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Research Topic

Fluid Structure Interaction problems

Increased demand in biomedical applications
Developing numerical methods for FSI problems is difficult for:

Thick structures
Similar densities between solid and fluid

Need a numerical scheme with
efficiency
quickness
accuracy

Analyze to find
pressure
velocities
displacement
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Why is Studying FSI Problems Important?

Applications

abdominal aortic aneurysms
blood clots and their role in aneurysms
aortic dissection
self-propulsion organisms
fluid-cell interactions
best stent to use in biomedical applications
engineering end uses (e.g. aeroelasticity and propeller turbines)
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Mathematical Model

Fluid – viscous and incompressible

∇ · v = 0
ρF (∂tv |Ω̂F

+ (v −w) · ∇v) = ∇ · σF (v , p),
where σF = 2µFD(v)− pI

Structure – linearly elastic, thick

∂tη = ξ
ρS∂tξ = ∇ · σS(η),
where σS = 2µSD(η) + λS(∇ · η)I

Interface: kinematic and dynamic coupling

v(X + η(X , t)) = ξ(X , t)
J(σFnF ) ◦ A+ σSnS = 0
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Main Challenges

Two ways coupled problem and a moving domain

Non-linearities

Fluid equation
Coupling conditions

Scheme: monolithic or partitioned?
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Choosing an Approach

Monolithic approach
Problem remains strongly coupled
Pro: More stability and accuracy
Con: Large ill-conditioned algebraic systems; more
computationally expensive

Partitioned scheme
Fluid and structure are weakly coupled
Pro: less computationally expensive
Con: not as accurate; stability issues arise
Similar densities affected by added mass effect
Thick structure may no longer be treated as a part of the fluid
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Classical FSI Partitioned Methods

Dirichlet-Neumann loosely coupled partitioned schemes

sub-problems for fluid and structure
kinematic condition enforced in fluid (Dirichlet)
fluid normal stress imposed in structure problem (Neumann)

=⇒ Unconditionally unstable in cases with similar densities

Dirichlet Neumann with sub-iterations between fluid and
structure sub-solvers
=⇒ Computationally expensive and convergence issues

Approaches with thin structures

Structure only exists on interface so it can be combined with
the fluid problem in different ways as Robin boundary condition
See work of Fernandez, Burman, Lukacova, Banks, Canic,
Trenchea, Bukač
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Handling Coupling Conditions

Kinematic Coupling Condition (on Γ̂× (0,T )):

v(X + η(X , t)) = ξ(X , t)

Dynamic Coupling Condition (on Γ̂× (0,T )):

J(σFnF ) ◦ A+ σSnS = 0

=⇒ αv ◦ A+ J(σFnF ) ◦ A = αξ − σSnS ,
where α ≥ 0 is a combination parameter

Resulting linear combination (Robin BCs on Γ̂):
Structure:
αξn+1 − σS(ηn+1)nS

= αvn ◦ A(tn) + Jn(σF (vn, pn)nn
F ) ◦ A(tn)

Fluid:
αvn+1 ◦ A(tn+1) + Jn+1(σF (vn+1, pn+1)nn+1

F ) ◦ A(tn+1)
= αξn+1 + Jn(σF (vn, pn)nn

F ) ◦ A(tn)
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Numerical Scheme

Structure sub-problem (in Ω̂S , BC on Γ̂):
ρS
∫

Ω̂S
dtξ

n+1·ζdx+aS(ηn+1, ζ)+α
∫

Γ̂(ξn+1−vn◦A(tn))·ζdx
= −

∫
Γ̂ J

n(σF (vn, pn)nn
F ) ◦ A(tn) · ζdx

Fluid sub-problem (in ΩF , BC on Γ̂)

ρF
∫

ΩF (tn)
v̄n+1−vn

∆t · φ̄dx
+ρF

∫
ΩF (tn+ 1

2 )
((v̆n − ŵn+1) · ∇)v̂n+1 · φ̂dx

+an+1
F (vn+1,φ)− bn+1

F (pn+1,φ) + bn+1
F (ψ, vn+1)

+α
∫

Γ(tn+1)(vn+1 − ξn+1 ◦ A−1(tn+1)) · (φ)dx
=
∫

Γ(tn+1)
Jn

Jn+1 (σF (ṽn, p̃n)ñn
F ) · φdx

+
∫

Γin
F ∪Γout

F
σF (vn+1, pn+1)nn+1 · φdx

Geometry sub-problem

−∆ηn+1
F = 0 in Ω̂F

ηn+1
F = 0 on Γ̂in

F ∪ Γ̂out
F

ηn+1
F = ηn+1 on Γ̂

Anyastassia Seboldt
A non-iterative domain decomposition method for the interaction between a fluid and a thick structure



Stability Analysis

Add together:

Weak form of structure sub-problem, with ζ = ∆tξn+1

ρS
∫

Ω̂S
dtξ

n+1 ·∆tξn+1dx + aS(ηn+1,∆tξn+1) + α
∫

Γ̂(ξn+1 −
vn ◦ A(tn)) ·∆tξn+1dx
= −

∫
Γ̂ J

n(σF (vn, pn)nn
F ) ◦ A(tn) ·∆tξn+1dx

Weak form of fluid sub-problem, using robin BCs defined on Γ̂
and φ = ∆tvn+1

ρF
∫

ΩF (tn)
v̄n+1−vn

∆t ·∆tv̄n+1dx
+ρF

∫
ΩF (tn+ 1

2 )
((v̆n − ŵn+1) · ∇)v̂n+1 ·∆tv̂n+1dx

+an+1
F (vn+1,∆tvn+1)− bn+1

F (pn+1,∆tvn+1) + bn+1
F (ψ, vn+1)

+α
∫

Γ̂(vn+1 ◦ A(tn+1)− ξn+1) · (∆tvn+1 ◦ A(tn+1))dx
=
∫

Γ̂ J
n(σF (vn, pn)nn

F ) ◦ A(tn) · (∆tvn+1 ◦ A(tn+1))dx
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Stability Analysis

Add together:

Weak form of structure sub-problem, with ζ = ∆tξn+1

ρS
∫

Ω̂S
dtξ

n+1 ·∆tξn+1dx + aS(ηn+1,∆tξn+1) + α
∫

Γ̂(ξn+1 −
vn ◦ A(tn)) ·∆tξn+1dx
= −

∫
Γ̂ J

n(σF (vn, pn)nn
F ) ◦ A(tn) ·∆tξn+1dx

Weak form of fluid sub-problem, using robin BCs defined on Γ̂
and φ = ∆tvn+1

ρF

∫
ΩF (tn)

v̄n+1 − vn

∆t
·∆tv̄n+1dx

+ρF
∫

ΩF (tn+ 1
2 )

((v̆n − ŵn+1) · ∇)v̂n+1 ·∆tv̂n+1dx

+an+1
F (vn+1,∆tvn+1)− bn+1

F (pn+1,∆tvn+1) + bn+1
F (ψ, vn+1)

+α
∫

Γ̂(vn+1 ◦ A(tn+1)− ξn+1) · (∆tvn+1 ◦ A(tn+1))dx
=
∫

Γ̂ J
n(σF (vn, pn)nn

F ) ◦ A(tn) · (∆tvn+1 ◦ A(tn+1))dx
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Stability Analysis continued...

ρF
∫

ΩF (tn)
v̄n+1−vn

∆t · v̄n+1dx

= ρF
∫

Ω̂F
Jn vn+1◦An+1−vn◦A

∆t · (vn+1 ◦ An+1)dx
=
ρF

2∆t

[
‖vn+1

h ‖2
L2(ΩF (tn+1)) − ‖v

n
h‖2

L2(ΩF (tn)) + ‖v̄n+1
h − vn

h‖2
L2(ΩF (tn))

]
−ρF

2

∫
Ω̂

Jn+1−Jn
∆t |vn+1

h ◦ An+1|2dx

by using the identity∫
Ω̂F

Jn
vn+1
h ◦An+1−vn

h◦A
n

∆t ·
(
vn+1
h ◦ An+1

)
dx

=
1
2

∫
Ω̂F

Jn+1|vn+1
h ◦An+1|2−Jn|vn

h◦A
n|2

∆t dx− 1
2

∫
Ω̂F

Jn+1−Jn
∆t |vn+1

h ◦An+1|2dx
+ 1

2∆t

∫
Ω̂F

Jn|vn+1
h ◦ An+1 − vn

h ◦ An|2dx
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Stability Analysis continued...

ρF
∫

ΩF (tn)
v̄n+1−vn

∆t · v̄n+1dx

= ρF
∫

Ω̂F
Jn vn+1◦An+1−vn◦A

∆t · (vn+1 ◦ An+1)dx
=
ρF

2∆t

[
‖vn+1

h ‖2
L2(ΩF (tn+1)) − ‖v

n
h‖2

L2(ΩF (tn)) + ‖v̄n+1
h − vn

h‖2
L2(ΩF (tn))

]
−ρF

2

∫
Ω̂

Jn+1 − Jn

∆t
|vn+1

h ◦ An+1|2dx

by using the identity∫
Ω̂F

Jn
vn+1
h ◦An+1−vn

h◦A
n

∆t ·
(
vn+1
h ◦ An+1

)
dx

=
1
2

∫
Ω̂F

Jn+1|vn+1
h ◦An+1|2−Jn|vn

h◦A
n|2

∆t dx− 1
2

∫
Ω̂F

Jn+1−Jn
∆t |vn+1

h ◦An+1|2dx
+ 1

2∆t

∫
Ω̂F

Jn|vn+1
h ◦ An+1 − vn

h ◦ An|2dx
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Stability Analysis continued...

Using the Euler expansion formula, which is related to the
Geometric Conservation Law:∫

ΩF (tn+1) dx −
∫

ΩF (tn) dx =
∫ tn+1

tn

(∫
Ω(t)∇ ·wdx

)
dt

and since the domain velocity, wn+1, is piecewise constant in time,
we yield:

Jn+1 − Jn

∆t
= Jn+ 1

2∇ ·wn+1
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Stability Analysis continued...

Add together:

Weak form of structure sub-problem, with ζ = ∆tξn+1

ρS
∫

Ω̂S
dtξ

n+1 ·∆tξn+1dx + aS(ηn+1,∆tξn+1) + α
∫

Γ̂(ξn+1 −
vn ◦ A(tn)) ·∆tξn+1dx
= −

∫
Γ̂ J

n(σF (vn, pn)nn
F ) ◦ A(tn) ·∆tξn+1dx

Weak form of fluid sub-problem, using robin BCs defined on Γ̂
and φ = ∆tvn+1

ρF
∫

ΩF (tn)
v̄n+1−vn

∆t ·∆tv̄n+1dx

+ ρF

∫
ΩF (tn+ 1

2 )
((v̆n − ŵn+1) · ∇)v̂n+1 ·∆tv̂n+1dx

+an+1
F (vn+1,∆tvn+1)− bn+1

F (pn+1,∆tvn+1) + bn+1
F (ψ, vn+1)

+α
∫

Γ̂(vn+1 ◦ A(tn+1)− ξn+1) · (∆tvn+1 ◦ A(tn+1))dx
=
∫

Γ̂ J
n(σF (vn, pn)nn

F ) ◦ A(tn) · (∆tvn+1 ◦ A(tn+1))dx
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Stability Analysis continued...

ρF∆t
∫

ΩF (tn+ 1
2 )

(
(v̆n − ŵn+1) · ∇

)
|v̂n+1|2dx

= ρF ∆t
2

∫
ΩF (tn+ 1

2 )
∇ · ŵn+1|v̂n+1|2dx
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Stability Analysis continued...

Add together:

Weak form of structure sub-problem, with ζ = ∆tξn+1

ρS
∫

Ω̂S
dtξ

n+1 ·∆tξn+1dx + aS(ηn+1,∆tξn+1) + α
∫

Γ̂(ξn+1 −
vn ◦ A(tn)) ·∆tξn+1dx

= −
∫

Γ̂
Jn(σF (vn, pn)nn

F ) ◦ A(tn) ·∆tξn+1dx

Weak form of fluid sub-problem, using robin BCs defined on Γ̂
and φ = ∆tvn+1

ρF
∫

ΩF (tn)
v̄n+1−vn

∆t ·∆tv̄n+1dx
+ρF

∫
ΩF (tn+ 1

2 )
((v̆n − ŵn+1) · ∇)v̂n+1 ·∆tv̂n+1dx

+an+1
F (vn+1,∆tvn+1)− bn+1

F (pn+1,∆tvn+1) + bn+1
F (ψ, vn+1)

+α
∫

Γ̂(vn+1 ◦ A(tn+1)− ξn+1) · (∆tvn+1 ◦ A(tn+1))dx

=

∫
Γ̂
Jn(σF (vn, pn)nn

F ) ◦ A(tn) · (∆tvn+1 ◦ A(tn+1))dx
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Stability Analysis continued...

∆t
∫

Γ̂ J
n (σF (vn, pn)nn

F ) ◦ A(tn) · (vn+1 ◦ A(tn+1)− ξn+1)dx
= ∆t

α

∫
Γ̂ J

n (σF (vn, pn)nn
F ) ◦ A(tn) ·(

Jn
(
σF (vn, pn)nn

F − Jn+1
(
σF (vn+1, pn+1)nn+1

F

)
◦ A(tn+1)

)
◦ A(tn)

)
= ∆t

2α

(
‖Jn (σF (vn, pn)nn

F ) ◦ A(tn)‖2
L2(Γ̂)

)
−∆t

2α

(
‖Jn+1

(
σF (vn+1, pn+1)nn+1

F

)
◦ A(tn+1)‖2

L2(Γ̂)

)
+ ∆t

2α ‖J
n (σF (vn, pn)nn

F ) ◦ A(tn)− Jn+1
(
σF (vn+1, pn+1)nn+1

F

)
◦

A(tn+1)‖2
L2(Γ̂)

=
∆t
2α

(
‖σF (vn, pn)nn

F‖2
L2(Γ(tn)) − ‖σF (vn+1, pn+1)nn+1

F ‖2
L2(Γ(tn+1))

)
+α∆t

2 ‖v
n+1 ◦ A(tn+1)− ξn+1‖2

L2(Γ̂)

Anyastassia Seboldt
A non-iterative domain decomposition method for the interaction between a fluid and a thick structure



Stability Analysis continued...

Plug modified terms into our original equation

Bound the terms with boundary conditions

Sum each term from n = 0 to N − 1
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Unconditional Stability

Kinetic Energy of Fluid + Kinetic and Elastic energy of Solid:

En = ρF
2 ‖v

n‖2
L2(ΩF (tn)) + ρS

2 ‖ξ
n‖2

L2(Ω̂S )
+ 1

2 ‖η
n‖2

S

Fluid viscous dissipation:

Dn = µF∆t
n∑

k=1

∥∥D(vk)
∥∥2

L2(ΩF (tk ))

Numerical dissipation:

N n
1 = α∆t

2 ‖v
n‖2

L2(Γ̂)
+ ∆t

2αF
‖σF (vn, pn)nF‖2

L2(Γ(tn))

N n
2 = ρS

2

n−1∑
k=0

∥∥ξk+1 − ξk
∥∥2

L2(Ω̂S )
+ 1

2

n−1∑
k=0

∥∥ηk+1 − ηk
∥∥2

S

+ρF
2

n−1∑
k=0

∥∥v̄k+1 − vk
∥∥2

L2(Ω̂S )
+ α∆t

2

n−1∑
k=0

∥∥ξk+1 − vk
∥∥2

L2(Γ̂)

Theorem:
EN +DN +NN

1 +NN
2 ≤

E0 +N 0
1 +

∆tC2
PC

2
K

2µF
‖pin‖2

L2(Γin
F ) +

∆tC2
PC

2
K

2µF
‖pout‖2

L2(Γin
F )
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Convergence

Assume a fixed mesh on a time-dependent Stokes problem

Given Lagrangian Finite Elements, with the following polynomial
order:

velocity, order k

displacement, order k

pressure, order s, where s < k .

If ∆t < ρF
αCTI

h, then
ρF
2

∥∥uN − uN
∥∥2

L2(ΩF )
+ ρS

2

∥∥ξN − ξN
∥∥2

L2(ΩS )
+ 1

2

∥∥ηN − ηN
∥∥2

S
+

α∆t
2

∥∥uN − uN
∥∥2

L2(Γ)
+ µF∆t

N−1∑
n=0
‖D(un − un)‖2

L2(ΩF )

≤ C0(h2k+2 + h2s+2 + h2k + ∆t2 + ∆t + ∆t2h2k+2 +
∆t2h2s+2 + ∆t2h2k + ∆th2s+2 + ∆th2k)
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Numerical Example 1 - Fixed Mesh

Find numerical convergence rate, test different α values,
check how well interface conditions are satisfied

ρF∂tv = ∇ · σF + fF (fluid)
∇ · v = s
ρS∂ttη = ∇ · σS + fS (solid)

With the following displacement, velocity, and pressure values:[
ηx
ηy

]
=

[
10−3(2x)(1− x)(y)(1− y) exp (t)
10−3(x)(1− x)(y)(1− y) exp (t)

]
[
vx
vy

]
=

[
10−3(2x)(1− x)(y)(1− y) exp (t)
10−3(x)(1− x)(y)(1− y) exp (t)

]
p = −λS exp (t)10−3[2(1− 2x)y(1− y) + x(1− x)(1− 2y)]

With ΩF : [0, 1]× [0, 1
2 ] and ΩS : [0, 1]× [ 1

2 , 1]
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Velocity: Convergence with Varying α

1 1.5 2 2.5 3 3.5 4 4.5 5

step size (dt) 10
-3

10
-4

10
-3

10
-2

10
-1

10
0

10
1

e
rr

o
r

u Errors

error alpha1

error alpha50

error alpha100

error alpha250

error alpha500

rate 0.5

rate 1

1 1.5 2 2.5 3 3.5 4 4.5 5

step size (dt) 10
-3

10
-4

10
-3

10
-2

10
-1

10
0

10
1

10
2

e
rr

o
r

Xi Errors

error alpha1

error alpha50

error alpha100

error alpha250

error alpha500

rate 0.5

rate 1
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Displacement: Convergence with Varying α

1 1.5 2 2.5 3 3.5 4 4.5 5

step size (dt) 10
-3

10
-1

10
0

e
rr

o
r

Eta Errors

error alpha1

error alpha50

error alpha100

error alpha250

error alpha500

rate 0.5

rate 1
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Coupling Conditions Convergence with Varying α

1 1.5 2 2.5 3 3.5 4 4.5 5

step size (dt) 10
-3

10
-8

10
-7

10
-6

10
-5

10
-4

10
-3

10
-2

10
-1

e
rr

o
r

Kinematic Errors

error alpha1

error alpha50

error alpha100

error alpha250

error alpha500

rate 0.5

rate 1

1 1.5 2 2.5 3 3.5 4 4.5 5

step size (dt) 10
-3

10
-4

10
-3

e
rr

o
r

Dynamic Errors

error alpha1

error alpha50

error alpha100

error alpha250

error alpha500

rate 0.5

rate 1
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Numerical Example 2: Moving Domain, Physiologically
Realistic

Monolithic compared to Partitioned Scheme

FSI benchmark problem with

physiologically realistic parameters
moving domain

We solve the full Navier Stokes equation on a moving domain

Ω(tn+1) = Ω̂ + η

ρF (δtv |Ω̂ + (v −w) · ∇v) = ∇ · σF (fluid)
∇ · v = 0 (incompressibility)
ρSδttη + γη = ∇ · σS (solid)

With ΩF : [0, 6]× [0, 0.5] and ΩS : [0, 6]× [0.5, 0.6]

Boundary condition imposed at the inlet of the domain:
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Pressure Pulse Comparison
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Displacement Comparison
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Flowrate Comparison
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Work in Progress

Increase accuracy of scheme

Modify coupling conditions

Increase accuracy of computing for solid

Test different numerical discretizations in numerical
simulations on solid problem
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Numerical Example 3: Thick Structure

Method of manufactured solutions

Exact solutions for comparison:

η = sin(πt)

[
−3x + cos(y)

y + 1

]
where ΩS = [0, 1]× [−1, 0],
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Structure Time Discretizations: Crank-Nicolson

Recall the solid problems:
∂tη = ξ
ρS∂tξ = ∇ · σS(η),

Crank-Nicolson approximates η(tn+ 1
2 ) using:

ηn+1−ηn

∆t = ξn+1+ξn

2

ρSδttη = ∇ · σS(η) + f
=⇒ ρS

ξn+1−ξn
∆t = ∇ · σS(η

n+1+ηn

2 ) + f (tn+ 1
2 )

=⇒ ρS
ξn+1−ξn

∆t = ∇ · σS( ∆t
4 (ξn+1 + ξn) + ηn) + f (tn+ 1

2 )

Solve for ξn+1, updating ηn+1
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CN: Solid Displacement and Velocity Results
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Structure Time Discretizations: BE w Time Filter

Same as BE: ηn+1−ηn

∆t = ξn+1 =⇒ ηn+1 = ∆tξn+1 + ηn

Solve for ξ, update η using BE and then update the values
using the filters below:

Filters:
ξn+1 = ξn+1 − γ(ξn+1 − 2ξn + ξn−1)
ηn+1 = ηn+1 − γ(ηn+1 − 2ηn + ηn−1)
where γ = 1

3 yields a second-order approximation

Credit: Dr. William Layton
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BE: Solid Displacement and Velocity Results
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Other Future Work

Extension of the coupling conditions for optimal accuracy

Hyperelastic structures

Movement of mesh when deformations are large

Other numerical approaches for FSI problems (phase field
approach)
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THANK YOU!

Any Questions?
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