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Research Topic

Fluid Structure Interaction problems

@ Increased demand in biomedical applications
@ Developing numerical methods for FSI problems is difficult for:
e Thick structures
o Similar densities between solid and fluid
@ Need a numerical scheme with
o efficiency
e quickness
e accuracy
@ Analyze to find
@ pressure
e velocities
o displacement
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Why is Studying FSI Problems Important?

@ Applications

abdominal aortic aneurysms

blood clots and their role in aneurysms

aortic dissection

self-propulsion organisms

fluid-cell interactions

best stent to use in biomedical applications

engineering end uses (e.g. aeroelasticity and propeller turbines)
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Mathematical Model

Ipa (3]

@ Fluid — viscous and incompressible
o V.-v=0
o pr(Ovlg, + (v —w)-Vv)=V-0or(v,p),
where o = 2urD(v) — pl
@ Structure — linearly elastic, thick
o Om=¢
o psd€ =V -os(n),
where o5 = 2usD(n) + As(V - 1)l
@ Interface: kinematic and dynamic coupling
o V(X +mn(X,t))=E&(X,1)
° J(a,cn,c) oA+ osns =0
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Main Challenges

@ Two ways coupled problem and a moving domain
@ Non-linearities

o Fluid equation
e Coupling conditions

@ Scheme: monolithic or partitioned?
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Choosing an Approach

@ Monolithic approach
e Problem remains strongly coupled
e Pro: More stability and accuracy
o Con: Large ill-conditioned algebraic systems; more
computationally expensive

{ Solid }
[ Fluid J
o Partitioned scheme
e Fluid and structure are weakly coupled
Pro: less computationally expensive
Con: not as accurate; stability issues arise
Similar densities affected by added mass effect
Thick structure may no longer be treated as a part of the fluid

o THE Do IR
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Classical FSI Partitioned Methods

@ Dirichlet-Neumann loosely coupled partitioned schemes

@ sub-problems for fluid and structure
e kinematic condition enforced in fluid (Dirichlet)
o fluid normal stress imposed in structure problem (Neumann)

—> Unconditionally unstable in cases with similar densities

@ Dirichlet Neumann with sub-iterations between fluid and
structure sub-solvers
—> Computationally expensive and convergence issues
@ Approaches with thin structures

e Structure only exists on interface so it can be combined with
the fluid problem in different ways as Robin boundary condition

o See work of Fernandez, Burman, Lukacova, Banks, Canic,
Trenchea, Buka¢
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Handling Coupling Conditions

e Kinematic Coupling Condition (on [ x (0, T)):
V(X + n(Xa t)) = £(x7 t)
e Dynamic Coupling Condition (on [ x (0, T)):
J(o-,:n,:) oA+osns =0
= avo A+ J(opng)o A= a€ — osns,
where o > 0 is a combination parameter
e Resulting linear combination (Robin BCs on [):
Structure:
C¥£n+1 _ O.S(nnJrl)nS
— v 0 A(E") + I (o (v, pT)nR) o A(e")
Fluid:
av™lo A(thrl) + Jn+1(a.,__(vn+1’ pn+1)n1’7__+1) o A(thrl)
= af™ + (o (v", p")nE) o A(t")
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Numerical Scheme

e Structure sub-problem (in Qs, BC on ):
ps Ja, dE”“ CdX+as( " Q)+ Jp(€7 —vmoA(t"))-Cdx

= _fr v, p")ng) o A(t") - Cdx
@ Fluid sub- problem (in QF, BCon 1)
"+17V
pF fQF tn ¢dx

o o (97— &70) )05 G
1 1 1
_|_an+ ( n+1’¢) bn+ ( n+17¢) 4 b,’1—+ (w’ Vn+1)
0 e (V7 — €70 AT (EH0)) - () dx
= fr(t"+1) %(UF(r’nv /5”)’:"/1') - pdx
+1 1 1
+ Jrpuree @R (v pTR™L - Gdx
@ Geometry sub-problem
o —Antt=0in QF
o it =0on finufou
o ntt =n"ttonf
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Stability Analysis

Add together:

e Weak form of structure sub-problem, with ¢ = At&"1
0s fﬁs thnJrl X At£”+1dx 4 35(77"+1, AtEnJrl) i aff(énJrl o
v’o A(t”)) At€”+1dx
=—[zJ" v, p")nt) o A(t") - At&"ldx

o Weak form of ﬂmd sub-problem, using robin BCs defined on r
and ¢ = Atvl"Jrl

n+

PF fQF(tn YR AtvTdx
+PF f (tn+§) (|7" o vAVnJrl) . v)onJrl . AtlA/nJrldX
_|_ar’z_+1( n+1 Atanrl) _ blr_1+1(pn+1 Atvﬂ+1) blr_ﬁ-l(w’ Vn+1)
+a [p(vTo A(t™) — L) L (Atv™ o A(t"))dx
= [t J"(or(v", p")n}E) 0 A(t") - (Atv™ o A(t™1))dx
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Stability Analysis

Add together:
o Weak form of structure sub-problem, with ¢ = Atg&"+1
ps fﬁs dt£n+1 . Até”“dx + 35(17”+1,At£n+1) + aff_(sn—i—l o
vTo A(t")) - AtE"dx
= — [z J"(op(v", p")n}) o A(t") - AtE " dx
o Weak form of fluid sub-problem, using robin BCs defined on [
and ¢ = Atv"*!

Vn—l—l —yn
p/:/ . Atv"tldx
Qp(t") At

08 [y o (77— &) V)57 Ao dx

+32+1(Vn+1, Atv”“) _ b,'3—+1(p”+1, Atv”“) 4 blrz_—&-l(w’ Vn+1)
+a fﬁ(vn+1 o A(tn—H) _ £n+1) . (Atv”“ o A(t"+1))dx
— [ (o (v, p")n) 0 A(E) - (Atv™H o A(£H))dx
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Stability Analysis continued...

gn+1_vn - 1
PF fQF(t" At . n+ dx

ntl, gn+l_
= pr Jgg JTEERAGEYA (v 0 AT ) dx

» 1 1
£*Mv+ugmmﬂ — IV 2qperyy 170 = VEI22(p ey

kfﬁ#"zﬂowmﬁw
by using the identity

n+1 n+1__

Jo A (i o )
1 J”Jrl‘v"+loA"+1|2—J"|V”OA”|2 Jntl_ J” +1 112
iffzp : At ’ 2fQ A vy o AT Fdx

+34¢ fQ S it o AT —vjo An\zdx
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Stability Analysis continued...

vty ontl
PF fQF(t”) At dx

= pF ff) Jn vitloAntl_yno 4 (vn+1 O.A"'H)dx

At

P 1 1

IAT [”"ﬁ B2 ey = VAl (enyy T 173 = VEllE20peny)
Jn+1 —_Jn

_P7F fﬁ A |Vn+1 O.An+1|2dx

by using the identity

n+1 AntL_yng An
f J”% (VZ+1O.An+1) dx

1 J”+1\VZHOA"H|2—J"|VZO.A"|2 Jntl_ J"
iffzp At fQF At

1 " nf,,n+1 n+1 _ n 2
+2AthFJ lvi™ oA vhoA |“dx

Z+1 OA”+1|2dx
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Stability Analysis continued...

Using the Euler expansion formula, which is related to the

Geometric Conservation Law: "
tn

fQF(th) dx — fQF(tn) dx = [, (fQ(t) V. wdx) dt

and since the domain velocity, wtl s piecewise constant in time,
we yield:
Jn+1 o J”

1
Jn+§v . Wn+1
At
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Stability Analysis continued...

Add together:

e Weak form of structure sub-problem, with ¢ = At&"*1
P Joog €™ - ALE dx + as(n™, AtE™) +a r(€7 -
v?o A(t")) - AtE"dx
=~ JgI"(or(v", p")nE) o A(t") - AtE™ dx

@ Weak form of fluid sub-problem, using robin BCs defined on r
and ¢ = Atv"t!

yrtl_yn o+l
PFfQF(tn) A Aty dx

+ pF/ (0" = W) V)t A dx
QF(tn+§)

+ar,1_+1(vn+1’ Atv”“) . b,’1—+1(pn+1, Atv”“) + b,’1—+1(1/}, Vn+1)
+a ff(VnJrl o A(tn+1) _ £n+1) X (Atanrl o .A(t”“))dx
— JFI(or(v?, p)aE) o A(ET) - (Atv™ o A(£7H))dx
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Stability Analysis continued...

PEDE [ ey, (97 = &™) ) 97+ dx
n+1‘An+1’2dX

_ PeAt fQ (tH%) \VA
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Stability Analysis continued...

Add together:

@ Weak form of structure sub-problem, with ¢ = At{”“
ps ffzs dt£n+1 . At£n+1dx + aS(n”“, At£n+1) + aff(gn-‘,—l .
v?o A(t")) - AtEnJrldx

| / I (or(v", p")E) o A(t") - Atg" dx
r

@ Weak form of fluid sub-problem, using robin BCs defined on r
and ¢ = Atv"Jr1
PF fQF tn) nit Aty dx
F0F Jy, e 1) (F7 = W) V)07 Ao dx
+ap (v Aty — b (p" Atv™) + BT (1, v
+a ff(v”Jrl o A(t™1) — ¢mt1) . (Atv™ o A(t"1))dx

= /ﬁJ"(O'F(v”’p”)n’,}) o A(t") - (Atv”+1 o A(t"1))dx
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Stability Analysis continued...

At [p J" (oF(v", p”)";”:) o A(t") - (v o A(t™1) — €71 )dx
= & p I (or(v", p")nE) 0 A(t") -
(Jn (0. ( ,p) Jn+1( F( n+1 Pn+1)n2+1)0¢4(t"+1))o_A(t"))
28 (10" (e (v, 7)) A 2y
_ At (HJn—‘rl (op(vmL, prl)nrtl) OA(t”H)HLQ o
5 |7 (FE (v, p)nR) o A(t) — S (o (vt pmH gt o
A(t”“)\l

L2(f)

ZATE (HUF(anPn)"H%z(r(tn) — llor(v™, n+1)"n+1HL2(r(tn+1 )

+oF vt o A(ETT) — €72, o)
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Stability Analysis continued...

o Plug modified terms into our original equation
@ Bound the terms with boundary conditions

@ Sum each term fromn=0to N -1
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Unconditional Stability

@ Kinetic Energy of Fluid + Kinetic and Elastic energy of Solid:
2 2 2

E" =BV 2 pemy) + 5 HE"”LQ(QS) + 3 n"II5

@ Fluid viscous dissipation:
n
_ kY12
D" = NFAth_:l |D(v )HL2(QF(t’<))

@ Numerical dissipation:

2 2
N = gt v ll2 ey + go loe(v, P)nE L2 (i)
Nn_p;'il‘}gk+1_£k‘}2 . +1"§:1H k+1 kH2

279 & 2(0s) T2 n s

3 "Z_:l H7k+1 _ VkH2 4 oAt ,12—:1 H£k+1 _ VkH2 .
7 = 12($s) 2 = L2(f

Theorem:
EN+ DN+ MY + NN <

AtC3C2 2 AtC2C2 2
60 +N](_) + # Hpin||L2(r§_r_1) + # ||poutHL2(r:Z_1)
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Convergence

Assume a fixed mesh on a time-dependent Stokes problem

Given Lagrangian Finite Elements, with the following polynomial
order:

e velocity, order k
@ displacement, order k
@ pressure, order s, where s < k.
If At < a”CFT’ h,2then , )

N N N N 1 (|.,N N
Z|u" —u HL2(QF) + 5 [leV —¢ HL2(S25) +3[n" —n Hs +
N—1

2 2
a2t Ju" — UNHL2(F) +urAt Eo I1D(u" — u")[l12(qp)
n—=

< Co(h2k+2+h25+2++At2++At2h2k+2+

At2h25+2+At2h2k +Ath2s+2+Ath2k)
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Numerical Example 1 - Fixed Mesh

@ Find numerical convergence rate, test different « values,
check how well interface conditions are satisfied

e prov =V - of + fr (fluid)
V-v=s
psOum =V - os + fs (solid)

@ With the following displacement, velocity, and pressure values:

[ } [ 2x)(1 = x)(y )(1Y)exp(f)]
x)(1=x)(y)(1 - y)exp(t)
[ } { 2x)(1 = x)(y)(1 - )eXP(f)}
x)(1 = x)(y)(1 - y)exp(t)
o p=—Asexp (t)lO 32(1 — 2x)y(1 — y) + x(1 — x)(1 — 2y)]

e With Qf : [0,1] x [0, 3] and Qs : [0,1] x [3,1]
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Velocity: Convergence with Varying o

u Errors

Xi Errors

10’ T

—=—error alphat
—=—error alpha50

—=—error alpha250 —-—-rate 1
—=—error alpha500

error alphal00 — — rate 0.5

error

—=—error alphal
—=—error alpha50

error alpha100 — — rate 0.5

—=—error alpha250 —-—-rate 1
—=—error alpha500
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Displacement: Convergence with Varying «

. Eta Errors
10 T T T
—=—error alphal === error alpha250 —-—-rate 1
Bl error alpha50 —=— error alpha500

error alpha100 — — rate 0.5

error

,
1 15 2 25 3 35 4 45 5
step size (dt) x10
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Coupling Conditions Convergence with Varying «

Dynamic Errors

Ki ic Errors

—=—error alphal ~ —=—error alpha250 —-—rate 1
—=—error alpha50 —=— error alpha500
error alpha100 — — rate 0.5

—=—error alphal
—=—error alpha50 —=— error alpha500
error alpha100 — — rate 0.5

—=—error alpha250 ——-rate 1

s s
5 5 -
-
10 -7 L L L L L L L L
1 15 2 25 3 35 4 45 5
step size (dt) x10% step size (dt) <103
N =10
dt = 0.0025
alpha
ke sigma
1 5.78317E-06| 0.000744285|
50 1.32462E-07|  0.000724976)
100 9.42019E-08|  0.000722387|
250 6.80618E-08| 0.000715941
500 4.90397E-08|  0.000708444]
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Numerical Example 2: Moving Domain, Physiologically

Realistic

@ Monolithic compared to Partitioned Scheme
@ FSI benchmark problem with

e physiologically realistic parameters
e moving domain

We solve the full Navier Stokes equation on a moving domain
o Qt")=Q+n

pF(0tv]g + (v —w) - Vv) =V - of (fluid)

V - v =0 (incompressibility)

psoun +yn =V - os (solid)

With Qf : [0,6] x [0,0.5] and Qs : [0, 6] x [0.5,0.6]

Boundary condition imposed at the inlet of the domain:

— o

E 2

2

2 g

& 0o 004 O ooE o001 oo
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Pressure Pulse Comparison

Pressure
t=4ms
< 10000 r T T T — — monol. sch.
E 5000 |- — partitioned
3
s 0
koA
2 5000 . . - - .
0 1 2 3 4 5 6
z axis [cm]
=8 m:
— 10000 T T t=8ms T T
5 sooo}- = 1
g _‘_N
S o
ke
2 5000 - - - - :
0 1 2 3 4 5 6
z axis [cm]
t=12ms
—. 10000 T T T T T
B
5 sooo} —
@
3 =
S o ~
3 -
2 5000 - - - - :
0 1 2 3 4 5 6
z axis [cm]
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Displacement Comparison

UZ‘Y

- [om]

UZ‘Y

- fom]

UZ‘r

Displacement

= — monol. sch.

— partitioned

=4m:
004 T T t=4ms
002 ~
0
0.02 I I I
1 2 3
z axis [cm]
=8m
004 T T ! 8\ 2
002 ~
- T
v
0 <
-0.02 L L .
0 1 2 3
z axis [cm]
t=12ms
004 T T T
0.02
o == A
-0.02 L L .
0 1 2 3
z axis [cm]

5 6
T

5 6
T

5 6
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Flowrate Comparison

Flowrate
t=4m

! = = monol. sch.

— partitioned

qem 2/s]

4
10 . . . . .
0 1 2 3 4 5 6
z axis [cm]
t=8ms
20 T T T T T
2 10r _ -
£ Z
S, 0_\__,/?“\\&——‘__
=3
10 I I I I I
0 1 2 3 4 5 6
z axis [cm]
20 T T t=12ms T T
& g} _ |
8, = .
= ==
10 I I I I I
0 1 2 3 4 5 6
z axis [cm]
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Work in Progress

Increase accuracy of scheme
@ Modify coupling conditions
@ Increase accuracy of computing for solid

o Test different numerical discretizations in numerical
simulations on solid problem
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Numerical Example 3: Thick Structure

Method of manufactured solutions

@ Exact solutions for comparison:

= sin(x) {—3xy++c25(y)}

where Qs = [0, 1] x [-1,0],
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Structure Time Discretizations: Crank-Nicolson

Recall the solid problems:
om=¢
psoi€ =V - os(n),

@ Crank-Nicolson approximates n(t’”‘%) using:

T["+17'p7" . £n+l+€n
At - 2

B f
O =T GOV o
= rs> g =V.os( )+ f(t"2) 1
”+—" n n+3
= ps&it —V-os(%(ﬁ”“%”)m )+ F(t"2)
n+1

e Solve for £™1, updating i
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CN: Solid Displacement and Velocity Results

e Displacement Using CN, dlt=0.01, E=10A6, N=20 - Velocity Using CN, dif=0.01, E=10A6, N=20
1.6 5.2
1.55
1.5 5
1.45 e
1.4 4
1.35 44
13 42
1.25
12 N
115 38
11 3.6
1.05 3.4
1
0.95 32
09 N
0.854 2.8
08, 2
°D7§ 24
065 22
0.6 2
0.55 1.8
0.4 1.4
035 1.2
0.3; 1
025 08
02 06
015
0l 04 \
0.051 0.2 \/ 'A
S5 7o 2 30 40 80 60 70 80 9 160 110 120 130 140 150 180 170 180 190 200 T0 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180 190 200

ciual displacerment cTual velociy
ipproximated displacement] ipproximated velocity
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Structure Time Discretizations: BE w Time Filter

n+l__n

e Same as BE: T = ¢ — "l = Atg"t 4+ "

@ Solve for &, update i using BE and then update the values
using the filters below:

o Filters:
én—i—l — En—i—l _ 7(€n+1 _ 2£n 4 En—l)
T,n+1 — nnJrl _ ,y(,nnJrl _ 2,’7n 4 ,rlnfl)
where v = % yields a second-order approximation

Credit: Dr. William Layton
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BE: Solid Displacement and Velocity Results

Displacement Using BE w Filter, dt=0.01, E=10A6, N=20 52 Velocity Using BE w Filter, dt=0.01, E=10A6, N=20

0.4 \
T0 20 30 40 50 60 70 80 90 100 110 120 130 140 150 180 170 180 190 200 T0 20 30 40 50 60 70 80 90 100 110 120 130 140 150 160 170 180 190 200

ciual displacerment cTual velociy
ipproximated displacement] ipproximated velocity
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Other Future Work

@ Extension of the coupling conditions for optimal accuracy
@ Hyperelastic structures

@ Movement of mesh when deformations are large

°

Other numerical approaches for FSI problems (phase field
approach)
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THANK YOU!

UNIVERSITY OF

University of NOTRE DAME

Pittsburgh

Any Questions?
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