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Abstract. We analyze a zero-sum stochastic differential game between two competing play-
ers who can choose unbounded controls. The payoffs of the game are defined through backward
stochastic differential equations. We prove that each player’s priority value satisfies a weak dynamic
programming principle and thus solves the associated fully nonlinear partial differential equation in
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1. Introduction. In this paper we extend the study of Buckdahn and Li [12] on
a zero-sum stochastic differential game (SDG), whose payoffs are generated by back-
ward stochastic differential equations (BSDEs), to the case of super-square-integrable
controls (see Remark 2.1).

Since the seminal paper by Fleming and Souganidis [17], the SDG theory has
grown rapidly in many aspects (see, e.g., the references in [12, 11]). Among these
developments, Hamadeéne et al. [20, 19, 15] introduced a (decoupled) SDE-BSDE
system, with controls only in the drift coefficients, to generate the payoffs in their
studies of saddle point problems of SDGs. (For the evolution and applications of the
BSDE theory, see Pardoux and Peng [28], El Karoui, Peng, and Quenez [16], and the
references therein.) Later on, [12] as well as its sequels [14, 13, 11] generalized the SDE-
BSDE framework so that the two competing controllers can also influence the diffusion
coefficient of the state dynamics. Unlike [17], [12] used a uniform canonical space 2 =
{w € C([0,T];R%) : w(0) = 0} so that admissible control processes can also depend
on the information occurring before the start of the game. Such a setting allows
the authors of [12] to get around a relatively complicated approximation argument
of [17] which was due to a measurability issue (see Remark 2.5), and allows them to
adopt the notion of stochastic backward semigroups and a BSDE method, developed
in [31, 29], to obtain results similar to [17]: the lower and upper values of the SDG
satisfy a dynamic programming principle and solve the associated Hamilton—Jacobi—
Bellman-Isaacs equations in the viscosity sense. However, [12, 17] as well as some
latest advances to the SDG theory (e.g., Bouchard, Moreau, and Nutz [7] on stochastic
target games, Peng and Xu [30] on SDGs in form of a generalized BSDE with random
default time) still assume the compactness of control spaces while Pham and Zhang
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[33] on weak formulation of SDGs assumes the boundedness of coefficients in control
variables. We are going to address these particular issues.

In the present paper, since two players take super-square-integrable controls over
two separable metric spaces U and V not necessarily compact, those approximation
methods of [17] and [12] in proving the dynamic programming principle are no longer
effective. Instead, we derive a weak form of dynamic programming principle in the
spirit of Bouchard and Touzi [8] and use it to show that each player’s priority value
solves the corresponding fully nonlinear PDE in the viscosity sense. Vitoria [34]
has tried to extend the SDG for unbounded controls by proving a weak dynamic
programming principle. However, it still assumed that the control space of the player
with priority is compact; see Theorem 75 of [34].

Square-integrable controls were initially considered by Krylov [25, Chapter 6],
however, for cooperative games (i.e., the so-called sup sup case). Browne [10] studied
a specific zero-sum investment game between two small investors who control the
game via their square-integrable portfolios. Since the PDEs in this case have smooth
solutions, the problem can be solved by a verification theorem instead of the dynamic
programming principle. Inspired by the “tug-of-war” (a discrete-time random turn
game; see, e.g., [32] and [26]), Atar and Budhiraja [1] studied a zero-sum stochastic
differential game with U =V = {& € R" : |2| = 1} x [0,00) played until the state
process exits a given domain. As in Chapter 6 of [25], the authors approximated
such a game with unbounded controls by a sequence of games with bounded controls
which satisfy a dynamic programming principle. They showed the equicontinuity of
the approximating sequence and thus proved that the value function of the game is a
unique viscosity solution to the inhomogenous infinity Laplace equation. We do not
rely on this approximation scheme but directly prove a weak dynamic programming
principle for the game with super-square-integrable controls.

Following the probabilistic setting of [12] (see Remark 2.5), our paper takes the
canonical space 2 = {w € C([0,T];R%): w(0) = 0}, whose coordinator process B is
a Brownian motion under the Wiener measure P. When the game starts from time
t € [0,T], under the super-square-integrable controls 1 € U; and v € V; selected by
player I and II respectively, the state process X &/ starting from a random initial
state £ will then evolve according to a stochastic differential equation (SDE):

S

(1.1) Xs:§—|—/ b(r,Xr,uT,Vr) dr—|—/ O'(T,XT,ILLT,Z/T) dB,, se€|t,T],
t t

where the drift b and the diffusion ¢ are Lipschitz continuous in x and have linear
growth in (u,v). The payoff player I will receive from player II is determined by the
first component of the unique solution (Y&, Z4&#7) to the following BSDE:

T T
(1.2) Y, :g(X;fW)Jr/ F(r, XESMY Y, Ze, i, o) dr—/ Z.dB,, sé€lt,T).
S S
Here the generator f is Lipschitz continuous in (y, z) and also has linear growth in
(u,v). When g and f are 2/p—Hélder continuous in x for some p € (1,2], YH&HV is
p-integrable. As we see from (1.1) and (1.2), the controls p, v influence the game in
two aspects: both affect (1.2) via the state process X*¢#* and appear directly in the
generator f of (1.2) as parameters. In particular, if f is independent of (y,z), Y is in
the form of the conditional linear expectation of the terminal reward g(Xfp’E’“ ") plus

the cumulative reward fSTf(r, XEEmY gy v ) dre (cf. [17)).
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When the player (e.g., player I) with the priority chooses first a super-square-
integrable control (e.g., u € Uy), its opponent (e.g., player IT) will select its reacting
control via a nonanticipative mapping 5: Uy — Vi, called FElliott—Kalton strategy. In
particular, using Elliott—Kalton strategies is essential in proving the dynamic program-
ming principle. This phenomenon already appears in the controller-stopper games,
i.e., when one of the players is endowed with the right of stopping the game instead of
using a control; see [2], which shows that if the stopper acts second, it is necessary that
the stopper uses nonanticipative strategies in order to prove a dynamic programming
principle. This type of phenomenon does not appear (or it is implicitly satisfied) if
the controllers only control the drift (see, e.g., [3] and the references therein) or when
there are two stoppers (the so-called Dynkin games); see, e.g., [4] and the references
therein.

By w1 (t, ) éessinfgegt esSSUD ey, Ytt’w’“’ﬁ(“) we denote player I’s priority value
of the game starting from time ¢ and state x, where By collects all strategies for player
II. Switching the priority defines Player II's priority value wa(t, ).

Although our setting makes the payoffs Y;"**** random variables, we can show
like [12] that wi(t,2) and wa(t, x) are invariant under Girsanov transformation via
functions of the Cameron—-Martin space and are thus deterministic; see Lemma 2.2.
To assure values wy (t, z) and wsa(t, ) are finite, we assume that each player has some
control; neutralizer for coefficients (b, o, f) (such an assumption holds for additive
controls; see Example 2.1), and impose a growth condition on strategies. These two
requirements are also crucial in proving our weak dynamic programming principle.
When U and V are compact, the control neutralizers become futile and the growth
condition holds automatically for strategies. Thus our problem degenerates to [12]’s
case; see Remark 2.4.

Although value functions ws (t, ), wa(t, x) are still 2/p-Holder continuous in x
(see Proposition 2.3), they may not be continuous in ¢. Hence we cannot follow [12]’s
approach to get a strong form of dynamic programming principle for w; and ws.
Instead, we prove a weak dynamic programming principle, say for w;:

essinf esssup ;20 (T (15 0, XTTHBH) )
BEB, ,ueutp t Biu ¢( Bops N1, )

<wy(t, ) < essinf esssup Y, 7P (7'67“7 & (75,1 Xi;ﬂ;uﬁ(u)))’
BEDB, WEU,

for any two continuous functions ¢ < w; < 5 Here 73, denotes the first existing
time of state process X 4@ A1) from the given open ball O;(t, z).
To prove the weak dynamic programming principle, we first approximate wq (¢, z) =

essinfgem, I(¢, z, B) from above and I(t,x, 3) 2 esssup,,eyy, Y:’x’”’ﬁ(“) from below in

a probabilistic sense (see Lemma 4.2) so that we can construct approximately opti-
mal controls/strategies by a pasting technique similar to the one used in [8] and [34].
Then we make a series of estimates and eventually obtain the weak dynamic pro-
gramming principle by using a stochastic backward semigroup property (2.11), the
continuous dependence of payoff process on the initial state (see Lemma 2.3) as well
as the control-neutralizer assumption and the growth condition on strategies.

Next, one can deduce from the weak dynamic programming principle and the
separability of control space U, V that the value functions wy and wsy are (discon-
tinuous) viscosity solutions of the corresponding fully nonlinear PDEs; see Theorem
3.1. Recently, Krylov [24] and [23] studied the regularity of solutions to related fully

nonlinear PDEs: The former obtained C1'1 N W;floc-solutions for the case of bounded
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measurable coefficients; while the latter showed the existence of LP-viscosity solutions
in O if the fully nonlinear Hamiltonian function is continuous in gradient variable
and Lipschitz continuous in Hessian variable.

The rest of the paper is organized as follows: After listing the notations to use,
we recall some basic properties of BSDEs in section 1. In section 2, we set up the
zero-sum stochastic differential games based on BSDEs and present a weak dynamic
programming principle for priority values of both players defined via Elliott—Kalton
strategies. With help of the weak dynamic programming principle, we show in section
3 that the priority values are (discontinuous) viscosity solutions of the corresponding
fully nonlinear PDEs. The proofs of our results are deferred to section 4.

1.1. Notation and preliminaries. Let (M, p,,) be a generic metric space, and
let (M) be the Borel o-field of M. For any z € M and § > 0, Os(x) £ {z/ e M :

py(z,2') < 6} and Os(x) 2 {2 € M2 p,(z,2") < 0}, respectively, denote the open
and closed ball centered at x with radius §. For any function ¢ : M — R, we define
the lower /upper semi-continuous envelopes by

li_mqﬁ(;zc')é lim 1 inf ¢(2/) and  lim ¢(z) 2 lim | sup o(x'),

' —x n—00 w/EO%(w) z' N0 20y (x)
n

where lim,,_,o, (resp., lim, ) denotes the limit of a decreasing (resp., increasing)
sequence.

Fix d € N and a time horizon T' € (0,00). We consider the canonical space
02 {we C([0,T;;R?) : w(0) =0} equipped with Wiener measure P, under which
the canonical process B is a d-dimensional Brownian motion. Let F = {F;};c[0,7) be
the filtration generated by B and augmented by all P-null sets. We denote by & the
F-progressively measurable o-field of [0, T] x Q.

Given t € [0,T], let S¢r collect all F-stopping times 7 with ¢ < 7 < T', P-almost
surely. For any 7 € S 7 and A € F,, we define [t, 7[a 2 {(rw) e [t,T]xA:r < 7(w)}
and [7,7]a 2 {(r,w) € t,T] x A: r > 7(w)} for any A € F,. In particular,
It T[[é [t,7[q and [7,T7] 2 [, T]q are the stochastic intervals.

Let E be a generic Euclidian space. For any p € [1,00) and ¢ € [0, T], we introduce

some spaces of functions:
(1) For sub-o-field G of Fr, let LP(G,E) be the space of E-valued, G-measurable

random variables £ with ||¢]|Lr(g k) 2 {E]l¢lP] }Up <00, and let L>°(G, E) be the space
of all E-valued, G-measurable bounded random variables.
(2) Cx([t,T],E) denotes the space of E-valued, F-adapted processes {Xs}scp, 1]
with P-a.s. continuous paths such that || X ||cz (¢, k) 2 {E[supse[t’T]|Xs|p]}1/p < 0.
(3) HE'°([t, T], E) denotes the space of E-valued, F-progressively measurable pro-
cesses { X }sepr,7) such that ftT|XS|p ds < o0, P-a.s. For any p € [1,00), HR?([t, T],E)
denotes the space of E-valued, F-progressively measurable processes { X} e, 1) with
A T 5 5
HXHH;ﬁ([t,T],]E) = {E[(ft | X [P ds)p/p]}l/p < 0.

A
(4) We also set G2 ([t, T]) = Ch([t, T],R) x Hg”([t, T], R%).
If E = R, we will drop it from the above notation. Moreover, we will use the
convention inf () = oco.
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1.2. Backward stochastic differential equations. Given ¢ € [0,7], a
t-parameter set (7], f) consists of a random variable n € L° (]-'T) and a function
f:tT)x QxR xRY - R that is Z ® B(R) @ B(RY)/%B(R)-measurable. In
particular, (77, f) is called a (t, p)-parameter set for some p € [1,00) if n € L? (.FT).

DEFINITION 1.1.  Given a t-parameter set (n, f) for some t € [0,T], a pair
(Y, Z) € CU([t,T]) x H'°([t, T],R%) is called a solution of the backward stochastic
differential equation on the probability space (2, Fr, P) over period [t,T] with terminal
condition n and generator f (BSDE(t,n, f) for short) if it holds P-a.s. that

T T
(1.3) Y, = 17—|—/ for Y., Z,) dr—/ Z.dB,., se€lt,T].

Analogous to Theorem 4.2 of [9], we have the following well-posedness, a priori
estimate and comparison results of BSDE (1.3); see [6] for the proofs.

PROPOSITION 1.1. Givent € [0,T] and p € [1,00), let (n, f) be a (t, p)-parameter
set such that f is Lipschitz continuous in (y,z): i.e., for some v > 0, it holds for
ds x dP-a.s. (s,w) € [t,T] x Q that

‘f(svwvya Z) - f(svwvy/a Z/)} < 7(|y - y/| + |Z - Z/|) vyvy/ € Ra VZ,Z/ € Rd'

IfE [( ftT‘f(s, 0, 0)|ds)p} <00, BSDE (1.3) admits a unique solution (Y, Z) € G ([t, T])

that satisfies
T P
np + ( / |f<s,o,o>|ds>
t

PROPOSITION 1.2. Given t € [0,T] and p € [1,00), let (m,fi),z’ = 1,2 be two
(t, p)-parameter sets such that fi is Lipschitz continuous in (y,z), and let (Yi, Zi) €
GR([t,T]), i = 1,2 be a solution of BSDE(t,n;, f;).

1) If E[(ftT|f1(s,Y52,Z52) — fa(s, Y2, Z2)|dsP] < oo for some p € (1,p], then it
holds P-a.s. that

(1.4) E[ sup |Ys|? Fi|, P-as.

s€t,T]

-Ft:| S C(Tvpa’Y)E

(1.5) E[ sup ‘Y;—Yﬂﬁ
s€t,T]

7

_ T p
SO(Taﬁv ’Y)E[}Tll—nﬂp"' (/ |f1(57Y527 Zsz)_fZ(SvifsQa Zsz)}ds)

7.

dP-a.s. on [t,T] xS, then it holds P-a.s. that Y.} < (resp., >)Y2 for any s € [t,T).
2. Stochastic differential games with unbounded controls. Let (U, p))
and (V, p;,) be two separable metric spaces. For some ug € U and vg € V, we define

A A
[ul; = py(u,up) Yu € U and  [v]y, = py(v,v0) Vv € V.
We shall study a zero-sum stochastic differential game between two players, player

I and player II, who choose super-square-integrable U-valued controls and V-valued
controls, respectively, to compete.
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DEFINITION 2.1. Given t € [0,T], an admissible control process p = {jis}sept, 1)
for player 1 over period [t,T)] is a U-valued, F-progressively measurable process such
that EftT [us]% ds < oo for some q > 2. Admissible control processes for player 11 over
period [t,T] are defined similarly. We denote by Uy (resp., Vi) the set of all admissible
controls for player 1 (resp., II) over period [t,T).

Remark 2.1. The reason why we use super-square-integrable controls lies in the
fact that in the proof of Proposition 2.2, the set of U-valued (resp., V-valued) square
integrable processes is not closed under Girsanov transformation via functions of the
Cameron—Martin space (see, in particular, (4.12)).

Clearly, connecting two Uz-controls along some 7 € S 7 results in a new U-
control.

LEMMA 2.1. Lett € [0,T] and 7 € S;.7. For any p',u? € Uy, ps 2 1{S<T}ui—|—

1{327}#3; s € [t,T] defines a Us-control. Similarly, for any v',v? € Vy, vs 2
1{S<T}l/sl+1{sz.,.}l/52, s € [t,T] defines a Vy-control.

2.1. Game setting: A controlled SDE-BSDE system. Our zero-sum
stochastic differential game is formulated via a (decoupled) SDE-BSDE system with
the following parameters: Fix k € N, v > 0 and p € (1,2].

(1) Let b: [0, T]xRFxUxV — R¥ be a B([0, T))  B(R¥) 2 B(U)2B(V) | B(R*)-
measurable function, and let o : [0, 7] x R¥ x U x V — R¥*? be a ([0, T]) @ B(R*¥) ®
B(U) ® B(V)/B(RE*?)-measurable function such that for any (¢,u,v)€[0, T]xUxV
and z, 2’ € RF,

(2.1)  |b(t,0,u,v)| + |o(t,0,u,v)]| §7(1 + [u]U + [’U]V) and
(2.2)  |b(t,z,u,v)—=b(t, 2’ u,v)| + |o(t, z,u,v)—o(t, 2, u,v)| <vy|lr — 2.

(2) Let g : R* - R be a 2/p-Holder continuous function with coefficient +.

(3) Let f: [0, T) xR¥xRxR4xUxV — R be ([0, T]) @ B(RF)@ B(R) 2 B(R?) ®
BU) @ B(V)/PA(R)-measurable function such that for any (¢,u,v) € [0,T] x Ux V
and any (z,y,2), (z/,y',2") € RF x R x R?,

(2-3) |f(t, 0,0,0,u, 11)| < 7(1 + [u];/l’ + [,U]il/p) and

24)  |ftzy, zuv) — ft2 Y, 2 u0)| <yl — 2|72+ ly — | + ]2 = 2)).

For any A > 0, we let ¢\ denote a generic constant, depending on A, 7', v, p, and
|g(0)|, whose form may vary from line to line. (In particular, ¢y stands for a generic
constant depending on T, v, p, and |g(0)].)

Also, we would like to introduce two control neutralizers v, {E for the coefficients.
For some k > 0,

(A-u) there exist a function ¥ : [0,7T] x (U\Oy(ug)) — V that is Z([0,T]) x
B(U\O,(ug))/%(V)-measurable and satisfies that for any (¢, z, y, z) € [0, T]xXRFxRxR?
and u, v € U\Og(uo),

b(t, @, u, (t,u)) =b(t, z, v, Yt u)), ot z,u,v(t,u)=0(t,z,u,
f(t,x,y,z,u,z/J(t,u)):f(t,x,y,z,u',z/}(t,u )), and  [Y(t,u)], <k

(A-v) and there exists a function ) : [0, 7] X (V\Ox(v9)) — U that is 2([0,T]) x
B(V\O,(v0))/2(U)-measurable and satisfies that for any (¢, z, y, z) € [0, T]xXR*xRxR?
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and v,v" € V\O,(vp),

b(t, x, J(t, v), v) :b(t, x, J(t, V'), v’), U(t, x, J(t, v), v) :cr(t, x, J(t, V'), v’),
ft,z,y, 2, {ﬁv(t, v),v)=f(t, 2y, 2, J(t, v'),v"), and [{/)v(t, )]y <k(L+[v]y).

A typical example satisfying both (A-u) and (A-v) is the additive-control case.

Example 2.1. Let U = V = R’ and consider the following coefficients:
Y (t,z,y,2,u,v) € [0, T|xRFxRxRIxUxV

b(t,x,u,v)zb(t,a:,u—!—v), cr(t,a:,u,v)za(t,x,u—!—v), and
f(t7x7yazaU’?U):f(tﬂxayazau—’—v)'

Then (A-u) and (A-v) hold for functions 1(u) = —u and 1(v) = —v, respectively.

Here is another example.

Ezample 2.2. Given v > 0, let by,00 : [0,7] x R — R be two #([0,T]) ®
PB(R)/PB(R)-measurable functions and let fo: [0, 7] x RXxR xR — R be Z([0,T]) ®
BR) @ BR) @ B(R)/PB(R)-measurable function such that for any ¢ € [0,7] and
(,y,2), (2", y,7) ERxRxR

[bo(t, 2) —bo(t, z")| + |oo(t, ) —oo(t, 2')]
+ |f0(t7x7y) Z) - fO(tvx/7y17Z/)| §7(|$ - ZI:/| + |y - yl| + |Z - Z/|)

Also,let U=V =R, x >0and ¢ : [0,T]xUxV — R be a jointly continuous function
such that  is Lipschitz continuous in (u, v) with coefficient v, sup,¢ o 71|¢(, 0,0)[ <,
and for any (¢,u,v)€[0,T]xUxV,

(2.5) inf  o(t,u,v’) <0< sup ¢(t,u,v’) and

v/ | <klul T <w|ul

inf  @(t,u,v) <0< sup @t v, v).

lu'|<k[v] |/ |<k|v]|

Then b(t, xz,u,v) 2 bo(t, x) + @(t,u,v), o(t,z,u,v) 2 oo(t,z) + ¢(t,u,v), and
fit,z,y, z,u,0) = folt,z,y, 2) +o(t,u,v) Y (t,z,y, z,u,0) € [0, T|x RxRxRxUxV
are the measurable functions satisfying (2.1)—(2.4) with k =d = 1 and p = 2. We will
show in the beginning of section 4.1 that (A-u) and (A-v) hold for these coefficients.
When the game begins at time ¢ € [0, 7], player I and player II select admissi-

ble controls p € U; and v € V; respectively. Then the state process starting from £ €
L2 (F, RF) will evolve according to SDE (1.1) on the probability space (€2, Fr, P). The
measurability of functions b, o, u, and v implies that b (s, w, x) 2 b(s, x, pis(w), Vs (w))
V(s,w,x) €[t, T]x U xRF is & @ B(RF)/%(R*)-measurable and that o""(s,w, x) 2
o (5,2, ps(w), vs(W)) V(s,w,z) € [t, TIx QX R* is & @ B(R*)/PB(R**?)-measurable.
Also, (2.2), (2.1), and Holder’s inequality show that b*¥, o** are Lipschitz continu-
ous in x and satisfy £ [(ftT|b“7”(s, 0)] ds)2—|—(ftT|0“7”(s, 0)| ds)?] <co + COEJ;T([MS]% +
[VS];)ds < 0o. Then it is well known that the SDE (1.1) admits a unique solution
{X;ﬁ&uw}se[tﬂ € C%([t, T],RF) such that
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E| sup ‘Xﬁ’g’“’”‘z
s€t,T]
T 2 T 2

<cE|l¢P]+eE </ b (s,0)] ds) + </ | (s,0)] ds)
t t
T

(2.6) < ¢ (1—|—E[|§|2}—|—E/ ([,us]%—l—[ys]i/)ds) < 00.

t

Given s€|t,T], let []® denote the restriction of p over period [s, T]: i.e., [p]2 éur

Vrels,T]. Clearly, [u]® €U, similarly, {[v]? 2 Uy }TE[S 77 €Vs: As

X;f,&w' — X;x&x”xl’ _|_/ b(TI,X:357“7V,uT/,VT/) dr’' +/ o(r',X,fZg’M’V,uw,Vw) dB,.
= e [ Xl )
b [ ol X s ) A, e [T,

we see that {Xﬁ’g’“’y}re[s T
(5. XEE02, [, ). To wit,

€ Ci([s,T],R¥) solves (1.1) with the parameters

5, XY [1]®, [v]®

(2.7) P(Xf,757“7” - X Vre[s, T]) —1.

Moreover, the state process depends on controls in the following way.

LEMMA 2.2. Given t € [0,T), let & € L*(F, R¥) and (u,v), (1, 0) € Uy xVy. If
(u, V) = (ﬁ, '17), drxdP-a.s. on [t,7[U[r,T]a for some T €S, v and A € F,, then it
holds P-a.s. that

(2.8)  LAXDERY 41 XESIY — 1, XBERY 4 1, XESEY Vs e [t T).

Now, set © = (t,&, u,v). Given 7 € S; 7, the measurability of (f, X, u,v) and
(2.4) imply that

A
fT@(s,w, Y, Z) = 1{S<T(w)}f(8) Xse(w)v Y, 2, ,U“S(w)a VS(LU))
V(s,w,y,2) € [t,T] x Q x R x R?

is a 2 ® %B(R) @ Z(R%)/%(R)-measurable function that is Lipschitz continuous in
(y, z) with coefficient 7. And one can deduce from (2.3), (2.4) and Holder’s inequality

that
T p
(/ \f?<s,o,0)\ds>
t

(2.9)

Thus, for any n € LP(F,), Proposition 1.1 shows that the BSDE(¢,7, f©) admits a
unique solution (Y'©(r,n), Z°(r,n)) € G&([t, T]), which has the following estimate as
a consequence of (1.5).

T
E SCO—I—COE[ sup |XS®|2—|—/ ([,us]%—l—[ys]i/)ds <00.
¢

s€t,T]
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COROLLARY 2.1. Let t€0,T], £ €L2(F;, R¥), (u,v) €Uy x Vi, and T €Sy r. For
any 11,12 €LP(Fr) and pe (1, p)],

P _
(2.10) E[ st }‘Y;’g’“”’(ﬂ m) — YISmY (r, 772)‘ ‘}"t] < GE[lm - 772|p|.7-'t], P-as.
seft, T

Given another stopping time ( €Sy with ( <7, P-a.s., one can easily show that

{(YC?\S(T, n), Ls<cr Z (1,m) b sepr,r) € G ([t, T]) solves the BSDE(t, YCG(T, ), f?) To
wit, we have

(V2 (¢ YE(rm), 28 (¢ YE(mm) )
(2.11) = (Yo Ly 20 (rm)), s € [1.T),

In particular, when { = 7,
(212) (Y20, 22 (rm) = (You(r ) ey 22(rm)), s € 1,71,

On the other hand, if 7 € S, r for some s€[t,T], letting ©° 2 (5, X2, [1*%, [V]%),
we can deduce from (2.7) that {(Y,°(r,n), Z2(r,n))} | € G&([s,T]) solves the
following BSDE (s, n, f?s):

rels, T

T T
Ys—ﬂ+/ Zr’dBr’:/ 1{r’<7}f(T/7X9a}/;’aZr’aMr’aVr’)dT/

T
:/ ey F XS Yoo, Zoo, [0, [W1S) di, v 5, T).
Hence,
(2.13) P(Y2(rm) =Y (r,n), ¥rels,T)) =1

The 2/p-Holder continuity of functions g and (2.6) show that g(Xj@) e LP(Frp).

Set J(©) 2 Y;° (T,9(X%)). From (1.5) and the standard estimate of SDE (1.1), we
can deduce the following a priori estimate.

LEMMA 2.3. Let t € [0,T] and (u,v) € Uy x V. Given &,& € L2(F, RF), it
holds for any p € (1, p] that

[ sup [rasme (raxger)) - viene g () 7]
s€(t,T]
(214) < cplé—&|7, P-as.

2.2. Definition of the value functions and a weak dynamic program-
ming principle. Now, we are ready to introduce values of the zero-sum stochastic
differential games via the following version of Elliott-Kalton strategies (or nonantici-
pative strategies).

DEFINITION 2.2. Given t€[0,T], an admissible strategy o for player 1 over period
[t,T] is a mapping «: Vi —U; satisfying: (1) There exists a Co >0 such that for any
veVy [(a(u))s]U <k+Cq[vs]y, dsxdP-a.s., where k is the constant that appears in
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(A-u) and (A-v). (ii) For any v',v2€Vy, TE€S T, and A€ F,, if v =12, dsxdP-a.s.
on [t,7[U[r,T]a, then a(v')=a(v?), dsxdP-a.s. on [t,7[U[r,T] 4.

Admissible strategies f @ Uy — Vi for player 11 over period [t,T) are defined
sitmilarly. The collection of all admissible strategies for player 1 (resp., I1) over period
[t,T] is denoted by Ay (resp., By).

Remark 2.2. The condition (ii) of Definition 2.2 is called the nonanticipativity
of strategies. It is said in [12, line 4 of p. 456] that “From the nonanticipativity of B2
we have fB2(u3) = 3251 1a,; Ba(u3),...”. What is actually used in this equality is not
the nonanticipativity of 52 as defined in Definition 3.2 therein, but the requirement:

For any u,u€Uysr and A€ Fiys, if u=w on [t + 6, T] x A, then Ba(u)
(2.15)  =p2(u) on [t+0,T]x A.

Since B3 is a restriction of strategy 8 € By r over period [t+6,T], (2.15) entails the
following condition on S:

For any u, u€Uy r, any s € [t,T] and any A€ Fy, if u=u on ([t,s) x Q) U ([s,T]x A),
then 8(u)=p(u) on ([t,s) x Q) U ([s,T]x A),

which is exactly a simple version of our nonanticipativity condition on strategies with
T =S8.
For any (t,x) € [0,T] x R*, we define

w1 (L, x) 2 essinf esssup J(t, x, (b, ﬁ(u))
BEB:  Leu,

= essinf esssup Ytt’x’”’ﬁ(”) (Ta Q(X;L#ﬁ(#))) and
BEB: HEUL

wa(t, ) 2 esssup essinf J(t,z,a(v),v)
acA, veV,

= esssup essinf Ytt’z’o‘(”)’y (T, g (X;’r’a(y)’”))

acA, VEV:

as player I's and player II’s priority values of the zero-sum stochastic differential game
that starts from time ¢ with initial state x.
Remark 2.3. When f is independent of (y, z), w1 and ws are in form of

T
é j Q t)z)N)B(N/) t,ZE”LL,ﬂ(,U«)
9 - 9 s s Msy s t
wy (t,x) = essinf ebSSupE|:g(XT )+/f(s X ts, (B(1))s)ds|F| and
BEB:  peu, t
T
wa(t, x) 2 esssup esgi\glf E[g(X;’w’a(V)’V) —|—/ f(s,X?zvo‘(”)vl’, (a(v))s,vs)ds ft]
acA, VeV t

YV (t,z) € [0,T] x R

Remark 2.4. When U and V are compact (say U = O, (ug) and V = O, (vp)),
assumptions (A-u), (A-v) are no longer needed, and the integrability condition in
Definition 2.1 as well as condition (i) in Definition 2.2 hold automatically. Thus our
game problem degenerates to the case of [12].

The values wy, wo are bounded as follows.

PROPOSITION 2.1. For any (t,x) € [0,T] x R¥, it holds P-a.s. that |wi(t,z)| +
lwa (t, )| < ¢ + colz|?/P.
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Similar to Proposition 3.1 of [12], wy and ws are actually deterministic functions
on [0,7] x R¥.

PROPOSITION 2.2. Leti = 1,2. For any (t,x) € [0,T] x R*, it holds P-a.s. that
w;(t, ) = Elw;(t, z)].

Moreover, as a consequence of (2.14), wy and wy are 2/p-Holder continuous in z.

PROPOSITION 2.3. For any t € [0,T] and x1,z2 € RF, |w1(t,a:1)—w1(t,x2)‘ +
|w2(t, xl)—wg(t, $2)‘ S CQ|$1 —{E2|2/p,

However, the values wy, ws are generally not continuous in ¢ unless U, V are
compact.

Remark 2.5. When trying to directly prove the dynamic programming principle,
[17] encountered a measurability issue: The pasted strategies for approximation may
not be progressively measurable; see p. 299 of [17]. So they first proved that the value
functions are unique viscosity solutions to the associated Bellman-Isaacs equations
by a time-discretization approach (assuming that the limiting Isaacs equation has a
comparison principle), which relies on the following regularity of the approximating
values v :

lr(t, ) —ve(t, )| < Ot = [Y2 + |z —2|) V(ta),(t',2') €0,T] x R

with a uniform coefficient C' > 0 for all partitions 7 of [0, T]. Since our value functions
w1y, we may not be 1/2-Hoélder continuous in ¢, this method is not suitable for our
problem. So we adopt Buckdahn and Li’s probability setting.

The following weak dynamic programming principle for value functions wi, ws is
the main result of the paper.

THEOREM 2.1. _

(1) Given t€[0,T), let ¢, ¢: [t, T|xRF =R be two continuous functions such that
d(s,x) < wi(s,z) < d(s,z), (s,z)€ [t, T]<xR¥. Then for any x€R* and §€(0,T —t),
it holds P-a.s. that

essinf esssup Y, 500 (7— D75 0, X LT rB 1) )
BEDB, NGUtp K Bau (b( Bom T, u )

. t.x,p,B(1) Y t,z,u,
Sn(t9) < ey essup Y (75 6 X37%)).

where T3, 2 inf {se(t,T]: (s, X;’z’”’ﬁ(“)) ¢Os(t,x)}.

(2) Given te[0,T), let ¢, ¢: [t, T] x R¥ R be two continuous functions such that
#(s,7) < wa(s,x)<¢(s,x), (s,2)€t,T]xR*. Then for any x€R* and §€(0,T —t),
it holds P-a.s. that

: t,z, )
esssup essinf Y, awv)v (Ta,l,, ¢ (Taw, Xﬁ’r’o‘(”)”’)) <ws(t, )
acAs veV: o

. t,z,a(v),v 7 t,x,a(v),v
<esssup essinf Y, (Ta)l,,(b(TaW,XTQ ) ) ) ,
acAs veVy ’

where T, 2 inf {se(t,T]: (s, X;’I’a(y)’”) ¢O0s(t,2)}.
The significance of such a weak dynamic programming principle lies in the follow-

ing fact: Since w;, ¢ = 1,2 may not be continuous in ¢, w; (T,@)N, Xﬁ’;"f"ﬁ(”)) may not

be fTB,u—measurable. Then Y:’x’”’ﬁ(“) (7'37“, w; (T,@,H,Xt’x’“’ﬁ(”))) and thus the strong

TB.n
dynamic programming principle may not be well defined.
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3. Viscosity solutions of related fully nonlinear PDEs. In this section, we
show that the priority values are (discontinuous) viscosity solutions to the following
partial differential equation with a fully nonlinear Hamiltonian H:

(3.1) —%w(t, z) — H(t,z,w(t,z), Dyw(t,z), Diw(t,z)) =0 V(t,z)€(0,T) xR

DEFINITION 3.1. Let us denote by Sy the set of all RF**-valued symmetric ma-
trices, and let H : [0,T] x R¥ x Rx RF x S}, — [~00,0]. An upper (resp., lower)
semicontinuous function w: [0,T]x R¥ — R is called a viscosity subsolution (resp.,
supersolution) of (3.1) if for any (to,xo,¢) € (0,T)xRF x CY2([0, T] x R¥) such that
w— attains a strict local mazimum 0 (resp., strict local minimum 0) at (to,xo), we
have

0
—asﬁ(to,%o) — H (to, zo, ¢(to, 20), Dap(to, x0), D2(to, w0)) < (resp., >) 0.

We set H(t,z,y,z,T, u,v)é%trace(oaT(t,x,u, v) I‘)+z b(t, x, u,v)—i—f(t, T, 2
o(t,z,u,v),u, v) Y (t,z,y, 2,1, u,v) €[0, T|xRExRxRIxS, xUxV, and consider the
following Hamiltonian functions:

Hl(E)ésup lim inf H(Z' u,v),

T uel B/ & vED,

H(Z) 2 lim | sup inf lim sup H(Z',u/,v) and

N0l el vEOY WU =g, ()
o

Hy(Z) 2 inf Tm_ sup H(Z u,v),

veV B/ —E uE D,

ﬂQ(E)é lim t inf sup lim inf H(Z, u,0'),

n—oo  weV u€ln v'—v E'€01 ©)
B

1>

where B = (t,z,y,2,), 03 = {v e V: ], <k+nluy}, OF 2 {ueU: 4,
A

K+ n[v]v}a Ou = Unen0y = l{u:uo}an(UO) + 1{u;£ug}V7 and 0, é Unen@y
1{1):1)0}OK (UO) + 1{1}751)0}U-

Remark 3.1. When U and V are compact (say U = O, (ug) and V = O, (vp)), it
holds for any (u,v) € Ux V and n € N that (67, 07) = (V,U). If further assuming
as [12] that for any (z,y,2) € R¥ x R x R, b(-,z,-,-), o(-,z,-,-),f(-,2,9,2,-,) are
all continuous in (¢,u,v), one can deduce from (2.1)—(2.4) that the continuity of
H(Z,u,v) in Z is uniform in (u,v). It follows that

IN

H,(Z)=sup lim inf H(Z' u,v)
uel 2/ -z veV

=sup inf lim H(Z,u,v)=sup inf H(Z,u,v) and
uelU veV =/ 4= uel vev

Hy{(Z)= lim | sup inf lim sup H(Z u/,v)

n—oo 4y veV u'—u =/€0; (8)

=sup inf lim lim] sup H(Z, u/,v)
uelU VeV W'=un=00" =/eo,) (8)

=sup inf lim H(Z,u,v) = sup inf H(Z,u,v) = H,(Z).
uel vEV v —u uel VeV
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Similarly, Hy(Z) = H2(Z) = infyev sup,cy H(Z, u, ).
For i =1, 2, Proposition 2.3 implies that

w,(t, x) 2 limw, (t',z)= lim w;(#,2’) and
t'—t (t",z")—=(t,x)

w;(t, z) 2 lmw;(t',z)= Tim  w(t',2') ¥V (t,z)€[0, T] xR
Bt (2~ (t,2)

In fact, w; is the largest lower semicontinuous function below w; (known as the lower
semicontinuous envelope of w;) while @, is the smallest upper semicontinuous function
above w; (known as the upper semicontinuous envelope of w;).

THEOREM 3.1. Fori = 1,2, w, (resp., W;) is a viscosity supersolution (resp.,
subsolution) of (3.1) with the fully nonlinear Hamiltonian H, (resp., H;).

Since there is no regularity, even semicontinuity, in the fully nonlinear Hamil-
tonian functions H, and H;, this existence result of viscosity solutions to the fully
nonlinear PDEs (3.1) is quite general. In general, a comparison result for the PDEs
we analyze may not hold since it is not clear whether H, =H,; unless the control
spaces are compact.

Remark 3.2. Given i = 1,2 and x € R¥, although w;(T,z) = g(w), it is possible
that neither w,(T,x) nor w;(T,x) equals to g(z) since w; may not be continuous in
t. This phenomenon already appears in stochastic control problems with unbounded
control; see, e.g., [5].

4. Proofs.

4.1. Proofs of the results in section 2.
Proof of Example 2.2. For any (t,u) € [0,T] x U, the continuity of ¢ and (2.5)
show that {v € [—k|ul,k|u]] : ¢(t,u,v) = 0} is a nonempty closed set. So we can

define ¥ (t,u) 2 min{v € [—klu|, k|u|] : (t,u,v) = 0}.
Given n € N, for any ¢ =0,...,2" — 1 and j € Z, we set t} = i27"T', u} = j27",

and Q/JZJ é inf(t,u)ED{fj’V(tau) € [_ﬁ - :‘<6|’U/|, K+ Iﬁl’d” with

N [t7, ) x [u?,uyﬂ) ifi <2 —1,

Ml T < fuun ) if =27 — 1.
A one

ClearIY7 wn(ta u) = Zf:() ' Zjez ’@bgjl{(t,u)eDZj} € [—IQ—I$|U|, /{—l—FLlUH v (ta u) € [07 T]XU

defines a #([0,T]) ® #(U)/AB(R)-measurable function. As 1, <)y,41, the function

P(t,u) 2 limy o0 U (t,u) € [—rk—klu|, k+£ul]] V(t,u)€]0,T]xU is also B([0,T])®

A(U)/PA(R)-measurable.

Now, let (¢,u) € [0,T] x U and ¢ > 0. By the continuity of ¢ in ¢, there exists a
d € (0,&/37) such that

(41)  Je(s,up(t,u)) —o(t,u,p(t,u))| <e/3 Vselt—6t+06N[0,T].
For any n > logy(1V T) — logy(6), (t,u) € D}, for some (i,3) € {0,...,2" — 1} x Z,

and we can find (t',u’) € D}; such that V() < Yi'; + 6. Then (4.1) and the
Lipschitz continuity of ¢ in (u,v) show that
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ot u, (t, w)| = |t u, ot w) — ot u', ¥ ()|
<ot u, (it w) =@t u, (t, w)) |+ ot u, (¢, )
— ot w, hn (8, w)) [+t u, 7 ) =t o, ¥ (', u))|
<e/3+ vt u) — Yn(tu)| + v (Ju—u'| + |7, — V(' ,u)])
< e+ |t u) — Yn(tu)| + 296 < e+ y|(t u) — n(t, ).

Letting n — oo yields that |p(f,u,1(t,u))| < e. Then as ¢ — 0, we obtain that
p(t,u, P(t,u)) = 0.
Similarly, we can construct a measurable function ¢ on [0,7] x V such that

go(t,{[;(t,v),v) =0 and [|P(t,0)| <k(1+v]) V(tv)e€[0,T]xV.

Hence (A-u) and (A-v) are satisfied. O

Proof of Lemma 2.2. Both {Xﬁ’f;””’}se[tm and {Xﬁ’f;ﬁ’;}se[tm satisfy the same
SDE:
(4.2) Xs=¢ —l—/ b (r, X, dr —l—/ oV (r,X,)dB,, se€ltT],
t t

where b4V (r,w, x) 2 1 cr@)b*”(rw,z) and o (r,w, ) 2 1 cr)yyot?(rw, o)
Y (r,w, x) €[t, TIxQxRF. Like bV and o#?, bV is a P @ B(RF)/B(RF)-measurable
function and 0% is a 2 ®B(R¥)/ % (RF*?)-measurable function that is Lipschitz con-
tinuous in (y,z) with coefficient ~ and satisfies E[(ftT|b¢>”(s, 0)|ds)? +
(ftT|a¢7”(s, 0)|ds)?] <oo. Thus (4.2) has a unique solution, i.e.,

(4.3) P(Xﬁ’f;“”’:Xﬁ’f;ﬁ’; Vse[t,T]) = 1.

One can deduce that

t v t,E,pu,v t,E,pu,v t v
X Eou, X 7/\7 =X 7\/7 ’ X Eou,
TVs

TVs
:/ b(r’ Xftjﬁlh’/’ Lo, Vr)dr—i—/ 0'(’!“, Xftjgﬂhl/’ Lo, VT)dBT, se [t, T]
Multiplying 1 4 on both sides yields that

A
X, =1 (X§757“7” Xﬁ’f’su’y)
TVS

TVS
= / 1Ab(r, X,’f’g’“”’, s Vr)dT + / 1,40(7“, Xﬁ’f’“’”, Ly VT)dB,,
:/ 1{7’27’}1Ab(ra X + X:'f;“uwa Mo Vr)dr
t

+/ 1psy1lac(r, X, +Xﬁ’f;”’”,ur,l/r)dBr, s € [t,T).
t
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Similarly, we see from (4.3) that

||[>

/ff ]-A (Xt SV *X—f'/fsu7 ) = / 1{7“27'}1.4()(7.7 'jEr"_ X‘fj/%;“ﬁ);a ﬁra ,ﬁr)dr

1{T>T}1Aa(r X +X7€/§;”ﬁ);a ﬁra ,ﬁr)dBr
t

+

:/ 1{T‘>T}1Ab r, X +X7€/§;”H)V7MT7VT)CIT
t
_|_

1{T>T}1AO' r, X, —I—Xif;”’”,ur,yr)dBr, s €t T

-

To wit, X, X € CZ([t, T],R¥) satisfy the same SDE:

(4.4) XS:/ E(T,Xr)dr—i—/ &(r,X,)dB,, seltT],
t t

where g(r,w,x) 2 1>r () liwearb(r,z + XbEm (W), pr (W), vp(w)) and o(r,w, ) 2

1457w lweayo™” (T,x—l—Xﬁ’E}“’V(w),ur( ), vr(w)) ¥ (r,w,z) € [t,T] x Qx R*. The
measurability of functions b, X*&*¥ 1 and v implies that the mapping (r,w,z) —
b(r,w,x + Xﬁf;“’”(w),ur(w),ur(w)) is Z ® B(RF)/PB(RF)-measurable. Clearly,
{1{r>71na}repe, 1) 1 a right-continuous F-adapted process. Thus b is also PBRF)/

2Z(RF)-measurable. Similarly, 7 is & @ Z(RF)/%(R**9)-measurable. By (2.2), both

b and ¢ are Lipschitz continuous in z. Since

T 2 T 2
(/t \b(r,())\dr> +</t \a(r,())\dr>

T
<ot COE[‘X$§7#’V|2:| + CQE/ ([ur]%—k[ur]i/)dr < 00
t

by (2.1), (2.2), and Holder’s inequality, the SDE (4.4) admits a unique solution.
Hence, P(X, = X, Vs € [t,T]) = 1, which together with (4.3) proves (2.8). O
Proof of Proposition 2.1. Given 8 €%B;, (1.4) and Holder’s inequality imply that

|J(t, x, U, B(uo)) |p

T
(4.5) < C()E[|g( twuo,@(uo))‘P+/ |f%w,uo,3(uo)(8,070)|Pd8‘}—t], P-as.
t

Since [(ﬁ(uo))s]vgm, dsxdP-a.s., the 2/p-Holder continuity of g, (2.3), (2.4) as well
as a conditional-expectation version of (2.6) show that P-a.s.

|J(t, T, U, B(uo)) |p

T
<co+ ok [\X;WWF + / (|08 o) |2 [(ﬂ(uo))s}i)ds‘ft}
t

S Ck + COE|: sup ‘X;"I>u0>ﬁ(uo) |2‘j__,t:|
s€t,T]

T
(4.6) < c,.€—|—co|x|2—|—coE[/ [(ﬁ(uo) ds‘ft} < ¢p + colz]?
t
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So it follows that wy(t,z) > essinfges, J(t, 2, uo, B(ug)) > —cx — colz|*/P, P-a.s.

We extensively set (¢, u) 2 vo V(t,u) € [0,T] x Ox(ug), then it is Z([0,T]) x
AB(U)/PB(V)-measurable. For any p € Uy, the measurability of function ¢ and process
w1 implies that

(4.7) (Bu(w) , Zv(s. ), s€[tT]

defines a V-valued, F-progressively measurable process. By (A-u), [(8y(n)) ], <
k+klpsly Vselt,T], so By(p) € Vi Let p', p? € Uy such that p' = p?, dsx dP-a.s.
on [t,7[U[r,T]a for some 7 €S, and A€ F.. It clearly holds that dsx dP-a.s. on

[t, 7[U[r, T]a that (By (Ml))s =1(s, pd) =1 (s, u2) = (By (NQ))S' Hence, By €B;.
Fix a uy € 00 (ug). For any p € Uy, similar to (4.5) and (4.6), we can deduce
that P-a.s.,

‘J(@%Ma 31/1(#)) ‘P

T
< [lo(xi N [ (ot .00,
t
+—1{M3¢oﬁ<uw}\f(s,J(?w””3w<“>,0,o,uﬁ,ﬁws,zw))\p)ds\fa}

<cn+coE[ sup |th”6w ‘ft}
s€[t,T]

2
<Cn+00|$| +CQE </ |b S, 0 Msa(ﬁw ‘dS)

2
(/Iosoumﬁw \%>‘E ,

where we used a conditional-expectation version of (2.6) in the last inequality. Then
an analogous decomposition and estimation to (4.8) leads to ‘J(t,x,u,ﬁw(u))‘p <
¢ +colx|?, P-a.s. Tt follows that

wy(t,x) < esssup J (¢, @, 1, By (1)) < cx + colz*?,  P-as.
pEUL

Similarly, one has |wa(t, )| < ¢, + co|z[*/?, P-a.s. O
Proof of Proposition 2.2. Let H denote the Cameron—-Martin space of all abso-
lutely continuous functions h € Q whose derivative h belongs to L2([0,7],R%). For

any h € H, we define Th(w) 2 w4+ h Yw € Q. Clearly, 75 : @ — Q is a bijec-
tion and its law is given by P, £ po Tt = exp{fOT hedB, — %fOT |hs|2ds}P. Fix
(t,z) € [0,T] x R* and set H; 2 {h € H : h(s) = h(s At) Vs € [0,T]}.

(a) Let heH,. We first show that

(4.9) (1(Tw),v(Th)) €Uy x Vi Y (,v) € Uy X Vy.

Fix pel;. Given s€|t,T], we set T’;(D)é{(r,w)e[t, s]xQ: (r,Tp(w)) €D} for
any DC[t, s] xQ. As the mapping
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(4.10) Tr,=B+h is Fs/Fs-measurable,

it holds for any € € 2([t, s]) and A€ F, that Y(Ex A)={(r,w) €[t, s]xQ: (r, Th(w)) €

ExAY=(EN[ts]) xT, “(A) € B([t,s]) ® Fo. So Ex Ac AM 2 {DC [t,s] x Q:
YD) € A([t,s]) ® Fs}. In particular, § x } € A? and [t,s] x @ € AL For any
D € A" and {D,,}nen C A, one can deduce that

TE(([t, 8] x Q\D)=([t, s] x D\YH(D) € #([t,s]) ® Fs and
Th ( Y, Dn) :nLGJNTQ(Dn) € #B([t,s]) ® Fs,

ie., ([t,8] xQ\D, UpenD,, € AP, Thus A? is a o-field of [t,s] x Q. Tt follows that
B(t,s))@Fs =c{ExA: £ B([t,s]),A € Fs} € Al Then for U € B(U), the

F-progressive measurability of p implies that Dy 2 {(r,w) € [t,s] x Q: pr(w) €
U} € B([t,s]) ® Fs C A That is

{(rw)€lt, s]xQ: e (Th(w)) € U}
(4.11) ={(r,w)elt,s]xQ: (r,Th(w)) €Dy} = TZ(DU) € B(t,s]) ® F,,

which shows the F-progressive measurability of process u(7p).

Suppose that F ftT [,us]%ds < oo for some ¢ >2. Then one can deduce from Holder’s
inequality that for any g€ (2, ¢q),

(4.12

) . )
E t [us(ﬁ)]%ds
T

q T, 1 /7. T
:EP’l/ [“5]%dSZE[eXP{/ hsst_§/ |h5|2d5}/ [IU“S]E[Ist:|
t 0 0 ¢
_ 5 T .
Squq ex / hs st}
p{2<q—a> ) |l
g [T pr T ot T
x| B ex —N/ hsst—i/ s ds} <E/ . ds)
< [ p{q—q 0 20—z, "l ) Gk

Tq;ae { g /T|h |2d5}<E/T[ }qu)%~<oo
= q X —_— s s .
P29 Jo , el

Hence, p(7T) € Uz Similarly, v(7y) € V; for any v € V.
(b) We next show that

Qe

(4.13) J(t,x, p,v)(Th) = J(t, 2, 1u(Th), v(Tw)), P-aus.

Let {®,}sep,r) be an RF*4-valued, F-progressively measurable process and set

M, 2 f:@rdBT, s € [t,T]. We know that (see, e.g., Problem 3.2.27 of [22], which is

proved on page 228 therein) there exists a sequence of R¥*9-valued, F-simple processes
n Zn n n n n

{on=>3"" & l{se(t?7t?+1]}7 s€[t, T)}nen (where t=t7 <---<ty =T and &' € Fin

fori=1,... ,Zn) such that
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T
P— lim trace{ (@ — @) (P) — CI>T)T} ds=0and P— lim sup |M] — M, =0,

n—oo t n—00 SE[t,T]

where M7 = fts d'dB, = Zle & (BSM;LH — Bsmy)- By the equivalence of P, to P,
one has

T
Py, — lim trace{ (<I>:ﬁZ — CI>T) (<I>f — @T)T} ds
n—oo t
= P,— lim sup |[M}—- M, =0 or
n—oo SE[t,T]
T

P—Tlim [ trace{ (O7(Tn)~ @ (T0) (1 (Th) = @,(Th)) " } ds
(4.14) = P— lim sup |M (Th)— (ﬁ)|:0.

n—>oo [t T

Applying Proposition 3.2.26 of [22] yields that

(4.15) 0=P— lim sup ‘/ @2(ﬁ)dBr—/ o,.(Th)
t

N0 sct,T]

As h € H;, one can deduce that

ln

M (Th) = (Z& Bapen,, — sw)> (Tw) = Y& (Th) (Bantn,, (Th) = Bsnin (Th))

i=1
_Zf (Tn)(Bsatz,, —h(s At7i1) = Boney +h(s At]))
= /S O (Tp)dB, Vselt,T],
t
which together with (4.14) and (4.15) leads to P-a.s.
@) [ aman, =) = ([ #an) @), se
Let (u,v) €Uy xV; and set © = (t,x, 1, v). By (4.10), the process X©(Ty) is F-

adapted, and the equivalence of P, to P implies that X©(7;) has P-a.s. continuous

paths. Suppose that EftT[us]%ds+EﬁT[ys]g/ds < oo for some ¢ > 2. A standard
estimate of SDEs (see, e.g., [21, pp. 166-168] and [22, pp. 289-290]) shows that

([recorad) ([ pona)’

T
(4.17) <e¢q <1+|x|q—|—E/t ([us]qu—l—[ys]g/)ds) < 0.

E

set, T

sup ‘XQ‘ 1 <cqlz|?+e B

Similar to (4.12), one can deduce that Efsup,c(, 1y ‘X?(ﬂl)‘a] < oo for any g€ [2,q).
In particular, X©(7,) € C4([t, T], R¥). It follows from (4.16) that

Copyright © by STAM. Unauthorized reproduction of this article is prohibited.



Downloaded 03/22/16 to 136.142.124.99. Redistribution subject to SIAM license or copyright; see http://www.siam.org/journals/ojsa.php

2054 ERHAN BAYRAKTAR AND SONG YAO

X9 = ot [ 0 X2, To)own () [0 X0 ) a3, ) (73
:x+/3b(r,X?(E),ur(E),ur(ﬁ)) dr+/8U(T,X?m),ur(ﬁl),yrm)) dB,.
set,T).

Thus the uniqueness of SDE (1.1) with parameters ©), = (¢, 2, u(7Ts), (7)) shows
that

(4.18) X0 = XO(Th) VseltT)

Let (V,Z) = (YO(T,9(X2)), 29 (T, g(XQ))). Analogous to X©(Ty,), Y (T5) is
an F-adapted continuous process. And using the similar arguments that lead to
(4.11), we see that the process Z(Tp) is F-progressively measurable. By (4.17),

9(X8) € L% (Fr) and a similar argument to (2.9) yields E[( ;" [f2(s,0,0)|ds)*"] <
cq+ch[supS€[t,T]|Xse|q+ftT([us]%+ [vs]{)ds] < co. Then Proposition 1.1 shows
that the unique solution (f/, 2) of BSDE(t, g(X%), ff) in Gg([t,T]) also belongs to
G;?q ([t,T7). Similar to (4.12), one can deduce that E[sup,¢; 7 |}7S(771)|‘7+(LT |\ Z4(T3)|2ds)7/?] <
oo for any g€ [p, B). In particular, (?(ﬁ), Z(E)) eGR([t,T7).
Applying (4.16) again, we can deduce from (4.18) that

T
() = g(X$<n>)+/ F (0 XOCT), Vo (T2, 2o (Th) s e (Th), v (T5))

—(/jZd&)(m

T A~ o~
(024 [ XN T T 2T )i (). ()
_/SZ(E)dB,,, s et T,

Thus the uniqueness of BSDE(t, g(X$"), f9") yields P(YO"(T,g(X2")) = Yu(Th)
Vse[t, T])=1. In particular,

Itz 1,0)(Th) = Yi(Tn) = YO (T, g(X$")) = J(t, 2, (), v(T)), P-as.

(¢) Now, we show that wi(t,z)(T)=w1(t,x), P-a.s.

Let 8 € 9B; and define B (u) 2 B(u(T-r))(Th) VYp € Uy. Similar to (4.9),
w(T-p) € Uy as —h € H. Then B(u(T-x)) € Vi. Using (4.9) again shows that
Br(p) = B(u(T-r))(Tn) € Vi. Since [(B(w(T-n))), ]y < K+ Cslus(T 1)y, dsx dP-
a.s., the equivalence of P, to P shows that [(ﬁ(u(T_h)))s}V < K+ Calus(T-n)]
dsx dPy-a.s., or [(ﬁh(u))s}vz [(ﬁ(,u(T_h))(E))S]V§A+Cﬁ[us]m, ds x dP-a.s.

Let p!, u? €Uy such that p!=p?, dsx dP-a.s. on [t, 7[U[r,T] 4 for some 7 € S; 1
and A € F,. By the equivalence of P_j, to P, u' = pu?, dsxdP_p-a.s.on [t,7[U[7,T] a,
or pt (T-p)=p*(T=n), ds x dP-a.s. on [t,7(T-p)[U[7(T=1), T]7, (4)- Given s € [t, T,
similar to (4.10), 7_j is also Fs/Fs-measurable. It follows that

{r(T-p) < s}:{w cTop(w) e{r < s}} = '7'_7,11 ({T < s}) e Fs
and T5,(A) N {7(Tp) < s}=T 1 (A) NT ({T <s}) = T (A N{r < s}) € Fs,

[U?
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which shows that 7(7_5) is an F-stopping time and 7,(A4) € Fr7,). Ast <
7 < T, P-a.s., the equivalence of P_; to P shows that t < 7 < T, P_j-a.s.,
or t < 7(7-p) < T, P-as. So 7(7T_x) € S, and we see from Definition 2.2
that B(p'(T-1n)) = B(1*(T-1)), ds x dP-a.s. on [t,7(T-)[U[7(T-1), T]7, (). The
equivalence of P, to P then shows that 8(u'(T-n)) = B(1*(T-1)), ds x dPj-a.s.
on [t, 7(T-n)[U [7(T=), Tl7, ), 0 Bu(p') = B(u' (T=n))(Tn) = B (4 (T=1)) (Tr) =
Br(1?), ds x dP-a.s. on [t,7[U[r,T]a. Hence, B € Bs.

Set I(t,z, ) 2 esssup, ey, J (t, 2, 1, B()).  For any p € Uy, as I(t,z,8) >
J(t, @, 1, B(n)), P-a.s., the equivalence of P, to P shows that I(t,z,3) > J(t,x, u, B(1)),
Pp-a.s., or

(419) I(t,x,ﬂ)(ﬁ) 2 J(t’xﬂuvﬁ(ﬂ)) (771)7 P-as.

Let £ be another random variable such that & > J(t,x,u,ﬁ(u)) (Tn), P-as., or
E(T-n) = J(t,z, 1, B(w)), Py-a.s. for any p € Up. By the equivalence of Py to P,
it holds for any p € U; that £(T—p) > J(t,x,u, B(u)), P-a.s. Taking essential supre-
mum over p € Uz yields that £(7_p) > I(t,x, 8), P-a.s. or € > I(t,z, 8)(Th), P-p-a.s.
Then it follows from the equivalence of P_j to P that & > I(¢,x, 8)(Tx), P-a.s., which
together with (4.19) implies that

(4.20) esssup (J(t, Z, by B(M)) (771))

pEUL

=1I(t,z,5)(Th) = (esssup J(t,z, p, ﬁ(u))) (Tn), P-as.

HEU:
Similarly, wy (¢, 2)(Tp) :eﬁssglf (I(t,z,B)(Tn)), P-a.s., which (4.13) and (4.20) together
€5y
yields that

wy (t,2)(Ty) = essinf esssup (J(t, z, 1, B()) (ﬁ))

BEB:  pcu,
= essinf esssup J(t, x, 1(Th), ﬂh(u(ﬁ))) = essinf esssup J(t, x, 1, Bp (u))
BEB:  Leu, BEB:  ueu,
(4.21) = essinfesssup J (t, 2, p, B(n)) = wi(t, x), P-as.,
BEB:  pcu,

where we used the facts that {u(7s) : p € Uy} =Uy and {By : B € By} = By.

(d) As an F;-measurable random variable, w1 (¢, 2) only depends on the restriction
of w € Q to the time interval [0,¢]. So (4.21) holds even for any h € H. Then an
application of Lemma 3.4 of [12] yields that wi(¢,z) = Efws (¢, )], P-a.s. Similarly,
one can deduce that wq(t,x) = Elws(t, x)], P-a.s. O

4.2. Proof of the weak dynamic programming principle. To prove the
weak dynamic programming principle (Theorem 2.1), we begin with two auxiliary
results. The first one shows that the pasting of state processes (resp., payoff processes)
is exactly the state process (resp., payoff process) with the pasted controls.

LEMMA 4.1. Given t € [0,T], let {A;}7, C F be a partition of Q). For any
{(&.p' v}y CLA(F,RR) X Uy x Vi, if &0 = Y1 1a,&, P-as., and if (u°,1°) =
(>or La, ', >0 1a,0%), ds x dP-a.s., then it holds P-a.s. that

(4.22) X 1o — > 14, X0Em s et T).
=1
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Moreover, for any {(7:,m:)}i—g C St,r x LP(Fr) such that each n; is Fr,-measurable,
if ro=> 1, 1a,7i, P-as., and if no=>3 ., 1a,m;, P-as., then it holds P-a.s. that

(4.23) Y0 (o o) =3 14, YIS (1) Vs € [t,T.
=1

In particular,
(4.24) J(t, &0, 10, 00) = Z 14, J(t, &, '\, P-as.
i=1

Proof. Let (X", Y%, Z") = (X“g'““i”i,Yt@'i’”i”’i (Ti,ni),Zt’Ei’“i”’i (1i,mi)) for i =

0,...,n. We define (X,¥,2) 23" 14,(X1,Y%, Z7) € CZ([t, T],R¥) x GL([t, T)).
For any s € [t,T] and ¢ = 1,...,n, multiplying 14, to SDE (1.1) with parameters
(t, &, ut, V%), we can deduce that

1A,ng—1Ai§i:1Ai/ b(r,Xﬁ,ui,uﬁ)dr—i—lAi/ o(r, X2, ul, v)dB,
t t
:/ lAib(r,Xr,uB,VB)dr—i—/ lAio(r,Xr,ug,l/g)dBr
t t
(4.25) :1Ai/ b(T,XT,uS,VTO)dr—I—lAi/ o(r, Xe, 10, 00)dB,, P-as.
t t

Adding them up over i € {1,...,n} and using the continuity of X show that P-a.s.,
Xy=E + [7b(r, X, 1n0, 0)dr + [Jo(r, X, 52, 00)dB, Vs e [t,T]. So X = XtEon"w",
ie., (4.22).

Next, for any s € [t,T] and i = 1,...,n, similar to (4.25), multiplying 14, to
BSDE(t, i, fL5+" ") yields that

T T
1AiYSi = 1Aﬂh‘+1Ai/ 1{r<n}f(ra X,Z;,}/Tl,Zi,,ui,l/i) dr—lAi / sz‘dBT
S S

T T
=1Amz-+1Ai/ 1{T<To}f(r,XT,yT,ZT,ug,VB)dr—lAi/ Z,.dB,, P-as.

Adding them up and using the continuity of ) yield that P-a.s., Vs = no +
I fpcry f(r, X80y 2 0 00Ydr — [T Z,dB, Vs € [t,T). Thus (V,2) =
(Y on®" (r ), 24501 (79, 1)), proving (4.23).

Taking 7, = T and 7, = g(Xfp’Ei’“L’”L) € LP(Fr) for i = 0,...,n, we can de-
duce from (4.22) that Z?:l La;mi :E?:l 1Aig(X;“’£i“uz)yl):Zn:1 1Aig(X%§O’MO’UO) =

(Xt750;N07V0 _ P- Th 4 0 0\ _vtéo.n’r° _

g(X7 )—no,b a.s. en (4.23) shows that J(¢, &, pu°,v°) =Y, (T,m0) =
S LA YTy = 0 1A, I (8 & il V), P-aus. 0

In the next lemma, we approach I(t,z,[3) 2 esSSup ey, Ytt’w’“’ﬁ(“) from above
and wy (t, ) = essinfges, I(t,z, B) from below in a probabilistic sense.

LEMMA 4.2. Let (t,x) € [0,T] x R* and ¢ > 0. For any B € By, there ewvist
{(An, u”)}neN C Fi x Uy with limy,_,00 14, =1, P-a.s. such that for any n € N,

(4.26) J(t,x,u",ﬁ(u”)) > (I(t,x,ﬁ) — 5) ANeTl, P-as. on A,.
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Similarly, there exist {(An,ﬁn)}neN C Fi X B¢ with lim, oo 14, = 1, P-a.s. such
that for any n € N,

(4.27) wi(t,x) > I(t,z,B,) —e, P-as. on A,.

Proof. (i) Let B € B;. Given p',u? € Uy, we set A 2 {J(t,z, 1t B(pY)) >
J(t,z, 1%, B(p?))} € F; and define i 2 1apl+14ep?, s € [t,T]. Clearly, process
fi is F-progressively measurable. For i = 1,2, suppose that E ftT [,ui]%i ds < oo for
some ¢; >2. It follows that EftT [ﬁs]%lqu dsSEftT [MH%IAQQ ds—l—EftT [NEH;AQQ ds < o0.
Thus, i €Us. As i=p! on [t,T]x A, taking (7, A) = (¢, A) in Definition 2.2 yields
that B(i) = B(u'), dsxdP-a.s. on [t,T]x A. Similarly, 3(i) = 3(u?), ds x dP-a.s. on
[t, T]x A°. So B(1i)=1aB(u')+1a:8(1?), dsx dP-a.s. Then (4.24) shows that

J(taxaﬁvﬁ(ﬁ)) = 1AJ(t7x7,ulvﬁ(,ul)) + 1AC'](ta$a,u256(,u2))
= J(tv'xv,ulvﬁ(,ul)) N J(t,a:,,uQ,B(,uZ)), P-as.

So {J(t, T, [, ﬁ(u)) }He%5 is directed upwards (see Theorem A.32 of [18]). By Propo-
sition VI-1-1 of [27] or Theorem A.32 of [18], there exists {ﬁi}ieN C Uy such that

(4.28) I(t,z,) = esssup J(t, x, u,ﬁ(u)) = lim 7T J(t, x, ﬁi,ﬁ(ﬁi)), P-a.s.
nEU; 1— 00

So I(t,z, ) is Fi-measurable.

For any i € N, we set A; 2 {J(t,x,ﬁi,ﬁ(ﬁi)) > (I(t,x,ﬂ) — 5) A 8*1} € F; and
A\i é g¢\Uj<igj € F;. Fixn € N and set An é 1':16;4\1' € F;. Similar to ,L/Z, ,u" é
>oii 15 i +1ac 1" also defines a Us-process. For i =1,...,n, as u™ = fi* on [t, T] x
A;, taking (7, A) = (t, A;) in Definition 2.2 shows that B(u") = B(i'), ds x dP-a.s.
on [t,T] x A;. Then (4.24) implies that 15 J(t,2,u™, S(u")) =15 J(t, 2, 4", B(")),
P-a.s. Adding them up over i €{1,...,n} gives

n

lAnJ(t,x,u",ﬁ(u”)) :Z lgiJ(t, x, ﬁi,ﬁ(ﬁi)) >1y4, ((I(t, x, B)—a) A 571), P-a.s.
i=1

Let N be the P-null set such that (4.28) holds on N°. Clearly, {I(t,z,8) <
oo} NN C Uien{J (t, 2, 1%, B(1")) > I(t,z,B) — e} and {I(t,z,B8) = oo} NN C
UieN{J(t, x, ﬁi,ﬁ(ﬁi)) > 5’1}. It follows that

N¢C igN({J(t,x,ﬁi,ﬁ(ﬁi)) > I(t,z,B) —e} U{J(t,z, 7", B(E")) > a*l})

— UA,=UA = UA,.
€N 1€N neN

Hence lim,, o 14, =1, P-a.s.

(ii) Let B1,B82 € B;. We just showed that I(¢t,z,51) and I(t,x,[B2) are Fi-
measurable, so A, 2 {I(t,z,p1) <I(t,xz,B2)} belongs to Fi. For any p € Uy, similar
to i above, B,(u) 2 14,61(p) + LacB2(p) defines a Vi-process. For i = 1,2, letting
C; > 0 be the constant associated to f; in Definition 2.2 (i), we see that

[(Bo(1))s]y = L, [(Br(1))s ]y + Lag [(Ba(r))s],

<K+ (C1VC2) [us]y, ds x dP-a.s.
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Let p', u? € Uy such that p' = p?, dsx dP-a.s. on [t,7[U[7,T]a for some 7 € S r
and A € F,. By Definition 2.2, 31(u!)=B1(p?) and Ba(u') = B2(1?), dsx dP-a.s. on
[t,7[U[7, T]a. Then for dsxdP-a.s. (s,w)€E[t, 7[U[r,T]a,

(Bo(1')) () = L, (Bu(nh)) (W) +Lag (B2(n)) ,(w)
(4.29) =14, (B1(1?)) (@) +Lag (B2(1?)) (W) = (Bo (1)) , ().
Hence, 38, € 9B;.

For any p € U;, (4.24) shows that J(t,@,p,Bo(p)) = La,J(t, 2z, p, Br(p)) +
14cJ (¢, @, 1, B2(p)), P-a.s. Taking essential supremum over p € U, yields that
I(tvxvﬁo) = 1Aol(t’$7/81) + 1AgI(t7$7ﬁ2) = I(taxaﬁl) A I(t,ZE,ﬁQ), P-a.s. Thus
{I(t,z,B)}pem, is directed downwards (see Theorem A.32 of [18]). By Proposition
VI-1-1 of [27] or Theorem A.32 of [18], one can find {ﬁi}ieN C B such that

(4.30) wy(t, ) = %sesgltf I(t,x,3) = Jim | I(t,z,B;), P-as.

For any i €N, we set A, = {1(t,=, EZ) <wi(t,x)+e} €Fy and A, é/L\UjQ-/Tj cF;.
Fix n € N and set A, 2 izlﬁﬁi € Fi. For any p €U, similar to p above, G, (u) 2
> ie1 12 Bi(1) +1.a¢ B1(p) defines a Vi-process. For i =1,...,n, let C; >0 be the

constant associated to f3; in Definition 2.2 (i). Setting Ch, —max{Cl i=1,...,n}, we
can deduce that (6 (1)s)y =Xy Lz, [(Bali))e]y + L [(Br ()] < 5t Culiely
dsx dP-a.s.

Let u!, u? €Uy such that p'=p?, dsx dP-a.s. on [t,7[U[r,T]a for some 7 € S; 1
and A € F,. Similar to (4.29), it holds for ds x dP-a.s. (s,w) € [t,7[U[r,T]a that

ﬁ(ﬁz( 1), (@)+1ag (Br(1h), ()

(Bn (1)) ,(w)

1 (B: (1)) (@) +Lag (Br (1)) (@) = (Bu (1)), ().

So fBn € By. For any p € Uy, using (4.24) again yields that 14, J (¢, 2, p, B () =
S 1@J(t,x,u, EZ- (u)), P-a.s. Taking essential supremum over p € U; gives that
g, I(tm, B) =20 15 1(t, i) <1a, (wi(t,z)+¢), P-as. Let N be the P-null
set such that (4.30) holds on N¢. As |w; (t,z)| < oo by Propositions 2.1 and 2.2, we
see that Upen Ay, = UieNA\i = UieN./Zi = /\~fc. 0

In the proof of the weak dynamic programming principle below, we first use
Lemma 4.2 to construct approximately optimal controls/strategies by pasting locally
approximately optimal ones according to a finite partition of Og(t,z) determined by
the continuity of test functions ¢ and 5 After a series of estimates on state processes
and payoff processes, we obtain the weak dynamic programming principle by using
the stochastic backward semigroup property (2.11), the continuous dependence of
payoff process on the initial state (see Lemma 2.3) as well as the control-neutralizer
assumption and the growth condition on strategies.

Proof of Theorem 2.1. We prove only part (1) as (2) can be argued similarly or
use the transformation (see [6]):

g(x) = —g(x) and f(t,z,y,2,u,0) = —f(t, 5, ~y, —2,u,0)
(4.31) Y (t,x,y, 2, u,v) € [O,T]kaxRdexev
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For any m € N and (s,¢) € [t,T] x R¥, the continuity of ¢, ¢ shows that there exists
a 0y € (0,1/m) such that

|¢(S/72:/) - ¢(3a?)‘ =+ ‘5(S/ax/) - 5(572:)| S 1/m
(4.32) V(s 1) e [(s =0 ) Vit (s+ 0% A T] X 65;1 (r)-

By classical covering theory, {D,,(s,x) = (s = 0 s+ 0%) X Osm, (x)}(S O Cl.T]xR"

has a finite subcollection {D,,(s;, i)}~ to cover Og(t, x). Fori =1,..., Ny, we set
A

t; = (Sl + 5;’?,11) AT.

>

Fix (8,p) € B; x Uy and simply denote 73, by 7. By Lemma 2.1, iy =
liserppts + 1is>ryuo, s € [t,T] defines a Us-control. We set © = (t,x,u,ﬁ(u)) and
~ A o
e = (taxauaﬁ(u))

(a) Given s € [t,T), we first show that along il s, the restriction of B over

[s,T] is still an admissible strategy, which will be used in the next step to choose the
locally approzimately optimal controls; see (4.34).

Let /i € Us. The process (1i & f1), = Licsilin + sy fir, 7 € [,T] is clearly

F-progressively measurable. Suppose that E [ tT [ur]gjdr—i—E fST [Mr]ng < oo for some

¢.3>2. Tt follows that E[," [(Ae.f), | %dr < Ef [u,) " dr + E[" [5,] 7 dr < oo.
Thus, i ®s & € Uy. Then we can define

(4.33) B (7) £ [B(E®s )" € V.

For dr x dP-a.s. (r,w) € [s,T] x Q, one has [(8°(1))r(w)], = [(B(H & 1)r(w)]y <
tit Col (1 ©s 1) (w) ]y = K+ Cplfir(w)] ;- Let o, i® €U such that ' =p?, drxdP-a.s.
on [s,¢[U[¢,T]a for some ¢ € Ssr and A€ Fe. Then fi @ o' = i ©s 12, dr x dP-
a.s.on [t,([U[¢,T]a. By Definition 2.2, B(z &5 ut) = B(ii ®s p?), dr x dP-a.s. on
[t,C[U[¢, T]a. 1t follows that for drxdP-a.s. (r,w) € [s,([U[¢, T]a, (8°(i")) (w)=
(B°(#?)),.(w). Hence, 3 €B,.

(b) Fiz meN with m > Cié 2 sup {|o(s,x)| : (s,1) € Os43(t, ) N ([t,T) x R¥)}.
According to the finite cover {Dp,(si, )} of Os(t,x), we use (4.26) to construct
the 1/m-optimal control u™ for player 1 under strategy § by pasting together local
1/m-optimal controls.

Given i=1,..., Ny, (4.26) shows that there exists {(Am", um-)}
with lim,, s 1mi=1, P-a.s. such that for any n € N,

nENC]:ti X Z/{ti

(4.34) J(ti,xi,,uf’i, i (,ufz)) > (I(ti, i, Bti) — 1/m) Am, P-as.on A"

As YO(T,¢(X9)) € Cw([t,T]), Monotone convergence theorem shows that
1imn_>ooEg[1(Azz,i)c(Supse[t)T] YO(T, g(X:(?))|P+(Of76)P)g] =0. So thereisann(m,i)€

N such that Eg[l(A:(,:w))c(supse[tm|YS(:3(T,g(X:,@))|P+(Cf75)P)g] <m~(+P) N1 Set

A m,i m,i Tm A
(A, pi") = (An(ﬁ7i)a/‘n(;n,i)) and A7 = {(1,X7) € D (si, i) \Uj<iOm(sj, 25)} €

Fr. As AT C{(1, XO) €D, (si,2i)} C{r <t;}, we see that A™ =A™ N {r<t;}€Fy,.
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By the continuity of process X©, (1, X€) € d0s(t,z), P-a.s. So {A™}N7 forms
a partition of ¢ for some P-null set N. Then we can define an F-stopping time

A
Tm:Z mlAmt + 1T > 7 as well as a process

N,
A —~ ~
py' = Yiscr s + Lis>r) <§ :1ZrﬂA;" (Mgn)s + 1Am'u5>
=1
N,

=14, 1s + Z 1A;nmA;ﬂ (Lpacryfis + 1{52%}(“?)5) Vselt,T],
i=1
where A, £ (]\L,JM(ET\A:”))Fl UN. Let s€[t,T] and U € B(U). As [t,7[€ 2, we
see that D2 [t, 7[ N ([t, ] x Q) € B([t,s]) ®Fs. The F-progressive measurability of i
then implies that
{(r,w)eD: p(w EU} { rw) €D fip(w) €U}
(4.35) N{(r,w) €t,s] x Q: LI, (w) €U} € B([t,s]) @ Fs.

>

Given i = 1,..., N, we set A, 2 (AM\A™)UN € F,. If s < t;, both D" =
7 T e O 8] ) = ([, T ) % (AN A) and D = [, Tl ([t 5] % 2) =
([t:;, T) N [t,s]) x A" are empty. Otherwise, if s >t;, both D" = [t,, s] X (Am A
and D" =t;, ] xZZ” belong to %([ti, s])@]—'s. Using a similar argument to (4.35) on
the F-progressive measurability of process " yields that

{(r,w) e D" : " (w) € U}

={(r,w) eD": (u"),(w) € U} € B([ti, s]) © Fo € B([t,s]) @ Fs and

{(r,w) €D : (W) € U} = {(r,w) € DI : i, (w) € U} € B([t,5]) @ Fs,
both of which, together with (4.35), shows the F-progressive measurability of p™
For i =1,...,N,,, suppose that Eﬂ?[(u?)r}gdr < oo for some ¢g; > 2. Setting
¢ 2 gAmin{q;: i=1,..., N}, we can deduce that EftT (] 4 dr < EftT[uT][‘é* dr+
SN Efg (1), 13 dr < oco. Hence, ™ €ly.

(c) Next, set @mé (t,z, u™, B(u™)). We shall use a series of estimates on state
processes X &MY /payoff processes Y &MY | a stochastic backward semigroup property

(2.11), as well as the continuous dependence of Y& on & to demonstrate how
J(t, x, 1, B(um)) deviates from Y,.° (T, qS(T, XT@)), which will eventually lead to

(4.36) w1 (t, :E) > eﬁsesgltf eisesz}llp Ytt,x,,u,ﬁ(ﬂ) (Tﬂ,w ¢(TB7M7 X%;zm,@(u)))’ P-a.s.

As p™=p0=p on [t, [, taking (7, A) = (,0) in Definition 2.2 shows that S(u™)=
B(w), ds x dP-a.s. on [t,7[, and then applying (2.8) with (7, 4) = (7,0) yields that
P-a.s.,

(4.37) X0 = X8 € Os(z) VseltT]

Thus, for any n € LP(F;), the BSDE (t, 7, fPM) and the BSDE (t, 7, f?) are essentially
the same. To wit,

(4.38) (YO (), 29 (r,m)) = (Y (7, m), 27, m).
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Given A € F;, we see from (4.37) that

Tm/A\S

1AXT As — 1AXT/\S =+ 1A/ b(rv Xremv :U“;n’ (B(:U’m))r)dr

TAS

+14 /TMAS cr(r, X2t (ﬁ(um))r)dBr,

Ns

Tm/\S
= 1AX7-/\S / 1Ab( Tm/\'r‘vu07 (ﬁ(‘um))r)dT

NS

Tm/\S
—l—/ 1a0(r, X2, uo, (B(u™)),)dB,, s € [t,T].

NS

It follows that

Tm/A\S
La sup |XPr, — W|</ Lalb(r, X2 wo, (B(u™)), ) |dr

re(t,s] As

(4.39) + sup

relt,s]

Tm /AT
/ lAa(r XT s U0, (ﬂ(um))r,)dBr/ , seT].

AT

Let C(k,x,0) denote a generic constant, depending on x4+ |z|+4, C s L', p, and
|g(0)|, whose form may vary from line to line. Squaring both sides of (4 39) and taking
expectation, we can deduce from Holder’s inequality, Doob’s martingale inequality,
(2.1), (2.2), (4.37), and Fubini’s theorem that

E|:1A Sup |XT AT XTGAT‘Q]
relt,s]

Tm/A\S
< 4E/ Lalb(r, X uo, (B(u™)),) | dr
TAS

Tm/A\S

+8E Lalo(r, X9, w0, (B(™)), )| dr

TAS
Tm/A\S 2
<127 [ 7 1a(1X8 = X8+ X8+ 1+ [(80m),],) ar

dr + WP(A) Vs et T],

14 sup ‘ N X‘r/\r/
r'€[t,r]

(4.40) < 247 / E
t

where we used the facts that

m 2
—7< Z 1 im 26" .., E’ P-as.  and
(4.41) [(ﬁ(um))r]v <K, dr x dP-a.s. on [1,Tp[.

Then Gronwall’s inequality implies E[lAsupre[t)T]}XT@m’"M XT@M,P] < WP(A).
Letting A vary in JF; yields that

C(k, z,0)

m

(4.42) E| sup | X0, —X©, | ‘]-'t} < P-as.

TAT
relt,T)
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Let i=1,...,Ny and ©% 2 (ti, X2, ™), [B(u™)])F). By (2.7), Xpm :X?ffl,
P-a.s. Then (2.13) shows that

YO (T, g(XP7)) = Y, (T g(X7™))

(4.43) = YO (T,g(X9™)) = J(©4%), P-as.

i

- m (~my D N m .
Similar to p™, ("), = Vscr,y Bst Lszrn) (Limaam (87) AL G oam)efis) sE[T]
also defines a Uy-process. As p™ =" on [t, 7 [U[7im, T] g gm and " = &, 1"

n ([t t;) x Q) U ([t:, T] x (A" N A7), Definition 2.2 shows that S(u™) = 8(@"),
ds x dP-a.s. on [t, T [U[7im: T] fimpam» and B(07) = B(1 ¢, p"), ds x dP-a.s. on
([t t)x) U([ti, TIX(AT'NAT)). Thus (1™, B(u™)) = (ADe, 1", B(ADe, 177 ), ds x dP-
a.s. on [T, T] 3y g = [ti, TIX(AJ* N AJ"). From (4.33), one has ([u™]", [3(u™)]") =
(i, B (™)), ds x dP-a.s. on [t;, T]x(A™NA™). Then by (4.43), (4.24), and (2.14),
it holds P-a.s. on ﬁ;” NA™ e F;, that

YO (T,g(XPm)) = YO (T (X)) = J (6, XS i, 8% ("))

> 7 (b5, X, ", B (i) ) — ol XS — XOJ2/7.

Since Dy, (s, 2:) N Og(t, ) # 0, it is easy to see that

Din(si, i) = [8: — Og: 4 Si 5;nm]
X 65;7;1 ($Z) C 66+2\/§6§'} N (t, $) C 66—}-% (t, 33) C 65+3(t, $)

So ¢(t;, x;) < Cié <m+1/m. On the other hand, ¢(t;, x;) <wn (t;,2;) < I(ti, Zi, Bti),
P-as. Then (4.34) shows that ¢(t;, ;) < I(ti, @i, ) A(m~+1/m) < J(ti, @, pl",
Bli(u)) +1/m, P-a.s. on A", As |XT® _xi‘2/17 < (5;?,11,)2/17 <m~¥P <1/m on ﬁ;”,
(2.14), (4.32), and the continuity of ¢ imply that it holds P-a.s. on A7 N A™ that

Co

Co A

Co e [e%)
> B(si, i) — — > o(1, X0) — 2 Sy, € L(F).
> ¢(si, i) - o(r )m N € L (Fr)
Thus it holds P-a.s. onUY™ (A™ N A™) that
(444) YO (T, g(XE")) 2 - o XOm —XOP/P £ 7y, € LV(F, ).
By (2.10), it holds P-a.s. that

(445) [V (rm) =YE(r,6(r. X)) [ ScoB [~ (7, X2) || 7] < .

mpP

Let (Y™, Z™) € G&([t,T]) be the unique solution of the following BSDE with
zero generator:

T
Y™ = Yf)m (Trms M) —/ ZMdBy, s€tT].

S
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YO (T, ) — fT/\s Z"dB,, P-a.s. By the continuity of process Y™, it holds P-as.
that

For any s € [t,T], we have Y% =FE[Y |F;]=E {YG’“(Tm,Um)—fT

TAS TAS TAS

T

Y = YO (T, ) — / ZMdB,.

Ns

T
(4.46) = YO (T, i) — / LperyZdB,, s € [t,T).

Thus, we see that (Y™, ZI") = (Y%, 15«1 Z"),s € [t,T]. Also, taking [-|F;as] in
(4.46) shows that P(Y" =Y = E[Y,2" (Trm, Nm)| Fras] Vse[t,T]) = 1.

TAS

On the other hand, let (Y™ Z™) € GR([t,T]) be the unique solution of the
following BSDE with zero generator:

T
(4.47) Y =nm, —/ Z"dB,, se&[t,T].

Similar to (Y™, Z™), it holds P-a.s. that

(4.48) (Y, Z) = (Yo 1is<ny Z2)  and Y =E[n,|Frns] Vse[t,T).

The processes (V™, 2™) = { (Lo} Y+ 1121 YO (Tons in)s Lisar} 204+ 1 {551y

A
Z9m (Tm,nm))}se r1 € Gh ([t,T]) solves the following BSDE:

T
(4.49) V" = Lo} YO (Tins i) 4 Lsary YO (Tons 1) — 1{S<T}/ Z™dB,
. s
= Yr?/? (T ) — 1{s<r}/ 1<y Z,"dB,
. s
=t [ IS YO ), 2 )
;\/s .
_/ Z?m (Tms Mm )d By _/ 1{r<7-}Z;ndBr

Vs

T T
=77m—|—/ 1{T27}fgnm(r,yfl,2:l)dr—/ Z"dB,, se€lt,T).

Since (2.4), Holder’s inequality and (2.9) imply that
T ~ ~
B| [ vl (T 2 as]
¢

p/2

T
<c, / |fT 5,0,0 |pd8—|— sup |Ym|p (/ ‘Z?|2ds> < 00,
s [) ] t
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applying (1.5) to Y™ — Y™ and using (4.48) yield that
B[[Y2" (rms ) = 1| | i

— B[y - |7

T
sup ‘y;n _f/sm""]:t] < cOE[/ \ffjnm(s,imjy)‘?ds‘ﬂ]
s€t,T] .

(450) = COE|:/Tm |f(87 X?mm/\sﬂ s 07 Uo, (ﬁ(p’m))s) }pds}ft] ) P-as.

<E

Then one can deduce from (2.10), (2.3), (2.4), (4.37), (4.41), and (4.42) that
‘}/t@m (Ta YTG)m (Tm; TIM)) - }/;Qm (Ta T]TII) |p < COEW[‘}/‘F@m (Tm7 77m) - 77m|p‘]:t}
< E[ [ (+xgnxe. +|XTAS|2+|nm|p+[(ﬂ(um»s]@)ds\ﬂ}

< COE[(Tm —7)- sup ‘X?mm/\s T/\s‘ ‘ft}
s€t,T]
‘o 2 @ ‘o 2
+ 21+ (al + 02 + (05 + m) +n?}
< C(k,z,9) n C(k,x,9) LG C(k,x,0)

m?2 m mp+1l — m

(4.51) , P-as.

Applying (2.11) with ({,7,17) = (7, Tm, 7m), applying (4.38) with n = 7,, and
using (4.45) yield that P-a.s.

C ) 75
Y () YR (Y () = V00 () — )
SGE Clr,,0)
(4.52) =Y (7o) = = S 2 YO (ré(n X7)) - —

Asp™=pon [t, 7 [, taking (7, A) = (71, 0) in Definition 2.2 shows that 8(u™)=5(f),
dsx dP-a.s. on [t, T [, and then applying (2.8) with (7, A) = (7, 0) yields that P-a.s.

(4.53) XOm = X® Vst

S

Given i = 1,..., Ny, (4.53) shows that XO™ = X©, P-as. on AP\AT. As y™=]i

on [t, 7 [U[7m, T] 5yn 470> Definition 2.2 shows that B(u™)=pB(1), ds x dP-a.s. on

It [ Ty Tl g - S0 (1715, [8(em))) = (%, [B(E))") holds ds x dP-a.s. on
T FAVTAY ) )

[7m, T]]ZI”\AT =[t;, T]x (AT"\A). Set Ot = (tuXt,i (A, [B(R)]). By (4.24) and a

similar argument to (4.43), it holds P-a.s. on EZ”\A;” that

YO (T g(XE")) = YO (Tg(XP") = 7(6f;) = J(6")
(450 —Y2(1g(xF)) = Y2 (19 (xF).

Let i = Y2 (T, g(X£")) Al € L7 (F,,) and set Ay, = (Y2 (T, 9(X§")) <
m} € Fr,,. Clearly, 13 <14

P-a.s. Applying (2.10) again, we can deduce from

m?
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(4.42) and (4.54) that P-a.s.
}Ytgm (Tma ﬁm) - Yt®m (Tma nm) |p
< COE“ﬁm - 7]m|p‘]:t} = COE{]-EC

ﬁm_nm‘p
(T.9(X8")) = || 7]

< (| X8 X2 + L0 Y2 (L0(5P) — 0|7

+1; |Yv©

TTn

C(k,z,9) . ~ .
< TR B |1, YD (1.9(XD)) — 6(n XD |F] + 75
C b) 76 —~ ~
(455) S % + CoE |:1Am ( sup S@ (T, g(ch.:))) ‘;D n (Cf,é)p) }-t:| .

s€t,T]

Applying (2.11) with (¢, 7,17) = (Tm,T,g(Xjeﬂ")), we see from Proposition 1.2 (2),
(4.55), and (4.52) that P-a.s.

VO (T,g(X8") ) = YO (7, YO (T, g(X§7)) ) 2 Y™ (7, i)

)
> Y2 (r,6(r, x2)) - L5 2.0)
(4.56) _CO{E [, (s 2@ o(x@)[ + (c2,)")|7] }
s€t,T]

. ~ A 5 3
Lettlng Am = {E[]-Am (Supse[t,T]|Ys® (Tag(X’ZQ))V) + (Cf,é)p”ft] > 1/m}7 one
can deduce that

P(Ay) < mE

Srat)f + 2y )

1a, | sup
s€[t,T]

N
< ZmE 1(A1m)c < sup

i—1 s€(t,T]

5 Sy |P
Fra(aR) (2. ) | <ne
Multiplying 1 7. to both sides of (4.56) yields that

13 I(t@,8) > 15, J(t.a,u™, B(n™))

C(k,x,9)
© © )
(457) Z 12%1}/14‘ (7', QI)(T, XT ))—W, P-a.s.
As 3, cnP(An) < X,exm™ < oo, the Borel Cantelli theorem shows that
(hmm_,oolg = ) = 0. It follows that
(4.58) P(lIim 1; =0)=1 andthus lim 13 =0, P-as.
m—o0 Am m—o0 Am

So letting m — oo in (4.57) yields that I(t, x, ﬁ) > Ytt’x’”’ﬁ(“) (7'37“, ¢(TI3,H, Xﬁ’;"f’ﬁ(”))),
P-a.s. Taking essential supremum over i € U; and then taking essential infimum over
B € B, we obtain (4.36).

(d) Now let us show the other inequality of Theorem 2.1 (1). Similar to p™, we
shall first use (4.27) to construct the 1/m-optimal strategy By, by pasting together local
1/m-optimal strategies with respect to the finite cover {Dm(si,x:) YN of Os(t, ).
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Fixm € N. Fori =1,..., Ny, (4.27) shows that there exists (A, 8*) € Fy, X By,
2
with P(A™) > 1 —mT N;! such that

(4.59) Bts, ) > wy (b, 2) > I(ti,z;, B]") —1/m, P-as.on A"

Let By be the B,-strategy considered in (4.7) and fix §€B,;. For any p €Uy, we
denote 73 ,, by 7, and define

~ A
(B) = Lsarn,y (B()) F 1 gszry (Bu(), Vs €[t T,
which is a Vi-control by Lemma 2.1. By (A-u), it holds ds x dP-a.s. that
(4.60) [(B(w)sly = 1sanp [(BMW) Jy 1 szna [(Bo (W) Jy < 5+ (Co v ) [usly-
To see B € By, we let pul, u2 €Uy such that p' =2, dsxdP-as. on [t,7[U]r,T]a

for some 7 €S8, v and A€ F,. Since B(ut)=pB(u?), dsxdP-a.s. on [t,7[U[r,T]a by
Definition 2.2, it holds dsx dP-a.s. on ([t,7[U[t,T]a) N [t, 71 A T2 that

(4.61) (Buh), = (Bh), = (B), = (B(r*),-
And (2.8) shows that except on a P-null set N,
(4.62) TAXe " 414Xt = 1aXe" + 14 Xo® Vse[tT).

Then for any w € ANN, 7,1 (w) =inf{s € (¢,T]: (S,XSQ“1 (w)) ¢ Os(t, )} =inf{s €

(t,T]: (S,X§“2 (w)) ¢ Os(t,2)} =72 (w). Let A, 2 {r > 70 AN72}. We can deduce
from (4.62) that for any w € A, N {Tul < T2} NN,

raw) =inf {s € (1,71 (5, X" (@) ¢ Os(t,2) }
—inf {s € (t,7(w)] : (5, X" (@) ¢ Os(t,2) }
—inf {5 € (t,7(w)] : ( (W) ¢ Oslt @) }
zinf{se(t,T]:( )¢05m;}:m2(w)zw(w).

Similarly, it holds on A, N {7,2 < 7,1} NN that 7,1 = 7,2. So

(4.63) T =7, on AS(AUA,) NN,

As [t, [N [0 A2, T] = [0 ATy2, T[4, and [t,T]a N [70 ATy2, T] = [70 ATy2, T 4,

(4.63) implies that ([¢, 7[U [t, T]a) N[7n ATz, T]ne C 10 AT, T 5 = [0, T] 5 N

[, T] 5. Thus it holds dsxdP-a.s. on ([t, 7[U[t,T]4) N [ruAT,2, T] that (B(u')),

W(s, pl)=1(s, u?)= (3(/‘2))5’ which together with (4.61) shows that Be B,
Given pu € U, we set O, 2 (t, 2, 1, B(p )) and O, = (t,x,u,ﬁ(u)). For i

1,..., N, analogous to g:” of part (b), A"™ 2 (TM,XT@“) € D (86, 2i)\Uj<iOm

I

(sj,x;)} belongs to F., N F;,. By the continuity of process X©», (TM,X?‘}‘) €
00s(t, x), P-as. So {A""}Vm forms a partition of N¢ for some P-null set N,
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. . A
Then we can define an F-stopping time 7,]" = ZN’” 1gpmti + 1n, T > 7, as well as
a process

Np,
(B (1)), = Liscrmy (B(M))SJrl{szfgp} (Z Lgemaam (B ([1]9)), + Lap (ﬁ(M))S>
=1
NTn

= Lap (B0, + Y Larnar (Lgoceny (BUn) ,+ Loz (87 (1)), )

i=1
(4.64) Vs e [t,T),

where A" = (Z\(Jm (ALT\ATY)) =1 UN,,. We claim that 3, is a B;-strategy. Using
a similar argument to that in part (b) for the measurability of the pasted control
1™, one can deduce that the process (G, (p) is F-progressively measurable. For i =
1,...,Nm, let C7 > 0 be the constant associated to 5" in Definition 2.2 (i). Setting
Cpm=CgVeVmax{C":i=1,..., Ny}, we can deduce from (4.60) and (A-u) that
ds x dP-a.s.

[(Bn(19))s]y = Lscrpry [(B()) ]
Ny,
+ 1z (Z Lo [(B7 (1)) ]y + Lag [(3(#))S]V>

i=1
< (Lgsempy + Lpszapy Lap) (5 4 (Cs V 1) lsly)
N,

(4.65) F1isrmy O Lapmpar (54 CF [ ] ) < 6+ Conlpsly-
i=1

Let Eft [us} ds < oo for some ¢ >2. It follows from (4.65) that Eft (B (1))s]yds <
20- a4 29-1C4 Eft [us} ds < oo. Hence B, (1) € V4.

Let p', i GL{t such thatu =u?, dsxdP-a.s. on [t,7[U[r,T]a for some T €S8; 1

and A€ F,. As B(u') = B(u?), dsxdP-as. on [t,7[U[r,T].a by Definition 2.2, it
holds dsx dP-a.s. on ([t,7[U [[t,T]]A)ﬂ[[t,T;’{ AT5[ that

(4.66) (Bm (1)), = (B(Y), = (B(u?), = (Bm(1?)),.

Definition 2.2 also shows that (u!, 8(u!)) = (12, B(4?)), dsxdP-a.s. on [t, 7[U [, T] .
So we again have (4.62) except on a P-null set A/, and (4.63) still holds on A 2
(AU A,) NN€ with A,={7>7,1 AT,2}. Plugging (4.63) into (4.62) yields that

(4.67) X5 = X7 holds on A.

Given i =1,..., Ny, since it holds ds x dP-a.s. on ([t,7[U[r,T]a) N ([t;,T] x Q) =
[ti, 7Vt [ U [[T\/tl,T]]A that ([u']") =pt=p2=([u?]""),, taking (1, A)=(7 Vt;, A) in
Definition 2.2 with respect to ™ yields that for dsxdP-a.s. (s,w)€[ti, 7V t;[U[TV
ti, Tla= ([t 7[U[t, T]a) N ([t:, T) xQ),

(4.68) (B (') Jw) = (B ((1°]")) ().
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Givenw e A; 2 An Afl’m, (4.63) and (4.67) imply that

(e (@) X200y @) = (7 @), X0 (@)

. w?m
€ D8, 1)\ jgiZDm(Sj,JCj), le,we A ™.

So A; C Aé‘l,m ) Af’m’ and it follows that 1Ai7';’} =14t = 1Ai7-;g. Then one can
deduce that

(It, IOt TTa) NI ATE, T A Az
(4.69) = (IIta T[[U[[t7 T]]A) N ([ti, T] x (A;N Azn)) C [ti7 T] % (Aétlﬂnﬂ Aé,b27mm A;n),
which together with (4.68) shows that for ds x dP-a.s. (s,w) € ([[tﬂ—[[u [[t,T]]A) n
IIT;Z% A T;;ga T]]AiﬁAlma

(470)  (Bm(nh)) ) = (B ([1']")) ,(w) = (BT (167]")) ,(w) = (B (1?)) , ().

Analogous to (4.69), ([t,7[U[t,T1a) N [THATE, T]asar C [t T) % ((AQ‘*’”\A;H) N

2m m m m
(AL A™)). So (4.66) also holds dsxdP-a.s. on ([t, 7[U[t, T]]A)ﬂ[[T#1 AT T A A
Combining this with (4.70) and then letting ¢ run over {1,..., N,,} yield that

(Bm(ul))s = (Bm(u2))s, ds x dP-a.s. on ([t,7T[U[t,T]A)
(4.71) N[ A7, Tlava,
As [[TZZ} AT, TJacnae C [10 A2, Tlacnae C [1,T]acnae C [7,T] e, one can deduce
(A7) ot it (0) i o g A T Thereore
(e) Next, let p€U; and OF 2 (t, 2, 1, Bm(p)). We shall do similar estimates to

those in part (c) to conclude

(4.72)  wi(t,x) < essinf esssup Y:’x’”’ﬁ(“) (T,@)H,g(TIQ)N,X:;’“’B(M))), P-as.
BEB:  peu, i

As B (1) =B(n)=B(1) on [t, 7.[, taking (7, A)=(7,,0) in (2.8) shows
oy

(4.73) P(X :X?u:XS@u 665(96) VSE[t,TH]) =1.

Thus, for any n € L? (]—'T ), the BSDE(t, , f?j‘n) and the BSDE(¢, n, f?‘[‘) are essen-

7
tially the same. To wit,

(4.74) (YO (70,m), 2 (10,m)) = (YO (i), 29 (7,0,m) ).
Given A € F;, similar to (4.39), we can deduce from (4.73) that
@m
]—A sup |X7'j:/\r_XT®;;\r|
relt,s]

‘r;”/\s om
< / 1A}b(T7XTL'}:/\T7/LT’7w(T’ :U“T))|dr

u/\S

-+ sup
re(t,s]

T;”/\r m
/ 1Aa(r/,Xf)n‘:Ar,,urz,w(r/,ur/))dBr/, set, T].

/AT
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where we used the fact that 5,,(u) = B( ) = By(p ) on [, 7'[. Let C(k,z,0)

denote a generic constant, depending on &+ |z|+4, C 6 = sup{|¢) 51| : (s,1) €
Osps(t,z) N ([t,T) x R*)}, T, v, p and |g(0)|, whose form may vary from line to line.
Since 7" — 7, < Zf\g 1 gem 204}, < 2 P-a.s., using similar arguments to those
that lead to (4.40) and using an analogous decomposition and estimation to (4.8), we
can deduce that

E [1 A Sup \XT,W - XS;LM\Q]
rE(t,s]
Tu "As om 9
S 4F 1A|b(’f’, Xrﬁ/\raﬂ?ww(ra /J'T))| dr
Tu/N\S
TS om 5
+ 8F 1A‘0(7"7erfAraMr7¢(7“aﬂr))| dr
TuN\S

S
< 2472/ E |14 sup |XT,¢:M, —Xf’M,
t L r'€ft,r]

oy Clv,0)
m

P(A) VseltT).

Then, similar to (4.42), an application of Gronwall’s inequality leads to

[ C(k,,0
(4.75) B| s X7, x5, 7] < 00 pa
Lre(t,T] m

Leti=1,..., Ny, and set ©)"" 2 (ti,XS‘T, (1]t [Bm(1)]t). Similar to (4.43), it
holds P-a.s. that

(4.76) v (Tog(x77)) = J(05),

Since [Bm (1 )] f(w) = (Bm(w)), () = (B7([u]")) . (w) for any (r,w) € [t;, T] X (A’“n
A™), one can deduce from (4.76), (4.24), and (2.14) that it holds P-a.s. on A"™
.A;n S ‘Fti that

Yem (T g(Xem)) YGT (T g(Xem)) _ J(ti,XT@;ZL, [,u]ti,ﬁlm([,u]ti))
< J(ti,X2u7 [M]tiaﬁ:{n([ﬂ]ti)) + CO‘XSTE B XSL“‘Q/;D

As |X®“ — i RAaPs (6™ )P < m™YP < 1/m on A"™, we can also deduce from

SiyTq

(2.14), (4.59), (4.32), and the continuity of ¢ that it holds P-a.s. on A*™ N A7 that
I (1, X0, ", B ([u]") )
; am i Co m Co ~ Co
< J(ti,%', ()", B ([,u]t )) + - < I(tz‘,ﬂiz‘,ﬁi ) + - < ¢(tz‘,$i) + poo
Co A

~ Co e m 00
< ¢(siwi) + P ¢(7';uXS[‘) T =M € L>(Fr,)-

Ny, m m m
Thus it holds P-a.s. on ;= U (A" N A") that YTCZ# (T,g(X?“ ) San+cO|X?if -

Xor 2/ £ e LP (F,pn). By (2.10)
YO () - m,am, xer ))\
(4.77) < C()EUT]# (TM, } § a.s.
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g

Similar to (4.50), one can deduce that P-a.s.

or m ,m mp r oy um m P
YTM# (T,u 777# ) _77# ’ ’—Ft:| < COE|:/ |f7-‘7f: (S7Ys ’N,ZS 7M)| ds‘ft}

T;" p
:cOE[/ [ (50 Xm0, s (5. 1) )| ds\ft].
Using an analogous decomposition and estimation to (4.8), similar to (4.51), we can
deduce from (4.75) that

om O\ m m o my [P Ol (ym_pym m|?
‘Y; " (Tuvymu (Tu M )) -V (T’“n“ )’ = E[ Yo" (TM "l ) G ’ ’ft:|
" m 2
< cOE[/ " (X — X0

< 5(5,;16,5)

m

Xl +Cﬁ)ds‘ﬂ]
, P-as.

Applying (2.11) with (¢, 7,n) = (TM,T;”,nZ‘), applying (4.74) with n = ", and
using (4.77) yields that P-a.s.

er b m en " i m om m C(k,z,8
VO (o) =Y (v (o)) <V () + S0
0, m é(ﬁ,x,é)
=Y (o) + —
o, ~ 0. C(k,z,0)
<Yy (Ts & (7 X7 ))+W
(4.78) < esssup Yt 2ot B p )(TIQ)H,(E;(TBM,X:’;"LM’ﬁ(#)))+7C(TI:L’1ZZ;5).

nEUY

As B (1) =B(p), ds x dP-a.s. on [t,7[, applying (2.8) with (7, A) = (7., 0) yields
that P-a.s.

(4.79) XOF = X8 Vse ).
Given i = 1,..., Ny, (4.79) shows that XS‘T = XS)“, P-as. on A"\ A™. Since
[Bn()] 2 (@) = (Bu(), (@) = (B(w)), () = [B(w)]"(w) holds ds x dP-a.s. on

[ T]ammyam = [ti, T x (A" \AJ"). Then by (4.24) and a similar argument to
(4.76), it holds P-a.s. on A"\ A™ that

i (ra(0F) 5 (i (05) -t
(450) _(81) = VB (1,9 (XE)) = Y2 (T (xE),
where @t (tz, Xtt“, ()t [B(u)} ). Given A € F,, one can deduce that

‘r#\/s -~
14X, VS—].AXG“-I-].A/ 7Mra(ﬁ( )) )

TuVS ~
+1A/ o (r, X% i, () ) dB,
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— 14X0 +/ 1{@#}1,41)(7; XOu . b(r, ur))dr
t

+/ 1{TZTM}1AU(7“, X§M7MT,¢(T,MT))dBT, s € [t,T).
¢

It then follows from (4.73) that

1,4 sup XSK/T S]-A(|$|+5)+/ 1{r27u}1A}b(ra XTG“,ILLT,’I/)(’I", ,ur)) dr
re(t,s] t
=+ Sl[lp] / 1{T’ZT“}1AU(7‘/7XSMMUT’,¢(7Ja,ur’))dBr/ , s€Et,T].
relt,s t

Using an analogous decomposition and estimation to (4.8), one can deduce from
Holder’s inequality, Doob’s martingale inequality, (2.1), (2.2), (4.73), and Fubini’s
theorem that

Ou
X'r“\/r

E {1,4 sup
re(t,s]

2 ~ S ~
:| < O(K‘axvd)P(A)_'—COE/ 1{7‘27'“}114(“)(717 Xre“"u,r’¢(7" /LT))‘Q
t

+ |U(r, Xﬁ:)u,m,w(r, ur)) |2)d7“

~ s 5 |2
S O(H,QJ,(S)P(A)—FC()E/ 1{TZTM}1A‘X7(—?L‘</T dr
¢
~ s a5 |2
< C(n,x,é)P(A)—i—co/t E{lA /set?tp ] XTQM‘(/T, }dr Vselt,T).

Then, similar to (4.42), an application of Gronwall’s inequality leads to

(4.81) E{ sup ‘Xﬁ:)“
]

2 -
‘ft} < C(k,x,0), P-as.
relr,,T

Let (Y*,Z1) € GR([t,T]) be the unique solution of the following BSDE with zero
generator:

_ - T
Vi =y (T,9(X3)) _/ ZrdB,, selt,T).

Analogous to (4.49), (JA)“, ZA“) = {(1{s<7u}?5“+1{szm}ysé“ (T, g(X;:?“)), 1{S<m}2£+
1{32@}25@“ (T,g(X?“)))}SE[t € G ([t, T)) solves the following BSDE:

T -~ T
yg" = g(XIC:)“)—F/ 1{7‘27'“}.]0’1(:)“ (’I", y#,Zﬁ)dr—/ Z#dBr, S € [O,T]

Then (2.9), (1.4), and Hélder’s inequality imply that P-a.s.

E vor (1.9(xp))||7
e e (ro () )7
S|P 0.\ P 7.0 P
<FE| sup D}ﬂ ‘.7—',5 <cOEDg(XT“) —|—/ }fT“(s,O,O)‘ ds ft}
s€t,T] Tu

= conJo(8")|

’ © P
+/T (5, X9%,0,0, 10, (s, 1)) ds‘]—'t]
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Using an analogous decomposition and estimation to (4.8), we can then deduce from
(2.3), (2.4), and (4.81) that
2
]—"t]
r)

Let 7 2Y50 (T.g(X7" )V i €17 (Frpe) and set A7 = {YF (T.g(Xp" ) >
TS Frm. Clearly, 1 o < 14y, P-as. Applying (2.10) with p = H—p, we can
deduce from Holder’s mequahty, (4.75), and (4.80) that

Se(r.o(x8)f

E [ sup
s€[tu,T]

ft} <cx+ CoE|: sup }XS@“
s€[tu,T]

< 5(&, z,0), P-as.

(4.82)
g~ o m m|P
’Y C ) =Y (Tu’nu)’
~m m|P m|P em ml7
SCOE[W —n| ‘Ft}:COE g 0 =i [ +1 1, (T g(X ))—nﬂ‘ ‘Ft]

o et
chEUXTif —XOn| P}+c0 E[ljm‘}}} E

<c0{E[|XS£ _XSL“F]}

p—p

RS2

s

+CO{E[1A::“E}}T{EL:{}QT]K@M(T,g(xé:)“))\p (07, + 2" ;t]}
<%+5(K’$’5){E{1Uf_’?umc ]:t} }¥, P-as.

Applying (2.11) with (¢, 7,n)= (7", T, g(Xq(?‘T)), we see from Proposition 1.2 (2),
(4.82), and (4.78) that P-a.s.

v (ro(art)) =y (vt (Te(xrh)) <7 )

eor ' m C(k,x,8
<Y, “(Tu’nu)*—(f/p) /qa:(S{ [1 m(Am)e

< esssup Yttmuﬁ(u) (7’5 - ¢(T/3 . Xt o B u) )
,LLEZ/{t

p—p

}} PD

|'Bl

(4.83) % + Ok, 5){ { H
For,Z SB[y 4y [ Fi] >mTF ), we have P(A,) <mvt P(UN (A7)°) <

mrh SN P((Am)c) m~P. Multiplying 1 7. to both sides of (4.83) yields

1E%J(t7$7/$7 Bm(u))

tzuﬁ(u)( X tmmB(p ))) + M P-a.s.

< 1A o esssup Y, TB,,uag(Tﬁ,ua T,

peEUy
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Since /Tm does not depend on g nor on (3, taking essential supremum over u € U
yields

1z wi(t,r) <1z I(t,z,Bm)

C(k,x,9)

P-a.s.
ml/P ’

t,@,u,B ~
< 1&‘3256559 A (TM’ (75 Xﬁ;;ﬂﬁ(u))) "
t

Then taking essential infimum over 3 € B;, we obtain

1z wit,@) < 13 essinf esssup V20 (75, 6 (7, XE20P00) )

m BEB, HEU,

C(k,z,9)

(484) =

, P-as.

As ZmeNP(-’Zm) < Dmenm P < oo, similar to (4.58), the Borel-Cantelli
theorem implies that lim,, o 1 = 0, P-a.s. Thus, letting m — oo in (4.84)
yields (4.72). O

4.3. Proofs of section 3. We will prove that w, and w;, ¢ = 1, 2, are viscosity
solutions of (3.1) using contraposition: Assume the contrary that the corresponding
inequality of (3.1) does not hold for some test function ¢. We decompose H, or H;
with ¢ in the reverse inequality until we reach a similar reverse inequality satisfied
by a control i or a strategy 8. Then applying the comparison result of BSDEs, i.e.,
Proposition 1.2 (2), to such an inequality leads to a contradiction to the weak dynamic
programming principle.

Proof of Theorem 3.1. We prove only for w; and w; as the results of Wy and w,
can be argued similarly.

(a) We first show that w, is a viscosity supersolution of (3.1) with Hamiltonian
H,. Let (to,xo,¢) € (0,T) x RF x CH2([0,T] x R¥) be such that w, — ¢ attains a
strict local minimum 0 at (¢, z¢), i.e., for some dy € (O,to A(T - to)),

(485) (Ml - @)(tv 3:) > (wl - (p)(to,$0) =0, V(t,$) € 050 (t0,$0)\{(t0, 3:0)}

We denote (¢p(to, o), Dap(to, T0), D2¢(to, 20)) by (yo,20,T0). If H,(to, 2o, o,
20, o) = —00, then —Z ¢ (to, z0) — H, (to, Zo, Yo, 20, T'0) >0 clearly holds. To make a
contradiction, we assume that when H (to, zo, Yo, 20, L'9) > —00,
a0

E‘P(to,l“o)*'ﬂl (to, o, Yo, 20,To) > 0.

For any (t,z,y,2,I,u,v) € [0, T] x RExRxR¥ xS}, x UxV, one can deduce from
(2.1)—(2.4) that

(4.86) 0

1 1
|H(t,z,y,2,T,u,v)| < Z|00T(t,x,u,v)|2 + Z|l"|2 +7|2||b(t, z, u, v)|

2 2
3 (1 127 + byl + 12l 2,0, 0)] + W27+ )27

< 377 (U lol + [l + [1,) + TP
+ ()= (L4 fal + [uly + [o]y)

(4.87) + 7(1 + 2P + |y| + [u];/p + [U]é/p).
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A
Set C9 = |yo| + [20] + [To| = |@(to, 0)| + | Dasp(to, x0)| + |D2e(to, z0)|, and fix a
ug € 00k(up). For any u ¢ Oy(ug), we see from (A-u) that ¢(to,u) € O,, and it
follows from (4.87) that

inf H(t07x07y07207r07u7v) S ‘H(t07x07yO;ZO7FO7u7w(t07u))|

vEOD,,

1
(4.88) = |H(t0,x0,yo,zo,l"o,uﬁ,w(to,uum < 1(03)2 + CgC(/i,xo) + C(k, zp).

Here C(k,x0) is a generic constant, depending on &, |zo|, T', 7, p, and |g(0)|, whose
form may vary from line to line. Similarly, for u € Oy (uo), inf,ee, H (to, o, Yo,
z0, Lo, u,v) < |H(t0,xo,y0,zo,f‘o,u,vo) < %(02)2 +CgC(/<a,xo)+C(/<a,xo)7 which
together with (4.88) implies that H, (to,xo, Y0, 20, 1"0) <sup,ey infyes, H(to, o, Yo,
20, To, u,v) < 00. Thus p < o0o. As p € CH2([0,T] xRF), (4.86) shows that for some

~

u € U, mg,i,00) Miveos H(t,z,0(t, ), Dyp(t, z), D2p(t, x), 0, v) > %Q —

%(p(to, x0). Moreover, there exists a 0 € (0, dg) such that

1
viengﬁH(t, x,0(t, ), Dao(t, ), D>p(t, ), U, v) > 20~ %cp(t, x)

(4.89) Y (t, 2) € Os(to, o).

Let p 2 inf {(w, —)(t,z) : (t,z) € 65(750,3:0)\0%(2?0,330)}. Since Ojs(to, o)\
O% (to,z0) is compact, there exists a sequence {(t,, Zn)}nen on Os(to, xo)\O% (to,xo)
that converges to some (t.,z.) € Os(to, xo)\O% (to, xo) and satisfies p=1lim,, o (w;—
©)(tn, zpn). The lower semicontinuity of w; and the continuity of ¢ imply that w; —¢

is also lower semicontinuous. It follows that p < (w; — ) (s, zx) < limy,yoo(w; —
©)(tn, Tn) =g, which together with (4.85) shows

(4.90) p=min {(w,—p)(t,z) : (t,x)ebg(to,xo)\O%(to,xo)} = (wy—p)(ts, z4)>0.

[2AYY
2(1vy)T

that limj_>oo (tj,$j) = (to,ZIJ()) and that limj_mo w1 (tj, ﬂij) = w, (t0,$0) = (p(to,$0) =
lim; o0 (tj, ;). So there exists a j € N such that

A
Then we set p= >0 and let {(t;, xj)}jGN be a sequence of O% (to, zo) such

5 _
(4.91) lwi(ty, z;) — o(t;, x;)| < gPto-

Clearly, [is = u, s € [t;,T] is a constant U;;-process. Fix 3 € B;,. We set
© £ (t;,2;,1i, B(fi)) and define
T =T384 é inf{SE(tj,T]: (S,Xs@) ¢O%5(tj,$j)} S Stj,T-

Since |(T, XR)—(tj,2;)|>T—t; >T—to—|t;—to| >Jo— & > 25> 26, the continuity of
X© implies that P-a.s.
(4.92)  7<T and (TAs,XS,) € agg(tj,ﬁrj) C 5%5(750,950) Vs ety T);

in particular,

(4.93) (1. X7) € 0035(t;,2;) C Og4(to, 20)\Os (to, zo).
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The continuity of ¢, X©, and (4.92) show that Vs = go(T Ns, XE,) +o(TAs),
s € [tj,T] defines a bounded F-adapted continuous process. By It6’s formula,

T T
vo=yr+ [ e [ ZdB,, selt 1),
where Z,. = 1{T<T}Dr<p(7’, X9)-o(r, X214, (B(ZZ))T) and
3 ~ —~
ff’:_l{’l‘<‘r}{ at (T X®)+DI¢(T Xe) b(’l", Xrea u, (B(Iu))"“)
+ %trace(aaT(r, X214, (B(1))r) - D2¢p(r, Xe))}

As goE(CLZ([t, T XRk), the measurability of b, ¢, X©, @, and B(zi) implies that both
Z and f are F-progressively measurable. And one can deduce from (2.1), (2.2), (4.92),
and Holder’s inequality that

E (/:|ZS|2ds)p/2] < (O, E ([ (1+ X8| + [, + [(B(ﬁ))s}v)zdS)p/Q]
< cCh <(1 + |zo| + 6 + [@]y)" + {E /tT [(ﬂ(ﬁ))sﬁz ds}p/2)
(4.94) < oo, ie., Z€ H%p([tj,T],Rd), ]

where C = sup(t I)€5§5(t0)rg)|Dm<p(t,x)| < 00. Hence, {(ys,zs)}se[tj_ﬂ solves the

6
BSDE(t;, V1, §).
Let £(x)=c. + co|z|?>/P, x€RF, be the function appeared in Proposition 2.1. Let
61 : [0, T] xR¥ —[0,1] be a continuous function such that #; =0 on Os[;(tg,xo) and

61=1on ([0, T]xR*)\Os(to, o). Also, let 63 : [0, T]xR¥ — [0, 1] be another continuous
function such that =0 on Gg(tg, xp) and #2=1 on ([0, T ka)\O%(to, 7p). Define

Bt x) = —01 (t, 2)l(x) + (1 — 0:(t, 7)) (o(t, 7)
(4.95) +p0s(t,x)) VY (tz) € [t;,T] x R¥,

which is a continuous function satisfying ¢ < wy: given (¢,z) € [t;,T] x R¥,
o if (t,7) € Os (to,xo) (4.85) shows that ¢(t,x) = p(t,x) < w,(t,2) < wi(t,z);
o if (t,2) € 05 (to, o) \O (to, o), since p(t, x)+pbha(t, z) <@(t,x)+p<w,(t,x)<
w1 (t,2) by (4.90), one can deduce from Proposition 2.1 that ¢(t, z) < ws (¢, x);
o if (t,x) ¢ Os(to, x0), ¢(t,x) = —€(x) < wyi(t,x).
Then we can deduce from (4.93) that

(4.96) Vr = o(r, XT@) + 0T < (T, XT@) + o = o(, X?), P-as.

Since it holds ds x dP-a.s. on [t;,T] x Q that [(ﬁ(ﬁ))s]V < K+ Cgliis]y = k+Caltl]y, €
Oz, (4.92), (4.89), and (2.4) imply that for ds x dP-a.s. (s,w) € [t;,T] x Q,
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(4.97)

fs(w) < 1{8<T(w)} {_;pv_ %Q"’ f (vaaXs@(w)vyS(w) - ﬁs,ZS(w),ﬂ, (ﬁ(ﬁ))s(w))}

< Lo oo {5 02T+ (5,60, X2 D00 200, 8, @) ()|

< fT@ (s,w, Vs(w), Zs(w)).

As f© is Lipschitz continuous in (y,z), Proposition 1.2 (2) implies that P(Ys
YO(r,¢(1,X®)) Vs € [t;,T]) = 1. Letting s = t; and using the fact that ¢,
to — %5>t0 — %50> %to, we obtain P-a.s.

<
>

Pty 23) + 26t < Ve, SYLWPID (7 (-, Ktors 10

VTt B (1) 2.0,
< eizZ?pY] ’ (Tﬁ,u,cb(Tﬁ,mXT;,i] “ﬁ(“))),

where 75, 2 inf{s e (t;,T]: (S,Xﬁj’wj’“’ﬁ(“)) ¢ Oz4(tj,25)} Y € Uy, Taking essen-
tial infimum over 8 € B;, and applying Theorem 2.1 with (t,x,d) = (t;, z;, %5), we
see from (4.91) that P-a.s.

5
p(tj z5)+2 Gt < %bes%nf ebzsuqu i) (Tﬂ,ua ¢(Tﬁ,w Xt W)))
j HEUL

5
< wl(tjaxj)<§0(tjaxj)+6@t0-

A contradiction appears. Therefore, w, is a viscosity supersolution of (3.1) with
Hamiltonian H ;.

(b) Next, we show that w; is a viscosity subsolution of (3.1) with Hamiltonian
H;i. Let (to,wo,¢) € (0,T) x RF x CH2([0,T] x R¥) be such that w; — ¢ attains a
strict local maximum 0 at (¢, z¢), i.e., for some Jy € (O,to A(T — to)),

(Ul — (p)(t, {E) < (El — @)(to,ﬁo) =0 V(t, {E) S 050 (to, xo)\{(to, xo)}

We still denote (¢(to, o), Da(to, x0), D2¢(to,x0)) by (yo,20,LT0). I Hi(to, o,
Y0, zO,I‘O) = oo, then —%g@(to,xo) - H, (to,xo, Y0, 20, 1"0) < 0 clearly holds. To make
a contradiction, we assume that when H; (to, 0, Yo, 20, I‘O) < 00,

||[>

(4.98) 0 ¢(to, zo) —Hi (to, Zo, Yo, z0, To) > 0.

0
“ot”
For any v € O(vp), one can deduce from (4.87) that |H (to, o, v0, 20, Lo, uo,v)| <
%(08)24—020(&,950)—1—0(5,xo), where Cg: |<p(t0,xo)}+|Dw<p(t0,xo)}+|Dg2ﬁcp(t0,xo)}
as set in part (a). It then follows that
Hl(t07x07y07207r0) > hm\l/ sup 1nf H(t07x07y072:07r07u ’U)
n—oo wuclU VED

> lim | inf H(thanyOaZDaFO?uO?U)

n—00 veﬁuo

= lnf H(to,mO,yOaz()aFOvuOv’U)
v€O0 (vo)

1
(4.99) > —1(03)2 - CgC’(/f,a:g) — C(K,x0) > —00.
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Thus ¢ < co. Then one can find an m € N such that

de 7
—E(to,%) 3¢

(4.100)  >sup inf lim sup H(t,z,y,z T,u v).
u€U VEOT WU (4 4.y 2 TVEO, /m(to,20,0,20,0)

As ¢ € C2([0,T]xR*), there exists a § < 5=~Ady such that for any (¢,z) € Os(to, o),

%(t,x) _ 3_(,0

1
5 5t (to,xz0)| < <o and |w(t,x) - w(to,xo)‘

-8

IN

1
(4.101) — for @ = ¢, Dy, Do,
2m

the latter of which together with (4.100) implies that

Oy 7
(¢ _ L
ot (to, o) 3 o
>sup inf lim sup H(t,z,0(t, ), Dao(t, ), D2p(t, z),u’, v).

wel VEOT W (4 1) (to,0)
Then for any u € U, there exists a P, (u) € O] such that

dp 3
- E(towo) — 0@

>Tim  sup  H(t,x, 0t x), Dap(t, ), Dip(t, o), u', Bo(u)),

WU (4 1) €0 (to,w0)
and we can find a A(u) € (0,1) such that for any v’ € Oy, (u),

de 5
_E(tfhxo) 3 0

(4.102) > sup H(t,z,¢(t,z), Dyp(t,z), D2p(t,z),u', Bo(u)).
(t,z)€O0s(to,z0)

Set A(uo) = A(uo) and A(u) = Au) A (3[ul,,) for any u € U\{ug}. Since the
separable metric space U is Lindelof, {D(u) 2
{O(u;) }ien to cover U. Clearly,

O3 (u)}u cp has a countable subset

A
Plu) = % 1{ueo@i)\jgio@)}‘po(“i) €V VYueU
defines a #B(U)/%A(V)-measurable function. Given w € U, there is an i € N such that
UGD(UZ)\ Uj<iD(Uj). If u; = ug,
(4.103) [‘B(u)]V = [‘Bo(ui)}v < K+ mlugly =Kk < K+ mlu.

On the other hand, if u; # uo, then [u;];; < [u]+py(u, u;) < [u]U+X(ui) < [ul s [wily,
and it follows that

(4.104) [(Bw)]y, = [Po(ui)]y, <k +muly, <k + 2mluly,.
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de 5
—(to,20) — = > H t,x, ot x),
ot ( 0 0) 8 e (t)m)ewsup(tmrﬂ) ( SD( )

H(t,z,0(t,z), Dyp(t, x), Dip(t, z),

Also, we see from (4.102) that —

Dz‘p(tv $), Di(p(tv $), u, ‘BO(W)) =

(t,2) €wsup to,z0)

u,PB(u)), which together with (4.101) implies that

0 1
~ Sr(ta) = 5 02 H(tw,o(t.2), Dup(t, ), D2p(t, ), u, B(w)
(4.105) VY (t,7) € Os(to, z0), Yu € U.

Similar to (4.90), we set p 2 min {(o=w1)(t, x): (t,x) € Os(to, x0)\Os (to, o) } >

3
0 and § 2 % > 0. Let {(tj,a:j)}jeN be a sequence of Oj (to,zo) such that

].imjg)oo (tj,xj) = (to,xo) and limj*)()o w1 (tj,ﬁj) = wp (to,xo) = @(to,ﬁo) =
lim; o0 (tj, ;). So one can find a j € N such that (4.91) still holds.

For any p € Uy, the measurability of function B shows that (3(;1))5 2 Bps),
s € [tj,T] is a V-valued, F-progressively measurable process. By (4.103) and (4.104),

[(B(,u))s]v = [Bus)]y < w+2mlus], Vs e lt;, T]. Let Ef:[us]% ds < oo for some
q > 2. Tt then follows that Efg [(ﬁ(u))s]gdsg2‘1*15‘1T+22q71m‘ZE f:[us][‘éds<oo.
So E(u)evtj. Let ', u? €Uy, such that p' =p?, dsxdP-a.s. on [t;, 7[U[r,T] for
some 7€S;, 7 and A€ F;. Then it directly follows that (B(ul))s =P(pl)=Pu?)=
(3(;12))5, dsxdP-a.s. on [t;, 7T[U[r,T]a. Hence, Ee%tj.

Let p € Uy, We set ©,, = (tj, 2, 11, B(1)) and define 7, = T3 2 inf{se(t;,T):
(5, X7") ¢ 025(t5,35)} € Siyre As [(T,X7") = (t,25)| > T—t; > T—to— |t;—to| >
do— % > %5, the continuity of X®» implies that P-a.s.

(4.106) 7, <T and (7, /\S,XS;\S) € 6§5(tj,a:j) C 6%5(2?0,3:0) Vselt;, T

In particular,

(4107) (TM,XTG“) S 80%5(tj,33j) - 6%5@0,330)\0% (t0,$0).

I

The continuity of ¢, X©» and (4.106) show that Y* 2 o(Tus, XSLMAs) —p(TuAS),
s € [t;,T] defines a bounded F-adapted continuous process. Applying Ité’s formula
yields that

T T
yg‘:y;+/ f‘;dr—/ ZrB,, set;,T),

where ZF 2 1{T<Tu}Dwg0(r, Xr@“) -U(T‘, Xre“,ur, (g(u))r) and

Oy

flrt é 1{T<T“}{§_ E(Ta Xreu) - DI@(T, Xre'u) ! b(’l", Xreuhurv (B\(:U“))T)

— %trace(aaT (7“, Xre“,ur, (B(M))r) : Dig@(r, Xreu)) }

As @6@172([75, T XRk), the measurability of b, o, X®», p, and B(u) implies that
both Z# and §# are F-progressively measurable. Let C, = SUD(y 2)€D 5, (t0,0) |Dag(t, )|

< 00. Similar to (4.94), we see from (2.1), (2.2), and (4.106) that

5
6
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E

T p/2
([ 1zpeas)
tA

J

< e+ faol +0)+ {B [ %[usléds}p/z e ) [(3(u>>s]§,ds}p/2> <,

J J

ie., ZF e H%p([tj,T],Rd). Hence, { (¥, Zg)}se[tj,T] solves the BSDE(t;, Vi, f*).
Let ¢, 61, and 69 still be the continuous functions considered in part (a). Like ¢
in (4.95),

o(t, ) 2 01(t,2)0(x) + (1 — 01(t,2)) (p(t, @) — pba(t,x)) VY (t,z) € [t;, T] x RF

define a continuous function with ¢ > wi. Similar to (4.96) and (4.97), we can
deduce from (4.107), (4.106), (4.105), and (2.4) that Vi > gb(T#,XSf), P-a.s. and
that f4(w) > for (s,w, Vi(w), Z4(w)) for ds x dP-as. (s,w) € [t;,T] x Q. As for
is Lipschitz continuous in (y,z), we know from Proposition 1.2 (2) that P(Y* >
v (TN,¢(TM,X7—®;))V8 € [t;,T]) = 1. Letting s = t; and using the fact that
tj > tg — %5 > tg — %50 > %to yields that cp(tj,xj)— %@to > y{j > Y;ij’rj“uﬁ(ﬂ)
(T#,5(@,Xﬁi’wj’“’6(“))), P-ass.  Taking essential supremum over p € Uy, and ap-
plying Theorem 2.1 with (¢,z,6)=(t;, z;, 26) yields that

5 _ tj,xj, ,A v s Bl
SD(tja xj) o gpto > eigi}tlpyi] w,B(1) (TN’ ¢(TM’ th_ix ])N)B(“)))

> essinf esssup}/tt_j’wj’“’ﬁ(”) (Tﬁ,w 5(773,#’ th_gwpu”@(u)))
ﬁG‘Btj Meutj J S

5
>wi(ty,z;) > p(ts, o;) — 6@750, P-as.,

where 75, 2 inf{se (t;, T]: (s, Xﬁj’wj7“7'8(”)) ¢Oz5(tj, 2;)}. A contradiction appears.
Therefore, W, is a viscosity supersolution of (3.1) with Hamiltonian H;. O
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