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In this article we extend the notion of g-evaluation, in particular g-expectation, of
Peng [8, 9] to the case where the generator g is allowed to have a quadratic growth
(in the variable “z”). We show that some important properties of the g-expectations,
including a representation theorem between the generator and the corresponding g-
expectation—and consequently the reverse comparison theorem of quadratic BSDEs
as well as the Jensen inequality—remain true in the quadratic case. Our main results
also include a Doob—Meyer type decomposition, the optional sampling theorem, and
the upcrossing inequality. The results of this article are important in the further
development of the general quadratic nonlinear expectations (cf. [5]).

Keywords BMO; Doob-Meyer decomposition; Jensen’s inequality; Optional
sampling; Quadratic g-evaluations; Quadratic g-expectations; Reverse
comparison theorem; Upcrossing inequality.
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1. Introduction

In this article we extend the notion of g-evaluations, introduced by Peng [9], to the
case when the generator g is allowed to have quadratic growth in the variable z.
This will include the so-called quadratic g-expectation as a special case, as was in
the linear growth case initiated in [8]. The notion of g-expectation, as a nonlinear
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extension of the well-known Girsanov transformations and originally motivated by
theory of expected utility, has been found to have direct relations with a fairly
large class of risk measures in finance. When the nonlinear expectation is allowed to
have possible quadratic growth, it is expected that it will lead to the representation
theorem that characterizes the general convex, but not necessarily “coherent” risk
measures in terms of a class of quadratic BSDEs. The most notable example of
such risk measure is the entropic risk measure (see, e.g., [1]), which is known
to have a representation as the solution to a quadratic BSDE but falls outside
the existing theory of the “filtration-consistent nonlinear expectations” [3], which
requires that the generator be only of linear growth. We refer the readers to [2, 3, §],
and the expository article [9] for more detailed account for basic properties of g-
evaluations and g-expectations, as well as the relationship between the risk measures
and g-expectations. A brief review of the basic properties of g-evaluations and g-
expectations will be given in Section 2 for ready references.

The main purpose of this article is to introduce the notion of quadratic g-
evaluation and g-expectation, and prove some of the important properties that
are deemed as essential. In an accompanying article [5], we shall further extend
the notion of filtration consistent nonlinear expectation to the quadratic case,
and establish the ultimate relations between a convex risk measure and a BSDE.
The main results in this article include the Doob-Meyer decomposition theorem,
optional sampling theorem, upcrossing inequality, and Jensen’s inequality. We also
prove that the quadratic generator can be represented as the limit of the difference
quotients of the corresponding g-evaluation, extending the result in linear growth
case [2]. With the help of this result, we can then prove the so-called reversed
comparison theorem, as in the linear case.

Although most of the results presented in this article look similar to those in the
linear case, the techniques involved in the proofs are quite different. We combine
the techniques used in the study for quadratic BSDEs, initiated by Kobylanski [7]
and the by now well-known properties of the BMO martingales. Since many of these
results are interesting in their own right, we often present full details of proofs for
future references.

This article is organized as follows. In Section 2 we give the preliminaries,
and review the existing theory of g-evaluation/expectations and BMO martingales.
In Section 3 we define the quadratic g-evaluation and discuss its basic properties.
Some fine properties of g-evaluations/expectations are presented in Section 4.
These include a representation of quadratic generator via quadratic g-evaluations,
a reverse comparison theorem of quadratic BSDE, and the Jensen’s inequality.
In Section 5 we prove the main results of this paper regarding the quadratic g-
martingales: a Doob-Meyer type decomposition, the optional sampling theorem,
and the upcrossing inequality.

2. Preliminaries

Throughout this article we consider a filtered, complete probability space
(Q, 7, P,F) on which is defined a d-dimensional Brownian motion B. We assume
that the filtration F = {Z.}:=0 is generated by the Brownian motion B, augmented
by all P-null sets in 7, so that it satisfies the usual hypotheses (cf. [10]). We denote
2 to be the progressively measurable o-field on Q x [0, T]; and ./, ; to be the set
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of all F-stopping times 7 such that 0 <7 < T, P-a.s., where T > 0 is some fixed time
horizon.

In what follows, we fix a finite time horizon 7 > 0, and denote [E to be a generic
Euclidean space, whose inner product and norm will be denoted by (-, -) and | - |,
respectively; and denote IB to be a generic Banach space with norm || - ||. Moreover,
the following spaces of functions will be frequently used in the sequel. Let € be a
generic sub-o-field of F, we denote

e for 0 < p < oo, L?(%6; [E) to be all E-valued, 6-measurable random variables
&, with E(J¢[P) < co. In particular, if p =0, then L°(%;IE) denotes the
space of all [E-valued, 6-measurable random variables; and if p = oo, then
L>(%; [E) denotes the space of all [E-valued, ¥-measurable random variables
& such that ||€]|. = esSSUP,cn|E(W)] < oo;

e 0 <p<oo, LY([0,T]; B) to be all B-valued, F-adapted processes y, such
that E fOT I, |Pdt < oo. In particular, p =0 stands for all B-valued, F-
adapted processes; and p = co denotes all processes X € LY([0, 7]; B) such
that || X|| . = esssup, | X(t, w)| < oo;

o Dy ([0, 7]; B) = {X € Ly([0, T); B) : X has cadlag paths};

o Cy([0, T]; B) = {X € Dy([0, T]; B) : X has continuous paths};

e 72([0, T]; B) = {X € L3([0, T]; B) : X is predictably measurable}.

Finally, if d =1, we shall drop E =R from the notation (e.g., Lr([0, T]) =
LE([0, T]; R), L*(F;) = L™®(F7; R), and so on).

2.1. g-Evaluations and g-Expectations

We first recall the notion of g-evaluation introduced in Peng [9]. Given a
time duration [0, T], and a “generator” g = g(t, , y,z) : [0, T] x @ x R x RY — R
satisfying the standard conditions (e.g., it is Lipschitz in all spatial variables, and is
of linear growth, etc.), consider the following BSDE on [0, ¢], ¢ € [0, T]:

t t
Y, = 5+/ s(r, Y,,z,)dr—/ Z,dB,, sel0,1], 2.1)

where ¢ € L*(7,). Denote the unique solution by (Y*¢, Z"¢). The g-evaluation is
defined as the family of operators {€5, : L*(7,) — L*(F,)} such that for any
te[0, 7], €[] = v, s € [0, 1].

In particular, for any ¢ € L*(%;), its g-expectation is defined by €3(¢) = Y,
and its conditional g-expectation is defined by €#[&|F,] = €8 ,[&], for any 1 € [0, T].
We shall denote (2.1) by BSDEC(t, &, g) in the sequel for notational convenience.

0<s<t<T

Remark 2.1. An important ingredient in the definition of g-evaluation is its
“domain,” namely the subset in L°(%;) on which the operator is defined
(in the current case being naturally taken as L*(%;)). The domain of a g-
evaluation/expectation may vary as the conditions on the coefficients change, due
to the restrictions on the well-posedness of the BSDE (2.1). For example, owing to
the nature of quadratic BSDEs, in the rest of this article we shall choose L*(%;)
as the domain for quadratic g-evaluations. We refer to our accompanying article
[5] for a more detailed discussion on the issue of domains for general nonlinear
expectations.
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By virtue of the uniqueness of the solution (Y*¢, Z"%), one can show that the
g-evaluation €%, has the following properties:

(1) (Monotonicity) For any &, n € L*(F,) with & > 5, P-a.s., €5,[¢] > €,[n], P-as.;
(2) (Time-Consistency) %fy[%i’,[f]] =€ [¢], P-as., E€LX(F),0<r<s<t<T,
(3) (Constant-Preserving) €¢,[¢] = &, P-a.s., & € L'F,), if it holds dt x dP-a.s. that

g(1,y,0)=0, yelRR; (2.2)
(4) (“Zero-One Law”) For any ¢ € L*(7,) and any A € 7, s € [0, 1], it holds that
1,5 [E] =1,€8,[1,¢], P-as.

Moreover, if g(#,0,0) = 0, dr x dP-a.s., then 1,€¢,[£] = €5 ,[1,¢], P-a.s.;
(5) (Translation Invariance) Assume that g is independent of y, then for any & €
L*(7,) and 5 € L*(7,), it holds that €¢,[& + n] = €5,[E] + i, P-a.s.

Clearly, if g satisfies (2.2), then one can deduce from (2) and (3) above that

C(ET] = e = [E ] = %[, Pas, CelXT). 0<s<i<T,
(2.3)

and the conditional g-expectation €#{-|%,} possesses the following properties that
more or less justify its name (assuming (2.2) for (2a) and (3a) below):

(la) (Monotonicity) For any &, n € L*(F;) with ¢ > 5, P-as., €4[¢|F,] > €4 [nF,].
P-as.;

(2a) (Time-Consistency) €¢[€¢[¢|F,]|F,] = €¢[&|F,], P-as., &€ L*(Fy), s € [0, 1];

(3a) (Constant-Preserving) €¢[¢|7,] = &, P-as., & € L*(F,);

(4a) (Zero-One Law) For any ¢ € L>(%;) and A € 7, it holds that 1,%€%[1,¢|%,] =
1,%€%[¢]9,], P-a.s.; Moreover, if g(z,0,0) =0, dt x dP-a.s., then 1,%€$[¢|F,] =
&8[1,¢|7,], P-ass.;

(5a) (Translation Invariance) Assume that g is independent of y, then for any ¢ €
L*(7;) and n € L*(7,) it holds that €8[& + y|F,] = €¢[¢|F,] +n, P-as.

2.2. BMO Martingales and BMO Processes

An important tool for studying the quadratic BSDEs, whence the quadratic
g-expectations, is the so-called “BMO martingales” and the related stochastic
exponentials (see, e.g., [4]). We refer to the monograph of Kazamaki [6] for a
complete exposition of the theory of continuous BMO and exponential martingales.
In what follows, we list some of the important facts that are useful in our future
discussions for ready references.

To begin with, we recall that a uniformly integrable martingale M null at zero
is called a “BMO martingale” on [0, 7] if for some 1 < p < oo, it holds that

IMllgyo, = sup | E(IM, — M,_|7|F}7| < oo, (24)

ey, 1

In such a case we denote M € BMO(p). It is important to note that M € BMO(p)
if and only if M € BMO(1), and all the BMO(p) norms are equivalent (cf. [6]).
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Therefore, in what follows we say that a martingale M is BMO without specifying
the index p; and we shall use only the BMO(2) norm and denote it simply
by || - lsmo- Note also that for a continuous martingale M one has

[M|lgpo = ||M||BM02 = SuP ||E{<M>T 91}1/2 ”oo

Mo,

For a given Brownian motion B, we say that a process Z € L:([0, T]; R) is a
BMO process, denoted by Z € BMO by a slight abuse of notations, if the stochastic
integral M = Z - B = [ Z,dB, is a BMO martingale.

Next, for a continuous martingale M, the Doléans—Dade stochastic exponential
of M, denoted customarily by €(M), is defined as E€(M), = exp{M, — %(M},}, t>0.
If M is further a BMO martingale, then the stochastic exponential €(M) is itself a
uniformly integrable martingale (see [6, Theorem 2.3]).

The theory of BMO was brought into the study of quadratic BSDEs for the
following reason. Consider, for example, the BSDE(T, &, g) (see (2.1)) where the
generator g has a quadratic growth. Assume that there is some k > 0 (we may
assume without loss of generality that k& > %) such that for dt x dP-a.s. (t,w) €
[0, T] x Q,

lg(t, 0, v, 2)| <k(1+z]*), (y,2) € R x RY, (2.5)

and denote (Y, Z) € € ([0, T]) x #Z([0, T]; R?) be a solution of the BSDE(T, ¢, g).
For any t € Jl, , applying Itd’s formula to ¢** from t to T one has

T
oY +8k2/ M| Z [2ds = 4kY,+4k/ A g(s, A,Z)ds—4k/ A7 dB.

T

< M 44k / W (1 4 |Z,12)ds — 4k / "7, dB,.
It is then not hard to derive, using some standard arguments, the following estimate:
E|: / ' |Z,|*ds | 9} < M= E[e*e — %1 | F ] 4 Y= (T — 7). (2.6)
In other words, we conclude that Z € BMO, and that
1Z 110 < (1 + T)e . 2.7)

3. Quadratic g-Evaluations on L*(% ;)

Our study of the g-evaluation/expectation benefited greatly from the techniques
used to treat the quadratic BSDEs, initiated by Kobylanski [7]. We first list
some results regarding the existence, uniqueness, and comparison theorems for the
quadratic BSDEs. Throughout the rest of the article we assume that the generator
g in BSDE(T, &, g) (2.1) takes the form:

gt w,y,2) =g (t, 0,3, 2)y+ &t 0, y,2), Y(t,w,y,2) €[0,T] x 2 x R x R,
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and satisfies the following Standing Assumptions:

(H1) Both g, and g, are  ® %(R) ® %(R?)-measurable and both g, (¢, , -, -) and
&(t, o, -, -) are continuous for any (z, w) € [0, T] x Q;
(H2) There exist a constant k > 0 and an increasing function ¢ : Rt — R™, such
that for dt x dP-a.s. (t, w) € [0, T] x Q,
lg1(t, 0, y.2) =k and g (1, 0,5, 2) < k+e(y)lzl’, (7,2) € R x R

(H3) With the same increasing function ¢, for dt x dP-a.s. (t, w) € [0, T] x Q,

< yDA+ 12D, (r.2) e R xRYE

0
‘—g(l, ,y,2)
0z

(H4) For any & > 0, there exists a positive function &,(f) € L'[0, T] such that for
dt x dP-as. (t,w) € [0, T] x Q,

0
a_i(” 0, y,2) < h(t) +elzls (3.2) € R x RY.

Under the assumptions (H1)-(H4), it is known (cf. [7, Theorems 2.3 and
2.6]) that for any ¢ € L*(%;), the BSDE (2.1) admits a unique solution (Y, Z) €
Cy ([0, T]) x #E([0, T]; R9). In fact, this result can be extended to the following
more general form, which will be useful in our future discussion.

Proposition 3.1. Assume that g satisfies (H1)~(H4). For any ¢ € L*(F;) and any V €
Dy ([0, T]), the BSDE

T T
Vo=Ct [ e Yuz)ds+Ve—V,— [ zaB, te[0, 7 (G
t t
admits a unique solution (Y, Z) € Dg([0, T]) x #:([0, T]; RY).

Proof. We define a new generator g by g(t, w,v,z) = g(t, 0,y —V,(0), 2),
(t,w,y,2) € [0, T] x Q x R x IR%. Then it is easy to see that for any (¢, w,y,7) €
[0, 7] x O x R x R4

&t w,y,2) =gt o y—V(o),2),
&t 0,y,2) = &t o,y —V/(0),2) — gt w,y—V(0), )V, ().

It can be easily verified that g also satisfies (H1)~(H4). We can_then conclude (see,
[7]) that the BSDE(T, ¢+ V;, g) admits a unique solution (Y, Z) € Cg ([0, T]) x
#:([0, T]; R?). But this amounts to saying that (Y — V, Z) is the unique solution of
(3.1), proving the corollary. O

Proposition 3.1 indicates that if g satisfies (H1)-(H4), then we can again define
a g-evaluation €, : L*(%,) > L™(F,) for 0 < s <t < T, as in the previous section.
We shall name it as the “quadratic g-evaluation/expectation” for obvious reasons.
More generally, for any o, t € /Ml such that ¢ <7, P-as., we can define the
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quadratic g-evaluation €% : L*(7,) — L*(%,) by &5 [é] = Y%, where & € L*(7,),
and Y© satisfies the BSDE:

T T
V=&t [ Negg(s YE ZDds — [ ZidB,, 1e[0.7) (3.2)

t t
with Z¢ € #2([0, T]; R9), and Y¥; = Y}, and Z; =1,,_,Z;, P-a.s. In particular, if t =
T, we define the quadratic g-expectation of & for any ¢ € [, ; by €8[&|F,] = € 1E]

We note that, similar to the deterministic-time case, €¢ has the following
properties:

{t<1}

(1) Time-Consistency: For any p, g, © € My with p < ¢ < 1, P-a.s., we have
%ﬁyg[%ﬁﬂ[é]] =€ [¢], P-as. Ve L¥(F);

(2) Constant-Preserving: Assume (2.2), €8 [£] =&, P-ass., VE € L¥(F,);
3) “Zero One Law”: For any ¢ e L°°(J ) and A€, we have 1,€¢ [1,¢] =
?53 [¢], P-as.; Moreover, if g(1,0,0) =0, dt x dP-as., then €5 [1,¢]=
a,r[é] P-a. S,
“4) “Translation Invariant”: If g is independent of y, then

€ L&+ n] =€ [E]l+n, P-as. VneLl™(F,), &€ L™(F,).

(5) Strict Monotonicity: For any &, n € L*(F,) with > #, P-a.s., we have € _[¢] >
¢ _[n], P-a.s.; Moreover, if € _[¢] = € _[n], P-as., then & =n, P-a.s.

We remark that the last property (5) above is not completely obvious. In fact
this will be a consequence of so-called “strict comparison theorem” for quadratic
BSDEs, a strengthened version of the usual comparison theorem (see, for example,
[7, Theorem 2.6]). For completeness we shall present such a version, under the
following conditions that are similar to those in [7], but slightly weaker than (H1)-
(H4).

(Al) g is 2 ® B(R) ® B(R?)-measurable and g(t, w, -, -) is continuous for any
(t,w) €0, T] x Q;

(A2) For any M > 0, there exist £ € L'[0, T], k € L*[0, T] and C > 0 such that for
dt x dP-a.s. (t, w) € [0, T] x Q and any (y, z) € [-M, M] x R?,

0
|lg(t, 0, y,2)| < €(H) + Clz|* and la—i(t, o, y,2)| < k() + Clzl;

(A3) For any & > 0, there exists a positive function h, € L'[0, T] such that for dt x
dP-as. (t,w) € [0, T] x Q and any (y,z) € R x R¢,

0
—g(t, o,y,2) < h,(1) + &|z|*.
dy

Theorem 3.2. Assume (A1)—~(A3). Let &', & € L®(F;) and V',

i=1,2 be two
adapted, integrable, right-continuous processes null at 0. Let ( ) e Dy (

[0, T]) x
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#2([0, T]; RY), i = 1,2 be solutions to the BSDEs:
Vi=ét [ v zhds+ [ avi- [ zidB, 1e[0.7), i=12,
t t t
respectively. If &' > &, P-a.s. and V! — V? is increasing, then it holds P-a.s. that
Y!>Y! tel0,T]. (3.3)

Moreover, if Y = Y? for some T € My 1, then it holds P-a.s. that

&'=¢&, and V; —V; =V -V (3.4)

Proof. 1t is not hard to see that (3.3) is a mere generalization of [7, Theorem 2.6],

thus we only need to prove (3.4). Let M = ||Y!||, + | ¥?|... and define Ay = ' — 1
forn=1Y, Z, V, respectively. Then AY satisfies:

dAY, = —(g(1, Y, Z)) — g(t, Y7, Z}))dt — dAV, + AZ,dB,
g ..
= —/ ( (EHAY, + a—i(E;‘)AZt)didt — dAV, + AZ,dB,
= —a,AY,dt — dAV, + AZ,(—b,dt + dB,), (3.5)

where B/ = (1, JAY, + Y2, JAZ, + 72), and
19 19
_/ —g(: )di and b,i/ g(: Vdi, 1 e[0,T].

Note that |1AY, + Y?| < M, Vt € [0, T], P-a.s., by using some standard arguments
with the help of assumptions (A1)-(A3) as well as the Burkholder-Davis—Gundy
inequality we deduce from (3.5) that

f b,dB,

Define Q, = exp | [ ads — 1 [!|b,[2ds + [} b,dB,}, t > 0, and

t
E{ sup/ asds 4+ sup } (3.6)

te[0,7] V0 1€[0,7]

T éinf{te[r,T]:Q,>n}AT, neN,

n

we see that 7, 1t T, P-a.s., and (3.6) indicates that there exists a null set / such that
for each w € N¢, T = 1,,(w) for some m € N. On the other hand, for any n € N,
integrating by parts on [z, 7,] yields that

Qr,,AYI” = QIAY‘E _f ' Q,AY[a,dt _f ' QrAthrdt _f ' Ql‘dAVl‘
+ [ " 0Az,aB,+ [ "Av,0adi+ [ " AY,0b,dB,+ [ " 0AZbdr

= _/ ' QtdAVt +/ ' QIAthBt +/ ' AY)‘thtdBt‘
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Taking expectation on both sides gives:
E{QTHAYIH +[" Q,dAV,} =0,

which implies that there exists a null set ., such that for any we N it
holds that AY, (,(w) =0 and AV, (w) = AV, (w). Therefore, for any o € {J\/ U

(Unew ) }C, one has
AYr(w) =0 and AVi(w) = AV, (o).
This completes the proof. |

In most of the discussion below, we assume the generator g satisfies (H1)-(H4)
(hence (A1)-(A3)). We first extend a property of g-expectations [2, Proposition 3.1]
to the case of quadratic g-evaluations.

Proposition 3.3. Assume (H1)-(H4). Assume further that the generator g is
deterministic. For any t € [0, T| and & € L*(%,), if ¢ is independent of F, for some
s € [0, 1), then the random variable €[] is deterministic.

Proof. Let 0 <s <1t <T be such that £ € L*(%,) and that it is independent of 7.
It suffices to show that €5,[¢] = ¢, P-a.s. for some constant c. To see this, for any
r€[0,7—s], we define B, = B,,, — B, 7, = (B, u € [0, r]), and F' = {F}, 0, -
Clearly, B’ is an F’-Brownian motion on [0, r — s]. Since ¢ € F, is independent of F,,
one can easily deduce that ¢ € 7, . Now we denote by {(Y;, Z,)},¢[,, the unique
solution to the BSDE:

t—s t—=s
Y = f-}-/ g(s+u, Y;,Z;)du—/ Z.dB,, rel0,r—s].
The simple change of variables r = v — s and w = s + u yields that
t t
Yoo=c+ [ swY, .2, )dw— [ Z, dB,
t t
= €+/ gw, Y, Z dw —/ Z, _dB,, velst].

In other words, {(Y,_,Z, )}, is a solution to BSDE(z, ¢, g) on [s,7]. The
uniqueness of the solution to BSDE then leads to that ¥ = % [¢], ve[s, 7] In
particular, one has €% ,[¢] = Yy, P-a.s., which is a constant by the definition of F’
and the Blumenthal 0-1 law, completing the proof. |

As we can see from the discussion so far, so long as the corresponding
quadratic BSDE is well-posed, the resulting g-evaluation/expectation should behave
very similarly to those with linear growth generators, with almost identical proofs
using the properties obtained so far. We therefore conclude this section by listing
some further properties of the g-evaluation/expection in one proposition for ready
references, and leave the proofs to the interested reader.
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Proposition 3.4. Let g, i = 1, 2, be two generators both satisfy (H1)—-(H4).
1) Suppose that g;(t,0,0) =0, i = 1,2, and that

e le = €[l vielo,T), V¢ e L™(F), (3.7)

then for any & € L*(Fy), it holds P-a.s. that €;';[£] = €% [£], Vi € [0, T).

2) Suppose further that g, i = 1,2 are independent of y, For any t € [0, T}, if €' ,[¢] <
€[] VE € L¥(F,), then for any & € L¥(F,), it holds P-a.s. that €]',[£] < €[],
Vs € [0, 1].

To end this section, we state a stability result of quadratic BSDEs which is a
slight generalization of Theorem 2.8 in [7]. Since there is no substantial difference
in the proof, we omit it.

Theorem 3.5. Let {g,} be a sequence of generators satisfying (H1) and (H2) with the
same constant k > 0 and increasing function {. Denote, for each n € N, (Y",Z") €
C ([0, T]) x #E([0, T]; RY) to be a solution of BSDE(T, &,, g,) with &, € L=(Fy).

Suppose that {£,} is a bounded sequence in L (%), and converges P-a.s. to some
& € L*(F7); and that for dt x dP-a.s. (t, w) € [0, T] x Q, {g,(t, , y, 2)} converges to
g(t, w,y,z) locally uniformly in (y,z) € R x R? with g satisfying (H1)~(H4). Then
BSDE(T, &, g) admits a unique solution (Y, Z) € C ([0, T]) x #([0, T); R?) such that
P-a.s. Y!' converges to Y, uniformly in t € [0,T| and that Z" converges to Z in
#: ([0, T]; R).

4. Some Fine Properties of Quadratic g-Evaluations

In this section we extend some fine properties of g-evaluation to the quadratic case.
These properties have been discovered for different reasons in the linear growth
cases, and they form an integral part of the theory of nonlinear expectation. In the
quadratic case, however, the proofs need to be adjusted, sometimes significantly. We
collect some of them here for the distinguished importance.

We begin by a representation theorem for the generators via quadratic g-
expectation.

Theorem 4.1. Assume (H1)~(H4). Let (t,y,7) € [0, T) x R x RY. If g satisfies

(g1) limg )+ ) 8(s, Y, 2) = g(t, v, 2), P-a.s. and
g2) For some €, € (0, T —t] and some 0 > 0, there exists an integrable process
2) Fc 0 €(0, T d 0>0, th ] ] bl
{Ry}selt.re,) SUCh that for dt x dP-a.s. (s, ) € [t, 1 + &] x €,

0 -
0_g,(s, v,z) = h,, Yy e Rwith|y —y| <9,
y
then it holds P-a.s. that
N
g(t,y,2) = l;gé g(%wﬂ)m[y + z(B(,+£)M - B)] - y)7

whereréinf{s> t:|B,— B, > %II}AT
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Proof. We set M =1+ |y| + 1‘17“, and M = kM + 2¢(4M)|z|*. By reducing &,, we

may assume that Mgyet® < %\I A 4@(}%.

Fix e€ (0,22 A gg]. Since [2(Bjyon: — B)llo < 125, there exists a unique

1+]z]?
solution  {(Y?, ZS)} e Cy([t. t +&]) x #2([t. t + &]; RY) to the following
BSDE:

se(t,t+¢€]

t+e
YP =y +2(Bion: — B) +/ L,oo8(r Y7, Z)dr — / ZdB,, se|t.1+e].

We know from Corollary 2.2 of [7] that ||Y?| . < (|y| + lﬂ\‘l + ke)e® < 2M. Now
let

VP2 —y—2(By.—B), ZE=7Zi -1z Vselti+e]

It is easy to check that {(Ys, Z‘*'\)}Ye (i+¢] 18 @ solution of the BSDE:
t+e ~ o~ t+e
Vo= / 2(r. Y2, Z%)dr — / Z:dB,, seltt+¢] (4.1)

with 2(s,w,y,7) = go(y’)l{sq}g(s, o,y +y+ z2(B,,.(w) — B,(w)), 7 + Z),
(s, 0,5,7)e[t,t+e] x Q x R x RY where ¢ : R+ [0, 1] is an arbitrary C'(R)
function that equals to 1 inside [—3M, 3M], vanishes outside (—3M —1,3M + 1)
and satisfies supsy_ <3y [¢'(x)] < 2. For any (s, 0,y,7) €[t t +&] x @ x R x
RY, we see that

8(s,0,y,7) =g (s,0,Y,2)y + 8(s, 0y, 7)

with

205, 0.y, 2) = ()8 (s, 0, Y +y+ 2(B,r (0) — B,(0)), 7 +2),
25, 0,5, 7) = o) g8 (s, @, Y +y + 2(B,(0) — B(0)), 2 +2)

X (y + 2(By.. (@) — B,(w)))

+ (g8 (s. @, Y + y + 2(B,, (0) — B,(0)), 2 + 2).

One can easily deduce from (H2) and (H3) that for dt x dP-a.s. (s, w) € [t, 1 + €] X
Q, it holds for any (y',z') € R x R that

181 (s, 0, ¥, 2)| <k (4.2)
18(5, 0, ', 2)| < kM +20@M) (|22 + 212) = M + 2L(4M) |22 (4.3)

5
and ‘6—5(&(»,3/,2/) < L@M)(1+ 2] + |z]). (4.4)
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< Meeke < Ms e < 2 A

Corollary 2.2 of [7] once again shows that ||I~’s||oo < \I

Applying 1to’s formula to |Y#|* we obtain that

42(4M)

~on t+e ) t+e ~ ~ o~ t+e
72| +fs 7| dr=2/s Yoz (r, Yr,Zr)dr—Z/s YeZ:dB,, seltt+e]
(4.5)

Using (4.2)—(4.4) and some standard manipulations one derives easily that
t+e
2/ Yea(r, Y2, Z%)dr
t+e . I-H: ~. 1 ag . .
_2/ 7o z(n, ,,O)dr+2/ </0 PG e, Ze )d/l)dr
t+e ~ ~ t+e ~ 1 ~
52/ |Yf|(k|Yf|+M)dr+2£(4M)/ |Yf||Zf|<1+|z|+§|Zf|>dr
t+e ~ ~ t+e ~
< / |YE|(2K|Y?| + 2M + (4M)(1 + |z])?)dr + 2£(4M) / |Y?||Z8)*dr

1 t+e
< Ce? + 5/ \ZPdr, seltt+e],

where C is a generic constant depending on |y|, |z|, &, 0, k and £(4M), which may
vary from line to line. Taking the conditional expectation E[ |,] on both sides of
(4.5) we have

t+e
E{/ |Zf|2dr|95} <Ce?, seltt+ el (4.6)

Now, taking the conditional expectation in the BSDE (4.1) we have

N y 1 e .
-Y’ —2(1,0,0) EE{ /t (g(r, Yf, ZS) —2(t,0, O))dr

1 t+e ~. 1 ag . .
;E{/t [Z/ PG e, 1Z%)ds.

~ 103
+ Yf/ 8 =, 2Y?,0)d) +3(r, 0,0) — &(1, 0, O)]dr ‘ gz}

We know from (g2) and (H4) that for dr x dP-a.s. (s, ) € [t,t + €] x Q,

~ag

g(s o,y 4y + 2(B,.. () — B/()). 2) < hy(s) + |2

holds for any y' € R with |y/| < %\J It follows that for dt x dP-a.s. (s, w) € [t, 1 +
g]l x Q,

' (s, @, Y, 0)‘ | (V)= 8(s: 0, ¥ + ¥ 4 2(By (@) — B(0)), 2)|
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, 0g ,
+ ‘m Mo 25 5105+ 208, 0) — B ). )

< 2k(1+ 4M) + (14 20(4M)) |2 + |h| + I, (s) = h,

holds for any y’ € R with |y'| < %\I Clearly, {h}.,1e, 15 an integrable process.

Then applying (4.4), (4.6) and the Holder Inequality we have

1~
‘—Yf —2(2,0,0)
g

1 e e 1 &2 Ve
=—E{ [ |e@m((+12DIZ: + 51707 ) + 1¥e0n, |dr
& t 2

1 t+e
+E{‘f |2(r,0,0) — &(t,0,0)|dr
& Jy

1 t+e
+E{‘/ |2(r,0,0) — &(t,0,0)|dr
& Jt

- +e
< C(s—}—\/E) +MeksE|:/ h,.dr
t

7, } 4.7)

As lim
that

1.y =1 and lim, . (B,,, — B;) = 0, P-ass., one can deduce from (gl)

s—>1T

lim g(s, 0, 0) = lim g(s, y + 2(B,, — B,), 2) = g(1, 5, 2) = 8(1,0,0), P-as.,
s—>1 S—>1

which implies that

1 t+e
lim — |2(r,0,0) — g(1,0,0)|dr =0, P-as.
e\O0 & Jy

Since |2(s, ,0,0)| <M for ditx dP-as. (s,w)€[t,t+¢]xQ, Lebesgue

Convergence Theorem implies that the right hand side of (4.7) converges P-a.s. to
0 as € — 0T. Therefore,

i R PO
g(t.y.2) = 3(¢,0,0) = lim Y7 = lim ~(¥7 -»)
o1
= lim _(%i([+g)/\-;[y + Z(B(H»s)/\r - Bt)] - y)’ P-a.s.,

where (3.2) was used in the last equality. The proof is now complete. |

A simple application of the theorem above gives rise to a reverse to the
Comparison Theorem of quadratic BSDE:

Theorem 4.2. Assume that g, i = 1,2 satisfy (H1)-(H4) and (2.2). Let t € [0, T). If

€81 [E|F,] < €%[E|F,], P-a.s. for any & € L=(F), and if both g; satisfy (gl) and (g2) for
any (v,z) € R x R, then it holds P-a.s. that

81(t,y.2) < g(1,y.2), Y(y.z) € R x R

We also have the following corollary of Theorem 4.1.
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Proposition 4.3. Assume that g satisfies (H1)-(H4) and (2.2). We also assume that P-
a.s., g(-, v, z) is continuous for any (y, z) € R x R If g satisfies (g1) and (g2) for any
(t,y,2) € [0, T) x R x RY, then g is independent of y if and only if

EE+ ] = €[E] + ¢, VEe L¥(F,), Ve e R.

Proof:. “=": A simply application of translation invariance of quadratic g-
expectations.

“«<": For any ¢ € R, we define a new generator g°(¢, w, y, z) £ g(t,w,y—c,2),
Y(t,w,y,2) €[0,T] x Q@ x R x R? It is easy to check that g¢ satisfies (H1)-(H4)
as well as the other assumptions on g in this proposition. For any & € L™(%;), let
(Y, Z) denote the unique solution to BSDE(T, &, g). Setting 17: =Y, +c¢ te[0,T]
one obtains that

~ T ~ T
Y = 5+c+f (s, YS,ZS)ds—/ Z.dB,, Vielo,T].
t t
Thus, it holds P-a.s. that
L+ cF]) =Y, =Y, +c=E[EF ] +c. Ve[0T

In particular, taking r = 0 gives that €'[¢] = €¢[¢] for any ¢ € L*(F;). Since g
satisfies (2.2), it easy to see that the condition (3.7) is satisfied for g' = g and g* =
g¢. Hence, Proposition 3.4 implies that for any ¢ € L*(%;), it holds P-a.s. that
€8[E|F,] = €% [€]F,], Vt € [0, T]. Applying Theorem 4.1 we see that for any (¢, z) €
[0, 7) x RY, it holds P-a.s. that g(z, c, z) = g°(t, ¢, z) = g(1, 0, z). Then (H1) implies
that for any ¢ € [0, T), it holds P-a.s. that g(¢,y,z) = g(¢,0, z), Y(y,z) € R x R?.
Eventually, by our assumption, it holds P-a.s. that g(z, y, z) = g(¢, 0, z), V(¢, v, z) €
[0, T) x R x IR, This proves the proposition. |

To end this section we extend another important feature of the g-expectation to
the quadratic case: The Jensen’s inequality. We begin by recalling some basic facts
for convex functions, and we refer to Rockafellar [11] for all the notions to appear
below.

Recall that if F: IR"” — IR is a convex function, then by considering the convex
real function f(1) = F(2x) — (AF(x) + (1 = 2)F(0)), 2 € R, with f(0) = f(1) =0, it
is easy to check that for any x € R”, it holds that

F(x) < AF(x) + (1 — )F(0), if A€ [0, 1],

F(ix) = AF(x) + (1 — 2)F(0), if Z € (0, 1)°. (*45)

Next, if F: R+ R is a convex (real) function, then we denote by JF the

subdifferential of F (see [11]). In particular, for any x € R, 0F(x) is simply an

interval [F’(x), F|(x)], where F' and F/ are left-, and right-derivatives of F,

respectively. The following result is an extension of the linear growth case (cf. [2,
Proposition 5.2]).
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Theorem 4.4. Assume that g is independent of y and satisfies (H1)-(H4) and (2.2). Let
t €[0,7). If g(s, w, z) is convex in 7z for dt x dP-a.s. (s, ) € [t, T| x Q, then

F(#[¢|F,]) < E[F(O)|F,], P-as.
for any & € L*(F;) with OF (€4[¢|F,]) N (0, 1)° # @, P-a.s.

Proof. Since both F’(x) and F|(x) are nondecreasing functions, we can define
another non-decreasing function:

A ! !
B(x) = Vg (< FL (%) + Vg (o0 FL (%), x € R.

Thus, S, = B(€4[¢|F,]) is an F,-measurable random variable. Since (x) € (0, 1)° for
any x € R with dF(x) N (0, 1)¢ # @, it follows that

p, € (0,1), P-as. (4.9)

One can deduce from the convexity of F that
B(& — #[E1F,)) < FO) — F(#°[217,). (4.10)
Since ¢ € L*®(Fy), it is clear that F(&), €4[¢|F,], F(€[¢]F,]) as well as B,(&—

€s[¢£|F,]) are all of L*(F;). Taking €[ |7,] on both side of (4.10), and using
Translation Invariance of quadratic g-expectation we have

E[B.E|F] — BELEIT] = €[ B.(E — € [E1F])|F]
< €[F(E) - ( ¢17.])| 7]
= EFO|F] - F(£[&7]). Pas.

Hence, it suffices to show that P, E8[E|F,] < €8[B,¢1F,], P-a.s. To see this, let Y, =
%], t €0, T]. As 5, € F,, one has

T T
B =B+ [ Benz)dr— [ pz,aB, VselnT)

Since g is convex and satisfies (2.2), using (4.8) and (4.9) we obtain

T T
BY.<BE+ [ srnpz)ar— [ Bz.dB, =#[BeF]. Vseln T

In particular, we have f,€%[¢|F,] < €¢[f,¢|F,], P-a.s., proving the theorem. d

5. Main Results

In this section we prove the main results of this paper regarding the quadratic g-
martingales. To begin with, we give the following definition. Recall that 5[], 0 <
s <t < T denotes the g-evaluation.
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Definition 5.1. An X € Ly([0,T]) is called a “g-submartingale” (resp. g-
supermartingale) if for any 0 < s <t < T, it holds that

%f,t[xt] > (resp. <)X,, P-as.
X is called a g-martingale if it is both a g-submartingale and a g-supermartingale.

We should note here that, in the above the martingale is defined in terms of
quadratic g-evaluation, instead of quadratic g-expectation as we have usually seen.
This slight relaxation is merely for convenience in applications. It is clear, however,
that if g satisfies (2.2), then the quadratic g-martingale defined above should be the
same as the one defined via quadratic g-expectations, thanks to (2.3).

We shall extend three main results for g-expectation to the quadratic case: the
Doob-Meyer decomposition, the optional sampling theorem, and the upcrossing
theorem. Although the results look similar to the existing one in the g-expectation
literature, the proofs are more involved due to the special nature of the quadratic
BSDEs. We present these results separately.

We begin by proving a Doob-Meyer type decomposition theorem for g-
martingales.

Theorem 5.2 (Doob-Meyer Decomposition Theorem). Assume (H1)—(H4). Let Y be
any g-submartingale (resp. g-supermartingale) that has right-continuous paths. Then

there exist a cadlag increasing (decreasing) process A null at 0 and a process Z €
#E([0, T]; RY) such that

T T
x=n+/4mj;amyﬁh+¢—/'aﬂg 1[0, 7]
t t

Proof. We first assume that Y is a g-submartingale. Set M 2 (Y|l + k7)€" and
K= (M + 1), we let ¢ : R — [0, 1] be any C?(RR) function that equals to 1 inside
[e72KM, ¢kM] and vanishes outside (e 2K+ ¢2K(M+D) Tet us construct a new
generator: For any (1, w,y,z) € [0, 7] x Q x R x R?,

A 1 i
g(t,0,y,2) = d)(y)[ZKyg(” @ % 2%) - %}

One can deduce from (H2) that for dr x dP-a.s. (¢, w) € [0, T] x €,
2(t,y,2) <2(M +2)kKd(y)y, (y.z) € R x RY.

Since 2(M + 2)kK¢(y)y is Lipschitz continuous in y, we can construct (cf. [7]) a
decreasing sequence g, (¢, y, z) of generators uniformly Lipsichitz in (y, z) such that
P-as.

8.(t,y,2) \ &(t,y,2), V(t,y,z) €[0,T] x R x R’

A

Now fix 7 € [0, 7], for any ¢ € L™(%,) with |&[|, < ||[Y]., we define y, = €5,[¢],
s €[0,7]. It follows from [7, Corollary 2.2] that |y|l, < (|Y]lsx + kT)e" = M.
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Applying It6’s formula we see that y, L2k s e [0, £] together with a process 7 €
#3([0, t]; R?) is a solution of the following BSDE:

y, = X5 + /tg(r, ., Z,)dr — /[E,dB,, Vs € [0, 1].
Since g,, is Lipschitz, a standard comparison theorem implies that
AR =5 < €[], s€[0,1], P-as.
In particular, taking ¢ = Y, shows that

K < PKEN] < €n[e®™], se0,1], P-as.
Namely, ¥ = ¢*" is a right-continuous g, -submartingale in the sense of g"-
evaluation for any n € N. Applying the known g-submartingale decomposition
theorem for the Lipschitz case (see [9, Theorem 3.9]), we can find a cadlag increasing
process A" null at 0 and a process Z" € #2([0, T]; R¢) such that

~ ~ T ~ T
Y = YT+/ g, (s, Y, Z")ds — Al + A" —/ Z'dB,, tel0,1), (5.1)
t t

from which we see that ¥, whence Y is cadlag. Note that, in the representation
(5.1), the martingale parts must coincide for any m and n. In other words, one must
have Z™ = Z" as the elements in #Z([0, T]; R?). Thus, for any n € N, (5.1) can be
rewritten as

~ ~ T ~ o~ T
Y = YT+/ .(5, V., Z)ds — Al + A" —/ Z.dB,, tel0,1).
t t

Since g, \{ g, the Lebesgue Convergence Theorem implies that

T ~ ~ ~ ~
/ [6.(s. . Z,) — 8(s. ¥,, Z,)]ds — 0, P-as.
0

Consequently, it holds P-a.s. that

Ay K2V, =Y+ [ 86,V Z)ds— [ ZdB, Vie[oT).
0 0

It is easy to check that A is also a cadlag increasing process null at 0. Now let us
define a new C?(IR) function ¥ by ¥/(y) £ % y € R. Applying It6’s formula to

¥(Y,) from ¢ to T one has

r 1 ~ ~ ~ ~
Y, =Y, + —[8(s, Y., Z,)ds — dA, — Z dB,
¢ T o ZKYS_[g( ) ]
(VAL

AY.
F oy {AYS— Y }
2 )i+ 2KY2 se1] 2KY

S—
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Y—i—/T D 8.7 Z)ds — di¢ 2dB]+1/T Ay Y AY,
= o~ S, Iy, £5)ds — s s s Py ~ as — s
S A 2 2kv2

2 se(t,T]

T Z Tl o~ rZ
=Yr +/ g(s, Y, —= )ds — | —=dA; —/ —dB,— > AY,,
! 2KY; 1 2KY, 1 2KY, se(t.1]

where the second equality is due to the fact that AY, = AZS > 0 and A denotes the

continuous part of A. Clearly, A, = IN ﬁdZ;‘ + Y. AY, is a cadlag increasing
process null at 0, finally we get Y

T T
Y, =Y, +/ g(s, Y., Z,)ds — Ay + A, —/ Z,dB,, tel0,7].
t t

On the other hand, if Y is a g-supermartingale, then one can easily check that
—Y is correspondingly a g~ -submartingale with

g (t,m,y,2) = —g(t,», =y, —2), Y(t,w,v,2) €[0,T] x Q x R x RY. (5.2)

Clearly, g~ also satisfies (H1)-(H4), thus there exist a cadlag increasing process A
null at 0 and a process Z € #2([0, T]; R¢) such that

T T
Y, =Y, +/ ¢ (s, =Y., Z)ds — A; + A, —/ Z.dB,, tel0,T).
t t
We can rewrite this BSDE as:
T T
Y=Y+ [ g(s Y =Z)ds = (~Ap) + (~A) = [ (=Z)dB,, 1€[0,T]
t t
The proof is now complete. O

We now turn our attention to the optional sampling theorem. We begin by
presenting a lemma that will play an important role in the proof of the optional
sampling theorem.

Lemma 5.3. Let © € My be finite valued in a set 0 =1ty <t; <---<t,=T. If t; <
s <t <ty forsomeic{0,1,...,n—1}, then for any { € F,,,

E i€l = Vg S+ 1osy €5 [E], P-as. (5.3)

Proof. For any ¢ € 7,,., let (Y, Z) be the unique solution to the BSDE (3.2) with
7 =1t A 1. Then we have

T T
%f/\f,t/\‘[[é] = Yr/\r = é—i_ /A 1{u<tA‘r}g(u’ Yu’ Zu)du _/ 1{u<t/\1:}ZudBu
rAT rAT

! t
= é‘l'-/r 1{u<r}g(“7 YuAr? Zu)du —/; 1{L¢<T}ZudBu’ Yr e [0, [].
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For any r € [s, 7], since {t < t,} = {t > 1,,,}° € F,. C F,, one can deduce that

i

t
1{r<t raT T 1{T<1‘ §+/ 1 {r=<t;} 1{u<1 (u UNT? Zu)du - / l{rgt,}l{u<r}ZudBu
= T (5.4)

and that

t
1{I>t,+]}Yr/\r = r>t,+| é—i_/ 1 {t>1,11} u<f}g(u UNT? Zu)du _/}: l{rzti+|}l{u<r}zudBu

1
= l{TZtH,l}é +/; l{rzt,-ﬂ}g(M’ Yu/\f’ Zu)du _/r I{IEIH]}ZudBu‘ (55)

On the other hand, we let Y/ = %} ,[£], r € [0, #]. Then for any r € [s, t], by the
definition of quadratic g-evaluation, one has

t t
l{rfli}Yr/ = 1{.55[’_}5 +‘/; l{rfli}g(u, YI;, Z;)du — /; l{rfl,}Z;dBu' (56)

A

Adding (5.6) to (5.5) shows that ¥, =1,.., Y,

=t} Yrae T 1 T<,}Y and 2
1;.-,,Z, solve the following BSDE

T>ti+1}Zr +

V,=¢+ [ ewV.Z)du~ [ Z,aB, vrels]

Then it is not hard to check that Y. = | P Y +1; ,<T} [Y] r € [0, t] is the unique

solution of BSDE(z, &, g). Hence we can rewrite Y = %ﬁ (€], r € [0, t]. In particular,
it holds P-a.s. that

>

l{rzt#l}Ysm = l{rzt[+|}YY = l{rztm} s — l{tzt,H %iz[é] (5-7)
Letting r = s in (5.4) and then adding it to (5.7), the lemma follows. |

We are now ready to prove the optional sampling theorem.

Theorem 5.4. Assume (H1)-(H4). For any g-submartingale X (resp., g-
supermartingale, g-martingale) such that €ssSUp,cq SUpcjo. 11 |X (2, ®)| < oo, and for
any o, T € My with 6 < t, P-a.s. Assume either that ¢ and t are finitely valued or that
X is right-continuous, then
€8 [X.] = (resp. <, =)X,, P-as.

Proof. We shall consider only the g-submartingale case, as the other cases can
be deduced easily by standard argument. To begin with, we assume that 7 takes
values in a finite set 0 =¢, < ¢, < --- <1, = T. Note that if ¢ > ¢,, then it is clear
that &5, .[X.] = €% [X,] = X,, P-a.s. We can then argue inductively that for any
1 €[0,T],

%IgAI ’[[ ] 2 X[/\T’ P—a.s. (58)
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In fact, assume that for some i € {1, ..., n}, (5.8) holds for any ¢ > ¢,. Then for any
t € [t,_,, t;), the time-consistence and the monotonicity of quadratic g-evaluations as
well as (5.3) imply that
%fm r[ ] - gfm AT [%t AT, r[ ]] IA‘L’ (774 [XI,AT]

= l{rgt,,]}Xt,»Ar + l{th,}%t,ti[ t,/\r]

= l{rft,,l}Xt/\r + l{rzt,}%f,t,- [Xr[m]’ P-as.
Since {t>1}={r<1t_,}° €, the “zero-one law” of quadratic g-evaluations
shows that

l{rzr,»}%i”[xt,-m] - 1 {r=1} Jzz [l{thi}XtiAT] = l{rzri}%i1i[1{rzti}xr,]
== l{thi}%l~li[ ti] z l{thi}Xt - 1 X P-a.S.

{r=t;} X tnt>

Hence, (5.8) holds for any ¢ > ¢,_,, this completes the inductive step. If o is also
finitely valued, for example in the set 0 = 5, < s; < --- < 5,, = T, then it holds P-a.s.

%ﬁ,T[XT] = JA‘L' T Z 1{(7 S/ 7 AT, 7: ]

= Z l{o:sj}Xs//\r = XJAI = XU‘ (59)
j=0

For a general t € [, ;, we define two sequences {c,} and {z,} of finite valued
stopping times such that P-a.s.

6,0, 7,\ 7, and o¢,<r7t, VneN.

Fix n € N and let (Y", Z") be the unique solution to the BSDE (3.2) with ¢{ = X
and 7 = 7,. We know from (5.9) that P-a.s.

v =% (X, ]1>X Ym > n.

OmsTn n O

In light of the right-continuity of X and Y”, letting m — oo gives that
Y!>X,, P-as.

Now let (Y,Z) be the unique solution to the BSDE (3.2) with &= X,. It is
easy to see that for dt x dP-ass. (t,w) € [0, T] x Q, 1;,_. ,8(t, ®,y, z) converges to
1;,.48(#, », y, z) uniformly in (y, z) € R x R¢. Theorem 3. 5 then implies that P-a.s.
Y" converges to Y, uniformly in ¢ € [0, T]. Thus, we have

e [X]=Y,=1lmY'>X, P-as.,

proving the theorem. O

Finally, we study the so-called upcrossing inequality for quadratic g-
submartingales, which would be essential for the study of path regularity of g-
submartingales.
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Theorem 5.5. Given a g-submartingale X, we set J = = (IX|loo + &T) e and denote
X =X, +k(J+ D)t, t € [0, T]. As usual, for any finite set B ={0 <1, <t; <--- <
t, < T}, we let U"(X D) denote the number of upcrossings of the interval [a, b] by X
over %. Then there is a BMO process | (J(t)}te[oytn] such that

X " Lo Xl +k(J + DT + |a
E| Ut Dyexp ( [ pu(s)aB =5 [ 1B, (s)Pds o XN+ k(U + DT +|al
0 2Jo b—a

and that Efot |B,(5)|?ds < C, a constant independent of the choice of &

Proof. For any j € {1, ..., n} we consider the following BSDE:
. ' U
Y/ =X, +/ g(s, Y/, Z))ds —f ZidB,, Vtelt_,t)]
t t
Applying Corollary 2.2 of [7] one has
1Y/ Nl < (11X, ll + k(t; = 1,2)) 000 < . (5.10)

Now let us define a d-dimensional process f,(1) = (B!, ..., p%), t € [0, 1,] by
n 1

A 0g S .
ﬁf:Zl,g(,/il’,j]/o YL@z 0 0) i Te (L. d).

j=1 !
It is easy to see from Mean Value Theorem that for any ¢ € (¢,_;, t;],

g(t, Y/, Z)) — g(t, Y/, 0)

Z { (.Y, (Z', ...,z 0,...,0) —g(t, Y/, (ZI', ..., Z}'7",0, ...,0))}

Z Z1' By = (2], B (1)) (5.11)

Moreover, (H3) implies that
Bl = €D DXV (L +1ZID), 1€0,1,], Le{l,---,d}. (5.12)
j=1

We see from (2.7) that each Z/ is a BMO process, thus so is 8. In fact, for any
t € Ay, , one can deduce from (5.12) that

1, '
el ["poras| ] < c, +czE[ [\ zpas)]
(Tvij )AL

T

S CT+ CZ {1{T<tj N [/ |Zj| ds| TAL; 1}

j=1 -

1
12
+ l{tj]<r§t/-}E|:/ |Z§| ds | g(rvtjl)/\t/jl}
’ (VAL



12: 05 7 January 2011

Downl oaded By: [Yao, Song] At:

732 Ma and Yao

n ' .
ey i, 8] Zpals, 1|5,
j=1 Jj=1

t
+ l{t/-,l <t<t;} "Zi “%}MOZ }

< CT + C Y1 Z N 5mo,» (5.13)

j=1
where C 2 2d¢(J)*. Thus, {%(ﬁm . B)t}te[Ot] is a uniformly integrable martingale.
By Girsanov’s theorem we can find an equivalent probability Q7 such that

dQ”/dP = €(B, B)t . Then (5.11) and (H2) show that for any j € {1, ..., n} and
any t € [t;_, t;], ’

v j i TR
Y =X, + [ [8(s ¥, 0) + (2] B (9)]ds — [ ZlaB,
! t
g ; oo
=X, + [ g0 v, 00ds - [ Zan
! t
t
<X, +k(J+ 1)t —1) - / ' 7idB?,
t

where B? denotes the Brownian Motion under Q7. Taking the conditional
expectation E,u[-|7,] on both sides of the above inequality one can obtain that

&, 1X, 1= Y/ < Eg[X |F]+k(J+1)(1; — 1), P-as. Vie[t 1]
In particularly, taking 7 = ¢, | we have

X, = %;;flq,/[X,j] < Ep[X |gr_,-,1] +k(J+ D(t; —t;-,), P-as.

1

Hence, {)?,/_}}?:0 is a Q”-submartingale. Applying the classical upcrossing theorem
one has

Eg[(X, = a)] _ IXllo+ k(U + DT +]al

e b Y )
Ey[U(X, D)) < - < A

Furthermore, we denote C >0 to be a generic constant depending only on
d,T,J, k, || X|., and is allowed to vary from line to line. Letting © = 0 in (5.13) one
can deduce that

=

I n ] .
E[ 1B 9)Pds = C+CYE [ |ZiPds
0 ; t
Jj=1 !
<C+C> {e“’N“E[e‘”?Y@ - e4'~”’5—1] + e (1, — tj_l)}
j=1

< C+ CY E[eF% — %] = ¢ + CE[¢% — 7] < C,
=1



12: 05 7 January 2011

Song] At:

[ Yao,

Downl oaded By:

Quadratic g-Expectations 733

where we applied (2.6) and (5.10) with K = VKU +1)v £(J) to derive the second
inequality and the third inequality is due to the fact that ¥} = Céfjflytj[)(,f] =D
The proof is now complete.

With the above upcrossing inequality, we can discuss the continuity of the
quadratic g-sub(super)martingales.

Corollary 5.6. If X is a g-submartingale (resp. g-supermartingale), then for any
denumerable dense subset & of [0, T, it holds P-a.s. that

lim X, exists for any t € (0, T] and lim X, exists for any t € [0, T).
r/'t,re% rNt,re%

Proof. 1If X is a g-supermartingale, then —X is correspondingly a g~ -submartingale
with g~ defined in (5.2). Hence, it suffices to assume that X is a g-submartingale.
Let {Z,},cx be an increasing sequence of finite subsets of & such that |J, %, = <.
For any two real numbers a < b, Theorem 5.5 and Jensen’s Inequality imply that:

Xl +&k(J + DT + |a]
b—a

= e[ u@ e | [ paoas - 5 [ 0P

C21+

— [0+ v@aen| [ poas -5 [ o]

= exp || n 1+ /K 9)) + [ pu9an, 5 [ 0P|

from which one can deduce that
b = 1 2 /
E[In (14 U;(X,9,))] = InC+ 5 + IBalliz o, 1m0 = €

where C’ is a constant independent of the choice of %. Since U® X, 2,) /U b ()~( . D)
as 2, /%, Monotone Convergence Theorem implies that In (14 U’ ()N( . D))
is integrable, tllus Uab ()Nf s 923) < 00, P-a.s. Then a classical argument yields the
conclusion for X, thus for X. The proof is now complete. d

References

1. Barrieu, P., and El Karoui, N. 2004. Optimal Derivatives Design Under Dynamic Risk
Measures, Contemporary Mathematics. Vol. 351. Amer. Math. Soc., Providence, RI.

2. Briand, P., Coquet, F., Hu, Y., Mémin, J., and Peng, S. 2000. A converse comparison
theorem for BSDEs and related properties of g-expectation. Electron. Comm. Probab.
5:101-117. (electronic)

3. Coquet, F., Hu, Y., Mémin, J., and Peng, S. 2002. Filtration-consistent nonlinear
expectations and related g-expectations. Probab. Theory Related Fields 123(1):1-27.

4. Hu, Y., Imkeller, P., and Miiller, M. 2005. Utility maximization in incomplete markets.
Ann. Appl. Probab. 15(3):1691-1712.

5. Hu, Y., Ma, J.,, Peng, S., and Yao, S. 2008. Representation theorems for quadratic
Fconsistent nonlinear expectations. Stochastic Process. Appl. 118(9): 1518-1551.



12: 05 7 January 2011

Song] At:

[ Yao,

Downl oaded By:

734

10.

11.

Ma and Yao

Kazamaki, N. 1994. Continuous Exponential Martingales and BMO, Lecture Notes in
Mathematics, Vol. 1579. Springer-Verlag, Berlin.

Kobylanski, M. 2000. Backward stochastic differential equations and partial differential
equations with quadratic growth. Ann. Probab. 28(2):558-602.

Peng, S. 1997. Backward SDE and Related g-Expectation, Pitman Res. Notes Math. Ser.,
Vol. 364. Longman, Harlow.

Peng, S. 2004. Nonlinear Expectations, Nonlinear Evaluations and Risk Measures, Lecture
Notes in Math., Vol. 1856 Springer, Berlin.

Protter, P. 1990. Stochastic Integration and Differential Equations, Applications of
Mathematics (New York), Vol. 21. Springer-Verlag, Berlin.

Tyrrell Rockafellar, R. 1970. Convex Analysis. Princeton Mathematical Series, No. 28.
Princeton University Press, Princeton, NJ.



