So it holds dt×dP−a.s. on ]]τ, γ]] that Z1
t =Z2

t and U1
t (x) =

U2
t (x), dt×dP ×ν(dx)−a.s. on on ]]τ, γ]]×X Since the latter is equivalent to U1

t = U2
t , dt×dP−a.s. on ]]τ, γ]], we

further see that dt×dP−a.s. on ]]τ, γ]]

g1(t, Y 1
t , Z

1
t , U

1
t )=g2(t, Y 2

t , Z
2
t , U

2
t ) and thus g1(t, Y jt , Z

j
t , U

j
t )=g2(t, Y jt , Z

j
t , U

j
t ), j=1, 2. �

6.2 Proofs of Section 3

Proof of Lemma 3.1: Let γ ∈ T . It suffices to show that the unique solution (Y,Z, U) =
(
Y ξ,gγ , Zξ,gγ , Uξ,gγ

)
of BSDEJ (ξ, gγ) is also the unique solution of BSDEJ (ξ, g) in Sp: Set Mt :=

∫ t
0
ZsdBs+

∫
(0,t]

∫
XUs(x)Ñp(ds, dx),

t∈ [0, T ]. Since
(
Zt, Ut

)
=1{t≤γ}

(
Zt, Ut

)
, dt×dP−a.s. by Theorem 2.1, we can deduce from (3.2) that P−a.s.

Yt = ξ+

∫ T

t

1{s<γ}g(s, Ys, Zs, Us)ds−MT +Mt=ξ+

∫ T

t

1{s≤γ}g(s, Ys, Zs, Us)ds−MT +Mt

= ξ+

∫ T

t

g
(
s, Ys,1{s≤γ}Zs,1{s≤γ}Us

)
ds−MT +Mt=ξ+

∫ T

t

g
(
s, Ys, Zs, Us

)
ds−MT +Mt, t ∈ [0, T ],

which shows that (Y,Z, U) is the unique solution of BSDEJ (ξ, g). �

Proof of (g1)−(g7):

1) Let g satisfies (A3) and let η ∈Lp(Fγ) with ξ ≤ η, P−a.s. Applying Theorem 2.2 with g1 = g2 = gγ yields that

P
{
Y
ξ,gγ
t ≤Y η,gγt , ∀ t∈ [τ, γ]

}
=1. In particular, Egτ,γ [ξ]=Y

ξ,gγ
τ ≤Y η,gγτ =Egτ,γ [η], P−a.s.

Moreover, if it further holds that Y
ξ,gγ
τ = Egτ,γ [ξ] = Egτ,γ [η] = Y

η,gγ
τ , P−a.s., Theorem 2.2 again shows that

P
{
Y
ξ,gγ
t = Y

η,gγ
t , ∀ t ∈ [τ, γ]

}
= 1. Then Theorem 2.1 implies that ξ = Y

ξ,gγ
T = Y

ξ,gγ
γ = Y

η,gγ
γ = Y

η,gγ
T = η, P−a.s.,

proving (g1).

2) Let g satisfies (3.2). For any ξ ∈ Lp(Fτ )⊂Lp(Fγ), Lemma 3.1 and (3.1) imply that Egτ,γ [ξ]=Eg[ξ|Fτ ]=Egτ,τ [ξ]=ξ,

P−a.s., proving (g2).
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3) Set (Y, Z, U) :=
(
Y ξ,gγ , Zξ,gγ , Uξ,gγ

)
and (Y,Z,U) :=

(
Y η,gζ , Zη,gζ , Uη,gζ

)
with η := Egζ,γ [ξ] ∈ Lp(Fζ). We define

Y t :=1{t<ζ}Yt+1{t≥ζ}Yt and
(
Zt, U t

)
:=1{t≤ζ}(Zt,Ut)+1{t>ζ}(Zt, Ut), ∀ t∈ [0, T ]. One can deduce that

(
Y , Z, U

)
belong to Sp and that P−a.s.

Yζ∨t = ξ +

∫ T

ζ∨t
gγ(s, Ys, Zs, Us)ds−

∫ T

ζ∨t
ZsdBs−

∫
(ζ∨t,T ]

∫
X
Us(x)Ñp(ds, dx)

= ξ +

∫ T

ζ∨t
gγ(s, Y s, Zs, Us)ds−

∫ T

ζ∨t
ZsdBs−

∫
(ζ∨t,T ]

∫
X
Us(x)Ñp(ds, dx), t∈ [0, T ]. (6.14)

Let t∈ [0, T ]. Since Theorem 2.1 shows that (Zs,Us)=1{s≤ζ}(Zs,Us)=1{s≤ζ}(Zs, Us), ds×dP−a.s., taking t=ζ

in (6.14) yields that

Yζ∧t = η+

∫ T

ζ∧t
1{s<ζ}g(s,Ys,Zs,Us)ds−

∫ T

ζ∧t
ZsdBs−

∫
(ζ∧t,T ]

∫
X
Us(x)Ñp(ds, dx)

= Yζ +

∫ ζ

ζ∧t
1{s<γ}g(s, Y s, Zs, Us)ds−

∫ ζ

ζ∧t
ZsdBs−

∫
(ζ∧t,ζ]

∫
X
Us(x)Ñp(ds, dx)

= ξ+

∫ T

ζ∧t
gγ(s, Y s, Zs, Us)ds−

∫ T

ζ∧t
ZsdBs−

∫
(ζ∧t,T ]

∫
X
Us(x)Ñp(ds, dx), P−a.s. (6.15)

Multiplying 1{t≥ζ} to (6.14) and multiplying 1{t<ζ} to (6.15) leads to that

Y t = 1{t<ζ}Yt+1{t≥ζ}Yt = ξ+

∫ T

t

gγ(s, Y s, Zs, Us)ds−
∫ T

t

ZsdBs−
∫

(t,T ]

∫
X
Us(x)Ñp(ds, dx), P−a.s.

Then we see from the right continuity of process Y that P−a.s.

Y t=ξ+

∫ T

t

gγ(s, Y s, Zs, Us)ds−
∫ T

t

ZsdBs−
∫

(t,T ]

∫
X
Us(x)Ñp(ds, dx), t ∈ [0, T ].

So
(
Y ,Z, U

)
solves BSDEJ (ξ, gγ). By uniqueness, one has P

{
Y t =Yt, t∈ [0, T ]

}
= 1. In particular, applying (3.1)

with (τ, γ, ξ) =
(
τ, ζ, Egζ,γ [ξ]

)
yields that Egτ,γ [ξ] = Yτ = Y τ = 1{τ<ζ}Yτ +1{τ=ζ}Yζ = 1{τ<ζ}Egτ,ζ [η]+1{τ=ζ}Egζ,γ [ξ] =

Egτ,ζ
[
Egζ,γ [ξ]

]
, P−a.s. Hence, (g3) holds.

4a) Fix A ∈ Fτ . Set (Y 1, Z1, U1) :=
(
Y ξ,gγ , Zξ,gγ , Uξ,gγ

)
and (Y 2, Z2, U2) :=

(
Y 1Aξ,gγ , Z1Aξ,gγ , U1Aξ,gγ

)
. Given

i= 1, 2, applying Corollary 2.1 with ξ = 1AY
i
τ ∈ Lp(Fτ ) shows that there exists a unique pair

(
Zi,U i

)
∈ Z2,p×Up

such that P−a.s., Yit := E
[
1AY

i
τ |Ft

]
= E

[
1AY

i
τ

]
+
∫ t

0
ZisdBs+

∫
(0,t]

∫
X U

i
s(x)Ñp(ds, dx), t ∈ [0, T ]. We define Y

i

t :=

1{t<τ}Yit+1{t≥τ}1AY
i
t ,
(
Z
i

t, U
i

t

)
:= 1{t≤τ}(Zit ,U it )+1{t>τ}1A(Zit , U

i
t ), ∀ t∈ [0, T ], and can deduce that

(
Y
i
, Z

i
, U

i)
belong to Sp.

For any t ∈ [0, T ], since {τ ≤ t} ∈ Fτ , we see that A ∩ {τ ≤ t} ∈ Ft and thus A ∩ {τ ≤ t < γ} ∈ Ft. Then{
1A1{τ≤t<γ}

}
t∈[0,T ]

is an F−adapted càdlàg process. It follows that

gA(t, ω, y, z, u) :=1{ω∈A}1{τ(ω)≤t<γ(ω)}g(t, ω, y, z, u), ∀ (t, ω, y, z, u)∈ [0, T ]×Ω×R×Rd×Lpν

is a P⊗B(R)⊗B(Rd)⊗B
(
Lpν
)
/B(R)−measurable mapping that satisfies (A1) and (A2’).

Given t∈ [0, T ], multiplying 1A to the BSDEJ (ξ, gγ) over period [τ∨t, T ] yields that

1AY
1
τ∨t = 1Aξ +

∫ T

τ∨t
1A1{s<γ}g(s, Y 1

s , Z
1
s , U

1
s )ds−

∫ T

τ∨t
1AZ

1
sdBs−

∫
(τ∨t,T ]

∫
X

1AU
1
s (x)Ñp(ds, dx)

= 1Aξ +

∫ T

τ∨t
1A1{τ≤s<γ}g(s,1AY

1
s ,1AZ

1
s ,1AU

1
s )ds−

∫ T

τ∨t
Z

1

sdBs−
∫

(τ∨t,T ]

∫
X
U

1

s(x)Ñp(ds, dx)

= 1Aξ +

∫ T

τ∨t
gA
(
s, Y

1

s, Z
1

s, U
1

s

)
ds−

∫ T

τ∨t
Z

1

sdBs−
∫

(τ∨t,T ]

∫
X
U

1

s(x)Ñp(ds, dx), P−a.s. (6.16)
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Similarly, multiplying 1A to the BSDEJ (1Aξ, gγ) over period [τ∨t, T ] yields that

1AY
2
τ∨t=1Aξ +

∫ T

τ∨t
gA
(
s, Y

2

s, Z
2

s, U
2

s

)
ds−

∫ T

τ∨t
Z

2

sdBs−
∫

(τ∨t,T ]

∫
X
U

2

s(x)Ñp(ds, dx), P−a.s. (6.17)

Fix i=1, 2. The right continuity of process Y i, (6.16) and (6.17) shows that P−a.s.

1AY
i
τ∨t=1Aξ +

∫ T

τ∨t
gA
(
s, Y

i

s, Z
i

s, U
i

s

)
ds−

∫ T

τ∨t
Z
i

sdBs−
∫

(τ∨t,T ]

∫
X
U
i

s(x)Ñp(ds, dx), t ∈ [0, T ]. (6.18)

Let t∈ [0, T ]. Since Yiτ =E
[
1AY

i
τ |Fτ

]
=1AY

i
τ , P−a.s. taking t=τ in (6.18) yields that

Yiτ∧t = Yiτ−
∫ τ

τ∧t
ZisdBs−

∫
(τ∧t,τ ]

∫
X
U is(x)Ñp(ds, dx)=1AY

i
τ −
∫ τ

τ∧t
Z
i

sdBs−
∫

(τ∧t,τ ]

∫
X
U
i

s(x)Ñp(ds, dx)

= 1Aξ+

∫ T

τ∧t
gA(s, Y

i

s, Z
i

s, U
i

s)ds−
∫ T

τ∧t
Z
i

sdBs−
∫

(τ∧t,T ]

∫
X
U
i

s(x)Ñp(ds, dx), P−a.s. (6.19)

Multiplying 1{t≥τ} to (6.18) and multiplying 1{t<τ} to (6.19) leads to that

Y
i

t = 1{t<τ}Yit+1{t≥τ}1AY
i
t = 1Aξ+

∫ T

t

gA(s, Y
i

s, Z
i

s, U
i

s)ds−
∫ T

t

Z
i

sdBs−
∫

(t,T ]

∫
X
U
i

s(x)Ñp(ds, dx), P−a.s.

The right continuity of process Y
i

then implies that P−a.s.

Y
i

t=1Aξ+

∫ T

t

gA(s, Y
i

s, Z
i

s, U
i

s)ds−
∫ T

t

Z
i

sdBs−
∫

(t,T ]

∫
X
U
i

s(x)Ñp(ds, dx), t ∈ [0, T ].

Thus both
(
Y

1
, Z

1
, U

1)
and

(
Y

2
, Z

2
, U

2)
solve BSDEJ (1Aξ, gA). By uniqueness, one has P

{
Y

1

t =Y
2

t , t∈ [0, T ]
}

=1.

It follows that 1AEgτ,γ [ξ]=1AY
1
τ =Y

1

τ =Y
2

τ =1AY
2
τ =1AEgτ,γ [1Aξ], P−a.s.

4b) Next, suppose that g(t, 0, 0, 0) = 0, dt×dP−a.s. Set (Y,Z, U) :=
(
Y ξ,gγ , Zξ,gγ , Uξ,gγ

)
. Since η :=1AYτ ∈Lp(Fτ ),

Theorem 2.1 shows that the BSDEJ (η, gτ ) admits a unique solution (Y,Z,U) ∈ Sp. We define Y t := 1{t<τ}Yt+
1{t≥τ}1AYt,

(
Zt, U t

)
:=1{t≤τ}(Zt,Ut)+1{t>τ}1A(Zt, Ut), ∀ t∈ [0, T ]. Like

(
Y
i
, Z

i
, U

i)
, the processes

(
Y , Z, U

)
also

belong to Sp.
Given t∈ [0, T ], similar to (6.16), multiplying 1A to the BSDEJ (ξ, gγ) over period [τ∨t, T ] again yields that

1AYτ∨t = 1Aξ +

∫ T

τ∨t
1Agγ(s, Ys, Zs, Us)ds−

∫ T

τ∨t
1AZsdBs−

∫
(τ∨t,T ]

∫
X

1AUs(x)Ñp(ds, dx)

= 1Aξ +

∫ T

τ∨t
gγ(s,1AYs,1AZs,1AUs)ds−

∫ T

τ∨t
ZsdBs−

∫
(τ∨t,T ]

∫
X
Us(x)Ñp(ds, dx)

= 1Aξ +

∫ T

τ∨t
gγ
(
s, Y s, Zs, Us

)
ds−

∫ T

τ∨t
ZsdBs−

∫
(τ∨t,T ]

∫
X
Us(x)Ñp(ds, dx), P−a.s.

By the right continuity of process Y , it holds P−a.s. that

1AYτ∨t=1Aξ +

∫ T

τ∨t
gγ
(
s, Y s, Zs, Us

)
ds−

∫ T

τ∨t
ZsdBs−

∫
(τ∨t,T ]

∫
X
Us(x)Ñp(ds, dx), t ∈ [0, T ]. (6.20)

Let t∈ [0, T ]. Taking t=τ in (6.20) and using an analogy to (6.15) yield that

Yτ∧t = η+

∫ T

τ∧t
1{s<τ}g(s,Ys,Zs,Us)ds−

∫ T

τ∧t
ZsdBs−

∫
(τ∧t,T ]

∫
X
Us(x)Ñp(ds, dx)

= 1AYτ +

∫ τ

τ∧t
1{s<γ}g(s, Y s, Zs, Us)ds−

∫ τ

τ∧t
ZsdBs−

∫
(τ∧t,τ ]

∫
X
Us(x)Ñp(ds, dx)

= 1Aξ+

∫ T

τ∧t
gγ(s, Y s, Zs, Us)ds−

∫ T

τ∧t
ZsdBs−

∫
(τ∧t,T ]

∫
X
Us(x)Ñp(ds, dx), P−a.s. (6.21)
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Multiplying 1{t≥τ} to (6.20) and multiplying 1{t<τ} to (6.21) leads to that

Y t = 1{t<τ}Yt+1{t≥τ}1AYt = 1Aξ+

∫ T

t

gγ(s, Y s, Zs, Us)ds−
∫ T

t

ZsdBs−
∫

(t,T ]

∫
X
Us(x)Ñp(ds, dx), P−a.s.

The right continuity of process Y then shows that P−a.s.

Y t=1Aξ+

∫ T

t

gγ(s, Y s, Zs, Us)ds−
∫ T

t

ZsdBs−
∫

(t,T ]

∫
X
Us(x)Ñp(ds, dx), t ∈ [0, T ].

So
(
Y , Z, U

)
solves BSDEJ (1Aξ, gγ). By uniqueness, one has P

{
Y t = Y

1Aξ,gγ
t , t ∈ [0, T ]

}
= 1. It follows that

Egτ,γ [1Aξ]=Y
1Aξ,gγ
τ =Y τ =1AYτ =1AEgτ,γ [ξ], P−a.s., proving (g4).

5) Assume that g is independent of y. Set (Y, Z, U) :=
(
Y ξ,gγ , Zξ,gγ , Uξ,gγ

)
and let η∈Lp(Fτ ). In light of Theorem

2.1, the BSDEJ (Yτ +η, gτ ) admits a unique solution (Y,Z,U)∈ Sp. We define Y t := 1{t<τ}Yt+1{t≥τ}(Yt+η) and(
Zt, U t

)
:=1{t≤τ}(Zt,Ut)+1{t>τ}(Zt, Ut), ∀ t∈ [0, T ]. One can deduce that

(
Y , Z, U

)
belong to Sp.

Given t∈ [0, T ], adding η to the BSDEJ (ξ, gγ) over period [τ∨t, T ] again yields that

Yτ∨t+η = ξ+η+

∫ T

τ∨t
gγ(s, Zs, Us)ds−

∫ T

τ∨t
ZsdBs−

∫
(τ∨t,T ]

∫
X
Us(x)Ñp(ds, dx)

= ξ+η+

∫ T

τ∨t
gγ
(
s, Zs, Us

)
ds−

∫ T

τ∨t
ZsdBs−

∫
(τ∨t,T ]

∫
X
Us(x)Ñp(ds, dx), P−a.s.

By the right continuity of process Y , it holds P−a.s. that

Yτ∨t+η=ξ+η+

∫ T

τ∨t
gγ
(
s, Zs, Us

)
ds−

∫ T

τ∨t
ZsdBs−

∫
(τ∨t,T ]

∫
X
Us(x)Ñp(ds, dx), t ∈ [0, T ]. (6.22)

Let t∈ [0, T ]. Since Theorem 2.1 shows that (Zs,Us)=1{s≤τ}(Zs,Us)=1{s≤τ}(Zs, Us), ds×dP−a.s., taking t=τ

in (6.22) yields that

Yτ∧t = Yτ+η+

∫ T

τ∧t
1{s<τ}g(s,Zs,Us)ds−

∫ T

τ∧t
ZsdBs−

∫
(τ∧t,T ]

∫
X
Us(x)Ñp(ds, dx)

= Yτ+η +

∫ τ

τ∧t
1{s<γ}g(s, Zs, Us)ds−

∫ τ

τ∧t
ZsdBs−

∫
(τ∧t,τ ]

∫
X
Us(x)Ñp(ds, dx)

= ξ+η+

∫ T

τ∧t
gγ(s, Zs, Us)ds−

∫ T

τ∧t
ZsdBs−

∫
(τ∧t,T ]

∫
X
Us(x)Ñp(ds, dx), P−a.s. (6.23)

Multiplying 1{t≥τ} to (6.22) and multiplying 1{t<τ} to (6.23) leads to that

Y t = 1{t<τ}Yt+1{t≥τ}(Yt+η) = ξ+η+

∫ T

t

gγ(s, Zs, Us)ds−
∫ T

t

ZsdBs−
∫

(t,T ]

∫
X
Us(x)Ñp(ds, dx), P−a.s.

The right continuity of process Y then shows that P−a.s.

Y t=ξ+η+

∫ T

t

gγ(s, Zs, Us)ds−
∫ T

t

ZsdBs−
∫

(t,T ]

∫
X
Us(x)Ñp(ds, dx), t ∈ [0, T ].

So
(
Y , Z, U

)
solves BSDEJ (ξ+η, gγ). By uniqueness, one has P

{
Y t = Y

ξ+η,gγ
t , t ∈ [0, T ]

}
= 1. It follows that

Egτ,γ [ξ+η]=Y
ξ+η,gγ
τ =Y τ =Yτ+η=Egτ,γ [ξ]+η, P−a.s. Therefore, (g5) holds.

6) Assume that g is convex in (y, z, u) and let η ∈ Lp(Fγ), α ∈ [0, 1]. We set (Y 1, Z1, U1) :=
(
Y ξ,gγ , Zξ,gγ , Uξ,gγ

)
,

(Y 2, Z2, U2) :=
(
Y η,gγ , Zη,gγ , Uη,gγ

)
and

(
Y , Z, U

)
:=
(
αY 1 + (1−α)Y 2, αZ1 + (1−α)Z2, αU1 + (1−α)U2

)
. As

gt :=αgγ(t, Y 1
t , Z

1
t , U

1
t )+(1−α)gγ(t, Y 2

t , Z
2
t , U

2
t ), t∈ [0, T ] is an F−progressively measurable process, one can regard
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it as a special p−generator. It holds P−a.s. that

Y t = αY 1
t +(1−α)Y 2

t = αξ+(1−α)η+

∫ T

t

(
αgγ(s, Y 1

s , Z
1
s , U

1
s )+(1−α)gγ(s, Y 2

s , Z
2
s , U

2
s )
)
ds

−
∫ T

t

(
αZ1

s+(1−α)Z2
s

)
dBs−

∫
(t,T ]

∫
X

(
αU1

s (x)+(1−α)U2
s (x)

)
Ñp(ds, dx)

= αξ+(1−α)η+

∫ T

t

gsds−
∫ T

t

ZsdBs−
∫

(t,T ]

∫
X
Us(x)Ñp(ds, dx), t ∈ [0, T ].

Since the convexity of g in (y, z, u) shows that P
{
gγ
(
t, Y t, Zt, U t

)
≤gt, ∀ t∈ (0, T )

}
=1, an application of Theorem

2.2 with (g1, Y 1, Z1, U1)=
(
gγ , Y

αξ+(1−α)η,gγ , Zαξ+(1−α)η,gγ , Uαξ+(1−α)η,gγ
)

and (g2, Y 2, Z2, U2)=
(
g, Y , Z, U

)
yields

that P
{
Y
αξ+(1−α)η,gγ
t ≤Y t, ∀ t∈ [τ, γ]

}
= 1. Hence, we obtain Egτ,γ

[
αξ+(1−α)η

]
=Y

αξ+(1−α)η,gγ
τ ≤Y τ =αEgτ,γ [ξ]+

(1−α)Egτ,γ [η], P−a.s.

7) Next, assume that g is positively homogeneous in (y, z, u). Let α̃∈ [0,∞) and set (Y, Z, U) :=
(
Y ξ,gγ , Zξ,gγ , Uξ,gγ

)
.

It holds P−a.s. that

α̃Yt = α̃ξ+

∫ T

t

α̃gγ(s, Ys, Zs, Us)ds−
∫ T

t

α̃ZsdBs−
∫

(t,T ]

∫
X
α̃Us(x)Ñp(ds, dx)

= α̃ξ+

∫ T

t

gγ(s, α̃Ys, α̃Zs, α̃Us)ds−
∫ T

t

α̃ZsdBs−
∫

(t,T ]

∫
X
α̃Us(x)Ñp(ds, dx), t ∈ [0, T ],

which shows that (α̃Y, α̃Z, α̃U) ∈ Sp solves BSDEJ (α̃ξ, gγ). Thus, P
{
Y
α̃ξ,gγ
t = α̃Yt, t ∈ [0, T ]

}
= 1. In particular,

Egτ,γ [α̃ξ]=Y
α̃ξ,gγ
τ = α̃Yτ = α̃Egτ,γ [ξ], P−a.s. �

Proof of Example 3.1: 1) Since (1.6) and Hölder’s inequality imply that∫
X

∣∣u±1 (x)− u±2 (x)
∣∣ν(dx) ≤

∫
X

∣∣u1(x)− u2(x)
∣∣ν(dx) ≤

(
ν(X )

) 1
q ‖u1 − u2‖Lpν , ∀u1, u2∈Lpν ,

we see that u→
∫
Xu
±(x)ν(dx) is a continuous function on Lpν . It follows that gΞ and gΞ are two P⊗B(R)⊗B(Rd)⊗

B
(
Lpν
)
/B(R)−measurable mappings. Clearly, gΞ and gΞ satisfy (A2) with coefficients (β,Λ), and gΞ(·, 0, 0, 0) ≡

gΞ(·, 0, 0, 0)≡0.

2) To verify (A3) for gΞ, we let (t, ω, y, z, u1, u2)∈ [0, T ]×Ω×R×Rd×Lpν×Lpν . As

gΞ(t, ω, y, z, u1)− gΞ(t, ω, y, z, u2) = −κ1

∫
X

(
u−1 (x)−u−2 (x)

)
ν(dx)+κ2

∫
X

(
u+

1 (x)−u+
2 (x)

)
ν(dx)

=

∫
X

[
κ1

(
u1(x)−u2(x)

)
+ (κ2−κ1)

(
u+

1 (x)−u+
2 (x)

)]
ν(dx), (6.24)

gΞ satisfies (2.3) with
(
hκ(t, ω, y, z, u1, u2)

)
(x) :=κ1+1{u1(x) 6=u2(x)}(κ2−κ1)

u+
1 (x)−u+

2 (x)
u1(x)−u2(x) , ∀x∈X . Clearly, hκ(t, ω, y, z, u1, u2)

is a real-valued, FX−measurable function. Since

a+≤b+ for any a, b∈R with a≤b, (6.25)

we can deduce from (1.6) that κ1 ≤
(
hκ(t, ω, y, z, u1, u2)

)
(x) = κ1 +1{u1(x) 6=u2(x)}(κ2−κ1)

|u+
1 (x)−u+

2 (x)|
|u1(x)−u2(x)| ≤ κ2, which

implies that hκ(t, ω, y, z, u1, u2)∈Lqν .

It remains to show that the mapping hκ is P⊗B(R)⊗B(Rd)⊗B(Lpν)⊗B(Lpν)/B(Lqν)−measurable: let (t, ω, y, z,

u1, u2)∈ [0, T ]×Ω×R×Rd×Lpν×Lpν , let λ>0 and define fλ(α) := α+

λ ∧1, α∈R. For any u∈Lpν , (6.25) and (1.6) show

that the function
(
φu1

λ (u)
)
(x) :=fλ

(
u1(x)−u(x)

)u+
1 (x)−u+(x)
u1(x)−u(x) , ∀x∈X takes values in [0, 1], so φu1

λ (u)∈Lqν .

We first show that φu1

λ is a continuous mapping from Lpν to Lqν . Fix ε>0 and set δ=δ(λ, ε) := λε
3 (2ν(X ))−

1
q . Let

u, ũ∈Lpν with ‖ũ−u‖Lpν <δ(1/2)
1
p (ε/2)

1
p−1 . Since∣∣∣u+

1 (x)− u+(x)

u1(x)− u(x)
− u+

1 (x)− ũ+(x)

u1(x)− ũ(x)

∣∣∣ =
∣∣∣ (ũ+(x)−u+(x))(u1(x)−ũ(x))+(u+

1 (x)−ũ+(x))(u(x)−ũ(x))

(u1(x)−u(x))(u1(x)−ũ(x))

∣∣∣
≤ |ũ(x)−u(x)||u1(x)−ũ(x)|+|u1(x)−ũ(x)||u(x)−ũ(x)|

|u1(x)−u(x)||u1(x)−ũ(x)|
=2
|u(x)−ũ(x)|
|u1(x)−u(x)|

, ∀x∈X
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and since the Lipschitz coefficient of fλ is no larger than 1/λ, one can deduce from (1.6) that for any x∈{|ũ−u|<δ}

∣∣(φu1

λ (u)
)
(x)−

(
φu1

λ (ũ)
)
(x)
∣∣=∣∣∣∣fλ((u1−u)(x)

)(u+
1 (x)−u+(x)

u1(x)−u(x)
− u

+
1 (x)−ũ+(x)

u1(x)−ũ(x)

)
+
(
fλ
(
(u1−u)(x)

)
−fλ

(
(u1−ũ)(x)

))u+
1 (x)−ũ+(x)

u1(x)−ũ(x)

∣∣∣∣
≤2

(u1(x)−u(x))+

λ

|u(x)−ũ(x)|
|u1(x)−u(x)|

+
1

λ
|u(x)−ũ(x)|≤ 3

λ

∣∣u(x)−ũ(x)
∣∣< 3δ

λ
.

It follows that∫
X

∣∣∣(φu1

λ (u)
)
(x)−

(
φu1

λ (ũ)
)
(x)
∣∣∣qν(dx)≤

∫
{|ũ−u|<δ}

(3δ

λ

)q
ν(dx)+

∫
{|ũ−u|≥δ}

2q ν(dx)≤
(3δ

λ

)q
ν(X )+

2q

δp
‖ũ−u‖p

Lpν
<εq,

or
∥∥(φu1

λ (u))−(φu1

λ (ũ))
∥∥
Lqν
≤ε. This shows that

the mapping φu1

λ is uniformly continuous from Lpν to Lqν and thus B(Lpν)/B(Lqν)−measurable. (6.26)

For any u∈Lpν , we define a function φu1(u)∈Lqν by

(
φu1(u)

)
(x) := lim

λ→0

(
φu1

λ (u)
)
(x)=1{u1(x)−u(x)>0}

u+
1 (x)− u+(x)

u1(x)− u(x)
∈ [−1, 1], ∀x∈X .

In light of the bounded convergence theorem, lim
λ→0
‖φu1

λ (u)−φu1(u)‖q
Lqν

= lim
λ→0

∫
X

∣∣(φu1

λ (u))(x)−(φu1(u))(x)
∣∣qν(dx)=0.

Namely, φu1(u) is the limit of
{
φu1

λ (u)
}
λ>0

in Lqν . It then follows from (6.26) that the mapping φu1 is B(Lpν)/B(Lqν)−
measurable.

Define
(
φ̂u1(u)

)
(x) := 1{u1(x)−u(x)<0}

u+
1 (x)−u+(x)
u1(x)−u(x) ∈ [−1, 1], ∀u ∈ Lpν , ∀x ∈ X . One can similarly show that

φ̂u1 is also a B(Lpν)/B(Lqν)−measurable mapping. Consequently, the mapping u → hκ(t, ω, y, z, u1, u) is again

B(Lpν)/B(Lqν)−measurable. Symmetrically, the mapping u → hκ(t, ω, y, z, u, u2) is B(Lpν)/B(Lqν)−measurable.

Putting them together yields the expected measurability of hκ.

3) Similar to (6.2), we see from (6.24) that for any (t, ω, y, z, u1, u2)∈ [0, T ]×Ω×R×Rd×Lpν×Lpν

gΞ(t, ω, y, z, u1)−gΞ(t, ω, y, z, u2)=

∫
X

(
−u2(x)+u1(x)

)
·
(
hκ(t, ω,−y,−z,−u2,−u1)

)
(x)ν(dx).

So gΞ satisfies (2.3) with
(
hκ(t, ω, y, z, u1, u2)

)
(x) =

(
hκ(t, ω,−y,−z,−u2,−u1)

)
(x)∈ [κ1, κ2], ∀x∈X . Clearly, the

mapping hκ is also P⊗B(R)⊗B(Rd)⊗B(Lpν)⊗B(Lpν)/B(Lqν)−measurable. Therefore, gΞ also satisfies (A3). �

Proof of Proposition 3.1: Fix τ ∈ T , ∀ γ ∈ Tτ and ξ, η ∈ Lp(FT ). Set (Y1,Z1,U1) =
(
Y ξ,gγ , Zξ,gγ , Uξ,gγ

)
,

(Y2,Z2,U2) =
(
Y η,gγ , Zη,gγ , Uη,gγ

)
and (Y3,Z3,U3) =

(
Y ξ−η,g

Ξ
γ , Zξ−η,g

Ξ
γ , Uξ−η,g

Ξ
γ
)
. The P ⊗B(R)⊗B(Rd)⊗

B
(
Lpν
)
/B(R)−measurability of g, the P−measurability of process Y2, the P̂−measurability of process Z2 and

the P̂⊗FX−measurability of random field U2 imply that the mapping

g(t, ω, y, z, u) := g
(
t, ω, y+Y2(t, ω), z+Z2(t, ω), u+U2(t, ω)

)
−g
(
t, ω,Y2(t, ω),Z2(t, ω),U2(t, ω)

)
,

∀ (t, ω, y, z, u)∈ [0, T ]×Ω×R×Rd×Lpν is also P⊗B(R)⊗B(Rd)⊗B
(
Lpν
)
/B(R)−measurable.

For
(
Y ,Z, U

)
:=(Y1−Y2,Z1−Z2,U1−U2)∈Sp, it holds P−a.s. that

Y t=ξ−η+

∫ T

t

1{t<γ}
(
g(s,Y1

s ,Z1
s ,U1

s )−g(s,Y2
s ,Z2

s ,U2
s )
)
ds−

∫ T

t

ZsdBs−
∫

(t,T ]

∫
X
Us(x)Ñp(ds, dx), t∈ [0, T ].

Namely,
(
Y , Z, U

)
solves the BSDEJ (ξ−η, gγ). We can deduce from (A2) and (A3) that dt×dP−a.s.

g
(
t, Y t, Zt, U t

)
=g(t,Y1

t ,Z1
t ,U1

t )−g(t,Y2
t ,Z2

t ,U2
t )=g(t,Y1

t ,Z1
t ,U1

t )−g(t,Y2
t ,Z2

t ,U1
t )+g(t,Y2

t ,Z2
t ,U1

t )−g(t,Y2
t ,Z2

t ,U2
t )

≤βt|Y t|+Λt|Zt|+
∫
X
U t(x)·

(
h(t,Y2

t ,Z2
t ,U1

t ,U2
t )
)
(x)ν(dx)

≤ βt|Y t|+Λt|Zt|+κ2

∫
X
U

+

t (x)ν(dx)−κ1

∫
X
U
−
t (x)ν(dx)=gΞ

(
t, Y t, Zt, U t

)
.
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Since gΞ also satisfies (A2) and (A3) by Example 3.1, applying Theorem 2.2 with (τ, γ) = (0, T ), (Y 1, Z1, U1) =(
Y , Z, U

)
and (Y 2, Z2, U2)=(Y3,Z3,U3) yields that P

{
Y1
t −Y2

t =Y t≤Y3
t , ∀ t∈ [0, T ]

}
=1. In particular,

Egτ,γ [ξ]−Egτ,γ [η]=Y1
τ−Y2

τ ≤Y3
τ =EΞ

τ,γ [ξ−η], P−a.s. (6.27)

Multiplying −1 to BSDEJ
(
η−ξ, gΞ

γ

)
shows that (−Y η−ξ,g

Ξ
γ ,−Zη−ξ,g

Ξ
γ ,−Uη−ξ,g

Ξ
γ ) is the unique solution of BS-

DEJ
(
ξ−η, gΞ

γ

)
. So P

{
−Y η−ξ,g

Ξ
γ

t =Y
ξ−η,gΞ

γ

t , ∀ t∈ [0, T ]
}

=1, which together with (6.27) implies that

Egτ,γ [ξ]−Egτ,γ [η] = −
(
Egτ,γ [η]−Egτ,γ [ξ]

)
≥ −EΞ

τ,γ [η−ξ] = −Y η−ξ,g
Ξ
γ

τ = Y
ξ−η,gΞ

γ
τ = EΞ

τ,γ [ξ−η], P−a.s. �

6.3 Proofs of Section 4

Proof of Lemma 4.1: Let ti ≤ t < s ≤ ti+1 for some i ∈ {1, · · ·n−1} and let ξ ∈ Lp(Fτ∧s). Set (Y,Z, U) :=(
Y ξ,gτ∧s , Zξ,gτ∧s , Uξ,gτ∧s

)
and

(
Ỹ , Z̃, Ũ

)
:=
(
Y ξ,gs , Zξ,gs , Uξ,gs

)
.

Let t′ ∈ [t, s]. Since {τ ≤ ti} = {τ ≥ ti+1}c ∈ Fti ⊂ Ft′ , and since (Zr, Ur) = 1{r≤τ∧s}(Zr, Ur), dr×dP−a.s. by

Theorem 2.1, multiplying 1{τ≤ti} and 1{τ≥ti+1} to BSDEJ
(
ξ, gτ∧s

)
over period [t′, T ] respectively yields that P−a.s.

1{τ≤ti}Yt′ = 1{τ≤ti}ξ+

∫ T

t′
1{τ≤ti}1{r<τ∧s}g(r, Yr, Zr, Ur)dr−

∫ T

t′
1{τ≤ti}1{r≤τ∧s}ZrdBr

−
∫

(t′,T ]

∫
X

1{τ≤ti}1{r≤τ∧s}Ur(x)Ñp(dr, dx)=1{τ≤ti}ξ, (6.28)

and that P−a.s.

1{τ≥ti+1}Yt′=1{τ≥ti+1}ξ+

∫ T

t′
1{τ≥ti+1}1{r<τ∧s}g(r, Yr, Zr, Ur)dr−

∫ T

t′
1{τ≥ti+1}1{r≤τ∧s}ZrdBr

−
∫

(t′,T ]

∫
X

1{τ≥ti+1}1{r≤τ∧s}Ur(x)Ñp(dr, dx)

= 1{τ≥ti+1}ξ+

∫ s

t′
1{τ≥ti+1}g(r, Yr, Zr, Ur)dr−

∫ s

t′
1{τ≥ti+1}ZrdBr−

∫
(t′,s]

∫
X

1{τ≥ti+1}Ur(x)Ñp(dr, dx). (6.29)

Also, an analogy to (6.28) shows that P−a.s.

1{τ≤ti}Ỹt′=1{τ≤ti}ξ+

∫ s

t′
1{τ≤ti}g

(
r, Ỹr, Z̃r, Ũr

)
dr−

∫ s

t′
1{τ≤ti}Z̃rdBr−

∫
(t′,s]

∫
X

1{τ≤ti}Ũr(x)Ñp(dr, dx). (6.30)

Next, set (Yr,Zr,Ur) := 1{τ≤ti}
(
Ỹr, Z̃r, Ũr

)
+1{τ≥ti+1}(Yr, Zr, Ur), ∀ r ∈ [t, s]. As Yt ∈ Lp(Ft), Theorem 2.1

shows that the BSDEJ (Yt, gt) admits a unique solution (Y ,Z ,U ) ∈ Sp. Define Y r := 1{r<t}Yr+1{r≥t}Yr∧s and(
Zr, Ur

)
:=1{r≤t}(Zr,Ur)+1{t<r≤s}(Zr,Ur), ∀ r∈ [0, T ]. One can deduce that

(
Y ,Z, U

)
belong to Sp.

For any t′∈ [t, T ], adding (6.29) to (6.30) yields that

Y t′ = Yt′∧s=1{τ≤ti}Ỹt′∧s+1{τ≥ti+1}Yt′∧s=ξ +

∫ s

t′∧s
g(r,Yr,Zr,Ur)dr−

∫ s

t′∧s
ZrdBr−

∫
(t′∧s,s]

∫
X
Ur(x)Ñp(dr, dx)

= ξ +

∫ T

t′
gs(r, Y r, Zr, Ur)dr−

∫ T

t′
ZrdBr−

∫
(t′,T ]

∫
X
Ur(x)Ñp(dr, dx), P−a.s. (6.31)

On the other hand, for any t̂∈ [0, t), as Theorem 2.1 shows that Y t=Yt=YT =Yt, P−a.s., we have

Y t̂ −Y t = Yt̂ − Yt =

∫ t

t̂

gt(r,Yr,Zr,Ur)dr−
∫ t

t̂

ZrdBr−
∫

( t̂,t]

∫
X

Ur(x)Ñp(dr, dx)

=

∫ t

t̂

g
(
r, Y r, Zr, Ur

)
dr−

∫ t

t̂

ZrdBr−
∫

( t̂,t]

∫
X
Ur(x)Ñp(dr, dx), P−a.s.



6.3 Proofs of Section 4 21

Taking t′= t in (6.31) yields that

Y t̂ = ξ+

∫ T

t̂

gs
(
r, Y r, Zr, Ur

)
dr−

∫ T

t̂

ZrdBr−
∫

( t̂,T ]

∫
X
Ur(x)Ñp(dr, dx), P−a.s. (6.32)

By the right-continuity of Y , we see from (6.31) and (6.32) that P−a.s.

Y t′=ξ+

∫ T

t′
gs(r, Y r, Zr, Ur)dr−

∫ T

t′
ZrdBr−

∫
(t′,T ]

∫
X
Ur(x)Ñp(dr, dx), t′∈ [0, T ],

which shows that
(
Y , Z, U

)
solves BSDEJ (ξ, gs). It follows that Egt,s[ξ] = Y ξ,gst = Y t = Yt, P−a.s. Then applying

(6.28) with t′= t, we see from Theorem 2.1 again that P−a.s.

Egτ∧t,τ∧s[ξ]=Yτ∧t=Yt=1{τ≤ti}Yt + 1{τ≥ti+1}Yt=1{τ≤ti}ξ+1{τ≥ti+1}Yt=1{τ≤ti}ξ+1{τ≥ti+1}E
g
t,s[ξ]. �

Proof of Proposition 4.1: Let us only consider the g−submartingale case, as the other cases can be derived

similarly.

1) Assume first that γ takes values in a finite set {0= t1< · · ·<tn=T}.
If t∈ [tn, T ], (3.1) shows that Egγ∧t,γ [Xγ ]=Y

Xγ ,gγ
γ∧t =Y

Xγ ,gγ
γ =Egγ,γ [Xγ ]=Xγ =Xγ∧t, P−a.s. Then let us inductively

argue that for any t ∈ [0, T ],

Egγ∧t,γ [Xγ ] ≥ Xγ∧t, P−a.s. (6.33)

Suppose that for some i∈{2, · · · , n}, (6.33) holds for each t∈ [ti, T ]. Given t∈ [ti−1, ti), the (g1), (g3) properties of

g−evaluations and (4.1) imply that

Egγ∧t,γ [Xγ ]=Egγ∧t,γ∧ti
[
Egγ∧ti,γ [Xγ ]

]
≥Egγ∧t,γ∧ti [Xγ∧ti ]=1{γ≤ti−1}Xγ∧ti+1{γ≥ti}E

g
t,ti [Xγ∧ti ], P−a.s. (6.34)

Since {γ≥ ti}={γ≤ ti−1}c∈Fti−1
⊂Ft, the (g4) of g−evaluations and the g−submartingality of X show that P−a.s.

1{γ≥ti}E
g
t,ti [Xγ∧ti ]=1{γ≥ti}E

g
t,ti [1{γ≥ti}Xγ∧ti ]=1{γ≥ti}E

g
t,ti [1{γ≥ti}Xti ]=1{γ≥ti}E

g
t,ti [Xti ] ≥ 1{γ≥ti}Xt=1{γ≥ti}Xγ∧t.

Putting it back to (6.34) proves (6.33) for any t∈ [ti−1, T ]. This completes the inductive step. Hence, (6.33) holds

for any t∈ [0, T ].

If τ is also finitely valued, for example in {0=s1< · · ·<sm=T}, then we see from (6.33) that P−a.s.

Egτ,γ [Xγ ]=Y Xγ ,gγτ =Y
Xγ ,gγ
γ∧τ =

m∑
j=1

1{τ=sj}Y
Xγ ,gγ
γ∧sj =

m∑
j=1

1{τ=sj}E
g
γ∧sj ,γ [Xγ ]≥

m∑
j=1

1{τ=sj}Xγ∧sj =Xγ∧τ =Xτ .

2) Next, assume thatX is right-continuous but τ, γ are general stopping times. Set (Y,Z, Y ) :=
(
Y Xγ ,gγ , ZXγ ,gγ , UXγ ,gγ

)
.

For any n∈N, we set tni := i
2nT , i=0, · · · , 2n and define τn :=

∑2n

i=1 1{tni−1<τ≤tni } t
n
i and γn :=

∑2n

i=1 1{tni−1<γ≤tni } t
n
i ∈T .

Let m,n∈N with m>n and set (Y n, Zn, Y n) :=
(
Y Xγn ,gγn , ZXγn ,gγn , UXγn ,gγn

)
. Since τm≤τn≤γn, Part 1 shows

that Y nτm =Egτm,γn [Xγn ]≥Xτm , P−a.s. As lim
m→∞

↓ τm=τ , the right continuity of processes Y n and X implies that

Y nτ = lim
m→∞

Y nτm≥ lim
m→∞

Xτm =Xτ , P−a.s. (6.35)

By Proposition 2.1,

E[|Y nτ −Yτ |p]≤
∥∥Y n−Y ∥∥pDp≤CE[ |Xγn−Xγ |p+

(∫ γn

γ

∣∣g(t, Yt, Zt, Ut)
∣∣dt)p ]. (6.36)

Also, (A1)−(A3), (6.1), (1.7) and Hölder’s inequality implies that

E

[(∫ T

0

∣∣g(t, Yt, Zt, Ut)
∣∣dt)p ]≤E[(∫ T

0

(
|g(t, 0, 0, 0)|+βt|Yt|+Λt|Zt|+κ2(ν(X ))

1
q ‖Ut‖Lpν

)
dt
)p ]

≤4p−1E

[(∫ T

0

|g(t, 0, 0, 0)|dt
)p

+Ĉ
p
q TY p∗ +Ĉ

p
2

(∫ T

0

|Zt|2dt
) p

2

+κp2(ν(X )T )
p
q

∫ T

0

‖Ut‖pLpνdt
]
<∞.
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Since E[Xp
∗ ]<∞ and since lim

n→∞
↓ γn=γ, letting n→∞ in (6.36), we can deduce from the right-continuity of X and

the dominated convergence theorem that lim
n→∞

E[|Y nτ −Yτ |p] = 0. So there exists a subsequence {ni}n∈N of N such

that Yτ = lim
i→∞

Y niτ , P−a.s. It then follows from (6.35) that Yτ = lim
i→∞

Y niτ ≥Xτ , P−a.s. or Egτ,γ [Xγ ]≥Xτ , P−a.s. �

Proof of Proposition 4.2: We simply denote g0
t :=g(t, 0, 0, 0), t∈ [0, T ].

1) Like Part 1 in the proof of Theorem 2.2, we first construct an equivalent probability QD to P .

Let i∈{1, · · · , 2m′} and let τi be the finitely valued F−stopping time as defined in (4.2). We set (Y i, Zi, U i) :=(
Y Xτi ,gτi , ZXτi ,gτi , UXτi ,gτi

)
. Since (Zit , U

i
t )=1{t≤τi}(Z

i
t , U

i
t ), dt×dP−a.s. by Theorem 2.1, it holds P−a.s. that

Y iτi∧t=Xτi+

∫ τi

τi∧t
g(s, Y is , Z

i
s, U

i
s)ds−

∫ τi

τi∧t
ZisdBs−

∫
(τi∧t,τi]

∫
X
U is(x)Ñp(ds, dx), ∀ t ∈ [0, T ]. (6.37)

Clearly, ait := 1{Y it 6=0}
g(t, Y it , Z

i
t , U

i
t )−g(t, 0, Zit , U

i
t )

Y it
, bit := 1{Zit 6=0}

g(t, 0, Zit , U
i
t )−g(t, 0, 0, U it )

|Zit |2
Zit , ∀ t∈ [0, T ] are two

F−progressively measurable processes. By (A2), it holds dt×dP−a.s. that

|ait| ≤ βt and |bit| ≤ Λt. (6.38)

Also, setting Hit :=h(t, 0, 0, 0, U it ), t∈ [0, T ], we can deduce from (A2), (A3) (iii) that dt×dP−a.s.

g(t, Y it , Z
i
t , U

i
t )−g0

t =aitY
i
t +bitZ

i
t+g(t, 0, 0, U it )−g(t, 0, 0, 0)≥aitY

i
t +bitZ

i
t+

∫
X
Hit(x)U it (x)ν(dx). (6.39)

Similar to (6.5), MDt :=
∫ T

0

(∑2m′

i=1 1{s∈(τi−1,τi]}b
i
s

)
dBs+

∫
(0,T ]

∫
X
(∑2m′

i=1 1{s∈(τi−1,τi]}H
i
s(x)

)
Ñp(ds, dx), t∈ [0, T ] is

a uniformly integrable martingale. For any ζ∈T , we see from (6.38) and (A3) (ii) that

∣∣∣∆MD(ζ(ω), ω)
∣∣∣=1{ζ(ω)∈Dp(ω)}

∣∣∣∣ 2m′∑
i=1

1{ζ(ω)∈(τi−1(ω),τi(ω)]}
(
Hi
(
ζ(ω), ω, p(ζ(ω), ω)

)∣∣∣∣≤κ2, ∀ω∈Ω,

and that

E
[[
MD,MD

]
T
−
[
MD,MD

]
τ

∣∣Fτ]=E

[∫ T

τ

( 2m′∑
i=1

1{s∈(τi−1,τi]}
∣∣bis∣∣2)ds+

∫
(τ,T ]

∫
X

( 2m′∑
i=1

1{s∈(τi−1,τi]}
∣∣His(x)

∣∣2)Np(ds, dx)

∣∣∣∣Fτ
]

= E

[∫ T

τ

( 2m′∑
i=1

1{s∈(τi−1,τi]}
∣∣bis∣∣2)ds+

∫ T

τ

∫
X

( 2m′∑
i=1

1{s∈(τi−1,τi]}
∣∣His(x)

∣∣2)ν(dx)ds

∣∣∣∣Fτ
]
≤ Ĉ+κ2

2ν(X )T <∞.

Thus, MD is a BMO martingale. In virtue of [50], the Doléans-Dade exponential of MD

Et(M
D) :=eM

D
t − 1

2 〈M
D,c〉t

∏
0<s≤t

(1+∆MDs )e−∆MDs >0, t∈ [0, T ] (6.40)

is a uniformly integrable martingale, where MD,c denote the continuous part of MD.

Define a probability measure QD by dQD

dP := ET (MD), which satisfies dQD

dP

∣∣
Ft

:= Et(MD), ∀ t ∈ [0, T ]. The

Girsanov’s Theorem shows that BDt := Bt−
∫ t

0

(∑2m′

i=1 1{s∈(τi−1,τi]}b
i
s

)
ds, t ∈ [0, T ] is a QD−Brownian motion and

ÑDp (t, A) := Ñp(t, A)−
∫

(0,t]

∫
X
(∑2m′

i=1 1{s∈(τi−1,τi]}H
i
s(x)

)
ν(dx)ds, t ∈ [0, T ], A ∈ FX is a QD−compensated Poisson

random measure.

2)Next, we show that (b−a)EQD
[
UD(a, b;X)

]
≤e2ĈEQD

[
|a|Ĉ+(Xtm−a)−+

∫ tm

0

|g0
s |ds

]
. (6.41)

By (6.38), the F−adapted continuous process ΘDt :=exp
{∫ t

0

(∑2m′

i=1 1{s∈(τi−1,τi]}a
i
s

)
ds
}

, t∈ [0, T ] satisfies that

e−Ĉ≤e−
∫ T
0
βsds≤ inf

t∈[0,T ]
ΘDt ≤ sup

t∈[0,T ]

ΘDt ≤e
∫ T
0
βsds≤eĈ , P−a.s. and thus QD−a.s. (6.42)
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Let i∈{1, · · · , 2m′} and n∈N. We define γin :=inf
{
t∈ [0, T ] :

∫ t
0
|Zis|2ds+

∫ t
0

∫
X |U

i
s(x)|pν(dx)ds>n

}
∧T ∈T . Applying

Itô’s formula to ΘDt Y
i
t over period [τi−1∧γin, τi∧γin], we can deduce from (6.37) and (6.39) that

ΘDτi−1∧γin
Y iτi−1∧γin

=ΘDτi∧γinY
i
τi∧γin

+

∫ τi∧γin

τi−1∧γin
ΘDs
(
g(s, Y is , Z

i
s, U

i
s)−aisY is

)
ds−

∫ τi∧γin

τi−1∧γin
ΘDs Z

i
sdBs

−
∫

(τi−1∧γin,τi∧γin]

∫
X

ΘDs U
i
s(x)Ñp(ds, dx)

≥ ΘDτi∧γinY
i
τi∧γin

+

∫ τi∧γin

τi−1∧γin
ΘDs g

0
sds−

(
Mi,n

τi −M
i,n
τi−1

+M i,n
τi −M i,n

τi−1

)
, P−a.s. and thus QD−a.s., (6.43)

whereMi,n
t :=

∫ t
0
1{s≤γin}Θ

D
s Z

i
sdB

D
s and M i,n

t :=
∫

(0,t]

∫
X1{s≤γin}Θ

D
s U

i
s(x)ÑDp (ds, dx), t∈ [0, T ]. Then the Burkholder-

Davis-Gundy inequality, (1.5) and (6.42) imply that

EQD

[
sup
t∈[0,T ]

∣∣Mi,n
t

∣∣p+ sup
t∈[0,T ]

∣∣M i,n
t

∣∣p]≤cpEQD[(∫ γin

0

(ΘDs )2|Zis|2ds
) p

2

+

∫ γin

0

∫
X

(ΘDs )p|U is(x)|pν(dx)ds

]
≤cpepĈ

(
n
p
2 +n

)
<∞.

So bothMi,n and M i,n are two uniformly integrableQD−martingales. Taking conditional expectation EQD [ |Fτi−1∧γin ]

in (6.43) yields that

ΘDτi−1∧γin
Y iτi−1∧γin

+

∫ τi−1∧γin

0

ΘDs g
0
sds≥EQD

[
ΘDτi∧γinY

i
τi∧γin

+

∫ τi∧γin

0

ΘDs g
0
sds
∣∣∣Fτi−1∧γin

]
, QD−a.s. (6.44)

Set ηDi,n :=ΘDτi∧γin
Y iτi∧γin

−ΘDτiXτi−
∫ τi
τi∧γin

ΘDs g
0
sds. Doob’s martingale inequality shows that

εQD
{

sup
t∈[0,T ]

∣∣EQD [ηDi,n|Ft]
∣∣≥ε}≤EQD[∣∣ηDi,n∣∣], ∀ ε>0. (6.45)

As (Zi, U i)∈Z2,p×Up, we have
∫ T

0

(
|Zis|2+‖U is‖

p
Lpν

)
ds<∞, P−a.s. and thus QD−a.s. So for QD−a.s. ω∈Ω there

exists a N i
ω=ND,iω ∈N such that

γin(ω) = T for any n ≥ N i
ω. (6.46)

It follows that lim
n→∞

ΘDτi−1∧γin
Y iτi−1∧γin

= ΘDτi−1
Y iτi−1

and lim
n→∞

ΘDτi∧γin
Y iτi∧γin

= ΘDτiY
i
τi = ΘDτiXτi , Q−a.s. even though

Y i may not be left-continuous. In particular, the second limit together with (6.46) further shows that lim
n→∞

ηDi,n=0.

Since |ηDi,n|≤eĈ
(
Y i∗+X∗+

∫ T
0
|g0
s |ds

)
, ∀n∈N by (6.42), an analogy to (6.12), (1.7) and (A1) show that

EQD

[
Y i∗+X∗+

∫ T

0

|g0
s |ds

]
≤3

1
q

∥∥ET (MD)
∥∥
Lq(FT )

{
E

[
(Y i∗ )p+Xp

∗+
(∫ T

0

|g0
s |ds

)p]} 1
p

<∞.

Letting n→∞ in (6.45), we can deduce from the dominated convergence theorem that lim
n→∞

QD
{

sup
t∈[0,T ]

∣∣EQD [ηDi,n|Ft]
∣∣

≥ ε
}

= 0, ∀ ε > 0 or
{

sup
t∈[0,T ]

∣∣EQD [ηDi,n|Ft]
∣∣}
n∈N converges to 0 in probability QD. Hence, there exists a sequence

{nj}j∈N such that lim
j→∞

sup
t∈[0,T ]

∣∣EQD [ηDi,nj |Ft]
∣∣=0, QD−a.s. By (6.44), it holds QD−a.s. that

EQD

[
ΘDτiXτi+

∫ τi

0

ΘDs g
0
sds
∣∣∣Fτi−1∧γinj

]
≤ ΘDτi−1∧γinj

Y iτi−1∧γinj
+

∫ τi−1∧γinj

0

ΘDs g
0
sds−EQD

[
ηDi,nj

∣∣Fτi−1∧γinj

]
≤ ΘDτi−1∧γinj

Y iτi−1∧γinj
+

∫ τi−1∧γinj

0

ΘDs g
0
sds+ sup

t∈[0,T ]

∣∣EQD [ηDi,nj |Ft]
∣∣, ∀ j∈N.

As j→∞, we see from (6.46) and the right continuity of process EQD
[
ΘDτiXτi+

∫ τi
0

ΘDs g
0
sds|Ft

]
, t∈ [0, T ] that

EQD

[
ΘDτiXτi+

∫ τi

0

ΘDs g
0
sds
∣∣∣Fτi−1

]
≤ΘDτi−1

Y iτi−1
+

∫ τi−1

0

ΘDs g
0
sds≤ΘDτi−1

Xτi−1
+

∫ τi−1

0

ΘDs g
0
sds, QD−a.s. (6.47)
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In the second inequality above, we used the g−supermartingality of X: Xτi−1 ≥ Egτi−1,τi [Xτi ] = Y iτi−1
, P−a.s., and

thus QD−a.s.

Let i = 1, · · · ,m′. As Xτ2i>b on {τ2i<tm},

1{τ2i−1<tm}(Xτ2i−a)=1{τ2i<tm}(Xτ2i−a)+1{τ2i−1<tm=τ2i}(Xtm−a)≥1{τ2i<tm}(b−a)−1{τ2i−1<tm=τ2i}(Xtm−a)−.

Also, since Xτ2i−1
<a on {τ2i−1<tm}, we can deduce from (6.47) that QD−a.s.

1{τ2i−1<tm}Θ
D
τ2i−1

a≥1{τ2i−1<tm}Θ
D
τ2i−1

Xτ2i−1
≥EQD

[
1{τ2i−1<tm}

(
ΘDτ2iXτ2i+

∫ τ2i

τ2i−1

ΘDs g
0
sds
)∣∣∣Fτ2i−1

]
≥EQD

[
ΘDτ2i

(
1{τ2i−1<tm}a+1{τ2i<tm}(b−a)−1{τ2i−1<tm=τ2i}(Xtm−a)−

)
+1{τ2i−1<tm}

∫ τ2i

τ2i−1

ΘDs g
0
sds
∣∣∣Fτ2i−1

]
.

Taking EQD [ ] then yields that

(b−a)EQD
[
1{τ2i<tm}Θ

D
τ2i

]
≤EQD

[
1{τ2i−1<tm}a

(
ΘDτ2i−1

−ΘDτ2i
)
+1{τ2i−1<tm=τ2i}Θ

D
τ2i(Xtm−a)−+eĈ

∫ τ2i

τ2i−1

|g0
s |ds

]
.

Since ΘDτ2i−ΘDτ2i−1
=
∫ τ2i
τ2i−1

ΘDs a
2i
s ds, (6.42) and (6.38) implies that

(b−a)e−ĈEQD
[
1{τ2i<tm}

]
≤(b−a)EQD

[
1{τ2i<tm}Θ

D
τ2i

]
≤eĈEQD

[
1{τ2i−1<tm}|a|

∫ τ2i

τ2i−1

βsds+1{τ2i−1<tm=τ2i}(Xtm−a)−+

∫ τ2i

τ2i−1

|g0
s |ds

]
.

Summing up over i∈{1, · · · ,m′}, we obtain (6.41).

3)In this step, we show that EQD
[
ξ
]
≤eĈEΞ

0,tm [ξ], ∀ ξ∈Lp(Ftm). (6.48)

To see this, we let ξ∈Lp(Ftm) and (Y, Z, U) :=
(
Y ξ,g

Ξ
tm , Zξ,g

Ξ
tm , Uξ,g

Ξ
tm

)
. As τ2m′= tm, (6.38) and (A3) (ii) show that

Zs

( 2m′∑
i=1

1{s∈(τi−1,τi]}b
i
s

)
+

∫
X
Us(x)

( 2m′∑
i=1

1{s∈(τi−1,τi]}H
i
s(x)

)
ν(dx)≤Λs|Zs|+

∫
X

( 2m′∑
i=1

1{s∈(τi−1,τi]}
(
κ2U

+
s (x)−κ1U

−
s (x)

))
ν(dx)

≤ Λs|Zs|+κ2

∫
X
U+
s (x)ν(dx)−κ1

∫
X
U−s (x)ν(dx) holds ds×dP−a.s. on [0, tm]×Ω. (6.49)

Let k∈N and define γk :=inf
{
t∈ [0, T ] :

∫ t
0
|Zs|2ds+

∫ t
0

∫
X |Us(x)|pν(dx)ds>k

}
∧T ∈T . Set φt :=e

∫ t∧tm
0

sgn(Ys)βsds≤
eĈ , t∈ [0, T ]. Applying Itô’s formula to φtYt over period [0, γk], we can deduce from (6.49) that

Y0 =φγkYγk+

∫ γk

0

φsΛs|Zs|ds−κ1

∫ γk

0

∫
X
φsU

−
s (x)ν(dx)ds+κ2

∫ γk

0

∫
X
φsU

+
s (x)ν(dx)ds

−
∫ γk

0

φsZsdBs −
∫

(0,γk]

∫
X
φsUs(x)Ñp(ds, dx)

≥φγkYγk+

∫ γk

0

φsZs

( 2m′∑
i=1

1{s∈(τi−1,τi]}b
i
s

)
ds+

∫ γk

0

∫
X
φsUs(x)

( 2m′∑
i=1

1{s∈(τi−1,τi]}H
i
s(x)

)
ν(dx)ds

−
∫ γk

0

φsZsdBs−
∫

(0,γk]

∫
X
φsUs(x)Ñp(ds, dx)=φγkYγk−Mk

T−M k
T , P−a.s. or QD−a.s., (6.50)

where Mk
t :=

∫ t
0
1{s≤γk}φsZsdB

D
s and M k

t :=
∫

(0,t]

∫
X1{s≤γk}φsUs(x)ÑDp (ds, dx). The Burkholder-Davis-Gundy in-

equality and (1.5) imply that

EQD

[
sup

r∈[0,T ]

∣∣Mk
r

∣∣p+ sup
r∈[0,T ]

∣∣M k
r

∣∣p] ≤ cpEQD[(∫ γk

0

φ2
r|Zr|2dr

) p
2

+

∫ γk

0

∫
X
φpr |Ur(x)|pν(dx)dr

]
≤cpepĈ

(
k
p
2 +k

)
<∞,
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thus M and M are two uniformly integrable QD−martingales. Taking expectation EQD [ ] in (6.50) yields that

EΞ
0,tm [ξ]=Y0≥EQD

[
φγkYγk

]
≥e−ĈEQD

[
Yγk
]
. (6.51)

As (Z,U)∈Z2,p×Up, one has
∫ T

0

(
|Zs|2+‖Us‖pLpν

)
ds<∞, P−a.s. and thus QD−a.s. So for QD−a.s. ω∈Ω there

exists a Kω∈N such that γk(ω)=T for any k≥Kω. It follows that lim
k→∞

Yγk =YT =ξ, QD−a.s. even though the process

Y may not be left-continuous. An analogy to (6.12) yields that EQD [Y∗]=E
[
ET (MD)Y∗

]
≤‖ET (MD)‖Lq(FT )‖Y ‖Dp<

∞. Then letting k→∞ in (6.51), we obtain (6.48) from the dominated convergence theorem.

Now, taking ξ = (Xtm−a)−+
∫ tm

0
|g0
s |ds in (6.48) and setting η := 1+UD(a, b;X), one can deduce from (6.41),

Jensen’s inequality, (6.38) and (A3) (ii) that

1+
e3Ĉ

b−a

(
|a|+EΞ

0,tm

[
(Xtm−a)−+

∫ tm

0

|g0
s |ds

])
≥1+

e2Ĉ

b−a

(
|a|Ĉ+EQD

[
(Xtm−a)−+

∫ tm

0

|g0
s |ds

])
≥EQD [η]=E

[
ηET (MD)

]
≥exp

{
E

[
ln η+MDT −

1

2
〈MD,c〉T +

∑
0<s≤T

(
ln(1 + ∆MDs )−∆MDs

)]}

= exp

{
E

[
ln η− 1

2

∫ T

0

( 2m′∑
i=1

1{s∈(τi−1,τi]}|b
i
s|2
)
ds+

∫
(0,T ]

∫
X

( 2m′∑
i=1

1{s∈(τi−1,τi]}

(
ln
(
1+His(x)

)
−His(x)

))
Np(ds, dx)

]}
≥ exp

{
E
[

ln η− 1

2

∫ tm

0

Λ2
sds+

(
ln(1+κ1)− κ2

)
Np

(
(0, tm],X

)]}
≥exp

{
E
[

ln η
]
− 1

2
Ĉ+

(
ln(1+κ1)− κ2

)
ν(X )T

}
.

Then the conclusion follows. �

Proof of Proposition 4.3: We set ℘ :=
(
2p−4 p(p−1)

) 1
p and define processes

at := βt+
Λ2
t

p− 1
+
p− 1

p
℘−qβqt +

1

p
℘pν(X ) and At :=p

∫ t

0

asds, t∈ [0, T ] .

Then CA :=‖AT ‖L∞(FT )≤
(
p+q+(p−1)℘−q

)
Ĉ+℘pν(X )T .

The process Y has two jumps sources: the jump times of the stochastic integral MU are totally inaccessible, while

the jumps of the F−predictable càdlàg increasing process K are exhausted by a sequence {ζn}n∈N of F−predictable

stopping times
(
i.e. {(t, ω)∈ [0, T ]×Ω: ∆Kt(ω)>0} is a union of graphs [[ζn]] and these graphs are disjoint on (0, T ),

see e.g. “Complements to Chapter IV” of [34] or Proposition I.2.24 of [47] for details
)
. In particular, one can deduce

that for P−a.s. ω∈Ω

1{t∈Dp(ω)}∆Kt(ω)=0 and ∆Yt(ω)=1{t∈Dp(ω)}U
(
t, ω, pt(ω)

)
−1{t/∈Dp(ω)}∆Kt(ω), ∀ t ∈ [0, T ]. (6.52)

Since the càdlàg increasing process K and the Poisson stochastic integral MU jump countably many times along

their P−a.s. paths, so does process Y : i.e.{
t ∈ [0, T ] : Yt−(ω) 6= Yt(ω)

}
is a countable subset of [0, T ] for P−a.s. ω ∈ Ω. (6.53)

1) Fix n∈N and define τn := inf
{
t ∈ [0, T ] :

∫ t
0

(
|Zs|2 + ‖Us‖pLpν

)
ds > n

}
∧ T ∈ T . For any ε∈ (0, 1], the function

ϕε(x) :=
(
|x|2+ε

)1
2 , x∈R has the following derivatives of its p−th power:

Dϕpε(x) = pϕp−2
ε (x)x and D2 ϕpε(x) = pϕp−2

ε (x) + p(p−2)ϕp−4
ε (x)x2 ≥ p(p−1)ϕp−2

ε (x). (6.54)

Now, let us fix (t, ε)∈ [0, T ]×(0, 1]. Applying Itô’s formula (see e.g. Theorem VIII.27 of [34] or Theorem II.32 of

[82]) to process eAsϕpε(Ys) over the interval [τn∧t, τn] yields that

eAτn∧tϕpε(Yτn∧t)+
1

2

∫ τn

τn∧t
eAsD2ϕpε(Ys)|Zs|2ds+

∑
s∈(τn∧t,τn]

eAs
(
ϕpε(Ys)−ϕpε(Ys−)−Dϕpε(Ys−)∆Ys

)
=eAτnϕpε(Yτn)+p

∫ τn

τn∧t
eAs
[
ϕp−2
ε (Ys)Ys g(s, Ys, Zs, Us)−asϕpε(Ys)

]
ds

+p

∫ τn

τn∧t
eAsϕp−2

ε (Ys−)Ys−dKs−p
(
Mn
T −Mn

t +Mn
T−Mn

t

)
, P−a.s., (6.55)
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where Mn
s :=Mn,ε

s =
∫ τn∧s

0
eArϕp−2

ε (Yr−)Yr−ZrdBr and Mn
s :=Mn,ε

s =
∫

(0,τn∧s]
∫
X e

Arϕp−2
ε (Yr−)Yr−Ur(x)Ñp(dr, dx),

∀ s∈ [0, T ]. Similar to (5.10) of [94], we can deduce from Taylor’s Expansion Theorem and (6.54) that P−a.s.

ϕpε
(
Ys
)
−ϕpε

(
s, Ys−

)
−Dϕpε

(
s, Ys−

)
∆Ys≥p(p−1)

∣∣∆Ys∣∣2 ∫ 1

0

(1−α)ϕp−2
ε

(
Ys−+α∆Ys

)
dα. (6.56)

When |Ys−|≤|∆Ys|, one has ϕp−2
ε (Ys−+α∆Ys)≥

(
(|Ys−|+α|∆Ys|)2+ε

) p
2−1≥

(
4|∆Ys|2+ε

) p
2−1≥2p−2

(
|∆Ys|2+ε

) p
2−1

,

∀α∈ [0, 1]. So it follows from (6.56) and (6.52) that for P−a.s. ω∈Ω∑
s∈(τn(ω)∧t,τn(ω)]

eAs(ω)
(
ϕpε
(
Ys(ω)

)
−ϕpε

(
Ys−(ω)

)
−Dϕpε

(
Ys−(ω)

)
∆Ys(ω)

)
≥ 2p−3p(p−1)

∑
s∈(τn(ω)∧t,τn(ω)]

1{|Ys−(ω)|≤|∆Ys(ω)|}e
As(ω)

∣∣∆Ys(ω)
∣∣2(|∆Ys(ω)|2+ε

) p
2−1

≥ 2p−3p(p−1)
∑

s∈Dp(ω)∩(τn(ω)∧t,τn(ω)]

1{|Ys−(ω)|≤|U(s,ω,ps(ω))|}e
As(ω)

∣∣U(s, ω, ps(ω))
∣∣2(|U(s, ω, ps(ω))|2+ε

) p
2−1

= 2p−3p(p−1)

(∫
(τn∧t,τn]

∫
X

1{|Ys−|≤|Us(x)|}e
As
∣∣Us(x)

∣∣2(|Us(x)|2+ε
) p

2−1
Np(ds, dx)

)
(ω). (6.57)

Also, (4.5) and Young’s inequality imply that P−a.s.

ϕp−2
ε (Ys)Ys g(s, Ys, Zs, Us)≤ϕp−2

ε (Ys)|Ys|
(
fs+βt

(
|Ys|+‖Us‖Lpν

)
+Λs|Zs|

)
≤ fsϕ

p−1
ε (Ys)+βsϕ

p
ε(Ys)+Λsϕ

p−2
ε (Ys)|Ys||Zs|+βsϕp−1

ε (Ys)‖Us‖Lpν

≤ fsϕ
p−1
ε (Ys)+

(
βs+

Λ2
s

p−1
+

1

q
℘−qβqs

)
ϕpε(Ys)+

p−1

4
ϕp−2
ε (Ys)|Zs|2+

1

p
℘p‖Us‖pLpν for a.e. s∈ [0, T ].

Since an analogy to (5.12) of [94] shows that ‖Us‖pLpν ≤ϕ
p
ε(Ys−)ν(X )+

∫
X1{|Ys−|≤|Us(x)|}|Us(x)|pν(dx) for any s∈ [0, T ],

we see from (6.53) that P−a.s.

ϕp−2
ε (Ys)Ys g(s, Ys, Zs, Us) ≤ fsϕ

p−1
ε (Ys)+asϕ

p
ε(Ys)+

p−1

4
ϕp−2
ε (Ys)|Zs|2

+
1

p
℘p
∫
X

1{|Ys−|≤|Us(x)|}|Us(x)|pν(dx) for a.e. s∈ [0, T ]. (6.58)

The function ψ(x) := xϕp−2
ε (x) = x(x2 + ε)

p
2−1, x ∈R has strictly positive derivative d

dxψ(x) = (x2 +ε)
p
2−2
(
(p−

1)x2+ε
)
>0, so it satisfies ψ(x)≤ψ(x+)≤(x+)p−1, ∀x∈R. Then one can deduce from the flat-off condition in (4.4)

that P−a.s.∫ τn

τn∧t
eAsϕp−2

ε (Ys−)Ys−dKs=

∫ τn

τn∧t
1{Ys−≤Xs−}e

Asψ(Ys−)dKs≤
∫ τn

τn∧t
1{Ys−≤Xs−}e

Asψ(Xs−)dKs≤eCA
∫ τn

0

(
X+
s−
)p−1

dKs.

Plugging this inequality together with (6.54), (6.57), (6.58) back into (6.55) yield that

eAτn∧tϕpε(Yτn∧t)+
p

4
(p−1)

∫ τn

τn∧t
eAs ϕp−2

ε (Ys)|Zs|2ds+2℘p
∫

(τn∧t,τn]

∫
X

1{|Ys−|≤|Us(x)|}e
As
∣∣Us(x)

∣∣2(|Us(x)|2+ε
) p

2−1
Np(ds, dx)

≤ ηεt +℘p
∫ τn

τn∧t

∫
X

1{|Ys−|≤|Us(x)|}e
As |Us(x)|pν(dx)ds−p (MT−Mt+MT−Mt), P−a.s.,

where ηεt =ηn,εt :=eCA
(
ϕpε(Yτn)+p

∫ τn
τn∧t ϕ

p−1
ε (Ys)fsds+p

∫ τn
0

(X+
s−)p−1dKs

)
. Since E

[
sup

s∈[0,T ]

ϕpε(Ys)

]
≤E

[
sup

s∈[0,T ]

|Ys|p
]
+

ε
p
2 =‖Y ‖pDp+ε

p
2 <∞ by (1.7), Young’s inequality implies that

E[ηεt ] ≤ eCAE

[
sup

s∈[0,τn]

ϕpε(Ys)+p sup
s∈[0,τn]

ϕp−1
ε (Ys)

∫ τn

0

fsds+pKτn sup
s∈[0,τn]

(X+
s )p−1

]
≤ eCAE

[
p sup
s∈[0,T ]

ϕpε(Ys)+
(∫ T

0

fsds
)p

+(p−1) sup
s∈[0,T ]

(X+
s )p+Kp

T

]
<∞.
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Then using similar arguments to those that lead to (5.24) of [94], we can obtain that

E

[
sup

s∈[0,τn]

|Ys|p+
(∫ τn

0

|Zs|2ds
)p

2

+

∫ τn

0

∫
X
|Us(x)|pν(dx)ds

]
≤CJn, (6.59)

where Jn :=E
[
|Yτn |p+

( ∫ T
0
fsds

)p
+
∫ τn

0
(X+

s−)p−1dKs

]
.

2) Since it holds P−a.s. that Y0 =Yt+
∫ t

0
g(s, Ys, Zs, Us)ds+Kt−

∫ t
0
ZsdBs−

∫
(0,t]

∫
XUs(x)Ñp(ds, dx), ∀ t∈ [0, T ], (4.5)

and Hölder’s inequality imply that P−a.s.

Kτn ≤ 2 sup
t∈[0,τn]

|Yt|+
∫ τn

0

(
fs+βs|Ys|+Λs|Zs|+βs‖Us‖Lpν

)
ds+

∣∣∣∣ ∫ τn

0

ZsdBs

∣∣∣∣+∣∣∣∣ ∫
(0,τn]

∫
X
Us(x)Ñp(ds, dx)

∣∣∣∣
≤
∫ T

0

fsds+(2+Ĉ) sup
t∈[0,τn]

|Yt|+Ĉ
1
2

(∫ τn

0

|Zs|2ds
) 1

2

+

(∫ T

0

βqsds

) 1
q
(∫ τn

0

∫
X
|Us(x)|pν(dx)ds

) 1
p

+ sup
t∈[0,T ]

∣∣∣∣ ∫ τn∧t

0

ZsdBs

∣∣∣∣+ sup
t∈[0,T ]

∣∣∣∣ ∫
(0,τn∧t]

∫
X
Us(x)Ñp(ds, dx)

∣∣∣∣. (6.60)

Taking p−th power and then taking expectation in (6.60), one can deduce from (1.7), the Burkholder-Davis-Gundy

inequality, (6.59) and (1.5) that

61−pE
[
Kp
τn

]
≤E

[(∫ T

0

fsds
)p]

+(2+Ĉ)pE

[
sup

t∈[0,τn]

|Yt|p
]

+
(
Ĉ
p
2 +cp

)
E

[(∫ τn

0

|Zs|2ds
)p

2

]

+Ĉ
p
qE

∫ τn

0

∫
X
|Us(x)|pν(dx)ds+cpE

[(∫
(0,τn]

∫
X
|Us(x)|2Np(ds, dx)

)p
2

]

≤CE

[(∫ T

0

fsds
)p

+ sup
t∈[0,τn]

|Yt|p+

(∫ τn

0

|Zs|2ds
)p

2

+

∫ τn

0

∫
X
|Us(x)|pν(dx)ds

]

≤CJn≤
61−p

2
E
[
Kp
τn

]
+Cλn,

with λn :=E
[
|Yτn |p+

( ∫ T
0
fsds

)p
+(X+

∗ )p
]
. It follows that E

[
Kp
τn

]
≤Cλn and thus that Jn≤CE

[
Kp
τn

]
+Cλn≤Cλn.

Then we see from (6.59) that

E

[
sup

s∈[0,τn]

|Ys|p+
(∫ τn

0

|Zs|2ds
) p

2

+

∫ τn

0

∫
X
|Us(x)|pν(dx)ds+Kp

τn

]
≤Cλn. (6.61)

As (Z,U) ∈ Z2
loc×U

p
loc, it holds for all ω ∈Ω except on a P−null set N that τn(ω) = T for some n = n(ω) ∈N.

For any ω∈N c, lim
n→∞

Y (τn(ω), ω) =Y (T, ω) = ξ(ω) and lim
n→∞

K(τn(ω), ω) =K(T, ω) although the paths Y·(ω), K·(ω)

may not be left-continuous. Therefore, letting n→∞ in (6.61), we can deduce (4.6) from the monotone convergence

theorem and the dominated convergence theorem. �

Proof of Theorem 4.1: 1) Let X first be a g−supermartingale. Fix n∈N. Clearly,

gn(t, ω, y, z, u) := g(t, ω, y, z, u) + n
(
X(t, ω)−y

)
, ∀ (t, ω, y, z, u) ∈ [0, T ]×Ω×R×Rd×Lpν

defines a P⊗B(R)⊗B(Rd)⊗B
(
Lpν
)
/B(R)−measurable mapping that satisfies (A3) automatically. By (1.7) and

Hölder’s inequality , E
[( ∫ T

0
|gn(t, 0, 0, 0)|dt

)p]≤ 2p−1E
[
T
∫ T

0
|g(t, 0, 0, 0)|pdt+(nT )pXp

∗
]
<∞, so (A1) holds for gn.

Also, (A2) implies that for dt×dP−a.s. (t, ω)∈ [0, T ]×Ω∣∣gn(t, ω, y1, z1, u)−gn(t, ω, y2, z2, u)
∣∣≤ |g(t, ω, y1, z1, u)−g(t, ω, y2, z2, u)|+n|y1−y2|
≤
(
β(t, ω)+n

)
|y1−y2|+Λ(t, ω)|z1−z2|, ∀ (y1, z1), (y2, z2)∈R×Rd, ∀u∈Lpν .

Hence, gn satisfies (A2) with βnt :=βt+n, t∈ [0, T ], which is a [0,∞)−valued, B[0, T ]⊗FT−measurable process with
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0

(βnt )qdt
∥∥
L∞(FT )

≤2q−1
(∥∥ ∫ T

0
βqt dt

∥∥
L∞(FT )

+nqT
)
<∞. Then we know from Theorem 2.1 that the BSDEJ (XT , g

n)

admits a unique solution (Y n, Zn, Un)∈Sp.

1a) We first show that P
{
Y nt ≤Xt, ∀ t∈ [0, T ]

}
=1. (6.62)

Let i∈N. In light of the Debut Theorem (see e.g. Theorem IV.50 of [33]), τni := inf{t∈ [0, T ] : Y nt ≥Xt+1/i}∧T
defines an F−stopping time. As Y nT =XT , P−a.s., the F−stopping time γni := inf{t ∈ [τni , T ] : Y nt ≤Xt} satisfies

τni ≤γni ≤T , P−a.s. And the right continuity of process Y n−X implies that

Y nγni ≤Xγni
, P−a.s. (6.63)

In light of Theorem 2.1, the unique solution (Yn,Zn,Un) ∈ Sp of BSDEJ
(
Y nγni , gγ

n
i

)
satisfies Ynγni = YnT = Y nγni ,

P−a.s. Since Y ns >Xs over period [τni , γ
n
i ), it holds P−a.s. that

gn
(
s, Y ns , Z

n
s , U

n
s

)
=g
(
s, Y ns , Z

n
s , U

n
s

)
+n(Xs−Y ns )≤g

(
s, Y ns , Z

n
s , U

n
s

)
=gγni

(
s, Y ns , Z

n
s , U

n
s

)
, ∀ s∈(τni , γ

n
i ).

Since gγni also satisfies (A2) and (A3) by Remark 2.1 (3), applying Theorem 2.2 with (τ, γ)=(τni , γ
n
i ), (Y 1, Z1, U1)=

(Y n, Zn, Un) and (Y 2, Z2, U2) = (Yn,Zn,Un), we can deduce from (6.63), the monotonicity (g1) of g−evaluations,

the g−supermartingality of X as well as Proposition 4.1 that

Y nτni ≤ Y
n
τni

=Egτni ,γni
[
Y nγni

]
≤Egτni ,γni

[
Xγni

]
≤Xτni

(6.64)

holds except on a P−null set Nn
i . For all ω ∈ Ω except on a P−null set Ñn, the paths Y n· (ω)−X·(ω) is right-

continuous. Given ω∈{τni <T}∩Ñ c
n, the definition of τni and the right-continuity of the paths Y n· (ω)−X·(ω) imply

that Y n
(
τni (ω), ω

)
≥X

(
τni (ω), ω

)
+1/i. Comparing this inequality with (6.64) shows that {τni <T}∩Ñ c

n ⊂ Nn
i , and

it follows that {τni <T}⊂Ñn∪Nn
i .

Taking union over i∈N yields that

{Y nt >Xt, for some t∈ [0, T )} = ∪
i∈N
{Y nt ≥Xt+1/i, for some t∈ [0, T )}⊂ ∪

i∈N
{τni <T}⊂Ñn∪

(
∪
i∈N
Nn
i

)
.

So P{Y nt ≤Xt, ∀ t∈ [0, T )}=1, which together with P{Y nT =XT }=1 proves (6.62).

1b) Then Kn
t :=n

∫ t
0
(Xs−Y ns )ds, t∈ [0, T ] is an F−adapted, continuous increasing process with Kn

0 = 0. By (1.7),

E
[
(Kn

T )p
]
≤ npE

[
(
∫ T

0
(Xs−Y ns )ds)p

]
≤ 2p−1(nT )pE

[
Xp
∗+(Y n∗ )p

]
<∞. So Kn ∈Kp. We also see from (6.62) that

P{Y nt− ≤Xt−, ∀ t ∈ [0, T ]}= 1 or P{1{Y nt−>Xt−} = 0, ∀ t ∈ [0, T ]}= 1, which shows that (4.4) holds with g = g and

(Y, Z, U,K, ξ) = (Y n, Zn, Un,Kn, XT )∈Dp×Z2,p×Up×Kp×Lp(FT ). Since Remark 2.1 (1) implies that g satisfies

(4.5) with ft= |g(t, 0, 0, 0)|, an application of Proposition 4.3 yields that

‖Y n‖pDp+
∥∥Zn∥∥pZ2,p+

∥∥Un∥∥pUp+E
[
(Kn

T )p
]
≤CE

[
|XT |p+

(∫ T

0

|g(t, 0, 0, 0)|dt
)p

+(X+
∗ )p

]
≤Cα

X
, (6.65)

where the constant C does not depend on n and α
X

:=E
[
Xp
∗+

∫ T
0
|g(t, 0, 0, 0)|pdt

]
. Since g satisfies (A2), (A3), we

can deduce from Hölder’s inequality, (1.7), (6.1) and (6.65) that

E

∫ T

0

∣∣gn(t, Y nt , Z
n
t , U

n
t )
∣∣pdt=E

∫ T

0

∣∣g(t, Y nt , Z
n
t , U

n
t )+n(Xt−Y nt )

∣∣pdt
≤6p−1

{
E

∫ T

0

[
(βpt +np)|Y nt |p+Λpt |Znt |p+κp2(ν(X ))

p
q ‖Unt ‖

p
Lpν

+|g(t, 0, 0, 0)|p
]
dt+npTE

[
Xp
∗
]}

≤6p−1

{
(Ĉ+npT )‖Y n‖pDp+

∥∥∥∫ T

0

Λ
2p

2−p
t dt

∥∥∥ 2−p
2

L∞(FT )
E

[(∫ T

0

|Znt |2dt
) p

2

]
+κp2(ν(X ))

p
qE

∫ T

0

‖Unt ‖
p
Lpν
dt+(1+npT )α

X

}
≤C
(

1+np+
∥∥∥∫ T

0

Λ
2p

2−p
t dt

∥∥∥ 2−p
2

L∞(FT )
+κp2

)
α
X
<∞ for p∈(1, 2),
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and similarly that

E

∫ T

0

∣∣gn(t, Y nt , Z
n
t , U

n
t )
∣∣2dt≤6

{
E

∫ T

0

[
(β2
t +n2)|Y nt |2+κ2

Λ|Znt |2+κ2
2ν(X )‖Unt ‖2L2

ν
+|g(t, 0, 0, 0)|2

]
dt+n2TE

[
X2
∗
]}

≤6

{
(Ĉ+n2T )‖Y n‖2D2 +κ2

ΛE

∫ T

0

|Znt |2dt+κ2
2 ν(X )E

∫ T

0

‖Unt ‖2L2
ν
dt+(1+n2T )α

X

}
≤C
(
1+n2+κ2

Λ+κ2
2

)
α
X
<∞.

By (6.62) again, it holds P−a.s. that gn(t, Y nt , Z
n
t , U

n
t ) ≤ gn+1(t, Y nt , Z

n
t , U

n
t ) for any t∈ [0, T ]. Since gn+1 satisfies

(A2) and (A3), Theorem 2.2 implies that P{Y nt ≤ Y n+1
t , ∀ t∈ [0, T ]}= 1. In light of Theorem A.1, Yt := lim

n→∞
Y nt ,

t∈ [0, T ] defines a process of Dp satisfies (A.4), and there exist (g, Z, U,K)∈Lp
(
[0, T ]×Ω,P, dt×dP ;R

)
×Z2,p×Up×Kp

such that (A.5) holds P−a.s. and that (A.6) holds for any $∈(2/p, 2). According to the proof of Theorem A.1, the

process g is the weak limit of processes
{
g(t, Y nt , Z

n
t , U

n
t )
}
t∈[0,T ]

, n∈N in Lp
(
[0, T ]×Ω,P, dt×dP ;R

)
.

Let $∈(2/p, 2) and set % := p$
2 ∈(1, p). Hölder’s inequality, (A2), (A3), (6.1) and (1.7) imply that

E

∫ T

0

∣∣g(t, Y nt , Z
n
t , U

n
t )−g(t, Yt, Zt, Ut)

∣∣%dt ≤ 3%−1E

∫ T

0

{
β%t (Yt−Y nt )%+Λ%t |Znt −Zt|%+κ%2

(∫
X
|Unt (x)−Ut(x)|ν(dx)

)%}
dt

≤ 3%−1E

∫ T

0

β%t (Yt−Y nt )%dt+3%−1
∥∥∥∫ T

0

Λ
2%

2−p
t dt

∥∥∥ 2−p
2

L∞(FT )
E

[(∫ T

0

|Znt −Zt|$dt
) p

2

]
+3%−1κ%2(ν(X ))%−1E

∫ T

0

∫
X
|Unt (x)−Ut(x)|%ν(dx)dt for p∈(1, 2), (6.66)

and similarly that

E

∫ T

0

∣∣g(t, Y nt , Z
n
t , U

n
t )−g(t, Yt, Zt, Ut)

∣∣%dt ≤ 3%−1E

∫ T

0

β%t (Yt−Y nt )%dt+3%−1κ%ΛE

∫ T

0

|Znt −Zt|$dt

+3%−1κ%2(ν(X ))%−1E

∫ T

0

∫
X
|Unt (x)−Ut(x)|%ν(dx)dt. (6.67)

Since Yt−Y nt ≤ Xt−Y 1
t , dt×dP−a.s. by the monotonicity of {Y n}n∈N and since E

∫ T
0
β%t (Xt−Y 1

t )%dt≤
∥∥ ∫ T

0
β%t dt

∥∥
L∞(FT )

·

E
[
(X+
∗ +Y 1

∗ )%
]
≤
∥∥ ∫ T

0
1∨βqt dt

∥∥
L∞(FT )

·E
[
1+(X+

∗ +Y 1
∗ )p
]
<∞, letting n→∞ in (6.66) and (6.67), we can deduce from

the dominated convergence theorem and (A.6) that lim
n→∞

E
∫ T

0

∣∣g(t, Y nt , Z
n
t , U

n
t )−g(t, Yt, Zt, Ut)

∣∣%dt= 0. Then pro-

cesses
{
g(t, Y nt , Z

n
t , U

n
t )
}
t∈[0,T ]

, n∈N strongly converge and thus weakly converge to process
{
g(t, Yt, Zt, Ut)

}
t∈[0,T ]

in L%
(
[0, T ]×Ω,P, dt×dP ;R

)
. However, the weak convergence of

{
g(t, Y nt , Z

n
t , U

n
t )
}
t∈[0,T ]

’s to g in Lp
(
[0, T ]×

Ω,P, dt×dP ;R
)

implies that
{
g(t, Y nt , Z

n
t , U

n
t )
}
t∈[0,T ]

’s also weakly converge to g in L%
(
[0, T ]×Ω,P, dt×dP ;R

)
.

So by the uniqueness of the weak limit of processes
{
g(t, Y nt , Z

n
t , U

n
t )
}
t∈[0,T ]

, n∈N in L%
(
[0, T ]×Ω,P, dt×dP ;R

)
,

we obtain

gt=g(t, Yt, Zt, Ut), dt×dP−a.s. (6.68)

Given n∈N, (6.62), Hölder’s inequality and (6.65) show that

0≤E
∫ T

0

(Xt−Y nt )dt=
1

n
E[Kn

T ]≤ 1

n

{
E[(Kn

T )p]
} 1
p ≤ 1

n
C
{
E
[
Xp
∗
]} 1

p . (6.69)

Since it holds P−a.s. that Xt−Y nt ≤Xt−Y 1
t , ∀ t∈ [0, T ] by the monotonicity of {Y n}n∈N and since E

∫ T
0

(Xt−Y 1
t )dt≤

TE[X+
∗ +Y 1

∗ ]≤TE
[
1+(X+

∗ +Y 1
∗ )p
]
<∞, letting n→∞ in (6.69), we know from the dominated convergence theorem

that E
∫ T

0
(Xt−Yt)dt= lim

n→∞
E
∫ T

0
(Xt−Y nt )dt=0. This equality and (A.4) imply that Xt−Yt=0, dt×dP−a.s., which

together with the right-continuity of processes X−Y yields P{Xt=Yt, ∀ t∈ [0, T ]}= 1. Putting it and (6.68) back

to (A.5) leads to (4.3) for the case of g−supermartingale.

1c) Let
(
Z̃, Ũ , K̃

)
∈Z2,p×Up×Kp be another triplet of processes such that P−a.s.

Xt=XT +

∫ T

t

g(s,Xs, Z̃s, Ũs)ds−
∫ T

t

Z̃sdBs−
∫

(t,T ]

∫
X
Ũs(x)Ñp(ds, dx)+K̃T−K̃t, t∈ [0, T ].
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Subtracting it from (4.3) yields that P−a.s.∫ t

0

[
g(s,Xs, Zs, Us)−g(s,Xs, Z̃s, Ũs)

]
ds+Kt−K̃t=

∫ t

0

(
Zs−Z̃s

)
dBs+

∫
(0,t]

∫
X

(
Us(x)−Ũs(x)

)
Ñp(ds, dx), t∈ [0, T ]. (6.70)

An analogy to (6.52) shows that for P−a.s. ω∈Ω

1{t∈Dp(ω)}
(
∆Kt(ω)−∆K̃t(ω)

)
=0 and 0=1{t∈Dp(ω)}

(
U(t, ω, pt(ω))−Ũ(t, ω, pt(ω))

)
−1{t/∈Dp(ω)}

(
∆Kt(ω)−∆K̃t(ω)

)
, ∀ t∈ [0, T ],

which implies that P−a.s., ∆Kt = ∆K̃t, ∀ t ∈ [0, T ] and Ut(x) = Ũt(x), ∀ (t, x) ∈ [0, T ]×X . It then follows from

(6.70) that P−a.s.,
∫ t

0

[
g(s,Xs, Zs, Us)−g(s,Xs, Z̃s, Us)

]
ds+Kc

t −K̃c
t =
∫ t

0

(
Zs−Z̃s

)
dBs, ∀ t∈ [0, T ], where Kc (resp.

K̃c) denotes the continuous part of K (resp. K̃). Since the set of continuous martingales and that of continuous

finite-variation processes only intersect at constants, one can deduce that Zt = Z̃t, dt×dP−a.s. and thus that

P{Kc
t =K̃c

t , ∀ t∈ [0, T ]}=1.

2) Next, let X be a g−submartingale. For any 0≤ t≤ s≤T , Remark 2.2 shows that −Xt≥−Egt,s[Xs] =−Y Xs,gst =

Y
−Xs,gs
t = Egt,s[−Xs], P−a.s. So −X is a g−supermartingale. By part 1, there exist unique processes (Z,U,K) ∈

Z2,p×Up×Kp such that P−a.s.

−Xt = −XT +

∫ T

t

g(s,−Xs, Zs, Us)ds−
∫ T

t

ZsdBs−
∫

(t,T ]

∫
X
Us(x)Ñp(ds, dx)+KT−Kt

= −XT−
∫ T

t

g(s,Xs,−Zs,−Us)ds−
∫ T

t

ZsdBs−
∫

(t,T ]

∫
X
Us(x)Ñp(ds, dx)+KT−Kt, t∈ [0, T ].

Then (Z,U,K) :=(−Z,−U,K)∈Z2,p×Up×Kp are the unique processes satisfying that P−a.s.

Xt=XT +

∫ T

t

g(s,Xs, Zs, Us)ds−
∫ T

t

ZsdBs−
∫

(t,T ]

∫
X
Us(x)Ñp(ds, dx)−KT +Kt, t∈ [0, T ]. �

6.4 Proofs of Section 5

Proof of Proposition 5.2: 1) Assume that g also satisfies (A1), (A2”) and that for any (t, y) ∈ [0, T )×R,

E
[

sup
s∈[t,t+δ]

|g(s, y, 0, 0)|p
]
<∞ for certain δ=δ(t, y)∈(0, T−t]. The necessity of (5.3) directly follows from (g6)−(g7)

of g−evaluations with Lp domains.

To show the sufficiency of (5.3), we let (t, α, α̃) ∈ (0, T )× [0, 1]× [0,∞) and (yi, zi, ui) ∈ R×Rd×Lpν , i = 1, 2.

Proposition 5.1 and (5.3) show that

g
(
t, αy1+(1−α)y2, αz1+(1−α)z2, αu1+(1−α)u2

)
= lim
ε→0+

1

ε

(
Egt,t+ε

[
α(y1+V (t, t+ε, z1, u1)) + (1−α)(y2+V (t, t+ε, z2, u2))

]
−
(
αy1+(1−α)y2

))
≤α lim

ε→0+

1

ε

(
Egt,t+ε

[
y1+V (t, t+ε, z1, u1)

]
−y1

)
+(1−α) lim

ε→0+

1

ε

(
Egt,t+ε

[
y2+V (t, t+ε, z2, u2)

]
−y2

)
=αg(t, y1, z1, u1)+(1−α)g(t, y2, z2, u2), P−a.s.,

and that

g
(
t, α̃y1, α̃z1, α̃u1

)
= lim

ε→0+

1

ε

(
Egt,t+ε

[
α̃(y1+V (t, t+ε, z1, u1))

]
−α̃y1

)
= α̃ lim

ε→0+

1

ε

(
Egt,t+ε

[
y1+V (t, t+ε, z1, u1)

]
−y1

)
= α̃g(t, y1, z1, u1), P−a.s.

Then (A2”) and the separability of Lpν imply that for any t ∈ (0, T ), it holds P−a.s. that (2.1) holds for any α∈ [0, 1]

and (yi, zi, ui)∈R×Rd×Lpν , i=1, 2 and it holds P−a.s. that (2.2) holds for any α̃∈ [0,∞) and (y, z, u)∈R×Rd×Lpν .

Moreover, we see from (5.2) that P−a.s., (2.1) holds for any (t, α)∈(0, T )×[0, 1] and (yi, zi, ui)∈R×Rd×Lpν , i=1, 2,

and that P−a.s., (2.2) holds for any (t, α̃)∈(0, T )×[0,∞) and (y, z, u)∈R×Rd×Lpν .
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2) Next, assume that g also satisfies (3.2) and (A3). The necessity of (5.4) directly follows from (g5) of g−evaluations

with Lp domains.

To see the sufficiency of (5.4), we fix c ∈ R. By (6.1), g is also Lipschitz in u with coefficient κ2

(
ν(X )

) 1
q .

Clearly, gc(t, ω, y, z, u) := g(t, ω, y−c, z, u), ∀ (t, ω, y, z, u) ∈ [0, T ]×Ω×R×Rd×Lpν is still a P⊗B(R)⊗B(Rd)⊗
B
(
Lpν
)
/B(R)−measurable mapping that satisfies (A2), (3.2) and that is Lipschitz in u.

Let t∈ [0, T ], ξ∈Lp(Ft) and set (Y, Z, U) :=
(
Y ξ−c,gt , Zξ−c,gt , Uξ−c,gt

)
. Adding c to BSDEJ (ξ−c, gt) shows that

Ys :=Ys+c, s∈ [0, T ] satisfies that

Ys = ξ +

∫ T

s

1{r<t}g
c(r,Yr, Zr, Ur)dr −

∫ T

s

ZrdBr−
∫

(s,T ]

∫
X
Ur(x)Ñp(dr, dx), ∀ s ∈ [0, T ].

Namely, (Y, Z, U)∈Sp satisfies BSDEJ (ξ, gct ). By uniqueness, it holds P−a.s. that Eg
c

s,t[ξ]=Ys=Ys+c=Egs,t[ξ−c]+c,
∀ s∈ [0, t]. In particular, taking s=0, we see from (5.4) that

Eg
c

0,t[ξ]=E
g
0,t[ξ−c]+c=Eg0,t[ξ], ∀ t∈ [0, T ], ∀ ξ∈Lp(Ft). (6.71)

Next, let t∈ [0, T ), s∈(t, T ] and ξ∈Lp(Fs). We set A :=
{
Egt,s[ξ]<E

gc

t,s[ξ]
}
∈Ft. Using (6.71) with (t, ξ)=(s,1Aξ)

and (t, ξ)=
(
t,1AEg

c

t,s[ξ]
)

respectively, we can deduce from (g3) and (g4) that

Eg0,t
[
1AEgt,s[ξ]

]
= Eg0,t

[
Egt,s[1Aξ]

]
= Eg0,s[1Aξ] = Eg

c

0,s[1Aξ] = Eg
c

0,t

[
1AEg

c

t,s[ξ]
]

= Eg0,t
[
1AEg

c

t,s[ξ]
]
, P−a.s.

As 1AEgt,s[ξ] ≤ 1AEg
c

t,s[ξ], P−a.s., the strict monotonicity (g1) of g−evaluation implies that 1AEgt,s[ξ] = 1AEg
c

t,s[ξ],

P−a.s. It follows that P
{
Egt,s[ξ] < E

gc

t,s[ξ]
}

= 0. Similarly, one can get P
{
Egt,s[ξ] > E

gc

t,s[ξ]
}

= 0. So Eg
c

t,s[ξ] = Egt,s[ξ],
P−a.s. In light of Proposition 5.1, it holds for any (t, z, u)∈ [0, T )×Rd×Lpν that g(t, c, z, u)=gc(t, c, z, u)=g(t, 0, z, u),

P−a.s. So one can deduce from (A2), (6.1) and the separability of Lpν that for any t∈ [0, T ), it holds P−a.s. that

g(t, y, z, u)=g(t, 0, z, u), ∀ (y, z, u)∈R×Rd×Lpν . Then (5.2) implies that P−a.s. g(t, y, z, u)=g(t, 0, z, u), ∀ (t, y, z, u) ∈
[0, T )×R×Rd×Lpν . �

Proof of Theorem 5.2: Since both f ′− and f ′+ are non-decreasing functions by the convexity of f , ψ(x) :=

1{f ′−(x)≤0}f
′
−(x) + 1{f ′−(x)>0}f

′
+(x), x∈R is also a non-decreasing function and thus Borel-measurable on R. Then

η :=ψ
(
Egτ,γ [ξ]

)
defines a Fτ−measurable random variable that satisfies

η
(
ξ − Egτ,γ [ξ]

)
≤ f(ξ)− f

(
Egτ,γ [ξ]

)
. (6.72)

Fix n∈N and set An :=
{∣∣Egτ,γ [ξ]

∣∣+|η| ≤n}∈Fτ . As 1Anη ξ,1Anf(ξ)∈Lp(Fγ) and 1Anη Egτ,γ [ξ],1Anf
(
Egτ,γ [ξ]

)
∈

L∞(Fγ), (6.72), (g1) and (g5) imply that P−a.s.

Egτ,γ [1Anη ξ]−1AnηEgτ,γ [ξ]=Egτ,γ
[
1Anη

(
ξ−Egτ,γ [ξ]

)]
≤Egτ,γ

[
1Anf(ξ)−1Anf

(
Egτ,γ [ξ]

)]
=Egτ,γ

[
1Anf(ξ)

]
−1Anf

(
Egτ,γ [ξ]

)
. (6.73)

Set (Y, Z, U)=
(
Y ξ,gγ , Zξ,gγ , Uξ,gγ

)
. Applying Corollary 2.1 with ξ=1Anη Yτ ∈Lp(Fτ ) shows that there exists a

unique pair
(
Zn, Un

)
∈Z2,p×Up such that P−a.s.

Y nt :=E
[
1Anη Yτ |Ft

]
=E

[
1Anη Yτ

]
+

∫ t

0

Zns dBs+

∫
(0,t]

∫
X
Uns (x)Ñp(ds, dx), t∈ [0, T ].

We define Y
n

t := 1{t<τ}Y
n
t +1{t≥τ}1AnηYt,

(
Z
n

t , U
n

t

)
:= 1{t≤τ}(Z

n
t , U

n
t )+1{t>τ}1Anη (Zt, Ut), ∀ t ∈ [0, T ], and can

deduce that
(
Y
n
, Z

n
, U

n)
belong to Sp.

For any t ∈ [0, T ], since 1Anη is Fτ−measurable, we see that η1An1{τ≤t} is Ft−measurable. It follows that{
η1An1{τ≤t<γ}

}
t∈[0,T ]

is an F−adapted càdlàg process and gnt :=η1An1{τ≤t<γ}g(t, Zt, Ut), t∈ [0, T ] is a F−progressively

measurable process. In particular, we can regard gn as a special p−generator.

Given t∈ [0, T ], multiplying 1Anη∈Fτ to the BSDEJ (ξ, gγ) over period [τ∨t, T ] yields that

1AnηYτ∨t = 1Anη ξ+

∫ T

τ∨t
1Anηgγ(s, Zs, Us)ds−

∫ T

τ∨t
1AnηZsdBs−

∫
(τ∨t,T ]

∫
X

1AnηUs(x)Ñp(ds, dx)

= 1Anη ξ +

∫ T

τ∨t
gns ds−

∫ T

τ∨t
Z
n

s dBs−
∫

(τ∨t,T ]

∫
X
U
n

s (x)Ñp(ds, dx), P−a.s.
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By the right continuity of process Y , it holds P−a.s. that

1AnηYτ∨t=1Anη ξ +

∫ T

τ∨t
gns ds−

∫ T

τ∨t
Z
n

s dBs−
∫

(τ∨t,T ]

∫
X
U
n

s (x)Ñp(ds, dx), t ∈ [0, T ]. (6.74)

Let t∈ [0, T ]. Since Y nτ =E
[
1Anη Yτ |Fτ

]
=1Anη Yτ , P−a.s. taking t=τ in (6.74) yields that

Y nτ∧t = Y nτ −
∫ τ

τ∧t
Zns dBs−

∫
(τ∧t,τ ]

∫
X
Uns (x)Ñp(ds, dx)=1AnηYτ−

∫ τ

τ∧t
Z
n

s dBs−
∫

(τ∧t,τ ]

∫
X
U
n

s (x)Ñp(ds, dx)

= 1Anη ξ+

∫ T

τ∧t
gns ds−

∫ T

τ∧t
Z
n

s dBs−
∫

(τ∧t,T ]

∫
X
U
n

s (x)Ñp(ds, dx), P−a.s. (6.75)

Multiplying 1{t≥τ} to (6.74) and multiplying 1{t<τ} to (6.75) leads to that

Y
n

t = 1{t<τ}Y
n
t +1{t≥τ}1AnηYt = 1Anη ξ+

∫ T

t

gns ds−
∫ T

t

Z
n

s dBs−
∫

(t,T ]

∫
X
U
n

s (x)Ñp(ds, dx), P−a.s.

The right continuity of process Y
n

then implies that P−a.s.

Y
n

t =1Anη ξ+

∫ T

t

gns ds−
∫ T

t

Z
n

s dBs−
∫

(t,T ]

∫
X
U
n

s (x)Ñp(ds, dx), t ∈ [0, T ].

Hence
(
Y
n
, Z

n
, U

n)
solves BSDEJ (1Anη ξ, g

n).

As ψ(x)∈ (0, 1)c for any x∈R with ∂f(x)∩(0, 1)c 6=∅, one can deduce that η∈ (0, 1)c, P−a.s. Then (5.7) and an

analogy to (5.5) imply that ηg(t, Zt, Ut) ≤ g(t, ηZt, ηUt) dt×dP−a.s. on ]]τ, γ[[. And we further see from (5.6) that

gnt = 1Anη g(t, Zt, Ut) ≤ 1Ang(t, ηZt, ηUt)=g(t,1AnηZt,1AnηUt)=gγ
(
t, Z

n

t , U
n

t

)
holds dt×dP−a.s. on ]]τ, γ[[. Applying Theorem 2.2 with (g1, g2)=(gn, gγ) and i=2 yields that P

{
1Anη Yt = Y

n

t ≤
Y

1Anη ξ,gγ
t , ∀ t∈ [τ, γ]

}
= 1. In particular, we have 1Anη Egτ,γ [ξ] = 1Anη Yτ ≤ Y

1Anη ξ,gγ
τ = Egτ,γ [1Anη ξ], P−a.s., which

together with (6.73) shows that

1Anf
(
Egτ,γ [ξ]

)
≤Egτ,γ

[
1Anf(ξ)

]
=Y

1Anf(ξ),gγ
τ , P−a.s. (6.76)

In light of Proposition 2.1,

E
[∣∣Y 1Anf(ξ),gγ

τ −Y f(ξ),gγ
τ

∣∣p]≤∥∥Y 1Anf(ξ),gγ−Y f(ξ),gγ
∥∥p
Dp≤CE

[
|1Anf(ξ)−f(ξ)|p

]
, (6.77)

where the constant C does not depend on n. Since lim
n→∞

↑ 1An =1, P−a.s. and since E
[
|f(ξ)|p

]
<∞, letting n→∞

in (6.77), we can deduce from the dominated convergence theorem that lim
n→∞

E
[∣∣Y 1Anf(ξ),gγ

τ −Y f(ξ),gγ
τ

∣∣p]=0. Then

we can find a subsequence {ni}i∈N of N such that lim
i→∞

Y
1Ani

f(ξ),gγ
τ =Y

f(ξ),gγ
τ , P−a.s. Eventually, letting i → ∞ in

(6.76), we obtain f
(
Egτ,γ [ξ]

)
= lim
i→∞

1Ani f
(
Egτ,γ [ξ]

)
≤ lim
i→∞

Y
1Ani

f(ξ),gγ
τ =Y

f(ξ),gγ
τ =Egτ,γ

[
f(ξ)

]
, P−a.s. �

A Appendix: A Monotonic Limit Theorem of jump diffusion processes

over Dp

In this appendix, we will extend the monotonic limit theorem of [79] to jump diffusion processes over Dp, which is

crucial for the decomposition of g−supermartingale (Theorem 4.1).

Fix p∈(1, 2]. We consider a series of jump diffusion processes {Y n}n∈N in form of

Y nt = Y n0 −
∫ t

0

bns ds−Kn
t +

∫ t

0

Zns dBs +

∫
(0,t]

∫
X
Uns (x)Ñp(ds, dx), ∀ t ∈ [0, T ], (A.1)
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where

(i)
{

(bn, Zn, Un)
}
n∈N is bounded in Lp

(
[0, T ]×Ω,P, dt×dP ;R

)
×Z2,p×Up, i.e. there exists a C]>0 such that(

E

∫ T

0

|bnt |pdt
) 1
p

+‖Zn‖Z2,p+‖Un‖Up ≤ C], ∀n∈N; (A.2)

(ii) For any n∈N, Kn is an F−adapted, continuous increasing process with Kn
0 =0 and Kn

T ∈Lp(FT );

(iii) Y n is an increasing sequence that is bounded above by some X ∈Dp, i.e. P{Y nt ≤Y n+1
t ≤Xt, ∀ t ∈ [0, T ]}= 1

for any n∈N.

The Burkholder-Davis-Gundy Inequality, (1.7), Hölder’s inequality as well as (1.5) imply that

E
[
(Y 1
∗ )p
]
≤5p−1c0E

[
|Y 1

0 |p+T p−1

∫ T

0

|b1s|pds+(Kn
T )p+

(∫ t

0

|Zns |2ds
) p

2

+

∫ T

0

∫
X
|Uns (x)|pν(dx)ds

]
<∞, (A.3)

which shows that Y 1∈Dp. It follows from (iii) that {Y n}n∈N is bounded in Dp
(

sup
n∈N
‖Y n‖Dp≤‖Y 1‖Dp+‖X‖Dp<∞

)
.

Define a [−∞,∞]−valued, F−optional process Yt := lim
n→∞

Y nt , t∈ [0, T ]. The monotone convergence theorem and

(iii) imply that

P
{
Yt= lim

n→∞
↑ Y nt ≤Xt, ∀ t∈ [0, T ]

}
=1. (A.4)

So one can regard Y as a real-valued, F−optional process.

Our generalized monotonic limit theorem of jump diffusion processes over Dp is stated as follows:

Theorem A.1. Given p ∈ (1, 2], let assumptions (i)−(iii) hold. Then Y belongs to Dp and has the following

decomposition: There exists (b, Z, U,K)∈Lp
(
[0, T ]×Ω,P, dt×dP ;R

)
×Z2,p×Up×Kp such that P−a.s.

Yt = Y0 −
∫ t

0

bsds−Kt +

∫ t

0

ZsdBs +

∫
(0,t]

∫
X
Us(x)Ñp(ds, dx), ∀ t ∈ [0, T ], (A.5)

and that for any $∈(2/p, 2)

lim
n→∞

E

[(∫ T

0

|Zns −Zs|$ds
) p

2

+

∫ T

0

∫
X
|Uns (x)−Us(x)|

p$
2 ν(dx)ds

]
=0. (A.6)

Moreover, if Y has only inaccessible jumps, then K is a continuous process and

lim
n→∞

E
[( ∫ T

0

|Zns −Zs|2ds
) p

2 +

∫ T

0

∫
X
|Uns (x)−Us(x)|pν(dx)ds

]
=0. (A.7)

Before proving this theorem, let us first cite two auxiliary results from [9] and [79] respectively.

Lemma A.1. (Lemma A.3 of [9]) Let K be a real-valued, F−optional process with P−a.s. right upper semi-

continuous paths
(
i.e., it holds P−a.s. that Kt(ω) ≥ lim

s↘t
Ks(ω), for any t ∈ [0, T )

)
. If Kτ ≤ Kγ , P−a.s. holds

for any τ ∈T and γ∈Tτ , then K is an increasing process.

Lemma A.2. (Lemma 2.2 of [79]) Let {Yn}n∈N be a sequence of real-valued, F−adapted càdlàg processes, let J be a

real-valued, F−adapted càdlàg process, and let K be an F−adapted increasing process with K0 =0 and with KT <∞,

P−a.s. If it holds P−a.s. that lim
n→∞

↑ Ynt =Jt−Kt for any t∈ [0, T ], then K is also an càdlàg process.

The demonstration of Theorem A.1 also relies on the following extensions of Lemma A.1 and Lemma 2.3 of [79].

Lemma A.3. Let p ∈ (1, 2], K ∈ Kp and δ > 0. There exists a finite number of F−predictable stopping times

0=τ0<τ1≤τ2≤· · ·≤τN ≤τN+1 =T such that τi<τi+1 on {τi<T} for i=1 · · ·N and that

N∑
i=0

E

[ ∑
s∈(τi,τi+1)

(∆Ks)
p

]
< δ. (A.8)
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Proof: Set α := (δ/3)
1
p−1
(
E[Kp

T ]
)− 1

p(p−1) . As process Kα
t :=Kt−

∑
s∈(0,t]

∆Ks1{∆Ks>α}, t ∈ [0, T ] retains only those

jumps of K whose sizes are smaller than α, one can deduce from Hölder’s inequality that

E

[ ∑
s∈(0,T ]

(∆Kα
s )p

]
≤ αp−1E

[ ∑
s∈(0,T ]

∆Kα
s

]
≤ αp−1EKT ≤ αp−1

(
E[Kp

T ]
) 1
p = δ/3. (A.9)

Set γ0 := 0. For any j ∈ N, we inductively define γj := inf
{
t ∈ (γj−1, T ] : ∆Kt > α

}
∧T , and (1.7) implies

that
∑
s∈(γj ,T )(∆Ks)

p ≤
(∑

s∈(γj ,T ) ∆Ks

)p≤Kp
T , P−a.s. Since lim

j→∞
↓
∑
s∈(γj ,T )(∆Ks)

p=0, P−a.s. the dominated

convergence theorem implies that lim
j→∞
↓ E

[∑
s∈(γj ,T )(∆Ks)

p
]
=0. So one can find an `∈N such that

E

[ ∑
s∈(γ`,T )

(∆Ks)
p

]
<δ/3. (A.10)

In light of Proposition I.2.24 of [47] (see also “Complements to Chapter IV” of [34]), the jumps of F−predictable

càdlàg process K are exhausted by a sequence {τi}i∈N of F−predictable stopping times, i.e. K :={(t, ω)∈ [0, T ]×Ω:

∆Kt(ω)>0} is a union of graphs [[τi]] and these graphs are disjoint on period (0, T ).

As E[Kp
T ]<∞, there exists a λ=λ(δ)> 0 such that E[1AK

p
T ]<δ/3 holds for any A ∈ FT with P (A)<λ. Let

j=1, · · · , `. For any n ∈ N, define Ajn :=
{
γj ∈

n
∪
i=1

[[τi]]
}

=
{
ω∈Ω : γj(ω)= τi(ω) for some i∈{1, · · · , n}

}
∈FT . Since

[[γj ]]⊂K= ∪
i∈N

[[τi]], we see that lim
i→∞
↑ Ajn=Ω, there exists nj ∈N such that P (Ajnj )>1−λ/`.

Set τ0 := 0, N := max
j=1,··· ,`

nj and A :=
`
∩
j=1

Ajnj . Also, we reset γ`+1 :=T and τN+1 :=T . Given ω∈A :=
`
∩
j=1

Ajnj , as

γj(ω)∈
{
τ1(ω), · · · , τnj (ω)

}
⊂
{
τ1(ω), · · · , τN (ω)

}
for any j=1, · · ·, `, we have that

N
∪
i=0

(
τi(ω), τi+1(ω)

)
=(0, T )\

{
τ1(ω), · · · , τN (ω)

}
⊂(0, T )\

{
γ1(ω), · · · , γ`(ω)

}
=

`
∪
j=0

(
γj(ω), γj+1(ω)

)
.

Since P (Ac) =P
(

`
∪
j=1

(
Ajnj

)c)≤ ∑̀
j=1

P
((
Ajnj

)c)
<λ and since ∆Ks = ∆Kα

s for any s∈
`−1
∪
j=0

(γj , γj+1), we can deduce

from (1.7), (A.9) and (A.10) that

E

[
N∑
i=0

∑
s∈(τi,τi+1)

(∆Ks)
p

]
≤E

[
1Ac

( N∑
i=0

∑
s∈(τi,τi+1)

∆Ks

)p]
+E

[
1A
∑̀
j=0

∑
s∈(γj ,γj+1)

(∆Ks)
p

]

≤ E[1AcK
p
T ]+E

[
`−1∑
j=0

∑
s∈(γj ,γj+1)

(∆Kα
s )p+

∑
s∈(γ`,T )

(∆Ks)
p

]
<

2

3
δ+E

[ ∑
s∈(0,T ]

(∆Kα
s )p

]
<δ. �

Lemma A.4. Let p ∈ (1, 2], K ∈Kp and ε, δ > 0. There exists a finite sequence of F−predictable stopping times

0=τ0<γ0≤τ1<γ1≤· · ·≤τN <γN ≤τN+1 =T such that

N∑
i=0

E
[
(τi+1−γi)+(τi+1−γi)

p
2

]
< ε and

N∑
i=0

E

[ ∑
s∈(τi,γi]

(∆Ks)
p

]
< δ. (A.11)

Proof: According to Lemma A.3, (A.8) holds for a finite number of F−predictable stopping times 0=τ0<τ1≤τ2≤
· · ·≤τN ≤τN+1 =T such that

τi<τi+1 on {τi<T} for i=1 · · ·N. (A.12)

Let i = 0, · · · , N . The PFA Theorem or foretelling Theorem (see e.g. Theorem IV.77 of [33]) shows that

the F−predictable stopping time τi+1 can be approximated by an increasing sequence {ζin}n∈N of F−predictable

stopping times: i.e. lim
n→∞

↑ ζin=τi+1, P−a.s., and for any n∈N,

ζin<τi+1, P−a.s. on {τi+1>0}. (A.13)
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So one can find an n(i)∈N such that E
[(
τi+1 − ζin(i)

)
+
(
τi+1 − ζin(i)

) p
2

]
<

ε

N+1
. Consequently, the F−predictable

stopping times γi :=τi ∨ ζin(i)≤τi+1, i=0 · · ·N satisfy the first inequality of (A.11).

For P−a.s. ω ∈Ω, if τi(ω)< T and for i= 0, · · · , N , (A.12) shows that τi+1(ω)> τi(ω)≥ 0. Then we see from

(A.13) that ζin(i)(ω)<τi+1(ω) and thus γi(ω)<τi+1(ω). It follows from (A.8) that

N∑
i=0

E

[ ∑
s∈(τi,γi]

(∆Ks)
p

]
≤

N∑
i=0

E

[ ∑
s∈(τi,τi+1)

(∆Ks)
p

]
< δ. �

Proof of Theorem A.1: For n∈N, we set ξn :=
∫ T

0
Znt dBt. The Burkholder-Davis-Gundy inequality and condition

(i) imply that E
[
|ξn|p

]
≤cpE

[( ∫ T
0
|Znt |2dt

) p
2

]
=cp‖Zn‖pZ2,p≤cpCp] , which shows that {ξn}n∈N is a bounded sequence

in Lp(FT ). As Lp
(
[0, T ]×Ω,P, dt×dP ;R

)
, Lp(FT ) and Up are reflexive spaces, we know from e.g. Theorem 5.2.1

of [97] that
{

(bn, ξn, U
n)
}
n∈N has a weakly convergent subsequence

(
we still denote it by

{
(bn, ξn, U

n)
}
n∈N

)
with

limit (b, ξ, U)∈Lp
(
[0, T ]×Ω,P, dt×dP ;R

)
×Lp(FT )×Up. By Corollary (2.1), there exists

(
Z,U

)
∈Z2,p×Up such that

P−a.s., E[ξ|Ft]=E[ξ]+
∫ t

0
ZsdBs+

∫
(0,t]

∫
X Us(x)Ñp(ds, dx), ∀ t∈ [0, T ].

1) Let Φ∈Z2,q. We first show that lim
n→∞

E

∫ T

0

Φt(Z
n
t − Zt)dt = 0. (A.14)

Define a martingale MΦ
t :=

∫ t
0

ΦsdBs, t∈ [0, T ]. The Burkholder-Davis-Gundy inequality shows that

E
[
(MΦ
∗ )q
]
≤cqE

[(∫ T

0

|Φs|2ds
) q

2

]
<∞ (A.15)

for some cq>0, thus MΦ
T ∈Lq(FT ).

Fix n ∈ N and define Γnt :=
∫ t

0
(Zns −Zs)dBs−

∫
(0,t]

∫
XUs(x)Ñp(ds, dx), t ∈ [0, T ]. The Burkholder-Davis-Gundy

inequality and (1.5) imply that

E
[
(Γn∗ )

p
]
≤cpE

[(∫ T

0

|Zns −Zs|2ds
) p

2

+

∫ T

0

∫
X

∣∣Us(x)
∣∣pν(dx)ds

]
<∞. (A.16)

Also, integrating by parts yields that P−a.s.

MΦ
t Γnt =

∫ t

0

(
ΓnsΦs+MΦ

s (Zns −Zs)
)
dBs−

∫
(0,t]

∫
X
MΦ
s Us(x)Ñp(ds, dx)+

∫ t

0

Φs(Z
n
s −Zs)ds, t ∈ [0, T ]. (A.17)

For any i∈N, we set ζni := inf
{
t ∈ [0, T ] :

∫ t
0
|Φs|2ds+

∫ t
0
|Zns −Zs|2ds+

∫ t
0

∫
X

∣∣Us(x)
∣∣pν(dx)ds > i

}
∧ T ∈ T and

Υn,i
t :=

∫ ζni ∧t
0

(
ΓnsΦs+MΦ

s (Zns −Zs)
)
dBs−

∫
(0,ζni ∧t]

∫
XM

Φ
s Us(x)Ñp(ds, dx), t∈ [0, T ]. Applying the Burkholder-Davis-

Gundy inequality, we can deduce from (1.7), (1.5), (A.16), (A.15) and Hölder’s inequality that

E

[
sup
t∈[0,T ]

∣∣Υn,i
t

∣∣p] ≤ cpE

[(∫ ζni

0

∣∣ΓnsΦs
∣∣2ds) p2 +

(∫ ζni

0

∣∣MΦ
s (Zns −Zs)

∣∣2ds) p2 +

∫ ζni

0

∫
X
|MΦ

s Us(x)|pν(dx)ds

]
≤ cpE

[(
Γn∗
)p(∫ ζni

0

∣∣Φs∣∣2ds) p2 +
(
MΦ
∗
)p(∫ ζni

0

∣∣Zns −Zs∣∣2ds) p2 +
(
MΦ
∗
)p ∫ ζni

0

∫
X
|Us(x)|pν(dx)ds

]
≤ cp

{
i
p
2E
[
(Γn∗ )

p
]
+
(
i+i

p
2

)(
E
[
(MΦ
∗ )q
]) p

q

}
<∞. (A.18)

So Υn,i is a uniformly integrable martingale. Taking t=ζni in (A.17) and then taking expectation yield that

E
[
MΦ
ζni

Γnζni

]
=E

∫ ζni

0

Φs(Z
n
s −Zs)ds. (A.19)

As (Φ, Zn−Z,U) ∈ Z2,q×Z2,p×Up, it holds for all ω ∈Ω except on a P−null set Nn that ζni (ω) = T for some

i= i(n, ω)∈N. For any ω∈N c
n, one has

lim
i→∞

Γn(ζni (ω), ω)=Γn(T, ω)=ξn(ω)−ξ(ω)+E[ξ]=ξn(ω)−ξ(ω), (A.20)
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although the path Γn· (ω) may not be left-continuous. Since Hölder’s inequality, (A.15) and (A.16) show that

E[MΦ
∗ Γn∗ ]≤

{
E
[
(MΦ
∗ )q
]} 1

q
{
E
[
(Γn∗ )

p
]} 1

p <∞ and that E
∫ T

0
|Φt||Znt −Zt|dt≤E

[
(
∫ T

0
|Φt|2dt)

1
2 (
∫ T

0
|Znt −Zt|2dt)

1
2

]
≤{

E
[
(
∫ T

0
|Φt|2dt)

q
2

]} 1
q ×
{
E
[
(
∫ T

0
|Znt −Zt|2dt)

p
2

]} 1
p

<∞, letting i→∞ in (A.19), we can deduce from the dominated

convergence theorem and (A.20) that E
[
MΦ
T (ξn−ξ)

]
=E

[
MΦ
T ΓnT

]
=E

∫ T
0

Φt(Z
n
t −Zt)dt. As MΦ

T ∈Lq(FT ), letting

n→∞, we obtain (A.14) from the weak convergence of ξn’s to ξ in Lp(FT ).

2) Define a real-valued, F−optional process

Kt :=Y0−Yt−
∫ t

0

bsds+

∫ t

0

ZsdBs+

∫
(0,t]

∫
X
Us(x)Ñp(ds, dx), t∈ [0, T ]. (A.21)

In this step, we show that Kτ is a weak limit of Kn
τ ’s in Lp(Fτ ) for any τ ∈T .

The Burkholder-Davis-Gundy inequality, (1.7), Hölder’s inequality and (1.5) imply that

E
[
Kp
T

]
≤cpE

[
(Y 1
∗ )p+Xp

∗+T p−1

∫ T

0

|bt|pdt+
(∫ T

0

|Zt|2dt
) p

2

+

∫ T

0

∫
X
|Ut(x)|pν(dx)dt

]
<∞. (A.22)

Let τ ∈T and η∈Lq(Fτ )⊂L2(Fτ ). We know from the regular martingale representation theorem that there exists

(Zη, Uη) ∈ Z2,2×U2 such that P−a.s., Mη
t :=E[η|Ft] =E[η]+

∫ τ∧t
0

Zηs dBs+
∫

(0,τ∧t]
∫
XU

η
s (x)Ñp(ds, dx), ∀ t ∈ [0, T ].

Similar to (A.16), the Burkholder-Davis-Gundy inequality, (1.7) and (1.5) imply that

E
[
(Mη
∗)
p
]
≤cp

{(
E[η]

)p
+E

[(∫ τ

0

|Zηs |2ds
) p

2

+

∫ τ

0

∫
X

∣∣Uηs (x)
∣∣pν(dx)ds

]}
<∞. (A.23)

Given ω∈Ω, we denote the countable set Dp(ω) by {tj(ω)}i∈N. For any J∈N, (1.7) shows that

J∑
j=1

1{t≤τ(ω)}
∣∣Uη(tj(ω), ω, ptj(ω)(ω)

)∣∣q≤( J∑
j=1

1{t≤τ(ω)}
∣∣Uη(tj(ω), ω, ptj(ω)(ω)

)∣∣2)q2 ≤( ∑
t∈Dp(ω)

1{t≤τ(ω)}
∣∣Uη(t, ω, pt(ω)

)∣∣2)q2
=
(∫

(0,τ ]

∫
X
|Uηt (x)|2Np(dt, dx)

)q
2

(ω).

Letting J→∞ on the left-hand-side yields that(∫
(0,τ ]

∫
X
|Uηt (x)|qNp(dt, dx)

)
(ω)=

∑
t∈Dp(ω)

1{t≤τ(ω)}
∣∣Uη(t, ω, pt(ω)

)∣∣q≤(∫
(0,τ ]

∫
X
|Uηt (x)|2Np(dt, dx)

)q
2

(ω).

Then (1.7), the Burkholder-Davis-Gundy inequality and the Doob’s martingale inequality imply that

E

[(∫ τ

0

|Zηs |2ds
) q

2

+

∫
(0,τ ]

∫
X
|Uηt (x)|qNp(dt, dx)

]
≤E

[(∫ τ

0

|Zηs |2ds+

∫
(0,τ ]

∫
X
|Uηt (x)|2Np(dt, dx)

) q
2

]
=E

{[
Mη,Mη

] q
2

T

}
≤ c̃qE

[
(Mη
∗)
q
]
≤ c̃qpqE

[
|Mη

T |
q
]
= c̃qp

qE
[
|η|q
]
<∞ (A.24)

for some c̃q>0, thus
{(

1{t≤τ}Z
η
t ,1{t≤τ}U

η
t

)}
t∈[0,T ]

∈Z2,q×Uq.
Fix n∈N. An analogy to (A.16) shows that the process Γ̃nt :=

∫ t
0
(Zns−Zs)dBs+

∫
(0,t]

∫
X
(
Uns (x)−Us(x)

)
Ñp(ds, dx),

t∈ [0, T ] is of Dp. Also, integrating by parts yields that P−a.s.

Mη
t Γ̃nt =

∫ τ∧t

0

Zηs (Zns −Zs)ds+

∫ t

0

(
1{s≤τ}Γ̃

n
sZ

η
s +Mη

s(Zns −Zs)
)
dBs+

∫
(0,t]

∫
X

(
1{s≤τ}Γ̃

n
s U

η
s (x)+Mη

s(Uns (x)−Us(x))
)
Ñp(ds, dx)

+

∫
(0,τ∧t]

∫
X
Uηs (x)

(
Uns (x)−Us(x)

)
Np(ds, dx), t ∈ [0, T ]. (A.25)

For any i∈N, we set

ςni :=inf

{
t∈ [0, T ] :

∫ t

0

(
1{s≤τ}|Zηs |2+|Zns −Zs|2

)
ds+

∫ t

0

∫
X

(
1{s≤τ}|Uηs (x)|p+|Uns (x)−Us(x)|p

)
ν(dx)ds>i

}
∧T ∈T ,
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and Υ̃n,i
t :=

∫ ςni ∧t
0

(
1{s≤τ}Γ̃

n
sZ

η
s +Mη

s(Zns −Zs)
)
dBs+

∫
(0,ςni ∧t]

∫
X
(
1{s≤τ}Γ̃

n
s U

η
s (x)+Mη

s(Uns (x)−Us(x))
)
Ñp(ds, dx),

t∈ [0, T ]. An analogy to (A.18) and (A.24) imply that

E

[
sup
t∈[0,T ]

∣∣Υ̃n,i
t

∣∣p]≤ cpE[(Γ̃n∗)p(∫ ςni ∧τ

0

∣∣Zηs ∣∣2ds) p2 +
(
Mη
∗
)p(∫ ςni

0

∣∣Zns −Zs∣∣2ds) p2 +
(
Γ̃n∗
)p ∫ ςni ∧τ

0

∫
X
|Uηs (x)|pν(dx)ds

+
(
Mη
∗
)p ∫ ςni

0

∫
X
|Uns (x)−Us(x)|pν(dx)ds

]
≤cp

(
i+i

p
2

){
E
[
(Γ̃n∗ )

p
]
+
(
E
[
(Mη
∗)
q
]) p

q

}
<∞.

So Υ̃n,i is a uniformly integrable martingale. Taking t= ςni in (A.25) and then taking expectation yield that

E
[
Mη

ςni
Γ̃nςni

]
=E

∫ ςni

0

1{s≤τ}Z
η
s (Zns −Zs)ds+E

∫ ςni

0

∫
X

1{s≤τ}U
η
s (x)

(
Uns (x)−Us(x)

)
ν(dx)ds. (A.26)

As
{(

1{t≤τ}Z
η
t ,1{t≤τ}U

η
t

)}
t∈[0,T ]

∈Z2,q×Uq and (Zn−Z,Un−U)∈Z2,p×Up, it holds for all ω∈Ω except on a

P−null set Ñn that ςni′ (ω)=T for some i′= i′(n, ω)∈N. For any ω∈Ñ c
n, we have

lim
i→∞
Mη(ςni (ω), ω)=Mη(T, ω)=η(ω) and lim

i→∞
Γ̃n(ςni (ω), ω)=Γ̃n(T, ω),

although the paths Mη
· (ω) and Γ̃n· (ω) may not be left-continuous. Since Hölder’s inequality and (A.23) show

that E[Mη
∗Γ̃

n
∗ ]≤

{
E
[
(Mη
∗)
q
]} 1

q
{
E
[
(Γ̃n∗ )

p
]} 1

p <∞, that E
∫ τ

0
|Zηt ||Znt −Zt|dt≤E

[( ∫ τ
0
|Zηt |2dt

) 1
2
( ∫ T

0
|Znt −Zt|2dt

) 1
2

]
≤{

E
[( ∫ τ

0
|Zηt |2dt

) q
2
]} 1

q
{
E
[( ∫ T

0
|Znt−Zt|2dt

) p
2
]} 1

p

<∞ and that E
∫ τ

0

∫
X |U

η
t (x)||Unt (x)−Ut(x)|ν(dx)dt≤

(
E
∫ τ

0

∫
X |U

η
t (x)|q

ν(dx)dt
) 1
q
(
E
∫ τ

0

∫
X |U

n
t (x)−Ut(x)|pν(dx)dt

) 1
p <∞, letting i→∞ in (A.26), we can deduce from the dominated conver-

gence theorem E
[
ηΓ̃nT

]
=E

∫ T
0

1{t≤τ}Z
η
t (Znt −Zt)dt+E

∫ T
0

∫
X1{t≤τ}U

η
t (x)

(
Unt (x)−Ut(x)

)
ν(dx)dt. Since

{(
1{t≤τ}Z

η
t ,

1{t≤τ}U
η
t

)}
t∈[0,T ]

∈Z2,q×Uq, letting n→∞, we see from (A.14) and the weak convergence of Un’s to U in Up that

lim
n→∞

E
[
ηΓ̃nT

]
=0. (A.27)

For any Φ∈Lp
(
[0, T ]×Ω,P, dt×dP ;R

)
, we define fη(Φ) :=E

[
η
∫ T

0
Φtdt

]
. As η∈Lq(Fτ ), we see from Hölder’s

Inequality that |fη(Φ)|≤‖η‖Lq(Fτ )

{
E
[( ∫ T

0
|Φt|dt

)p]} 1
p ≤T

1
q ‖η‖Lq(Fτ )‖Φ‖Lp

(
[0,T ]×Ω,P,dt×dP ;R

). So fη is a bounded

a linear functional on Lp
(
[0, T ]×Ω,P, dt×dP ;R

)
. In light of Riesz’s representation theorem, there exists a Ψ ∈

Lq
(
[0, T ]×Ω,P, dt×dP ;R

)
such that fη(Φ)=E

∫ T
0

ΨtΦtdt, ∀Φ∈Lp
(
[0, T ]×Ω,P, dt×dP ;R

)
. It then follows from

the weak convergence bn’s to b in Lp
(
[0, T ]×Ω,P, dt×dP ;R

)
that

lim
n→∞

E

[
η

∫ τ

0

(bnt −bt)dt
]

= lim
n→∞

fη

({
1{t≤τ}(b

n
t −bt)

}
t∈[0,T ]

)
= lim
n→∞

E

∫ T

0

1{t≤τ}Ψt(b
n
t −bt)dt=0. (A.28)

Moreover, since |Y n0 −Y0−Y nτ +Yτ |≤2(Y 1
∗ +X∗) and since E[|η|(Y 1

∗ +X∗)]≤‖η‖Lq(Fτ )

(
‖Y 1‖Dp+‖X‖Dp

)
<∞ by

Hölder’s inequality, the dominated convergence theorem and condition (iii) imply that lim
n→∞

E
[
η(Y n0 −Y0−Y nτ +Yτ )

]
=0,

which together with (A.27) and (A.28) leads to that

lim
n→∞

E
[
η(Kn

τ −Kτ )
]
= lim
n→∞

E
[
η(Y n0 −Y0−Y nτ +Yτ )

]
− lim
n→∞

E

[
η

∫ τ

0

(bnt −bt)dt
]

+ lim
n→∞

E
[
ηΓ̃nT

]
=0.

Hence, Kn
τ ’s weakly converge to Kτ in Lp(Fτ ) for any τ ∈T .

3) By the right-continuity of Y n’s, it holds for P−a.s. ω ∈ Ω that

lim
s↘t

Ys(ω) = lim
n→∞

↑ inf
s∈(t,(t+2−n)∧T ]

Ys(ω)= lim
n→∞

↑ inf
s∈(t,(t+2−n)∧T ]

lim
m→∞

↑ Y ms (ω)≥ lim
m→∞

↑ lim
n→∞

↑ inf
s∈(t,(t+2−n)∧T ]

Y ms (ω)

= lim
m→∞

↑ lim
s↘t

Y ms (ω) = lim
m→∞

↑ Y mt (ω) = Yt(ω), ∀ t ∈ [0, T ].

So process Y has P−a.s. right lower semi-continuous paths, which together with the right-continuity of process{ ∫ t
0
ZsdBs+

∫
(0,t]

∫
XUs(x)Ñp(ds, dx)

}
t∈[0,T ]

shows that process K has P−a.s. right upper semi-continuous paths.
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Let τ ∈T and γ∈Tτ . For any n∈N, since Kn is an increasing process, it holds P−a.s. that

Kn
τ ≤Kn

γ . (A.29)

We claim that Kτ ≤Kγ , P−a.s.: Assume not, i.e. the P−measure of set A :=
{
Kτ >Kγ

}
∈FT strictly larger than

0, it would follow that E
[
1AKτ

]
>E

[
1AKγ

]
. However, one can deduce from part (2) and (A.29) that E

[
1AKτ

]
=

lim
n→∞

E
[
1AK

n
τ

]
≤ lim

n→∞
E
[
1AK

n
γ

]
= E

[
1AKγ

]
. An contradiction appears. Thus, Kτ ≤ Kγ , P−a.s. Then Lemma

A.1 shows that K is an increasing process. Applying Lemma A.2 with Yn = Y n and Jt = Y0−
∫ t

0
bsds+

∫ t
0
ZsdBs+∫

(0,t]

∫
XUs(x)Ñp(ds, dx), t∈ [0, T ], we see from (A.22), (A.4) and (1.7) that both Y and K are càdlàg processes and

thus that E[Y p∗ ]≤2p−1E[(Y 1
∗ )p+Xp

∗ ]<∞.

The monotonicity of K implies that Ŷt := Yt−Y0 +
∫ t

0
bsds, t ∈ [0, T ] is a càdlàg supermartingale. By (1.7) and

Hölder’s inequality, E
[
Ŷ p∗

]
≤ 3p−1E

[
2Y p∗ +T p−1

∫ T
0
|bt|pdt

]
<∞. In virtue of Theorem VII.12 of [34] (or Theorem

III.3.8 of [82]), there exist a uniformly integrable càdlàg martingale M̂ and an F−predictable càdlàg increasing

process K̂ with K̂(0) = 0 such that P−a.s.

Ŷt = M̂t − K̂t, t ∈ [0, T ]. (A.30)

By the supermartingality of Ŷ , Ŷt := Ŷt−E
[
ŶT
∣∣Ft], t ∈ [0, T ] is a nonnegative càdlàg supermartingale whose

corresponding Doob-Meyer decomposition is Ŷ = M̂ − K̂ with M̂t := M̂t−E
[
ŶT
∣∣Ft]. Since (1.7) and Doob’s

martingale inequality show that E
[
Ŷ p
∗

]
≤ 2p−1E

[
Ŷ p∗ + sup

t∈[0,T ]

∣∣E[ŶT |Ft]
∣∣p] ≤ 2p−1E

[
Ŷ p∗ + qp

∣∣ŶT ∣∣p] < ∞, we can

deduce from the estimate (VII.15.1) of [34] that

E
[
K̂p
T

]
≤ppE

[
Ŷ p
∗

]
<∞, (A.31)

so K̂ ∈Kp. It follows from (A.30) and (1.7) that E
[
M̂p
∗

]
≤ 2p−1E

[
Ŷ p∗ +K̂p

T

]
<∞. An application of Corollary 2.1

again yields that for some
(
Ẑ, Û

)
∈Z2,p×Up, it holds P−a.s. that

M̂t = E
[
M̂T

∣∣Ft] =

∫ t

0

ẐsdBs +

∫
(0,t]

∫
X
Ûs(x)Ñp(ds, dx), t∈ [0, T ].

Putting it back into (A.30), we obtain that P−a.s.

−Kt+

∫ t

0

ZsdBs+

∫
(0,t]

∫
X
Us(x)Ñp(ds, dx)= Ŷt=−K̂t+

∫ t

0

ẐsdBs+

∫
(0,t]

∫
X
Ûs(x)Ñp(ds, dx), t∈ [0, T ]. (A.32)

Comparing the continuous martingale parts of both sides gives that

Ẑt=Zt, dt×dP−a.s. (A.33)

We will eventually see that K̂=K.

4) Fix $ ∈ (2/p, 2) and λ > 0. As K̂ ∈ Kp, Lemma A.4 and (1.7) imply that there exists a finite sequence of

F−predictable stopping times 0=τ0<γ0≤τ1<γ1≤· · ·≤τN <γN ≤τN+1 =T such that

E

[
N∑
i=0

(τi+1−γi)+

( N∑
i=0

(τi+1−γi)
) p

2

]
< λ and

N∑
i=0

E

[ ∑
s∈(τi,γi]

(
∆K̂s

)p]
< λ1+p(1−$2 ), (A.34)

where N depends on λ.

Fix n∈N and set (Yn,Zn,Un) :=
(
Y n−Y,Zn−Z,Un−Û

)
. Subtracting (A.32) from (A.1) and using (A.33) yields

that P−a.s., Ynt =Yn0 −
∫ t

0
(bns−bs)ds−

(
Kn
t −K̂t

)
+
∫ t

0
Zns dBs +

∫
(0,t]

∫
X U

n
s (x)Ñp(ds, dx), ∀ t∈ [0, T ]. An analogy to

(6.52) and the continuity of Kn show that for P−a.s. ω∈Ω

1{t∈Dp(ω)}∆K̂t(ω)=0 and ∆Ynt (ω)=1{t∈Dp(ω)}U
n
(
t, ω, pt(ω)

)
+1{t/∈Dp(ω)}∆K̂t(ω), ∀ t ∈ [0, T ]. (A.35)
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Since the càdlàg increasing process K̂ and the Poisson stochastic integral MU
n

jump countably many times along

their P−a.s. paths, an analogy to (6.53) shows that{
t ∈ [0, T ] : Ynt−(ω) 6= Ynt (ω)

}
is a countable subset of [0, T ] for P−a.s. ω ∈ Ω. (A.36)

Next, fix i∈ {0, · · · , N}, (t, ε)∈ [0, T ]×(0, 1] and let ϕε(·) be the function defined in (6.54). We see from (1.7)

that Yn,i,ε
t := sup

s∈[γi∧t,γi]
ϕε(Yns ), t∈ [0, T ] satisfies

E
[(
Yn,i,ε
τi

)p]≤E[ sup
s∈[0,T ]

ϕpε(Yns )

]
≤E

[
sup

s∈[0,T ]

|Yns |p
]

+ε
p
2 =‖Yn‖pDp+ε

p
2 <∞. (A.37)

Applying Itô’s formula to ϕpε(Ynt ) on the interval
[
(τi∨t)∧γi, γi

]
and using (A.36) yield that

ϕpε(Yn(τi∨t)∧γi)+
1

2

∫ γi

(τi∨t)∧γi
D2
xϕ

p
ε(Yns )|Zns |2ds+

∑
s∈((τi∨t)∧γi,γi]

(
ϕpε(Yns )−ϕpε(Yns−)−Dxϕ

p
ε(Yns−)∆Yns

)
=ϕpε(Ynγi)+p

∫ γi

(τi∨t)∧γi
ϕp−2
ε (Yns )Yns (bns−bs)ds+p

∫ γi

(τi∨t)∧γi
ϕp−2
ε (Yns )Yns dKn

s

−p
∫ γi

(τi∨t)∧γi
ϕp−2
ε (Yns−)Yns−dK̂s−p

(
Mn
γi−M

n
(τi∨t)∧γi+M

n
γi−M

n
(τi∨t)∧γi

)
, P−a.s., (A.38)

where Mn
t :=Mn,ε

t =
∫ t

0
ϕp−2
ε (Yns−)Yns−Zns dBs and Mn

t :=Mn,ε
t =

∫
(0,t]

∫
Xϕ

p−2
ε (Yns−)Yns−Uns (x)Ñp(ds, dx), t ∈ [0, T ].

We can deduce from the Burkholder-Davis-Gundy inequality, Young’s inequality, (A.37) and (1.5) that

E

[
sup
t∈[0,T ]

|Mn
t |+ sup

t∈[0,T ]

|Mn
t |
]
≤c0E

[(
sup

s∈[0,T ]

ϕp−1
ε (Yns )

)(∫ T

0

|Zns |2ds
)1

2

+
(

sup
s∈[0,T ]

ϕp−1
ε (Yns )

)(∫
(0,T ]

∫
X
|Uns (x)|2Np(ds, dx)

)1
2

]
≤cpE

[
sup

s∈[0,T ]

ϕpε(Yns )+
(∫ T

0

|Zns |2ds
)p

2

+

∫ T

0

∫
X
|Uns (x)|pν(dx)ds

]
<∞. (A.39)

So both Mn and Mn are uniformly integrable martingales.

Analogous to (6.57), we can deduce from Taylor’s Expansion Theorem and (A.35) that P−a.s.∑
s∈((τi∨t)∧γi,γi]

(
ϕpε
(
Yns
)
−ϕpε

(
Yns−

)
−Dϕpε

(
Yns−

)
∆Yns

)
≥ 2p−3p(p−1)

∫
((τi∨t)∧γi,γi]

∫
X

1{|Yns−|≤|Uns (x)|}
∣∣Uns (x)

∣∣2(|Uns (x)|2+ε
) p

2−1
Np(ds, dx). (A.40)

Since it holds P−a.s. that

−ϕp−2
ε (Yns−)Yns−=ϕp−2

ε (Yns−)|Yns−|≤|Yns−|p−1 = |Yns −∆Yns |p−1≤
(
|Yns |+|∆Yns |

)p−1≤|Yns |p−1+|∆Yns |p−1, s∈ [0, T ],

(A.35) implies that P−a.s.

−
∫ γi

(τi∨t)∧γi
ϕp−2
ε (Yns−)Yns−dK̂s ≤

∫ γi

(τi∨t)∧γi
|Yns−|p−1dK̂s=

∫ γi

(τi∨t)∧γi
|Yns |p−1dK̂c

s+
∑

s∈((τi∨t)∧γi,γi]

|Yns−|p−1∆K̂s

≤
∫ γi

(τi∨t)∧γi
|Yns |p−1dK̂c

s+
∑

s∈((τi∨t)∧γi,γi]

|Yns |p−1∆K̂s+
∑

s∈((τi∨t)∧γi,γi]

|∆Yns |p−1∆K̂s

=

∫ γi

(τi∨t)∧γi
|Yns |p−1dK̂c

s+
∑

s∈((τi∨t)∧γi,γi]

|Yns |p−1∆K̂s+
∑

s∈((τi∨t)∧γi,γi]

(
∆K̂s

)p
, (A.41)

where K̂c denotes the continuous part of K̂. As the condition (iii) shows that

P{Yns ≤0, ∀ s∈ [0, T ]}=1, (A.42)
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plugging (A.40) and (A.41) into (A.38), we see from (6.54) that

ϕpε(Yn(τi∨t)∧γi)+
p

2
(p−1)

∫ γi

(τi∨t)∧γi
ϕp−2
ε (Yns )|Zns |2ds+2p−3p(p−1)

∫ γi

(τi∨t)∧γi

∫
X

1{|Yns−|≤|Uns (x)|}
∣∣Uns (x)

∣∣2(|Uns (x)|2+ε
) p

2−1
Np(ds, dx)

≤ξni,ε+pηni −p
(
Mn
γi−M

n
(τi∨t)∧γi+M

n
γi−M

n
(τi∨t)∧γi

)
, P−a.s., (A.43)

where ξni,ε :=ϕpε(Ynγi)+p
∫ γi
τi
ϕp−1
ε (Yns )|bns−bs|ds and ηni :=

∫ γi
τi
|Yns |p−1dK̂c

s+
∑
s∈(τi,γi]

|Yns |p−1∆K̂s+
∑
s∈(τi,γi]

(
∆K̂s

)p
.

5) Since Mn and Mn are uniformly integrable martingales, taking t=0 and taking expectation in (A.43) yield that

E

∫ γi

τi

ϕp−2
ε (Yns )|Zns |2ds+2p−2E

∫ γi

τi

∫
X

1{|Yns−|≤|Uns (x)|}
∣∣Uns (x)

∣∣2(|Uns (x)|2+ε
) p

2−1
ν(dx)ds≤

2E
[
ξni,ε+pηni

]
p(p−1)

. (A.44)

Clearly, lim
ε→0
↑ |Un(s, ω, x)|2

(
|Un(s, ω, x)|2 +ε

) p
2−1

= |Un(s, ω, x)|p, ∀ (s, ω, x) ∈ [0, T ]×Ω×X , so the monotone

convergence theorem implies that

lim
ε→0
↑ E

∫ γi

τi

∫
X

1{|Yns−|≤|Uns (x)|}|Uns (x)|2
(
|Uns (x)|2+ε

) p
2−1

ν(dx)ds=E

∫ γi

τi

∫
X

1{|Yns−|≤|Uns (x)|}|Uns (x)|pν(dx)ds. (A.45)

On the other hand, since ξni,ε ≤ ξni,1, ∀ ε ∈ (0, 1] and since Young’s inequality implies that E[ξni,1] ≤
(
1 + (p−

1)T
)
E
[(
Yn,i,1
τi

)p]
+E

∫ T
0
|bns−bs|pds<∞ by (A.37), the dominated convergence theorem shows that

lim
ε→0

E
[
ξni,ε
]
=E

[
ξ̃ni

]
, (A.46)

where ξ̃ni := |Ynγi |
p+p

∫ γi
τi
|Yns |p−1|bns−bs|ds.

Letting ε→0 in (A.44) yields that 2p−2E
∫ γi
τi

∫
X1{|Yns−|≤|Uns (x)|}

∣∣Uns (x)
∣∣pν(dx)ds≤ 2E

[
ξ̃ni +pηni

]
p(p−1) . And it follows from

(A.36) that

E

∫ γi

τi

∫
X
|Uns (x)|pν(dx)ds≤E

∫ γi

τi

∫
X

1{|Yns−|≤|Uns (x)|}|Uns (x)|pν(dx)ds+E

∫ γi

τi

∫
X

1{|Uns (x)|<|Yns−|}|Y
n
s−|pν(dx)ds

≤ 23−p

p(p−1)
E
[
ξ̃ni +pηni

]
+ν(X )E

∫ γi

τi

|Yns−|pds=
23−p

p(p−1)
E
[
ξ̃ni +pηni

]
+ν(X )E

∫ γi

τi

|Yns |pds. (A.47)

Now, fix ε∈(0, 1] again. We can deduce from (A.43) that

E
[(
Yn,i,ε
τi

)p]
=E

[
sup
t∈[0,T ]

ϕpε
(
Yn(τi∨t)∧γi

)]
≤E

[
ξni,ε+pηni

]
+2pE

[
sup

s∈[τi,γi]

|Mn
s |+ sup

s∈[τi,γi]

|Mn
s |
]
. (A.48)

Similar to (A.39), the Burkholder-Davis-Gundy inequality, Young’s inequality, (A.36), (1.5), (A.44) and (A.47) imply

that

2pE

[
sup

s∈[τi,γi]

|Mn
s |+ sup

s∈[τi,γi]

|Mn
s |
]
≤c0pE

[(
Yn,i,ε
τi

) p
2

(∫ γi

τi

ϕp−2
ε (Yns−)|Zns |2ds

)1
2

+
(
Yn,i,ε
τi

)p−1
(∫

(τi,γi]

∫
X
|Uns (x)|2Np(ds, dx)

)1
2

]

≤ 1

2
E
[
(Yn,i,ε

τi )p
]
+c0p

2E

∫ γi

τi

ϕp−2
ε (Yns )|Zns |2ds+cpE

∫ γi

τi

∫
X
|Uns (x)|pν(dx)ds

≤ 1

2
E
[
(Yn,i,ε

τi )p
]
+cpE

[
ξni,ε+ξ̃ni +ηni

]
+cpν(X )E

∫ γi

τi

|Yns |pds. (A.49)

As E
[
(Yn,i,ε

τi )p
]
<∞ by (A.37), plugging (A.49) back into (A.48) yields that E

[(
Yn,i,ε
τi

)p]≤cpE[ξni,ε+ξ̃ni +ηni
]
+

cpν(X )E
∫ γi
τi
|Yns |pds. Then Young’s inequality, (A.44) and (A.47) imply that

E

[(∫ γi

τi

|Zns |2ds
) p

2

+

∫ γi

τi

∫
X
|Uns (x)|pν(dx)ds

]
≤E

[(
Yn,i,ε
τi

) p(2−p)
2

(∫ γi

τi

ϕp−2
ε (Yns )|Zns |2ds

)p
2

+

∫ γi

τi

∫
X
|Uns (x)|pν(dx)ds

]

≤ 2− p
2

E
[(
Yn,i,ε
τi

)p]
+
p

2
E

∫ γi

τi

ϕp−2
ε (Yns )|Zns |2ds+E

∫ γi

τi

∫
X
|Uns (x)|pν(dx)ds (A.50)

≤ cpE
[
ξni,ε+ξ̃ni +ηni

]
+cpν(X )E

∫ γi

τi

|Yns |pds.
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Summing up i∈{0, · · · , N} and letting ε→ 0, we see from (A.46), Hölder’s inequality and (A.34) that

N∑
i=0

E

[(∫ γi

τi

|Zns |2ds
) p

2

+

∫ γi

τi

∫
X
|Uns (x)|pν(dx)ds

]
≤cp

N∑
i=0

E
[
ξ̃ni +ηni

]
+cpν(X )

N∑
i=0

E

∫ γi

τi

|Yns |pds

≤ cp
N∑
i=0

E
[
ϑni
]
+cp

N∑
i=0

{
E

[ ∫ γi

τi

|Yns |pds
]} 1

q
{
E

[ ∫ γi

τi

|bns−bs|pds
]} 1

p

+cpλ
1+p(1−$2 ), (A.51)

where ϑni := |Ynγi |
p+ν(X )

∫ γi
τi
|Yns |pds+

∫ γi
τi
|Yns |p−1dK̂c

s+
∑
s∈(τi,γi]

|Yns |p−1∆K̂s.

The Hölder’s inequality and (A.2) imply that

E

[(∫ T

0

1{
s∈

N
∪
i=0

(γi,τi+1]
}1{|Zns |≥λ}|Z

n
s |$ds

) p
2

]
+E

∫ T

0

∫
X

1{
s∈

N
∪
i=0

(γi,τi+1]
}1{|Uns (x)|≥λ}|Uns (x)|

p$
2 ν(dx)ds

≤E

[(∫ T

0

1{
s∈

N
∪
i=0

(γi,τi+1]
}ds) p(2−$)

4 (∫ T

0

|Zns |2ds
) p$

4

]
+

{
E

∫ T

0

∫
X

1{
s∈

N
∪
i=0

(γi,τi+1]
}ν(dx)ds

}1−$2 ∥∥Un∥∥ p$2Up
≤

{
E

[( N∑
i=0

(τi+1−γi)
) p

2

]}1−$2 ∥∥Zn∥∥ p$2Z2,p+

{
ν(X )E

[ N∑
i=0

(τi+1−γi)
]}1−$2 ∥∥Un∥∥ p$2Up

≤λ1−$2
(
1∨2

p$
2 −1

)(
C
p$
2

] +‖Z‖
p$
2

Z2,p

)
+
(
ν(X )λ

)1−$2 (1∨2
p$
2 −1

)(
C
p$
2

] +
∥∥Û∥∥ p$2Up ) :=%(λ).

Then we can deduce from (A.34), (1.7), (A.2) and (A.51) that

E

[(∫ T

0

|Zns |$ds
) p

2

+

∫ T

0

∫
X
|Uns (x)|

p$
2 ν(dx)ds

]
≤E

[(∫ T

0

1{
s∈

N
∪
i=0

(γi,τi+1]
}1{|Zns |≥λ}|Z

n
s |$ds

) p
2

]
+E

∫ T

0

∫
X

1{
s∈

N
∪
i=0

(γi,τi+1]
}1{|Uns (x)|≥λ}|Uns (x)|

p$
2 ν(dx)ds

+

N∑
i=0

E

[(∫ γi

τi

1{|Zns |≥λ}|Z
n
s |$ds

) p
2

+

∫ γi

τi

∫
X

1{|Uns (x)|≥λ}|Uns (x)|
p$
2 ν(dx)ds

]
+(λ$T )

p
2 +λ

p$
2 ν(X )T

≤%(λ)+λp(
$
2 −1)

N∑
i=0

E

[(∫ γi

τi

|Zns |2ds
) p

2

+

∫ γi

τi

∫
X
|Uns (x)|pν(dx)ds

]
+λ

p$
2

(
T
p
2 +ν(X )T

)
≤%(λ)+λ

p$
2

(
T
p
2 +ν(X )T

)
+λp(

$
2 −1)cp

(
N∑
i=0

E
[
ϑni
]
+

N∑
i=0

{
E

[ ∫ γi

τi

|Yns |pds
]} 1

q (
C]+‖b‖Lp([0,T ]×Ω,P,dt×dP ;R)

))
+cpλ.

Since Young’s inequality, the monotonicity of sequence {Y n}n∈N and (1.7) show that

ϑni ≤ (1+ν(X)T )(Yn∗ )p+(Yn∗ )p−1
(
K̂γi−K̂τi

)
≤
(

1+
1

q
+ν(X)T

)
sup
t∈[0,T ]

(Xt−Y 1
t )p+

1

p
K̂p
T

≤
(

1+
1

q
+ν(X)T

)
2p−1

(
Xp
∗+(Y 1

∗ )p
)
+

1

p
K̂p
T , ∀n∈N, (A.52)

letting n→∞, one can deduce from the dominated convergence theorem, (A.4), (A.3) and (A.31) that

lim
n→∞

E

[(∫ T

0

|Zns −Zs|$ds
) p

2

+

∫ T

0

∫
X
|Uns (x)−Ûs(x)|

p$
2 ν(dx)ds

]
≤%(λ)+λ

p$
2

(
T
p
2 +ν(X )T

)
+cpλ.

As λ→ 0, we obtain

lim
n→∞

E

[(∫ T

0

|Zns −Zs|$ds
) p

2

+

∫ T

0

∫
X
|Uns (x)−Ûs(x)|

p$
2 ν(dx)ds

]
=0, (A.53)

which shows that Un’s strongly converge and thus weakly converge to Û in U
p$
2 . On the other hand, the weak

convergence of Un’s to U in Up implies that Un’s also weakly converge to U in U
p$
2 . So by the uniqueness of weak
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limit of {Un}n∈N in U
p$
2 , one has Ût(x)=Ut(x), dt×dP×ν(dx)−a.s. Consequently, (A.6) follows from (A.53), and

(A.32) shows that K=K̂∈Kp. This together with (A.21) eventually leads to (A.5).

6) Suppose further that Y has only inaccessible jumps. As K is an F−predictable process, we see from (A.5) that

K has no jump or K is a continuous process.

We fix n ∈N and reset (Yn,Zn,Un) :=
(
Y n−Y,Zn−Z,Un−U

)
. Analogous to (A.35) and (A.36), it holds for

P−a.s. ω∈Ω that

∆Ynt (ω)=1{t∈Dp(ω)}U
n
(
t, ω, pt(ω)

)
, ∀ t∈ [0, T ] and

{
t∈ [0, T ] : Ynt−(ω) 6=Ynt (ω)

}
is a countable subset of [0, T ]. (A.54)

Let (t, ε)∈ [0, T ]×(0, 1]. We see from (A.37) that the process Yn,ε
t := sup

s∈[t,T ]

ϕε(Yns ), t∈ [0, T ] satisfies

E
[(
Yn,ε

0

)p]≤E[ sup
s∈[0,T ]

|Yns |p
]

+ε
p
2 =‖Yn‖pDp+ε

p
2 <∞. (A.55)

Subtracting (A.5) from (A.1) and applying Itô’s formula to ϕpε(Ynt ) on the interval [t, T ] yield that P−a.s.

ϕpε(Ynt )+
1

2

∫ T

t

D2
xϕ

p
ε(Yns )|Zns |2ds+

∑
s∈(t,T ]

(
ϕpε(Yns )−ϕpε(Yns−)−Dxϕ

p
ε(Yns−)∆Yns

)
=ϕpε(YnT )+p

∫ T

t

ϕp−2
ε (Yns )Yns (bns−bs)ds+p

∫ T

t

ϕp−2
ε (Yns )Yns (dKn

s −dKs)−p
(
Mn
T −Mn

t +Mn
T−Mn

t

)
, (A.56)

where Mn and Mn are uniformly integrable martingales as defined in (A.38). Similar to (6.57), Taylor’s Expansion

Theorem and the first part of (A.54) imply that P−a.s.∑
s∈(t,T ]

(
ϕpε
(
Yns
)
−ϕpε

(
Yns−

)
−Dϕpε

(
Yns−

)
∆Yns

)
≥ 2p−3p(p−1)

∫
(t,T ]

∫
X

1{|Yns−|≤|Uns (x)|}
∣∣Uns (x)

∣∣2(|Uns (x)|2+ε
) p

2−1
Np(ds, dx).

Then we can deduce from (A.56), (A.42) and (6.54) that

ϕpε(Ynt )+
p

2
(p−1)

∫ T

t

ϕp−2
ε (Yns )|Zns |2ds+2p−3p(p−1)

∫ T

t

∫
X

1{|Yns−|≤|Uns (x)|}
∣∣Uns (x)

∣∣2(|Uns (x)|2+ε
) p

2−1
Np(ds, dx)

≤ξnε −p
(
Mn
T −Mn

t +Mn
T−Mn

t

)
, P−a.s., (A.57)

with ξnε :=ϕpε(YnT )+p
∫ T

0
ϕp−1
ε (Yns )|bns−bs|ds+p

∫ T
0
|Yns |p−1dKs. So letting t=0 and taking expectation yield that

E

∫ T

0

ϕp−2
ε (Yns )|Zns |2ds+2p−2E

∫ T

0

∫
X

1{|Yns−|≤|Uns (x)|}
∣∣Uns (x)

∣∣2(|Uns (x)|2+ε
) p

2−1
ν(dx)ds≤ 2

p(p−1)
E
[
ξnε
]
. (A.58)

Similar to (A.45) and (A.46), the monotone convergence theorem shows that

lim
ε→0
↑ E

∫ T

0

∫
X

1{|Yns−|≤|Uns (x)|}|Uns (x)|2
(
|Uns (x)|2+ε

) p
2−1

ν(dx)ds=E

∫ T

0

∫
X

1{|Yns−|≤|Uns (x)|}|Uns (x)|pν(dx)ds,

while Young’s inequality, (A.55) and the dominated convergence theorem imply that

lim
ε→0

E
[
ξnε
]
=E

[
ξ̃n
]
, (A.59)

where ξ̃n := |YnT |p+p
∫ T
t
|Yns |p−1|bns−bs|ds+p

∫ T
0
|Yns |p−1dKs. So letting ε→0 in (A.58) and using the second part of

(A.54) yields that

E

∫ T

0

∫
X
|Uns (x)|pν(dx)ds ≤ E

∫ T

0

∫
X

1{|Yns−|≤|Uns (x)|}|Uns (x)|pν(dx)ds+E

∫ T

0

∫
X

1{|Uns (x)|<|Yns−|}|Y
n
s−|pν(dx)ds

≤ 23−p

p(p−1)
E
[
ξ̃n
]
+ν(X )E

∫ T

0

|Yns |pds. (A.60)
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Now, fix ε∈ (0, 1] again. Using similar arguments to those that lead to (A.48) and (A.49), we can deduce from

(A.57), (A.58) and (A.60) that

E
[(
Yn,ε

0

)p]≤E[ξnε ]+2pE

[
sup

s∈[0,T ]

|Mn
s |+ sup

s∈[0,T ]

|Mn
s |
]
≤ 1

2
E
[
(Yn,ε

0 )p
]
+cpE

[
ξnε +ξ̃n

]
+cpν(X )E

∫ T

0

|Yns |pds.

As E
[
(Yn,ε

0 )p
]
<∞ by (A.55), similar to (A.50), Young’s inequality, (A.58) and (A.60) imply that

E

[(∫ T

0

|Zns |2ds
) p

2

+

∫ T

0

∫
X
|Uns (x)|pν(dx)ds

]
≤2− p

2
E
[(
Yn,ε

0

)p]
+
p

2
E

∫ T

0

ϕp−2
ε (Yns )|Zns |2ds+E

∫ T

0

∫
X
|Uns (x)|pν(dx)ds

≤ cpE
[
ξnε +ξ̃n

]
+cpν(X )E

∫ T

0

|Yns |pds.

Letting ε→ 0, we see from (A.59) and Hölder’s inequality that

E

[(∫ T

0

|Zns |2ds
) p

2

+

∫ T

0

∫
X
|Uns (x)|pν(dx)ds

]
≤cpE[ϑn]+cp

{
E

[ ∫ T

0

|Yns |pds
]} 1

q
{
E

[ ∫ T

0

|bns−bs|pds
]} 1

p

,

where ϑn := |YnT |p+ν(X )
∫ T

0
|Yns |pds+

∫ T
0
|Yns |p−1dKs. Since an analogy to (A.52) shows that

ϑn≤(1+ν(X)T )(Yn∗ )p+(Yn∗ )p−1KT ≤
(

1+
1

q
+ν(X)T )2p−1

(
Xp
∗+(Y 1

∗ )p
)

+
1

p
Kp
T , ∀n∈N,

letting n→∞, one can derive (A.7) from the dominated convergence theorem, (A.4) and (A.3). �
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