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Dynamic Programming Principles for
Optimal Stopping with Expectation Constraint

Erhan Bayraktar*' ; Song Yao#®

Abstract

We analyze an optimal stopping problem with a constraint on the expected cost. When the reward function
and cost function are Lipschitz continuous in state variable, we show that the value of such an optimal stopping
problem is a continuous function in current state and in budget level. Then we derive a dynamic programming
principle (DPP) for the value function in which the conditional expected cost acts as an additional state process.
As the optimal stopping problem with expectation constraint can be transformed to a stochastic optimization
problem with supermartingale controls, we explore a second DPP of the value function and thus resolve an open
question recently raised in [S. Ankirchner, M. Klein, and T. Kruse, A verification theorem for optimal stopping
problems with expectation constraints, Appl. Math. Optim., 2017, pp. 1-33]. Based on these two DPPs, we
characterize the value function as a viscosity solution to the related fully non-linear parabolic Hamilton-Jacobi-
Bellman equation.
MSC: 60G40, 49120, 93E20, 49L25.
Keywords: Optimal stopping with expectation constraint, dynamic programming principle, shifted processes,
shifted stochastic differential equations, flow property, stochastic optimization with supermartingale controls, fully
non-linear parabolic Hamilton-Jacobi-Bellman equation, viscosity solution, Monge-Ampeére type equation.

1 Introduction

In this article, we analyze a continuous-time optimal stopping problem with expectation constraint on the accumu-
lated cost. Suppose that the game begins at time ¢ over the canonical space QF of continuous paths. Under the
Wiener measure P, the coordinator process W*={W!}c} ) of Q' is a Brownian motion. Let F= {?Z}Se[tm) be
the P,—augmentation of the filtration generated by W?, and let the R!—valued state flow X'** evolve from position

z€R! according to a stochastic differential equation
stx—i—/ b(r, Xr)dr—i—/ o(r,X,)dW}, set,o0). (1.1)
t t

We aim to maximize the sum R(t,x,7) of a running reward [, f(r, X/*)dr and a terminal reward 7(r, X:*) by

choosing an Ft—stopping time 7, which, however, has to satisfy a budget constraint E} [f; g(r, X-%)dr] <y. So the
value of such a optimal stopping problem with expectation constraint is in form of

V(t,z,y):= sup E[R(t z,7)], (1.2)
T€TL(Y)
with TE(y) :== {7 : E[J] g(r, X®)dr] <y} and E,[] = Ep,[]. In particular, when the cost rate g(r,z) is a power
function of r, the budget constraint specifies as a moment constraint on stopping times.

Kennedy [37] initiated the study of optimal stopping problem with expectation constraint. The author used a
Lagrange multiplier method to reduce a discrete-time optimal stopping problem with first-moment constraint to an
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unconstrained optimal stopping problem and showed that the optimal value of the dual problem is equal to that
of the primal problem. Since then, the Lagrangian technique has been prevailing in research of optimal stopping
problems with expectation constraints.

In the present paper, we develop a new approach to analyze the optimal stopping problem with expectation
constraint (I2). Our main contributions are obtaining the continuity of the value function V and establishing two
dynamic programming principles (DPPs) for V.

When reward/cost functions f,m, g are Lipschitz continuous in state variable z and the cost function g is non-
degenerate in sense of (g3), we first demonstrate over a general probability setting that the value function is continuous
in (¢t,z,y) by utilizing a priori estimates of the state process X** and delicately constructing approximate stopping
strategies (see Theorem [Z1]). This continuity result together with the properties of shifted processes then allow us
to derive in Theorem [£.1] a DPP for the value function V over the canonical space:

¢(m)

Vitry)= sup B e R(E T )+ Loy (VCO, XV + [ 10 Xf’””)dr)]. (1.3)
TE 3;‘ Y

Here the conditional expected cost Yo7 := Et[f‘r/\s (r, Xf””)dr|?i] acts as an additional state process and the

intermediate horizon ¢ can be a general Ft—stoppmg time depending on the stopping rule 7 we select. For the “<”
part of (L3), we exploit the flow property of shifted stochastic differential equations (Proposition B.6]) as well as
the regular conditional probability distribution due to [57]; while in the “>" part, we carefully paste together local
e—optimal stopping strategies and utilize the continuity of value function V.

Also, we can transform the optimal stopping problem with expectation constraint to an unconstrained stochastic
optimization problem whose controls are supermartingales starting from budget level y: Let 2;(y) denote all uniformly
integrable continuous supermartingales o= {as}se[t,00) With ay =y. As shown in Proposition d.2] for each nontrivial
TE€THy ) there exists a € A;(y) such that 7 coincides with the first hitting time 7(¢,z, ) of the process Y% :=

s— 7 g(r, X®)dr, s € [t,00) to 0 (If E[f] g(r, X*)dr]=y, a is indeed a true martingale). So the value function

V can be alternatlvely expressed as V(t,z,y)= sup FE; [R (t, x, 7(t, z, a))} . Correspondingly, we establish a second
a€A(y)
DPP for the value function V over the canonical space (Theorem E.2])

V(t,z,y) = sup E; 1{7.(,5@7&)34(0‘)}7%(1%,:6,T(t,:v,a))
acA:(y)

t,x t \ T, a x
+1{T(t,w,a)>C(o¢)} (V (C(Oé), XC(a)’ C(Ot) / f Xt dT):| (14)

and thus justify a postulate recently made by [2] (see Remark 3.3 therein). Although the “<” part of (L4) can
be easily deduced from ([I3]), the “>" part entails an intricate pasting of approximately optimal supermartingale
controls.

In light of these two DPPs, we then show that the value function V of the optimal stopping problem with
expectation constraint is a viscosity solution to a related fully non-linear parabolic Hamilton-Jacobi-Bellman (HIB)
equation

—Owu(t, x,y)—strace(o(t, ) -0 (t,2)- D2u(t, ,y)) — b7 (t, z)- Dyu(t, z, y)
+g(t, ) Oyu(t, x,y) —Hu(t,z,y)=f(t,z), V(¢ z,y)€(0,00) xR x(0,00), (1.5)
u(t,z,0)=n(t,z), V(t,x)€[0,00)xR,

with the Hamiltonian Hu(t, z,y):= sup {3]al?02u(t,z,y)+(Ds(0yu(t, z,y)))"-0(t,x)-a}. As pointed out in [44], the
a€Rd
non-linear HJB equation (L) is a Monge-Ampere type equation.

Relevant Literature. Since Arrow et al. [3] and Snell [56], the general theory of (unconstrained) optimal stopping
has been plentifully developed over decades. Expositions of this theory are presented in the monographs [211 [46], [55]
27, 33, [51], which contain extensive bibliographies and references to the literature. For the recent development of the
optimal stopping under model uncertainty /non-linear expectations and the closely related controller-stopper-games,
see [34 35 28] 20, 22, [36, 54, [8, @1 [61 [T9] 51 26], 10}, 47, 12, 11] among others.
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As to the optimal stopping with expectation constraint, the Lagrange multiplier method introduced in [37] was
later developed by many researches (see e.g. [562, 45| [41] 25| 41 [58] 42]), and has been applied to various economic
and financial problems such as Markov decision processes with constrained stopping times [30} [29], non-exponential
discounting and mean-variance portfolio optimization [48] [49] and quickest detection problem [50].

Our stochastic control approach in deriving the second DPP resembles those of two recent papers [2], [44]. By
applying the martingale representation to the conditional expected cost, Ankirchner et al. [2] transformed the op-
timal stopping problem with expectation constraint to a stochastic optimization problem in which the stochastic
integral of locally square-integrable controls is regarded as an additional state process. Miller [44] independently
employed the same method to address the optimal stopping problem with first-moment constraint that is embed-
ded in a time-inconsistent optimal stopping problem. The idea of expanding the state space by the conditional
probability /expectation process has also appeared in the literature dealing with stochastic target problems, see e.g.
[15] [17] 18] [16], [14].

Our paper is distinct from [2], [44] in four aspects: First, we first obtain the continuity of the value function
V, and using this establish the two DPPs ([3) and (4], which were not addressed by them. Second, our value
function V takes the starting moment ¢ of the game as an input, so the related non-linear HIB equation (L5 is of
parabolic type rather than elliptic type. Third, we need the constraint B[, tT g(r, X5*)dr] <y for the continuity and
the DPPs of the value function, although the auxiliary optimal stopping problem considered in [44] is subject to
constraint E[r]=y and the dynamic programming equation studied by [2] is for the value function U of the optimal
stopping with constraint F| fOT g(X*)dr] =y. See Remark [Tl for a comparison of these two types of constraints.
Fourth, our discussion of related non-linear HJB equations seems different from theirs. Our Theorem 5.1 obtains
that the value function V is a viscosity supersolution of (L), and is only a viscosity subsolution of (LX) with the
upper semi-continuous envelope Hu of Hu. By assuming that the value U is a smooth function satisfying the DPP,
Proposition 3.4 of [2] showed that U is a supersolution to a similar non-linear HJB equation to (L.5]), and is further a
subsolution if the Hamiltonian is continuous (see Subsection 6.1 of [2] for an example of discontinuous Hamiltonian).
However, possible discontinuity of the Hamiltonian was not discussed in [44].

Lately, the optimal stopping with constraint on the distribution of stopping time has attracted a lot of research
interests. Bayraktar and Miller [7] studied the optimal stopping of a Brownian motion with the restriction that the
distribution of the stopping time must equal to a given measure consisting of finitely-many atoms. The applications
of such a distribution-constrained optimal stopping problem in mathematical finance include model-free superhedging
with an outlook on volatility and inverse first-passage-time problem. Within a weak formulation on the canonical path
space, Kallblad [3T] extended the distribution-constrained optimal stopping problem for a general target measure
and for path-dependent cost functions. From the perspective of mass transport, Beiglboeck et al. [I3] obtained
a monotonicity principle for the optimal stopping of a Brownian motion under distribution constraint, and thus
characterized the constrained optimal stopping rule as the first hitting time of a barrier in a suitable phase space.
Very recently, Ankirchner et al. [I] showed that for optimally stopping a one-dimensional Markov process with
first-moment constraint on stopping times, one only needs to consider those stopping times at which the law of the
Markov process is a weighted sum of three Dirac measures. There are also some other types of optimal stopping
problems with constraints: see [24] for an optimal stopping problem with a reward constraint; see |38, 39, 43 [40] for
optimal stopping with information constraint.

The rest of the paper is organized as follows: In Subsection [T, we introduce notations and make standing
assumptions on drift/diffusion coefficients and reward/cost functions. In Section [2] we set up the optimal stopping
problem with expectation constraint over a general probability space and show the continuity of its value function
in current state and budget constraint level. Section [3] explores the measurability/integrability properties of shifted
processes and the flow property of shifted stochastic differential equations as technical preparation for proving our
main result, two types of DPPs. Then in Subsection 1] we derive over the canonical space a DPP for the value
function V of the optimal stopping with expectation constraint in which the conditional expected cost acts as
an additional state process. In subsection 2] we transform the the optimal stopping problem with expectation
constraint to a stochastic optimization problem with supermartingale controls and establish a second DPP for V.
Based on two DPPs, we characterize V as the viscosity solution to the related fully nonlinear parabolic HJIB equation
in Section Section [B] contains proofs of our results while the demonstration of some auxiliary statements with
starred labels in these proofs are relegated to the Appendix. We also include some technical lemmata in the appendix.
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1.1 Notation and Preliminaries

For a generic Euclidian space E, we denote its Borel sigma—field by Z(E). For any x € E and § € (0, 00), Os(z) :=
{2/ €E: |x—2'| <d} denotes the open ball centered at x with radius ¢ and its closure is 55( ):i={a' €E: |[z—1'| <J}.
Fix leN and pe|l, oo) Let ¢(t): [0,00) = (0,00) be a continuous function with fo t)dt < oo, and let € be a

constant with € > 1+ [“c(t)dt. As hm c( )=0, the continuity of ¢(-) implies that [|c(-)||:= sup ¢(t) <oo. Also, let
t€[0,00)
p be a modulus of continuity function and denote its inverse function by p~1.

We shall consider the following drift/diffusion coefficients and reward/cost functions throughout the paper.
e Let b: (0,00) xR = R be a %(0,00)® B(R') / B(R")—measurable function and let o : (0,00) x R' = R*? be a
B(0,00)@B(R") /| (R ?)—measurable function such that for any t€ (0,00) and z1, 2 €R!

|b(t, z1) —b(t, z2)| <c(t)|wr—za|, [b(¢t,0)|<c(t), (1.6)
and |o(t,21)—o(t,22)| < Ve(t) w1 —xa|, |o(t,0)]<\/e(t). (1.7)

e The running reward function f: (0,00) xR! =R is a (0, 00)® B(R') / (R)—measurable function such that for
any t€(0,00) and 1, 7o €R!

|f(t, 1) = f(t,x)| Sc(t) (lor —aa|V]wr—22P) and  |f(t,0)] <c(t). (1.8)
e The terminal reward function : [0, 00)xR! — R is a continuous function such that for any ¢,#' € [0, 00) and z, 2’ €R!
|w(t,x)—7(t',a")| < p(|t—t'|) +€(lz—a'|V]z—2'|P) and |r(t,0)|<C. (1.9)
e The cost rate function g: (0,00) xR — (0, 00) is a (0, 00) @ B(R") / B(0, 0co)—measurable function satisfying
(g1) ‘g (t,x1)—g(t, x2)|<c( )(|x1—x2|\/|:vl—x2|p), Vte(0,00), Vo, 2 €RY
(g2) fo (t,0)dr <oo, Vte(1,00);
(g3) For any R € (0,00), there exists ry € (0,00) such that g(t,z) > ky, V€ (0,00), Vo € R with |z] < R. The

constant r, can be regarded as the basic cost rate when the long-term state radius is R.
Moreover, we will use the convention inf ():= oo as well as the inequality

n

(1AnIY Za‘Z<(Z i>q§(1\/nq1)2ag (1.10)

i=1

for any q€(0,00) and any finite subset {a1,--- ,a,} of (0,00).

2 Continuity of Value Functions for General Optimal Stopping with
Expectation Constraint

For an optimal stopping problem with expectation constraint, we first discuss the continuity of its value function
over a general complete probability space (2, F, P).

Let B be a d—dimensional standard Brownian motion on (2, 7, P). The P—augmentation of its natural filtration
F= {]—"t = a( (Bs;s€[0,1]) U‘/V)}te[o satisfies the usual hypothesis, where A := {./\/C Q: N C A for some A€
F with P(A)=0} collects all P—null sets in F. Let T stand for all F—stopping times 7 with 7 < oo, P—a.s. For any

F—adapted continuous process X, we set X,:= sup |X;|
s€[0,00)

2.1 Reward Processes

Let (t,z) € [0,00) x Rl. Tt is well-known that under (L6) and (L7), the following stochastic differential equation
(SDE) on Q

stx—i—/ b(t—l—r,XT)dr—i—/ o(t+r, X,)dB,, s€0,00) (2.1)
0 0

admits a unique solution X% ={ X% *}se[0,00), Which is an R!—valued, F—adapted continuous process satisfying



2.2  Ezpectation Constraints )

Lemma 2.1. Let g€[1,00) and (t,x)€[0,00) x RL.
(1) For some constant Cy>1 depending on q and foooc(s)ds, we have

E{ sup ‘X§’1|q]§0q(1+|x|q); E{ sup |X§’””/—X§’m|q <Cyla’' —x|1, Va'eRY  and (2.2)

s€[0,00) 5€[0,00)

E{ sup ‘Xi’jf)\—Xf.’””‘q}SCq(1+|x|q)(||c(~)||q5q—|—||c(-)||%5%), Vée(0,00), VTET. (2.3)
A€ (0,6]

(2) Given w€e(l,00), assume functions b and o additionally satisfy that for any 0<t; <ty <oo and z’' €R!
|b(ta,2’)=b(tr,2")| <c(t1)p(ta—t1) (1+]2[7)  and |o(t2,a")—o(t1,2")| <v/e(t)p(ta—t1) (1+]2/|7). (2.4)

Then it holds for any t' € (t,00) that

Bl sup |XVo-X5o|T] <Cpw(1+]2|77) (p(t'—1))", (2.5)
s€[0,00)

where Cy. > 1 is some constant depending on q, w and foooc(s)ds.

Given t €[0,00), let the state process evolve from position z € R! according to SDE ([2.)). If the player chooses
to exercise at time 7€ T, she will receive a running reward [ f(t+s, X*) ds and a terminal reward 7 (t+7, X&),
whose totality is

R(t,ac,T)::/ ft+s, X0®) ds+m(t+7,X07). (2.6)
0

One can deduce from (L)), (I9) and the first inequality in (22]) that
E[|R(t,z,7)|] £2€(2+Cp(1+]|z|?)) := V(). (2.7)

Given another initial position 2’ € R!, (L), (LJ), Holder’s inequality and the second inequality in (Z2) imply that
E[|R(t,z,7)=R(t,2',7)|| <E {/ |f(t+r, XET) = f(t 47, X0 )| dr+|m(t+7, XE2) —m(t+7, X0
0

g(/ c(t—e—r)dr—I—Qf)E[(Xt’x—Xt’””l)*—k(Xt’x—Xt’””/)f] <2¢((Cy)p lo—a'|+Cplz—a'P).  (2.8)
0

2.2 Expectation Constraints

Let (t,2)€[0,00) xRL. As the first inequality in (Z2) shows that (X1")P < oo, P—a.s., (g1)—(g3) imply that P—a.s.
/ g(t+r, Xﬁ’m)drg/ g(t+7,0)dr+€ (X" +(X1")P) <o, Vs€(0,00) and / g(t+r, XP")dr=oc. (2.9)
0 0 0

Given y€[0,00), we try to maximize the player’s expected total wealth R(¢,x,7) when her expected cost is subject
to the following constraint:

E{/OTg(t—i—r, X;E@)dr] <y. (2.10)

Like reward processes {fosf(t—l—r, Xﬁ*z)dr}se[o 00) and {w(t—!—s,Xﬁnm)}Se[O o0)? this expectation constraint is also
state-related. Hence, starting from the initial state 2 € R', the value of the general optimal stopping problem with

expectation constraint y is

V(t,z,y):== sup E[R(t,z,7)], (2.11)
TETt,(y)
where 7y, (y) := { F—stopping time 7: E[fOT g(t+r, Xb%)dr] <y}.
For any 7€ T;(y), as E[ [, g(t+r, X *)dr] <y<oo, one has [ g(t+r, X}*)dr <oco, P—a.s. The second part of
(Z3) then implies that 7<oo, P—a.s. So Tru(y)={T€T: E[ [; g(t+r, XL®)dr] <y}.
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Example 2.1. (Moment Constraints) For q € (1,00), a € [0,00) and b € (0,00), take g(t,x) :=aqt? ' +b, (t,x) €
(0,00) xRL. Then the constraint (ZI0) for t=0 specify as the moment constraint E[at9+b7] <y.

Let (t,2)€[0,00) xR!. Tt is clear that
V(t,z,y) is increasing in y. (2.12)
As Ty ,(0)={0}, we see from (7)) that
U(z) >V (t,z,y) =V (t,2,0)=E[n(t, X(t)’x)} =7(t,x), V(tz,y)€[0,00)xR %[0, 00). (2.13)
When y € (0, 00), we even have the following update of Z1T]).

Lemma 2.2. It holds for any (t,z,y) € [0,00) xR! x (0, 00) that V(t,x,y)= sup E[R(t,z,7)|, where 'ﬁm(y) =
Teﬁ,z(y)
{r€Tis(y): 7>0,P—as.}.

The value function V' (¢,z,y) of the general optimal stopping problem with expectation constraint is continuous
in the following way:

Theorem 2.1. (1) Given t€[0,00), V(t,x,y) is continuous in (z,y) ER! x [0,00) in the sense that for any (x,) €
R!x (0,1), there exists §=0(t,x,¢) €(0,1) such that for any y€[0,0)

|V(t,& U)—V(t,$,y)| <e, V(X, U) 665(x) X [(y_5)+a y+5]

(2) Given we([l,00), assume b, o additionally satisfy (Z4) and f,g additionally satisfy that for any 0 <t1 <ty <oo
and ' €R!

|f(ta, a") = f(tr,2")| V |g(ta, &") —g(tr, a")| <c(tr)p(ta—t1) (14]a'|7), (2.14)

then V (t,z,y) is continuous in (t,x,y) € [0,00) x R! x [0,00) in the sense that for any (t,z,¢) € [0,00) x R x (0, 1),
there exists ' =0'(t, x,e) €(0,1) such that for any y €0, 00)

|V(tr)-V(t,z,y)|<e, V(trn)e[(t—)" t+8]x0s(x)x [(y—0')", y+6].

3 Shifted Processes

Let us review the properties of shifted processes on the canonical space so that we can study two types of dynamic
programming principles of the optimal stopping problem with expectation constraint over the canonical space.

Fix deN and let ¢ € [0,00). From now on, we consider the canonical space Q' := {w e C([t,00); R?) : w(t) =0}
of continuous paths over period [t,00), which is a separable complete metric space under the uniform norm |w||;:=

sup |w(s)|. Let F':=2(Q") be the Borel sigma field of Q' under | - [|;. The canonical process W' ={W!} e 0)
SE[t,00)

of Q' is a d—dimensional standard Brownian motion on (€2, 7*) under the Wiener measure P;. Let .4 collect all
P,—null sets, i.e., #/*:={N CQ': N CA for some A F" with P,(A)=0}, and set T i=c(FUN"). The completion
of (O, 7!, ) is the probability space (Qt,?t,ﬁt) with Ft‘}-t = P,. For simplicity, we still write P, for P, and

denote the expectation under P; by E;[:]. For any sub sigma—field G of 7t, let L*(G) be the space of all real-valued,
G—measurable random variables £ with E [|€]] < oco.

We denote the natural filtration of W' by F!={F!:=c(W/};relt, s]) }s . Its P;,—augmentation F' consists

€[t,00)
of .Ti, :zo(f;fuﬂt), s€|t,00) and satisfies the usual hypothesis. Let T stand for all stopping times 7 with respect
to the filtration F' such that 7 <00, P;—a.s., and set 7_',3 = {T ETJ : 7 takes countably many values in [t, oo)} For
easy reference, we set F' :=F" and 7—"; =F.

The following spaces will be used in the sequel.
e For any g€ [1,00), let C{(E) =(qut ([t,0),E) be the space of all E—valued, Ft—adapted processes { X} e, 00) With

P;—a.s. continuous paths such that F; [Xf} < oo with X,:= sup | X
SE[t,00)

o Let H2!'°° denote all R?—valued, F —predictable processes { X }oelt,oo) with P{ [ | X,|2dr <oo, Vs€t,00)} =1.
e Let M; denote all real-valued, uniformly integrable continuous martingales with respect to (Ft, Pt).
e Set K;:={K €C}(R): for P,—a.s. weQ, K.(w) is an continuous increasing path starting from 0}.
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3.1 Concatenation of Sample Paths

Let 0<t<s<oo. We define a translation operator H‘; from QF to Q° by
(I (w)) (r) :==w(r) —w(s), ¥ (r,w)€ls,00)xQ"
On the other hand, one can concatenate w € Q! and @ €Q° at time s by:

(W) (1) :=w(r) Lrept,o)) +(W(8)+6(1) Lireso0)y, Ve[t 00),

which is still of QF.

Given we N, we set A5 :={0e€Q*: wR,we A} for any ACQ!; and set WR A= {w®sc7;: CJEA} for any AcCQs.
In particular, 0*“ : =0 and w®,0:=0.

The next result shows that each A€ F! consists of all branches w®;Q* with w e A.

Lemma 3.1. Let 0<t<s<oo and A€ FL. It holds for any w€ A that w®sQ° CA or A>¥ =05,

Let w € QF. For any F!—measurable random variable ¢, since the set {w’ € Q': £(w') = £(w)} = £ ({¢(w)})
belongs to F¢, Lemma B implies that

wRQC{w e (W) =¢€(w)} e, (wRw)=¢(w), VYoeNs. (3.1)

To wit, the value {(w) depends only on w| 4.
For any r € [s, 00|, the operation ()** projects an F.—measurable set to an F —measurable set while the operation
w®s- transforms an F$—measurable set into an Ff—measurable set.

Lemma 3.2. Let 0<t<s<oo, weQ and r€[s,00]. We have A5 € F5 for any A€ Ft and w®,Ac F! for any
AeFs.

3.2 Measurability and Integrability of Shifted Processes

Let 0<t<s<o0, let £ be an E—valued random variable on Q' and let X ={X,},¢c}; o) be an E—valued process on
Q. For any we !, we define the shifted random variable £5“ and the shifted process X% by

() =¢(wsw) and X*Y(r,w):=X(r,w®sw), V(r,w)els,c0)xN’.
By Lemma [B.2] shifted random variables and shifted processes inherit the measurability of original ones.

Proposition 3.1. Let 0<t<s<oo and let we’.

(1) Let & be an E—valued random variable on Q. If & is Fi—measurable for some r € [s,00], the shifted random
variable 5% is F;—measurable.

(2) Let X ={X,},e[t,00) be an E—valued process on Q'. If X is F'—adapted, the shifted process X** ={ X5}
is F*—adapted.

re(s,00)
In virtue of regular conditional probability distribution by [57], the shifted random variables carry on the inte-
grability as follows:
Proposition 3.2. Let 0<t<s<oo. If € LY(F?!), then it holds for Pi—a.s. w€ Q! that £5% € LY(F?®) and
E,[¢|Fi](w)=Es[£¥] €R. (3.2)
Consequently, the shift of a P,—null set still has zero P;—probability.

Proposition 3.3. Let 0<t<s<o0.

(1) For any P;—null set N € A, it holds for P;—a.s. we€Ql that N5* € 45, Then for any two real-valued random
variables & and & on Q with £&1 <&, Pi—a.s., it holds for P—a.s. w€ Q! that {f” §§§’w, P;—a.s.

(2) For any T with 7>s5, it holds for Pi—a.s. we Q! that % €T .

Based on Proposition[3.3] (1) and Lemma [A24] we can extend Proposition 3.2 from raw filtration F! to augmented
—t
filtration F', and can show that the shifted processes inherit the integrability of original ones.
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Proposition 3.4. Let 0<t<s<o00.

(1) For any .Ti—measumble random variable &, it holds for P,—a.s. w€Qt that £5% =¢£(w), Ps—a.s.

(2) For any re€|s, o] and .Ti—measumble random variable &, it holds for Pi—a.s. w€Qt that £5% is ?i—measumble.
If € is integrable, then it holds for Pi—a.s. w€ Q! that £5 is integrable and E; [5’?2} (w)=F4 [{S"“} eR.

(3) Let X ={X,},clt,00) be an Ft—adapted process with Py—a.s. continuous paths. It holds for Pi—a.s. w €Q! that the
shifted process X *% = {Xﬁ*w}re[s_m) 18 Fs—adapted with Ps—a.s. continuous paths. If X € C}(E) for some g€[1,00),
then X € C4(E) for P,—a.s. w eqt.

Moreover, the shift of a uniformly integrable martingale are still uniformly integrable martingales under the
augmented filtrations.

Proposition 3.5. Let 0 <t <s<oo. For any M = {M,},cjt,00) € My, it holds for Pi—a.s. w € Q' that M*>* =
{Mf’w}re[s,oo) 8 Of Ms.

3.3 Shifted Stochastic Differential Equations

Let (t,x)€[0,00)xR". The SDE (1)) has a unique solution X**={X*} c; ), which is an R'—valued, F' —adapted
continuous process. As it holds P;—a.s. that

t+s t+s s
Xt+5:x—|—/ b(r, Xr)dr—i—/ o(r, Xr)dezx—i—/ b(t+r, Xt+T)dr+/ o(t+r, Xy, ) dW/, ., s€[0,00),
t t 0 rel0,s]

we see that {Xttfs}s €[0,00) is exactly the unique solution of (2.I]) with the probabilistic specification

(Q ]: P‘/V {B }sEOoo) {]: }SE[O oo)) (Q ‘Ft Pta‘/Vt {WtJrs}sEOoo) {Ft+S}S€[O,OO))' (33)

Clearly, 7 is an Ft—stopping time if and only if 7:=7—t is a stopping time with respect to the filtration {.TLFS }SE[O o)’

So the corresponding 7 under setting B3) is T={7=7—t: TETJ}. It then follows from Lemma [2.1] that

Corollary 3.1. Let g€[1,00) and (t,x)€[0,00) xR, For the same constant Cy as in Lemma 2,

Et[ sup | X7 }ch(1+|:v|q); Et[ sup ‘X” — X0 <Cyla’ —2|1, V' eRY;  and (3.4)
SE[t,00) s€ft,00
E{A?&\ng qu}gcq(1+|x|q)(|c(-)||q(5Q+||c(-)|353), V5e(0,00), VTET . (3.5)

The shift of X** given path w|}; 5 turns out to be the solution of the shifted stochastic differential equation (Z.I])
over period [s,00) with initial state X% (w):

Proposition 3.6. (Flow Property) Let 0 <t<s<oo, z € R! and set X:=X"". It holds for Pi—a.s. w € Qt that
PAGEN: X, (w@,8) =27 (@), Vrels,00)} =1.

The proof of Proposition B.6] depends on the following result about the convergence of shifted random variables
in probability.

Lemma 3.3. For any {& }ien C L! (.Tt) that converges to 0 in probability Py, we can find a subsequence {@}ieN of
it such that for P—a.s. w € Q, {é\is’w}ieN converges to 0 in probability Ps.

4 Two Dynamic Programming Principle of Optimal Stopping with Ex-
pectation Constraint

In this section, we exploit the flow property of shifted stochastic differential equations to establish two types of
dynamic programming principles (DPPs) of the optimal stopping problem with expectation constraint over the
canonical space.
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4.1 The First Dynamic Programming Principle for V

Let the state process now evolve from time ¢ € [0, 00) and position z € R! according to SDE (LI)). If the player selects
to exercise at time 7 ETJ, she will receive a running reward |, tT f(r, XH®)dr and a terminal reward 7r(7-, Xjfﬂ) So the
player’s total wealth is

R(t,ac,T)::/Tf(s, XE®Yds+m (7, XE) z/o;f(t—i—s,)(ttfs)ds—i—w(t—i—?, Xttf;),
t
which is the payment R(t,x,?) in (Z8) under the specification 33)). By ([Z7) and (Z8), one has
E|R(t, 2, 7)]| <¥(z) and E[|R(t,z,7)—R(t,a',7)]] §2€((CP)%|x—x’|+Cp|x—x’|p), V' €R. (4.1)
Given y €[0,00), set T} (y):={r eT B[] g(r, XP7)dr) <y}. As Ei] [ g(r, XE")dr] :Et[fo?g(t—l—r, X5 )dr],
we see that {?ZT—t: TeT! (y)} is the corresponding 7} ,(y) under setting (3.3). Then the maximum of the player’s

expected wealth subject to the budget constraint Et[ftT g(r, Xf””)dr] <y, i.e.,

V(t,z,y):= sup E[R(t,z,7)]= sup Ei[R(t,z,7)] (4.2)
TeTHy) TET:, 4 (y)

is exactly the value function (ZIT]) of the constrained optimal stopping problem under the specification (8:3]). Then
@I3) and Lemma [2Z2 show that

V() >V(t, 2, y) > V(t,z,0)=n(t,z), V(t,z,y)€[0,00) xR x[0,00) (4.3)
and V(t,z,y)= sup E[R(t,:z:,r)], Y (t,z,9) €[0, 00) xR x (0, 00),
Teﬁ,z(y)

where T} (y):= {reTi(y): 7>t, P,—as.}. Also,
Theorem 2.1 still holds for the value function V. (4.5)

Now, let (¢,7) € [0,00) x R! and let 7 €T with E, [ []g(r, X5®)dr] < oco. We define a real-valued, F' —adapted
continuous process:

T TNS
st (oo 0l 2] [t s
t t

Since it holds for any s € [t,00) that

Ns

T TVs
Yoo =By {/ g(r, Xf’m)dr}?i} =F, [/ g(r, Xf’m)dr}?i} €[0,00), P:—a.s., (4.6)
the continuity of Y»®7 implies that
Nior i ={V0™7¢[0,00) for some s€(t,00)} € A" (4.7

Then we have the first dynamic programming principle for the value function V in which the conditional expected
cost YH®7 acts as an additional state process.

Theorem 4.1. Let t€[0,00).
(1) For any (z,y) €R' x[0,00), let {{(T)}reTe(y) be a family of 7_'§—5toppmg times. Then we have the DPP (L3),

where sup Ey[] can be replaced by sup FE:[] if y>0.
TETH(Y) T€'7A’z‘(y)

(2) If V(s,z,y) is continuous in (s,z,y) € [t,00) x Rl x (0,00), then (L3) holds for any (x,y) € R'x[0,00) and any
Jamily {C(7)}reTiy) of T't—stopping times.
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4.2 An Alternative Stochastic Control Problem and the Second Dynamic Program-
ming Principle for V

Fix t€[0,00) and set Ay :={a=M—-K: (M, K)eM,; xK,}. Clearly, each a €2l; is a uniformly integrable continuous
supermartingales with respect to (Ft, Pt).

Let z€R! and a€2;. We define a continuous supermartingale with respect to (Ft, Pt)
S
yhoe ::as—/ g(r, XH")dr,  selt,00),
t

and define an Ft—stopping time
7(t,z, a):=inf {s€[t,00) : Y/ "*=0}. (4.8)

The uniform integrability of o implies that the limit lim «; exists in R, P;—a.s. Since ftoog(r, Xf’w)drzfooog(t—i—
§— 00
7, X% )dr =00, P;—a.s. by ([23), one can deduce that

T(t,z,a)<oo, Pi—a.s. (4.9)

Namely, 7(t, x, @) €T
Given a €%y, the expected wealth E [R(t, a7t 2 a))] is continuous in z € R!, which will play an important
role in the demonstration of the second DPP for V (Theorem [4.2]).

Proposition 4.1. Let (t,x)€[0,00)xR! and let a €A;. For any e €(0,1), there exists §=6(t,x,€) €(0,1) such that
E; [|’R(t, o7t 0)) =Rtz 7(t, x, @) H <e, Va'€O0s(x).
For any y € (0,00), we set 2;(y):={a €W : y=y, Pi—a.s.}.

Proposition 4.2. Given (t,z,y)€[0,00) xRl x (0,00), a—7(t, z,a) is a surjective mapping from Ay(y) to TE(y).

Remark 4.1. Let (t,x,y)€[0,00) x R! x (0, 00).
1) Let T TH(y). Proposition [{-9 shows that T=7(t,z,a) for some a€Ay(y). In particular, we see from ([G87) of its
proof that « is a martingale (resp. supermartingale) if E¢[ [ g(r, X5)dr] —y=0 (resp. <0). To wit, the constraint
E ][] g(r,Xt")dr] =y (resp. <y) corresponds to martingale (resp. supermartingale) controls in the alternative
stochastic optimization problem.

In case that o is a martingale, we know from the martingale representation theorem that as =y + f: qrdWt,

sEt,00) for some qeHZ'°. However reversely, for a §€H>""°, a:=y + fts qr-dW}, s€lt,00) could be a strict local

martingale with Et[f;(t’m’a) g(r, Xﬁ*z)dr} <y, see Example[A 1] in the appendixz. This is the reason why [{4)] requires
E[r?] <00 (see line -4 in page 3 therein) for the one-to-one correspondence between constrained stopping rules and
squarely-integrable controls.

2) Define the value of the optimal stopping under the constraint Et[ftT g(r, Xf””)dr] =y by

U(t,z,y):=sup {Et [R(t,z,7)]: €T with E, [/ g(r, Xf’z)dr} —y}.
t

Clearly, U(t,z,y) <V(t,z,y). However, we do not know whether they are equal since U(t, z,y) may not be increasing
iny (cf line 5 of Lemma 1.1 of [2]).

3) The constraint Et[ ftT g(r, Xf’z)dr} <y is necessary for proving the continuity and the first DPP of the value
function V: Even if 11 in ([618)) has E[ 07-1 g(t+r, Xﬁ*z)dr] =y, the approximately optimal stopping time Ty constructed
in the case (6.20) may satisfy E| 0?1 g(t+r, XE¥)dr] < (y—06)" rather than E| 0?1 g(t+r, XE5)dr] = (y—6)T. Even
if the 7 € Tt(y) given in Lemma [61] reaches Et[ftTg(T, XL")dr| =y, the pasting T of T with the locally e—optimal
stopping times 7% ’s in (612) satisfies Et[fjg(r, Xb®)dr] <y+e but Et[fjg(r, XLT)dr] = y+e after a series of
estimations in (A2]).
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By Proposition and ([44), we can alternatively express the optimal stopping problem with expectation con-
straints (ZI0) as a stochastic control problem:

V(t,z,y)= sup E[R(t,z,7(t,z,a))], V(tz,y)€[0,00) xR x(0,00). (4.10)

agAt(y)

Moreover, we have the second dynamic programming principle for the value function V in which the controlled
supermartingale Y4%® serves as an additional state process.

Theorem 4.2. Let t€[0,00).

(1) For any (z,y) €R'x[0,00), let {¢(a)}aca,(y) be a family of?é—stopping times. Then we have the DPP (4.
(2) If V(s,z,y) is continuous in (s,z,y) € [t,00) x Rt x (0,00), then (L) holds for any (x,y) €R!'x[0,00) and any
Jamily {¢(c) }aea,(y) of TJ—stopping times.

5 Related Fully Non-linear Parabolic HJB Equations

In this section, we show that the value function of the optimal stopping problem with expectation constraint is the
viscosity solution to a related fully non-linear parabolic Hamilton-Jacobi-Bellman (HJB) equation.
For any ¢(t,z,y) € C*2([0,00) x R! x [0, 00)), we set

2¢(t,x,y) = (Dad, D26, 0,0, 056, D (0y0)) (t, 2, y) ER' xS x RxRxR!, ¥ (t,2,)€[0,00) x R x [0, 00),

where S; denotes the set of all R¥*!—valued symmetric matrices.
Recall the definition of viscosity solutions to a parabolic equation with a general (non-linear) Hamiltonian H :
[0,00) x REXRXRI X §; x Rx R xR — [—00, 00].

Definition 5.1. An upper (resp. lower) semi-continuous function wu: [0,00) x Rl x [0,00) — R is called a viscosity
subsolution (resp. supersolution) of

_atu(tvxvy) - H(t,x,u(t, xz, y)? -@u(ta z, y)) :Ov V(t, z, y)e (05 OO) XRI X (07 00)7
u(t,z,0)=n(t,x), V(t,x)€[0,00)xR

ifu(t,x,0) < (resp. >) m(t,x), V(t,2)€[0,00)xR!, and if for any (to, o, Yo) € (0, 00)xRx(0, 00) and ¢ € CT22([0, 00)x
R'x [0,00)) such that u—¢ attains a strict local mazimum 0 (resp. strict local minimum 0) at (ts, %o, Yo), one has

_at¢(t05 To, yo) _H(tm To, ¢(t07 Lo, yo)v -@(b(tm Lo, yo)) < (Tesp. Z) 0.
For any ¢ € C"22([0,00) xR!x [0,00)), we also define

Lad(t,z,y) = %tmce(a(t,x%aT(t,x)-Disb(t,x,y))MT(t,x)-Dm¢(t,x,y>,

Ho(t,2,0) = sup { S1aP326(1,2,9)+ (Da(@yo(t,2,9)) "ot 2)-0} 20, (t,2,9)€[0,00) xR x [0, ),
a€Rd

as well as the upper semi-continuous envelope of H¢ (the smallest upper semi-continuous function above Hae)

Ho(t,z,y):= lim ’H(b(t’,x’,y’):%imi sup Hot', 2, y), (t,z,y)€[0,00) xR x[0,00),  (5.1)

'z y") = (tz,y) —0 (t',z' y')EOs(t,x,y)
where Os(t,z,y):= [(t—é)*‘,t—i—(ﬂ x Os(z) x [(y—&)"’,y—i—&].

Theorem 5.1. Assume that b,o additionally satisfy @4) and f,g additionally satisfy (ZI14). Then the value
function V in [E2)) is a viscosity supersolution of

—Owu(t, z,y)— Lyu(t, z,y)+9(t, x)Oyu(t, z,y) — Hult,z,y)— f(t,2)=0, V(¢ z,y)€(0,00) xR!x (0, 00),

(5.2)
u(t,z,0)=n(t,z), V(t,x)€[0,00) xR}
and is a viscosity subsolution of
—Owu(t, z,y)— Lou(t, z,y)+g(t, ©)u(t, z,y) — Hu(t,z,y)— f(t,z)=0, VY (t,2,y)€(0,00) xR x (0, 00), (5:3)

u(t,z,0)=n(t,x), V(t,x)€[0,00)xR"
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Remark 5.1. See Section 5.2 of [{4)] for the connection between the fully non-linear parabolic HIB equation (5.2)
and generalized Monge-Ampére equations.

6 Proofs

6.1 Proofs of Section

Proof of Lemma [Z.Tt In this proof, we set ¢:= fo s)ds and let ¢ denote a generic constant depending only on

q, whose form may vary from line to line.

1) Let T'€(0,00) and set g:=qV2. Given s € [0,T], we set ®;:= sup |X.*|, I) and (L6) show that
re(0,s]

’

/ o(t+r, X}fw)
0

D, < |:v|+/ ([b(t+7,0)|+[b(t+r, X2*) =b(t+7,0)|)dr+ sup
0 s’€[0,s]

/U(t—i—r,Xﬁ’m)dBT, P—as. (6.1)
0

< |:v|+/ c(t—l—r)dr—i—/ c(t+r)| X" |dr + sup
0 0 s'€[0,s]

Taking g—th power of ([E1]), we can deduce from Holder’s inequality, the Burkholder-Davis-Gundy inequality, (1)
and Fubini’s Theorem that

E[@@]g45—1|x|§+45—155+45—1(/ T (t+7) dr [/ | x5 dr]—i—cq [(/ c(t+r)(1+|X,€@|)2dr)
0 0
T ) AT—1mF AT T 3 -1 - T g $-1 0 -
§4q—1|x|q+4q—1zq+4q—1(/ cﬁ(t—l—r)dr) /E[Q)Hdr—l—cq(/ cﬁ(t—i—r)dr) /E[(l—f—@r)qdr
0 0 0 0
q T

= bxﬁ%aﬁ(/(f” Q(H’")d’")_1%{451(/0T0%(t+7“>d7”)5_1+cq(/0 ctf’z(tw)dr)g_l]/osE[@?]dr.

An application of Gronwall’s inequality then gives that

[V

T a_
Elef] < 1+E[¢?]§1+cq[lw|‘7+65+T(/ T (t+r)dr)” 1]
0

ot T
xexp{élq_l(/ T 1(t+7‘)d7‘) 8+cq(/ cﬁ(t—i—r)dr) s}<oo, Vsel0,T]. (6.2)
0 0

Let s € [0,T). Since the Burkholder-Davis-Gundy inequality and (6] also show that
s aq s 4
. q} gch[(/ |o(t+r, X}f@)]zdr)ﬂ gch[(/ c(t+r)(1+|Xf’m|)2dr)2}
0 0
chE[(l—i—@s)g(/ c(t+r)(1+|Xﬁ@|)dr)g]<E[ 81I(1+ )1 +cq(/ c(t+r)(1+|Xﬁ’””|)dr)q}
0 0
§141—q(1+E[<1>g])+cq(/ c(t+r)dr)q+cq3[(/ c(t+r)<I>Tdr)q]7
2 0 0

taking g—th power of (6] and using Fubini’s Theorem yield that

o(t+r, XH")
0

E[ sup
s’€0,s]

41_‘1E[<I>g] < |x|q+Eq+E[(/ c(t—i—r)@rdr)q} —i—E[ sup / o(t+r, XH")dB, 1
0 s'€l0,s]' Jo
1 s q—1 s
< |x|q+cq5q+§41—q(1+E[¢‘;})+cq(/ c(t—i—r)dr) E{/ c(t—i—r)@ﬁdr]. (6.3)
0 0

Here, we applied Holder’s inequality *a,b,.dr| < a. qdr °lb, | T 1dr = with (a,, b,.)= c% t+r @T,cq%l t+
0 0 0

)) As E[ sup | Xb*| } < oo by ([6.2), it follows from ([G.3)) that for any s€[0,T]
re(0,s]

B[7] <142 47 a4 ¢42 4420 / c(t+r)E (0% ]dr. (64)
0



6.1 Proofs of Section[d 13

Applying Gronwall’s inequality again yields that E[®4] < (142x497z|74¢,?) exp {¢,e ™" [ e(t+r)dr}, Vse[0,T).
In particular, taking s=T and then letting T'— 0o, one can deduce from the monotone convergence theorem that

E[ sup ‘X}f’w‘q} < (142x47 Yz|4cqe?) exp {c2?} . (6.5)
re0,00)

2) Let 2, := X=X Vse[0,00). Given s€[0,00), we set ®,:= sup | 2| Since an analogy to (6.1)) shows that
rel0,s]

, P-as.,

5s§|x’_x|+/ c(t+7r)|Z|dr+ sup / (U(t—i—r’X:vz)—a(t—i-T,Xﬁ,z’))dBr
0 0

s'€[0,s]

the Burkholder-Davis-Gundy inequality and (7)) imply that

o’ — |7+ B {(/O e(t+1)| 2 dr) 1 o B {(/Osc(t+r)|<%«|2d7”) 3}

e[ cvsoioo) sl femnan) |

|x’—x|q+l31qE[§>g]+ch{(/ c(t+r)|3a;|dr)q].
2 0

31E (3]

IN

IN

IN

Since E[%‘SI] §2‘1*1E{(Xi’z)q+ (Xi’zl)q} <00 by Part 1, an analogy to (G.4) shows that
B[®1] §2x3q*1|x’—x|q+cq6q*1/ c(t+r)E[®]dr, Vse[0,00).
0

Then we see from Gronwall’s inequality that F [E)‘SI] <2x397 o/ —x|T exp {cge? ™t [ e(t+r)dr}, Vs€[0,00). As s— 00,

the monotone convergence theorem implies that E[ sup ‘Xﬁ*zl—Xﬁvm‘q <2x 397 2! — x| exp {cqc?}.
r€[0,00)

3) Let 6€(0,00) and 7€T. For any A€ (0, 0], since it holds P—a.s. that

T+

T4+ T+A T+A
Xi’ij—Xf,’””:/ b(t+r, Xﬁ’m)dr—i—/ o(t+r, Xﬁ’””)dBT:/ b(t+r, X}f’w)dr—i—/ L <rerisyo(t+r, XE7)dB,,
T T T 0

taking ¢—th power and using (L.6]) yield that

Xt,m Xt z |4 < 2q71 T t,x a q—1 ° t,x a
- X' < c(t+r)(14+]| X" dr ) +2 sup lrcrarqsyo(t+r, X0")dB,| , P-—as.
T )y'Jo

T+
s€[0,00

Then the Burkholder-Davis-Gundy inequality shows that

T+9 q T+9 5 g
E{ sup ’Xf,’f)\—Xi’m’q} < 2q_1E[(/ c(t+7‘)(1+|Xf’w|)dr) }—i—ch[(/ |lo(t+r, X)) dr) ]
A€(0,6] T T

IN

q T+ 9 %
2q_15q||c(-)||qE[(1+ sup | X1) ]+ch[(/ cl(t+r) (1+|X1) ar) ]
r€[0,00) T

IN

o071+ 5811 (1+E| s [xe#p] )

r€[0,00

which together with (65) leads to (23).
4) Now, we assume functions b and o satisfy (Z4) for some w € [1,00). Let #’ € (¢, 00) and define 2 := X% — X1,
Vse[0,T]. By (24), it holds P—a.s. that

|b(t'+r, X5 —b(t+r, X0 < bt +r, X5 (' +r, X5+ b +r, X¥)=b(t+r, X))
§c(t'—i—r)‘ﬁ&/ﬂ—l—c(t—i—r)p(t'—t)(1+|Xf’w|w), Vrel0,00), (6.6)
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and similarly that

lo(t'+7, XU") —o(t+r, X9 < /e +r)] 3?/,”;‘ +y/c(t+r)pt' —t)(1+|X*|7), Vrel0,00). (6.7)

Given s€0,00), we set ®y:= sup ’3&” ©8) shows that P—a.s.
rel0,s]

@g/ c(t’+r)|3’&”7\dr+p(t’—t)/ c(t+r) (L+| X7 |%)dr+ sup (6.8)
0 0

s'€[0,s]

/ (o 47, XU7) — o (t4r, X17))
0

The Burkholder-Davis-Gundy inequality, (ILI0) and (6.1) imply that

]<cq [ / |o(t' +7, X157 (t+r,Xﬁ@)\2dr)g]
Sch[(’I\)g/z(/osc(t’+r)|é’:|dr)g}—i—cq(p(t’—t))qE[(/o c(t+r)(1+|Xi’wlw)2dT)g]
§%31qE[@g]+ch[(/os c(t’+r)|5/£”:|dr)1 ¢ (p(t' 1)) E[(H— sup |X;3m|w)q}

rel0,s]

E[ sup / (U(t’—i—r,Xﬁ/’m)—o(t—i—r,Xﬁ’m))d .
0

s'€0,s]

Taking g—th power in (G8) and using an analogy to (G.4) yield that
1— S 3 / o q / q ° t,x|w a
319E[1] < B (/ (t'+1)| 2 ldr) | + (ot —1) "B (/ e(t+1) (1+1X17|7)dr)
0 0
]
< Ly 1E[®7] +c 0™ 1/ o(t'+7) B8] dr+c, (2 —|—Eq)(p(t’—t))qE{1—|— sup |Xﬁ*””|‘1w}
0 re(0,s]

—|—E{ sup /(U(t/—kr,Xﬁl’z)—a(t—l—r,Xﬁ’m))
0

s'€(0,s]

[\)

As E[&)g] <207lR {(Xi’w)q—k (Xf’m)q} < oo by Part 1, it then follows from Gronwall’s inequality that
B[®7] <c,(c? +29) (p(t'—t))qE[l—i— sup |Xﬁ’w|qw] exp {chq_l/ c(t’—i—r)dr}, Vs€[0,00).
r€[0,00) 0

Letting s— o0, we can deduce from the monotone convergence theorem that

[ s |00 <o) (o) E [+ s 121 e ),
r€[0,00) re[0,00)

which together with ([GH]) proves (2.3)). O
Proof of [27): We see from (L) that

[f(t &) <IF(E,2") = F(E,0)[+]F(#,0)[ Sc(t') (1+]a’|VIa'P) <c(t') (2+[2'P), V¥ (,2")€(0,00) xR". (6.9)
Similarly, (IL9) shows that
Im(t', 2) | <€(2+['[P), V(¢ ,2)€(0,00) xR (6.10)
Given 7€ T, Since ([69)), (610) show that
[R(t7)| < (2+0007) [ claerydrre(2+(XE2)7) <202+ (X)) (6.11)
0

the first inequality in (Z2) implies that E[|R(t,z,7)|] <2€(2+Cp(1+|z|P)) =¥ (z). O

Proof of Lemma Let (t,x,y) €[0,00) x Rl x (0, 00). Since JFy consist of F—measurable sets A with P(4)=0
or P(A)=1, it holds for any 7 €T that

P{r=0}=1or P{r>0}=1. (6.12)
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It follows that V (¢, x,y) = E[R(t,a:,())] V| sup E[R(t,:z:,r)}). So it suffices to show that E[R(t,:z:,O)} <
Teﬁ,m(y)
sup E[R(t,a:,T)].
Tefft,z(y) . .
We arbitrarily pick up 7 from 7, . (y). Given n€N, it is clear that 7, :=7A(1/n) also belongs to T .(y), so

sup E[R(t,x,T)}ZE[R(t,x,Tn)]:E[ |7 s Xt (e, x87) | (6.13)
Teﬁ,z(y) 0

An analogy to (GII) shows that |R(t,z,7,)| < (24 (X27)P) [ e(r)dr + €(2+ (X27)P) < 2€(2+ (XEF)P), whose
E—expectation equals to 2€(2+Cp(1+|z|P)) = ¥(x) by the first inequality in 34). Then letting n — oo in (G.I3),
we can deduce from (L9)), the continuity of process X*® and the dominated convergence theorem that

sup E[R(t,z,7)]> lim E[/Tn f(t—f—s,X;fvm)dsﬁ-w(t—i—Tn,Xﬁf)] ZE[W(L‘,X(‘;@H =n(t,x)=E[R(t,z,0)]. O
0

r€Th () nee

Proof of Theorem 21k 1) Fix t € [0,00). We let (x,¢) € R x (0,1) and set &, := (5+10¢)"e. Since M :=
E[(X!")P] < oo by the first inequality in (Z2)), we can find A, =\, (t,2,¢) € (0,€,) such that

E[14(XP")P] <e, for any A€F with P(A)<,. (6.14)

There exists R=R(t,z,¢) € (0, 00) such that the set Ap:= {X}:m >R} €F satisfies P(Ag) <\o/2.
Let A=\(t,x,¢)€(0,1) satisfy that

1 €
A< (ZXohip )JA——2—— A p (e, d 6.15
VAL (§hom) N ey e (6:15)
(Cp) 7 (1+12]) ([[eCIINZ e EAT) +Cp (14 |217) () IPAE +lle(-) | EAT) <e, . (6.16)
We pick up §=4(¢,z,¢)€(0,1) such that
¢(C,) 7 5+€CH0" < ANe,, (6.17)

and fix y €10, c0).
1a) We first demonstrate that V (t,r,9) >V (t,z,y)—¢, ¥ (r,9) €O0s(x) x [(y—6)F, 00).
Let 7 =71(t,x,y,€) € Tt.«(y) such that

E[R(t,z,7)] >V (t,z,y)—¢,, (6.18)

and let r€ Os(z).
We claim that there exists a stopping time 71 =71 (t, 2,1, y,¢) € Tr, ((y—8) ™) satisfying

Ai<m and  P(AGN{m>Fi+VA}) <\./2. (6.19)
Set d,:=d Ay, which satisfies y—d,=(y—0)V(y—y)=(y—9)".
If B [ g(t4r, XE)dr] <y—0d, (i.e. €T ((y—0)T)), we directly set 71 :=71.

Otherwise, set a:=E[ [ g(t+r, X! ¥)dr] —y+6, >0 (In this case, one must have y >0). Since both {E[ [;"g(t+

T, Xﬁ*’)dr’]—"s] }SE[O 00) and { fosg(t—l—r, Xf;;)dr}se[o no) BTE F—adapted continuous processes,

™
=7t z,1,y,¢):=inf {56 [0,00): E[/ g(t+r, XL¥)dr
0

]-'5} —/ g(t+r, Xf_")drga} (6.20)
0

defines an F—stopping time which satisfies E[ [ g(t+r, X1¥)dr|Fz ] — O%g(t—l—r, X5¥)dr = a. Taking expectation
E[-] yields that

E{/ g(t+r, Xﬁ’;)dr} :E[/ g(t+r, X,’f’;)dr} —a=y—6,=(y—08)", so TeT((y—05)"). (6.21)
0 0
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As E[ [ g(t+r, XE¥)dr|Fr ] — [ g(t+r, X dr=0<a, we also see that 7y <.
The condltlon (gl), Holder’s inequality, the second inequality in (2:2)) and (GI7)) show that

B| / ot X gl X5 dr]
0

<[ (C ) (etx) [t nar] <€(C) sl eCylr—slr <A (6.22)
0
Since E[ [, g(t+r, X5®)dr] <y and since A>AAe,>€(C, )?6>5>6, by ([6I7), one has

/ g(t+r, X1F) dr] y+5y<E[/ 1(g(t—|—r, XEEY—g(t+r, X}f’“”))dr} +A
0 0

/ g(t+r, X5 —g(t+r, Xﬁ’w)|dr]—|—)\§2/\.
0

Using ([6.22) again, we can deduce from ([6.21]) that

T1

2\ > a:E[/jlg(t—l—r, Xf;x)dr} EE[/A

T1

glo+r. x0%)ar] =[] [ lgferr X0 —g(e4r, X))
0

>F |:1A%ﬂ{‘r1>?1+\/x} / g(t+r, Xﬁ’m)dr] —A> kg \/XP(A%ﬂ{ﬁ >?1+\/X}) - (6.23)
It follows from (6I5) that P(A4N{r>7T1+VA}) < 3};—5 <\»/2, proving the claim (G19).
‘R
Set A:={m <71 +VA}={71 <71 <71 +VA}. Since ([6.19) shows that
P(A°)=P{r > +VA} <P(Ap)+ P(AG N {n >+ VA }) < Ao <eo,

(6.9)—([6.15) imply that

EU /0?1f(t+7“,X;fxw)dr_/oﬁf(t—i—r,X}f@)dr” < E[(Q—i—(Xj:w)p) (1Ac/(Jooc(t+r)dr+1A||c(.)||(Tl_?1)”
< €(2P(A%)+20) +VAR+AIM)[[e()]| < (1+38)e,, (6.24)

and  E[Lge|m (7, X2%) = (r1, X57)|] < 2€E[14- (24 (X07)P)] <2€(2P(A%)+e,) <6€z,. (6.25)

Also, we can deduce from ([9), (6I5), Holder’s inequality, (2:3) and (GI6) that
B0 X47) X5 < Bl )]s a5 )

)
Sp(\/X)—i—C{ {1,4 sup |Xiz —Xiz p}} —I—CE[lA sup |X;iT—X”‘}

rex] T re(0,V/3]
<eo+€Cy)7 (1+[a]) (e N +e()EN) +€C, (14 [2P) (le)PAE + )X <(14+Q),. (6.26)
Combining (6:24)), ([6.25]) and ([@20) yields that
E[|R(t,z,71)—R(t,z,71)|] <(2+10¢)e,, (6.27)

which together with (2.8)) and (GI7) show that
E[|R(t,x,71)—R(t,x,71)|] SE[|R(t,x,71)— R(t, 2, 71) || + E[|R(t, 2, 71) — R(t, x,71)|] < (4410€)e, =c —¢,.
Then it follows from (ZI2)) and (GI8) that for any (r,n) € Os(z) x [(y—3)*, 00),
V(t,r,9)>V(t,r, (y—86)T) > E[R(t,r,71)] > E[R(t,z,7)]| —e+e, >V (t, z,y) —¢. (6.28)

1b) To show V (t,1,9) <V (t,x,y)+e, V(r,9) €Os(x)x[0,y+5], we let t€Os(x).
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There exists 7o =72(t, 1, y,€) € Te ; (y+3J) such that
E[R(t,r,72)] >V (t,r,y+6) —¢o. (6.29)
We claim that we can also construct a stopping time 72 =72 (¢, 7,1, y,€) € Ty (y) satisfying
B<r and P(AGN{m>%+VA})<\./2. (6.30)

IfE[ [, 2 g(t+r, X7 dr] <y (i.e. T2€Ti(y)), we directly set 72 :=T7o. Otherwise, set b:=E/[ [*g(t+r, X:")dr|—y>0.
Similar to 20), 7> = 72(t,2,1,y,€) = inf {s € [0,00) : E[ [;g(t+r, Xb%)dr|Fs] — [Jg(t+r, X%)dr < b} is an
F—stopping time satisfying F [ Ong(t-i-T, Xﬁ’m)dr’fﬁ] — Ong(t—i—r, X5®)dr=b. Taking expectation E[-] yields that

E{/o g(t—i—r,Xﬁ’m)dr} :E[/o g(t+r, X}f’w)dr] —b=y, so €T (y). (6.31)

As E[ [P g(t+r, XE7)dr| Fr, ] — [P g(t+r, XET)dr=0<b, we also see that 75 <.
Since E[ [,°g(t+r, XE¥)dr] <y+d6<y+A, we can deduce from (6.22) and (6.31) that

2\ > E{/ lg(t+r, XP5) —g(t+r, Xﬁ’m)‘dr}—i—)\zE[/ 2(g(t+r, Xb®) —g(t+r, Xf_’;))dr}—i-)\
0 0

T2 T2 T2
t,x N t,x t,x
> E[/O glt+r X )dr}—y_b_E[/A glt+r, Xt )dr} 2E{1A%Q{T2>?2+m/A glt+r, Xt )dr]

T2 T2

>t VAP(AGN{m >R+ VAY).

By @15), P(A4N{m>T+VA}) < 2,{—‘5 <\o/2, proving the claim (6.30).
R
An analogy to (6.24)— ([6.26) yields that E[|R(t,z,72)—R(t, z,72)|] < (2+10€)e,, so we see from (ZX) and (G.17)

EHR(tv xz, ?2)_R(t7Xa TQ)H SEHR(tv xz, 7/:2)_R(t7 xz, TQ)H +E[’R(ta €L, TQ)_R(t7Xa TQ)H < (4+1O¢)50:5_50-
It then follows from [212) and (6.29) that for any (¢,y) € Os(x) x [0,y+4],
V(t,r,0) <V (tr,y+0) SE[R(tx,m2)] +e0 <E[R(t, 2, 7)| +e <V(t, 2, y) +e,

which together with (€28) leads to that |V (t,r,0)—V (t,z,y)|<e, V(r,9) €O0s(z) x [(y—8)*, y+6].
2) Next, let we[l,00), we further assume that b, o additionally satisfy (2.4) and f, g additionally satisfy 2.14]).

Fix (t,7,¢) €[0,00) xR x (0,1). Given t€[0,00) and ¢ € T, (LX), (CI), @Id), Holder’s inequality, ), (CI0)
and the first inequality in ([2:2)) imply that

E [|R(t7 €T, C) _R(tv €, C)H

¢
SE[/ Of(t”’X:w)_f(tM’Xﬁ’w)H’f(tJrT’Xﬁ’w)_f(t“vXﬁ’m)!)dﬂ‘w(tﬂ,Xﬁ)—W(HQXEJ)
0

|

<E {((X*@—Xm)ﬂt(X‘@-X”)i) (/Oooc(t—l—r)dr—l—@ﬂ +po(lt—t))+p(|t—t))E [(1+ |Xi’””|w)/oooc(t/\t+r)dr}
<2€C 2 (1+|2[7) p([t=t])+2€Cp, e (1+|2P7) (p([t—t])) " +p(|t= 1)+ Cp([t—1]) (14 Cox (1+]2]7)). (6.32)

Let us still set ,, M and take A\, = A\o(t,x,¢), R = R(t,x,e), A = A(t,z,¢) as in Part 1. We now choose
§'=0'(t,xz,e)€(0,1) such that

(Cp) 38+ 8P+ O 1+l (0)+ Cpe (L) (9(8))" +0(0")+p(0) (14 O (14 21)) < 2552, (6.33)

and fix y €10, c0).
2a) To show that V (t,1,0) >V (t,z,y)—¢, ¥ (t,1,9) €[(t—8) ", t+0'|xOs () x[(y—8") ", 0), we let (t, ) €[(t—0")F, t+
§'1x Ogr ().
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The condition (gl), (Z14), Holder’s inequality, 2.2)), (2.3, (L.I0) and (€33]) show that
E{/Ooo}g(t—l—r, X5 —g(t+r, Xﬁ’z)}dr}
gE[/OOO (‘g(t—i—r, X9 —g(t+r, X0 |+ |gt+r, X07) —g(t+r, XP7) |+ | g(t+r, X¥)—g(t+r, Xﬁ’ﬂ‘)dr}
SE[((X”—X“”)*+(Xt’F—X‘*””)€+(X‘*””—Xt’””)*+(X"””—Xt*””){j) / Ooc(t—!—r)dr}
0

+p(|t—t|)E[(1+(Xf;””)w) /Ooo c(t/\t—l—r)dr]

C(Cy)7 |1 =1+ CCy|w—rP +CCH/2 (14]a[7) p(|t—t)) + €Cp o (14 [2177) (p([t—1])) +Ep([t—1]) (1+ Co (1+ 2] 7))
< et(op)%é’+etcp(5')1)+¢c;/£ (1+|2]7) p(6") +€Cp (14]2[7Z) (p(8")) +€p(6") (1 +Cm (1+]2]F)) <. (6.34)

IN

Let 3 =73(t,x,y,€) € Tt »(y) such that
E[R(t,x,73)] >V (t,2,y) —¢0. (6.35)

If B[ Ong(t—Fr, X)dr] < (y—06')F, we directly set 73 :=73. Otherwise, we define 75 = 73(¢, t,2,1,y,¢) :=inf {s €
[0,00): E[ [2g(t+r, X )dr|Fs] — [§g(t+r, X ¥)dr <a'} with o’:= E[ [[*g(t+r, X ¥)dr] —(y—0')" >0. Similar to
([E19), one can deduce from (6.34) that 73 is a Ti,((y—3')")—stopping time satisfying

73<rs and P(AGN{m>T+VA}) <Ao/2.

Using similar arguments to those that lead to ([E.27), one can deduce from (G.I4)—@.I6) that E[|R(t,z,75)—
R(t,z,73)|] < (2+410€)e,. Then applying ) with (t,z,2’,7)= (t,r,#,73) and applying ([32) with (=73, we see
from (633) that

E[|R(t,1,73)— R(t,z,73)|] < E[|R(t,r,73)—R(t, z,73)|| + E[|R(t, z,73) — R(t, z,73)|| + E[| R(t, #,73) — R(t, , 73) ]
< 2€(Cp)%5’+2€Cp(5’)p+2QﬁC’;f£(1+|x|w)p(5’)+2€C’p,w(1+|x|pw)(p(é’))p
+p(8")+€p(6") (1+Cx (142]7)) +(24+10€)e, < (4+10€)g, =€ —é&,.
It follows from ([2.12) and (6.35) that for any (t,r,n)€[(t—4&")T,t+8"]x Os (x) x [(y—6') T, 00),
VL) >V (te (y=8)Y) > E[R(t,r,73)] > E[R(t, x,73)| —e+e, >V (t, 2,y) —¢. (6.36)

2b) We neat show that V (t,1,9) <V (t,x,y)+e, V(L 1,9)€[(t—6)T,t+8]xOs (x) x [0, y+5].
Let (t,r)€[(t—0")F,t+06')x O (z). There exists T4 =74(t,t, 2,1, v,¢) € T (y+6') such that

E[R(t,r,s)] 2V (t,r,y+6") —co. (6.37)

If E[ 0T4g(t+r, X}f@)dr} <y, we directly set 74 :=74. Otherwise, we define 74, =74(¢,t,2,1,y,¢) := inf {s €[0,00) :
E[ [ g(t+r, XE%)dr|F] = [y g(t+r, Xb®)dr <b'} with b :=E[ [ g(t+r, X")dr] —y>0. Analogous to (630), we
can deduce from (634) that 74 is a T; . (y)—stopping time satisfying

7i<m and P(AGN{m>Ta+vVA}) <\./2.

Since an analogy to (6.24)—(G.20) gives that E[|R(t,z,74)—R(t,z,74)|] <(2410€)e,, applying ([6.32) with (=74
and applying (Z8) with (¢, z,2',7)= (t,x,p, 74), we see from (6.33) that

E[|R(t,z,71)—R(t,x,74)|] < E[|R(t,z,72)—R(t,x,74)|| + E[|R(t,z,74) — R(t, x,74) || + E[|R(t, 2, 72) — R(t,x,74)|]
< (2410€),+2CCH 2 (1+]2[7)p(8') +2€C), o (1+[2]PZ) (p(8")) " +p(8")
+Cp(8") (14 Co (14]2|)) +2€(C,) 76 +2€C, (87)P < (44108)e, = — &,
It then follows from (2.I2) and (6.37) that for any (t,x,n) €[(t—0")T,t+6"]x Os (x) x [0, y+6']
V(tr,n)<V(tr,y+d8) <E[R(t,x,71)| +eo<E[R(t,z,71)| +e <V (t, z,y)+e,
which together with (630) yields |V (t,r,9) =V (t,z,y)|<e, Y (t,x,9)€[(t—8)", t+8]xOs (z) x [(y—&") ", y+6']. O
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6.2 Proofs of Section [3]
Proof of Lemma [3.1k Set A:= {ACQt: A= UA(w®SQS)}. Clearly, 0, Q'€ A. For any A€ A, we claim that
we

w®N*C A° for any we A°. (6.38)

Assume not, there exist an w e A°¢ and an w € Q° such that w®,w e A. Then (w@sfu) ®s0Q° C A and it follows that
WEWRNS = (w@s@) ®sQ°C A. A contradiction appear. So (6:38)) holds, which shows that A°€ A.

S — S
For any {A,, }nen CA, one can deduce that UNA" _nLeJN(weUAn (w®SQ )) = e L%JNAn (w®SQ ), namely, nLeJNA" eA.

Given r € [t,s] and £ € B(R?), if we (W))71(€), it holds for any & € Q° that (w ®, &) (r) =w(r) €& or w Vs @ €
(WH=1(E), which implies that (W})~1(€)€A. Hence, A is a sigma—field of QF containing all generating sets of FL.
It follows that F!C A, proving the lemma. O

Proof of Lemma Let us regard w®;- as a mapping I' from Q° to Qf, ie., T'(®) == w®sw, Yo € Q°. So
A% =T"1(A) for any ACQ'.
1) Assume first that r€[s,00). Given ' €[t,7] and € € Z(R?), we can deduce that

Qs, if ' €t,s) and w(t')eE;
71((th/)71(5)) ={we®  Wh(wew)eE}={0, ift'eft,s) and w(t')¢&;
(e w(s)+w(t) e =(Ws) NN eF:, ift'els,r];

where £ :=E—w(s)={r—w(s): z€E} € B(R?). So all generating sets of F! belong to A,:={ACQ:T~1(A)eF:},
which is clearly a sigma—field of Q. It follows that Ff CA,, or A% =T"1(A) € F? for any A F.
On the other hand, let A € F?. We know from Lemma m ( ) that (II)~'(A) € Ff. Since the continuity of

paths in Qf shows that w®,Q° ={w' €Q': /(') =w(t'), V' € (t,s)NQ} = (ﬁ) Q(th,)*l({w(t’)}) e FLC Fl, one
'€ (t,5)N

can deduce that w@, A= (I1L) "1 (4) N (w@,0°) € FL.
2) Next, we consider the case of 7 =o00. Given 7’ € [s,00), since "1 (A) € F5, C F* for any A € F!,, we see that
Fl,cAi={ACQ: T71(A) € F°}, which is clearly a sigma—field of Q. It follows from Lemma [A] (1) that

Fimo( U Fi)=o( U FL)CA So AT 1 (A)eF* for any A€ F".
r’€[t,00) )

r'€[s,00
On the other hand, let 7’ € [s,00). Since F(A) :w®3/~16]-"7f, C F* for any AE]-"TS,, one has F? C A= {AC Qs
['(A)eF'}. Given A€A, it is clear that T'(A) UT(A°) is a disjoint union of T'(Q%) =w®,Q* € FL C F'. Tt follows
that F(/TC) :(w@sQS)\F(/Nl) € F*. Also, it holds for any {A, },en CA that F( UNZ )— U I‘(A JEF!. So Ais a
ne
sigma—field of Q° that contains all 7%, 1’ € [s,00). Then Lemma [A]] (1) implies that F* :a( U ]-"TS/) CA, or

" r'€[s,00)

w®sg=1"(g)€]:t for any A€ F*. O

Proof of Proposition Bk 1) Let ¢ be an E—valued random variable on Q that is F!—measurable for some
r€[s,00]. For any £ € #B(E), since ¢ 1(€) € FL, Lemma [3.2] shows that (557“’)71(8) ={0e: {(we,w)el}={we
O wewelHE) = (£71E)) " eFs. So £5¢ is F—measurable.

2) Let {X,},¢[t,00) be an E—valued, F'—adapted process. For any r €[s,00) and £ € ZB(E), since X, € Ff, one can
deduce from Lemma B2 that (Xﬁ’“)_l(é' ={@eQ*: X (rwe,)ef}={0e: wa,uc X, ()} =(X1&) "€
F7, which shows that {XS “’} is F*—adapted. ([

rE(s,00)

Proof of Proposition In virtue of Theorem 1.3.4 and (1.3.15) of [57], there exists a family {P¥} cqt of
probabilities on (2, F*), called the regular conditional probability distribution of P, with respect to the sigma-field
Ft, such that

(i) For any A€ F!, the mapping w — P¥(A) is F.—measurable;

(ii) For any (€ L' (F"), Epw[¢]=E;[¢|FL](w) for Pi—a.s. weQ’; (6.39)
(iii) For any weQ, P¢(w®,Q°)=1. (6.40)
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1) Given w € Qf, Lemma shows that w®, A € F' for any A € F*. Then one can deduce from (G.40) that
Ps%(A):=P¥(w®sA), VAEF* defines a probability measure on (2°, F*). We claim that for P,—a.s. w€Q’

P> (A)=P,(A), VAeF:. (6.41)
To see this, we let A€ F*. Since (IT%)~? (Z) € F' by Lemmal[A2](1), (640) and (6.39) imply that for P,—a.s. weQ’
Po(A) = P (0@, A) = P ((I) L (A) N (w@.0%)) = P* (IT) "} (A)) = E, [1(H§),1(5)}f;} (). (6.42)

We can deduce from Lemma [AJ] (1) that

()1 (F*) = ()~ (e { (W) 71 (€): res, 00), E€BRY)}) = {(II)) T (W) 7H(€)): rE[s, 00), E€ BRY)}

T

=o{(Wi=WH~HE): re[s,00), EEBRY)} =0 (W -Wire[s, ),

which is independent of F! under P;. Then (6.42) and Lemma[A2] (2) show that for Pi—a.s. we€Qf,
L (g) =L [1(1'[;)*1(2) ’]:4 (w)=E; [1(n;)—1(2)} :Pt((ni)_l (;I)) =D (ﬁ)

As 62 ::{ 61 (Wssi)’l(Ogi (a:l)) : meN, 5, €QU{s} with s<s1 <+ <5, 7, €QY, 6; €Q+} is a countable set,

we can find a N € 4% such that for any we N¢, PS¢ (A) = P,(A) holds for each A€ %% To wit, €% CA:= {/TE
QF . p5v (A) =P, (,ZI), Vw ENC}. It is easy to see that A is a Dynkin system. As % is closed under intersection,
Lemma [A]] (2) and Dynkin System Theorem show that F* = o (¢%) C A. Namely, it holds for any w € N¢ that
PS""(/Nl) :PS(/Nl), VZG}'S, proving (G.41).

2) Now, let £ € L' (F?'). Proposition Bl (1) shows that £¢ is F*—measurable for any w€ QF. Also, we can deduce

from ([639)—(E40) that for Pi—a.s. we Q!
Eeflel] _/aaz e @) P @)= /eszs 6 (we.@)| Py (wead) = /'ew®sszs e} dP )
= [ 6] P2 ) = B[] = 6] 2] @) <o

thus ¢5* e L! (]-"S). Similarly, it holds for P,—a.s. we Q! that E; [537“’] E; [g}Ft] )eR. O

Proof of Proposition 3.3t 1) Let N be a P,—null set, so there exists an A€ F" with P;(A)=0 such that A" C A.
For any we€ !, Lemma 3.2 shows that N5 ={0€Q*: w@;0eN} C{OeN®: w;we A} =A% € F, and we see that
(14)%9(0) =1{ue.zea} = l{zeasw) =1a00 (@), YO eQ. Then [B2) implies that for P;—a.s. we’

P (A*)=Es[1asw]| =E,[(14)°°] = B¢ [14]|F{](w)=0, and thus N*“e." (6.43)

Next, let & and & be two real-valued random variables with & <&, P,—a.s. Since N :={we Q! : & (w)>&(w)} e
At ([6.43) leads to that for P—a.s. we N,

0=P,(NV*¥)=PA{@0eQ®: & (w@s0) > & (wes0) =P {weQ®: (@) > 6 (@)}

2) Let 7€7 with 7> s and let 7€ [s,00). As A, :={r<r}€F., there exists an A, € Ft such that N := A, A A, €
(see e.g. Problem 2.7.3 of [32]). By Part (1 ), 1t holds for all w € Q' except on a P,—null set N, that N5 € 47,
Given w ENC since A7“ A AS “ = (A, A ET)SM =N>¥ € A and since gﬁ“’ € F7 by Lemma B2 we can deduce
that A5 € F. and it follows that

(e < ={@eQ®: r*¥(@)<r}={0e: T(wR,d)<r}={0eQ*: wR,He A, } =A> e F,. (6.44)
Let we ( N : QJ\/C For any r €[s, c0), there exists a sequence {r, }nen in (s,00)NQ such that lim | r,=r. Then
re(s,o0)N n—00

([©44) and the right-continuity of Brownian filtration F~ (under Py) imply that {75 <r}= HQN{TS"" <rn} 67-":+ =F

re

Hence 7% €7 . O
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Proof of Proposition 3.4 1) Let r € [s,00] and £ be an .Ti—measurable random variable. By Lemma [A7] (2),
there exists an F!—measurable random variable £ that equals to £ except on a N € 4. Proposition [3] (1) shows
that £5“ is FS—measurable for any weQ'. Also, we see from Proposition 33 (1) that for P;—a.s. w€Q,

(G &9@) £64@) ={TeQ: wRLEN} =N ./ (6.45)

and thus &% E.TS In particular if £ is an ?Z—measurable and §~ is Fi—measurable, then (6.45) and (3] imply
that P,—a.s. w e, £5% =% =¢(w) =£(w), Pi—a.s.

Suppose next that £ is integrable (so is E) Proposition B2 and Lemmal[A4] (1) show that for P,—a.s. w e, gsw
is integrable (so is £) and E; [€|F,] (w) = E; [€| ] (w) = By [€ | F] (w) = B, [ €] = E, [¢5] €R.
2a) Let X = {X,},¢[t,00) be an Ft—adapted process with P;—a.s. continuous paths and set N; := {w € Q" :
the path X.(w) is not continuous} € 4. In light of Lemma [A4] (3), we can find an E—valued, Ft—predictable
process X = {X . €lto0 such that N5 :={weQ': X, (w)# X, (w) for some r € [t,00)} € 4L, In particular, X is an

F!—adapted process.

Proposition B] (2) shows that the shifted process X is Fé—adapted for any w € Q!, and Proposition B.3 (1)
implies that for any we Q! except on a P;—null set A5 that (N} UNQ)S’w eN5. Let we N§. Since

{@eQ®: X>¥(@) is not continuous }U{weQ’: X5%(@)#£ X5 (@) for some r€|s, 00)} C (MUN) ™ e,

one can deduce that X*% is an Fs—adapted process with Ps—a.s. continuous paths.

2b) Next, let us further assume that X € CJ(E) for some g€ [1,00). Define £:=  sup })Zr|q eFt. As £ equals to
reft,oo)NQ

X7 on (N{UN2)C, one has X?€F' and thus Ey[¢]=E, [X] <oo. According to Part (1), it holds for all we Q' except
on a P;—null set N that £5% is 7’ —measurable and P;—integrable.
Let w € (M3UN)®. For any @ € (M UN2)%*)" = ((N1UMN2)¢)™™, the continuity of the path X5 (@) =

X.(w®,w) implies that sup |[X3( )‘q: sup ’X w®sw‘ = sup ’X W W )‘ <E(w®sw). Tt follows that
re(s,00) re(s,00) rE[s,00)
Eg| sup |X5W| } < E,[¢*%] <oo. Hence, XS’WE(Cg( ) for any wE(N3UN4) . O
r€[s,00)

Proof of Proposition Let M ={M,},c[,00) € M;. By Proposition 3.4 (3), it holds for P,—a.s. w € Q' that
M?*% is an Fs—adapted process with P;—a.s. continuous paths. So we only need to show that M*“ is a uniformly
. . . =S

integrable martingale with respect to (F ,PS) for Pi—a.s. we .

By the uniform integrability of M, there exists £ € L (.Tt) such that for any r €[s, 00),
M,=E[¢|F)], Pi—as. (6.46)

Set N:={weQ': the path M.(w) is not continuous} € A4*. Proposition [3.3] (1) and Proposition [3.4] (2) imply that
for all weN! except on a N, €.4t, one has N*“ € 4% and 5% € L! (.TS).

Fix r € [s,00). As M, € L} (]—' ), Proposition B4l (2) shows that for all w € Q' except on a P;—null set N},
Mpw e LY(F,).

Let AeF,. By Lemma [A3 (2), the set A:= (II%) " (,ZI) belongs to .Tt so 14M, € L! (.Ti) and 14 € L} (.Tt).
Since it holds for any we Q' and @ € Q® that (1.4)** (@) =1, zca} = Lt (we.m)edy = Yaed) = 1;(w), Proposition
34 (2) and (6.46) yield that for P;—a.s. we Q!

B, [1;M:%) = By [LaM, [T (@) = B: [ LB [¢[ 7]

Fo| @) =B [E14¢F)]

Fo| @)= B 14617 (@) = B [156°¢).

As €7 ::{ _iﬁll (WE)H(O0s, (i) : meN, s;€QqpU{s} with s<s1 <+ < s, <7, 7, €Q%, 4 €Q+} is a countable

set, there exists a N> € 4"* such that for any w € (N?), E;[1 ;M| = E,[1 7] holds for each Ae%s. To wit,
CCA = {EC Q% B [1 ;M3 =E,[176°%], Ywe (N?)°}. Tt is easy to see that % is closed under intersection
and A is a Dynkin system. Then Lemma [AJ] (2) and Dynkin System Theorem show that Ff =0 (%) CA,. Clearly,
A% also belongs to A,., so

Fr=0(FSUN®)CA,. (6.47)
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Now, let w € N¢ N ( [ U) . (N} U/\/’f)) . For any r € [s,00), (647) shows that E,[1;M5%] = E,[15¢5%],
r€|s,00)N

VAcF, and thus E,[¢5¢|F.] = M5“, P,—a.s. Since {& € QF : path M**“(&) is not continuous} C N5« € A%,
we can deduce from the continuity of process {E, [{“ﬂ?i]} that Py{ M3 =E, [{“ﬂ?ﬂ, Vre[s,00)} =1.

Therefore, M*“ is a uniformly integrable continuous martingale with respect to (Fs, PS). O

rE(s,00)

Proof of Lemma 3.3 Let {&;}ien be a sequence of L! (.Tt) that converges to 0 in probability P, i.e.

ll_l)r{)lol, E; [1{‘Ei‘>1/n}} = Zli)IgloJ, Pt(|§7,| > 1/7’L) =0, VneN. (6.48)
In particular, lim | E; [1{|§i|>1}} = 0 allows us to extract a subsequence S = {5}}@ from {&;}ien such that
11— 00

lim 1ge151y = 0, P—as. Clearly, Sp also satisfies (6.48). Then by 1132& E, [1{|5¢1|>1/2}] = 0, we can find a

1—00
subsequence Sy = {53} N of Sy such that lim 1¢e25q/9) =0, F—a.s. Inductively, for each n € N we can select a
g i—»00 i

subsequence S, 1 = {£" ! }ien of S, = {€}ien such that lim1y ., , | =0, Pi—aus.
g ~ o 1—00 {‘51 ‘>n+1} "
For any i € N, we set & :=¢¢, which belongs to S, for n = 1,--- ,i. Given n € N, since {£}2,, C S, it holds
P,—a.s. that lim1 {\E > 1} = 0. Then a conditional-expectation version of the bound convergence theorem and
i—00 >

Proposition B4 (2) imply that for all w € Qf except on a P,—null set N,,, §~Z is 7 —measurable and

0= lim E, [1{@»1/”}}72} (w) = lim E, [(1{@»/"})5@}_ (6.49)

71— 00 1— 00

c
Let w € ( Y Nn> . For any n € N, one can deduce that
ne

Mpgpim) ™ @) =Yg womisyn) = Yler@l>im) = (1{\5:M|>1/n})@)v Vi e,

which together with ([6.49) leads to that lim P (|§fw| > 1/n) = lim F {(1{|§~_|>1/n})5’w} =0. O
1—>00 1—>00 B

Proof of Proposition As X € C2(RY) by Corollary Bl we know from Proposition 3.4 (3) that for P,—a.s.
we!, {X5w }re{s,oo) €C(RY).

To show that for P;—a.s. weQf, X% solves (1] over [s,00) with initial state X;(w), we let N7 be the P;—null
set such that X satisfies (LI]) on Nf. Define M :Zﬁs,l{r>s}0(7°, X, )dW}, s' €t, 00).
1) By Proposition [3.4] (1), there exists a P,—null set N3 such that for any w e N¥, X (w Qs @) =X,(w) holds for all
weN except on a N, €5,

Let we NfNNY and w e NE. Implementing (L)) on the path w®,w over period [s, 00) yields that

)

X (w@w) = %S(w@)s@)—i—/:/b(r, X (w®sw))dr+ (/:/U(r, %ﬁde)(w@SUJ)

f{s(w)—i—/s b(r, X0 (@))dr + M% (@), s €[s, 00). (6.50)

So it remains to show that for P,—a.s. w € Qf, it holds P,—a.s. that

MSS,’“’:/ o(r,X3%)dw;, s €[s,00). (6.51)

2) Since {My }ye[t,0) i @ square-integrable martingale with respect to (Ft,Pt) by (L7) and Corollary Bl we
know that (see e.g. Problem 3.2.27 of [32]) there is a sequence of R"*?—valued, Ft—simple processes {@:} =

D ien M 1{Te(w7tn+l]}, re [t,oo)}WEN (where {t!"};en is an increasing sequence in [t,00) and 7! € .Ti? for i € N)
such that

oo

P,— lim trace{(@?—a(r,%r))(@?—J(r,%r))T}dT:O and P,— lim sup |MJ — My

n—oo J, N=00 5/ c[t,00)

207
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where M7 :—f:/ PrAWE =3 (VVS‘E/,\“L+1 -W, Atn) Then it directly follows that
P, — lim trace{(fl)f o(r, X)) (@) —o(r, X ))T}dr:() and P;— lim sup |MS73 — My | =0.
n—=oo Js =00 5/ c[s,00)

By Lemmal33] {®"},,ecn has a subsequence {f/I;f = ieN 7’7\?1{ relt, oo)} such that for any w € Q¢

re(?y,?y+l]} ’

neN
except on a P;—null set N}
0= —nlgrr;0</s trace{(fl) —o(r, X ))( r—o(r,X,)) }dr)
. > Fn)Sw s,w In)S$w s,w T
=P Jim [ tmce{ ((@ ) —o(r, X5 )) ((cp ) —o(r, X3 )) }dr (6.52)
and 0= FP;— lim ( sup |J/\/[\:/—]\7;1— s/ >
N0 \ s/ €ls,00)
— P~ lim  sup ‘(1\7")2;“ — (A1) - Mj;‘”‘, (6.53)
N=00 5/ e[s,00)
where M7 := [ $rdw! = o r(w e, W ie):
Given n € N, let ¢,, be the largest integer such that f?n <s. For any i=40,,0,+1,---, we set s} ::??\/s. Since

nr E.T%n C?zn. Proposition 84 (2) shows that (77)"" e F.. holds for any we ! except on a P,—null set N7 Let
weﬁ::/\/fﬁ( s ‘Orj (M")C) As s} =s, one has (7} )S’WE.TE. For any s’ €[s,00) and we?,
neNi=£,, n n

()57 @) =@ (@) =D 0 @RuB) 1,y 7y )= (1) @) ety a0+ > ) O e
€N i=lp+1

So {(&J")S’W}S,E[S 00) is an R9—valued, F —simple process. Applying Proposition 3.2.26 of [32] and using (652

s’

yield that

’

0=P;— lim sup / (@") AW — / o(r, X%)dW;|. (6.54)

n—00 SIE[S,OO)

For any w € Q°, one can deduce that

(M™% @)— (M) (@) =

i

N
I
~

A7 (@) ((0©.8) (Asfs1) — (@D,3) (sAs]) ):i A7) @) (B(Ast) B (As7))
=/

)@ (W, = Winse ) @)= / @) )@, o € o)

i

1
~

K3

which together with (653) and (654) shows that (G5 holds Ps;—a.s. for any weQ Eventually, we see from (G.50])
that P{@eQ®: X, (wR,0) =X (@) =X Xa(w )( ) Vre[s,oo)}—l for any wef). O

6.3 Proof of Section [

The proof of the first DPP (Theorem [4)) is based on the following auxiliary result.

Lemma 6.1. Given (t,z,y)€[0,00) xR!x [0,00), let T€T}(y) and CET';. Then

¢
E[R(t,z,7)] <E, 1{T§<}R(t,x,7)+1{7><}(V(g, XL YEeT) 4 / f(r, Xf’””)dr)] <V(t,z,y). (6.55)
t
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Proof: 1) Let us start with some basic settings.

Denote (X,9)):= (X"®, Y%*7) and let ¢ take values in a countable subset {t;}ien of [t,00). In light of Lemma
[Adl (3), there exists an R!—valued, F!—predictable process X = {%r}re[tm) such that N = {w € Q' : X.(w) #
X, (w) for some r€[t,00)} € A"

Let i €N. By Proposition B3] (1), we can find a P,—null set A; such that for any weNF, N is a P;,—null set.
For any r€|t, t;], since X, € F! C F{,, B1) implies that

X (W@, 0) =%, (W, @) =X, (W) =X (w), YweNNNE, VieWe)e. (6.56)
Also Proposition B.6 shows that for all w€ Q! except on a P;—null set M,

Ng;:{aeﬂt Lt (@) £ x0T (@), for somere[tz,oo)}eﬂti. (6.57)

Let 7; be a ’7_‘t—stopping time with 7, >¢,;. According to Proposition B3] (2) and Proposition B4 (2), it holds for
all we Q! except on a Pr—null set Aj that 77 :=7"* 67_Ji,

Et[R(t,:v,Ti)].T;}(w)zEti{(R(t,;v,n))ti’w} and Et[/tﬂ (r, X,) dr‘]—'t] Etl{(/tﬂg(r,%r)drth} (6.58)

Let w e NS NNENNENNE. Given e (NVECUNE) = (W)t (N2, (65T) shows %T(w®tic~u)=)(:i’xt’(w)(~) for
any 7 € [t;,00). In particular, taking r =7 (@) yields that X (7;(w®¢, @), w®y, @) = X (75 (@), w @y, @) :X:Z A (w)( ),

which together with (6.56) leads to that

tiw ~ Ti(w @1, &) ~ - ~
(R(t,z, 7)) (@) :/t f(r, X0 (W@, @) dr+7 (i (w®y, @), Xr, (w4, @)

- /ttif(r7xr(w))dT_F/t.Ti@)f(T Xt ) (w ))dT—l—W(Ti((:)),X; X, (w)( ))

w

:/tif(T,xr(w))dT—F(R(ti,%ti(W),TZ))(@%

and similarly, (ftﬂg(r, %T)dr)ti (ft ( T, X e (w)) ) —I—ft ( )dr Taking expectation E[-], wi
see from ([G.58) that for Pi—a.s. weQl, 78 is a T —stopping time satisfying
t;
E; [R(t,x,n)‘?m (w) = By, [R(ti, X, (w), 7] +/ f(r, X0 (w))dr, (6.59)
t
Ti Ti ti
and Et[/ g(r, %T)dr‘?zi] (w) = Ey, [/ (r K% (w))dr] +/ g(r, X, (w))dr. (6.60)
t t t

2) We next show the first mequality in ([@50).
Let ie N and set 7;:=7Vt; €T . We can deduce from 660), [E6), T) and (659) that for Pi—a.s. w € QF,

Tl = t“ isaT" ' —stopping time satisfying
TZ, X ( ) TV, — ti
E,, [/ (T X0t )dr} _Et{/ g(r, X,)dr ]:tz} (w)—/ g(r, X, (w))dr=2, (w) €[0, 00),
t t t
and

ti ti
E, [R(t,x,n)}?m (W)=E, [R(ti, X4, (w), 72)] +/ [ Xe(w))dr <V(ti, Xy, (w), s, (w))—i—/ f(r, %, (w))dr. (6.61)
¢ ¢
As {T><}€.Tj./\< C.TZ (see e.g. Lemma 1.2.16 of [32]), one has {T><:ti}:{T>C}ﬂ{<:ti}E.T;. Then ([6.61)
shows that

Ei[1isccin Rt 2, T)| =B [1rscmny R(E, 2, 73)| =By [1{T><:ti}Et [R(t,z, ;) |7i”

ti ¢
gEt[1{T><_ti}(v(ti,%ti,%)jL f(r,%T)drﬂ:Et[1{T><_ti}(V(§,%<,2)<)+/t f(r,%r)dr)]. (6.62)

t
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Since ([@3)), (69), [CI0) and the first inequality in (B4) imply that

¢ o
Et“V(C,.‘fg,ng)H-/t |f(r, %T)‘dr} < E, [2@(2+Op(1+|3€<|”))+/t o(r)(2+|Xc|P)dr
< 2€(3+Cp)+€(142C,) B [XP] < oo, (6.63)

taking summation over 4 €N in ([6.62)), we can deduce from the first inequality in (£1]) and the dominated convergence
theorem that
Et [1{T><}R(t, Z, T)] :Et

Z 1{T><:ti}R(t, Z, 7') = Z Et [1{T>C:ti}R(t7 x, T)}

i€N €N
< ¢
gZEt[1{T><_ti}(v(<,%<,m<)+ / f(r,aer)dr)]zEt > e (V6 200+ [ f(r,aeT)dr)]
i€N ¢ i€N ¢
<
=FE, {I{TX}(V(C,xg,?}g)—l—/t f(?“,%r)dr)]. (6.64)

It follows that E; [R(t,z,7)] < E; [I{TSC}R(t, z,7)+ 10 (V(C X, 2J<)+ft<f(r, %T)dr)]
3) Now, we demonstrate the second inequality in (6.55).
Fix €€(0,1) and let i €N, r€R!. In light of (@3] and Theorem 1] (1), there exists &;(x) € (0,£/2) such that

€(Cy) 78 (x)+€Cy (5:(x))" < /4, (6.65)
and that for any ye|0, 00),
V(ti, v, v)=V(ti, 5, 0)| <e/4, V(' 9') €05, @) x [(h=06:(x) ", p+0:(x)]. (6.66)

Then (gl), Holder’s inequality and the second inequality in (3] imply that

S oo
S e L Ry A e T
t; t

i

< (/ C(T)dT)Eti [(Xti,x_Xti,;/)*_F(Xti,x_Xti,;/);:} S@(Cp)%lx—x’|+¢cp|x—ll|p
0

<E(Cp) 76 (1) +CC, (6:(x))" </4, VT, V¥ €04, (1) (6.67)
We can find a sequence {(%,, y;)}neN in R! x [0,00) such that R!x [0, 00) = UNO; x D}, with O}, := Oy, (i (2,)
ne n
, Loi(xi)) Lyl oi(al if 2, >0
a,nd D:L: ((yn . (In)) ) yn+ (‘In))7 1 yn> )
[0, 6(x%)), if & =0.

Let neN. We set Al i={r>C=t;}n{(X:,, D) €0% xDi, }ANE, . € F,, and A;:A;\( Y A;,) €7, There

exists a 78 €T (y%) such that
By, [R(ti, a},, 1) 2V (ti, @, y7,) —€/4. (6.68)

n’'n

Lemma [A3]shows that 7, (IT} ) is a 7' —stopping time with values in [t;, 0] such that (i (Hii))ti’w (@) =7k (I} (wey,
w)) =7k (w) for any we Q' and w e Q. Also, by ([6.59) and (6.60), it holds for any w € Q' except on a P,—null set
N that

E; [R(t, x, 7, (117,)) |J_f‘;} (W) = By, [R(ti, X1, (w), 77,)] + /t ' £(r, X (w))dr, (6.69)

T (I,) — i b e ()
and FE; [/ g(r, X, )dr ‘Fti:| (W) = Ey, [/ g(r7 X )dr} -|-/ g(r, %T(w))dr. (6.70)
t t; t

Clearly, the disjoint union U NA; satisfies that
,MneE

U A= U A=y {r>c=t3n{@®,.Du)e U OLxDL} )N, -

i,neN i,neN

= (Y Ar>C=t}) NG, ={r> N, .. (6.71)
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We claim that

Ti=1(<T+ Z Lai 70 (I1,)+1(r5cnn; ., t belongs to T (y+¢). (6.72%)

i,meN

Let i,n€N and we AL, N (V™). As Xy, (w) €OL = Os, (21 ) (a,), (665) and the second inequality in (@) imply

E, [

R{ts, Xe, (), 7h) = R(ti, 7l 74)| | £2€((Cp)F0i(a1) + G (3:(a1))” ) <e/2. (6.73)

Since | Xy, (w) =, |V|Ds, () —yp| <di(a7,), applying [G66) with (r,9)= (o}, ;) and (¢, 1) = (Xr, (w), Dr, (w)), we can
deduce from ([6.69), (6.73) and (6.68)) that

B[R ) FL]0) > B[R] [ 1) are22 Vet + [ F(n e 2
> V(ty, X, (w), D, (w)) + ) i flr, X (w))dr—e.

Taking expectation E;[-] over A% yields that
B[ R(t, 2, 7)) = Fe |1 R(t 2 7 (IT5) | = By [1A;Et Rt 7)) y;—r;H

> E; [1,4% (V(C,%g,@g)—k/f f(r,%r)dr—a)].

Similar to (6.64]), taking summation up over i,n € N, we can deduce from (G.71)), (6.63)), the first inequality in
(@7 and the dominated convergence theorem that

¢
Ei[1irsyR(t, 2, 7)] > By [1{T><} (V(g,aeg,mg)Jr/t f(r, %T)dr—s)].

It thus follows that V(t,z,y+¢) > Ey[R(t,z,7)] > E; [1{T§<}R(t,x,7)+1{7><} V(¢ X, 2)()+ft<f(r, %T)dr)] —e. As
£— 00, the second inequality in (6.55) follows from the continuity of V in y (i.e. (£5) and Theorem 2] (1)). O

Proof of Theorem 4.1t Fix t€(0, 00).
1) Let (x,y) €R'x[0,00) and let {¢(7)}-e7e(y) be a family of T;—stopping times. For any 7€ T/ (y), taking (=((7)
in ([6.55) yields that

¢(7)
Ey [R(tv €, T)} <E 1{7§C(r)}R(t7 €, T)+1{T>C(T)} (V(C(T)a XZ&i)v y?(f—);—)"—/ f(rv Xrtym)d’r):| < V(ta xz, y)
t

Taking supremum over 7€ 7, (y) (or taking supremum over 7€ T} (y) if y>0), we can deduce ([3) from ZZ).
2) Next, assume that V(s,z,y) is continuous in (s, z,y) €[t, 00) x R x (0, 00).
We fix (z,y) €R' x[0,00) and a family {¢(7)},e7z(y) of ’7_‘t—stopping times. Let 7€ T} (y), n€N and define

N
Cn=CnlT)=1(c(r=)t+ D Lic(rye(t (-2 eriz—np (EFi2)ET .
€N

Applying ([655) with {=(, yields that

Cn
Ey [R(t’I’T)] <E [I{qun}R(Lx77-)—|—1{.,_><n}(V(CH,XZ;I,‘)}ZLI’T)—F f(?", Xﬁm)d"”)] §V(t,x,y). (6'74)

t

An analogy to ([6.63]) shows that

Cn
V(G X5, V55T + / | f(r, X57)|dr < 2€(3+C) +€(142C,) X2 € L (F). (6.75)
t
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We claim that yZ’(f_’)T >0, P,—a.s. on {7 >¢(7)}. To see it, we set A:={7> c(ﬂ}m{y&f{ =0} 6.7'2(7) and can
deduce that

7&7)} —/tC(T) g(r, Xf’””)dT)]

T

= F {Et [lA /g( )g(T, Xrt’m)dT ‘7:2(7_)H =F, [IA /g( )Q(T, Xrt’m)dT} )

0=E; [lAyz’(f_’)T} =F, [].A (Et [/T Q(T, X:’m)d’r

t

which implies that 14 [ (T(r) g(r, X-®)dr=0, P,—a.s. It follows from the strict positivity of function g that P;(A)=0,
proving the claim. As lirnNL ¢n=C(T), one has 111111\]L 1¢r<¢y = lir<c¢(r)y- The continuity of function V in (s,r,n) €
n— n— - -

[t,00) xR x (0, 00) and the continuity of processes (X, Y“*7) then show that i%l{TSCn}V(Cm Xaﬂ”’yéfﬁ) _
t,x t,x,T
LrceenV(C(), X550, Vi), Pi—as.
Letting n— oo in (6.74), we can deduce from (6.75]), the first inequality in (£I)) and the dominated convergence
theorem that

<)
Ey[R(t,z, )| < By 1{Ts<<f>}73(t,I,T)+1{T><<T)}(V(C(T),Xf&ﬁpyé’(ﬁ’fﬂ/t f(T,Xf’I)dT)}SV(t,I,y)- (6.76)

Taking supremum over 7€ 7 (y) (or taking supremum over 7€ T} (y) if y>0), we obtain (3] again from (@4). O
Proof of Proposition .1k Let us simply denote 7(¢,z, ) by 7,. For n€N, an analogy to (@3] shows that

T,:=inf {s€[t,00): Y/**=1/n} and 7,:=inf{s€[t,00): Y/ "*=-1/n}

define two T't—stopping times.

By definition, « = M —K for some (M, K)€M;xK;. It holds for all we Q! except on a P,—null set A/ that M.(w)
is a continuous path, that K.(w) is an continuous increasing path and that 7, (w) <oo for any ne€N.
1) We first show that

lim t r,= lim | 7,=7, Pi—as. (6.77)
n—o0 n—o0

Let w€N® and set 7(w):= lim 1 7, (w) <7o(w). The continuity of path Y."**(w) implies that Y% (1, (w),w) =
n—oo
1/n, VneN and thus Y% (z(w),w) = lim Y"%(z, (w),w)=0. It follows that 7,(w)=7(w)= lim 1 7, (w).

—n

On the other hand, we define a 7‘t—stopping time 7 := lim | 7, > 7, and let w € N°. For any n € N, as

n—oo
Tn(w) < 00, the continuity of path Y. w) again gives that Y% (7, (w),w) =—1/n. Letting n — oo yields that
Yh®e (F(w),w) = lim Y5 (7, (w),w) =0.
n—00

Since M is a uniformly integrable martingale, we know from the optional sampling theorem that

t,z,a(

Et |:K?—K7-D+/ g(T, X:’w)dT‘:| :Et [M?—MTO —Y;’I’Q—FY:’D’I’O‘} :O,

which implies K+ —KTD—|—fj g(r, X5")dr =0, P,—a.s. Then one can deduce from the strict positivity of function g
that 7,=7= lim | 7, P,—a.s., proving (G.177).

n—oo
2) Next, let € (0,1) and set £,:=(4+10¢) " 1e. As M:=F; [(Xf’w)p} < o0 by the first inequality in (3.4]), we can find
Ao=No(t,x,€) € (O, 50) such that

By [14 (X07)P] <e, for any A€F with Py(A) <), . (6.78)

There exists R=R(t,z,¢) € (0,00) such that the set Ag:= {X:w >R} €T satisfies P(AR)<Ao/2.
Let A=A(t,x,¢)€(0,1) satisfy that

co -1 an .
A< W)HC(')”AP (€0) d (6.79)

(Co) 7 (L Lel) (eI IA+ eI 7AZ) +Cp (L) (e IPA+ ()] FA%) <eo. (6.80)
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1

We pick up 6§ =46(t,x, )€ (O L (32 )5) such that

) Tn \2C,

¢(C,) 7 6+EC,67 < AAe,, (6.81)

that P(Qn)>1—X,/2.
Now, fix 2’ € Os(z) and simply denote 7(t,2’,a) by 7/. We define A’ := {(Xt>””/ —Xt7), < (en)71} eF'. The
second inequality in ([B.4]) shows that

Set QO :={7o—A<1,, <Thn <To+A} eF for any n€N. As (6717) implies that Pt( UN Qn) =1, there exists n€N such
ne

Pi((A)) =€PaP E, [(X1% — X17)P] < C,ePnP |2’ — [P < C,€PnPsP < A, /2.

So the set A:=A'NN, €F satisfies that P, (A°) =P, ((A)°UQE) < P ((A)°) + Pi(25) < Ao <o
Let we A. Since it holds for any s€[t, 00) that

Y@=y @) < [ loln g @) =gl At @)lar< [ et (20 - v a0 ) i
< (Qﬁn)71 /Ooc(r)drgl/n,
t
we see that
Yst’””/’o‘(w)zYst’I’o‘(w)—l/n>O, Vse[t,z,(w)) and Y/ "%(w) ZYSt’””/’O‘(w)—l/n> —1/n, Vselt,7'(w)).
The former implies that 7/(w) >7,,(w) while the latter means that 7, (w)>7'(w). In summary,
W< <Tu<7o+A on A (6.82)

By an analogy to (6.24) and (6.25), we can deduce from (6.9), (6.10), (6.75), (6.82) and (6.79) that

Et[[ow' | f(r, Xf@)|dr] < Et[(2+()(jw)p) (1Ac/tooc(r)dr+1A||C(.)|||T/_TO|)}

o < €(2Pi(A%) +0) FA2+M)|lc(-)[| < (143€)e,, (6.83)
(7, X57) =7 (10, XET)[] < 2€E[1ac (24 (X]7)P)] <2€(2P(A%) +¢,) <6€c, . (6.84)

And similar to ([6.26]), Holder’s inequality, (3), (6779), ©82), B5) and (680) imply that

Eu[La|m (v, 257) =7 (7o, X50) || S B [Lap (17 = 70]) | +€B: [ La (| X7 257 |+ X071 |

and Et [lAc

1
p
Sp(x\)—FQﬁ{Et {1,4 sup ‘X:}iﬂﬂw— X:}ifo‘p} } +CE; [1,4 sup ‘X:}fwoﬂ— X:}i% |p]
re(0,)] r€(0,)]

<eo+€(Cy) 7 (L fef) (Il A+ () 12A2) +€C (1+[2l”) (O IPA"+ ()l FA) < (1+C)e (6.85)

Combining (6:83), ([6.84) and ([6.83) yields that

To\/T'

|f (7, X17) | dr+ ‘71'(7‘0, XTt;z) —7T(7'/, X:}m)

E[|R(t,z, 7)) —R(t, z,70)|] < E: {/T }<(2+10¢)50,

oNT’
which together with (2.8]) and (G.81) leads to that

E, HR(t,IE/,T/)—R(t, x, TO)H < E, HR(t,x’,T’)—R(t, x, T’)H +E, HR(t,x,T’)—R(t,x,TO)H <(4+10C)e,=¢. O
Proof of Proposition Let (t,z,y)€[0,00) x Rl x (0, 00).

1) Let a€A;(y). Since 7(t,z,a) <oo, Pi—a.s. by (@), the continuity of process Y*** implies that

T(t,z,0)
Qr(t,z,0) :/t g(r,XH%)dr, P,—aus. (6.86)
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One can then deduce from the uniform integrability of the ( Pt) supermartingale « and the optional sampling
theorem that E; [ 7(t.za) g(r, Xrt’m)dr} =E¢[0r(t,0,0)] < Etlow] =y, namely, 7(t, x, ) € T(y). As Y =0, =y >0,

P,—a.s., we also derive from the continuity of process Y**“ that 7(t,z,a) >t, P,—a.s. Thus a — 7(¢t, 2, ) is a
mapping from 2;(y) to T, (y).
2) Next, let 7€ 7, (y) and set §:=y—E,[ [] g(r, Xt®)dr] >0. Clearly, M, —5+Et[ft X,’f’””)dr‘?z} >0, s€t,00)

is a uniformly integrable continuous martingale with respect to (F ,Pt), ie., MeM;.

Define J; := ir%f ]Et [T—t|7-"i,], s € [t,00) and let N be the P—null set such that for any w € AN¢, the path
s’'€lt,s

E, [T—t|.7',t] (w) is continuous and E, [T—ﬂ?i](u)) >0, Vs €[t,s] NQ. For any w € N¢ we can deduce that

J.(w) is a nonnegative, continuous decreasing process. Given s € [t,00), set & := Enf B, [T—tl?é,}, which is
s'Eft

?i—measurable random variable. The continuity of process E; [T—tLTi], s€[t,00) shows that Js=¢& on N, so J,
is also fi—measurable. It follows that

KS:_5[1/\(SJ_:)+] €[0,8], selt,o0) (6.87)

is an Ft—adapted continuous increasing process. Since 7 > t, P,—a.s., one has J; = E; [T—t|f§] = Er—t] >0,

P,—a.s. and thus K;=0, P,—a.s. To wit, K €K,.
] —0= Et{/ g(r, X5")dr
t

Set a:=M — K. It is clear that
As ay =M, —K; = 5+Et[ft7 g(r, Xrt’m)dr] +0=y, P,—a.s., we see that a € ;(y). Since J, < FE; [(T—t)|?j_} =7—1,
P,—a.s., one has K, =4¢, P;—a.s. and thus

aS_MS—KSZ5+Et[/ g(r, th)d?"
t

]-"S], Vs € [t,o00).

ar=M, — 0= / r, X)) dr,  P—as. (6.88)

This shows 7(t,x,a) < 7, Pi—a.s. On the other hand, subtracting (686) from (6.88) and applying the optional
sampling theorem to « again yield that 0 < Et[f:(t za) g(r, X,’f’””)dr} =F; [aT—aT(m’a)} <0. The strict positivity of
function g then implies that 7(¢, z, o) =7, P,—a.s. O

Similar to Lemma [6], the following auxiliary result is crucial for proving the second DPP of V (Theorem [1.2)).
Lemma 6.2. Given (t,z,y)€[0,00) xR x (0,00), let a €As(y) and let C€7_'§. Then

¢
Ey [R(t,(E,T(t,(E,Oé))] < E; 1{T(t,m,a)§<}R(t7$7T(tuxua))+1{T(t,m,a)><}(v(<7Xé)waﬁ@)a)‘f’/ f('f', X:’z)dT)]
t
< V(t,z,y). (6.89)

Proof: Suppose that a =M — K for some (M, K)eM; xK;. We denote (¥,2),7):= (Xt’””, Yboo r(t, x, a)) and let
¢ take values in a countable subset {¢;};cn of [t, 00).
1) Let us start with the first inequality in ([6-89). ~

Since « is a uniformly integrable continuous supermartingales with respect to (Ft, Pt), one has az= ftT(r, X, )dr
and the optional sampling theorem implies that

TAC

TAC
Q.)?/\C = CY?-/\C_/ (r Xy )dT>Et [O‘T}]:T/\C} / g(?‘, %T)dr
t t

— B [/t?g(?“, x,)dr

As 7€ T!(y) by Proposition @2 we see from (6.55) that

=t e z,T
]:?/\C:| _/t g('l", xr)dey;Ac ) Pt_a'-s- (690)

¢
E [1{?<<}R(f=wa?)+1{?><}(V(<,3€¢@<)+/t f(r,%r)dr)]

_ ¢
>E: |:1{;-<<}R(t, x, /T\) +1liz501 (V(C, X, yé,m,‘r)—i—/ fr, ffr)dr>:| >FE, ['R(t, x, ?)} ,
t
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proving the first inequality in ([6.89)).
2) The proof of the second inequality in ([G.89) is relatively lengthy, we split it into several steps.

By an analogy to (G.IZ2), we must have either P,{(=t}=1or P{¢(>t}=1. If P{¢(=t}=1,as Y=, =y >0,
P,—a.s., one has T=7(t,x,a) >t=(, P,—a.s. Then

¢
E15<qR(t2,7)+ 1750y (V(c,aeg,mg)Jr/t f(r,aeT)dr)}:Et[V(t,aet,@t)]:Et[V(t,x,y)}zwt,x,y).

So let us suppose that t; >t in the rest of this proof. There exists a P,—null set N such that for any w e N¢,
M.(w) is a continuous path and K.(w) is an continuous increasing path. By the uniform integrability of M, there
exists £ € L1 (7-"t) such that P;—a.s.

M,=E[¢|F.], Vselt,00). (6.91)
For any i €N, similar to (6.56]) and ([6.57), it holds for all w €N except on a P;—null set N; that
ti,%ti (UJ)

NE = {QEQ“: Xs(w®y,w) #Xs(w) for some s€t, t;] or X, (wQy,0)# Xy (W) for some r€[t;, oo)} et (6.92)
2a) Fix €€(0,1). The first inequality in (@I} and an analogy to (G.63) show that
Et[m(t,x,mﬂwg,%C,mg)\+/t<|f(r, %T)|dr] <U(2)+2€(3+Cp)+€(142C,) B [X2] < o0.
So there exists A=A(¢,x, a, ) € (0, 1) such that
E, [IA(\R(t,x,?)H\V(C,%C,Q_)C)\+/t<|f(r, %T)|dr)} <¢/5 for any A€F' with P (A) <. (6.93)
We can find Z, €N such that P,{¢>tz,} <A/2.

Let i=1,---,7Z, and (r,9) €R'x (0,00). In light of [#F]) and Theorem 1] (1), there exists &;(x,9) € (0, 1ApAe)
such that

V(i) =V(tir)[<e/5, V(' 0) €05, () (1) X [0—0i(x, ), 0+ (x, )] (6.94)
By @I0), there exists a(ti,r,9) €Ay, (9—0i(x, v)) such that

V(tiry—di(t,y)=_ sup By [R(ti; (ks &))} <E, [R(tiv% T(tir alti ¥, U)))} e/, (6.99)
Q€U (9-9;(x,y))

and Proposition [£.1] shows that for some gi(zc, 9) € (0,0(x, )]

By,

R(tiax/aT(t’ivx/va(tiaxvU)))_R(t’iaxv’r(tivx,o‘(t’i7XaU)))‘:| §€/55 VF/Ebg(LU)(F) (696)

K

Let us simply write O;(z, 1) for the open set O&(; U)(g) X (l)—gi(;, n), U+8\i(x7 U))
Since (48] implies that 2, (w) >0 for any we {7>1;}, one has

P{7>t:} =P ({7>1:}0{(Xt,, Vi) ER % (0,00)}) = lim 1+ P, ({7>t:}0{(Xs,, Dr.) €Or(0) x [R™, RI}).

So there exists R; € (0, 00) such that

B({7> 130 (X0 D0) £0r, (0)x [Ri 1 R} < =

<o (6.97)

and we can find a finite subset {(z?, y;)}zzl of Og,(0)x [R; ', R;] such that ILljl Oi(xl,y%) DOR, (0)x [R; Y, Ry).
Let n=1,--- ,n; and define A :={7>(=t;}N{(Xs,,Yr.) €Oi(a’, y)} E.T;. Clearly,

%ti (w)_y:ze (_ &(x:wyzz)u/é}z(x:wy;)) C (_ 6i($iu y:z)v 51(‘@:173/:1))7 V(UEA;.
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We also set A, ::A;\( U AL ) €7, and define a 7, —measurable random variable 1, :=1 4, (Ve —yit+0i(xh, yh)) €
n <n 2 k2 n

[0,268; (2%, y%)). Suppose that a®™ :=a(t;, x%,y?) equals to M*" — K" for some (M®*", K*") € My, xK¢,. By the
uniform integrability of M ", there exists £#" € L1 (.Tti) such that P, —a.s.

M =E, [¢"F)],  Vselt, ). (6.98)

Let N" be the P, —null set such that for any &€ (N>™)¢, M""™(@) is a continuous path; K™(@) is an continuous
increasing path; and

@ (@) =M (@) =y, —8i(x},, y3,) > 0. (6.99)
As (I ) "' (N*™) is a P,—null set by Lemma[A3] (1), one can deduce from Lemma [A3] (2) that

ME™(I0), s€[t;, 00) is an F' —adapted continuous process with th(l_[fe )=y —8;(z,yl), P—a.s. and (6.100)
Kin(IL), s€t;, 00) is an Ft—adapted, continuous increasing process with Kt; (I,)=0, P,— '

An analogy to [@8) and [@J) shows that v/, :=inf {s € [t;, 00): o™ (II} ) ft 7, X, )dr=0} defines a 7_'t—st0pping

time. Since at "(I} )>0, P,—a.s. by (6.99), we see that v, >t;, P,—a.s. and thus E, v}, t|]-'t}>0 P—a.s.

Similar to the proof of Proposition E2] J&":= 11[1f ]Et [u —t; |]-" }, s€[t;,00) is an F —adapted, non-negative,
s'eft

continuous decreasing process such that JZZTn:E [V —t ‘]—'t ] >0, P;—a.s. and that JZ " <Et[ —t; |}' ] —t;,

P,—a.s. Then K" :=nt 1/\(3?3 )+ } >0, s€|t;, 00) defines an F —adapted, continuous increasing process over period
[ti, 00) such that

Ky"=0 and ICf/’inznfI holds except on a P,—null set N}:". (6.101)
o N

I, ow o z .
Set A;:= U U Al e, and Ny:i=ANU( U U (It )1 (NO™) ) € 4t We claim that
f i=1 n=1 " iz, ¢ i=1 n=1" U

M, = M+, S Lisstynas (ME"(IIE) = Mo+ My, —yi +0i(2h, ys)), s€[t,00) is of My,

_ . . _ (6.102%)
and Ky = Ko+370 S0 Tgsignas (KD (I0) = Ko+ Ky, + K57, s€t, 00) is of K.
As t; >t by assumption, it holds P,—a.s. that M;=M;=y. So a:=M — K € (y).
2b) Setting T:=7(t,z, @), we next show that T=7, Pi—a.s. on {T<CU({7T>C}NAS).
Since ([6-I02) shows that
(T, (@), K@) = (M), Ko@), ¥ (.)€ (It.00)x A5 U 1. (6.103)
we obtain that
(W) =as(w), V(s,w)e([t,00)x A5)U[t,C[. (6.104)

So for any w € Af, one has 7(w) = (T(t,z, @) (w) = inf {s €[t,00): as(w)— [ g(r, Xr(w))dr = O} = inf {s €[t,00):

)= (. X (@) dr =0} = ((t,2.) () =7().
Let we{TSCSIo}ﬁMC- By (6.104),

a(s,w)=a(s,w), Vselt,((w)). (6.105)
If 7(w) <({(w), one can deduce from (6.105) that
T(w) = inf{se[t, 00): as(w)—/tsg(r, %T(w))dr:O}:inf{sE[t,((w)): as(w)—/tsg(r, %T(w))dT:O}
— inf {s€t, 6D @)~ [ gln () ar=0};
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which implies that 7(w)=inf {s€[t, 00): @s(w)— [ g(r, X, (w))dr=0} =7(w).
Otherwise, suppose that 7(w)=((w). The definition of 7(¢, z,«) and (6I05) show that

s ¢(w)
a(s,w):a(s,w)>/t g(r, %, (w))dr, Vs€e[t,((w)) and a(C(w),w)z/t g(r, X, (w))dr. (6.106)

As M .(w), M.(w), K.(w), K.(w) are all continuous paths by the proof of ([.102)), we see from (6.103) and (6.106) that

o ¢(w)
E(C(w),w) = (M—K) (C(w),w) =(M-K) (C(o.)), o.)) :a(C(w), o.)) :/t g(r, %T(w))dr,
which means that 7(w) = (7(t,z,@)) (w) ={(w) =7(w). Hence, we have verified that
T=7, Pi—as. on A{U{T<(<TL}={T<CFU({T>(}INA]). (6.107)

2c) Leti=1,---,Z, and n€l,--- ,n;. In this step, we demonstrate that
ti
Ei[14 R(t,2,7)] > E; [1% (V(ti,aeti,mti)jL/ (r, %T)dr—4a/5)]
t

Set N :={we Q' Vi (w) =00} € A" and G := Al N (./\/iU./\A/'i’"UN;;"U(H’;)_l(Ni’"))C 67-"1;. Let weGY. The
definition of v/ shows that

: s . . ) v (w)
a?"(l‘[’zi(w))>/ g(r,f{T(w))dr, Vse[ti,l/;(w)) and az’"(ufl(w),ﬂﬁi(w)):/t g(r,%r(w))dr. (6.108)

t;

i

Since we AL, C{7>t;} and since

as (w) = 1{S<ti}a5 (w)+1{52ti} (O‘?n (H; (w)) +/t i g(r, :{T (w))d?‘—i—nfl(w) _K:Z;n(w» ’ se [t7 OO)?

we can deduce from (6.101]) and (E.I08) that

as(w) = oes(w)>/tsg(r, %T(w))dr, Vselt,t;),

a,(w) > ol (11, (w))—i—/t ig(r, %T(w))dr>/t g(r, X, (w))dr, Vse[t;,v)(w)),

, , ) ti vl (w)
and a(v)(w),w) = o™ (v, (w), 10, (w)) —l—/t g(r, %, (w))dr:/t g(r, %, (w))dr,
which implies that
T(w)=(7(t,z, @) (w)=v}(w), YweG,. (6.109)

Similar to Problem 2.7.3 of [32], there exists G, € F{, such that NG =G AG! e /. By Proposition B3 (1), it
holds for all we Q! except on a P;—null set Agn that (Né")tw eNti,

Now, let wEG;ﬁé;ﬂ(ﬁé")c and &€ (NG") < UNE) . As we Gl and B e (NG")4+) = ((/\/g")c)ti’w, Lemma
B shows that w®y, &€ GY and thus w®y, & €GN (./V'én)c =GiNG, CGi. Applying [6.109) with w=w®,,d, we see
from (692) that

T(Ww®y, @) = V) (w®y, ) =1inf {s€[t;,00): ab™ (@) —/ g(r, X (w®¢,@))dr=0}
ti

= inf {56 [t;, 00): ai’"(@)—/t.sg (r, Xfi’x”(w)(@))drz()} = (T(ti, X, (w), ai’")) (@)::Té’”(@).
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Then ([6.92) again shows that

?(w®ti§)

(R(t,2,7) (@) = (R(t,2,7)) (&, 5) = /

t f(r, X, (w®ti&7)) dr+m (?(w@tifu), %(?(w@ti@), w®tic~u))

ti T (@) _ _ )
/ f(r, X, (w))dr—i—/ f (T, X:I’xti (w) (C))) dr—i—w(TZJn@), X, (W) (T:;" (@), G))
t ti

/t if(?", X, (w))dr—l— (R(ti, X, (w), TZJ”)) ().

Taking expectation Fy,[-] over &€ Q% except the Py, —null set (NG")"* UNY yields that

t

E,, {(R(t, z,7)) w] =Fy, [R(ti, X¢, (w), 7(ti, Xy, (w), &™))] —I—/t if(r, X, (w))dr.

Since (:{tz (W)v %ti (w)) EOSI(%,%) (x%)x(yil_gz (‘Tizv y:z)v y:fi_gz (‘T:zv y:z))v using (M) with (Fv 0, x/) = (w;w yim %ti (w)) and

applying 634) with (v, 0,0, 9') = (7, yh, 20, yn — i@}, 9)) and (6,9,8,9") = (23, yp, X, (w), D1, (w)) respectively,
we can deduce from (G.95) that

ti
Ey, {(R(t, x,?))ti’w} —/ f(r, %X, (w))dr > Ey, [R(ti,x;, 7(ti, b, ai’”))} —e/5>V(ti, al, yl —0;(xh, yh)) —2¢/5
t
>V (b, yh) =32 /5> V(ti, Xe, (W), D, (w)) —4e /5,  YweGLNGLN(NE™) (6.110)

The first inequality in (1) and Proposition B4 (2) imply that E; [R(t,x,?)}?;] (w)=E, {(R(t, x,?))ti’w} for
Pi—as weQ. As 1, a =1gilg =1gi =14, Pi—a.s., we can derive from (€I10) that

Ei[1a: R(t,2,7)] = [1% E[R(t,2,7) \J_fm —E [1 By [(R(t,x, ?))ti*ﬂ]

GiLNGY,
ts ¢
ZEt |:1G1 nNGi (V(tzvxtﬂ@tl)_F/ f(T; xr)dr_45/5):| :Et |:1_A¢L (V(Caxgvfgg)_F/ f(rvxT)dT_4€/5):|
n n t t
Taking summation over n€1,--- ,n; and i=1,--- ,Z, and using the conclusion of Part 2 yield that
¢
E [R(tv I,?)} > Ey [1{?<C}U({?>C}HA§)R(t7 €, ?)‘f'lAn (V(Ca X, Q.)C) +/ f(r, %T)dr>] —4e/5. (6.111)
t
n; . n; . n; . .
2d) Since !1-'4:1: glA;:{?><:ti}m{(3€ti,@ti)e leOi(x;,y;)} for i=1,---,Z,, one can deduce that
~ c_ 1~ Lo (i~ g i
{T>C}0Aﬁ:{T>C>IO}U(iL_Jl ({T>§:ti}ﬁ{(f{ti,ﬁ_)ti)¢n91(’)i(;vn,yn)}>>,

and (6.97) implies that P, ({7>(}NAf) < P{¢> T+ B({F> 630 {(%:,,D0) ¢ Or, (0) x [R7Y R]}) <. Tt
then follows from (6.93) that

¢
‘Et |:1{?>C}H.A§ (R(t7 €T, ?)_V(Cv %Cv Q.)C) _~/t f(ra %r)dr):| ‘

¢
R(t,x,?)|+\V(<,x<,@<)\+/t |f(r,.'fr)|dr)} <e/5,

<F; [1{? >CHnAg (
which together with (6I11) and ([I0) leads to that
¢
V(t, 2, y) 2 E[R(t,z,7)] > By [1{?s<}73(t7$,?)+1{?><} (V(C, Xe, %<)+/ fr, %r)dr)] —e.
t

Letting ¢ — oo yields the second inequality in (G.89]). O
Proof of Theorem Fix t€]0, 00).
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1) Let (z,y) € R'x(0,00) and {¢()}aen,(y) be a family of 7_'§—st0pping times. For any a €2:(y), taking ¢ =((a)
in (G.:89) yields that

E, [R(t, x,7(t, z, a))} < E; [l{f(tﬁzﬁa)<<(a)}7€(l€, z,7(t, x, a))

o)
+1{T<t,z,a>><<a>}(V(C(a)aXf&ZyYZ(’Z;a)Jr/t fr, Xf’””)dr)] <V(t,z,y).

Taking supremum over o €2 (y), we obtain (L4) from (@I0).
2) Next, suppose that V(s,z,y) is continuous in (s, z,y) € [t, 00) x R! x (0, 00).
We fix (z,y) R x(0,00) and a family {¢()}aea, (y) of ’7_‘t—stopping times. Let a € (y), n€N and define

[ p—
Cn=Cn(0)=1{c@=ppt+ D> Lic(a)e(tr(i-1y2- triz—ny (t+i2 ") ET .
ieN

Applying ([6.89) with {=(, yields that

E; [R(tv xz, T(tv Zz, OZ))] < Fy |:1{T(t,m,a)§Cn}R(ta €T, T(ta xz, Oé))

Cn
+1{T<t7m7a>><n}(V(Cm xLryhey+ [ f(r, Xf’m)drﬂ <V(t,z,y).

t

As n — oo, using similar arguments to those that lead to (676) we can deduce from the continuity of function V in
(s,r,n) €[t,00) xR x (0, 00), the continuity of processes (X**,Y"**) and the dominated convergence theorem that

Ky [R(tv €z, T(tv Zz, O‘))} < Ey [I{T(t,w,a)SC(a)}R(ta €T, T(ta xz, Oé))

C(o)
+1{T<t,z,a>><<a>}(V(C(a)aXf&ZyYZ(’Z;a)Jr/t fr, Xf’””)dr)] <V(t,z,y).

Taking supremum over o€ 2 (y) and using [@I0) yield (T4) again. O

6.4 Proof of Section

Proof of Theorem [5.3k Under (24) and (2I4), Theorem [Z1] (2) and () show that V is continuous in (¢, z,y) €
[0,00) xR % [0, 00). By @3), V(t,z,0)=n(t,z) for any (t,x)€[0,00) x RL.
1) We first show that V is a viscosity supersolution of (52)).

Let (to, %o, Yo) € (0,00) X R! x (0, 00) and let ¢ € C1*2([0,00) x R' x [0, 00)) such that V—¢ attains a strict local
minimum 0 at (¢,,Zo, Yo). So there exists a d, € (O,to/\yo) such that for any (¢,x,y) € Os, (Lo, To, yo)\{(to, xo,yo)}

(V=0)(t,z,y)>(V—=0)(to, To,yo) =0 and }Dmﬁb(tafEay)_Dz¢(t07$0790)}V|8y¢(tazay)_ay(b(tmxmyon<1- (6.112)

According to (24) and (214, the functions b, o, f, g are continuous in (¢,2). Then

o~

¢ (t,2,y) =0 b(t, 2, y) — Lad(t, 2, y)+g(t, )0y d(t, 2, y)— f(t,2),  V(t,x,y)€[0,00) xR x[0,00)  (6.113)

is also a continuous function.
To show ¢ (to, Zo, Yo) — H(te, To, Yo) >0, it suffices to verify that for any a € R?

(;(tou Zo, yo) - %|a|26§¢(t07 Lo, yo) - (Dm(au(b(to, Lo, yo)))T'U(toa xo) 'GZ 0.

Assume not, i.e. there exists an a€R? such that

1 T -
€= §|a|26§¢(t07x07 yo)+(Dw(6y¢(t07 :Eou yo))) 'U(to7x0)'a_¢(to7x07 yo)>0
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Using the continuity of o, ¢ and ¢, we can find some & € (0,0,) such that
1 ~ 1 _
§|a|28§¢(t,x,y)+(Dm((?yqﬁ(t,w,y)))T'U(t,w)-a—¢(t,x,y)z§5>0, YV (t, z,9) €Os(to, To, Yo)- (6.114)

Clearly, M,:=y,+al- Wl sec|t,, 00) is a uniformly integrable continuous martingale with respect to (Fto, Pto).
By taking K = 0, we have a®:=M €y, (yo). As O,:= (s, XloTe Yiewo:a") st 00) are Fto—adapted continuous
processes with O, = (t,, To, Yo), Pr—a.s., (:=inf {s € [to,00): O5¢ Os(to, 70, yo)} defines an Fto-stopping time with
to<(<to+6, P;,—a.s. Since

05 €05(to, To,Yo) on the stochastic interval [t,, ([, (6.115)
6114), (6112), (L) and (24) imply that

%|a|285¢(@7")+ (Dm(ay¢(er)))TU(T7 Xrtmmo)'a_;b\(er) > %5 >0

y¢(®r)||a| < (1+|Dz¢(t07$0ay0)|)(|‘7(t07$0 |+\/|| ||5+\/|| () llp(d) 1+|I0|w))
+(1+10y¢(to, To, Yo)| ) [a] <00 (6.116)

and | Dy(0,)||o(r, Xfor"e)

holds on [t,,([. Applying It6’s formula to process {¢(©,) then yields that

s }se[to,oo)

¢
6(O¢) = 6(to, Ty o) = / (00(01) g1, L5710, 8(8,) + La6(O,) +51aP06(01) + (D (2,6(0,))) o (r, Xle™)-a) dr

o

¢
4 / (Ded(O,))T -0 (r, XLo%) +0,6(0,)-aT)diV'e,

¢ ¢
‘/ F(r, Xt )i+ / (D2(On)" o (r, X2 7) +0,6(O,)-a")dWye, P, = a.s. (6.117)
to to
Set my := min (V—=9)(t,z,y) >0 by ([EI12). The continuity of process © and ([G.I15]) show that

(t,2,y) €005 (tos0,Y0)
P, {@C €005(to, Tos yo)} =P, {Y;C”IO’O‘O >yo—0>0, VseElt,, C]} =1, (6.118)

the latter of which implies that
T(to, o, @°)>(>to, Pi, — a.s. (6.119)

Taking expectation Ey, [] in (6117) and applying Theorem 2| (2) with {(«) = ¢, we can derive from (G.116), ([G.118)
that

¢ ¢
Oltor o)+ < B 6(00) + [ 106 ) | s < B, (V@) + [0, 00|
t t
¢
:Eto |:1{T(to,zo,a°)<C}R(toa Lo, T(toa To, ao)) +1{~r(to,mo,a°)>§} (V(GC)+/ f(ra Xf()@o)dr)] (6120)
t

¢
< ;urz )Eto |:1{T(to,mo,a)§C}R(to;IovT(toyxo; @) +1r(ty 00,0 >¢}( (Q Xlorte Yt Los CY)4—/ fr, XloTe )dT)}
ac®ls, (Yo t

= V(to; Lo, yo):d)(tm Imyo)-

A contradiction appears.
We can also employ the first DPP (Theorem A1) to induce the incongruity: Denote 7, :=7(t,, Z,, @°). By the
continuity of process Yte:%e:®”

yo—l—aT-WTt;’—/ g(r, X:O’IO)dr, P, —a.s. (6.121)
t

o
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So By, [ [2g(r, Xlo*e)dr] =y,, which together with (EI19) shows 7, € 7?;’ (Yo). On the other hand, taking conditional

expectation Fy, | - ’.Tzo] in (@I21)), one can deduce from (G.I19) and the optional sampling theorem that

— ¢
]:CO}—/ g(r, Xrt"’z")dr
t

o

o ¢
th"’z"’a = yo+aT-WC°—/ g(r, Xf"’z")dr:Eto [yo+aT~WTt;’

to

¢
—t,
]:C } —/t g(r, Xf"’z")dr:yé"’%’ﬂ’, P, —a.s.

= Eto{/ Og(T,XTtO’I")dr
to

Then we can apply Theorem ] (2) with ((a) = ¢ to continue the deduction in (G.120)

¢
¢(t07$05y0)+m1 < Eto|:1{TOSC}R(thI05T0)+1{TO>C} (V(<7Xg«mmo7y2mmoﬂ'o)+/t f(T7 Xfo@o)dr)]

¢

S sup Eto |:1{T<C}R(t07$O7TO)+1{T>C} (V(C,XZ_O;IO, éowo,‘l')‘i‘/ f(T7 er‘mIO)dT)]
Teﬁg (yo) t

- V(tou Lo, yo) :¢(tou To, yo)-

The contradiction recurs. Therefore, V is a viscosity supersolution of (5.2)).
2) Next, we demonstrate that V is also a viscosity subsolution of (5.3).

Let (o, o, Yo) € (0,00) x R! x (0, 00) and let ¢ € C122([0,00) x R! x [0, 00)) such that V— attains a strict local
maximum 0 at (t, Zo, Yo). So there exists a A\, € (O,to/\yo) such that for any (¢,x,y) € Oy, (to,xo,yo)\{(to,xo, yo)}

V=p)(t,z,y) <(V—p)(to, To, Yo) =0 and |Dmg0(t,x,y)—Dwg0(to, Zo, yo)|\/‘6ycp(t, x, y)—(?ycp(to,xo,yo)‘ <1. (6.122)
Similar to @IT3), ¢ (t, #,y):=—0p(t, ,y) = Lap(t, 2, y)+9(t, )0y p(t, 2, y)— f(t, x), ¥ (t, 2, y) € [0, 00)xR'*[0, 00)

defines a continuous function. If Ho(ts, o, yo) =00, then @ (to, To, Yo) — H(to, To, Yo) <0 holds automatically.
So let us just consider the case Hp(to, To, yo) < 0o. By (BI), there exists A\, € (0, \,) such that He(t,z,y) <

Hep(to, To, Yo)+1 <00 and thus 9p(t, z,y) <0, V (¢, z,y) €05, (to, %o, Yo). If one had 9yp(to, 2o, yo) <0, (212) and
(6122) would imply that

O(to, To,y) = w(to,:vo,yo)+/y soy(to,:vo,s)ds=<p(to,:vo,yo)+(y—yo)-5y<p(to,wo,yo)+/y/s 02 (to, To,7)drds
Yo Yo o
< @lto, To,Yo) = V(tos o, Yo) V(to, oy y),  YYE (Yo Yot Ao).-

which contradicts with the strict local maximum of V—¢ at (t,, Zo, Yo). Hence we must have

Oyp(to, o, Yo) >0. (6.123)

To draw a contradiction, we assume that
=0 (to, To,Yo)—He(to, To, Yo) >0.

According to (G.1Z3) and the continuity of @, there exists A€ (0, \,) such that for any (¢,2,v) € Ox(to, To, Yo)

Oypt,z,y)>0 and Hep(t,z,y) <HP(to, To, Yo) +€/2=0 (to, To, Yo) —€/2 < P(t, 2, ). (6.124)

Fix a €, (yo), so a=M*—K® for some (M*, K*)eM,;_ xK; . In light of the martingale representation theorem,
one can find q* € H}'°° such that

P{ [ lazPdr<c, Vse[to,oo)}:Pto{M;’:/ (a2) TV, W s€lto,00) p=1. (6.125)
to

to
As ©%:= (5, XloTe, Y]IoTo) s€(t,,00) are Fto—adapted continuous processes with ©¢ = (t,, 2o, ¥,), Pr, —a.s.,

Ca::inf{se[to,oo): 9g¢5>\(to,xo,yo)} (6.126)
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defines an Fto—stopping time with t, <{*<t,+A, P, ,—a.s. The continuity of processes ©“ implies that P, —a.s.
0% €0x(to, To, o), V8E[to, 7] (6.127)
Similar to ([EI18]), we can deduce from (6127), (€I124) and ([@I22) that for P; —a.s.
@ @ [e% T 0,To a [e% [e% ~ @
By (O7) >0, —\qr\ 20(07)+ (D2 (0y0(07))) - a(r, Xjowo)-q7 =5 (O7) <H@(07) ¢ (07) <0 and  (6.128)

)| +10y0(09)|[a5| < (1+[Dap(to, To, Yo)l) (|0 (tos o) |+ /[l ()] 6+ p(8)(1+|z,|7))
—|—(1—|—|3yg0(t0,330,y0 )|qr|<ooa VSE[ o,Ca]- (6.129)

’Dmcp o Ho T,Xf"’%

Let n € N and define (7 := inf {s € [t,,00) : f:ﬂ lq¢2dr > n} AC* € T Applying Itd’s formula to process
{£(02)} it o) 20 using (EI28) yield that

90( ?g) _(P(toaxoa yo)

¢ 1
= [ (0uet©2) gl A1 7)0,0(07)+ Lao(87)+ 3 |02 050(02)+ (Da(0y0(65)
t

o

T, 1) 03 ) dr

o

n Cg
- Byw(G?)dKﬁ“+/ ((Dap(O2)T -0 (r, Xy2) +0,p(O7) - ()" ) AW,
t

to o

B
/ Flr, Loy dr+ / (Dap(O2)" -0 (1, XL) +0,0(02)-(a2)")dW}e, P, — as.

Taking expectation E; [-], we see from ([GI29) that ¢(to, %o, y0) > Fr, {w(@?a) —|—ft<S f(r, Xrtf’*z")dr}. Since (6.127)

and the continuity of f show that |¢( O‘a) ‘—|—ftig f(r, XtorTo)

dr < max otz y) A  max - |f(t, )
(t,2,y) €O (to,T0,Y0) (t,z)EON(to,z0o)
and since hm T ¢¥=(*, P;,—a.s. by (@I25]), we can derive from the dominated convergence theorem that

¢ ¢
O(to, To, Yo) > lim E}, [cp(@?ﬁx) +/ f(r, Xfo,wo)dr] =F;, [cp(@?a) +/ f(r, X:o,wo)dr] ) (6.130)
n—00 n to to
Set mg:= min (p=V)(t,z,y)>0 by ([6I22). The continuity of O and (6I21) show that

(t,2,y) €O (to,T0,Yo)
Pto{(a?a 680)\(150, Lo, yo)} :]DtO {}/Sto,xo,a Zyo—A>O, Vse [to, Ca]} =1.

The latter of which implies that 7(¢,, ., ) >(* >t,, P;,—a.s., which together with (GI30) leads to that
¢ ¢
O(to, To, Yo)—ma > E} [cp(@?a)—mz—i—/ f(r Xfo’%)dr] >FE, [V( ?a)—i—/ f(r, )(;fo,wo)dr]
t

ZEto|:1{T(to,Io,Ot)<<°‘}R(tO7x077—(t07xoua))—"l{T(to,mo ><0< ( 6404 / f T Xt07mo)d7a):| . (6.131)

Taking supremum over a € s, (y,), we can deduce from Theorem that

@(tm Lo, yo)_mQ > Qsturz )EtO |:1{T(to,mo,a)§Ca}R(th To, T(tm Lo, OA)) +1{T(to,mo,a)>co‘} <V(@?ﬂ) +/ f(?", Xrto’mo)dr):|
ac:, (Yo t

= V(tov Lo, yO) = @(t07 Lo, yo)-
A contradiction appears.
We can also use the first DPP (Theorem EI) to get the incongruity: Let 7 € T} °(y,). By Proposition E2]

T=7(to, To, ) for some €Uy (yo). Let ¢* be the Fto—stopping time defined in ([G.I26]). Similar to (6.90), one has
Yoo > ylotoT P _as. It follows from (G.I31) that

TACE TACE

w(to,xo,yo)—mg > Eto[l{Tgca}R(to,IO,T)+1{T><Q ( (C Xt Lo Yt moa _|_/ f(T, Xf"’mo)dT)]
t

o
> Eto |:1{T<C°‘}R(t07 Lo, T)+1{T><D‘} (V(C Xt o yt ol +/ f(Ta X:mwo)d?ﬂ)} .
t
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Taking supremum over Te’?;tg (yo) and applying Theorem [.1] (2) yield that

O(to, ToyYo)—Mg > sup Bt | 1ir<coyR(to; To, T)+1{r>coy <V(<a,){t2,x07yt3,zo,7)+/ f(r, Xfom@d?“)}
ztoo(yo) t

= V(to; Imyo):@(tmxoa yo)-

The contradiction appears again. ([

A Appendix

Lemma A.1. Let t€[0,00). (1) The sigma—field F* satisfies B(QU) =0 (Wl;s€[t,00)) :J( U ]:;)

sE[t,00)
(2) For any s € [t,00], the sigma—field F. can be countably generated by € := { 61 (WE)™H(Os, (w5)) : meN, t; €

S

QU{t} with t<t,<-- <t <s, z;€QY, 6ie<@+}.

Proof: 1la) Let w e Q! and 6 € (0,00). For any n € N with n > 1/4, since all paths in Q! are continuous, we can
deduce that

Os_1/n(w) = {0 €Q': |'(s)—w(s)|<6—1/n, Vse[t,00)} ={w €' |w'(s)—w(s)|<6—1/n, Vse[t,00)NQ}
S0 e W) DD} = 0 (WD) G ules) o (Wi € 0).

s€(t,00) [t,00)NQ

It follows that Os(w) = UNU(;,l/n(w) co(Whselt,00)). As B(Q) is generated by open sets {O5(w): we Q' de
ne

(0,00)}, one thus has Z(Q") Co (Wi s€t, 0)).
Next, let s€[t,o0), r€R? and §€(0,00). Given we (W)~ (Os(x)), set A=A(s, z,w):=6—|W!(w)—=z|>0. Since

(W) =] <|w'(s) —w(s)|+]w(s) —2] < o' ~wlle+|w(s) —z| <A+ |w(s) —z| =6, Vw'€Or(w),

we see that Oy (w) C (W!)~!(Os(x)) and thus (W)~ (Os(z)) is an open set under the uniform norm | - ||;. Then
Os(z) € Ag:={E CRL: (WHHE) € B(Q)}, which is a sigma—field of RY. As %(R?) is generated by open sets
{Os(x): z€R?,6€(0,00)}, one has B(R?) C A, which implies that o (W s€[t,00)) = {(W!)"H(€): s€lt, ), £€
BRY)} CB(Q).

1b) Clearly, Fl=o(Wirelt,s]) Co(Wire(t,o0)), Vse[t,00). It follows that a( SG[LtJOO) ]-“;) Co(Whselt,)).

On the other hand, since (W!)~1(€) e Ft C O'( U ]-'ﬁ) for any s € [t,00) and £ € B(R?), we have o(Wi;s €

re(t,00)

[t,oo)):a{(wg)*l(g):se[t,oo),56@(Rd)}c(f( U ft).

SE[t,00) s
2) Fix s € [t,00]. Define [t,s) :=[t,s] if s < 0o and [t,s) := [t,00) if s = 0c0. Let r € [t,s) and let {r;}ien C
{t} U ((t,r) N Q+) with lim 1 7r; = r. For any z € Q? and 6 € Q, the continuity of paths in Q! implies that
71— 00
(W)~ (0s(2)) = P:m U, .0 ((Wﬁi)*l(@,gx))) €a(€!). Thus Os(z) €A, :={ECRL: (WH™H(E) ea(EL)},
which is a sigma—field of R?. Since Z(R?) can also be generated by {Os(z): z€Q%, §€ Q. }, we see that Z(R?) CA,..
It follows that F! =0 (W};ret,s)) =a{(W})"HE): ret,s), € € BRY)} Co(€)). On the other hand, it is clear
that o(€L) Co{(W)H)~HE) :relt,s),E€c BRY) } =a(Wirelt,s)) =FL O

Lemma A.2. Let 0<t<s<oo.

(1) The mapping 11} is Fl/Fi—measurable for any r € [s,00]. Then for each F*—stopping time 7, T(II%) is a
Ft—stopping time with values in [s,00].

(2) The law of I% under P, is Py: i.e., Pyo (IIL) "' (A) =P, (A), VA F.

Proof: 1) For any r€[s,c0), an analogy to Lemma A.1 of [10] shows that ()~ (A) € FL.C F* for any A€ F. Set
A= {EC Qs ()1 (K) €F'}, which is a sigma—field of Q°. As ]—'fC/NX for any r€[s, 00), we see from Lemma [A]]
(1) that }'Sza( U ]-'ﬁ) CA, ie., (ITY)"1(A) € F* for any Ac F>.

rE(s,00)
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Let 7 be an F*—stopping time. For any r € [s,00), since {7 <7} € F, we see that {7(II}) <r} = (II%)~* ({7 <
r}) € FL. Thus 7(IIY) is a F'—stopping time with values in [s, 0o].
2) Next, let us demonstrate that the induced probability P:= P,o(IY)~! equals to Ps on F*. Since the Wiener
measure Py on (2°, F*®) is unique (see e.g. Proposition 1.3.3 of [53]), it suffices to show that the canonical process
W* is a Brownian motion on Q* under P: Let s<r <7’ <oco. For any £ € Z(R?), one can deduce that

(1)~ (W= wy)

THE) = {we W () (w)) Wy (1Y) (w)) €€}

= {weQ' 1 w(r)—w(s)— (w(r)—w(s)) €E}=WL-WhH (). (A1)

So P((W5—=W2)~1(€)) = P (WL —W!)~Y(E)), which shows that the distribution of W —Ws under P is the same

as that of W}, — W/ under P, (a d—dimensional normal distribution with mean 0 and variance matrix (r' —7)Igxa).
On the other hand, for any A€ F:, since (II})~' (A ) € 7! is independent of W, —W/ under P, (A1) implies that

P(AN (W2 =w;) ™' (@) =P ()~ (A) 0 (@)~ (W -w;) 7' () )
=P~ (A)) - P () (Wi - W) ) ) = P(A) - P(W-w;) ' (€)), vEes®Y),

which shows that W2, —W}? is independent of F? under P. Hence, W* is a Brownian motion on 2* under Pp. O

T

We have the following extension of Lemma

Lemma A.3. Let 0<t<s<o0.

(1) For any Py—null set N, (Hg)fl(./\N/) is a Py—null set.

(2) For any r € [s, 00|, the mapping 11, is ?j/?i—measumble. Then, for each T€T , T(I%) is a ?t—stopping time
with values in [s, 00].

(8) Po (Hé)’l(g) =P (/Nl) holds for any AcF".

Proof: 1) Let N € .#%, so there exists an A € F* such that N C A and P, (Z) =0. Lemma implies that
()~ (A) € F* and that P,((I) " (A)) =P, (A)=0. As (II)) "1 (V) C (Ht)_l (A), we see that (ITL)~*(N) e
2) Given r € s, 00, Lemma [A2] (1) shows that F5 CA,:={AcCQ®: (II})"!(A )E}"ﬁ}CKT:: {AcQs:(@t)~1(A4) e
}'T}, which is clearly a sigma—field of Q5. Since .45 C A, by Part (1), it follows that F, = o(F*U.A*) C A, i.e.
(1) =1 (A) €F. for any AcF..

Let 7€7 . For any r€([s, 00), since {r <7} €F,, we see that {r(IIt)<r} = “{r<r}) €F. . Thus 7(IT*) is

aT —stopplng time with values in [s, 00].
3) Let AcF". Similar to Problem 2.7.3 of [32], there exists an A€ F* such that AAA€.# %, Since

(1) (AAA) = (IT) 7 ((ANA®)U(ANA®)) = (IT) "1 (ANA®)U(ITE) L (AN A°)

— ()= () ()~ () ) u ()~ (AN () 7 (A))) = (1)~ (A) AT (A),

we know from Part (1) that (ITY)~!(A ) (IIY)~*(A) is a P,—null set. So by Part (2) and Lemma (1), the
F' —measurable random variable (Imt)~ (A) equals to the F*—measurable random variable (IT%)~ (A), P,—a.s. Then
Lemma [A2] (2) yields that P, ((II{)~*(A )) P (1)) 71 (A)) =Py (A) =P,(A). O

Lemma A.4. Let t€[0,00).

(1) For any € € L* (.Tt,E) and s € [t,00], Ey [{‘7—2} = E/[¢|Fl], Pi—a.s. Consequently, an E—valued martingale
(resp. local martingale or semi-martingale) with respect to (F', P,) is also a martingale (resp. local martingale or
semi-martingale) with respect to (Ft Pt)

(2) For any s€t, oo] and any E—valued, f —measurable random variable &, there exists an E—valued, F!—measurable
random variable & such that § ¢, P—

(3) For any E—valued, F —adapted process X = {Xs}selt,o0) With Pi—a.s. left-continuous paths, there exists an
E—valued, F'—predictable process X ={ X} ) such that {weQl: X (w)# Xs(w) for some s€t,00)} € N".

s€E[t,00
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Proof: 1) Let € L! (.Tt, E) and s€[t, 00]. For any AE.TZ =0 (FLuA"), similar to Problem 2.7.3 of [32], there exists
an A€ F! such that AAA€ #*. Then we can deduce that [, £dP; = [;€dP, = [ E/[¢|FL]dP, = [, E,[¢|Fl]dP;,
which implies that E;[¢|F,] = E;[¢]Ft], Pi—a.s.

2) Let s€(t,00] and let £ be an E—valued, 7i—measurable random variable. We first assume E=R. For any neN,
we set &, := (EAn)V(—n) 67—"1; and see from Part (1) that &, := E, [6n|FL] = B [&JT—"Z} =&, Pi—a.s. Clearly, the

random variable E:: ( lim gn) 1{ T £ <OO} is F!—measurable and satisfies
n—oo n

£= (nlgn;ogn)l{n@ogn<m} =Eliecoy =& Pi-as.
When E = R* for some k > 1, let & be the i-th component of &, i =1,--- k. We denote by §~Z the real-valued,
Fl—measurable random variable such that & = ¢¢, P,—a.s. Then € = (€1, -+ , &) is an E—valued, F!—measurable
random variable such that 5:5, P,—as.

3) Let X = {Xs}selt,o0) be an E—valued, Ft—adapted process with P;—a.s. left-continuous paths. Like Part (2),
it suffices to discuss the case of E = R. For any s € [t,00)NQ, Part (2) shows that there exists a real-valued,
Fl—measurable random variable 25 such that 2 = X, P,—a.s. Define N := {w € Q' : the path X .(w) is not

left-continuous } U ( U {X.# 3?,”5}) e Nt
s€[t,00)NQ
2
For any n € N, set t}! = t+i/n, Vi € NU{0}. Since X! := 21—+ 1 Zin Lse@n  an)y> s € [t,00)
is a real—valued, F!—predictable process, we see that )ZS = (m Xg)l{ T xne }, s € [t,00) also defines a
n—oo im X7 <oo
real—valued, F!—predictable process.
Let w € N¢ and s € (t,00). For any n € N with n > s—t, since s € (sn—%,sn] with s, = t+ M, one
has X"(w)=2, 1(w) =X, 1(w). Clearly, lim (s,—2)=s. As n — oo, the left-continuity of X shows that
n "on n—o00 n

Sn

lim X7(w) = lim X, _1(w)= X,(w), which implies that N C {weQ': X,(w)=X,(w), Vselt, 00) }. O
n— oo n— oo n
Example A.1. Suppose that d=1 and g:= sup g(t,x)<oo. Given (t,x)€[0,00) xR, there exist y € (0, 00)

(t,2)€(0,00) xR!
and q EH?’IOC(R) such that o :zy—i—f: qr-dWt, s€[t,00) is a positive strict local martingale with respect to (Ft, Pt)

that satisfies Et[ftT(t’w’Q) g(r, XH")dr] <y.

Proof: Let g€ (1,00). In light of [23], the solution {Y} e[ 00) tO
Tszl—l—/ (Y)9dW)t,  set,00)
¢

is positive strict local martingale with respect to (Ft, P,), So there exists a s € (0,00) such that E,[T,] <1.
—i
Let y € [14+g(s—1t),00) and set q2:=(Y,)? >0, s € [t,00). For any n €N, the F —stopping times ¢, :=inf{s €
[t,00): |Ts—1|>n} satisfies that E;[ [ (q2)%dr] =E¢[|T¢, —1|*] <n?. So it holds except on a P;—null set N, that

ff" (q2)?dr < co. Since Y is also a supermartingale such that Yo, :zslin;OTs exists in [0,00), P,—a.s., the continuity

of process Y implies that for all w € Qf except on a Pr—null set N, (u(w) = oo for some n =n(w) € N. Given
we( QNNg) NN, one has [ |q2(w)[2dr= [ |2 (w)[2dr < oo. Thus, q°€ L21°°(R).
Set ag:=y+ [ q2dW}!=",+y—1>0, s€[t,00). As it holds P,—a.s. that
/ g(r, Xb)dr<g(s—t)<y—1+Y,=a2, Vs€Elt,s),
t
we see that s <7,:=7(¢t,z,a°), P;—a.s.
Next, let us define g, := 1g,<r.1q%, s € [t,00), which is clearly of L}'°°(R). Then oy :=y+ [, q.dW! = a2 ,,,

Vselt,00) and it follows that 7(¢, x, ) =7, >s, P,—a.s. Since a® =T+y—1 is a positive continuous supermartingale,
we can deduce from the continuity of o and the optional sampling theorem that

7(t,z,0)
Et[/ 9(r, X2 dr| = B [ar .0] = B [02,] S Ee[0g] = E[To+y—1] <y. O
t
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A.1 Proofs of Starred Statements in Section
Proof of ([6.72): Given s € [t,0), let i, be the largest integer such that ¢;, <s. For any i=1,---,i, and n €N,
since {7 <(} G‘Tf—Ac Cfi, one can deduce that {7<s}= ({r<{}n{r<s}U ( Y gNA;ﬁ{Tﬁ(HL) < s}) u({r >
NNies) €T SoTET .

For i,n€N and we A, N (V™) C {7>(=t;}, since Xy, (w) € OF, =Oy,(a1)(2h,) and Yy, (w) € D}, C (yi, —e/2, ),
applying 6.67) with (r,¢',<)= (2%, X, (w), 7%), we see from (G.70) that

T*VZL(H:,L) . T’Vil i ti . ti
Et[/ g(r, I{T)dr‘]:;} (w) < Ey, {/ g(r, Xf“’v")dr] +5/2+/ g(r, %T(w))drgy;—i—aﬂ—i—/ g(r, %T(w))dr
¢ ¢ t t

7

< thi(w)+€+/ttig(r, %T(w))dr—Et{/tTg(r, X,)dr

?ﬁl} (w)+e. (A.2)

Taking summation over 4,n €N, one can deduce from (6.71) and the monotone convergence theorem that

T T (1) T (I)
E; [1{T><}/ g(r, I{T)dr] :Et[ Z 14 / g(r, %T)dr} = Z E, {1,4; / g(r, %T)dr}
t i,neN t t

i,meN

7 (I15,) _ T _
= Z E, 1A;;1Et[/ g(r,f{T)dr‘]:;H < Z E; 1A;;1Et[/ g(r,f{T)dr‘]:;] +e
i,n€N t i,n€N t
= Z E, [IA%/ g(r, %T)dr} —I—E—Et[ Z IA%/ g(r, %T)dT] +e=FE; {1{T>C}/ g(r, %T)dr] +e.
i,n€N t i,neN t t
It follows that Ej Ufg(r, %T)dr} <E/[ [ g(r,%,)dr] +c<y+e. Thus F€ T} (y+e). O

Proof of (6102): 1) Given i=1,---,Z,,if A 67‘; and if {Ts}sept,,00) 18 an Ft—adapted continuous process over

period [t;,00) with Ty, =0, P,—a.s., one can easily deduce that {l{sZti}ﬁATs} is an Ft—adapted continuous

s€E[t,00)
process starting from 0. Then we see from (G.I00) that M is an Ft—adapted continuous process and K is an
—t —
F —adapted continuous increasing process with K;=K;=0, P;—a.s.

For any w € Agﬂ./\/'c, K .(w) = K.(w) is an increasing path; for i =1,---,Z, and n=1,--- ,n;, it holds for any

we ALN(IL) 1 (NH™)°) that
Ko (@)= 1ot Ko (@) + Ly (K" (I, (W) + K, (0) K57 (), s€E 00)

is an also increasing path. Thus, K has increasing paths except the P,—null set N;.

2) To show M is a uniformly integrable martingale with respect to (Ft, P,), we define

T, 1y o ny;
=)0 L (8 () =&+ My, —yh +0i(ah, yh)) = 1a,(Mc =€)+ > Y 1y (€57 (1F) —yh +0i(al, k).
=1 n=1 i1=1 n=1

Since M is a uniformly integrable continuous (Ft, Pt) —martingale, we know from the optional sampling theorem
(e.g. Theorem II1.3.2 of [53]) that M, =E, [5’72], P,—a.s. It follows that

By (M) = B: || B¢ Fe) || < Ba [ B 1€l Fe] | = B [lg]] < oo. (A3)

Given i =1,---,T, and n = 1,--- ,n;, as £¥" is 7—"“—measurable, Lemma [A3] (2) implies that &""(IIf)) is
F' —measurable. By Proposition [3.4] (2), it holds for P,—a.s. we Q! that

By [l ()|, ) (@) = B, (|67 (07 )]) "] = B [

"] < oo, (A4)

Taking expectation E¢[-] and using (A.3]), one can deduce that

o, Zo n;

E [N <EIEl+ M)+ > (B[|6™ ()] +vh =i, v)) =2B:[I€]]+ Y > (Bui |

i=1 n=1 i=1 n=1

] +ys) <oo,
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which shows that £ L! (.Tt).
Fix s € [t,00). We denote by i, the largest integer such that ¢;, <s. Let i=1,--- i, and n=1,--- ,n;. In light
of Proposition B4 (2), there exists M*" € 4" such that

By 6 (1 )| T () = B (€ ()| = B (67" ™ @], wwe (i) (A.5)
The last equality uses the fact that II} (w®,0)=1II} (w)®,® for all &€ Q®. Applying Proposition 3.4 (2) again and
using (6.98), we can find N'e" € 4t such that
M (@)= E, [6"|Fa] @) =B [(6")%],  Vae (No)°. (A.6)
By Lemmal[A.3](1), DI =9 (I ) ! (/\N/l")) is a P,—null set. For any we (ﬁi’n)cz (Memyen((TIg )1 (/\713"))(::
(Mbm)eN ((Hil)fl((./\N/m)c)), using (A.5) and taking @=1I} (w) in (A.G) yield that
By 67 (1T )| T (w) = By [ (655 )] = g (11 ().
Then we see from (6.91]) that

E, [Z Z 14 (5*”(HL)—§+MH—y:;+6z-(a::;,y:;))}7‘2] :Zoj Z 1a; (Et [ﬁi’”(H;)—d]_-"i]+Mti—yf;+6i(x;,yfl))
i=1 n=1

i=1 n=1

1o n;
:Z Z 14 (ME™M(IT)) = Mg+ My, —yl + 6 (2, yh)) =M —M,, P,—as. (A7)
i=1 n=1
If i, =T,, (A7) just shows that Et[z |?g =M,—M,, P,—a.s. and thus M, :E%Z—F{‘T—"Z]. Suppose next that
io<Z,. For i=io+1,---,Z, and n=1,--- ,n;, using an analogy to (A, we can deduce from (6.98) and (6.99) that
for Pi—a.s. weQf, B [¢(IT)) .T;] (w)=FEy, [ ] =yl —6i(al, yl). Tt follows that

Zo n;
Ef[ > 1A:;(gi,n(nii)—&Mti—yf;+5i(x;,y;))‘;—:g}

i=io4+1 n=1
Zo n; ) — ) ) ) .
= 3 > B (Blen )~ M~y oial, i) ) [ Fe] =0, P-as,
i=io4+1 n=1

which together with (A7) yields M = E;[£+¢ ‘7—"2] , Pi—a.s. again. Therefore, M is a uniformly integrable martingale
with respect to (Ft, P).
3) We now prove that E [?*] < 00.

Let i=1,---,Z, and n=1,--- ,n;. It is clear that sup Ko™ is F'i—measurable. Since the continuity of
sE[t;,00)NQ
K" implies that K" (@)= sup K:"(w) for any @ € (N*")¢, the random variable K" is 7' —measurable
s€[t;,00)NQ

and we thus know from Lemma [A:3] (2) that Ki"(HiZ) is 7' —measurable. An analogy to (A4]) then shows that for
P—as. weQ

B, (K (1) )= B, [(57 (I, )] = B, [K7] <oc. (A8)
As nf <25;(«%,yt) on AL, it holds for any s€[t,00) that

Zo m; Zo my

Ko=14K+Y Y a4 (1{s<ti}K5+1{SZti} (K () + Ky, +IC§")) SKoAY YT (KEM(I) +26:(), 117)).-

i=1 n=1 i=1n=1
Taking supremum over s € [t,c0) and taking expectation E[-], we see from (A.8]) that

o Zo

B [K.J<E[K]+Y Y (B Km0 +20i(al, vh)) = E K]+ Y (B [KE"]+20i(a), vh)) <oo. O

i=1 n=1 i=1 n=1
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