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Abstract

We analyze an optimal stopping problem sup & [@/y Mo] with random maturity tp under a nonlinear
ye
expectation &[] := sup Ep[-], where P is a weakly compact set of mutually singular probabilities. The

PeP
maturity tq is specified as the hitting time to level 0 of some continuous index process 2" at which the

payoff process ¢ is even allowed to have a positive jump. When P collects a variety of semimartingale
measures, the optimal stopping problem can be viewed as a discretionary stopping problem for a player
who can influence both drift and volatility of the dynamic of underlying stochastic flow.

We utilize a martingale approach to construct an optimal pair (P, yx) for sup Ep [% /\1-0], in

(P,y)ePxT

which yy is the first time % meets the limit £ of its approximating &—Snell envelopes. To overcome
the technical subtleties caused by the mutual singularity of probabilities in P and the discontinuity of the
payoff process %/, we approximate 7 by an increasing sequence of Lipschitz continuous stopping times
and approximate % by a sequence of uniformly continuous processes.
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1. Introduction

We solve a continuous-time optimal stopping problem with random maturity 79 under an
nonlinear expectation &ol] = suppcp Ep[-], where P is a weakly compact set of mutually
singular probabilities on the canonical space {2 of continuous paths. More precisely, letting 7
collect all stopping times with respect to the natural filtration F of the canonical process B on {2,
we construct in Theorem 3.1 an optimal pair (P, yx) € P x 7 such that

SUpp. ) epxT BB nny] = suppep Ep[%, nr0] = B, [#,ar |- (1.1

Here the payoff process takes form of % = 1y} L + 14>, Us, t € [0, T] for two bounded
processes L < U that are uniformly continuous in sense of (2.2), and the random maturity o
is the hitting time to level O of some continuous index process 2~ adapted to F. Writing (1.1)
alternatively as

sup, e E0[%are] = E0l%, o). (1.2)

we see that y, is an optimal stopping time for the optimal stopping with random maturity 7o
under nonlinear expectation &9. When P collects measures under which B is a semimartingale
with uniformly bounded drift and diffusion coefficients (in this case, the nonlinear expectation
& is the G-expectation in sense of Peng [39]), the optimal stopping problem can be viewed as
a discretionary stopping problem for a player who can control both drift and volatility of B’s
dynamic.

The optimal stopping problem with random maturity under the nonlinear expectation & was
first studied by Ekren, Touzi and Zhang [19] who took the random maturity to be the first exit
time H of B from some convex open domain O and considered reward processes to have positive
that have positive jumps but they do not allow for jumps at H, which is the case of interest for
us. Moreover, the convexity of O is a restrictive assumption for the applications we have in mind
in particular for finding an optimal triplet for robust Dynkin game in [8]. We extend [19] in the
following two ways: First, 79 is more general than H so that our result can be at least applied
to identify an optimal triplet for robust Dynkin game. See also Example 3.1 for tp’s that are the
first exit time of B from certain non-convex domain. Second, we impose a weaker stability under
pasting assumption on the probability class than the stability under finite pasting used in [19].

Since the seminal work [41], the martingale approach became a primary tool in optimal stop-
ping theory (see e.g. [35,22], Appendix D of [26]). Like [19], we will take a martingale approach
with respect to the nonlinear expectation &. As probabilities in PP are mutually singular, one can-
not define the conditional expectation of &, and thus the Snell envelope of payoff process 2/, in
essential supremum sense. Instead, we use shifted processes and regular conditional probability
distributions (see Section 2.1 for details) to construct the Snell envelope = of % with respect
to pathwise-defined nonlinear expectations 2, [£](w) = suppep, Ep[£1®], (t, w) € [0, T] x £2.
Here P; is a set of probabilities on the shifted canonical space 2 which includes all regular con-
ditional probability distributions stemming from P, see (P3). In demonstrating the martingale
property of = with respect to the nonlinear expectations & = {gt}te[O,T]’ we have encountered
two major technical difficulties: First, no dominating probability in P means no bounded conver-
gence theorem for the nonlinear expectations &, then one cannot follow the classical approach for
optimal stopping in El Karoui [22] to obtain the &-martingale property of =. Second, the jump of

! The authors would like to thank Jianfeng Zhang for an instructive discussion.
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payoff process % at the random maturity 7y and the discontinuity of each % over {2 (because of
the discontinuity of 7¢) bring technical subtleties in deriving the dynamic programming principle
of =, a necessity for the &-martingale property of =.

To resolve the optimization problem (1.1), we first consider the case Y = L = U, however,
with a Lipschitz continuous stopping time ¢ as the random maturity. For the modified payoff
process Y, := Ypas, t € [0, T], we construct in Theorem 4.1 an optimal pair (P,v) € P x T of
the corresponding optimization problem

SUP(P,y)ePxT Ep[?y] = E@[?ﬁ] (1.3)

such that 7 is the first time ¥ meets its &-Snell envelope Z. Using the uniform continuity of Y
and the Lipschitz continuity of g, we first derive a continuity estimate (4.2) of each Z; on {2,
which leads to a dynamic programming principle (4.4) of Z and thus a path continuity estimate
(4.5) of process Z. In virtue of (4.4), we show in Proposition 4.3 that Z is an E-supermartingale
and that Z is also an &-submartingale up to each approximating stopping time v,, of ¥, the latter
of which shows that for some P, € P

Zo = EolZy,) < Ep,[Z,,1+27" (1.4)

Up to a subsequence, {P,},en has a limit P in the weakly compact probability set P. Then as
n — oo in (1.4), we can deduce Z9 = Ep[Z;] and thus (1.3) by leveraging the continuity
estimates (4.2), (4.5) of Z as well as a similar argument to the one used in the proof of [19,
Theorem 3.3] that replaces v,,’s with a sequence of quasi-continuous random variables decreasing
sequence to .

To approximate the general payoff process % in problem (1.1), we construct in Proposition 5.1
an increasing sequence { },eN of Lipschitz continuous stopping times that converges to tg and
satisfies

2T
n+3
This result together with its premises, Lemmas A.4 and A.5, is among the main contributions
of this paper. Given n,k € N, connecting L and U near g, with lines of slope 2X yield a
uniformly continuous process Y/"X = L, + [1 A @Kt —pn) — DT](U, — L), t € [0, T],
see Lemma 5.1. Then one can apply Theorem 4.1 to Y”* and Lipschitz continuous stopping
time ™K = (p, +2"*) AT tofind a P, x € P such that the &-Snell envelope Z"* of process

Fnt+1 — n = neN. (1.5)

’Y\In,k — ;;']’(k/\t’ t € [0, T] satisfies
Z(r)l,k — EPn,k |:er)l’;]i€/\§:|7 V; S T, (16)

where vy, f is the first time Y™K meets 2.

Since Y™ differs from process %" = limy_, o0 f/\,”’k =1y<paLli +1y50,Up,, Yt €[0,T]
only over the stochastic interval [, §n 421k ]l (both processes are stoRE)ed after g, 421k ), the
uniform continuity of L and U gives rise to an inequality (5.4) on how Z™* converges to the &-
Snell envelope 2" of Z" in terms of 2! 7% Similarly, one can deduce from (1.5) and the uniform
continuity of L, U an estimate (5.5) on the distance between 2" and Z**!, which further
implies that for each (r, w) € [0, T] x £2, {Z]"(w)}nen is a Cauchy sequence, and thus admits
a limit Z;(w), see (5.6). We then show in Proposition 5.3 that 2 is an F-adapted continuous
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process that is above the &-Snell envelope of the stopped payoff process 2™ and stays at Uy,
after the maturity 7o, so the first time y, when 2 meets % precedes 1.

To prove our main result, Theorem 3.1, we let n < i < £ < m so that the stopping time
o= inflr € [0, T1: Z7'" < L, + 1/} satisfies £ A ©n < Vim A 9n. Applying (5.4), (5.5)
and (1.6) with (n, k, £) = (m, m, &y A ) yields

% < ZI"" + 5 <Bp,, [zg’i’ﬁpn] +8n < Ep,, [Zé’iAm:I +7, + 50 (1.7)

Let P, be the limit of {P,; u}men (up to a subsequence) in the weakly compact probability set

P.Asm — ooin (1.7), we can deduce 2y < Ep, [Q@f’;pn] +% < Ep, [QE-,,ZA@,,] + gy from

(5.4), (5.5), the continuity estimates (4.2), (4.5) of Z%¢ as well as a similar argument to the
one used in the proof of [19, Theorem 3.3] that approximates ¢; , by a decreasing sequence of
quasi-continuous random variables. Then sending ¢, i, n to oo leads to

% EP* [207/*] = EP* [%*/\TO] = SUPpep EP[Q*ATO]
< supp )ePxT EPlZ)arl < 20, (1.8)

thus (1.1) holds.

Among our assumptions on the probability class {P;};c(0,7], (P2) is a continuity condition of
the shifted canonical process B’ that is uniform at each F-stopping time (F’ denotes the natural
filtration of B?) and under each P € P;. This condition together with the uniform continuity
of L, U implies the path continuity (4.5) of &-envelope of any uniformly continuous process
as well as the aforementioned estimates (5.4), (5.5) about the approximating Snell envelopes
Z"™k and 2", all are crucial for the proof of Theorem 3.1. Another important assumption we
impose on the probability class {P;};¢[0,7] is the “weak stability under pasting” (P4), which is
the key to the supersolution part of the dynamic programming principle (4.4) for the &-envelope
of any uniformly continuous process. More precisely, (P4) allows us to assemble local ¢-optimal
controls of the &-envelope to form approximating strategies. In Example 3.3, we show that these
two assumptions along with (P3) are satisfied by controls in weak formulation i.e. P contains all
semimartingale measures under which B has uniformly bounded drift and diffusion coefficients.

IA

A

Relevant Literature. The authors analyzed in [3,4] an optimal stopping problem under a non-

linear expectation sup; 7 &[] over a filtered probability space (2, F,P,F = {F}, [0 T]),

where {&;[-|F1}iejo 1 is @ F-consistent (nonlinear) expectation under P for each index i € Z. A
notable example of F-consistent expectations are the “g-expectations” introduced by [37], which
represent a fairly large class of convex risk measures, thanks to [15,38]. If &;’s are conditional
expected values with controls, the optimal stopping problem under sup; .7 &;[-] is exactly the
classic control problem with discretionary stopping, whose general existence/characterization
results can be found in [17,31,22,9,24,32,33,11,16,29] among others. (For explicit solutions
to applications of such control problems with discretionary stopping, e.g. target-tracking
models and computation of the upper-hedging prices of American contingent claims under
constraints, please refer to the literature in [29].) See also [10,25,14] for the related optimal
consumption—portfolio selection problem with discretionary stopping. When the nonlinear
expectation becomes inf;c7 &;[-], the optimal stopping problem considered in [3,4] transforms to
the robust optimal stopping under Knightian uncertainty or the closely related controller—stopper-
game, which were also extensively studied over the past few decades: [28,30,23,13,16,40,2-5,
12,34] and etc.
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All works cited in the last paragraph assumed that the probability set P is dominated by
a single probability or that the controller is only allowed to affect the drift. When P contains
mutually singular probabilities or the controller can influence not only the drift but also the
volatility, there has been a little progress in research due to the technical subtleties caused by the
mutual singularity of P such as the bounded/dominated convergence theorem generally fails in
this framework. Krylov [31] solved the control problem with discretionary stopping in a one-
dimensional Markov model with uniformly non-degenerate diffusion, however, his approach
that relies heavily on the smoothness of the (deterministic) value function does not work in
the general case. In order to extend the notion of viscosity solutions to the fully nonlinear path-
dependent PDEs, as developed in [20,18], Ekren, Touzi and Zhang [19] studied the optimal
stopping problem with the random maturity H under the nonlinear expectation &. Our paper
analyzed a similar problem, however, we allow for more general forms for 7¢ as explained above.

In spite of following its technical set-up, we adopt a quite different method than [19]: To esti-
mate the difference between 7-time Snell envelope values along two paths w, @’ € 2 satisfying
t < H(w) A H(@), ie. Ai(@, ') = supp ,yep, <7 EP[Y;’CU] — SUP(P, ) eP, x T IEP[Y;(D]
with Yy := Ygnas, s € [0, T1, [19] focuses on all trajectories traveling along the straight line [
from @' (¢) to w(t) over a short period [z, r + §]. Using a “stability of finite pasting” assumption
on the probability class {P;}s¢(0,7] (Which implies (P4), see Remark 3.1(3)) and the assumption
that P;|;;,7—s1 C Pr+s, [19] shift distributions P along these trajectories from time ¢ to time
t 4+ 8. As [is still inside the convex open domain, the stopping time H can also be transferred
along these trajectories with a delay of . Then one can use the uniform continuity of Y to es-
timate ]At (w, w’)’. On the other hand, as described above, we first solve the optimal stopping
problem with Lipschitz continuous random maturity g and then approximate the hitting time g
by Lipschitz continuous stopping times.

As to the robust optimal stopping problem, or the related controller—stopper-game, with
respect to the set P of mutually singular probabilities, Nutz and Zhang [36] and Bayraktar and
Yao [6], used different methods to obtain the existence of the game value and its martingale
property under the nonlinear expectations &,[£](w) = infpep, Ep[£"®], (t, w) € [0, T]1x {2 (see
the introduction of [6] for its comparison with [36]). Such a robust optimal stopping problem is
also considered by, e.g., [27,1] for some particular cases, (see also [6] for a summary).

Moreover, Bayraktar and Yao [8] analyzed a robust Dynkin game with respect to the set P
of mutually singular probabilities, they show that the Dynkin game has a value and characterize
its &-martingale property. Applying the main result of the current paper, Theorem 3.1, [8] also
reaches an optimal triplet for the robust Dynkin game.

Very recently, Ekren and Zhang [21] found that our results are useful for defining the viscosity
solutions of fully non-linear degenerate path dependent PDEs.

The rest of the paper is organized as follows: Section 2 introduces some notation and prelim-
inary results such as the regular conditional probability distribution. In Section 3, we state our
main result on the optimal stopping problem with random maturity 7y under nonlinear expecta-
tion & after we impose some assumptions on the payoff process and the classes {P:}iero,17 of
mutually singular probabilities. In Section 4, we first solve an auxiliary optimal stopping prob-
lem with uniformly continuous payoff process and Lipschitz continuous random maturity under
the nonlinear expectation & by exploring the properties of the corresponding &-Snell envelope
such as dynamic programming principles it satisfies, the path regularity properties as well as
the &-martingale characterization. In Section 5, we approximate the hitting time t( of the index
process 2~ by Lipschitz continuous stopping times and approximate the general payoff process
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2%/ with discontinuity at typ by uniformly continuous processes. Then we show the convergence
of the Snell envelopes of the approximating uniformly continuous processes and derive the regu-
larity of their limit, which is necessary to prove our main result. Section 6 contains proofs of our
results while the demonstration of some auxiliary statements with starred labels in these proofs
is deferred to the Appendix. We also include two technical lemmata in the Appendix.

2. Notation and preliminaries

Throughout this paper, we fix d € N and a time horizon T € (0, 00). Lett € [0, T'].

We set 2/ = {w € (C([t, Tl; Rd) Tw() = 0} as the canonical space over period [¢, T].
Given w € 2, ¢¥(x) = sup{|w(r/) —ow@)| i e[0,t], 0<|r —r| < x}, x € [0,¢]1is
clearly a modulus of continuity function satisfying lim,_ o+ | ¢{°(x) = 0. For any s € [z, T],
l@llss = sup,cp ()], Yo € £ defines a semi-norm on . In particular, || - ||, 7 is the
uniform norm on 2!, under which {2’ is a separable complete metric space.

The canonical process B’ of 2! is a d-dimensional standard Brownian motion under the
Wiener measure IP{ of (Qt,f’T). Let F' = {Fl}sepr,1, with Fl = O’(B,l,; r e [t,s]), be
the natural filtration of B’ and let 7" collect all F'-stopping times. Also, let 9, collect all
probabilities on (£2', 7%.). For any P € 9B, and any sub-sigma-field G of F}., we denote by
LY(G,P) the space of all real-valued, G-measurable random variables & with ||&|| LGP =
Ep[J£]] < oo.

Givens € [t,T],weset 7/ .= {t € T' : 1(w) > 5, Vo € '} and define the truncation
mapping II! from 2 to £2° by (HS’(w))(r) =w() —w(s), Y, o) €[s, T] x 2. By lemma
Alof[6],t(II)=tolll €T}, VT € T*.Forany § > 0 and w € {2,

05 (w) = {0 € 2" : |0 — o|;s < 8} is an F,-measurable open set of £2', 2.1

and 5; (@) ={o € 2" : || — o|;s <38} is an F!-measurable closed set of £2' (see e.g. (2.1)

of [6]). In particular, we will simply denote O(ST (w) and 5; (w) by Os(w) and Os(w) respectively.

We will drop the superscript ¢ from the above notations if it is 0. For example, ({2, ) =
(29, Fy.

We say that & is a continuous random variable on {2 if for any w € {2 and & > 0, there exists
ad = 68(w, &) > Osuch that |£(0') — &(w)| < € for any ' € Os(w). Also, & is called a Lipschitz
continuous random variable on {2 if for some ¥ > 0, |£(w') — £(w)| < k||’ — wlo,r holds for
any w, ' € 0.

We say that a process X is bounded by some C > 0if | X;(w)| < C forany (¢, w) € [0, T]x (2.
Also, a real-valued process X is called to be uniformly continuous on [0, T'] x {2 with respect to
some modulus of continuity function p if

| X1 (1) — Xp, (2)] < /?(doo((tl, w1), (12, wz))>, Y (t1, w1), (t2, @2) € [0, T] x {2,
(2.2)

where doo (11, @1), (12, ®2)) = |t; — f2| + @1 (- A 11) — w2(- A 22)lo,7. For any ¢ € [0, T,
taking t; = 1, = ¢ in (2.2) shows that | X, (1) — X;(@2)| < p(l@1 —w2llo,), w1, w2 € 12, which
implies the F;-measurability of X;. So

X is indeed an F-adapted process with all continuous paths. 2.3)
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Moreover, let 9T denote all modulus of continuity functions p such that for some C > 0 and
0 < p1 = p2,
p(x) < CExPrvxP?), Vxel0,00). 2.4)
In this paper, we will frequently use the convention inf J := oo as well as the inequalities

x A Na—yAa|<|x—y| and |xVa—yVval<|x—y|, Va,x,yeR. 2.5)

2.1. Shifted processes and regular conditional probability distributions
In this subsection, we fix 0 < ¢ < s < T. The concatenation w ®; @ of an @ € {2’ and an
@ € (2% at time s:
(0®;s @) (r) = o) Lyepr,s)) + (0() + @) Ypeps, 1y, Vr €1, T]
defines another path in /. Set w ®, ¥ = fand w ®; A = {0 @, & : & € Z} for any non-empty
subset A of (2°.
Lemma 2.1. If A € F!, then o ®; 2* C A for any w € A.

For any F!-measurable random variable 7, since {o’' € 2" : n(o') = n(w)} € F!, Lemma 2.1
implies that

0@ 2 Clw e 2 :nw) =nw)} ie, nNe®,o) =nw), VYoe . (2.6)

Letw € '. Forany A C ' weset A? = {w € ° : w®;® € A} as the projection
of A on £2* along w. In particular, #**® = @. Given a random variable & on {2, define the shift
g5 of & along wlj; s by £9°(@) = &§(w®; @), Y& € 2°. Correspondingly, for a process
X = {X,}repr.7y On £2°, its shifted process X5 is

X0, @) = (X)) @) = X (w®s @), V(r,w)els, T]x 2.

Shifted random variables and shifted processes “inherit” the measurability of original ones:

Proposition 2.1. Let0 <t <s < T and w € 2.

(1) If a real-valued random variable & on Q' is F!-measurable for some r € [s, T], then £ is
F?i-measurable.

(2) Foranyt € T, if t(w®; 2°) C [r, T1for somer € [s, T], then t%® € T}.

(3) If a real-valued process {X,},e[s,1] IS F'-adapted (resp. ' -progressively measurable), then
X5@ is ¥¥-adapted (resp. ¥*-progressively measurable).

Let P € B3;. In light of the regular conditional probability distributions (see e.g. [43]), we can
follow Section 2.2 of [6] to introduce a family of shifted probabilities {IP*“},c: C By, under
which the corresponding shifted random variables inherit the P integrability of original ones:

Proposition 2.2. If § € L'(F.,P) for some P € B,, then it holds for P-a.s.o € (' that
g e L'(Fy, P**) and

Eps.o[£5°] = Ep[£|F; (@) € R. 2.7

This subsection was presented in [6] with more details and proofs.
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3. Main results

In this section, after imposing some assumptions on the payoff process and the classes
{P:}iefo0,71 of mutually singular probabilities, we will present our main result, Theorem 3.1,
on the optimal stopping problem under the nonlinear expectation &o[-] := suppcp Ep[-], whose
random maturity is in form of the hitting time 7 to level O of some continuous index process 2.
More precisely, let 2~ be a process with 2y > 0 such that all its paths are continuous and that
for some modulus of continuity function p -

|21 (@) — Z1(@)] < par(lo —llog), Yt el0,T], Yo, € Q. 3.D

Clearly, (3.1) implies that the F-adaptedness of 2. Then 7p := inf{t € [0, T] : Z; <O} AT €
(0, T'] is an F-stopping time and

7, = inf{r €[0,T]: 2; < (Mogyn+2)1+ |25 = 1) '} AT €0, 7], neN
(3.2)

is an increasing sequence of F-stopping times that converges to 7.
The following example shows that 7y could be the first exit time of B from some non-convex
domain.

Example 3.1. (1) Letd = 2. Clearly, Z; = 1+ Bl(z) + IB,(I)I, t € [0, T'] defines a process with
Zo = 1 such that all its paths are continuous and that for any # € [0, T] and w, 0’ € £,
12; (@) — 2i(@)] < |BP @) — BY(@)| + |BP (@) — BP ()| < 2|B/(@) — Bi(@)] <
2|lw—a'|lo,;- However, 1o = inf{t € [0, T]: Z; <O}AT =inf{r € [0,T]: B, & T}AT is
the first exit time of B from 7" := {(x, y) € R?: y > —1 — |x|}, a non-convex subset of R2.

(2) Letd =2andlet I' .= {(rcos 9, rsinf) : r € [0, 1], 8 € [0, %n]} be the 3/4 unit disk in R?
centered at the origin (0, 0). Clearly, Z; := 1/2 — dist(B;, I'), t € [0, T] is a process with
Zo = 1/2 such that all its paths are continuous and that for any 7 € [0, T] and w, @’ € {2,
| 21 (w) — Z1()| < |dist(B; (), I') — dist(B; ("), I')| < |Bi() — Bi(o))| < [l@ — 'lo,s-
However, 19 = inf{t~e [0,T]: Z: <O}AT =inf{t € [0,T]: By & I'} AT is the first
exit time of B from I" := {(x, y) € R? : dist((x, y), I") < 1/2}, another non-convex subset
of R2.

3.1. Uniform continuity of payoff processes
Standing assumptions on payoff processes (L, U).

Let L and U be two real-valued processes bounded by some My > 0 such that

(A1) both are uniformly continuous with respect to some pg € 91 such that pg satisfies (2.4)
with some € > 0 and 0 < p; < p7;
(A2) Li(w) < Uy(w), V(t,w) €[0,T) x 2 and L7 (w) = Ur(w), Vw € £2.

We consider the following payoff process
@l = 1{[<'L’0}Lt + l{tZTo}Ufa re [09 T] (33)

Clearly, % is an F-adapted process bounded by M whose paths are all continuous except a
possible positive jump at tp.
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Example 3.2. (1) (American-type contingent claims for controllers) Consider an American-type
contingent claim for an agent who is able to influence the probability model via certain con-
trols (e.g. an insider): The claim pays the agent an endowment U-_ at the first time 7; when
some financial index process J rises to certain level a (Taking 2; = a—J;, t € [0, T] shows
that t9 = ‘L'j). If the agent chooses to exercise at an earlier time y than Ty she will receive
L, . Then the price of such an American-type contingent claim is SUpp ,yepx 7 Ep[%} Azy]-

(2) (robust Dynkin game) [8] analyzed a robust Dynkin game with respect to the set P of mu-
tually singular probabilities: Player 1 (who conservatively thinks that the Nature is not in
favor of her) will receive from Player 2 a payoff R(z, y) = 1z<))£¢ + 1y <y, if they
choose to exit the game at T € 7 and y € 7 respectively. The paper shows that Player
1 has a value in the robust Dynkin game, i.e. V = infpep infycr sup,e7 Ep[R(t,y)] =
sup, 7 inf, e7 infpep EP[R(‘L’, y)] and identifies an optimal stopping time t, for Player 1,
which is the first time Player 1’s value process meets £ (see Theorem 5.1 therein). Then the
robust Dynkin game reduces to the optimal stopping problem with random maturity . under
nonlinear expectation &y = suppcp Ep[ 1, ie. SUP(P,y)ePxT Ep[#} Az, ], where L == —4
and U == —£.

3.2. Weak stability under pasting

Let G collect all pairs (Y, g¢) such that

(i) Y is areal-valued process bounded by My > 0 and uniformly continuous on [0, T'] x {2 with
respect to some py € 9;

(ii) g is a Lipschitz continuous stopping time on {2 with coefficient x,, > 0: |p (w) — g (0')| <
kpllw —a'llor, Yo, € 2.

For any (Y, p) € G, we define ?, = Ypnr, t € [0, T, which is clearly an F-adapted process
bounded by My that has all continuous paths.
Standing assumptions on probability class.

We consider a family {P;};¢[0,7] of subsets of *B;, ¢ € [0, T'] such that

(P1) P := Py is a weakly compact subset of 3.
(P2) For any p € 9M, there exists another p of 91 such that

SUP(p ¢)e P, x Tt P |:p<8 + SUPe[¢,((4+8)AT] |B; - Bé |)} < pG),
Vtel[0,T), Vé e (0,00). 34)

In particular, we require 7y to satisfy (2.4) with some € > O and 1 <P < Pa.

(P3) Forany 0 <t < s < T,w € 2 and P € P, there exists an extension (2*, 7', P) of
2", F5,P) (i.e. Fr. C F' and IE”’|sz = P)and 2 € F’ with P’({2") = 1 such that P5:®
belongs to Py for any @ € §2'.

(P4) For any (Y, ) € G, there is a modulus of continuity function py such that the following
statement holds forany 0 < f < s < T,w € 2and P € P;: Given (8,1) € Q4+ x N,
let {Aj}ﬁzo be a F{-partition of 2’ such that for j = 1,...,1, A; C O§j (wj) for some
8j € ((0,81N Q) U {8} and @; € £2'. Then for any {Pj}}zl C P;, there is a P € P, such
that
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(i) P(ANAg) =P(AN A, VA € Fy;
(ii) Forany j =1,...,2and A € F[,P(ANA;) =P(AN A;j) and

Bp [ Lana, T | 2 Be[geana, (Be, [5 7 -5y ®) ]|, vy e T
(3.5)

What follows is the main result of this paper on the solvability of the optimization problem

(1.1).

Theorem 3.1. Assume (3.1), (A1), (A2) and (P1)—(P4). Then the optimization problem (1.1) ad-
mits an optimal pair (Py, yx) € P x T, where the form of y, will be specified in Proposi-
tion 5.3(4).

For any Fr-measurable random variable £ bounded by some C > 0, we define its nonlinear
expectations with respect to the probability class {P;};c0,77 by EEl(w) = SUppep, Ep[£®],
V(t,w) € [0, T] x £2. Then (1.1) can be alternatively expressed as (1.2), namely, y, alone is an
optimal stopping time for the optimal stopping under nonlinear expectation &.

Remark 3.1. (1) Clearly, o(x) := x, Yx € [0, 00) is a modulus of continuity function in 1.
Let 0 be its corresponding element in 91 in (P2) and assume that @ satisfies (2.4) for some
Co>0and0 < g1 < qo.

(2) Based on (P2), the expectation on the right-hand-side of (3.5) is \ivvell-deﬁned since the
mapping @ — E@[?}f’w & “] is continuous under norm || ||;,7 for any P € B, and y € T°.

(3) Analogous to the assumption (P2) of [6], the condition (P4) can be regarded as a weak form of
stability under pasting since it is implied by the “stability under finite pasting” (see e.g. (4.18)
of [42]): forany0 <t <s < T,we 2,P e P;,8 € Qp and 1 € N, let {A,-}?zo be a
Fi-partition of 2" such thatfor j =1,..., A, A; C 0§j (w;) for some §; € ((0, 6]ﬂQ)U{8}

and w; € 2. Then for any {P j};\.=1 C Ps, the following probability is in P:

L
P(A4) = P(A N Ag) + > Fp [Lzea, P; (4°7)], VA e 7. (3.6)
=1

The proof of part (2) and (3) is similar to that of [6, Remark 3.3], see [7] for details.

Example 3.3 (Controls of Weak Formulation). Given £ > 0, let {Pf}te[oj] be the family of
semimartingale measures considered in [19] such that P¢ collects all continuous semimartingale
measures on (2 ,}"T), whose drift and diffusion characteristics are bounded by ¢ and
V2t respectively. According to Lemma 2.3 therein, {Pf}te[o,r] satisfies (P1), (P3) and
stability under finite pasting (thus (P4) by Remark 3.1(3)). Also, one can deduce from the
Burkholder-Davis—-Gundy inequality that {Pf},e[o,r] satisfies (P2), see [7] for details.

4. Optimal stopping with Lipschitz continuous random maturity

To solve the optimization problem (1.1) we first analyze in this section an auxiliary optimal
stopping problem with uniformly continuous payoff process and Lipschitz continuous random
maturity under the nonlinear expectation &.

Let the probability class {P:}:c[0,7] satisfy (P2)—(P4). To solve (1.1), we first consider the
case Y = L = U with random maturity g for some (Y, ) € &. For any (¢, w) € [0, T] x {2,



2596 E. Bayraktar, S. Yao / Stochastic Processes and their Applications 127 (2017) 2586-2629

define Z;(w) = Supp ,)ep, <7 ]EP[Y £ “’] as a Snell envelope of the payoff process Y with

respect to the nonlinear expectatlons & = {é”t}te[o 7] given the historical path 0,7 We will
s1mp1y refer to Z as the é- Snell envelope of Y. Since the F-adaptedness of Y and (2.6) imply
thatY @) =Y (w®, &) = Y(w), Y& € 2, one has

My > Z,@) = suppep, B[ 77| = V@) = =My, V(6,0)€0,TIx 2. @&1)

Given ¢ € [0, T], we have the following estimate on the continuity of random variable Z; at
each w € {2, which is not only in terms of the distance from  under || ||o,; but also in terms of
the path information of @ up to time ¢.

Proposition 4.1. Assume (P2). Let (Y, ) € G and (t, w) € [0, T] x {2. It holds for any o' € 2

1Z4@) = Zi@)| = P (L4 K)o = o + 5D, e () — (@)

IA

A (1 + k)l = 'l + 9 (<l = lo,r) ). (42)

wheret] == p(w) Ap (W) At and ty = (g,) (w) Ve (a)’)) At. Consequently, Z;(w) is continuous
in w under the norm | ||o;- i.e. for any ¢ > 0, there exists a 6 = 6(t, w) > 0 such that

|Z/(@) — Zi(w)| <&, Vo e Oé(a)), “4.3)
and thus Z; is F;-measurable.

The resolution of the auxiliary optimization problem (1.3) with the payoff process ¥ and
random maturity g relies on the following dynamic programming principle for the &-Snell
envelope Z of Yanda consequence of it, a path continuity estimate of process Z:

Proposition 4.2. Assume (P2)—(P4). Let (Y, ) € &. It holds for any (¢, w) € [0, T] x {2 and
v eT! that

Z1(@) = sup(p ezt B Lyan Ty + 120 207 | @.4)

Consequently, Z is an F-adapted process bounded by My that has all continuous paths. More
precisely, foranyw € 2 and 0 <t <s <T,

|Zi(@) — Z; ()| < 2CQMY((s—r)z V(s =07 )+py(s—t)
+ v (81,5(@) V By (81,5 (@), 4.5)

where §; s(w) = (1 + Kp)((s — t)qT1 + SUp; < << |a)(r/) —w(r) |) and /’o’ty € M is the modulus
of continuity function corresponding to py in (P2). See Remark 3.1(1) for the notations Cy, q1
and q> here.

In light of Proposition 4.2, the &-Snell envelope Z of Y has the following &-martingale
properties:
Proposition 4.3. Assume (P2)-(P4). Let (Y,p) € & and n € N. Then Z is an &-
supermartingale, and Z is an &-submartingale over [0, v,] in sense that for any { € T

Zent(@) > ENZN() and  Zy et (@) < EZyncl@), Y (t,0) €[0,T] x £,
where v, = inf{t €el0,T]: Z; — /Y\t = %} S
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Exploiting the &-submartingale of Z up to v, as well as the continuity estimates (4.2), (4.5)
of Z, we can solve the optimization problem (1.3) by taking a similar argument to the one used
in the proof of [19, Theorem 3.3].

Theorem 4.1. Assume (P1)-(P4) and let (Y, ) € &. There exists a P € P such that Zy =
go[Z’g] = E@[Z’g] = E@[f’}], where V = inf{t el0,T]:Z = f’\[} e 7. To wit, (’ﬁ,@ solves
the optimization problem (1.3) with the payoff process Y. Moreover, it holds forany ¢ € T that
Zo = o[ Zone] = Bp[ Zonc]

5. Optimal stopping with random maturity

In this section, we approximate the hitting time 7y of the index process 2 by Lipschitz
continuous stopping times and approximate the general payoff process % in (3.3) by uniformly
continuous processes. We show the convergence of the Snell envelopes of the approximating
uniformly continuous processes and derive the regularity of their limit, which is crucial for the
proof of our main result, Theorem 3.1.

To apply Theorem 3.1, we first approximate tp by an increasing sequence {gy},en Of
Lipschitz continuous stopping times such that the increment g, — g, uniformly decreases
to0asn — oo:

Proposition 5.1. Assume (3.1). There exist an increasing sequence {g@nlnen in T and an
increasing sequence {kn}neN of positive numbers with lim,_. o 1 k, = 00 such that for any
neN

(D) (@) < pn(@) < (@) and 0 < Pui1(®) — Pa(@) < 25, Yo € Q. In particular, if

{t €[0,T]: 2: () < 0} is not empty for some o' € 12, then g, (@) < T9(@").
(2) Given w1, @2 € 12, |pn(®1) — @n(@2)| < knllwr — w2ll0,4, holds for any 1o € {t € [an, T) :
1> an + knllwr — w2llo,} U{T}, where ay := @n(01) A on(w2).

Letn, k € N and let g, be the F-stopping time stated in Proposition 5.1. We use lines of slope
2% to connect L and U near ¢n as follows: For any ¢ € [0, T1,

Yy =1L, + [1A @ —p0) - D)W, — L)) 3.1
= 1{),‘55’%4—27]‘}[‘[ + 1{@n+2_k<t<5ﬁn+2]_k}{[1 — 2k(l‘ — &n — sz)]L[
+250 = o = 27U | + Lz 2 U (5.2)

where the set {, () + 275 <t < pp(w) + 2175} (resp. {t > p,(w) + 2'7%}) may be empty if
(@) +27%>T (resp. gon(w) + 21=k > T for some w € 1.

Clearly, the process Y™* is also bounded by Mo, and it is uniformly continuous with respect
to some py x € M:

Lemma 5.1. Assume (3.1) and (Al). For any n,k € N, Y™k s uniformly continuous on
[0, T'] x £2 with respect to the modulus of continuity function pp x(x) := 6p0(2x) + 21K Mo (1 +
Kp)x < C,,,k(xplAl Vv mel), Vx € [0,00), where Cpy = 6 -2P2& 4+ 2'"*My(1 + «;,) and
{kn}neN is the increasing sequence of positive numbers in Proposition 5.1.
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Applying Proposition 5.1(2) with #9p = T shows that g, is a Lipschitz continuous stopping
time on £2 with coefficient «,,, so is ™% == (g, + 2'7%) A T by (2.5). Then we define

vk . k _ k _
Y= Y;n,kAt = Y(npn_i_zl—k)At =1y, 10 Le + 1 1ok 401K
x {[1 — 2kt — oy — 2L + 25t — o — 2”‘)U,}
4+ l{tzpn_,’_zl—k}U(pn_;’_zl—k)/\T, Vit e [0, T], (53)

and its &-Snell envelope Zf’k(w) = SUP(P )P, x T* EP[(?”’]‘);’“)], (t,w) €0, T] x 12

As L and U are bounded by My, so are Y"X and Z™F by (4.1). In light of Lemma 5.1, we
can apply the results in Section 4 to each Z"K, n,k € N. Given t € [0, T], (5.1) shows that
hmkﬁoo T Ytn’k = l{tSKJn}Lt + 1{l‘>§)n}Ul' Since

limkﬁoo(?,”’k — Ytn’k) = hmk_)oo l{tzpn_,'_zl—k}(U(pn+21—k)/\]‘ - Ut)
= 1{t>5<),1}(U5<),1 -U)

by the continuity of U, we see that %" = lim_, /Y\t”’k = 1y<paLli + LypspUp,, ¥Vt €
[0, T], which is an F-adapted process with all caglad paths. For any (f,w) € [0,T] x (2,
Proposition 2.1(3) shows that (Z")"¢ is an F-adapted process with all caglad paths and thus
an F'-progressively measurable process. Then we can consider the &-Snell envelope of %"
2] (@) = Supp )y ep T Ep[(@");“’], (t,w) € [0, T] x 2. Again, " and Z" are bounded
by Mp.

The next two inequalities show how Z™K converges to 2" in terms of 2!7% and how 2"
differs from 2" *!, both inequalities also depend on the historical path of process U.

Proposition 5.2. Assume (3.1), (A1), (A2), (P2) and let n,k € N. It holds for any (t,w) €
[0, T] x 2 that

—2p0(2' %) = ZM (@) = 2/ (@) = U((pn(@) +2'F) A1, o)

+ Ugpn(@) A1, 0) < po(2'7) (5.4)
2T
and — 22)})(” — 3) < 2" (w) — 2 (w) — U(pnt1(@) A t, @) + U(pn(w) At o)
2T
< ﬁo(nH). (5.5)

As py satisfies (2.4) with some C>0and1 < P1 < P2 by (P2), we see from (5.5) that for
each (f, w) € [0, T] x 2, {Z]" (®) }nen is a Cauchy sequence, and thus admits a limit Z; (). The
following results show that % is an F-adapted continuous process above the Snell envelope of
the stopped payoff process Z ™ and that the first time 2° meets % is exactly the optimal stopping
time expected in Theorem 3.1.

Proposition 5.3. Assume (3.1), (A1), (A2) and (P2)-(P4).

(1) For any n € N, Z" is an F-adapted process bounded by My that has all continuous
paths.
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(2) Forany (t, w) € [0, T] x 12, the limit Z7(w) = lim,_, o 2" (w) exists and satisfies
—2¢, < Z(w) — & (w) — U(to(a)) AL, a))
+U(pn(@) A1, 0) <&, VYneN, (5.6)

where &, =Y 2, ﬁo(%) decreases to 0 as n — 0.
(3) & is an F-adapted process bounded by My that has all continuous paths. It holds for any
w € {2 that

Fi(©) = Dy a () = SUD(p. ey Be| T 0] = Zi@), Vi €10, T]and
Z(t,0) =U(w(w), »), ¥t € [rn),T]. 5.7

@) ys = inf{t el0,T]: & = Z}/:} =inf{r € [0, 1) : 2% = L;} A 19 is an F-stopping time.
6. Proofs
6.1. Proofs of results in Section 4

Proof of Proposition 4.1. Fix (Y, ) € & and (r,w) € [0,T] x {2. Let & € 2. We set
H=pAp@)Art,h =V e) At. Given (P,y) € P; x T', we see from
Lemma A.2 that

Ep[’Y\;w] — Z,(a)/) < E[[D[Yé’w — ’Y\;’w/]

).

= 5 (4 k)0 = @ llo. + 5Upyegy g [0() = (1) ).

Taking supremum over (P, ¥) € P; x 7" on the left-hand-sides of both inequalities leads to (4.2).

For any ¢ > 0, there exists a A > 0 such that py(x) < &, Yx € [0, 1). One can also ﬁnd a
£y Y : — A(t,w)
A(t,w) > Osuchthat ¢ (y) < 1/2, Vy € [O, At a))). Now, taking §(¢, w) := T A K@w ,
we will obtain (4.3). [

Proof of Proposition 4.2. Fix (Y, p) € &.

(1) We first show (4.4) for stopping time v taking finitely many values.
Fix (t,w) € [0, T] x 2 and let v € T take values in some finite subset {#] < --- < t,,} of
[t, T]. We simply denote ), := ¥,*“ and Z, := Z-®, Vr € [t, T]. Proposition 2.1(3) shows
that ) is an F’-adapted bounded process with all continuous paths.
(1a) In the first step, we show
Zi(®) < supp yep, 1 B[l <Yy + L0 20 ] 6.1)
for the ' -stopping time v taking finitely many values.
Let (P,y) € P, x T" andleti =1, ..., m. Inlight of (2.7), there exists a P-null set
N; such that
<t

]E]P[yy\/[i |‘Ftl,](5) = Epti@ I:(yy\/ti)li,ajl = E]P;r,vﬁ [Y i,w®t(7):|’ Vo e 'A[ic’ (62)

(yve)ti-®
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where we used the fact that for any @ € ' and @ € 2"
Qi) @) = Yyvy @@, @) =Y ((r V1) (@ @y, @), 0 @4 (& @y, D))

= V(0 vi)'"P @), (08 &) ®, d) =V ST @),

( Vi) i@
By (P3), there exist an extension (£2/, F© P®) of (£, F%,P) and O e FO
with PO (£2®) = 1 such that for any @ € 20, Pi-® € P, Given & € 2 NN, since
(y Vv 1;,)® € T' by Proposition 2.1(2), we see from (6.2) that

Ee[Vyvi | @) = Eps[ 025 ] < 261, 0@, 8) = 2, @),
So NV NNE C A = {Ep[Vyv;;|F.] < Z;). The F-adaptedness of Z by Proposi-
tion 4.1 as well as Proposition 2.1(3) imply that Z;, is ftt,- -measurable and thus A; € ftt,
It follows that P(4;) = PV (4;) > PO(2O N NF) = 1. Namely, Ep[V, v, |7} ]
< Z;,P-as.
Setting A; = {v = 1;} € Ff, a8 Ly <yYy = Lyy<yVya, € Fy 0 C Ff, We can
then deduce that

EIP’[lAiyy] = Ep|E [1A 1{y<t, yy + 1A y>tl}yyvt, |-7:[l]]

(1411 <ty Yy + 1a Ly =) Ep Yy | 77 1]
[IA Ly <)Yy + 14,1 V>ti}Zti]
= Ep[Ly 1jy<n Yy + 1412020 ],
and similarly that Ep[14,Y)] = Ep[1a,1iy<i1Yy + 1a,liy=i)EplVyv, | FL1] <
EP[IA 1y <)Yy + 1415020 ] Summing them up over i € {1, ..., m} yields that
]EP[yV] = E]P’[ y<v}yy +1 y>p}Z ] and
Ep[Y,] < Ep[lyy <)Yy + L= 2] (6.3)
Taking supremum of the former over (P, y) € P, x 7" leads to (6.1).
(1b) To demonstrate the inverse inequality of (6.1), we shall paste the local approximating
P-maximizers of Z;, L5 according to (P4) and then make some estimations.

Fix (P,y) € P, x 7', & > Oand let § € Q satisfy py(§) < &/4. For any @ € (2, let
8(@) € ((0, 81N Q) U {8} such that

P (14108 @) + 672 % (i 5@) ) < /4 6.4)
Since the canonical space 2" is separable and thus Lindelof, there exists a sequence {@;} jen of
2" such that Ujen Os; (@) = 2" with §; := §(@;).

. . i ti o~ L (~
Leti=1,...,m e.md{ € N.By 2.1), A} = {v =4} N (05j(a)j) \Ujro; Osj,(wj/)) € Fl.
We can find a pair (]P”j, y]l.) € Py, x T" such that

Z,0® &) < Ey [P ] 44, 6.5)
I

Given @ € 05’} (@), applying Lemma A.2 with (t, w, o', P, y) = (t,-, 0w dj, w®; O, IE”;, V})»
we see from (6.4) that
1 ® St w _~ ~ ~
EHM [Y; 0@ Bj y}’/t{‘"&w] =< PY((l + k)0 ®; wj — @ 0o,
J J

Q¢ wj(

+ ¢y, Kpllo ®; @ —60®t67)||0,t,-)>
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~ Q¢ ~ ~
P (U k)35 = Bl + 0 = (k0 135 = Bl )

((1 +p)8; + 0P % (k @5,»)) <e/4.

I/\

Then applying (4.2) with (¢, w, »') = (tl-, wR; 0, w®; &3), one can deduce from (6.5) and (6.4)
again that

Z, (@) = Zij(w®; 0) < Zy (Cl)@t 5]) +,3Y((1 +rp)llo® 0 — 0 ® oo,

 Q; wj(

+ ¢, Kpllo ®; @ —60®t67)||0,t,-)>

w®,w](

Zi@®: @) + Py (1 + k)3; = Bl + 07, (k1) = Bly))

< Zy@®, 3 + v (1 + 5008 + 97 7 (k5)))
3
< IEP,[ "”®’“’I]+g/2<1EP,[ yle® ]JFZ& (6.6)
Now, fix A € N. Setting IF”);, 41 = P, we recursively pick up IP”.X i =m,...,1from P; such

that (P4) holds for (s,f@,P,{(Aj,a,-,a,-,ﬂv,-)}j:]) - (;,,P* Pf+1,{(A 3],40],19”)}] 1)
and Ay = A) == (U;\.zl A;)C € Fi. Then
Epi[£] = Ep: [£], VE€L YFLPHNLY(F L PL,) and
Epill gl =Ep [ 48], VéEelL NFR PN LY (FLL P, (6.7)

Foranyi =1, ..., m,aslemma A.l of [6] shows that y; (Hti) € ’Z;l’, stitching y with y; (Hti)’s

forms a new F’-stopping time ;. := 1f, <)y + l{yzu}(ln;n:l ALY+ YL Z;le IAj. y}(Hé)).
We see from (6.7) that

By [, 49%) = Ers[ 1o, %0 ] = = Ery [ 1, 4]

On the other hand, for any (i, j) € {1,...,m}x{1,..., A}, as A; - Ag fori’ € {1,..., m}\{i},
we can deduce from (6.7), (3.5) and (6.6) that

Ep[Ly V5] = Epy[Ly V5 | = =En [y 5] =Ep[Ly V5]
= Ext [y cupot Y + Ly Vo

= EP? 1{y<z,-}mA3.yy + l{yzt,-}ﬂ.A’ Y yiUL) ]

. . |yieens] =
= Ep, |:1{V<fi}ﬁA’ij+I{V(5)>ti}ﬁ{5eA’]-}<EP’jI:Yy} ’ ] py(é))}

= E]P’)L [1{y<ti}ﬁ¢4;-yy + I{VZ[i}mAl} (Zti - 8)]

i+1
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== EIP’;H [1{y<u}mA§.yV + l{yzv}ﬂAi- (2v—2)]

= EP[I{y<v}ﬂA;yV + l{yZv}ﬂAij (Zv - 3)]

Taking summation over (i, j) € {1,...,m} x {1,..., A} and then combining with (6.8) yield
that

/@) = B [V3,] = Be[lyy <Dy + Lz 2] + Bs[lpaulyy 4Oy — 20| -

> Ep[l{y<v}yy + 1{m}zu] - 2My19>(m;"=1 Ag) —e, (6.9)

. .\ C .~ ~
where N, Ay = (Uf”z1 U>=1 Afi) . Since Ujen 0;’} (0j) D Ujen Os;(@)) = £2" for each
i € {1,....m), we see that U Ujeny A} = u;"_l[{v — 51N (ujeN ngj(aj))] = U (v =

i} = 2", letting A — oo and then letting ¢ — 0 in (6.9) yield that

Z/(©) 2 B[ Ly <)Yy + 1z 2 . (6.10)

Taking supremum over (P, y) € P; x 7" and combining with (6.1) prove (4.4) for v taking
finitely many values.

(2) Next, let us show (4.5) and thus the continuity of process Z.
Fixwe 2and0 <t <s <T.Ift = s, then (4.5) trivially holds. So we assume ¢ < s.

(2a) Let us start by proving an auxiliary inequality:
E]}»UZ;*“’ N ZS(w)|] = ZCQMY<(S - t)qTI V(s — t)‘]zf%l)

+ 07 (8,5(@) V Dy (81,5(@) = b1 5 (). (6.11)

For any @ € ', applying (4.2) with (¢, w, @) = (5, v ®; @, w) yields that

|26, 0@ @) — Zy@)| = 5y (1 + k)0 ®: & = oo,

+ SUD ey, @50 | (© ® D) — (0 @, @) (s1(@)) ) 6.12)

where 51 (@) = p (0 ®; ®) A g (@) A s and s7(@) = (5@ (0w ®;0) Vv p(a))) AS.

LetP € P; and set A := { SUpefr.s1 1Bl < (s — n% } As B! = 0, one can deduce from
(4.1) and (3.4) that

g 7te _ ¢ T Y
Ep[14¢|Z} Zy(w)|] < 2MyP(A°) < 2My(s — )™ 2 Ep|sup, ;.1 | Bl — B
_a

< 2My(s — 1)~ 3 Ep[g((s — 1) + SUpyep B! — B;|)]

< 2My(s — 1) 73(s — 1)

< ZCQMy((S —nF V(s - t)qz—%l). (6.13)
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As to Ep[14]Z5” — Zy(w)]], we shall estimate it by two cases on values of p (w):
(i) When o (w) <1, let @ € A. Applying Lemma A.1 with (z, s, 7) = (0, 1, &) yields that
P (0 ®; @) = p (w), thus 51 (@) = 52(@) = g (w) As = g (w). Since
lw®; @ — llo,s = Sup,cp;q|@r) + o) — ()]

IA

SUP, 11,51 [B()| + sup, ey |@(r) — ()]

a1
S (s =17 +8up,y|@(r) —w@)
we can deduce from (6.12) that
Ee[ 14|20 = Z(@)]] = v (81.6(@), (6.15)
(ii) When g (w) > 1, applying Lemma A.1 again shows that g (0 ®; 27) C (¢, T] and that
=" Ap@ As € T'. Letw € A. Since (@) = p(0®, @) Ap @) As =
s1(@) > t, we have
SUD, (s, @).52 (@)1 | (@ @1 D) (r) — (0 ®; @) (51(@))
= SUP, 5, @).5:(@)|O(") = D($1@))| = 8UP, ¢ (G 5@ BH (@) — BL(@)].
By (2.5)and (6.14), s (@) —{ (@) = $2(0)—51(@) < o (0 @ )V (0)— (0 @ D) A (®)
=[p(0Qrw)—p ()| < kpllo® w—wlos < d(w).So SUpre[sl(a),sz(a)]}(w ®; w)(r)—
(@ ®; D) (51@)| < SUP,cr@). @) MLS(M))AT”Bf(cT)) - Bg(a)|. Then (6.12), (6.14) and

(3.4) imply that Ep[l A|Zb? - 2, (a))|] < EP[I APy (5m(a)) + SUPy iz (e 49, o | BE —

, (6.14)

Bé D < ﬁy(ét,s(w)), which together with (6.13) and (6.15) leads to (6.11).

(2b) Now, we shall use (6.10), (6.11), (6.3) as well as (3.4) to derive (4.5).
For any PP € P;, applying (6.10) with v = s and y = s, we see from (6.11) that

Zi(@) — Zy(@) > Bp[Z1° — Zs(@)] = =1 5 (). (6.16)

As to the inverse inequality, let us fix & > 0. There exists a pair (P, y) € P, x T " such that
Zi(w) < Ep[Y)®] + ¢. Applying the first inequality of (6.3) with v = s yields that

Z(@) < Ep[Y) ] + & < Ep[l(y < Y2 + 12 Z0°] + e (6.17)

For any @ € (2, ?;"”((T)) —Y@) = 17(3/(5),0)@, @) — ?(s,a)@, @) = Y(s1(@),
w Q; c~u) — Y(52(5), o Q; 6), where 51 (@) = y (@) A p (0 ®; @) and 5(@) = 5 A P (0 ®; D).
Let us show by two cases that

Ee[ 1< |71@) — 71°@)]] < v — . (6.18)

If p(w) < t, for any @ € 2, since Lemma A.1 shows that p (0 ®; 27) = p (w), we see that
51(@) = 5(@) = () and thus that [YL@) — ¥{“@)| = 0. Otherwise, if p (@) > 1,
applying Lemma A.1 again gives that ¥ = y A p"® € T'. For any @ € {y < s}, since
Y (@) = y(@) A p(o® @) = s1(@) >t and since $(@) — 51(@) < s — ¢, (2.2) implies that

710@) - 710 @)| < pr((2@) —1@)
+ Supre[O,T]|(0) & @) (r A51(@)) — (0@ @) (r A 52(5))‘)
= py ((S — 1) + SUD, [7@) 0@ | @) — 5(’;7(5))‘)
= Py <(S — 1) + SUP, [5@). (@) +s—aT1| Br @) — B’?(Fu)|>.



2604 E. Bayraktar, S. Yao / Stochastic Processes and their Applications 127 (2017) 2586-2629

Then (6.18) follows from (3.4). Plugging (6.18) into (6.17), we can deduce from (4.1) and (6.11)
that

Zi(w) — Zs(w) < ]EP[l{y<s}i;;’w + 1{)/23‘}2;@ - Zs(a))] +oy(s —1) +¢
< EBp[Zy® — Zg(@)] +Dy(s — 1) + & < ¢y 5(®) + Py (s — 1) +&.
Letting ¢ — 0 and combining with (6.16) yield that |Z, (w) — Z, (a))| < am(w) + pr(s — 1),
ie. (4.5).
R As limy »y | & 5(w) = limy, | & 5(w) = 0, we see that lim; »; | ¢ s(w) = limgy\, |
¢:r.s(w) = 0, which together with (4.1) and (4.3) shows that Z is an F-adapted process bounded
by My and with all continuous paths.

With the continuity of Y and Z, we can follow the proof of [19, Theorem 4.3] to demonstrate
(4.4) for general stopping time v (see [7] for details). U

Proof of Proposition 4.3. Fix (Y, p) € Gandn € N. Since/:f and Z are F-adapted processes
with all continuous paths by Proposition 4.2 and since Z7 = Y7, we see that

vy = inf{r € [0, T1: Z, — Y, < 1/n} (6.19)
is an F-stopping time.
Let us also fix (r, w) € [0, T] x 2.
(1) Given ¢ € 7, let us first show that Z; s (w) > E,[Z;](w). (6.20)
If7 .= ¢(w) < t, applying Lemma A.1 with (¢, s, ) = (0, ¢, ¢) shows that ¢ (0 ®, 2) =1.
Since Z; € F;+ C F; by Proposition 4.2, using (2.6) with (¢, s, ) = (0, t, Z/;) shows that
(Z)@) = Zi (0@ @) = Z(1,0® @) = Z(f, 0) = Z({ (w) At @), V& e Q.
(6.21)
It follows that &,[Z;1(w) = suppep, Bp[(Z;)"] = Zni(®).

On the other hand, if ¢ (w) > t,as "% € 7' by Lemma A.1, applying (4.4) withy = v = ¢"®
yields that

Zg/\t(a)) = Z/(w) = SUPP,y)eP, xT! E]P’I:l{y<§f,w}Y]£’w + 1{)/2{"’“}22’3)]
suppep, Ep[(Z)"] = 611 Z: (o).

(2) Let ¢ € T. We next show that Z,, n¢ nr(@) < gt[zvn/\;](a)).

If v, () A ¢(w) < t, using similar arguments that lead to (6.21) yields that (Z,, ;)" (@) =
Z(vn(a)) AL(w) At a)), V@ € 2" and thus E,[ZVHM]((;)) = Zy,nent ().

On the other hand, suppose that v,(w) A {(w) > t. We see from Lemma A.l again that
L = (vp AOB? € T'. Let ¢ > 0. Applying (4.4) with v = ¢,, one can find a pair
(Pe, ve) = (P, y!") € Py x T" such that

A%

Zi(®) = Sup(p )P 71 EP[l{y«n}?ﬁ"” + 1{yzcn}22;w]

IA

EP& I:l{ys<§n}?)2w + 1{)/5291}Z2;,w:| +eé. (622)

For any @ € {y. < &}, since y: (@) < ;n(?o’)\ =W AR d) < v(w ®/,\5), the definition
of ¢, shows that % < Z(yg(?'o), o ®; ET)) - Y(yg(cT)), o Q; 5) = Z;;s‘"@) - Y}’,;“’(Fo). It follows
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from (6.22) that

Z(w) < Ep, [1{V€<;,,}?;;‘" + 1{%2;,1}23‘”] +e<Ep, [z’y’;‘;;ﬂ - %1{%%}] e (6.23)
Since y, (Hto) € 7; by lemma A.1 of [6], applying (6.20) with ¢ = yg(HIO) AV, A € yields that
Zi(@) = Z,, (179 nop rent (@) = ENZ, (170) 5 00 ) (@)
B[ (Zyaaipnd) ™| = B[ 20, ] (624

where we used the fact that for any @ € '

v

(ZyE(HtO)AW{)t,w@) = Z(ye (I (0 ®; @) A vp(@0®; &) A (0 ®; &), 0 @ &)
= Z(7:(@) A (@), 0@ D) = Z,,5) (@)

Putting (6.23) and (6.24) together shows that P.{y, < ¢,} < ne. Then we can deduce from
(6.22) and (4.1) that

Ziners(@) = Zi(@) = B, [y cc) (T2 = 25 + 25 |+
2MyPelye < &} +Ep, (2,1 + ¢
< Bp.[(Zo,n0)"“] + (14 20My)e < E1lZu,nc)(@) + (1 + 2nMy e,

IA

Letting ¢ — 0 yields that Z,, xpn/ (@) < E[Zyacl(w). O

Proof of Theorem 4.1. Fix (Y, ) € &. Since both Y and Z are F-adapted processes with all
continuous paths by Proposition 4.2, we see from (4.1) that V' := inf{t e[0,T]: Z; = f’\t} is
an F-stopping time. For any n € N, let v, be the F-stopping time defined in (6.19). Since Z is
an z—martingale over [0, v,] by Proposition 4.3, one can find a P, eAP satisfying (1.4). By (P1),
{IP,};2 , has a weakly convergent subsequence {Pm;}jen with limit P € P.

One can deduce from Proposition 4.3 again that

The &-supermartingality of Z implies the P-supermartingality of Z for any P € P (6.25)

(see lemma A.3 of [7] for details). Whenm; > n (so v, < vm_i), taking P = ]Pm_,- in (6.25), we
see from (1.4) that

Zo <Ep, [Zy, ] +27" <Ep, [Zy,] +27". (6.26)

(1) Before sending j to oo in order to approximate the distribution Pin (6.26), we need to

approach {v,}neN by a sequence {é:, }n oy Of Lipschitz continuous random variables.

Fix integer n > 2. There exists a A,, > 0 such that py (x) Vpy (x) < m, Vx e [0, A,].
A CRAIRCT N N . _
Let w € 2, set §,(w) = pIgE A —L o with (¢7)7" (x) :==inf{y > 0: ¢7(y) = x},

Vx > 0,and let o’ € 55,,(&;)(60)- Givent € [0,T], sets := p(w) Atand s’ == p (o) A L.
By (2.9), |s — 5’| < ’g,)(a)) - p(a)’)| < kpllw — @'llo,7. Then (2.2) implies that

[Y(t,0) = Y(1,0)| = Y (5, 0) = Y (5, )]

< py(ls —5'| + sup,cpo. 7w As) — ' (r A s/)|>
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/ /
< o1 (kpllo = @'l + sup,cjo 71 [0 A5) = 0( A8
+ SuprE[O’T] ‘w(r A S/) — a)/(r A\ S/) ’)

< pr((+ k)l = @ lo7 + 95 (15" = s1))

1
< py ((1 + kp)llw — o'llo,r + ¢F (kpllw — a/llo,T)) < M) (6.27)
Taking t = v, (w), we see from (4.2) that
(Z = V)0 (@), ©) = (Z = V) (0(w), )|
< |Z(n(w), 0) —

— Y (1 (@), )]

—~ 1

< 7 (1 010 = o + 66,0 (60 10 = @ o)) + 5
< Py ((1 + kp)llw — &'llo,7 + @7 (kpllw — w’llo,T)) + EEE)

1 1
< < .
“nn+1) (n—1Dn

As the continuity of Z — Y shows that
1

~V)n(@). ) < —. (6.28)

it follows that (Z — Y)(vn(a)) o) < ; + — = 1)n = ﬁ, S0 Vy—1(@") < v, (w). Analogously,

taking t = v, 11 (") in (6.27) yields that
[(Z = V) (n41(@), @) = (Z = V) (011 (@), )|

< |Z@s1(@), ) — — Y (1), )|

1 1
< (0 )l = alor + 6 (koo = o/ lor) ) + 5 < s,
and that (Z — Y)(vn+1(a)) w) < (Z — Y)(vn+1(w) o) + ,,(n+1) = n+1 + n(n1+1) = rll

which shows that v, (@) < v,11 ().

Now, we can apply Lemma A.3 with (QO,Q,O,@ I,8(w),e) = (£2,v4-1, Vn, Vntl,»
[0, T], 8,(w),27") to find an open subset (2, of (2 and a Lipschitz continuous random
Variable@, : {2 — [0, T] such that

SUPpep P(’(};) <2™, v,1—-2""< é; < Vpt1+27" on ?2,,. (6.29)

vl

Given’c\u € ﬁn_l N ﬁnﬂ, as @1_1 —2ntl oy < é:,.H 42 = @,(w) A V()
and s := 6, (w) V v, (w) satisfy

s —1 = V(@) = (@)| < Guet = O —27"TH "V Byt — 0, +27"7H7F
< Ouet = O = 27"V Bpgs — O+ 277
< [Op—1(®) = 0y (@)] + By 1(@) — Bp(@)] + 27" =5, (). (6.30)

(2) Next, let us estimate the expected difference IE]pmj [|Z§n -7
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q1
Set g (@) i= (1 + k) ((82(@)) * + ¢2(5,()) ). Then (4.5) shows that

ar _a
|25 (@) = Z,,@)] = |21, @) — Z(s, )| < 2CQMy(@(w)) T (B (@) )
+ 57 (52(@)) + By (60 (@) V Dy (¢n(@)) = &n ().
Let j € Nwithm; > n. We see from (6.26), (4.1) and (6.29) that
Zo—2"" < E]pm/_ [Z@\n] + E]ij [|Z§n —Zy, H
< E}ij [Z@, +15, 1, En A 2My)]
+2My P, (% U 254)
< Ep,, [Z5, + (& A2My)] + 5My27". (6.31)
The random variables 6?", 1, 5,,, @1“ are Lipschitz continuous on {2, so is ?S\n Then one
can deduce that

w — ¢F @ (a))) is a continuous random variable on {2, (6.32%)

which together with the Lipschitz continuity of ;S\n implies that ¢, and thus &, are continuous
random variables on (2. Moreover, the Lipschitz continuity of random variable 6, and the
continuity of process Z imply that

Zgn is also a continuous random variable on (2. (6.33%)
Letting j — oo in (6.31), we see from the continuity of random variables Z and &, that
Zo < Bp[Zg + (& A2My)| +5My27", Vn=2. (6.34)
(3) Finally, we use the convergence of 5;1 to U and the continuity of Z to derive the &-
martingality of Z over [0, V].

Set v’ Vo= limy, s oo T Uy 5 7. The continuity of Z — f/\ (6.28) and (4.1) imply that
Ly — YA/ = 0,thusd =7V = hm,,_>oo 1 v,. Then we can deduce from (6 29) that
1My, o O (a)) = D), Yo € U5 Nz Qe As Y02 P(129) < Y0 3 suppep P(12) < 1,

the Borel-Cantelli Lemma implies that IP’( 3 Mi>n Qk> =1.So

limy—oo 6, =7, P-as. (6.35)
It follows that lim,,_mo;S\,, = 0, P-as. and thus lim, 0 &, = 0, P-as. Eventually, letting

n — o0 in (6.34), we can deduce from the continuity of process Z, Y and the bounded dominated
convergence theorem that

Zy < B3[25] = 60[25] = E0[15] < supgp. e Er[Yy] = Zo.

Hence, Zy = EO[ZA] = E@[ A] = E@[?A]

Next, let { € 7. For any P € P, we see from (6.25) that Zg = Ep[Zo] > EP[ZW\;] >
EP[ZA] Takmg supremum over P € P yields that Zg > & ()[ZU AZ] > & O[Zg] = Zy and taking
particular P = P shows that Zy > Es 3l Zonc] = Ep[Zo] = Zo. O
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6.2. Proofs of results in Section 5

Proof of Proposition 5.1. Set ng = 1 + [ 25 '] > 2, '. Given k € N U {0}, since 2’

. . . . 1 1
is an F-adapted process with all continuous paths and since 2y > w2 T

=inf{r € [0,T] : 2; < k+n } AT is an F-stopping time satisfying 0 < Tx(w) < 10(),
VYw € £2.In particular, if {r € [0,T] : Z;(@’) < 0} is not empty for some o’ € {2, then
Tk (@) < 10(@’). Let {8 }ren be a sequence decreasing to 0 such that p g~ (8;) <
Vk eN.

we see that

1
(k+ng) (k+np+1)°

(a) First, we construct an auxiliary increasing sequence {U¢}een of Lipschitz continuous
stopping times.
Fixk e N.Fori =k — 1,k,letw, o' € 2 with || — wllo7 @) < 8, (3.1) shows that
|2 @i1(@), o) = Z Tip1(@), 0)| < par(llo —ollog,, ) < p2 )
1
=< .
(k+mnp)k+no+1)
If Zi(w) > +n g for all ¢ € [0,T], then Ti+1(@) = T > 7;(«). On the other
hand, if the set {r € [0,T] : %(w) <
implies that 2" (Tj+1(w), ®) l+n0+1, it follows that 2 (Tj+1(w), ') < ﬁ +
m = ﬁ, so one still has T; (@') < T;41(w). Then we can apply Lemma A.5
with (01, 05, 03,68, k) = (?k,l, ?k, f[\k+1, Sk, 2T/5k) to find a @k € 7 such that

: +n1 —} is not empty, the continuity of 2~

T—1(®) < Pr(@) < Ty1(0) <0(@), Yo e, (6.36)

(the last inequality is strict if the set {t € [0, T] : Z;(w) < 0} is not empty) and that given
w1, W2 € .Q,

P (1) — Pr(@2)] < 2T8; Nt — wallo s (6.37)

o~

holds for any 19 € [bx, T] U {t € [k, bx) : ¢ = G + 2T8; w1 — wallo,}, where

@ = Pi(1) A Piwr) and by == Pi(01) V Pic(@2).
Let £ € N. We define and F-stopping time ¢, := maxs—;,._ ¢ §k. Let w1, wy € N and set
ag = e(wy) A De(wy), by = Pe(w1) V Pe(wr). To see that

[9¢(w1) — De(@2)| < 2T8; w1 — wallo s (6.38)

holds for any 79 € [be, T1U {t € [ag, by) 1 1 > ag + 2T8;] lwr — w2llo, ), we first let
tg € [bg, T]. Forany k = 1, ..., ¢, since by < ¥¢(w1) V V¢(w2) = by < to, applying (6.37)
yields that

[Pk (@1) — Pr(@2)] < 2T3k_1I|w1 —w2llo < 2T5[1 lor — @20,z (6.39)

It follows that Pk (@1) < i (@2) + 278, w1 — @allo.qy < Pe(@2) + 278, lwr — 2o -
Taking maximum over k = 1, ..., £ shows that ¥ (w1) < V¢(w2) + 2T8,Z_1 lwr — w2ll0,z-
Then exchanging the roles of w; and w; yields (6.38).

We next suppose that the set {r € [ag, by) : 1 > ay + 2T8[1||w1 — w2llo,¢} is not
empty and contains #p. Given k = 1,...,¢, since typ € [ag, by) C [ﬁk, T] and since
Pr(@1) A Pr(@2) + 278  lwr — wnllos < l‘/‘lz(wl) A Be(@n) + 278, oy — wallog < t0.
applying (6.37) yields (6.39) and thus leads to (6.38) again.
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Now, fix n € N. We set £ = [logo(n +2)] > 2, j = n+2 — 2¢=1 and define
on = 1+ 2" T) A D e T.
(b) In this step, we show that g,’s is the increasing sequence of Lipschitz continuous stopping
times in quest such that the increment ,4+1 — §y is bounded by %

Since £ — 1 < logy(n +2) < £, wesee that 1 < j < 261, Ifj < 26-1 4
n+2=25"4j <2~ 1,one has £ = [logy(n +2)] < [log,(n + 3)] < ¢, so
[log,(n + 3)] = £. Then (2.5) implies that

0 < Pur1(@) — pn(@) = (Fe-1(@) + ( + D2'7T) A D(0)
2T
— (1 (@) + 2" T) A () <2177 < ——, VYowe
n+3
On the other hand, if j = 2¢71, i.e.n +2 = 2¢, then p, = (V1 + T) A ¥ = ¥ and
[log,(n +3)] = |'log2(2Z + 1)] = £ + 1. Applying (2.5) again yields that

0 < Pnt1(@) — Pn(@) = (Fe(@) +27T) A Ppp1 (@) — Ve (@) A Dpy1 (@)
T 2T
< 7
n+2 n+3
Since Ty = inf{r € [0,T] : 2; < e} AT = inf{t € [0,T] : 2; <
([Mogy(n +2)] + L%_IJ — 1)’1} AT = 1, by (3.2), we can deduce from (6.36) that

Yo € f.

<27fT =

7(0) = Ti—2(0) < Hr-1(®) < V1(@) < P—1(@) + j2'7T) A P(0)
= pn(@) < V() = maxi—1,.. ¢ k(@) < 10(w), Yo € 2,
where the last inequality is strict if the set {t € [0, T'] : Z;(w) < 0} is not empty.
(¢) It remains to show the Lipschitz continuity of gy.

Set «, = 2T8,5_1 = 2T(6r10g2(,,+2)1)_1, which is increasing in n and converges to oo.
Let w1, wy € N and set a, := g, (w1) A ©,(w2). We assume without loss of generality that
an = pp(w1) < gn(wz) and discuss by two cases:

(i) When g, (1) = 9¢—1(w1) + j2'7¢T, one has

Pn(@2) — Pn(@1) = Pa@2) = Ve-1(@1) — j2' 7T < P 1(@2) = Vo1 (@1). (6.40)
Applying (6.38) with fo = T shows that g, (w2) —, (1) < 2T8[Jl lwr—wallo.r < Kknllw1—
@2llo,7- On the other hand, suppose that the set {¢ € [a,, T) : > an + knll@r — w2llo,}
is not empty and contains fg. Since ¥y_1(w1) = g, (w1) — jZI_KT < pn(wn) — j21_eT <
Ye_1(wy), we see that ay_1 = ¥y_(w1) and can deduce that

to > an + knllwr — @2ll0.5p = De—1(@1) + j2' T + kullwr — w2ll0,1

> 91 (o1) + 278, o1 — wallo = ae—1 + 278, o1 — @2ll0.44-

Then (6.40) and (6.38) imply that g, (w2) — @, (w1) < ZTSZ__I1 lor — w2llo,y < knllor —

@210,1-
(i) When g, (w1) = 9¢(w1), applying (6.38) with tg = T shows that p,(w2) — @ (w1) <
Fe(w2) — Do) < 2T8; ' lwr — wallor = knllwr — wallo,7- Next, suppose that the

set {t € [an,T) : t > ay + knllwr — w2llo,s} is not empty and contains #. Since
Pe(w1) = gon(w1) < on(w2) < Fe(w2). We see that a; = ¥¢(w;) and can deduce that
t0 > an+inllwr—anllo., = de(@1)+knllor—w2llo = a+2T8; w1 —w2llo.q- Applying
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(6.38) again yields that o, (w2) — gn(w1) < Pe(@2) — Fe(w1) < 2T3, llwr — w2lloy =

knllwr — wzlloe- O

Proof of Lemma 5.1. Fix n, k € N. We define H; .= 1 A 2%(t —p,) — D  and A, .= U, — L,,
t € [0, T]. Let (t1, 1), (t2, w2) € [0, T] x 2. We set d!? := doo((11, 1), (f2, w2)) and assume
without loss of generality that #; < 1,.

Since (2.5) shows that | Hy, (@) — Hy, (@2)| < [(28(t1 — on(@2)) — DT = (2K(12 — gon (@2)) —
1)*| < 2411 — 12, (2.2) implies that

¥ (@2) = Y M (@2)] < |Li (@2) — Ly (@2)| + | Hyy (@2) — Hiy (@) |14y, (@2)]
+ H,, (0)2)|Ar1 (w2) — Atz (@2)]
< p0(dos((11, @2), (12, @2))) + 2" Mo|ty — 1o
+2p0(doo((t1, ), (12, a)z))) (] (6.41)
Since sup, (;, 1,1 @2(r) — @2(t)| < w1 (1) — @2(t1)| + SUP,(y, 1y l@2(r) — w1 (11)] < 2(||w1 -
@2l0,5, V SUPcpsy 17 @1 (F1) — wz(r)l) =2 X |lo1(- A1) — w2(- A 12)lo, 7, one can deduce that

doo (11, @2), (12, @2)) = |ty — t2| 4 SUP, [y, 1y |@2(r) — W2(t)| < 2(It1 — 12| + 1 (- A 11) —
w2(- A12)llo,7) = 2d"2. Then it follows from (6.41) that

Y (@) — YK (@2)] < 3p0(2d"2) + 21+ Moal 2. (6.42)
Since (2.5), Proposition 5.1(2) imply that
|Hyy (1) — Hyy (@2)| < 2 knllor — @allo.q, (6.43%)
and since |1 — w2llo,y; < lw1(- A1) —w2(- At2)lo,T < d"2, we can further deduce that

¥ (@) = Vi @] < |Ly (@1) = Ly (@2)] + | Hyy (@1) = Hy (@2)]1 47 (@)
+ Hy, (02)| Ay, (01) — Ay, (@2)]
< po(lwr — @2llo,ry) + 2" Moky w1 — w2llo.,
+2p0(llor — w2llo.y) < 3p02d"?) + 2 Mok,d'2,

which together with (6.42) leads to that |¥,"* (w1) — Y/"F(@2)| < 6p0(2d"?) + 2"+ Mo(1 +
in)dh? = p, p(d?). O

Proof of (5.4). Fix (¢, w) € [0, T] x 2. We will simply denote 21—k by § and denote the term
U((gon(a)) + 8 At a)) —U(pn(@) A t,w) by AV, Let (P, y,v) € P; x T' x T" and define

Ty (@) = 1y @)>pu (e, 5)}(U((89n(0) ® @) +8) AWV pu(0® D)), 0@ D)
_U(@n(w®té~0)aw®t6~0)), VYo e .

(1) We first show by three cases that

Ep[|Jy,0 — AY|] < B0 (8). (6.44)
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(1) When g, (®w) < t — &, applying Lemma A.1 with (¢,5,t) = (0,1t, g,) yields that
t = pp(®) = pplo®; o), Yo € 2'. Since U is an F-adapted process by (A1)
and (2.3), one has U,, € F,, C F, and Uy, 45 € Fi,46 C Fi. Let @ € 02'. Using
(2.6) with (¢,s,n7) = (0,¢,U;,) and (¢,s,n) = (0,¢, U;,+s) respectively shows that
Ulty,w®; @) = Uty,w) and U(ty + 8, 0®; @) = Uty +8,0). Ast, +8 <t <
y (@) A v(@), one has

Ty (@) = Ly@)=,) (U((tn +8) A (@) V 1), © @ &) = Uy, 0 ®, B))
=U(ty + 8, 0) — Ulty, w) = AY.
(i1) Whent —§ < g, (w) < t, we still have 1, = g, (w) = (0 ®; ®) and U (1, © ®@; ®) =
Ulty,w), Voo € 2. Set v, == (t, +8) Av € T'. For any @ € §2', we see from
t, <t < y(®) A v(®) that
Jyv(@) — AY

= 1y @ (Ut +8) A @) V1), 08, 5) — Ulty, 0@, D))

—Ut,w)+U(t,, w) = U(vn(a), w ®; 5) —U(t, w).
Since t < v, (@) < (t, +8) AT < (t +8) A T, one can further deduce from (2.2) that
|70 (@) — A7

< po((vn@) — 1)+ 8Up,cpo,71 | (@ ® &) (r A V(@) — 0 (r A t)|>
< ,00<<S + SUD 1, (14+8)AT] |g’(”)|)

= PO<5 + SUP, ey, +s)a7| BH (@) — Btt(a))|>-
Taking expectation Ep[], we see from (3.4) that ]Ep[| Jyv — AU |] < po(8).
(iii) When g, (@) > t, we see that AV = U (¢, w) — U (¢, w) = 0. As Lemma A.1 shows that
on” € T gy = (i 4+ 8) A (v V i) is also an F!-stopping time. Given @ € 27,
we set s} = pn (@) < £,(@) = s2. Since 52 < Py (@) + 8 = s} + 8, applying (2.2)
again yields that

1@ = AY] = |10@)] = 11, 5 g oy | U (92 @) + )
NO@) v @), 08,8) - Up} @08, 3)
< |U(s2 0@ 3) ~ U(s) 0 &)|
= po((S,% — 1) + SUp, 0.7 [ (@ ® B AsT) — (0, D) (r A SM)
= po((srz, — 5y + SUP,¢[s] 52] |&(r) — 5(5,1)|)

< 008+ SUD, ) (o1 ron) | BE@) — B (9@, B)]).

Taking expectation Ep[] and using (3.4) yield that Ep[|J,,, — AY|] < 5p(8). Hence, we
proved (6.44).

(2) Next, we use (6.44) to verify (5.4).

(2a) Forany (t', ') € [0, T] x {2, since (5.2) and (A2) imply that L(¢’, ') < Y (¢, ') <
U,
YR, o) = Lpep,@n Lt @) + L= p,@n ¥ (9"5 (@) A1, o)

l{t’fg,)n(w’)}L(t/’ a)/) + 1{t’>g.)n(a)’)}U((59n (a)/) + 8 A t/, a)/). (6.45)

IA
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Given (P,y) € P; x T" and @ € ', taking (', ') = (y (@), » ®; @) in (6.45) yields
that
(Y@ — (@M@ =Yy (@), 0@ 3) - 2" (v (@), 0 @ B)

<14y @)>pn e (T))}(U((&)n(a) ®; @) + 8)
AY @)V 1@ 5)), 0@ 5) — U(pa (08, 3), 0 @ 5)) = Jy,, @).

It then follows from (6.44) that Ep (P"4))”] < Ee[@™5 + J,,,] = 27(w) +

AY + 5o(8). Taking supremum over (P, ) € P, x 7' on the left-hand-side leads to
that Z" (@) < Z7*(@) + AV + 5o(6).

(2b) To show the left-hand-side of (5.4), we let (P, y) € P, x 7' and set ¥ = (y +8) AT €
T!. Given (t', ') € [0, T] x 12,

P, o) = Ly<p, @)U ', @) + 1ip=p, @) U (9n(@). @)
= U(pn(@) A1, &). (6.46)
Ift' < T —§, since
YR 48, 0) = Ly, @r)—2- 1 LG + 5, 0)
+ 12 0,N U ((Pn(@) + 8 AT, o)
L@y 2t << {1 = 20 +27F = pa @D]LE +8, )
F2K( + 27K — (@)U + 3, a)/)}

> Ly <p, @) Lt +8,0) + L= p,@nU((9n(@) +8) AT, o),
we can obtain that
(A, ) = YR +8,0) < Lyp<ppy (L, ) = L' +8, ')

+ 1= () (U (@), @) = U ((n (@) + 8) AT, 0)). (6.47)
Also, (5.3) and (A2) imply that
Y" (T, ) = Y, )>1-5)U (T, @) + L, w)<1-5U (90 (@) + 8) A T, &)
= U((pn(@) + &) AT, o). (6.48)
Letw € {y > T — 8}, s0 y(@) = T. Taking (', o) = (y(cB), w ®; 5) in (6.46),
(6.48) and using (2.2) yield that
@M @) = (V)@ = 2" (@), 0 ® &) = V"M (T, 0 @ @)
<U(pn(@® @) Ay (@), 0@ 3) —U((pn(@® @) + ) AT, 0 ®; @)
=1y @< 0o) (U @. 0@ 8) - U(T.0® 3))
+ 1y @)>pn e @) (U(pn (0®; @), R, D)
~U((on(@®,3) + ) AT, 0@ &)
= (T = ¥ @) + 59,1y @).11|BC) = B @D ) = Jy.7 @)

= :00<5 + SUD e[y (@), (v (@)+6)AT] |B£(‘~0) - B;t/ (5)’> — Jy.1(@). (6.49)
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On the other hand, let@ € {y < T —8}. Applying (6.47) with (', ') = (y (@), 0 ®; @)
and using (2.2) yield that
@@ — (V)5 @) = 2" (v (@), 0@ &) = Y (y (@) + 8, 0 ®, D)
< ly@rzpnwe o) (LY@, 08, 8) - LO@) +5,08,5))
+ 1{y(5)>g.},,(w ® )} (U(B/f)n (0 ®; g))v o CT))
U (@@ B+ ) AT, 0@, 5))
=< ,00(5 + Supre[y(a),(y(a)+5)AT]|5(r) - 5(7/(5))0 — Jy.1(@)
= /’0(5 + SUPrefy @),/ @+5)71| B/ (@) — By (‘5)’) = Jy1(@),
which together with (6.49), (6.44) and (3.4) shows that Ep[(#")}*] < Ep[(?mk);‘” -
J},,T] +00(8) < Z;”k(a)) — AY 4+ 200(8). Taking supremum over (P, y) € P; x 7" on
the left-hand-side leads to 2" (w) < Z,"’k (w) — AY +2p0(8). O

Proof of (5.5). Fix (¢, w) € [0, T] x {2. We will simply denote % by § and denote the term

U(pnt1(@) At, ) — U(pn(@) At, ) by AV. Let (P, y,v) € P, x T x T" and define
Ty (@) = 11y @)>pn e 5)}(U(5on+1(w ®: @) A V(@) V on(0®; B)), 0 @, D)
~U(pn(@®,3), 0@ @), Voe.

By Proposition 5.1(1), one can deduce (6.44) again by three cases: g,+1(w) < t, pon(w) < t
$n+1(w) and o, (w) > 1.

IA

(1) Let us show the right-hand-side of (5.5) first.
For any (¢, @) € [0, T] x {2, since an analogy to (6.46) shows that Z"+1(t', ')
U(pn+1(w/) At a)/), we have

IA

D o) = Yz, L, @) + Vs g, @)@ " (', o)
= Lp<p, @ Lt @) + Liyop,@pU(Pnn1 (@) A1, ). (6.50)
Given (P, y) € P, x T" and @ € ', taking (¢, ') = (y (@), w ®; @) in (6.50) yields that
(@) @) — @M @) = 2" (v (@), 0@ B) = V" (y (@), 0 @, @)
= ly@>pue ) (U(son+1 (@®; @) A (Y (@) V (0 ® @), 0 ®; D)
~U(pn(©®,3), 0@ &) =y, (@)

It then follows from (6.44) that Ep[(#"1)7”] < Ee[(@™)5 + Jy,] < 2(w) +
AU 4 00(8). Taking supremum over (P, y) € P X T" on the left-hand-side leads to that
2/ (@) < 2" () + AY + 50 (6).

(2) To show the left hand side of (5.5), we let (P, y) € Py x T" and set ¥ := (y +8) AT € T".
We also let (t/,0') € [0,T] x 2. If ¢/ < T — 4, since gu+1(@) < gn(o’) + § by
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Proposition 5.1(1), one can deduce that
D' + 8, 0) = Lygs=p@n Lt +8.0) + Lyss g @)U (9n1 (@), )
> L ps<ppir @)L +8,0') + Lig,, (@) —s<t'<pn(@ L (9nt1(@), @)
+ l{t’>g.),,(w’)}U(@n+l (a)/)s a)/)s
and thus that
(A, &) — D" +8,0) < Vypis<p @ (LA, @) — Lt + 8, )
+ 1{@n+l(w,)_5<t,§6@n(w,)}(L(t/9 @) = L(pnt1(e) V1, a)’))

1, (U (92 (@), @) = U (1 @), ). 6.51)
Also, (A2) implies that
YT, o) = Vr=g, @ LT, @) + Lrsp, ) U (90410, )
= L7—p 1@ U T, ) + Y7o @)U (9n41(@), o)
= U(pn+1(0), o). (6.52)

Letw € {y > T — 68}, so y(w) = T. Taking (¢, &) = (y(c~o),a)®, 5) in (6.46) and
(6.52) yields that

@@ — (2" @) = 2" (@), 0@, 3) = P, 0 ® @)
SU(pn(@® @) Ay (@), 0 ®; @) — U(pnr1(0®; @), 0 ®; )
=1y @ <pu@a a)}(U(V@), 0®; @) — U(pns1(0® @) Vy(@),»Q; 5))
+14,@)>pn e 5)}<U(5On(w @ @), 0 ® @) — U(pns1(0® @), 0, 5))

< 20(8 + SUPrety @,y @ 1071 | BL@) = BL@)]) = 4,.7@), (6.53)
where we obtained from (2.2) that
Uy @), 0 @) — Ulpns1 @@, 3) V y (@), 0 ®, &)
= o((Pri1 @& D)V y @) -y @)
+ 5D, 0,71 @ D)7 A (Pr41@ @1 D) V¥ (@) — @S D) Ay @))])
= p0((T = 7@) + 59,1y . 1| @) = B @)
=P (3 + SUPre1y @)./@+0)a71| B @) — B, (‘N")|)-

On the other hand, let @ € {y < T — §}. Applying (6.51) with (', ') = (y (@), 0 ®; @)
yields that
(@)L @) — (W“);‘”(a) =" (y(@), 0@ &) — V" (y(@) + 6, 0 ®, D)
= 1y @) +s<pni1 (@@ @) (L(V(?B), 0 ®; @) — L(y (@) + 8, 0 ®; 5))

+ g, 11 (0@ &) —5<y (@) <pn (0@, &) (L(V(?v)» o ®; @)
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L(pn1 @@ &)V y @), 0, 5))
+ 1y @)>pu(@ e @) (U(pn (©®; @), ©®; &) = U(pn+1(0 @ @), 0 5))
< 20(8 + SUBy ey .0y @40 |[BC) = B @) = 47 @)
< po(5 + SUP, ey @), (y @ +5)a71| Br (@) — By, (‘7))|> —Jy1(@),

which together with (6.53), (6.44) and (3.4) shows that Ep[(#™)}*] < EP[(W“);“’
JV,T] +p0(8) < Qﬁ"“ (w) — AU 4 2/00(8). Taking supremum over (P, y) € P; x 7" on the
left-hand-side leads to 2" (w) < 2" (w) — AV +25p(5). O
Proof of Proposition 5.3. (1) Let n € N. Lemma 5.1 and Proposition 4.2 show that AR
k € N are F-adapted processes with all continuous paths. For any (¢, w) € [0,T] x {2,
as k — oo in (5.4), the continuity of U implies that
limy 00 Z1" (@) = 2 (o). (6.54)

Then the F-adaptedness of {Z"*}cn shows that process 2" is also F-adapted. Moreover,
given (s, w) € [0, T] x 2, letting t — s in (5.4), we can deduce from the continuity of
processes {Z"*Y ey and U that

Z (@) — o) — U((pn(@) + 2175 As, 0) + Ulpn(@) As, @)
<lim 2] (w) < hm 2 (w)

t—s
< ZM () + 25027 — U ((pn(@) +2'75) A5, o)
+U(pn(w) As,w), VkeN.
Ask — 00, (6.54) and the continuity of U imply thatlim,_,; 2" (w) = limy_, o Z (w)
Z!"(w). Hence, the process Z” has all continuous paths.

(2) Fix (t, w) € [0, T] x 2. For any integers n < m, adding (5.5) up fromi =ntoi =m — 1
shows that

m—lA 2T
—2) h(5) = £ — 2@~ Ulpn(@) A1.0) + Upa@) At o)

SR

Since p1 > 1 by (P2), (2.4) gives that Y2 0'00(1+3) 27001 o (l+3) + QZ _no( = )pl
< 00, where ng := 1 + | (2T — 3)™|. Then we see from the continuity of U and (6.55)
that {2"(@)}, .y is a Cauchy sequence of R. Let Z;(w) be the limit of {2 (®)}, -
ie. Zi(w) = limy 00 Z" (). As limy, 00 1 T(w) = To(w), Proposition 5.1(1) shows
that lim,, 00 1 om (@) = 19(w). Letting m — oo in (6.55) and using the continuity of U
yield (5.6).
(3a) Let us now show the first inequality of (5.7).

Clearly, the F-adaptedness of {Z7"},cn implies that of 2 and the boundedness of

{2} en by My implies that of 2. Similar to the argument used in part (1), letting # — s in
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(5.6), we can deduce from the continuity of processes { 2" },en, U and lim,, 5 1 $, = 70
that the process 2 has all continuous paths.

Let (t,w) € [0,T] x £2. Given ¢ > 0, there exists (Pg, y.) € P, x 7' such that
SUP(P,)eP, x T ]Ep[gl’/\;‘”] < Ep, [@\;/E“’] + &. Since lim;, .o, 1 T, = 7o, one can deduce
from the continuity of U that

lim, o0 2 (@) = (@), V(') €[0,T] x £2. (6.56")

It follows that lim, -, 0o (%)% (@) = limy— o0 Z" (v (@), 0 ®; &) = ¥ (e (@), © @ B) =
Y L0(@), Yo € 2'. As #"’s are all bounded by Mo, applying the bounded convergence
theorem yields that

SUP(p, )P, x T EP[Z’//\;;”] < Ep, [6’//\;,:’] + & =1lim,_ o0 ]Epe[(gfn ;,:”] + &
< lim, «ffzn(a)) +e&=Zi(w) +e.

Then letting ¢ — 0 leads to that Zi(w) = sSupp ,\ep <7 EP[@\;w] >

SUppep, Ep [@\ iw] = @; (w), where we used the F-adaptedness of @\ and (2.6) in the
last equality.
(3b) Let (t, w) € [0, T] x §2. We verify the third equality of (5.7) by two cases.
If ro(w) = T, (6.52) and the continuity of U imply that

P (@) = limy— o0 27 (@) = limy— o0 sUppep, Ep[(Z™) 1] = limy— 00 27 ()
= lim;, U(Pn(a))» a)) = U(‘CO(Q)), 0))

Suppose next that 7g(w) < T. By the definition of tp(w), the set {t € [0, T] : Z;(w) <
0} is not empty. So Proposition 5.1 shows that p,(w) < to(w). Let t € [to(w), T] and
n €N Ast, = pn(w) < 19(w) < r, Lemma A.l implies that g, (0 ®; 2') = p,(w) = 1.
Let y € T'. Since U is an F-adapted process by (Al) and (2.3), one has U;, € F,, C F;.
Given @ € {2, using (2.6) with (¢,s,n7) = (0,¢,U,,) shows that U(t,, v ®, @) =
U(ty, ®). Then we can deduce from y (@) > t > t, = a0 ®; @) that (¥™");*(@) =
Y (y (@), w®; @) = Ulpn(0® @), 0@ @) = Ulty, »®; @) = U(ty, w), which leads
to that Z"(t, w) = SUP (P ) eP, x T Ep[(@");;“’] = U(ty,w) = U(p,,(a)), a)). Letting
n — 0o, we obtain from the continuity of U that Z (¢, w) = U (10(), »).

(4) By (3.3) and the continuity of 2 obtained in part (3a), D; := 2 — @; >0,t €[0,T]
is an F-adapted process whose paths are all continuous except a possible negative jump at
79. In particular, each path of D is lower-semicontinuous and right-continuous. It follows
that y is an F-stopping time (see Lemma A.13 in the ArXiv version of [6] for a proof). As
21 =Uqy =%, Vt €[, T1by (5.7), one can deduce that y, = yx ATp = inf{t € [0, 7o) :
Z =)Ao =inflt €[0,70): Z =% ) At =inflr € [0,70) : & = L} Ao O

6.3. Proof of Theorem 3.1

For any m € N, applying Theorem 4.1 with (Y, ) = (Y™™, ") shows that there exists a
P, € P such that

Zmm = Ep, [z"“" ] VieT, (6.57)

Vm NG
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where vy, := inf{t € [0, T] : Z"" = f’;mm} € T. By (P1), {Py}men has a weakly convergent
sequence {Py,; }ien with limit P,..

(1) First, we use (5.4), (5.6) and similar arguments to those proving Theorem 4.1 to show that

% < ]Ep*[m im Tim ngm], (6.58)
n—->o0 j—00 £—00 ”
where {; ¢ == inf{t e[0,T]: Z,U <L:+ l/i} A T. This part is relatively lengthy, we will
split it into several steps.
(1a) We start with an auxiliary inequality: for any n, k € Nwithk > n and w € (2,
_ ol N (2T
28K (@) - Zi(@)] <& =2p0(2'F) +2) B (—) :
= i+3
Vit e [0, pn(w)]. (6.59)
Letn,k € Nwith k > n and let € (2. For any ¢ € [0, T], we see from (5.4) and
(5.6) that —270(2' ) < ZF (@) — 25 (@) — U ((px (@) +2'75) A1, ©) + U (g (@) A
t,w) < po(2'*) and that — }°5°, /70(,~Z+—T3) < ZM(w) — Zi(®) = U(pr(w) At o) +
U (ro (w) N E, a)) <2 Zfik ﬁo(%). Adding them together yields that
— & < 2" (@) — Zi() — U((p(@) + 27 A1, 0)

+U(to(@) At,w) <5, Vtel0,Tl (6.60)
In particular, for any r € [0, g,(w)], since t < pp(w) < pr(w) < 1H(w) by
Proposition 5.1(1), one has U ((px (@) + 2! ) A 1, 0) = U(wo(0) A 1, 0) = U(t, 0).
Then (6.59) directly follows from (6.60).
Now, fix integers | <n <i < £ < « such thatg, < 21—1 and fix j € N such that
mj > o. Since Lemma 5.1, Proposition 4.2, (A1) and (2.3) show that 74t — L is an
F-adapted process with all continuous paths,

{i‘f‘e = inf{t e[0,T]: Z,” <L;+1/i+ l/a}

AT defines an F-stopping time. (6.61)

Similar to v, in (6.19), %, = inf{r € [0,T]: Z{"* < ¥/* +1/i + 1/a} is also an
F-stopping time satisfying

Ele N n = AP0 < Vimy A P (6.62%)
Then applying (6.59) with (k,t) = (m;,0), (k,t) = (mj, ISR 50,,) and (k, 1) =
(€ Z"‘e A n) tespectively as well as applying (6.57) with (m, ) = (m;, Z‘)‘Z A $n), we
obtain o o o

% —Em; < 23" =Ep, [Zm”m’ ] =Ep,, [Zinj’mj ]

i RGN o
< .
- EP’"/‘ [%‘WW] t e

< Bz, |2, |+ 5 +50 (6.63)

gfg A§n
(1b) Before sending j to oo in order to approximate the distribution P, in (6.26), we need to
approach {{f‘g}aeN by a sequence {Qfxé}aeN of Lipschitz continuous random variables

and estimate ]E]ij H z5! oy ]

o "IN
0\ i.e\&n
Recall from Lemma 5.1 and the remark following it that ¥ ¢ is uniformly continuous
on [0, T'] x 2 with respect to the modulus of continuity function pg , and that 50” is
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a Lipschitz continuous stopping time on {2 with coefficient «,. Replacing (Z, Y, v,) by
(z%, Y, Z%,) in the arguments that lead to (6.29), we can find an open subset 2, of
(2 and a LlpSChltZ continuous random variable 0"‘ : {2 — [0, T] such that

suppep P((27)) <27, T4 =27 < 0%, < 427 on 027,
(6.64)
Given w € Qﬁ’[l N Qﬁ‘zrl, since 6", I_p-atl o { Y < 9““ +2771 (2.5)and an
analogy to (6.30) imply that ¢ := 9;),‘13 (w)/\{m (w)Agp and s == (Qﬁe (w) Vgﬁe (a))) An
satisfy
s —1 = [¢7y(@) A pp(@) — 0%y (@) A (@)
< |82 (@) — 0%,(@)] < 165 (@) — 6% (@)
+167 7 () — g(w)| +270H =67 (o).
Set ¢lf’f£(w) = (1+Kg)(( [(a))) —|—¢T( l(a)))). An application of (4.5)to Z = Z%*¢

shows that
|Zea o (@) = Z ; W )| =24t 0) — 2% (s, w)|

< 2CoMo((5%,@) * v (37, @)™ %) + B (8, (@)

+ DB @) V D1 (850(@) = & ().
As Z%* is bounded by My, (6.63) and (6.64) imply that
0L 14

— — IN4
_ —E, < : s -
% 28m] & = E]ij I:Zggé/\@n:l + EP»zj I: Z;ﬁ‘[/\pn 07 Aon

]

s
Ba—1\¢ | | (Hat+1\¢
+ 2808y, (271 0 (@2)°)
< s, [zngw +(EY A 2M0)] +5M27Y. (6.65)
The random variables 9“ 1, 91‘"[, 9;"[ Lare Lipschitz continuous on {2, so is 8;’%. Similar
to (6.32), one can show that w — ¢>T( 13(“’)) is also a continuous random variable on
§2, which together with the Lipschitz continuity of ', implies that ¢;, and thus &, are
also continuous random variables on {2. Analogous 0 (6.33), we can deduce from the
Lipschitz continuity of 6, A g, and the continuity of Z that Z A is a continuous
£ 67 Non
random variable on {2.
As Proposition 5.3(2) shows that lim;, 00 4 €, = 0, letting j — oo in (6.65), we
see from the continuity of random variables Zézf A and &7, that
il n ’

% < Ep, |25, + 7 A 2M0)] + 50 + SMp2™. (6.66)

(1c) Next, we will use the convergence of Oi‘i‘e to §,~,g, the continuity of Z%* as well as (6.59) to

derive (6.58).

Since the continuity of AL E implies that limy_, oo 1 ’(\i‘f‘e = Z-,g = inf{t €
[0,T] : Z,” < ?,M + 1/i} € 7, using an analogy to (6.35) we can deduce from
(6.64) and the Borel-Cantelli lemma that lim,_, Gﬁ‘g = Z:,-,g, P-a.s. It follows that
limy s o 83@ = 0, Py-a.s. and thus limy_, Ei""[ = 0, P,-a.s. As Proposition 4.2 shows
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that Z%* is an F-adapted process bounded by M that has all continuous paths, letting
o — 00 in (6.66) we see from the bounded dominated convergence theorem that
% < Ep, [ZA ] 15 (6.67)
Similar to ¢ Y, in (6. 61) gi.¢ is an F-stopping time satisfying &; ¢ A 9, = ;, oA §n-
Applying (6.59) with (k,t) = (8, Cie N 50,,) and using (6.67) yield that 25 <

Ep. [zfim] +5 < Ep, [%lw] + 28,. Since Proposition 5.3(3) shows that %
is bounded by My, letting £ — oo, using the Fatou’s lemma and lim, . | €, = 0
yield that %) < Timy_ooEp, [Q@i_mm] < Ep, [ﬁbwﬂfgwm]. Similarly, letting
i — oo and then letting n — 0o, we derive (6.58) from Fatou’s lemma again.

(2) In the second part, we show that for any i € N

yi < lim & < hm Cie <y holdson £2, (6.68)

£— 00

where y; == inf{r € [0, T]: Z <L, + 1/i} AT.
Fix i € N. Since Proposition 5.3(3), (Al) and (2.3) show that 2 — L is an F-adapted
process with all continuous paths, y; is an F-stopping time that satisfies

yi = limy00 1 ¥, (6.69%)
where y/ == inf{t € [0, T]: 2 < L, +1/i+ 1/h} AT € T.

Fix @ € 12 and define ¢ (x) = sup{|U,(w) = Up(@)| : r,r' € [0, T], 0 < |r' —r| < x},
Vx € [0, T]. For any ¢ € N, since (2.5) implies that |U((p¢(w) + 2! A g o(0), w) —
U(t0(@) ALie(w), )| < ¢85 (|(0e(@)+2 ") Agi e (@) — T0(w) A e(@)]) < ¢ (| (9e(w)+
21 AT ), applying (6.60) with (k, 1) = (£, & ¢(w)) implies that

|25 (Gi.0(@), ©) — Z (G0 (@), )| < B + ¢ ( 2O AT = (w))),
Vi eN. (6.70)

As limy_,00 1 e(w) = 10(w) by Proposition 5.1(1), the uniform continuity of the path
U.(w) implies that

limg—s 00 8% (| (Pe(@) + 2" AT — o (w)|) = 0. 6.71)
To see the first inequality of (6.68), we assume without loss of generality that
lim, , ¢i¢(w) < T. There exists a subsequence {{; = £, (i, w)}ren of N such that

limy 00 &i N (w) = hme%oogt ((w) <T.
Let 2 € N. Since limy_, o, | € = 0 and because of (6.71), there exists a Ah = Ah (i,w) €
N such that for any integer A > Ah, one has ¢ ¢ (w) < T and gy, + ¢U(|(5ng(a)) +

2'56) AT — n()|) < 1/h. Given A € N with A > Ay, as &g, (@) < T, the set
{t € 10,T] : Z5% (w) < Li(w) + 1/i} is not empty. So the continuity of the path
Z5 % (w) — L.(w) implies that Z% (¢ ¢, (@), ®) < L(Zi.¢, (@), ®) + 1/i. Applying (6.70)
with £ = ¢, yields that

Z (Lo, (@), ) < Z%5(gi 4, (@), ) + B, + 08 (| (90, (@) + 217 AT — 19(0)|)

<

< L(gie, (@), ) + 1/i + 1/h,

which shows that ¥/ (@) < ¢, (). As A — o0, we obtain /" (@) < limy_ o0 & ¢, (@) =
lim,_, . &i.¢(w). Then letting 7 — oo and using (6.69) yield that y; () = limj—~o 1
v () < lim, o G ().
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As to the third inequality of (6.68), we assume without loss of generality that y»; (w) < T,
or equivalently, the set {t €[0,T]: Z(w) < Li(w)+ %} is not empty. Then one can deduce
from the continuity of the path 27 (w) — L.(w) that

1
Z (72 (@), ) < L(12i (), ®) + % (6.72)

Applying (6.60) with (k, t) = (E, Voi (a))) and using a similar argument to the one that leads
to (6.70) yield that

|25 (12 (@), 0) = Z (121 (@), )|
<8+ (|(pe(@) +2') AT — n(@)]). 6.73)

For any ¢ € N such that & + ¢¢ (| (pe (@) + 279 A T — (@)|) < 5, (6.72) and (6.73)
imply that Z”(yg,- (w), a)) < QF(]/Q,' (w), a)) + 2_1, < L(yzi (w), a)) + 1/i, which shows that
Sit(w) < y2i(w). As £ — 0o, we obtain limy—, o gi ¢ () < y2i(w).

(3) Finally, we show that limy,_ oo lim;_ o0 liMy— 00 Z (i ¢ (@) A (), ®) = Z(yx(w), w),
Y w € {2. The conclusion thus follows.

Letl <n <iandwe 2. Wesetty = t(n, i, ) == (G Agn) (@), V> i Let {t7}5
be the subsequence of {t@}ezi-s-l such that limy_ o0 Z (t;, ) = limy | Z(t7, w). The
sequence {tg } TeN in turn has a convergent subsequence {t@ } TeN with limit t € [0, g, (w)].
The continuity of path Z(w) shows that Z°(t, w) = limy_, 2 (7, ®) = limy_, oo 2 (t¢, ®).
Also, (6.68) implies that (y; A g,)(@) < lim,_, (i N on)(@) = lim,_ ty < t =
limp_, o 17 < limy—oote = limy—o0(Sie A ) (@) < (v2i A ) (). Hence

lanE:]n,,'(a)) ‘fép(t’ a)) S fép(ts CD) = le)ngo Qp({i,l(w) A @n(a))s CD)

IA

SUP;e 7, (o) £ (t, @), (6.74)

where J,.i (@) == [(¥i A 9n) (@), (V2i A 90)(@)].

An analogy to (6.69) ihows that y4(w) = inf{t € [0,T] : Z(w) < L,(a))} ANT =
limj 0 1 ¥i(). Since % (w) = % (w) = L;(w) over the interval [0, 79(w)) D [0, pn(w))
by Proposition 5.1(1), we can deduce from (5.7) that

limj 00 1 (Vi A ) (@) = (Y4 A 9n) (@)
inf{t € [0, Py () : Zi(w) < Li(@0)} A on (@)
= inf{1 € [0, pu (@) : Zi(@) < % (©)} A (@)
= inf{t € [0, Pu (@) : Zi(@) = Z (@)} A pu(@)
(Vs A o) (). (6.75)
It follows from the continuity of path % (w) that

lim;— o0 infre 7, () Z(t, @) = liMj 00 SUP;c 7, () £ (t, ®)
= Z (r+() A pn(@), o). (6.76%)
Then letting i — oo in (6.74) yields that
lim 11m Z(Gio(@) A on (@), w) = limj o0 11m Z (&0 (@) A n (@), )

i—o0 {—

= Z(yx(®) A (), ®). (6.77)
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Since Proposition 5.1(1) and Proposition 5.3(4) imply that lim,—, oo (Y« A #n) (@) = (¥ A
70)(w) = y«(w), letting n — oo in (6.77), we see from the continuity of path % (w) again
that

lim lim lim 2 (@) A pn(0), ®)

n—>00 {—>00 £—00
= lim, 00 lim lim Z(&io(w) A pn(w), ®)
i—00 {—00
= Z(ys(w),w), VYwe.

Putting this back into (6.58) and using Proposition 5.3(3) yield that SUP(p ) ePxT Ep[#} nzy]
= SUP(p )ePxT Ep[#] < % < EP*LQ”V*]. Since the continuity of 2 and the right-
continuity of % imply that Z,, (w) = %, (0) = % rq(@), Yo € 2, one can further
deduce (1.8) and thus (1.1). [
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Appendix
A.l. Technical lemmata

Lemma A.l. Given t € [0,T], let T € T' and (s,w) € [t,T] x 2'. If 1(w) < s, then
T(w Q5 2°) = 1(w); if T(w) > s (resp. > s), then T(wW ;@) > s (resp. > s), Yo € 2*
and thus 5% € T% by Proposition 2.1(2).

Proof. Lett € [0,T], 7 € 7" and (s, w) € [t, T] x £2'. Whens = 1(w) < s, since w € A =
{t =5} € FL C Fl,Lemma 2.1 shows that w ®; 2° C A,i.e. 1(0®; 2°) =5 = 1(w).

On the other hand, when (@) > s (resp. > s5), asw € A" := {p > s} (resp. {gp > s}) € FI,
applying Lemma 2.1 again yields that w ®; 2° € A’. So t1(w Qs @) > s (resp. > s), V& €
5. O

Lemma A.2. Assume (P2). Let (Y, ) € G and (t, w) € [0, T] x 2. It holds for any o' € 12,
PeP,andy € T' that

E]pl:’/Y\;’w B ?;,wf‘] <5 ((1 )l — @ llo + SUp, ey gl () — w(t1)|)
< 2 (1 + k)l = oo, + 8¢ (kg o — o'll,r)).
wheret] == p (w) A p (W) Atand ty = (p (w) vV p(a)’)) AL

Proof. (1) Fix o' € 2. Weset 11 == p(0) A (@) AL, 1h == (p(w) V p(@)) At and
8 = (14 «kp)llo — & llos + sup,cpyy pj|@(r) — o(t1)|. Fix also P € P, and y € T'. Let
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@ € 2'. One has

Py @), @) - T (v @), 8)| = |T(r @, 0@ @) - T (@), o' ©3)|

( (51@), 0®, B) — ¥ (22(@), ' @, )],

where 51(@) = y (@) Ap (0 ®; B)Ap (0 @ @) and 52(@) = y (@) A(p (0 @ @)V (@ ®; D))
Since (2.5) implies that

52(@) = 51(@) < [P (@@ @) — p (@ Q d)| <kplo® &— o Q dlo,r

= kpllo —'llo, <6, (A.1)

one can deduce from (2.2) that

7y @), ) - T (y @), 8)|
< py ((Sz(CNO) — 51(@)) + sup,¢[o.7] ’(w & @) (r A s1(@))
— (@ &,&)(r A 5@)|)
= o1 (kpllo = &/llo. + T@) + sup,eio. 1| (@ & ) (7 A 2()
— @ & &) A 2@)|)
< pr (U + K)o = oflos +I@), (A2)

where Z(®) = supre[0)7]|(a) ®y 53)(;’ A sl(cT))) — (0 ®; cT))(r A sz(c~o))| = SUP,cls,(@).52(@)]
(0 ®; @) (r) — (0 ®; D) (51(@))].

(2) Next, we discuss by three cases on values of g (w) and o (o):

(i) When o (w) A @ (@) > t, Lemma A.1 shows that g"® and p"*' belong to 7°, so
does ¢ == y A p"® A "¢ For any o € ', as s1(@) = ¢(w) > t, (A.1) implies that
I(@) = SUD, efs, @).5: (@) [ D) — B(s1(@))| < SUP,e103), c@)+8)a71 | B (@) — BL(@)]. Putting it
back into (A.2) and taking expectation Ep[], we see from (3.4) that

Ep[

O H <Ep |:,0Y (5 + SUP, e, e 487 | BL — B |)} < v (8). (A3)

(ii) When p(w) A p(@) < t < p(w) V (o), let (w, @) be a possible permutation
of (w, ') such that p(w) = pP(w) A @) < fand p(@) = p(w) VvV p@) > . By
Lemma A.l, p(w®; ') = p(w) and p(@®; ') C [t,T]. For any @ € ', one has
51@) =y (@) Ap (@@ @) Ap@Q; @) =p(w) =1 <tand (@) =y @) A (9 (@Q; @) v
@R D)) = y@) Ap @) > t.Since (@) < 51(@) +8 < ¢+ 8 by (A.1) and since
th = p(w) At = t, we can deduce that

Z@) = (39,0, @.0|0 ) = 0(51@)]) v (59,1030 + 00) — (51 @)

(59pscte 1) = 0] v (o) = 0 0)] + 50D, e sy [3) — 3(0)])

SUD;efry,1|@ () — @) | + SUP,er (r48)a7) | BF (@) — B (@)].

IA

IA
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An analogy to (A.3) shows that

Ep[]?;’w — ?;’w/\] <Ep [py(a + SUp,epr, +s)a71| BF — B |)} < By (8. (A.4)

(iii) When p (w) V o (') < t, we see from Lemma A.1 again that p (0 ®; 2') = p(w) <t
and p (0’ ®; ') = p (') < t.Forany @ € 2!, as y (@) > t, one has s1(®) = p (w) A p (@) =
< tand (@) = @) Vo @) =t <t ]It follows that Z(w) = sup,, 1| ) — o)
then (A.4) still holds for this case.

Therefore, we have proved the first inequality of the lemma. Since t, — #; = | pw) ANt —
p(a)’)/\t‘ < |p (@) —p @) < kpllwo—a'|lo,; by (2.5), the second inequality easily follows. [

s

We need the following extension of Lemma 4.5 of [19] to prove Theorems 4.1 and 3.1, see [7]
for the proof.

Lemma A.3. Assume (P1). Let {2y C {2 and let 0, 6, 0 be three real-valued random variables
on {2 taking values in a compact interval I C R with length |I| > 0. If for any w € () there
exists a §(w) > 0 such that

0(0) <0(w) <0(@), Yo € Osu(@ ={o €: o —wlor <s@], (AS5)

then for any ¢ > 0 one can find an open subset 0 of 2 and a Lipschitz continuous random
variable 6 : {2 — I such that supp.p P(Qc) <ecandthat® —e <0 <6 +¢con 2N .

One can find F-stopping times that are locally Lipschitz continuous as follows. This result
and its consequence, Lemma A.5, are crucial for our approximating 7o by Lipschitz continuous
stopping times in Proposition 5.1.

Lemma A.4. Let (Ty, wg) € (0, T] x 2 and R, k > 0. There exists an F-stopping time ¢ valued
in (0, To] such that ¢ = Ty on 6@((1)0) ={w e : |lo—wollor, < R} and that given
w1, w € 12,

1S (1) = E(@2)] < kllwr — w2llo,z (A.6)

holds for any ty € [b, To] U {t €la,b):t>a+«|w — a)2||0,,}, where a == (w1) A & (w3)
and b .= ¢ (wy) V ¢ (w)).

Proof. Given (¢, w) € [0, T] x {2, the continuity of paths w(-), wp(-) implies that X;(w) =

lo — wollo; = supyefo, |Br(®) — wo(r)] = sup,cqrpo,n |Br(@) — wo(r)| € [0, 00). As
Sup,cqno.r] | Br — @o(r)| is F;-measurable, we see that X is an F-adapted process with all
continuous paths. Define f(x) := —x/k + To/k + R, YVx € [0, Tp]. Since ¢y = inf{r €

[0, T] : f(t ATy) — X; < 0} AT is an F-stopping time, { = ¢o A Tp = inf{t € [0, To] :
X > f(®)} A Tp is also an F-stopping time taking values in (0, Tp]: Given w € {2, since
Xo(w) — f(0) = 0 — (To/k +R) < 0 and since the path X.(w) — f(-) is continuous, there
exists some f,, € (0, Tp) such that X;(w) — f(t) < —%(T()/K +R) <0, Vr € [0,1,]. Thus
C(w) > t, > 0.

Letw € 2.1f |[w—wollo, 7, < R, one can deduce that X; (@) = llo—wollo,s < lo—wollo, 1, <
R = f(Tp) < f(t), YVt € [0, Tp), thus, ¢ (w) = Tp.
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Next, let w1, wy € 2. If ¢ (w1) = {(w3), (A.6) holds automatically. So let us assume without
loss of generality that a := ¢{(w1) < ¢{(w2) = b. We claim that

if 19 € [a, b] satisfies tg —a > «|lw1 — w2llo,4. then [¢(w1) — ¢ (w2)]
=b—a = «|w —wzllo- (A7)

To see this, we let #p € [a, D] satisfying fo — a > kw1 — wzll0,4, and set § = [|w1 — w21l0,7y»
T = a+ k8 < tg. As ¢(w1) < Tp, the continuity of process X and function f implies
that w1 — aollo,e = w1 — wollo,cw) = f(&(w1)) = f(a). Then one can deduce that
w2 =wollo7 = llwr =wollo 7= w1 —w2llo7 = llwr =wollo.a = llw1 —w2llo.y = fla) =8 = f(@).
So b = ¢(wy) < t. It follows that [{(w1) — {(w2)| =b—a <t —a =«kd = «k|wr — w20,
proving the claim.

Ifb—a > k||lw1 —wzll0,» held, applying (A.7) with fo = b would yield that b —a = |{(w1) —
{(w2)| < kl|lwi — w2llo,p, a contradiction appears. Hence, we must have [{(w1) — {(w2)| =
b—a =< kl|w—awlop < «llor —w2llog, Yio € [b, To]. O

Lemma A.5. Let 61, 65, 63 be three real-valued random variables on {2 satisfying: for some
8 > 0, it holds fori = 1,2 and any w € 2 that
/ ; _ Abir1(@) / TN

bi(w) < 0i+1(w), Vo € Og (@) ={o' € 2: 0" - ollog, w <8} (A.8)
If 0 takes values in (0, T], then for any k > T /6, there exists an F-stopping time g such that
01 < g < 03 on (2. Moreover, given w1, wy € (2,

| (@1) = 9 (@2)] < «llwr = »2llogq (A9)
holds for any ty € [b, T]1U {t €la,b) :t >a+«k|w — a)2||0,,}, where a == p (w1) N p (w2)
and b .= p(w1) V g (02).
Proof. We fix k > T/§ and set 89 := 8§ — T /«. Since the canonical space {2 is a separable
complete metric space and thus Lindelof, there exists a countable dense subset {a) I }j oy of 2

under norm || [lo,7. Given j € N, we sett; := 6(w;) € (0,T] and k; = 51450 Applying
Lemma A.4 with (wg, To, R, k) = (wj, t}, §o, k) yields an F-stopping time ¢; valued in (0, #;]
such that

.,
L@ =1, Yoe Ol (A.10)
Given w1, w; € {2, itholds forany 19 € [bj, 1;]U{r € [a, b)) : t > a;j +kjlo; — wallo,} that

|2 (@1) — ¢j(@2)| < kjllor — wallog < kllwr — wallo, (A.11)

where aj = é’j(a)l) A §j(a)2) and bj = §‘j(a)1) \Y é’j(a)z).

Clearly, p := supcy ¢; defines an F-stopping time taking values in (0, T']. Let w1, w) € £2.
If p (w1) = g (w2), one has (A.9) automatically. So let us assume without loss of generality that
a = p(w1) < @ (w2) := b. We claim that

if 79 € [a, b] satisfies g — a > k||w1 — @211, then |p (1) — o (@2)|
< kw1 — w2llo,z- (A.12)

To see this, we let 7y € [a, b] satisfying t) — a > «|lwi — w2llo,4, and let & € (0, b — a]. There
existsa j = j(A) € Nsuchthat {;(w2) > b— A As¢j(w2) > a = p(w1) = {j(w1), we see that
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aj = ¢j(w1) and b; = {j(w2). Then fy isin [a}, T| and satisfies to —a; > to —a > «k|lw; —
0.5 = Kjllwr — w2llo.- p)|=b—a<j(@)+r—jw) <
Kkllwy — w2llo,; + A. Letting A — 0 ylelds that ’p(wl) — [p(a)z)} < kllw1 — w2llo,z, proving the
claim.

If b —a > k|lwoi — w2llo,p held, applying claim (A.12) with fo = b would yield that
b—a = |p(w)— p@)| < «l|lwi — w2llo,p, a contradiction appears. Hence, we must have
o (1) — ()| =b—a < kllw —w2llop < kllwr —w2llo,, Yo € [b, T].

Now, let us fix w € (2. Since OSO(wj) C 0;{)(60]-) for any j € N, one has 2 =
Ujen 050(0)]-) C Ujen O;é(wj) c 2.Sow € 0;{)(a)j) for some j € N and it follows from
(A.10) that p (w) > §J(a)) =t > 0. Since ||w — wj”(),@z(wj) = ||l — a)j||0’,j < 8o < 6, taking
(i, w, ) = (1, wj, w) in (A.8) shows that 01 (w) < 6r(w;) =1t = {j(w) < P (®).

We claim that ¢ (w) < 03(w), V£ € N: Assume not, i.e. {y(w) > 03(w) for some £ € N. From
the proof of Lemma A.4, we see that ¢(w) = inf{t € [0, ;] : ||o — wello.r = fe(t)} A te, where
fe(x) = —x/k¢ + tj/ie + S0, Vx € [0, te]. Since [|wg — wll0,050) = o — wcllo,gw) <
fe(Le@)) < fe0) = te/ke + 8o = 8, taking (i, w, ) = (2, w, wy) in (A.8) leads to a
contradiction: 63(w) > Gz(wg) = t; > ¢ (w)! Hence, ¢ (w) < 03(w), V€ € N. It follows
that (@) = supyey Se(w) < 63(w). U

A.2. Proofs of starred inequalities in Section 6

Proof of (6.32). We let &, be the Lipschitz coefficient of :S\,, Given w € {2 and ¢ > 0, set
1
Ton = on(, &) = M and let ' € 05 (o).
LetO<r <r 5 T with ' — r < 8,(@). I By(@) < 8y(e), then

o) —o@)| < o) =o' ()] + 1/ () = &' (D] + &' (r) — o ()]

/ / 2
< 6% (60(@) + 200" — wllo.r < ¢ (Bu(@)) + 3 (A.13)
Otherwise if 5 (o)) < 6 (w), we set s =71 A (r + 6 (a) )). Since (2.5) shows that

r'—s =7 /\(r+8 (w)) — 1’ A(r—i—(S () < 8 (a))—8 (@) < Kyllw — &lo,r and
thats' —r =7' A (r+8 (@) —r' Ar < 8 (o), we can deduce that
lo(r) — o) < o) — o)+ o) — o) < ¢F(Knllo —o'llo.r)
+lo@") = o' ()] + o' (s") = @' ()] + [ (r) — ()]

< 9 ®Rallo — &'llo.r) + ¢F Ba (@) + 2010 = wllo.r

< 6% (5,(0)) + &
Combining it with (A.13) and taking supremum over the pair (r, r’) yield that ¢$@(w)) <
¢ (8u(e))) + .

On the other hand, let 0 <7 <7’ < T with7 —7 < 3 (o). IfS (') < 8 (w), an analogy to
(A.13) shows that

2
o/ ) — &' ()] < 92 (80 (@) + 3% (A.14)
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Otherwise if ;S\n(a)) < 2‘5\,, (o), one can deduce that
o' () — &' ()| < |0'(F") — o) + o) — @) + o F) — o' ()
< ¢2(0n(@)) + 2]l — ' llo.7
< ¢2(60(0) = 84(@)) + $%(54(@)) + 20l — ' llo. 7

~ 2
< ¢ @l = ollor) + 87 (5a (@) + 3¢ < B (a(@) +e.
Combining it with (A.14) and taking supremum over the pair (¥, 7’) yield that (i)‘;’/@(a)/ ) <

02 (5, (@) + &

Hence o — ¢% @, (a))) is a continuous random variable on 2. [
Proof of (6.33). Let w, @' € £ and set f := 0, (w), s = Op (). We see from (4.2) and (4.5) that
|Z0@) = Zy@)| = 5y (1 + k)0 = & ot + 8 (kplo = @llo.7) ). and
1Z1(@) = Zy(@)] = |Zins(@) = Zivs(@)] =26, My (Is = 11% v 1s — 11272
+ Py (Is = 11) + 2y (8 ;@) V Dy (8 s (@),

where S;J(w) =1+ KK,))<|S — t|qTl + (])‘T"(ls — t|)>. Adding them up, one can deduce from the

Lipschitz continuity of random variable 6, that Zp is a continuous random variable on 2. [J

Proof of (6.43). If ©, (w1) A gn(w2) +27% > 11, one has H; (w1) = H; (w2) = 0. On the other
hand, suppose that g, (w1) Ay (w2)+2_k < t1. When ||lw1—w2llo,;; > 2_"/(,71, we automatically
have |Hy (1) — Hy (w2)| < 1 < 2k o1 — w2llo.rs When o1 — w2lloy, < 27k, !, since
©n(@1) A o (@2) +knllwr —2ll0,,, < 9n(@1) A (w2)+27F < 11, applying Proposition 5.1(2)
with fg = #; yields that |, (1) — @n(@2)| < knllw1 — w2lo,r, - Then (2.5) implies that
|Hy, (1) — Hyy (@)] < |25t — (1) — 1) = (25(t1 — gu(@2)) — 1)
< %pn(@n) — pa(@)| = 24 allor — 2oy O

Proof of (6.56). Let ' € (2. If the set {t' € [0,T] : Z(t,o') < 0} is not empty,
Proposition 5.1(1) implies that lim, o 1 gn (@) = 10(@'), however, p, (') < T9() for
any n € N. Then one can deduce that lim,,_, o 1j0,, (w1 () = Lj0, () ("), ¥t € [0, T], and
the continuity of the path U.(®’) implies that
lim,, s o0 @,/n (w/) = 1imn—>oo(1{t’§5<>,, (w’)}L(t/» w/) + l{t’>p,,(w’)}U(6/!)n (w/), w/))

= Ly <oy L', @) + Vs U (10(@), ©) = Z (1o(0') AT, &)

= (), Vi elo,T]
On the other hand, if the set {t' € [0, T] : 2 (¢, ®") < 0} is empty, the continuity of path .2’ (")
implies that inf,/¢[o, 77 Z (', ®’) > 0. For large enough n € N, the set {t’ €el0,T]: Z(, o) <
([logz(n +2)] + L%”(flj — 1)_1} is also empty, thus 7 = 1,(0’) = gn(0’) = 10() by
Proposition 5.1(1). Then (A2) shows that for any ¢’ € [0, T']

lim,— o0 @f (w/) = hmn—)oo(l{t’fpn(w’)}L(t/» (1)/) + l{t’>p,,(w’)}U(pn (a)/)v U)/))
= 1< L', o)



E. Bayraktar, S. Yao / Stochastic Processes and their Applications 127 (2017) 2586-2629 2627

=1Lt &) + 1p=nyU(T, o) = Ly cqyy L', &)
+ 1> U (10(0), @) = Zp (o). O

Proof of (6.62). Let w € {2. Since ig’e(a)) = L;(w) over [0, p¢(w) + 271510, £©n), one has

-~

T A on = inflr € [0, 0) : ZEE < VP 4 170+ 1o A gpn
=inflr € [0, 0) 1 Z < L+ 1/i + 1o} A pn = % A 0. (A.15)
If """ (w) = L;(w) for some ¢ € [0, ©n(@)), applying (6.59) with k = m; and k = ¢
respectively shows that 2 (w) < Z,mj’mj (w) + Em; < Li(w) +%; < Li(w) + 21—1 + % and thus
Z{ () < Zi(@)+8 < Li@)+1+1. Soinf{r € [0, 9, () : Z, (@) < Li(@)+1/i+1/a} <

m

inf{r € [0, pn(@) : Z'""™ () = Li(@)}. As Y™ () = L;(w) over [0, g, (w)), one can
deduce that
£ (@) A (@) = inflt € [0, pu(@)) 1 Z{ (@) < Li(w) + 1/i + 1o} A py(@)
inf{t € [0, Pu(@)) : Z;""" (@) = Li(0)} A ()
inf{r € [0, pu (@) : Z;"" (@) = "™ (@)} A pon ()
= U, (@) A ().

IA

On the other hand, if the set {t € [0, g, () : zZ"" () = Ly (w)} is empty, we can deduce that
U ; (@) = g (@). Then vy (@) A pn (@) = pn(w) = fgz (w) A () holds automatically. [

Proof of (6.69). Let w € (2. If the set Z(w) := {t €[0,T]: Z(w) < Li(w) + 1/i} is empty,
the continuity of path Z(w) — L.(w) implies that n(w) = infte[o’T](fft (w) — L,(a))) > 1/i.
For any integer h > (n() — 1/i)~", since infyej0,71(Z (@) — Ly (@)) = n(@) > 1/i + 1/h, the
set Zp(w) = {t el0,T]: Z(w) < Ly(w)+1/i + l/h} is also empty and thus yih(a)) =T.1It
follows that limy—. 1 ¥ (@) = T = y;(w).

On the other hand, if Z(w) is not empty, we set yi’(a)) = limp 00 1 yih (w) < yi(w) =
infZ(w). For any h € N, Zj(w) contains Z(w) and is thus not empty. The continuity of path
Z(w) — L.(w) then implies that Qp(yih (w), a)) — L(yih (w), a)) < ll + % Letting h — oo, we
see from the continuity of path Z(») — L.(w) again that Z°(y/(»), w) — L(y/(w), w) < 1/i,
which shows that y; (w) = infZ(w) < y/(w). Thus y;(w) = y/(w) = limj_ 1 yih (w). O

Proof of (6.76). Set s, = s,(w) = (Y« A gn)(w) and let ¢ > 0. By the continuity of
path Z(w), there exists a 8, = 3,(w) > 0 such that |Q’}(w) — ,ff(sn,w)| < e Vt €
[(s,, —8)7, sn]. We see from (6.75) that for large enough i € N, both (y; A £,)(w) and
(v2i A n) (@) arein [(sp — )T, 51], 80 Tni (@) C [(sn — 82)T, s ]. It follows that 2 (s,, @) —
e < infreg, ) Z(t,0) < SUPpeg, () £, 0) < Z (sn, @) + . As i — oo, we obtain
Z (sn, 0) — e < lim,_, infie g, () Z(, w) < Tim; oo SUPse 7, (@) Z (1, @) < Z (sn, @) + &.
Letting ¢ — O then yields to (6.76). U
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