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Solving Linear Systems

One of the fundamental problems in many scientific and engineering
applications is to solve an algebraic linear system
Ax =b

o for the unknown vector
@ when

o the coefficient matrix A, and
o the RHS vector b are known.

15:1)‘1 — 2.’132 — 6:1)‘3 = 300
—2x17 + 1229 — 4rs — zy =0
—6x1 — 4dxy + 1923 — 924 =0
= T2 — 923 + 21lzy =0
with the solution z1 = 26.5, x5 = 9.35, x3 = 13.3, 24 = 6.13.
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Such systems arise naturally in various applications such as
approximating

@ nonlinear equations by linear equations, or

o differential equations by algebraic equations.

The cornerstone of many numerical methods for solving a variety of
practical computational problems is the efficient and accurate
solution of linear systems. The system of linear algebraic equations

Arx =10

may or may not have a solution, and if it has a solution it may or may
not be unique.
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Solving Linear Systems

Goal: solve
Arx =10

(i) direct methods: with a finite no. of steps = = exact solution (in
exact arithmetic)

(i) iterative methods: with large sparse systems (from discretizing
PDEs)

Gaussian eliminations is the standard method for solving the linear
system by using a calculator or a computer. This method is
undoubtedly familiar since is the simplest way to solve a linear system
by hand. When the system has no solution, other approaches are used
such as linear least squares, which is discussed in Chapter 14.

In this chapter, we assume the coefficient matrix A is n X n and
invertible (nonsingular).
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In a pure mathematical approach, the solution to the problem of
solving Ax = b is simply

x=A"1p,
where A~1 is the inverse matrix.

But in most applications, it is advisable to solve the system directly for
the unknown vector x rather than explicitly computing the inverse
matrix.
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In applied mathematics and in many applications, it can be a daunting
task for even the largest and fastest computers to solve accurately
extremely large systems involving thousands or millions of unknowns.
Some of the questions are the following:

@ How do we store such large systems in computer?

@ How do we know that the answers are correct?

© What is the precision of the computed results?

© Can the algorithm fail?

© How long will it take to compute answers?

@ What is the asymptotic operation count of the algorithm?
@ Will the algorithm be unstable for certain systems?

@ Can instability be controlled by pivoting? (Permuting the order of
the rows of the matrix is called pivoting.)

© Which strategy of pivoting should be used?

@ How do we know whether the matrix is ill-conditioned and
whether the answers are accurate?
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Gaussian elimination transforms a linear system into an upper
triangular form, which is easier to solve.
This process, in turn, is equivalent to finding the factorization

A= LU,

where L is a unit lower triangular matrix and U is an upper triangular
matrix.

This factorization is especially useful when solving many linear systems
involving the same coefficient matrix but different RHS, which occurs
in various applications.
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When the coefficient matrix A has a special structure such as being
symmetric, positive definite, triangular, banded, block, sparse, the
general approach of Gaussian elimination with partial pivoting needs to
be modified or rewritten specifically for the system.

When the coefficient matrix has predominantly zero entries, the system
is sparse and iterative methods can involve much less computer
memory than Gaussian elimination.
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Our objective in this chapter is to develop a good program for solving
a system of n linear equations in n unknowns:
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In compact form, this system can be written simply as

n
Zaijxj Zbi (1 SZSTZ)
j=1

by
bo

In these equations, a;; and b; are prescribed real numbers (data) and
the unknowns z; are to be determined. Subscripts on the letter a are
separated by comma only if necessary for clarity - for example, in asz 75, but

in Q-
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Numerical example

In this section, the simplest for of Gaussian elimination is explained.

The adjective naive applies because this form is not usually suitable for
automatic computation unless essential modifications are made, as in Section
7.2. We illustrate naive Gaussian elimination with a specific example that has
four equations and four unknowns:

6, — 2ry 4+ 2x3 + dxy = 16
1227 — 8ry + 6x3 + 10xy = 26 (7 2)
3ry — 13z + 923 + 3ry, = -—19 '
—6x7 + dxs + r3 — 18x4 = —-34

In the first step of the elimination procedure, certain multiples of the 15¢
equation are subtracted from the 2¢, 37¢ and 4** EQS so as to eliminate
from these equations. Thus, we want to create 0's as the coefficients for each
a1 below the first (where 12,3, and -6 now stand). It is clear that we should 2
times the 1°! EQ from the 2"¢. (This multiplier is simply the quotient %)
Likewise, we should subtract £ times 1% EQ from 3"¢. (Again, this multiplier
is iust 3). Finally, we should subtract -1 times 1°! EQ from the 4'".
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When all of this has been done, the result is

6r1 — 229 + 2x3 + dxy = 16
— 4ro + 223 + 2cy = —6 (73)

— 12z + 8x3 + ry = =27

200 + 3x3 — ldxy = —18

Note that the first equation was not altered in this process, although it
was used to produce the 0 coefficient in the other equations. In this
context, it is called the pivot equation.

Notice, also, that systems (7.2) and (7.3) are equivalent in the
following technical sense: Any solution of (7.2) is also a solution of
(7.3), and vice versa. This follows at once from the fact that if equal
quantities are added to equal quantities, the resulting quantities are
equal. Once can get system (7.2) from (7.3) by adding 2 times the 15
EQ to the 2"?, and so on.
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6r; — 2x9 + 2x3 + dr, = 16
— 4dry + 2x3 + 2ry = —6

— 1229 + 8z3 + r, = =27

200 + 3x3 — 1l4zy, = —18

In the second step of the process, we mentally ignore the first equation and
first column of coefficients. This leaves a system of three equations with
three unknowns. The same process is now repeated using the top equation in
the smaller system as the current pivot equation.

Thus we begin by subtracting 3 times the 2"¢ EQ from 37¢. (The multiplier
is just the quotient ’_—142) Then we subtract —% times the 27 equation from

the 4" After doing the arithmetic, we arrive at

6x1 — 229 + 2x3 + dr, = 16
— 4xy + 223 + 2x4 = —6

2$3 — 51‘4 = -9 (7.4)
4173 — 13.’L‘4 = =21
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6xy — 2z + 2x3 + 4dxy = 16
— 4x9 + 223 + 24 = —6

2.%‘3 — 5%4 = -9

4y — 13z4 = =21

The final step consists in subtracting 2 times the 3"¢ EQ from the 4",
The results is

6x1 — 229 + 2x3 + 4xy = 16
— 4dxo + 223 4+ 224 = —6

2r3 — bry = -9 (7.5)
— 3$4 = -3

This system is said to be in upper triangular form. It is equivalent to
system (7.2).
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This completes the first phase (forward elimination) in the Gaussian
algorithm. The second phase (back substitution) will solve (7.5) for
the unknowns starting at the bottom. Thus, from the 4" equation, we
obtain the last unknown

-3
Ty = 3 =1
Putting 4 = 1 in the 3" EQ gives us
2x3 —5=-9
and we find the next to last unknown
—4
T3 =5 = -2
and so on. The solution is
=3 9 =1 T3 = —2 xg =1
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This example can be solved directly using Matlab. However, Matlab
may obtain the solution by a different sequence of steps.

A=] 6 -2 2 4
12 -8 6 10
3 -13 9 3
-6 4 1 -—18]

b=[ 16
26
-19
—34]
x=A\b
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Algorithm

To simplify the discussion, we write system (7.1) in matrix-vector form. The
coefficient elements a;; form an n x n square array, or matrix. The unknowns
x; and the RHS elements b; form n x 1 arrays, or vectors. Hence, we have

a1 a2 @13 Gin z1 b1
a1 Q2 Gz - G2p T2 by
a31 azx azz - G3p 3 b3
= : (7.6)
i1 Q2 Q3 Gip T b;
[ Gn1  Qn2 Qanp3 - Ann | | Tn | L bn _
or
Ax =0

Operations between equations correspond to operations between rows in this
notation. We will use these notations interchangeably.
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Algorithm

Now let us organize the naive Gaussian elimination algorithm for the general
system, which contains n equations and n unknowns. In this algorithm, the
original data are overwritten with new computed values. In the forward
elimination phase of the process, there are n — 1 principal steps. The first of
these steps uses the 1% EQ to produce n — 1 zeros as coefficients for each z;
in all but the 1% EQ. This is done by subtracting appropriate multiples of the
15t EQ from the others. In this process, we refer to the 15 EQ as the first
pivot equation and to a;; as the first pivot element. For each of the
remaining equations (2 < i < n), we compute

Qjj < Qg5 — (a“) aij (1<j<n)

a1

bi<—bi—(““>b1

ail

The symbol < indicates a replacement. Thus, the content of the memory
location allocated to a;; is replaced by a;; — (

““) a1;, and so on.
ail
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Algorithm

This is acomplished by the line of pseudocode

;1
Q5 — Q5 — a_11 aij

Note that the quantities (%) are the multipliers. The new

coefficient of 1 in the i EQ will be 0 because a;; — <gﬁ> aj; = 0.
After the first step, the system will be of the form

a1 a2 a1z - Qln T b1
0 a2 axs - an T2 bo
0 azx azz --- asp x3 b3
0 a2 a3 -+ an Z; b;

L 0 an2 ap3 - anp 1 L Zn | L bn ]
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Algorithm

From here on, we will not alter the 15t EQ, nor will alter any of the
coefficients for z1 (since a multiplier times 0 subtracted from 0 is still
0).

Thus, we can mentally ignore the first row and the first column and
repeat the process on the smaller system.

With the second equation as the pivot equation, we can compute for
the remaining equations (3 < i < n)

a2

b bi— (22 ) by

a22

Qij < ij — (m) azj (2<j<n)

Just prior to the k" step in the forward elimination, the system will
appear as follows:
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ai1 a2 aiz - e o aip T by
0 a22 a23 .« .. .« .. “ e azn x2 b2
0 O a33 . .. .« .. e agn x3 b3
0 0 0 - ag - @y - g ar | | be
0 0 0 - ag - ay - am z; b,
L 0 O O ... ank; .« .. a/nj “ e ann | L xn i L bn 1

Here a wedge of 0 coefficients has been created, and the first k equations
have been processed and are now fixed. Using the k" equation as the pivot
equation, we select multipliers in order to create Q's as coefficients for each z;

below the ay; coefficient.
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Algorithm

Hence, we compute for each remaining equation (k + 1 <i <n)

Ak

Qjj < Q5 — (aik>akj (kS] Sn)
bi ¢ by — (g;';)bk

Obviously, we must assume that al the divisors in this algorithm are
nonzero.




Math 1080 > 7. Systems of Linear Equations > 7.1 Naive Gaussian Elimination

We now consider the pseudocode for the forward elimination. The coefficient
array is stored as a double-subscripted array (a;;); the RHS of the system of
equations is stored as a single-subscripted array (b;); the solution is computed
and stored in a single-subscripted array (z;).
It is easy to see that the following lines of pseudocode carry out the forward
elimination phase of naive Gaussian elimination:
real array (a;;)nxn, (bi)n
integer i, j, k
fork=1to n—1do
fori=k+1tondo
for j =k ton do
Q5 < Qi — ((%;‘i) A
end for

b ¢ b; — (a—k) by

Akk
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Since the multiplier aﬂﬁ does not depend on j, it should be moved outside
the j loop.

Notice also that the new values in column k will be 0, at least theoretically,
because when j = k, we have

Ak
Qi < Qi — \ — | Qkk
Akk

Since we expect this to be 0, no purpose is served in computing it.

The location where the 0 is being created is a good place to store the
multiplier.
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If these remarks are put into practice, the pseudocode will look like
this:
real array (ai;)nxn, (bi)n
integer i, 5, k
fork=1to n—1do
fori=k+1tondo
xmult < gﬁ
a;r — rmult
forj=k+1tondo
aij < aj — (xmult)ay;
end for

b < b; — (xmult) by,
end for
end for
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At the beginning of the back elimination phase, the linear system is of

the form
aijlzy + aiz2rz + aizwy + +  aipTn = b1
agzary + a23r3 + +  apTn = b2
azzwz  + + agpTn = b3
aiiTi +aiif1Tip1+ +  ainTn = b
Ap—1,n—1Tpn—1 + GpnTn = bp_1
AnnTn = n

where the a;;'s and b;'s are not the original ones from system (7.6)
but instead are the one that have been altered by the elimination

process.
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The back substitution starts by solving the n*" EQ for z,,:

bn
Ty = —
Gnn

Then, using the (n — 1) EQ, we solve for 2, _1:

1
Tpn—1 = —— (bn—l - an—l,najn)
Un—1,n—1

We continue working upward, recovering each x; by the formula

1

ai;

n
xr; = b; — Z ;T (t=n—-1,n—2,...,1)
j=it1

(7.7)
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Here is the pseudocode to do this:
real array (aij)nxn, (Zi)n
integer i,j,n
real sum
Ty 4 22
fori=n—1to 1step-1do

sum < b;
forj=i+1to ndo

SUM <= SUM — G;;T;
end for

sum
Qi

T; <
end for
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Pseudocode

procedure Naive-Gauss(n, (ajj;), (b;), (z;))
real array (ai5)nxns (bi)n
integer i, j, k
fork=1to n —1do
fori = k+ 1tondo
zmult + 2ik
kk

a; < xmult
forj =k + 1tondo
a;j < a;; — (zmult)ay;
end for
b; < b; — (zmult) by,
end for
end for
Ty B
fori =n — 1 to 1 step -1 do
sum <— b;
for j =7+ 1ton do
sum <— sum — (lzjﬂ)]
end for

sum
@44

T —
end for
end procedure Naive-Gauss
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Before giving a test example, let us examine the crucial computation in
our pseudocode, namely the replacement

ik
Qij — Qij — Qi
ark)

Here we must expect all quantities to be infected with roundoff error.
Such a roundoff error in ay; is multiplied by the factor i
This factor is large if the pivot element |ag| is small relative to |ag].

Hence we conclude, tentatively, that small pivot elements lead
to large multipliers and to worse roundoff errors.
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Testing pseudocode

One good way to test a procedure is to set up an artificial problem whose
solution is known beforehand. Sometimes the test problem will include a
parameter that can be changed to vary the difficulty.

Fixing a value of n, define the polynomial

n
) =TH+t+ 824 tm =D !
j=1

The coefficients in this polynomial are all equal to 1. We shall try to
recover these coefficients from n values of the polynomial. We use the
values of p(t) at the integerst =i+ 1 fori=1,2,...,n.

If the coefficients in the polynomial are denoted by x1,x2, ..., x,, we
should have

n

> (i)Yt

=1

:%[(1“)"—1], (1<i<n)  (7.8)
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Testing pseudocode

Here we have used the formula for the sum of a geometric series on
the RHS:

p(1+z‘)=Z(1+z‘)J’—1:%=%[(1+i)”—1]

Letting a;; = (1 + i)’~! and b; = w in equation (7.8), we have

a linear system:

Zaijmj = bi, (1 < ) < n) (79)
7j=1




Math 1080 > 7. Systems of Linear Equations > 7.1 Naive Gaussian Elimination

Testing pseudocode

Write a pseudocode that solves the system of equation (7.9) for various
values of n.

Since the naive Gaussian elimination procedure Naive_Gauss can be used,
all that is needed is a calling program. We use n = 4,5,6,7,8,9 for the test.

program Main
integer parameter m = 10
real array (aij)mxm, (bi)m, (Ti)m
integer i, j, n
for n =4 to 10 do
for i = 1 to n do
for j = 1 ton do
ajj + (i4+1)771
end for
by (i+1z"—1
end for
call Naive-Gauss(n, (a;j;), (b;), (z;))
output n, (z;)n
end for
end program Main




Math 1080 > 7. Systems of Linear Equations > 7.1 Naive Gaussian Elimination

Testing Pseudocode

When this pseudocode was run on a machine that carries
approximately seven decimal digits of accuracy, the solution was
obtained with complete precision until n was changed to 9, and then
the computed solution was worthless because one component exhibited
a relative error of 16120%! (Why?)

The coefficient matrix for this linear system is an example of a
well-known ill-conditioned matrix called the Vandermonde matrix,
and this accounts for the fact that the system cannot be solved
accurately using naive Gaussian elimination.

What is amazing is that the trouble happens so suddenly!

When n > 9, the roundoff error present in computing x; is propagated
and magnified throughout the back substitution phase so that most of
the computed values for x; are worthless.
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Condition number and lll-Conditioning

An important quantity that has some influence in the numerical
solution of a linear system Ax = b is the condition number, which is

defined as
K(A) = A]|A7Y

Since it involves a matrix norm and we do not want to go into the
details of that here, we will just discuss some general concepts.

It turns out that it is not necessary to compute the inverse of A to
obtain an estimate of the condition number.

Also, it can be shown that the condition number x(A) gauges the
transfer of error from the matrix A and the vector b to the solution x.
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Condition number and lll-Conditioning

The rule of thumb is that if
k(A) = 10",

then one can expect to lose at least k digits of precision in solving the
system Ax = b.

If the linear system is sensitive to perturbations in the elements of A,
or to perturbations of the components of b, then this fact is reflected
in A having a large condition number. In such a case, the matrix A is
said to be ill-conditioned.

Briefly, the larger the condition number, the more ill-conditioned the
system.
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Condition number and lll-Conditioning

As an example of an ill-conditioned matrix consider the Hilbert matrix:

Hy =

LOIFN| = =
00| = =
O s =00 =

We can use the Matlab commands

>> H3 = hilb(3)
Hg =
1.0000  0.5000 0.3333
0.5000 0.3333  0.2500
0.3333  0.2500  0.2000

>> cond(H3)

ans =

524.0568

>> det(H3)

ans =

4.6296e-04
to generate the matrix and then to compute both the condition
number using the 2-norm and the determinant of the matrix.
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Condition number and lll-Conditioning

We find

o the condition number to be 524.0568 and
o the determinant to be 4.6296 x 10~4.

When solving linear systems, the condition number of the
coefficient matrix measures the sensitivity of the system to
errors in the data.

When the condition number is large, the computed solution of the
system may be dangerously in error!

Further checks should be made before accepting the solution as being
accurate.

@ Values of the condition number near 1 indicate a
well-conditioned matrix, whereas

o large values indicate an ill-conditioned matrix.

Using the determinant to check for singularity is only appropriate for matrices of modest size. One can use the condition

mber to check for singular or near-singular matrices.
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Condition number and Ill-Conditioning

A goal in the study of numerical methods is to acquire an awareness of
whether a numerical result can be trusted or whether it may be suspect (and
therefore in need of further analysis).

The condition number provides some evidence regarding this question
when one is solving linear systems.

With the advent of sophisticated mathematical a software systems such as
Matlab and others, an estimate of the condition number is often available
along with an approximate solution, so that one can judge the trustworthiness
of the results.

In fact, some solution procedures involve advanced features that depend on
an estimated condition number and may switch of the solution technique
from a variant of Gaussian elimination to a least squares solution for an
ill-conditioned system.

Unsuspecting users may not realize that this has happened unless they look
at all of the results, including the estimate of the condition number.
(Condition numbers can also be associated with other numerical problems
such as locating roots of equations.)
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Residual and Error Vectors

For a linear system Ax = b having the true solution x and the
computed solution Z, we define

e=T—= error vector
r=Ax — b residual vector

An important relationship between the error vector and the residual
vector is
Ae=r

Suppose that two students using different computer systems, solve the
same linear system Ax = b. What algorithm and what precision each
used are not known. Each vehemently claims to have the correct

answer, but the two computer solutions  and Z are totally different!!

How do we determine which, if either, computed solution is correct?
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Residual and Error Vectors

We can check them by substituting them into the original system,
which is the same as computing the residual vectors
r=Ax —band T = Ax — b.

o Of course, the computed solutions are not exact, because they
each must contain some roundoff errors.

So we would want to accept the solution with the smaller residual
vector.

o However, if we knew the exact solution @, then we would just
compare the computed solutions with the exact solution, which is
the same as computing the error vectors ¢ = T — x and
e=T—x.

Now the computed solution that produces the smaller error vector
would most assuredly be the better answer.
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Residual and Error Vectors

Since the exact solution is usually not known in applications, one
would tend to accept the computed solution with the smaller
residual vector.

But this may not be the best computed solution if the original problem
is sensitive to roundoff errors - that is, ill-conditioned.

In fact, the question of whether a computed solution to a linear system
is a good solution is extremely difficult and beyond the scope of this
course.
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Residual and Error Vectors

A— 0.780 0.563
~ | 0913 0.659

~ [ 0.999 .
T=1 21001 | T

Computing with Matlab, we get that the residual vectors are

s ~0.0013
r=Az-b= [ —0.0016 } ’
= AZ —b=10c—06x [ B ]

while the error vectors are (the exact solution is = [1, —1]7):

~ [ —0.0010

oz o | —0659
—0.0010 |7 7 —| 09130 |

e =X —T=
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elimination procedure using equation

o The basic forwar
operate on equations k+ 1,k +2,...,nis
{aijkaij—gﬁakj (kgjgn,k<z§n)

) . Qik
bi ¢ b; — ik,

Here we assume that ayj # 0.
o The basic back substitution procedure is

1 . :
T;= — bi—Zaij:cj (i=n—-1,n-2,...,1)
(227} T
j=i+1
@ When solving the linear system Ax = b, if the true or exact solution is
x and the approximate or computed solution is &, then important

quantities are
e=x—x

r=Ax —b
K(A) = [|A]|AY]

error vectors
residual vectors

condition number
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Examples Where Naive Gaussian Elimination Fails

To see why the naive Gaussian elimination algorithm is unsatisfactory,
consider the system

{ 0x1 4x2=1 (7.10)

T, +xT9 =2

The pseudocode in Section 7.1 would attempt to subtract some
multiple of the first equation from the second in order to produce a 0
as the coefficient for x1 in the second equation.

This, of course, is impossible, so the algorithm fails if a;1 = 0.
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Examples Where Naive Gaussian Elimination Fails

If a numerical procedure actually fails for some values of the data, then
the procedure is probably untrustworthy for values of the data near the
failing values. To test this dictum, consider the system

{6:1:1 + z9=1 (7.11)

T1 + 19 =2

in which ¢ is a small number different from 0. Now the naive algorithm
of Section 7.1 works, and after forward elimination produces the system

{ erL + (- 1)302 =1 (7.12)

—9_1
.’172—2 z

In the back substitution, the arithmetic is as follows:
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Examples Where Naive Gaussian Elimination Fails

2—% _ l—x9
1—% €

8
S
I

Now % will be large, and so if this calculation is performed by a
computer tha has a fixed word length, then for small values of ¢,

both 2 — % and 1 — % would be computed as —%.

For example, in a 8-digit decimal machine with a 16-digit accumulator,
when £ = 1079, it follows that 1 = 10°. In order to subtract, the
computer must interpret the numbers as

1=10° =0.10000 000 x 10'® = 0.10000 00000 00000 0 x 10°
2 =0.20000 000 x 10' = 0.00000 00002 00000 0 x 10'°

Thus, % — 2 is computed initially as 0.09999 99998 00000 0 x 10'° and
then rounded to 0.10000 000 x 10 = 1.

(D
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Examples Where Naive Gaussian Elimination Fails

We conclude that for values of ¢ sufficiently close to 0, the computer
calculates

9 as 1 and then z7 as 0.

Since the correct solution is

1 1-2
N1, mp= a1
1—c¢

the relative error in the computed solution for x7 is extremely large: 100%.
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Examples Where Naive Gaussian Elimination Fails

Actually, the naive Gaussian elimination algorithm works well on systems
(7.10) and (7.11) if the equations are first permuted:

X -I-.’EQ:Q
Ox1 +z2=1

and

r1 +ax9=2
ery +axo=1

The first system is easily solved obtaining xo =1 and 21 =2 — x5 = 1.
Moreover, the second of these systems becomes

xr1+ To =2
l—¢g)zg =1-2¢

after the forward elimination.
Then from the back substitution, the solution is computed as

1—2e

To = ~1 561:2—:61%1.

1—¢ ’
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Examples Where Naive Gaussian Elimination Fails

Notice that we do not have to rearrange the equations in the system: it is

necessary only to select a different pivot row.

The difficulty in system (7.11) is not due simply to ¢ being small but rather
to its being small relative to other coefficients in the same row. To verify this,
consider

X +1I2 =1
{ z1 +€1’2 —2 (7.13)

System (7.13) is mathematically equivalent to (7.11). The naive Gaussian
elimination algorithm fails here. It produces the triangular system

1 _ 1
T -I-EZL‘Q =z
2

1
- = 1 1
£ =~ 1, ] =— — —x9 ~ 0.

1-1 € €
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Examples Where Naive Gaussian Elimination Fails

The situation can be resolved by interchanging the two equations in (7.13):

{xl + 19 =2

1 1
T -|-EIL’2 =z

Now the naive Gaussian elimination algorithm can be applied, resulting in the

system
X1 + x5 =2
(:-Daz =1-2
The solution is
1_9
Jjg—i 1%1, l‘1:2—$2%1
1>

which is the correct solution.
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rtial Pivoting and Complete Pivoti

Gaussian elimination with partial pivoting selects the pivot row to be the
one with the maximum pivot entry in absolute value from those in the leading
column of the reduced submatrix.

Two rows are interchanged to move the designated row into the pivot row
position.

Gaussian elimination with complete pivoting selects the pivot entry as the
maximum pivot entry from all entries in the submatrix.

(This complicates things because some of the unknowns are rearranged.)
Two rows and columns are interchanged to accomplish this.

In practice, partial pivoting is almost as good as full pivoting and involves
significantly less work.

Simply picking the largest number in magnitude as is done in partial pivoting may work well, but here row scaling does
not play a role - the relative sizes of entries in a row are not considered. Systems with equations having coefficients of

disparate sizes may cause difficulties and should be viewed with suspicion. Sometimes a scaling strategy may ameliorate
these problems.

e present Gaussian elimination with scaled partial pivoting, and the pseudocode contains an implicit pivoting scheme.
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Partial Pivoting and Complete Pivoting

In certain situations, Gaussian elimination with the simple partial pivoting
strategy may lead to an incorrect solution.

Consider the augmented matrix

2 2c| 2
[ 1 1 2 ]
where ¢ is a parameter that can take on very large numerical values and the
variables are x and .
The first row is selected as the pivot row by choosing the larger number in
the first column. Since the multiplier is % one step in the row reduction

process brings us to
2¢
2—c

[2 2¢

0 1—c¢
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Partial Pivoting and Complete Pivoting

Now suppose we are working with a computer of limited word length.
So in this computer, we obtain 1 —c~ —cand 2 —c~ —c.
Consequently, the computer contains these numbers:

2c
—c

2 2c
0 —c

Thus, as the solution, we obtain y = 1 and = = 0, whereas the correct
solutionisx =y = 1.
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Partial Pivoting and Complete Pivoting

On the other hand, Gaussian elimination with scaled partial pivoting selects
the second row as the pivot row.
2c
2

The scaling constants are (2¢, 1), and the larger of the two ratios for selecting
the pivot row from {2, 1} is the second one.
Now the multiplier is 2, and one step in the row reduction process brings us to

[0 2¢—2 ‘ 20—4}

2 2c
1 1

1 1 2

On our computer of limited word length, we find 2¢ — 2 =~ 2¢ and
2¢ — 4 =~ 2¢. Consequently, the computer contains these numbers:

0 2c| 2
1 1 2

Now we obtain the correct solution, y = 1 and x = 1.
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Gaussian Elimination with Scaled Partial Pivoting

These simple examples should make it clear that the order in which we
treat the equations significantly affects the accuracy of the elimination
algorithm in the computer.

In the naive Gaussian elimination algorithm, we use the first equation
to eliminate x1 from the equations that follow it.

Then we use the second equation to eliminate x5 from the equations
that follow it, and so on.

The order in which the equations are used as pivot equations is the
natural order {1,2,...,n}.

Note that the last equation (equation number n) is not used as an
operating equation in the natural ordering: At no time are multiples of
it subtracted from other equations in the naive algorithm.
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Gaussian Elimination with Scaled Partial Pivoting

From the previous examples it is clear that a strategy is needed for selecting
new pivots at each stage in Guassian elimination.
Perhaps the best approach is

@ complete pivoting, which involves searches over all entries in the
submatrices for the largest entry in absolute value and then interchanges
rows and columns to move it into the pivot position.

This would be quite expensive, since it involves a great amount of searching
and data movement. However,

@ searching just the first column in the submatrix at each stage
accomplishes most of what is needed (avoiding all small or zeros pivots).
This is partial pivoting, and it is the most common approach. It does
not involve an examination of the elements in the rows, since it looks
only at columns entries.
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Gaussian Elimination with Scaled Partial Pivoting

We advocate a strategy that simulates a scaling of the row vectors and
then selects as a pivot element the relatively largest entry in the
column.

Also, rather than interchanging rows to move the desired element into
the pivot position, we use an indexing array to avoid the data
movement.

This procedure is not as expensive as complete pivoting, and it goes
beyong partial pivoting to include an examination of all elements in the
original matrix.

Of course, other strategies for selecting pivot elements could be used.
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Gaussian Elimination with Scaled Partial Pivoting

The Gaussian elimination algorithm now to be described uses the
equations in an order that is determined by the actual system being
solved.

For instance, if the algorithm were asked to solve systems (7.10) and
(7.11), the order in which the equations would be used as pivot
equations would not be the natural order {1,2} but {2,1}.

This order is automatically determined by the computer program.

The order in which the equations are employed is denoted by the row
vector [(1,0s,...,0,], where £, is not actually being used in the
forward elimination phase.

Here, the ¢; are integers from 1 to n in a possibly different order.
We call £= [(1,{,...,¢,] the index vector.

The strategy to be described now for determining the index vector is
termed scaled partial pivoting.
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Gaussian Elimination with Scaled Partial Pivoting

At the beginning, a scale factor must be computed for each equation
in the system. Reffering to the notation in Section 7.1, we define

§; = max |a;; 1<1<n
= max oyl (L<i<n)
These n numbers are recorded in the scale vector s = [s1, s2,. .., Sy

In starting the forward elimination process, we do not arbitrarily use
the first equation as the pivot equation.

Instead, we use the equation for which the ratio |a5+1| is greatest.

Let /1 be the first index for which this ratio is greatest.

Now appropriate multiples of equation ¢; are subtracted from the other
equation to create 0's as coefficients for each x; except in the pivot
equation.
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Gaussian Elimination with Scaled Partial Pivoting

The best way to keep track of the indeces is as follows: At the beginning,
define the index vector £ to be
L= [61,52,. . ,fn] = [172, ce 7n].

(1) Select j to be the first index associated with the largest ratio in the set:

ay. .
{ﬁzlgzgn}
Sgi

Now interchange ¢; with ¢; in the index vector £. Next, use multipliers

Ag;1
Qg1

times row £, and subtract from equations /¢; for 2 < i < n.

It is important to note that only entries in £ are being interchanged and not
the equations. This eliminates the time-consuming and unnecessary process
f moving the coefficients of equations around in the computer memory!
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Gaussian Elimination with Scaled Partial Pivoting

(2) In the second step, the ratios

{—|%2| 2<i< n}
Sgi

are scanned.
If j is the first index for the largest ration, interchange /; with /5
in £.
Then multipliers
ag;2
Q52

times equation /5 are subtracted from equations ¢; for 3 < i < n.
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Gaussian Elimination with Scaled Partial Pivoting

(k) At step k, select j to be the first index corresponding to the
largest of the ratios,

and interchange /; with /;. in the index vector £.

Then multipliers
ag;f

ag, ks

times pivot equation £, are subtracted from equations ¢; for
k+1<i:<n.
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Gaussian Elimination with Scaled Partial Pivoting

Notice that the scale factors are not changed after each pivot

step.

Intuitively, one might think that after each step in Gaussian algorithm,
the remaining (modified) coefficients should be used to recompute the
scale factors instead of using the original scale vector.

Of course, this could be done, but it is generally believed that the
extra computations involved in this procedure are not worthwhile in
the majority of linear systems.




Math 1080 > 7. Systems of Linear Equations > 7.2 Gaussian Elimination with Scaled Partial Pivoting

Gaussian Elimination with Scaled Partial Pivoting

Solve this system of linear equations:

0.000lz + y=1
T + y=2

using no pivoting, partial pivoting and scaled partial pivoting. Carry at most
five significant digits of precision (rounding to see how finite precision
computations and roundoff errors can affect the calculations.)

By direct substitution, it is easy to verify that the true solution is
x = 1.0001 and y = 0.99990

to five significant digits.
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Gaussian Elimination with Scaled Partial Pivoting

1. For no pivoting, the first equation in the original system is the pivot
equation, and the multiplier is xmult = m = 10000.
Multiplying the first equation by this multiplier and subtracting the result

from the second equation, we get

0.0001z + y =1
9999y = 9998

From the second equation we obtain y = 3598 ~ 0.99990.

Using this result and the first equation, we find

0.000lz =1 -y =1-10.999900 = 0.0001

and
~0.0001

* = 0.0001
Notice that we have lost the last significant digit in the correct value of x.
Kk(A) = 2.6184
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Gaussian Elimination with Scaled Partial Pivoting

2. We repeat the solution using partial pivoting in the original system.
Examining first column of z coefficients (0.0001,1), we see that the second is
larger, so the second equation is used is the pivot equation.

We can interchange equations, obtaining

T + y=2
0.0001z + y=1

The multiplier is zmult = 2% = 0.0001. This multiple of the first
equation is subtracted from the second equation, yielding

T + y =2
0.99990y = 0.99980

We obtain

__0.99980 = 0.9990

Y = 0.99990
Now using the second equation and this values we find

r=2-—y=2-0.99990 = 1.0001.
Both computed values of z and y are correct to five significant digits.
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Gaussian Elimination with Scaled Partial Pivoting

3. We repeat the solution using scaled partial pivoting on the
original system.

Since the scaling constants are s = (1, 1) and the ratios for
0.0001 1

determining the pivot equations are (=5, 7), the second equation
is now the pivot equation.

We do not actually interchange the equations, but can work with an
index array ¢ = (2, 1) that tell us to use the second equation as the
first pivot equation.

The rest of the calculations are as above for partial pivoting.

The computed values of x and y are correct to five significant digits.
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Gaussian Elimination with Scaled Partial Pivoting

We cannot promise that scaled partial pivoting will be better than
partial pivoting, but it clearly has some advantages.

For example, suppose that someone wants to force the first equation in
the original system to be the pivot equation and multiply it by a large
number such as 20,000, obtaining

2 + 20000y = 20000
Tz + y =2

o Partial pivoting ignores the fact that the coefficients in the first
equation differ by orders of magnitude and selects the first
equation as the pivot equation.

@ However, scaled partial pivoting uses the scaling (20000,1), and
the ratios for determining the pivot equations are (ﬁ, %)
Scaled partial pivoting continues to select the second
equation as the pivot equation!
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A Larger Numerical Example

We are not quite ready to write pseudocode, but let us consider what has
been described in a concrete example. Consider

3 =13 9 37 [ = ~19
6 4 1 —18 | | x| | —34

6 -2 2 4| |as | | 16 (7.14)
12 -8 6 10 | | x4 26

The index vector is £=[1, 2, 3,4] at the beginning.
The scale vector does not change throughout the procedure and is
s =[13,18,6, 12]. To determine the first pivot row, we look at four ratios:

lag.1| 3 6 612
{ ” i ,2,3, 13'18° 6’ 12 {0.23,0.33,1.0,1.0}

We select the index j as the first occurrence of the largest value of these
ratios. In this example, the largest of these occurs for the index j = 3.
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A Larger Numerical Example

1. So row three is to be the pivot equation in step 1 (k = 1) of the
elimination process. In the index vector £, entries /. and /; are
interchanged so that the new index vector is £= [3,2,1,4].

Thus, the pivot equation is ¢, which is /1 = 3.
Now appropriate multiples of the third equation are subtracted from
the other equations so as to create Q's as the coefficients for x1 in each
of those equations.
Explicitly, % times row three is subtracted from row one, -1 times row
three is subtracted from row two, and 2 times row three is subtracted

from row four:

0 —-12 8 1 71 —27
0 2 3 -4 ze | | —18
6 -2 2 4 x5 | | 16
0 -4 2 2 T4 —6
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A Larger Numerical Example

0 —12 8 1 13
0 2 3 —14 RE
6 -2 2 4| T 6
0 -4 2 2 12

2. In the next step (k = 2), we use the index vector €= [3,2,1,4] and
scan the ratios corresponding to rows two, one and four

|a£_2| B 2 12 4
Phz2l 9034002 22 =\ ©10.11.0.92.0.
{ 503 b 18713712 {011, 0-33}

looking for the largest value.

We find that the largest is the second ratio, and we therefore set
J = 3 and interchange /. with /; in the index vector.

Thus, the index vector becomes €= [3,1,2,4].
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A Larger Numerical Example

The pivot equation for step 2 in the elimination is now row one, and ¢, = 1.
Next, multiples of the first equation are subtracted from the second equation
and fourth equation. The appropriate multiples are —% and % respectively.

the result is
0 —12 8 1 x1 =27
13 83
o 0 3 —-% o | _ | %
6 -2 2 4 T3 16
o o0 -2 2 T4 3
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A Larger Numerical Example

0 -12 8 1 13
o o0 B -% o | 18
6 -2 2 4| ] 6
o 0 -3 32 12

3. The third and final step (k = 3) is to examine the ratios
corresponding to rows two and four:

13

lag 3| . A
{S&_ vi=3,4 (=33, D4~ {0.24,0.06)

with the index vector £ = [3,1,2,4].
The larger value is the first, so we set j = 3.
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A Larger Numerical Example

Since this is step k = 3, interchanging ¢}, with /; leaves index vector
unchanged, £ = [3,2,1,4]. The pivot equation is row two and /3 = 2,
and we subtract —% times the second equation from the fourth
equation.

So forward elimination phase ends with the final system

0 —12 8 1 T 27
13 83 45

0 0 3 % [|2|_| %
6 -2 2 4 T3 16
6 6

The order in which the pivot equations were selected is displayed in the
final index vector £ = [3,1,2,4].
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A Larger Numerical Example

£=13,1,2,4].
Now reading the entries in the index vector from the last to the first, we have
the order in which the back substitution is to be performed. The solution is
obtained by using equation ¢4 = 4 to determine x4, and then equation /3 = 2
to find x3, and so on.
Carrying out the calculations, we have
1 —6

fy= ——=1
513
1 45 8
$3:E|:—7+E].:|:—2
3
1
= —[-27T-8(—2)—-1(1)] =1
72 = —5 [-27 - 8(-2) — 1(1)]
1
1= ¢ [164+2(1) - 2(-2) — 4(1)] =3

Hence, the solution is

z=[31 -2 1T
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The algorithm as programmed caries out
@ the forward elimination phase on the coefficient array (a;;) only.
@ The RHS array (b;) is treated in the next phase.
This method is adopted because it is more efficient if several systems
must be solved with the same array (a;;) but differing arrays (b;).

Because we wish to treat (b;) later, it is necessary to store not only the
index array, but also the various multipliers that are used.

These multipliers are conveniently stored in array (a;;) in the positions
where the 0 entries would have been created.

These multipliers are useful in constructing the LU factorization of
the matrix A, as we explain in Section 8.1.
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We are now ready to write a procedure for forward elimination with
scaled partial pivoting.

Our approach is to modify procedure Naive_Gauss of Section 7.1 by
introducing scaling and indexing arrays.

The procedure carrying out Gaussian elimination with scaled partial
pivoting on the square array (a;;) is called Gauss.

Its calling sequence is (n, (a;;), (¢;)), where (a;;) is the n. x n
coefficient array and (¢;) is the index array £.
In the pseudocode, (s;) is the scale array, s.




Math 1080 > 7. Systems of Linear Equations > 7.2 Gaussian Elimination with Scaled Partial Pivoting

procedure Gauss(n, (a;;), (£;))
integer i, j, k,n; real r, rmax, smax, zcmult
real array (a;;)1:nx1:n>(£i)1:n; real array allocate (s;)1.p
for i = 1 to n do
l; +— 1
smazx < 0
for j = 1tondo
smaz < max(smaz, |ag;l|)
end for
S; +— smax
end for
fork =1ton —1do
rmaz < 0
for i = k to n do
ag; .k
s

4

i
if (r > rmax) then
rmax < r

j—i
end if
end for
L > Ly
fori = k + 1 ton do
Lk
zmult +— —Y—
gk

ag; & xmult
forj = k+ 1tondo
Qg, j < g, j — (wmult)agk,j
end for
end for

end for
deallocate array (s;)
end procedure Gauss
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eudocode

A detailed explanation of the above procedure is now presented. In the first
loop, the initial form of the index array is being established, namely ¢; = i.
fori=1ton do
Ei — 1
smaz < 0
for j =1 tondo
smaz < maz(smaz, |a;;|)
end for
S; 4 smax
end for

The statement for ¢ = 1 to n do initiates the principal outer loop.

The index k is the subscript of the variable whose coefficients will be made 0 in the array (a;;); that is k is the index of
the column in which new 0’s are to be created.

Remember the the 0's in the array (a;;) do not actually appear because those storage locations are used for the
multipliers.

This fact can be seen in the line of procedure where xmult is stored in the array (a;;). (We will see this again in

Section 8.1 on the LU factorization of A for why this is done.)
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Once k has been set, the first task is to select the correct pivot row,
=k k+1,.

The next set of lines in the pseudocode is calculatmg th|s greatest
ratio, called rmax in the outline, and the index j where it occurs.
Next ¢, and ¢; are interchanged in the array (¢;).

The arithmetic modifications in the array (a;;) due to subtracting
multiples of row ¢, from rows ¢y 1, k2, ..., £y all occur in the final
lines. First the multiplier is computed and stored: then the subtraction
occurs in a loop.

Caution: Values in array (a;;) that results as output from procedure
Gauss are not the same as those in array (a;;) at input. If the original
array must be retained, one should store a duplicate of it in another

array.
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In the procedure Naive_Gauss for naive Gaussian elimination from
Section 7.1, the RHS b was modified during the forward elimination
phase; however, this was not done in the procedure Gauss.
Therefore, we need to update b before considering the back subsitution
phase.
For simplicity, we discuss updating b for the naive for the naive forward
elimination first. Stripping out the pseudocode from Naive_Gauss
that involves the (b;) array in the forward elimination phase, we obtain
for 1 ton —1 do
fori=k+1tondo
b; = b; — a;by
end for

end for




Math 1080 > 7. Systems of Linear Equations > 7.2 Gaussian Elimination with Scaled Partial Pivoting

This updates the (b;) array based on the stored multipliers from the
(a;j) array.
When scaled partial pivoting is done in the forward elimination phase,
such as in procedure Gauss, the multipliers for each step are not one
below another in the (a;;) array but are jumbled around.
To unravel this situation, all we have to do is introduce the index array
(¢;) into the above pseudocode:
for 1 ton —1 do
fori=k+1tondo
be; = by, — ag, kby,
end for

end for
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After the array b has been processed in the forward elimination, the
back substitution process is carried out. It begins by solving the
equation

agmnq:n = b[n (7.15)

whence

n

be
Ty =
ag,.n
Then the equation

g, 1 n—1Tn—1 1+ Qg nTp = bln_l

is solved for x,_1:

1
1= —— (be,_, — @ty nTn)
azn—hn_l
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After z,, xp_1,...,x;11 have been determined, x; is found from the
equation

ag, ;i + g i11Tiv1 + .o+ g pTn = by,

whose solution is

1

Qg, i

n
bgi - Z Qyp; T4 (7.16)
j=i+1

Tj =

Except for the presence of the index array ¢;, this is similar to the back
substitution formula (7.7) in Section 7.1. obtained for the naive
Gaussian elimination.
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The pseudocode for processing the array b and performing the back substitution phase
procedure Solve(n, (a;j;), (b;), (z;))
integer i, k,n; real sum
real array (ai;)1mx1:ns (4i)1m, (0i)1:ns (Zi)1:n
fork=1ton—1do
fori=%k-+1tondo
by, < by, — ag, 1be,
end for
end for
Ty al;f:fn
fori=n—1to 1l step —1 do
sum < by,
for j=i¢+1tondo
SUM 4= SUM — Gy, jT;
end for

sum
ag, i

T; <
end for
end procedure Solve
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Pseudocode

Here, the first loop carries out the forward elimination process on array
(bi), using arrays a;; and (¢;) that results from procedure Gauss.
The next line carries out the solution of equation (7.15).

The final part carries out equation (7.16).
The variable sum is a temporary variable for accumulating the terms

in parentheses.
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Long Operation Count

Solving large systems of linear equations can be expensive in computer
time. To understand why, let us perform an operation count on two
algorithms whose codes have been given.

We count only multiplications and divisions (long operations) because
they are more time consuming than addition.

Furthermore, we lump multiplications and divisions together even
though division is slower than multiplication.

In modern computers, all floating-point operations are done in
hardware, so long operations may be as significant, but still gives an
indication of the operational cost of Gaussian elimination.
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Long Operation Count

Consider first procedure Gauss.

In step 1, the choice of a pivot element requires the calculation of n
ratios - that is n divisions.

Then for rows 0o, 43, ..., £,, we first compute a multiplier and then
subtract from row /¢; that multiplier times row £1. The zero that is
being created in this process in not computed.

So the elimination requires n — 1 multiplications per row.

If we include the calculation of the multiplier, there are n long
operations (divisions or multiplications) per row.

There are n — 1 rows to be processed for a total of n(n — 1)
operations.

If we add the cost of computing the ratios, a total of n? operations is
needed for step 1.
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Long Operation Count

The next step is like step 1 except that row #; is not affected, nor is
the column of multipliers created and stored in step 1.

So step 2 will require (n — 1)2 multiplications or divisions because it
operates on a system without row ¢; and without column 1.

Continuing with this reasoning, we conclude that the total number of
long operations for procedure Gauss is

n3

2+ (n—1)%+(n—2)%+-- +42 432422 = %(n+1)(2n+1)—1 ~

Note that the number of long operations in this procedure
3

n
grows like ? the dominant term.
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Long Operation Count

Now consider procedure Solve

* The forward processing of the array (b;) involves n — 1 steps.

The first step contains n — 1 multiplications, the second contains n — 2
multiplications, and so on.

The total of the forward processing of array (b;) is thus

(n—U+%n—m+~~+3+2+1=gm—1)

% In the back substitution procedure, one long operation is involved in the
first step, two in the second step, and so on.
The total in the back substitution is

14243+ +n=

|3

(n+1)

Thus, procedure Solve involves altogether n? long operations.
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Long Operation Count

Theorem (on Long Operations)

o The forward elimination phase of the Gaussian elimination
algorithm with scaled partial pivoting, if applied only to the n X n
3

.. , . n ,
coefficient array, involves approximately o long operations

(multiplications and divisions).

o Solving for x requires an additional n* long operations.

An intuitive way to think this result is that the Gaussian elimination
algorithm involves a triply nested for-loop.
So an O(n?) algorithmic structure is driving the elimination process,

and the work is heavily influenced by the cube of the number of
equations and unknowns.
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Numerical Stability

The numerical stability of a numerical algorithm is related to the
accuracy of the procedure. An algorithm can have different levels of
numerical stability because many computations can be achieved in
various ways that are algebraically equivalent but may produce
different results. A robust numerical algorithm with a high level of
numerical stability is desirable.

Gaussian elimination is numerically stable for strictly diagonally
dominant matrices or symmetric positive definite matrices.
(These are properties we will present in Sections 7.3 and 8.1, respectively.)
For matrices with a general dense structures, Gaussian elimination with
partial pivoting is usually numerically stable in practice.

Nevertheless, there exist unstable pathological examples in which will fail.

An early version of Gaussian elimination can be found in a Chinese
mathematics text dating from 150 B.C. ["Jiuzhang suanshu” or “The Nine
apters on the Mathematical Art”.]
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We should not confuse

@ scaling in Gaussian elimination (which is not recommended) with our
discussion of

@ scaled partial pivoting in Gaussian elimination.
The word scaling has more than one meaning.

@ It could mean actually dividing each row by its maximum element in
absolute value. We certainly do not advocate that. In other words, we
do not recommend scaling of the matrix at all.

@ However, we do compute a scale array and use it in selecting the pivot
element in Gaussian elimination with scaled partial pivoting.
We do not actually scale the rows; we do just keep a vector of the
“row infinity norms”, that is the maximum element in absolute value for
each row.
This and the need for a vector of indices to keep track of the pivot rows
make the algorithm somewhat complicated, but this is the price to pay
for some degree of robustness in the procedure.

The simple 2 X 2 example in equation (7.13) shows that scaling does not help in choosing a good pivot row.
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(1) In performing Gaussian elimination, partial pivoting is highly
recommended to avoid zero pivots and small pivots.
In Gaussian elimination with scaled partial pivoting, we use

e a scale vector s = [s1,52,...,5,]7 in which
S; = max |a;; 1<1<n
j= max oy (1<i<n)
o and index vector £ = [(1, 0o, ..., £,]7, initially set as

e=11,2,...,n].
The scale vector or array is set once at the beginning of the algorithm.
The elements in the index vector or array are interchanged rather than
the rows of the matrix A, which reduces the amount of data
movement considerably.
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Summary

The key step in the pivoting procedure is to select j to be the first
index associated with the largest ratio in the set

Qay.
lae. k| k<i<n
s,

and interchange ¢; with ¢; in the index array £. Then use multipliers

ag; k
Gy

times row £ and subtract from equations ¢; for k+1 < i < n.
The forward elimination from equation ¢; for {;, 1 < ¢; < 0, is

ag,yk '

bg — bg — mbgk
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The steps involving the vector b are usually done separately just before
the back substitution phase, which we call updating the RHS.
The back substitution is

1 - :
Ty = by, — Zafhjxj (i=nn—1n—-2,...,1)
biyi j=i+1

(2) For an n x n system of linear equations Ax = b, the forward
elimination phase of the Gaussian elimination with scaled partial
pivoting involves approximately %3 long operations (multiplications and
divisions), whereas the back substitution requires only n? long
operations.
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In many applications including several that are considered later on, extremely
large linear systems that have a banded structure are encountered.

Banded matrices often occur in solving ordinary differential equations and
partial differential equations.

It is advantageous to develop computer codes specifically designed to such
linear systems, since they reduce the amount of storage used.

Of practical importance is the tridiagonal system. Here, all nonzero elements
in the coefficient matrix must be on the main diagonal or on the two
diagonals just above and below the main diagonal (usually called
superdiagonal and subdiagonal, respectively).

rdi c 17 =1 7 [ o ]
a1 d2 c2 T2 ba
ag ds c3 x3 bs
’ . = : 7.17
aj—1 di ¢ T b; (7.17)
p—2 dp—1 Cp—1 Tp—1 bn—1
- An—1 dp, 4L Zn 4 L bn d

(All elements not in the displayed diagonals are 0's.)
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Tridiagonal Systems

@ A tridiagonal matrix is characterized by the condition a;; = 0 if
i —jl =2

@ In general, a matrix is said to have a banded structure is there is an
integer k (less than n) such that a;; = 0 whenever |i — j| > k.

The storage requirements for a banded matrix are less than those for a
general matrix of the same size.

Thus, a n x n diagonal matrix requires only n. memory location in the
computer, and a tridiagonal matrix requires only 3n — 2. This fact is
important if banded matrices of very large order are being used.

For banded matrices, the Gaussian elimination algorithm can be made
very efficient if it is known beforehand that pivoting is unnecessary.
This situation occurs often enough to justify special procedures.

Here, we develop a code for tridiagonal system and give a listing for the

pentadiagonal system (in which a;; = 0 if | — j| < 3).
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Tridiagonal Systems

The routine to be described now is called procedure T'ri. It is designed to
solve a system of n equations in n unknowns, as shown in equation (7.19).
Both the forward elimination phase and the back substitution phase are
incorporated in the procedure, and no pivoting is used; that is, the pivot
equations are those given by the natural ordering {1,2,...,n}.

Thus, naive Gaussian elimination is used.

In step 1, we subtract ‘“ times row 1 from row 2, thus creating a 0 in the a;
position. Only the entrles do and by are altered. Observe that ¢, is not
altered.

In step 2, the process is repeated, using the new row 2 as the pivot row.
Here is how the d;'s and b;'s are altered in each step:

d2 <—d2 — Z—icl
b2 (—bg — g—ibl

In general, we obtain

di%di—zl

) Ci—1

bi%bi—gz—:ibi_l (2§z§n)
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Tridiagonal Systems

At the end of the forward elimination phase, the form of the system is

as follows:
[di 1Tz 1 [br ]
do ¢ €2 bo
d3 c3 3 b3
di C; xT; - bi (718)
dp—1 Cp—1 Tn—1 bp—1
dyn 1 LZn bn

Of course, the b;'s and d;'s are not as they were at the beginning of
this process, but the ¢;'s are.
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Tridiagonal Systems

The back substitution phase solves for z,,z,_1,...,21 as follows:

bn
il?n(—a

1
Tp—1 < d_(bn—l - cn—lxn)
n—1

Finally, we obtain

1
4

In procedure T'ri for a tridiagonal system, we use single-dimensioned
arrays (a;), (d;) and (¢;) for the diagonals in the coefficient matrix and
array (b;) for the RHS, and store the solution in array z;.
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Tridiagonal Systems

procedure TTi(”? (ai)a (dz)7 (Ci)7 (bz)v (xz))
integer ¢, n; real zmult
real array (ai)1:n7 (di)lsna (Ci)l:n’ (bi)l:n: (J;i)lzn
for i =2 to n do

zmult + %

di — dl — (:L‘mult)ci_l

bi — bi — (xmult)bi_l

end for
Ty o
. n
fori=n—1to1lstep —1 do
T bi*idi.miJrl
T
end for

end procedure T'ri

Notice that the original data in arrays (d;) and (b;) have been changed.
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Tridiagonal Systems

A symmetric tridiagonal system arises in the cubic spline development of
Chapter 9 and elsewhere. A general symmetric tridiagonal matrix has the form

d1 C1 i _1'1 i _bl i
g dy c2 T2 ba
Co d3 C3 I3 b3
=|; 7.19
ci—1 di ¢ x; b; (7.19)
Cp—2 dn—l Cn—1 Tn—1 bn—l
L Cn—1 dn 1 [Tn ] _bn |

One could overwrite the RHS vector b with the solution vector x as well.
Thus, as symmetric linear system can be solved with a procedure call of the
form

call Tri(n, (c;), (d;), (i), (b:), (b;))

hich reduces the number of linear arrays from five to three.
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Strictly diagonal dominance

Since procedure T'ri does not involve pivoting, it is natural to ask whether it
is likely to fail. Since examples can be given to illustrate failure because of of
attempted division by zero even though the coefficient matrix in equation
(7.19) is nonsingular.

On the other hand, it is not easy to give the weakest possible conditions on
this matrix to guarantee the success of the algorithm. We content ourselves
with one property that is easily checked and commonly encountered.

If the tridiagonal coefficient matrix is diagonally dominant, the procedure T'ri
will not encounter zero divisors.

Definition (Strictly diagonal dominance)

A general matrix A = (a;j)nxn is striclty diagonally dominant if

n

laal > Y layl  (1<i<n)

=15
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Strictly diagonal dominance. Example.

Exercise. Determine whether the matrices

3 1 -1 32 6
A=|2 -4 2|; B=|138 1
1 6 8 9 2 -2

are strictly diagonally dominant.
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Strictly diagonal dominance. Example.

4 -1 0 0 4 -1 0 0
|1 4 -1 0 m_ |0 ¥ -1 0
A=lo 1 4 1P A0 1 4
0 0 1 4 0 0 1 4
4 -1 0 0 4 -1 0 0
17 17
@_ |0 F -1 0 @_ |0 ¥ -1 0
A 0 0 2 -1 A 0 0 2 -1
0 0 1 4 o o o ¥
4 -38 0 0 4 -38 0 0
! 4 -3.8 0 ) 0 4.095 —3.8 0
B=110o 1 4 38| B 0 1 4 -38
0 0 1 38 0 0 1 4
4 -1 0 0 4 -1 0 0
17 17
@_ |0 F -1 0 @_ |0 ¥ -1 0
B 0 0 2 -1 |’ B 0 0 2 -1
0 0 1 4 o o o &
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rictly diagonal dominance

In the case of the tridiagonal system (7.19), strict diagonal dominance means
simply that (with ag = a,, = 0)

|di| > la;—1| + |ci| (1<i<n)

Let us verify that the forward elimination phase in procedure T'ri preserves
strictly diagonal dominance. The new coefficient matrix produced by
Gaussian elimination has 0 elements where the a;'s originally stood, and new
diagonal elements are determined recursively by

di = dy
di:di_(gﬁ)cifl (QSZS’I’L)

where d; denotes a new diagonal element. The ¢; elements are unaltered.
Now we assume that |d;| > |a;—1| + |¢;|, and we want to be sure that
|di] > |es).
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Strictly diagonal dominance

Obviously, this is true for i = 1 because c/i\l = dy. If it is true for index
i—1 (thatis, |dj—1| > |ci—1|), then it is true for index i because

~ ai—1
|di| = |d; — | = Ci_1
(2 (2 dz_l (2

| i1
|di—1|

> lai—1] + |ci| — |ai—1] = |ail

\di| — lai—1

* While the number of long operations in Gaussian elimination on full
matrices is O(n?), it is only O(n) for tridiagonal matrices.

** Also, the scaled pivoting is not needed on strictly dominant
tridiagonal systems.
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Pentadiagonal Systems

The principles illustrated by procedure Tri can be applied to matrices that
have wider bands of nonzero elements.

A procedure called Penta is given here to solve the five diagonal system

rdi e f1 Tr7z1 1 [b1 ]
a; dy c2  f2 T2 ba
eg az dz c3 f3 z3 b3
e2 a3 dg  cq fa L2 by
ei—2 a;—1 d; i fi z; T b
€n—4 Ap—3 dp—2 Cn—2 frn—2 Tn—2 bp—2
€n—3 Anp—2 dp—1 Cn—1 Tn—1 bp—1
L en_2 ap—1 dn 1 Llzn, 1 Lbn, |

In the pseudocode, the solution is placed in array (z;).
Also, one should not use this routine if n < 4. (Why?)
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Pentadiagonal Systems

procedure Penta(n, (e;), (a;), (di), (c;), (i), (bi), (=;))

integer i, n; real 7, s, xmult

real array (e;)1:n, (@i)1:n, (di)1:n, (€i)1:n, (Fi)1ins (Bi)1in, (Ti)1in
fori =2ton — 1do

zmult + -
i—1

d; < d; — (zmult)c; 1
c; + c; — (zmult)f_1
b; < b; — (zmult)b; 1
t

zmult T

r < s — (zmult)c;_1
dit1 + dip1 — (zmult)fi 1
bit1 < biy1 — (zmult)b; 1
S 4 a4
t <+ e;

end for

zmult « 5=

dp < dp — (zmult)e,

bp —(zmult)b,,
mn(;n( )bn 1

d'ﬂ
bp—1—Cn—1%n
Tp—1 dn_1
fori =n — 2 to1lstep —1 do
bi—fiTiqa—ciTiql
end for

end procedure Penta
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Pentadiagonal Systems

To be able to solve symmetric pentadiagonal systems with the same
code and with a minimum of storage, we have used variables r, s and ¢
to store temporarily some information rather than overwriting into
arrays.

This allows us to solve a symmetric pentadiagonal system with a
procedure call of the form

call Penta(n, (fi),(¢i), (di), (¢i), (fi), (bi), (b))

which reduces the number of linear arrays from seven to four.

Of course, the original data in some of these arrays will be corrupted.
The computed solution will be stored in the (b;) array.

Here, we assume that all linear arrays are padded with zeros to length
n in order not to exceed the array dimensions in the pseudocode.
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Block Pentadiagonal Systems

any d d dl propile VOlVe d es W DIOCK UCTUrE d

cases, there are advantages in exploiting the block structure in the numerical
solution. This is particularly true in solving PDEs numerically.

D1 C 1[X: | [Br ]
A, Dy G X B,
A2 D3 C3 X3 B3
A1 D; G X; |~ |B;

An72 anl Cnfl anl anl

L An—l Dn | _Xn | _Bn |

where

doi—1 231 €2;-1 C2i-1 faic1 O

[ azi—1  do; 0 €2 coim1 o

Here, we assume that n is even, say n = 2m. If n is not even, then the system can be padded with an extra equation,

say 41 = 1 so that the number of rows is even.
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Block Pentadiagonal Systems

The algorithm for this block tridiagonal system is similar to the one for
tridiagonal systems. Hence, we have the forward elimination phase

D, «+ D;—A;,_1D;}C;,4
Bi — Bi — Ai—lDi__llBi—l (2 <1< m)

and the back substitution phase

X, « D; !B,
Xi (_Di(Bi_CiXi—i—l) (m—l <1< 1)

Here
-1 1| do —C2i—1
D" =—
A | —agi—1 di—1

where A = da;do;—1 — agi—1¢2i—1.
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Block Pentadiagonal Systems

The results from block pentadiagonal code are the same as those for
procedure Penta, except for roundoff error. Also, this procedure can be used
for symmetric pentadiagonal systems (in which the subdiagonals are the same
as the superdiagonals).

In chapter 16 we discuss two-dimensional elliptic partial differential equations.
For example, the Laplace equation is defined on the unit square.

A 3 x 3 mesh of points are placed over the unit square region, and they are
ordered in the natural ordering (left-to-right and up).

7 8 9
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Block Pentadiagonal Systems

In the Laplace equation, second partial derivatives are approximated by second
order centered finite difference formulae. This results in an 9 x 9 system of
linear equations having a sparse coefficient matrix with this nonzero pattern:

X X X
X X X X
X X X
X X X X
A= X X X X X
X X X X
X X X
X X X X
i X XX

Here, nonzero entries are indicated by the x symbol, and zero entries are a
blank. This matrix is block tridiagonal, and each nonzero block is either
tridiagonal or diagonal. Other ordering of the mesh points result in sparse
atrices with different patterns.
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Summary

(1) For banded systems, such as tridiagonal, pentadiagonal and others,
it is usual to develop special algorithms for implementing Gaussian
elimination, since partial pivoting is not needed in many applications.

@ The forward elimination procedure for a tridiagonal linear system
A = tridiagonall(a;), (d;), (¢;)] is

& di — (§=) i
b bi— (F=)biy 2<i<n)

@ The backward substitution procedure is

1
$i<_d_(bi—ci7«'i+l) (i=n-1n=2,..,1)
i
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(2) A strictly diagonally dominant matrix A = (a;;)nxn is one in

which the magnitude of the diagonal entry is larger than the sum of
the magnitudes of the off-diagonal entries in the sum row and this is
true for all rows, namely,

n

jaij| > Y laiy|  (1<i<n)
=L

For strictly diagonally dominant tridiagonal coefficient matrices, partial
pivoting is not necessary because zero divisors will not be encountered.
(3) The forward elimination and back substitution procedures for a
pentadiagonal linear system

A = pentadiagonal((e;), (a;), (d;), (¢;), (fi)] is similar to that for a
tridiagonal system.
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Additional Topics Concerning Systems of Linear Equations

In applications that involve partial differential equations, large linear
systems arise with sparse coefficient matrices such as

-1
4
-1
0
-1

o
|
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o
|

Il
[=NoNeNoRal el
| | | |
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|
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|
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|
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|
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ococoo

—1

Gaussian elimination may cause fill-in of the zero entries by nonzero
values.

On the other hand, iterative methods preserve its sparse structure.
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An n x n system of linear equations can be written in matrix form
Ax =b (8.1)

where the coefficient matrix A has the form

ai; a2 aiz ... Qain
a21 a2 G23 ... Q2n
A= a31 as2 a3z ... 0aspn

anl Aanp2 Qap3 ... Aapp
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Our main objective is to show that the naive Gaussian algorithm applied to A
yields a factorization of A into a product of two simple matrices, one unit
lower triangular

1
by 1
L=| fa1 €32 1
L

and the other upper triangular

U1 U2 U3 v Ulnp

Ug2 U3 -  U2p

U = uzz -0 Usn
unn

In short, we refer to this as an LU factorization of A; thatis, A = LU.
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Permutation matrices

Before showing how row exchanges can be used with the LU factorization
approach to Gaussian elimination, we will discuss the fundamental properties
of permutation matrices.

Definition

A permutation matrix is an n X n matrix consisting of all zeros, except for a
single 1 in very row and column.

Equivalently, a permutation P is created by applying arbitrary row exchanges
to the n x n identity matrix (or arbitrary column exchanges). For example

Lo V) [V 0]

are the only 2 X 2 permutation matrices, and

1 0 O o 1 0 1 0 O
o 1 0 s 1 0 O 0o 0 1
0o 0 1 o 0 1 o 1 o0
0o 0 1 0o 0 1 o 1 o0
o 1 0 s 1 0 O 0o 0 1
1 0 O o 1 0 1 0 O

are the six 3 X 3 permutation matrices.




Math 1080 > 8. More on Systems of Linear Equations > 8.1 Matrix Factorizations

Permutation matrices

The next theorem tells us at a glance what action a permutation matrix
causes when multiplied on the left another matrix.

Let P be the n X n permutation matrix formed by a particular set of row
exchanges applied to the identity matrix. Then, for any n X n matrix A, PA is
the matrix obtained by applying exactly the same set of row exchanges to A.

For example, the permutation matrix

1 00
0 01
010

is formed by exchanging rows 2 and 3 of the identity matrix. Multiplying an
arbitrary matrix on the left with P has the effect of exchanging row 2 and 3:

1 00
0 0 1
010
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Permutation matrices

A good way to remember the Theorem is to imagine multiplying P times the
identity matrix

There are two different ways to view this equality

@ as a multiplication by the identity matrix (so we get the permutation
matrix on the right);

@ as the permutation matrix acting on the rows of the identity matrix.

The content of the Theorem is that the row exchanges caused by

multiplication by P are exactly the ones involved in the construction of P.
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PA = LU factorization

We put together what we know about Gaussian elimination into the
PA = LU factorization.

This is the matrix formulation of Gaussian elimination with the partial
pivoting.

The PA = LU factorization is the established workhorse for solving
systems of linear equations.

As its names implies, the PA = LU factorization is simply the LU
factorization of a row-exchanged version of A.
o Under partial pivoting, the rows need exchanging are not known

at the outset, so we must be careful about fitting the row
exchange information into the factorization.

@ In particular, we need to keep track of previous multipliers when a
row exchange is made.
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PA = LU factorization

Find the PA = LU factorization of the matrix

2 1 )
A=|4 4 4
1 3 1

First, rows 1 and 2 need to be exchanged, according to partial pivoting:

21 5 4 4 —4 01 0
44 4|=|21 5|, P=|100
13 1 13 1 00 1

Now we perform two row operations to eliminate the first column, but store
the multipliers in the location of zero's.
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PA = LU factorization

4 4 —4
L1 7
Ty
4

Next we must make a comparison to choose the second pivot.
Since |agz| = 1 < 2 = |asz|, a row exchange is required before eliminating the

second column.

01 0 4 4 —4 4 4 —4
P=|001]|= % 2 2| = % 2 2

100 ;-1 7 : -5 8
This is the finished elimination. Now we can read off the PA = LU
factorization:

010 2 1 5 1 0 0 4 4 —4

0 0 1 4 4 —4 | = % 10 0 2 2

100 13 1 3 51 00 8

P A I U
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factorization to solv

Using PA = LU factorization to solve a system of equations Ax = b is just a
slight variant of the A = LU version. Multiply through the equation Az =b
by P on the left, and then proceed as before

PAx = Pb
LUx =Pb (8.2)
<~

Solve

1. Le=Pb forc

2.Ux=c forx (8.3)

The important thing, as mentioned earlier, is that the expensive part of the calculation, determining PA = LU, can be
done without knowing b.

Since the resulting LU factorization is of P A, a row-permuted version of the equation coefficients, it is necessary to
permute the RHS vector b in precisely the same way before proceeding with the back substitution stage. That is achieved
by using P A in the first step of back substitution.

The value of the matrix formulation elimination is apparent: All the bookkeeping details of elimination and pivoting are

automatic and contained in the matrix equations.
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U factorization to solve A

Example. Use the PA = LU factorization to solve the system Az = b, where

2 1 5 5
A=| 4 4 -4 |, b=1|o0
1 3 1 6

The PA = LU factorization is known

0 1 o0 2 1 5 1 0 0 4 4
0 0 1 4 4 -4 |=| 3 1 0 0 2
1 0 0 1 3 1 % -1 1 0 8
P A L

It remains to complete the two back substitutions.
1 0 0 0 1 0 5 0
Q Lc= Pb: [% 10}{2}:{001}[0 |:6
I c3 1 0 0 6 5

N—— ~—— e —

4 4 —4 x 0
Q Ux=c [o 2 2][90;}:[6] z=[-1,2,1].
0o o0 8 8
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Matlab PA = LU

MATLAB [u command accepts a square coefficient matrix A and
return P, L and U.

>>A=1[21544 —4;131];

>> [L,U, P] = lu(A)

L = 1.0000 0 0
0.2500  1.0000 0
0.5000 —0.5000 1.0000

U= 4 4 -4
02 2
00 8

P= 0120
0 01
100
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PA = LU factorization to solve Az = b

Example. Solve the system 2z — 1+ 3z9 = 4, 321 + 222 = 1 using PA = LU

factorization with partial pivoting.
In matrix form, this is the equation

2 3 X o 4
3 2 X9 o 1 ’
We begin by ignoring the RHS b. According to partial pivoting, rows 1 and 2

must be exchanged:

0 1 2 3 3 2 3 2
S R R P R EE I
Therefore, the PA = LU factorization is
0 1 2 3] _ |10 3 2]
1L oJ|3 2] |2 1]l0 3
——— ————
U

P A L
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PA = LU factorization to solve Az = b

BRI

P A L U

@ The first back substitution Le = Pb is

Callal-Ldi)-

L P b

=

| I
I

L —

= =

| I

@ The second back substitution Uz = ¢ is

L ill=)-ld]

U c

_Therefore the solution is z = [-1,2].
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Numerical Example

The system of equations (7.2) of section 7.1 can be written succinctly
in matrix form

6 -2 2 4][m 16
12 -8 6 10| |a | | 26
3 13 9 3| | x| | -19 (84)
-6 41 —18 ] | m —34

Furthermore, the operations that led from this system to equation
(7.5) of Section 7.1, that is, the system

6 -2 2 41 [m: 16
0 42 2| |a| | -6
0 02 5| x| | -9 (85)
0 00 =3 |z -3

could be affected by an appropriate matrix multiplication.
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Numerical Example

The forward elimination phase can be interpreted as starting from
(8.1) as proceeding to

MAz = Mb. (8.6)

where M is a matrix chosen so that M A is the coefficient matrix for
system (8.5). Hence, we have

6 -2 2 4
0 -4 2 2

MA = 0 0 2 -5 =v
0 00 =3

which is an upper triangular matrix.
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Numerical Example

(1) The first step of naive Gaussian elimination results in equation
(7.3) of Section 7.1 or the system

6 -2 2 4][m 16
0 42 2||lx]| | -6
0 —12 8 1| || | —27
0 23 —14 ||y ~18

This step can be accomplished by multiplying (8.1) by a lower
triangular matrix M :

MlACL':Mlb
where
1 000
-2 1 0 0
My = -1 o010
1 0 01
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Numerical Example

(2) To continue, step 2 resulted in equation (7.4) of Section 7.1 or the

system
6 —2 2 4 x1 16
0 —4 2 2 T2 | —6
0 0 2 =5 r3 | -9
0 0 4 -13 T4 —21

which is equivalent to

MleAiB = M2M1b

10
0 1
0 -3
U

where

Mo

o = O O
_ o O O
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Numerical Example

M, =

OO =
—_ o O
_ o o o

0 0

|
DWW - O

Again, M differs from an identity matrix by the presence of the
negatives of the multipliers in the second column from the diagonal

down.
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Numerical Example

(3) Finally, step 3 gives system (8.5), which is equivalent to

M3M2M1A£B = M3M2M1b

where M3
10 00
01 00
Ms=14 09 1 0
00 -2 1

Now the forward elimination phase is complete, and with

M = MsM,M; (8.7)

we have the upper triangular coefficient system (8.5).
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Numerical Example

Using equations (8.6) and (8.7), we can give a different interpretation
of the forward elimination phase of naive Gaussian elimination. Now
we see that

A=M"U =M 'M;'M;7'U = LU

Since each M} has such a special form, its inverse is obtained by
simply changing the sign of the negative multiplier entries!
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Numerical Example

Hence we have

10001 00O0][t o000 1 000
-l 20000 10001 00_|2 100
|3 0100 31000 1O0 |3 310
-10 0 1[0 -3 0 1]]|0 0 2 1| [-1 -3 2 1

It is somewhat amazing that L is a unit triangular matrix composed of the
multipliers.
Notice that in forming L, we did not determine M~ = L. (Why?)
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Numerical Example

It is easy to verify that

1
LU= 1

2
-1

0
1

NI= o

0 0
0 0
10
21

6
0
0
0

2
2
2
4

—6

© O N

1

—18

We see that A is factored or decomposed into a unit lower triangular

matrix L and an upper triangular matrix U.

The matrix L consists of the multipliers located in the positions of the
elements they annihilated from A, of unit diagonal elements, and of o
upper triangular elements. In fact, we know the general form of L and
can just write it down directly using the multipliers without forming

the M}'s and the Mk_l’s.
The matrix U is upper triangular (not generally having unit diagonal)

and is the final coefficient matrix after the forward elimination phase is
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Numerical Example

It should be noted that the pseudocode Naive_Gauss of Section 7.1
replaces the original coefficient matrix with its LU factorization.

@ The elements of U are in the upper triangular part of (a;;) array,
including the diagonal.

@ The entries below the main diagonal in L (that is, the multipliers)
are found below the main diagonal in the (a;;) array.

Since it is known that L has a unit diagonal, nothing is lost by storing
the 1's.
(In fact, we have run out of room in the (a;;) array anyway!)
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Formal Derivation

To see formally how the Gaussian elimination (in naive form) leads to
an LU factorization, it is necessary to show that each row operation
used in the algorithm can be effected by multiplying A on the left by
an elementary matrix.

Specifically, if we wish to subtract A times row p from row ¢, we first
apply this operation to the n X n identity matrix to create an
elementary matrix Mg,. Then we form the matrix product Mg, A.
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Formal Derivation

Before proceeding, let us verify that Mg, A is obtained by subtracting
A times row p from row ¢ in matrix A.

Assume that p < g, (for in the naive Gaussian elimination this is
always true). Then the elements of Mgy, = (m;;) are

1 ifi=j
mij =4 —A ifi=qgandj=p
0 in all other cases

Therefore, the elements of Mg, A are given by

{an ifiq

aq; — Aapj ifi=gq

(MgpA)ij = > misas; =

s=1

The gth row of Mg, A is the sum of the gth row of A and —\ times
the pth row of A, as was to be proved.
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Formal Derivation

The kth step of Gaussiann elimination corresponds to the matrix M,
which is the product of n — k elementary matrices:

My, = MpieMy 15+ Mi4a,k

Notice that each elementary matrix Mjy, here is lower triangular
because i > k, and therefore My, is also lower triangular.

o If we carry out the Gaussian forward elimination process on A,
the result will be an upper triangular matrix U.

@ On the other hand, the result is obtained by applying a succession
of factors like M}, to the left of A

Hence, the entire process is summarized by writing

My _q1---MaM;A=U
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Formal Derivation

Since each M}, is invertible, we have
A=M;"M;" ..M MU

Each My, is lower triangular with 1's on its main diagonal (unit lower

triangular).
Each inverse M,c_1 has the same property, and the same is true of their
product.
Hence, the matrix
L=M;"M;" .M, (8.8)
is unit lower triangular, and we have
A=LU

This is the so-called LU factorization of A. Our construction of it depends
upon not encountering any 0 divisors in the algorithm. It is easy to give
examples of matrices that have no LU factorization; one of the simplest is

a=[21]
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Gaussian Elimination: based on the LU factorization A = LU J
a1 a2 ... Gip, T by
a21 a2 ... Qa2np, €2 bo

= ) o AW = p)

Gnl an2 - Qpn Ty bn
Assume that the pivot eIements #0.

Step 1: eliminate z; from equations 2,...,n. With aﬁ) # 0, define
ald

multipliers m;; = (1) and
Rowi < Rowi — m; aEJ) EJ) m“al = Ren
i1 *Rowl & b§2> _ bgl) milb( g i=2,..., n
S o
With A®) = 0 a2-2 a2.n b = b2. , the system is A®)z=p(2)
6 ag) B aS?,{ b$;2)

Repeat the process until A(™ is triangular matrix.
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Step k:
- 1 1) 7 ro(1) T
i o AL
0 ag Ao, by
Ak) — N KON
0 0 o ... o ne
L 0 0 a® ) | Lo ]

(k)
With a{®) = 0, define the multipliers m; = %4 and eliminate 2, from
Ak
equations k+ 1,...,n:

Rowi <— Rowi — m, * Row k <

The system AR g = p(k).

(1)
@11

0

b = ) e
(1)
a12
(k) (k)
Pkk Ok
(k1)
0 apken
i (k+1)
0 A k+1

i=k+1,...,n

(1)

Ain
(k)
Apn
L)

k+1,n

k1
a;ﬁf )

i=k+1,...,n
= [

b2

w-k X
T bl(ck)
z k
n b%)
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After k =1,...,n we end up with an upper triangular system

(1) (1) (1)
a; ... ai,, x by
0o . : : :
AM) g — p(n). — sUz=g.
0 ... 0 o Tn b
———
=U=A) =g
Back substitution )
5T Uln x, gt
! ©11T1 +u1222 + ...+ UL p1Tp—1 + UInTn = g1
0
= E=4 X
) Up—1,n—1%n—1 + Un—1,nTn = gn-1
0 Ca 0 Unpm Ty gsln) UnnTn = Gn
Solve for x,, x,_1, and backwards to z1:
— g”l
Tn = Unn
wp = S Whpn bt ®n) gy

Ukk
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Theorem (the LU factorization theorem)

1 0 0o ... 0
mo1 1 0 0

A= LU with L = ms; M3y 1

Mg the multipliers from

Gaussian elimination.

Mp1 Mp2 ... Mpnp-1 1

Proof: Recalling that U = A(™ we have

(LU)ZJ: [mil,...,mi,i_l,l,O,...,O] ujj
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Case 1. ¢ < j:
(LU)U = Mj1U1; —|— s My U UG

where  w;; = ai;), J=d,..mi=1,...,n
Recall: agj) = Ejl) mzla%), j=2,...,ni=2,...,n,
quivalently: i1 Un — (1) _ (1) (2)
or equivalently: 11ulj = mlla:[J = a,..
N RN - B <3>
i2U2;5 = My20y; = Q4
My iaWi1j = M i 1a5111]) = 5;_1) GE?
hence
(LU)ij = mjun; + .. + M4 it j + wij
= ( 5]1) ag)) + (ag) - ag’)) .o+ <al(;_1) - a(»l»)) + al(;)
= aij = aij.
Case 2. i > j:
= (k) ()

k
(LU)U = milulj + ...+ mijujj = Zmikakj -+ mijajj
k=1

k) (kA 1
_Z(( EJ ))+ (j) az(j):aij'
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The following is the pseudocode for carrying out the LU -factorization,
which is sometimes called the Doolittle factorization
input n, (a);;
for k=1ton do

ékk +~—1

for j =k ton do

ukj = g — 571 bhstis
end do
fori=k+1tondo

k-1
aip—> 01 Lisusk
Uk

gik <
end do
end do

output (4;;), (ui;)
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Proposition
If the factorization without pivoting exists A = LU, then it is unique.

Proof: Assuming A = L1Uy = LyUs, with Ly, Lo invertible.
If A is nonsingular 0 # det(A) = det(L1) det(Uy) = det(U;y) # 0,
and
LU = LUy = Ly Ly =hU; ' = D =1,
—_—— ——

lower A upper A diagonal

since L; have 1 on the diagonal = L1 = Lo, U; =U,;. N

Solve the linear system (by Gauss elimination):

1 2 1 X1 0
2 2 3 T2 | =] 3 |.
-1 -3 0 T3 2
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1 2 1]0 1 2 1]o0 L1 2 170
2 2 3[3| ™3 |0 —2 1|3 |"™5% |0 -2 1|3
-1 -3 0|2 )™~ [0 -1 1|2 o o0 3%
[U]g]
= rs=1l,20=—-1,21 =1
and the LU decomposition is

1 00 1 2 1 1 2 1

2 10 0 -2 1 |=|2 2 3

-1 11 0 0 3 -1 -3 0
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Solving Linear Systems Using LU Factorization

Once the LU factorization of A is available, we can solve the system
Ax =0b

by writing
LUx =b

Then we solve two triangular systems
Lz=b (8.9)
for z and

Ux ==z (8.10)

for . This is particularly useful for problems that involve the same
coefficient matrix A and many different RHS vectors b .
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Solving Linear Systems Using LU Factorization

(1) Since L is unit lower triangular, z is obtained by the pseudocode
real array (b;)n, (4ij)nxn, (%i)n
integer i,n
71 by
for i =2 to n do
zi + b; — Z;;ll eijZ]'
end for

(2) Likewise, x is obtained by the pseudocode
real array (wij)nxn, (Zi)n, (2i)n

integer i,n

T 4=

fori—n—ltolstep —1do
T (_ i j=it+1 WijLj

Ui

end for
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Solving Linear Systems Using LU Factorization

The first of these two algorithms applies to the forward phase Gaussian
elimination to the RHS vector b. [Recall that the /;;'s are the
multipliers that have been stored in the array (a;;).]
The easiest way to verify this assertion is to use equation (8.8) and to
write the equation

Lz=1b»

in the form
MM M 2 =0

From this, we get immediately

z = M'n.—l oo M2M1b

Thus the same operations used to reduce A to U are to be used on b
in order to produce z.
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Solving Linear Systems Using LU Factorization

Another way to solve equation (8.9) is to note that what must be done is to
form

Mn—an—Z ctt M2M1b

This can be accomplished using only the array (b;) by putting the results back
into b; that is
b« Mb

We know what M}, looks like because it is made up of negative multipliers
that have been saved in the array (a;;). Clearly, we have

ri

—agy1,k 1
Mpb = .

—ank 1
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Solving Linear Systems Using LU Factorization

The entries b; to by, are not changed by this multiplication, while b; (for
i > k+1) is replaced by —a;xbi + b;. Hence, the following pseudocode
updates the array (b;) on the stored multipliers in the array a:
real array (ai;)nxn, (bi)n
integer i, k,n
fork=1ton—1do

fori=k+1tondo

bi — bi — aikbk

end for
end for
This pseudocode should be familiar. It is the process for updating b
from Section 7.2.
The algorithm for solving equation (8.10) is the back substitution
phase of the naive Gaussian elimination process.
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|. Direct Methods

1. Forward Elimination ]
Forward solve for y: Ly = b, L lower A

11 0 0 ... 0 0 Y1 by

fo1 {29 0 ... 0 0 Y2 by

lp-11 lp-12 lp-13 oo Lpoipe1 O Yn-1,n-1 bp-1,n-1

‘enl £n2 gn,S v gn,n—l en,n Ynn bnn
hence

l11y1 = by, y1 = b1/,

l21y1 + l22y2 = bo, Y2 = (b2 — la1y1)/ a2,

1 1—1
d : ‘:—(b‘— 0 ):2 .
and so on Y; fu 3 JZ_} ’LJyJ 1 n
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Operation count for Forward Elimination

+/— */
Y1 0 1
Y2 1
Yi 1—1 7
T (n=Dn | & n(n+1)
total ;I:T izzlz: -

Total cost: n?
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An operations count for solving Az = b using LU factorization

How many operations are needed for LU factorization?
Step 1. AN — A®) p(1) - p(2).

a/,l(j) = a(;) mzlal ,] =2,..., no N (TL — 1)2 additions and multiplications
b(2) b(l) b(]'g i " 1 — 1 additions and multiplications
Step 2. A® — ABG): (n—2)2 + and *, b@ — b3 :n—2 + and *
Stepn—1. A — A=D1 4 and %, b(*~ 1) —b™ .1+ and *
To get U = A™ we need:

e Divisions: (n—1)+(n—2)+---+1= n(n2—1)

e Additions: (n — 1)2 +(n— 2)2 o1 = n(n—l)()_(%—l)

n(n—1)(2n—1)
6

e Multiplications: (n—1)2+(n—2)2+---+1=
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An operations count for solving Ax = b using LU factorization

To get b(M) — b(™ we need:
o Additions: (n— 1)+ (n—2) 4--- + 1 = 21
e Multiplications: (n —1)+(n —=2)+-- -+ 1= =5
To solve Uz = g we need:

@ Divisions: n
o Additions: @

o Multiplications: (-1

In total:
21 -1 1
oue METD) 00Dl o
—_— Y Y
A—=U b(l)_)g Solve for x
nn—1)2n —1 n(n—1 nin—1
e MOTDEY Y =l o
~ ~~ - = Y~

A—-U b(1) g Solve for
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An operations count for solving Az = b using LU factorizati

Conclusion: The cost of solving Az = b is
2

§n3 + O(n?)
Note that if the size of the linear system doubles, the cost of only
factoring the matrix increases by a factor of 8.

If n is large, the principal cost in the solution of a linear system
Az = b is the factorization A = LU.

Remark

In practice we need to solve Az = b with varying vectors b:
Az®D =) for1<i<m

o Cost of LU : %n?’ +0(n?)

o Cost of back substitution: mn?

o Cost of forward elimination: mn?

Total cost: %n® + 2mn? + O(n?)
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An operations count for solving Az = b calculating an inverse A"

Computing A~!

Is equivalent to solving

AX =1 & Az = ¢t
where 2% is the it" column of A1

Hence the cost is (m = n):
2n3 + 203 4+ O(n?) = §n® + O(n?)
hence to compute
A~1is 4 times more expansive than finding the solution of Az = b.
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LDLT Factorization

In the LDLT factorization, L is unit lower triangular, and D is a diagonal
matrix. This factorization can be carried out if

Q@ A is symmetric and

@ has an ordinary LU factorization,
with L unit lower triangular.
To see this, we start with

LU =A= AT = (LU)T =U"L”
Since L is unit lower triangular, it is invertible, and we can write
U=L"'UTL".

Then

urh)t=r"v".
Since the RHS of this equation is lower triangular and the LHS is upper
triangular, both sides are diagonal, say, D. From the equation
U(LT)™' = D, we have U = DL and

A=LU=LDL".
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LDLT Factorization

We now derive the pseudocode for obtaining the LD LT factorization of a
symmetric matrix A in which L is unit lower triangular and D is diagonal.
In our analysis, we write a;; as generic elements of A and ¢;; as generic
elements of L. The diagonal D has elements d;; or d;.

From the equation A = LDLT, we have

ai; = zn: zn:ewdmew Z Zewd Suplijp = Zéwd G, (1<i,j<n)

v=1 pu=1 v=1 p=1

Use the fact that ¢;; = 0 when j >4 and ¢;; = 1 to continue the argument

min(i,j)

Z e’iljdl/ejll (1 S 7').7 S n)
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LDLT Factorization

Assume now that j <i. Then

Jj—1 Jj—1
Zewd Uy =Y Llidy iy +ligdili; = Lidy ly+ligd; (1<, j
v=1 v=1 v=1

In particular, let j = i. We get
i—1
ai =Y ldyly+d; (1<i<n)
v=1

Equivalently, we have

di = ag — Zd 2 (1<i<n)

Particular cases of this are

2 2 2
di = a1, dy=ag —dily, d3=a3z3— dil3 —dol3,, etc.
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LDLT Factorization

Now we can limit our attention to the cases 1 < j < i < n, where we

have
j—1

v=1

Solving for /;;, we obtain

i1
aij — 11 livdyljy,

&‘j = dj (1<i<n)
Taking 7 = 1, we have
b =" (2<i<n)
dq

This formula produces column one in L. Taking j = 2, we have

io — Lindi .
£i2=a2d—21121 (3§Z§n)

swbis formula produces column two in L.
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LDLT Factorization

The formal algorithm for the LD LT factorization is as follows:

integer i,j,n,v; real array (aj)1:.nx1:m; (£ij) inx1m, (di)1:n
forj=1ton
by =1
i1
dj = aj; — >, 1 dul5,
fori=j5+1ton

0:i=0
g‘. — aij—Z,J,;ll eiuduzju
end for

end for
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LDLT Factorization

Determine the LDLT factorization of the matrix: A = l

First, we determine the LU factorization:

1 0 0 0 4 3 2 1
31 0 0 o 2 1 1
A=t 2 1 9|00 2 1|=LU
7 1 301
§§%1 0 0 0 5

Then extract the diagonal elements from U and place them into a diagonal
matrix D, writing

4 0 0 0 13%%
02 00 01 % 3
— 4 3 _prT
v 00 20 001% DL
00 0 3 00 0 1

Clearly, we have A = LDLT.
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Extra: Permutation matrices

Multiplying by a permutation matrix will permute the order of the rows
or columns of a matrix. We obtain permutation matrices by re-ordering
the rows (or columns) of the identity matrix I. As an example, consider

0
P=10
1

o O =

0
1
0

Multiplying on the right by P a general matrix A € M3y, will
rearrange the order of the rows in A

010 ailr -+ Qln az1 -+ a2,
PA = 0 0 1 a,21 e a2n — a31 P a3n
100 asy -+ G3n air -+ aip
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Extra: Permutation matrices

Every permutation matrix is nonsingular, since the rows still form a
basis of R".
When Gaussian elimination with row pivoting is performed on a matrix
A, the result is expressible as PA = LU, where L is lower triangular
and U is upper triangular. The matrix PA is A with its rows
rearranged. If we have the LU-factorization of P A, how do we solve
the system

Ax = b?
First write it as PAx = Pb, then LUx = Pb. Let y = U, so that
our problem is now Ly = Pb. That equation is easily solved. Then
the equation Uz = y is eeasily solved for x.

Matlab and Maple produce factorizations of the form
PA=LU

upon command.




Extra: Modifying the LU factorization

The Matlab function lu(A) gives

lu(A) = [L,U, P).

For
1 2 1
A= 2 2 3
-1 -3 0
1 0 0 2 2 3 0
-5 1 0 0 -2 15 | =1|0
5 -5 1 0 0 .25 1
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Extra: Scaling

If the coefficient matrix A in Az = b vary greatly in size, it is likely that
propagation of rounding errors will be significant. Usually this is avoided by
scaling the matrix A so that the maximum element is each row is of
approximately equal magnitude, and similarly for the columns.

If B = D1ADs is the result of row and columns scaling in A, with
Dy, D, diagonal matrices with entries the scaling constants, then
solving Az =b & DlADg(DZ_Ix) = D1b for z is equivalent to solving

Bz = Db = Doyz.
For row scaling: seeking the coefficients such that

max |bji|l~1,i=1,....n
ISan’Z]‘ ) ) s 10y

the most straightforward way is
Aij

by = —

ij s; )

j=1,...n, where s; = max |a;;|,i =1,...,n.
1<j<n
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Extra: Variants of Gaussian Elimination - Compact Methods

If A is nonsingular and pivoting is not needed, then A = LU is given
by the Gaussian elimination. In order to reduce the error, we need to
rewrite the Gaussian elimination in a more compact form without

going through the elimination process: with

1 0 0 cee 0 w1l w12 U13

maq 1 0 0 0 u22 u23
L= ma31 m32 1 ,U= 0

mn1 mn2 cee Mn,n-1 1 0 0

Up—1,n—1

this means multiplying LU and match the result with A.

Uln
U2n

Un—1,n
Un,n

If L,U are only upper and lower triangular, there is nonuniqueness in the

choice of L,U:

A=LU =LU, = Ly;'Ly=UU'=D

with D a diagonal matrix, tied directly to the choice of the diagonal elements

of either L or U. Once they have been chosen, D is uniquely determined.
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Extra: Variants of Gaussian Elimination - Compact Methods

Step 1a.

Uyrj = A1y, jZl,...,?’L.
Step 1.b. Solve for the 1% column of L: multiply rows 2 : n of L with
column 1 of U, then solve
miul = a1,  P=2,n
for the coefficients m;;.
Step 2a. Solve for the 2" row of U. Begin by multiplying row 2 of L with
columns 2 : n of U
Moy + Uy = Aoj, J=2,...,1
and solve for uy; for j =2,...,n.
Step 2.b. Solve for the 2" column of L: multiply rows 3 : n of L with
column 2 of U, then solve
MitUiz + MizUze = iz, 1= 3,10

for the coefficients m;o for i = 3, n.
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Extra: Variants of Gaussian Elimination - Compact Methods

@ Doolitle’s method: diagonal elements of L are all 1 (gives the
same decomposition A = LU as in Gaussian elimination)

@ Crout's method: all diagonal elements of U are all 1

With these L, U we solve Ax = b by solving the systems

Lz=b and Uzx =1z

first being a lower triangular system (forward substitution), second
upper triangular (back substitution).
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The Cholesky factorization

Any symmetric matrix that has an LU factorization in which L is unit lower
triangular, has an LDLT factorization.

Definition

The matrix A is positive definite if

(Az, ) ZZamxzxg >0, VreR"z#0.

=1l =il

The Cholesky factorization A = LLT is a simple consequence of it for the
case in which A is symmetric and positive definite.

Suppose that the factorization A = LU the matrix L is lower triangular and
the matrix U is upper triangular.

@ When L is unit lower triangular, it is called the Doolittle factorization.
@ When U is unit upper triangular, it is called the Crout factorization.

@ In the case A is symmetric positive definite and U = LT it is called
the Cholesky factorization.
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The Cholesky factorization

André Louis Cholesky proved

Theorem (Cholesky theorem on LL™ factorization)

If A is real, symmetric and positive definite, there is a (unique) lower
triangular matrix

{11 0O 0 .. 0
,621 ,621 0 o e O

L=| fl31 {35 {33

Enl €n2 O én,n—l Enn
with diagonal elements ¢;; > 0 such that

A=LLT.
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The Cholesky factorization

Multiply LLT and match to A:
Step 1. Row 1 multiplied with column 1:
5112 =ay1 > 0.
Step 2. Row 1 of L multiplied with columns 2 : n of LT:
bl =ap, 1=2,...,n

and solve for all /7.
Continuing for i = 2,...,n yields

j—1
aij_zgikgjk
bij = ’2;1 j=1,...,i—1
J

i1
by = (aii - Zf?k)
k=1

D=

3

Due to the symmetry of A, the number of arithmetic operations is = %n ,
half of what is needed with a general matrix A.
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The Cholesky factorization

The algorithm for the Cholesky factorization will be then as follows:
input n, (a;;)
for k=1 ton do

Ly, = <akk - Zeks)

forz—k—l—ltondo
a; Z= ‘les
Ui — k2= Lislee

kk
end do
end do

output (4;;)
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The Cholesky factorization

The Cholesky theorem guarantees that ¢;; > 0. Observe that the equation

i1 2
by = (aii - Z@k>
k=1

gives the following bound

i
a;; = ZE?I@ >0 (<)
k=1
from which we conclude that
10ij] < ag (1<j<i)
Hence, any element of L is bounded by the square of a corresponding
diagonal element in A. This implies that the elements of L do not become
large relative to A even without any pivoting. In the Cholesky algorithm,

(and the Doolittle algorithms), the dot products of vectors should be
omputed in double precision in order to avoid a buildup of roundoff errors.
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The Cholesky method

Example For the Hilbert matrix of order 3:

1
1
i
3

the Cholesky decomposition is (check chol(hilb(3)))

A:

|00 | 00| =
G s | 00| =

1 0 0 1 4 1
Al L g o L 1
Sl E E B
3 Viz 180 0 0 180

Remark The advantage of using compact methods is: reduced number of
rounding errors from O(n3) to O(n?).

Both the elements ¢;; and wu;; involve inner products >_;" , a3 that can be
accumulated in extended (double) precision, so instead of 2m rounding errors
we have only one by rounding at the very end.
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Summa

(1) If A = (a;;) is an n x n matrix such that the forward elimination phase
of the naive gaussian algorithm can be applied to A without encountering any
zero divisors, then the resulting matrix can be denoted by A = (dij), where

1 0 0 . 0
o1 1 0 . 0
a a 1 0
L— 31 32
anl G2 apnp—1 1
and B B B B
air a1z a3 ... din
0 a2z a23 ... QG2n
U= 0 0 ass S asn
0 0 . 0 Gn,n

This is the LU factorization of A, so that A = LU, where L is lower unit

triangular and U is upper triangular. When we carry out the Gaussian

forward elimination process on A, the result is upper triangular matrix U.

The matrix L is the unit lower triangular matrix whose entries are negatives
the multipliers in the locations of the elements they zero out.
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Summary

(2) We can also give a formal description as follows. The matrix U can be
obtained by applying a succession of matrices M}, to the left of A. The kth
step of Gaussian elimination corresponds to a unit lower triangular matrix
M., which is the product of n — k elementary matrices

My = MMy 1k - Mg,k

where each elementary matrix My, is unit lower triangular. If M, A is
obtained by subtracting A times row p from row ¢ in matrix A with p < ¢,
then the elements of Mg,= (m;;) are

1 ifi=j
mj; = -\ ifi=gqandj=p
0 in all other cases
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The entire Gaussian elimination process is summarized by writing

M, _1--+-M;M;A=U
Since each My, is invertible, we have
A=M{ "My MU

Each My is a unit lower triangular matrix and the same is true for each
inverse Mk_l, as well as their products. hence, the matrix

L=M"M;" - .M*

is unit lower triangular.
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(3) For symmetric matrices, we have the LD LT -factorization, and for
symmetric positive definite matrices, we have the LLT, which is also known
as Cholesky factorization.
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Summary

(4) If the LU factorization of A is available, we can solve the system
Ax =b
by solving two triangular systems

Ly=b fory
Ux =y forx

This is useful for problems that involve the same coefficient matrix A and
many different RH vectors b. For example, let B be an n x m matrix of the

form
B = [p®, 63 .. p(™)]

where each column corresponds to a RHS of the m linear systems
Ax@) = p@ (1<j<m)
Thus, we can write
Al @, 2@ 2] = p® 5@, pm]

or

AX =B
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Summary

A special case of this is to compute the inverse of an n x n invertible matrix
A. We write
AX =1

where I is the identity matrix. If (/) denotes the jth column of X and I
denotes the jth column of I, this can be written as

Az, 2@ ™) = 1D, 13 1)
or as n linear systems of equations of the form
Azx@ = 1@ (1<j<n)

We can use the LU factorization to solve these n systems efficiently obtaining

A7l = [w(l), @, ... ,a:(")]
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(5) When Gaussian elimination with row-pivoting is performed on a matrix
A, the result is expressible as

PA=LU

where P is a permutation matrix, L is unit lower triangular, and U is upper
triangular. Here the matrix P A is A with its rows interchanged. We can
solve the system Ax = b by solving

{Ly:Pb for y

Ux=y forx
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Extra: Tridiagonal systems

al C1 0 0 e 0
b2 a9 Co 0

0 b3 as C3

bn—l Gp—1 Cn-1
L 0 ... 0 bn, anp
Occur in many applications from ODE and PDE.
Remark: the inverse of a tridiagonal matrix is usually a dense matrix

-1 1 0o 0 ... 0
1 -2 1 0
a=| v b2 oL (A = maxdi, )
1 -2 1
| 0 0 1 -]
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Extra: Tridiagonal systems

Factoring tridiagonal matrix A = LU, L and U have very simple forms:

ar 0 0 0 ... 0] 1y 0 0 ... 0 ]
by az O 0 0 1 v2 0
I— 0 b3 Qa3 0 ,U: 0 0 1 Y3
bn—l Qp—1 0 0 1 Yn—1
L0 ... 0 by an 0 ... 0o 0 1 |

By multiplication we get:

— — °1
ay = a1, 171 =c1 L= AL = 5y .
a; =a; +bivi—1, i=2,..., n = a; =a; —biyi—1,7i =G5 i=2,...,n—1
QY = Ciy i=2,3,..., n—1 !

ap =ap —bnyn—1

+: n—-1
To factor A = LU it takes: { *: n—1 = 3n— 3 operations.
/: n—1
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Extra: Tridiagonal systems

Solving Ax = fas LUz = f, i.e,,
Lz = f, Ur =z

requires:
_h  Ji—bizia .
21 = —) 2= 7/—2,...,’)1
(6751 Q5
Tn = Zny, T = 2 — ViTit1, i:n_la"'al
+: 2n—2
hence it takes { *: 2n—2 = 5n — 4 operations to solve Az = f
/: n

the first time and additional 3n — 2 for each different RHS f.
Remark: Even if A~! is given, computing
n

r=A"fen=) (A),fhi=1,..n
j=1

means 2(n — 1)? operations.
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Extra: Tridiagonal systems

Assume {a;, b;, c;} satisfy
|a1| > |61| >0
|ai|2|bi|+|ci|, bi,ci#O 1=2,....,n—1
lan| > |by] >0

then A is nonsingular,

Iyl <1, i=1,...,n—1
la;| — b < |og] <las|+ |bil, i=2,...,n (8.11)

Remark that (8.11) implies || > |¢;| and justifies the decomposition
of A.
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Error in solving linear systems

Example. Find the backward error and the forward error for the

approximate solution z. = [1; 1] of the system
X1
T2 1

1]. In the in

1 1
3 —4
The correct solution is z = [2;

3 1
N MR E

and the forward error is

|m_xmw=H[?] [

cond(A) = 3.5776

1

—4

1
1

Il

I

|

finity norm, the backward error is

1
1

)
Il

y
L

-

In other cases, the backward and forward errors can be of different orders of

magnitude.
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Error in solving linear systems

Example. Find the backward error and the forward error for the
approximate solution z. = [—1;3.0001] of the system

1 1) [a ] 2
1.0001 1 || 2 | | 2.0001 |°

* First, using Gaussian elimination, the solution is [x1, z2] = [1;1].

** The backward error in the infinity norm is

2 1 1.0001 -1 —0.0001
b= Aelloo= [ 2.0001 ]_[ 1 1 ] [ 3.0001 ]Hw_”[ 0.0001 ]H = 00001

o0

*** The forward error is the infinity norm of the difference

T T ]

which is 2.0001.

cond(A) = 4.0002¢ + 04
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Error in solving linear systems

On a computer, Gaussian elimination involves rounding errors through
its arithmetic operations, and these errors lead to error in the
computed solution of the linear system being solved.

@ We now will briefly look at a method for predicting and correcting
the error in the computed solution.

@ Then we examine the sensitivity of the solution to small changes
such as rounding errors.
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Examples

@ The linear system

Tx +10y =1 H _ —
se 11y —. hasthesolution z=0, y=.1

while the perturbed system

Loy Zhet hasthesolution &= —.17, §=.22
A relatively small change in the RHS has led to a relatively large change
in the solution.

@ The Hilbert matrix and its approximation

1 % % i 1.000  .5000 .3333

Hy=| & 1 1 | FAs=1 5000 .3333 .2500

i i 1 3333 2500 .2000

. 3 4 5
have inverse
9 —36 30 A 9.062  —36.32  30.30
Hy'=| —36 192 —180 } H;1:|: —-36.32  193.7 —181.6 }

30 —180 180 30.30 —181.6 1815

(a change in H3 in the 5" decimal place (by rounding the fractions to
four decimal digits) yields with a change in H3_1 in the 37¢ decimal

place.)
cond(A)=222.9955, cond(hilb(4)) =524.0568, cond(hilb(4)) =1.5514e + 04.
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The sensitivity equation, condition number

The sensitivity of the solution = of the linear system Az = b to

changes in the RHS b:

Ar=0b, Az =b+r = Ae =r, where e =% — x.
The relative error satisfies
Lol sy il < 4714y
”5j_$” = M frnd condition number
el el N ] Ll
> Nlellp=tmmer = 1Al TA=1meT = condia 6l
ie.,
LI [l 1] [|7]]
T < - < cond(A) .
cond(A) IIbII ||| 1l

Moreover, YA nonsingular, 3b and r for which either of the inequalities
can be made equality.
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Condition number

cond(A) can vary, but is always greater than 1:

L= |[1]| = [AATY| < ||| A" = cond(4).

o If cond(A) ~ 1, then

L el _ el 7]
—— < +— < cond(A)
cond(A) [[ol] — [|]| 161l

implies:
small "relative” changes in RHS b = small "relative” changes in z.

o If cond(A) is very large, then (3) b,r for which

H is small but

[|Z—2||
[l

is large.
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Lower bound on condition number

Since the cond(A) depends on the || - ||, sometimes another definition
of condition number is used:

maxyeq(a) Al

cond(d). = minseo(a) [Al

p(A)p(A™H <[ A[[[|ATY| = cond(A)

Tr +10y =1
S5r 47y =.7

-7 10
cond(A); = cond(A)so = || Aol ( 5 _7

Remark. For the system { we have

)||oo:17-17:289

cond(A)s ~ 223 cond(A), ~ 198
which explains the large relative changes in x compared with the
relative changes in b.
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Theorem(Gastinel)

Let A be a nonsingular matrix. Then

1 IA - B

W(A) = min {W : B a singular matrix}

or equivalently

||A” = min{||P|| : A+ P is singular}.

The Theorem states that c measures how close in a ‘relative’

1
ond(A)
error sense A is to a singular matrix B, the ultimate ill-conditioning:

o for A =0, v the corresponding eigenvector Bv = (0 - v = even for
zero perturbation (r = 0) of the RHS b, (3) nonzero perturbations
of the solution (Be=0): v=2 -2 #0

@ (3)b such that Bz = b is not solvable.
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Perturbation theorem

Theorem
Let Az = b denote a nonsingular linear system, and 6 A, 6b be
perturbations of A and b such that
640 < ke (o W < coneem)
Then A + 0A is nonsingular, and the perturbation 6x = & — x defined by
(A+6A)(z+ dx) = b+ 0b

16zl _ _ cond(A) (||5A|| N ||5b||).

2l = 1= cona(a) 2T \TAT Bl

satisfies:

o if cond(A) is relatively small, say 1<cond(A) < 10, then small
relative changes in the data (A and b) will lead to small relative
changes in the solution

o if cond(A) is large, then there are choices of b and b for which

the relative change in = will be very large.
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The Hilbert matrix

1 L1 17
TR S 1
2 3 4 n+1
1 1
Hy, = 3 4
i i
L n n+1 o 2n—1
It is a very ill-conditioned matrix for larger values of n:
n | condy(A)
3| 524 E+2
6| 150E+7
91493 E+ 11
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Backward error analysis

Using backward error analysis, Wilkinson showed that the computed
solution Z to Az = b is the exact solution to a perturbed system

(A+0A)z =0
with 5A
w < 1.01(n® 4 3n?)pu
oo
where p = L W U the unit round of the computer
| Alloo 1311{1]%%” |a;;
arithmetic.

In practice p rarely gets very large, so by the Perturbation Theorem:
for matrices A with a condition number that is not too large, the use
of Gaussian elimination is generally safe.

In practice, a better empirical bound is % < nu.
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The residual correction method

When solving the original system Ax = b, if the matrices L, U have been
saved, then we can solve Ae = r at a relatively small computation cost, i.e.,

2n? compared to %3 (n? to find e and same to compute 7 = b — AZ).

In the practical implementation of this procedure for computing the error e,
there are two possible sources of difficulty.

@ The computation of the residual r in » = b — Az will involve
loss-of-significance errors. Each component
i =bi — 31 aijd;
will be very close to zero, and this occurs by subtraction of the nearly
equal quantities. To avoid obtaining very inaccurate value for 7;, the
calculation must be carried out in higher precision arithmetic.

@ Solving Ae = r will involve same rounding errors that led to the error in
the calculated value . Hence we will not obtain e, but only an
approximation é. How closely é approximates e depends on the
sensitivity or conditioning of the matrix.
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The residual correction method

0.729z; +0.81zy +0.9z3 = 0.6867
Example. T +x9 +x3 = 0.8338
1.331z; +1.21zy +1.1z3 = 1.000
Using a four-digit decimal machine with rounding, the true solution is

x1 = 0.2245, 29 = 0.2814, 23 = 0.3279
while the solution with Gaussian elimination without pivoting is

1 = 0.2251, 29 = 0.2790, 23 = 0.3295
Calculating the residual using eight-digit floating point decimal arithmetic
and rounding to 4 significant digits:

r = [0.00006210; 0.0002000; 0.0003519]

and then
é = [—0.0004471;0.002150; —0.001504].
The true error is

e = [—0.0007;0.0024; —0.0016]
but égives agood idea of the size of the error in e in the computed solution z.
cond(A) = 927.1856




Math 1080 > 8. More on Systems of Linear Equations > Extra: Error Analysis

The residual correction method

A further use of this error estimation is to define an iterative method for
improving the computed value z. Let 2(9) = , the initial computed value for
x, generally obtained by Gaussian elimination and define

70 = p— Ar©
and as before

Ae® =0 0 = 5 _ z0),

Solving by Gaussian elimination, we obtain an approximate value ¢ ~ e(0)
Using it, we define an improved approximation

2 = 2(0) 4 5(0)
Now we repeat the entire process, calculating

rM =p— Az
2@ =z 4 6
where é(1) is the approximating solution of
AeM =) D) = g — 1)

Continue this process until there is no further decrease in the size of
k) k> 0.
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The residual correction method

Given approximate solution: I
(¥) Compute residual: ¢=0b— AT

Perform a few extra calculations
Use 7 to improve T to a better approximation
Z = better approximation to x

Test if the new 7 is good enough (typically, if
|7|| <Tolerance)

If not, go to (%) and repeat.
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The residual correction method

As an example (that we will analyze in the next section) consider the method
known as first order Richardson, or FOR.
In FOR, we pick the number p > 0, rewrite Ax = b as

plr —xz) =b— Az,

then iterate:

Guess zOLP

Compute r = b — AzOLP

gNEW _ ,0LD) _ .

p(

Test if 2NPW is acceptable.

If not, continue.
Mathematically, this is written:

p(z" T — ™) =b— Az". (8.12)
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The residual correction method

Example. Using a computer with four-digit floating point arithmetic with
rounding, use the Gaussian elimination with pivoting to solve
1 +0.522 +0.3333z3 =1
0.5z1 +0.3333z2 +0.2523 =0
0.3333x1 +0.25z2 +0.2z3 =0
Then

(0 = [8.968; —35.77; 29.77]

(0 = [=0.005341; —0.004359; —0.0005344]
¢© = [0.09216; —0.5442; 0.5239]

= =19.060; —36.31; 30.29]

(M) = [~0.0006570; —0.0003770; —0.0001980]
e = 1[0.001707; —0.01300; 0.01241]

@ = [9.062; —36.32; 30.30]

The iterate 2(?) is the correctly rounded solution of the system.
This illustrates the usefulness of the residual correction method.
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@ direct methods: are good for dense systems of small to
moderate size. This generally means the entire coefficient matrix
for the linear system can be stored in the computers memory.
Then Gaussian elimination can be applied to solve the linear
system.

Q iteration methods: used with large sparse systems and

large dense systems. Discretizations of boundary value problems
for PDEs often lead to large sparse systems, and there is generally
a pattern to the sparsity.

o Traditional iteration - Jacobi, Gauss-Seidel, SOR, red/black

iteration, line iteration
o Multigrid iteration - Uses many levels of discretization
o Conjugate gradient iteration and variants of it.




Math 1080 > 8. More on Systems of Linear Equations > 8.2 lterative solutions of linear systems

In this section, a completely different strategy for solving a nonsingular linear
system

Az =b (8.13)

is explored.
This alternative approach is often used on enormous problems that arise in
solving partial differential equations numerically.

In that subject, systems having 100,000 unknowns and 100,000 equations

arise routinely.
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Extra: Poisson’'s Equation

Let O C R% T = 0. The BVP for Poisson’s equation with Dirichlet
boundary conditions:

Au(z,y) = g(z,y), (z,y) €Q
{ u(z,y) = f(z,y), (z,y)€T (8.14)

For @ = {(z,y): 0 <z,y <1}, N € N,h:= & we introduce the
rectangular mesh on Q = QUT":

Jj k )
(ﬂfjayk)Z(N,N>, 4, k=0,1,...,N.

Au(w,y) o2 u(x7y) _|_ ( 7y),

Recall:

and that for ¢ € C*([t — h,t + h])
@' (t) = ¢(t+h)72zz(2t)+¢(t7h) . %¢(4) €), €e[t—ht+h]




Math 1080 > 8. More on Systems of Linear Equations > 8.2 Iterative solutions of linear systems

Extra: Poisson’'s Equation

On the mesh points inside © ((z;,yx) € ©2) we obtain

w(Tjg1,yn)— 2U(w1,yk)+u(w3 1,Yk) + w(zj,yrr1) —2u(@;,yn) +u(T;,yre—1)
R2

2 s 8 )
5 (2 ) )

(8.15)

where &; € [2j-1,2j41], Mk € [Yr—1, Yrt1]-

This leads to the a set of equations in the unknowns uy ~ u:
{uh(:cj,yk) 1<, k<N— 1}

given by

wn (T541,Y%) —2un (T5,yx) Fun(Ti—1,9%) 4 un (25, Y1) —2un (€5, yx) Fun (@), Y6—1)
h2 h2

=g(xj, ), (j,yr) € Q
up(xy, yr) = f(25,96), (z5,u1) €T.
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Extra: Poisson’'s Equation

We have a system of (N + 1)? linear equations in (N + 1)? unknowns
{un(zj,yk) : 0 < j,k < N}

ie.,

un(xj, ye—1) + un(rj—1,yx) — dun(x;, yr)
Fun (@1, Yk) + un(@j, yes1) = R29(x5, ), (T, 9k), (25, yx) € Q
un(zj,ye) = f(x5,u%), (xj,y0) €T

that has a unique solution. Indeed, the homogeneous linear system
On(f, Yk—1) + Vn(Tj-1, Yk) — 4on(T;, Yi)

+on(zjs1, Ye) + 0n(Tj, Ykt1) =0,  (zj,u6) €Q (8.16)
uh(x]7yk) = 07 (mj’yk:) el

has only the zero solution.
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Extra: Poisson’'s Equation

Proof:
o Define
(T, Jx) = maxop(zj, yx) = M
and assume that M > 0. From (8.16):
v(zj,yk) = i(vh(»’ﬂj,yk—l) + vn(Tj-1,Yk) + On(@j+1,Yk) + vh(xj,yk+1))
we get that vy, = M at all 4 points surrounding (Z;, 7).
At the boundary we get a contradiction = M < 0.

o Similarly
n’gnvh(wj7yk) >0

and therefore vp,(xj, y,) = 0 in . |

If u € C4(Q), (3) ¢ such that
max lu(zj, yk) — un(zj, yp)| < ch?,
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Vector and Matrix Norms

We present a brief overview of vector and matrix norms because they
are useful in the discussion of error s and in the stopping criteria for
iterative methods.

Norms can be defined on any vector space but we usually use R™ or
c".

A vector norm ||z|| can be thought of as the length or magnitude of
a vector x € R™.

A vector norm is any mapping from R to R (]| - || : R" — R) that
obeys these three properties:

© |z >0ifz#0
Q |lax| = |o|||||
O llz+yll < |+ [yl (triangle inequality)

for any vectors x,y € R™ and scalars a € R.
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Vector and Matrix Norms

Examples of vector norms for the vector & = (21,72, ...,2,)7 € R™ are
n
o |zl = Z || {1-vector norm
i=1
n %
o |zl = (Z |xf|> Euclidean / />-vector norm
i=1
0 ||z]|oc = max |z;] {~-vector norm
<i<n
M I M

sl

lIx,,

N,
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Vector and Matrix Norms

For n X n matrices, we can also have matrix norms, subject to the
same requirements

Q ||A||>0ifA#0

Q [laAll = |of[|A]

Q ||[A+ B| < ||A| +|B| (triangular inequality)
for matrices A, B and scalars a.

We usually prefer matrix norms that are related to a vector
norm.

For a vector norm || - ||, the subordinate matrix norm is defined by

|All'= sup {[|Az|:zcR"}
=1

Here A is an n X n matrix.
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Additional properties that hold are
o |If=1
o ||Az| = [l Allllz]]

o |ABJ| < [|A[[IB]|
Example of matrix norms, for an n X n matrix A, are

n

@ ||Alj1 = max Z|a/ij| ¢1-matrix norm
1<j<n 4
i=1 1
o ||All2 = T?g?(|0i| = {p(ATA)} ’ spectral / {;-matrix norm
3
- n
0 ||Allw = 1%1%)("2; lasj] {~-matrix norm
]:

where ; are the singular values of A, eigenvalues of AT A. There are two
meanings associated with the notation || - ||,,, one for vectors and another for
matrices. The context will determine which one is intended.
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Basic lterative Methods

The iterative-method strategy produces a sequence of approximate
solution vectors
:13(0), a:(l), 2(2)

oo
for system (8.13).
The numerical procedure is designed so that, in principle,

o the sequence of vectors converges to the actual solution.

@ The process can be stopped when sufficient precision has
been attained.

This stands in contrast to the Gaussian elimination algorithm, which
has no provision for stopping midway and offering up an approximate
solution.
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Basic Iterative Methods

A general iterative algorithm for solving system (8.13) goes as follows.

@ Select a nonsingular matrix Q, and

@ having chosen an arbitrary starting vector z(©),

@ generate vectors :1;(0), a:(l), w(z), ... recursively from the
equation

Qz™ = (Q — A)z* "V 1+ b (8.17)
with integers k > 1.

To see this is sensible, suppose that the sequence %) does converge,
to a vector x*, say.
Then, by taking the limit as k — oo in system (8.17), we get

Qx*=(Q— A)xz*+b

This leads to Ax™ = b. Thus, if the sequence converges, its limit is a
solution to the original system (8.13).
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Basic lterative Methods

An outline of the pseudocode for carrying out the general iterative procedure
(8.17) is
x — 0

for k=1 to k,,q, do
Yy
c+— (Q—-—Ax+b
solve Qx = ¢
output £, x
if [z — y|| < e then
output “convergence”
stop
end if
end for
output “maximum iteration reached”
end
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Basic lterative Methods

In choosing the nonsingular matrix @, we are forced by the following
considerations:

@ System (8.17) should be easy to solve for (*), knowing the RHS.

e matrix Q should be chosen to ensure that the sequence z(*)
converges, no matter what initial vector is used.
Ideally, this convergence will be rapid.
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Basic lterative Methods

For the analysis of the method described by system (8.17), we write

2 = Q71 (Q - Az 4y
or
2 = gz 1k (8.18)
where the iteration matrix and the vector are

G=I—-Q 1A, E=Q 'b

Notice that in the pseudocode we do note compute Q1.
We are using Q™! to facilitate the analysis.
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Basic Iterative Methods

Now let & the solution of system (8.13). Since A is nonsingular, «
exists and is unique. We have from equation (8.17),

z®) —x = (I— Q_lA)ar:(k_l) —z+Q'b

—(I-Q A"V (1 - Q@A)
~I-Q )" —2)

One can interpret e¥ = x(¥) — & as the current error vector. Thus we
have

b= (I —Q 1A (8.19)

We want e* to become smaller as k increases. Equation (8.19) shows
that e will be smaller than e~ if I — Q1A is small, in some
sense. In turn, that means that Q should be close to A.

(Norms can be used to make small and close precise.)
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Jacobi iteration

Rewrite the system (8.13)

Az =b = > agzi=b, 1<i<n (8.20)

1<i<n

as solving the ith equation for the ith unknown

1 n
€T = — bz_ Z aijxj s Z: ].,...,’I’L (821)
j#i,j=1

assuming that a;; # 0. (We can usually rearrange the egs so that is the case.)

The Jacobi iteration

1 n
J;gm"'l) = |b— E aijmg.m) , i=1,...,n (8.22)
i j#ig=1

form =0,1,..., with given (9.
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Jacobi iteration

Apply the Jacobi method to 3z +y = 5,2 + 2y = 5. |

— 5y
Using the initial guess (2(9),5(?)) = (0,0) we have ?35: 53, and:
=2
["”(”} (o] [ )= =[]
(0) y —S(O) s
m(2) l _[g][$<3)]_ L—;ﬂ _[1@0]
y(2) 5— 2(1) 3 ) y(3) 5—;5(2) % )
as(m) 1
ol gm0 g the exact solution
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Jacobi iteration

Apply the Jacobi method to x + 2y = 5,3z +y = 5. I

r=5—-2y
y=5—-3z
The two equations are iterated as before, but the results are quite different:

207 To s [5-2§0 7 [5
yO [T lo ]y | T 5-3:© | |5

e 5 — 2y 5 e 5 — 2y
y@ | T 5-320 | T =10 || y® | T | 5-32®

Solve the 1st equation for z and 2nd for ¥,

Il
—
N DO
O D
.

In this case, the Jacobi method fails, as the iteration diverges.
Why?




Math 1080 > 8. More on Systems of Linear Equations > 8.2 Iterative solutions of linear systems

Jacobi iteration

Summary: in the kth equation solve for z; in terms of the remaining
unkowns.

921 +x2 +x3 =b
Example: Apply the Jacobi method to 2x7 +10z2 +3z3 =bo
3x1 +4xo +1lzs = bs

x1 = g(by — my — x3)
In this case ¢ x5 = 75(ba — 221 — 3x3)
rs = i(()3 - 3.’L‘1 - 4@'2)

11
Let 2(0) = [x§°>, mgo), ;L'go)] be an initial guess of the true solution .

B A
Then define an iteration sequence :ggk“) = 1l0(1)2 — 2x(1k) — 3x§k)) for
xgkﬂ) L (bs — 3935]“) - 4x§k))
k=0,1,2,---.
D = diag(A)

eig(eye(3)-inv(diag(D))*A) = -0.4472, 0.1159, 0.3313

This is the Jacobi iteration method or the method of simultaneous replacements.
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In the study of iterative methods, a most important issue is the
convergence property.

We will give a number of the iterations for the case

b = [10;19;0]
which yields
x =[1;2;—1]
In the table
Error = ||z — 2|
and

Ratios denotes the ratio of successive values of the error.
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Jacobi iteration

x&k) xgk) x:(,,k) Error  Ratio
0 0 0 2.00E40
1.1111  1.9000 0 1.00E+0 0.500

0.9000 1.6778 -0.9939  3.22E-1 0.322
1.0335 2.0182 -0.8556  1.44E-1 0.448
0.9819 1.9496 -1.0162 5.04E-2 0.349
1.0074 2.0085 -0.9768  2.32E-2 0.462
0.9965 1.9915 -1.0051  8.45E-3 0.364
1.0015 2.0022 -0.9960 4.03E-3 0.477
0.9993 1.9985 -1.0012  1.51E-3 0.375
1.0003 2.0005 -0.9993  7.40E-4 0.489
10 0.9999 1.9997 -1.0003 2.83E-4 0.382

k
0
1
2
3
4
5
6
7
8
9

30 1.0000 2.0000 -1.0000 3.01E-11 0.447
31 1.0000 2.0000 -1.0000 1.35E-11 0.447
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Jacobi iteration

Let A= L+ D+ U, with D the main diagonal of A, L the lower triangular
of A (entries below diagonal), U the upper triangle (entries above main
diagonal); (different than those in the LU factorization).

Az =b
(D+L+U)x =b
Dz =b—(L+U)x
x =D Ybo—(L+U)x)

Jacobi fixed point iteration

2(©) the initial guess
) = D=1(b— (L4 U)z™), m=0,1,...

=D 10— (L +U)z(™)

(m+1)
Example:[? ;:I[ ]:[g]é[;(m+l)

xT
Yy
Sl s ()1 1 ]) - 2 ]
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Jacobi iteration

2 -1 0 1
Example: Let A= | —1 3 -1 |,b= 8
0o -1 2 -5

Carry out a number of the Jacobi iteration, starting with the 0 initial vector.

Rewriting the equations, we have the Jacobi method:
(k) — 1,(k=1) 4 1

Ilk _2x2k k—1
wy) = 3y ™V 4 a4
IEgk) _ %.’Egk_l) 5

2
Taking the initial vector to be 2(®) = [0,0,0]”, we find (with the aid of a
computer program or a programable calculator) that

x(® =[0,0,0]”
() =1[0.5000, 2.6667, —2.5000]”
x() = [1.8333,2.000, —1.1667)"

(1) = [2.0000, 3.0000, —1.0000]"

% 1 he actual solution (to four decimal places rounded) is obtained.
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Jacobi iteration

In the Jacobi iteration @ is taken to be the diagonal of A:

2 0 0
Q=10 3 0
0 0 2
Now
3 00 1 -3 0
Q'=l04% 0|, Q'A=|0 1 -%
0 0 3 0 —3 1
The Jacobi iterative matrix and constant vector are
1 0z 9 1 :
B=I—Q_A: g O § s th_b: 2
0o 1 o _3
2 2

One can see that Q is closeto A, Q 1A is closeto I, and I — Q 1A is
small. We write the Jacobi method

2 = Bz*~1) L p
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Gauss-Seidel iteration

In the Jacobi method the equations are solved in order.
(m+1)
can

The components :cz(m) and the corresponding new values x;

be used immediately in their place.

The Gauss-Seidel iteration
is defined by

1 1—1 n

$§m+1) = — bz‘ - Z aij$§~m+1) — Z aijzz:g-m) y 1= 1, R
Qi j=1 j=i+1

(8.23)

form=0,1,..., with given z(©.

4

The idea for (8.23) is to make immediate use of each newly computed iterate
in (8.22).
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Gauss-Seidel iteration

Example: Apply the Gauss-Seidel method to 3z +y = 5,2 + 2y = 5.

.'E(O) 0 x(l) 5_:’;(0)
o ] =[o] Lo ] =] e |-

2

Wt
| I

w(g) 5_g(1) 1?0 ac(3) 5_?1),(2)
@ | T | 5=z® | T |3 ||, | T | 5=2® | T
[ Y ] 5 [ 18 ] [ Yy ] — [

Gauss-Seidel iteration

»—I|w|01
N[
ot

1

o
o]

20 the initial guess
zm+) = D=1(h — Uz — La(m+D) m =0,1,...
or 2™t = —(L+ D)~'Uz™ + (L + D)~'b.
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Gauss-Seidel iteration

Example: Let A = —1 3 -1 ,b= 8

Carry out a number of the Gauss-Seidel iteration, starting with the 0 initial vector.

The idea of the Gauss-Seidel iteration is simply to accelerate the convergence by incorporating each vector as soon as it

(k)

has been computed. Obviously, it would be more efficient in the Jacobi method to use the updated value z;

( )

in the
second equation instead of the old value z(k R . Similarly, =
zg ). Using the new iterates as soon as they become available, we have the Gauss-Seidel method:
20— (k 1)
(k)_? ) —1+_(k D s
= + 3 +3
(k) _ 1x(k) _ §
. . . .. B 2 2 2 .
Starting with the initial vector zero, some of the iterates are
z(© =10,0,0]"
D = [0.5000, 2.8333, —1.0833]7
x?) = [1.9167,2.9444, —1.0278]"

could be used in the third equation in place of

x(®) = [2.0000, 3.0000, —1.0000]”

In this example, the convergence of the Gauss-Seidel method is approximately twice as fast as that of the Jacobi method.
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Gauss-Seidel iteration
In the Gauss-Seidel iterative method, @ is chosen as the lower triangular part
of A, including the diagonal. Using the data from the previous example, we

now find that

2 00

Q=| -1 3 0

0 -1 2

The usual row operations give us

% 0 0 1 —é 0
-1 1 -1 1
= = =z 01, A=10 2 -z
ClEr @ 0 1
2 6 2 2 6

Again, we emphasize that in a practical problem we would not compute Q.
The Gauss-Seidel iterative matrix and constant vector are

o L ¢ 1

i ?

L=I-Q 'A=|0 i %, h=Q 'b= E
0 % 3 ~12

We write the Gauss-Seidel method
x®) = L2 1 p
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SOR iteration

An acceleration of the Gauss-Seidel method is possible by the
introduction of a relaxation factor w, resulting in the

Successive OverRelaxation (SOR) method

i—1 n
- 1 m m e
" = o =D el = 37 aga™ | 4 (- w)al™
1 j=1 j=i+1
(8.24)

1=1,...,n

for m=0,1,..., with given z(©).

The SOR method with w = 1 reduces to the Gauss-Seidel method.
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2 —1 0 1
Example: Let A = [—1 3 —1] ,b= |: 8 ] . Carry out a number of the SOR iteration using w = 1.1.
0 -1 2 -5

azgk) =w %xgk_l) +il+01- w)xgk_l)

xgk) =w %mgk) + %xékil) +3+(1- w):cékfl)
:c:(,)k) =w %xgk) — g} +(1- w)xgk_l)
Starting with the initial vector zero, some of the iterates are

x(© =10,0,0]"
(M) = [0.5500, 3.1350, —1.0257]7
x) = [2.2193,3.0574, —0.9658]"

x(T = [2.0000, 3.0000, —1.0000]”

In this example, the convergence of the SOR method is faster than the
Gauss-Seidel method.




Math 1080 > 8. More on Systems of Linear Equations > 8.2 Iterative solutions of linear systems

SOR iteration

In the SOR method, @ is chosen as the lower triangular part of A including
the diagonal, but each diagonal element a;; is replaced by ‘% where w is the
so-called relaxation factor. From the previous example, this means that

20
0o
Q-|-1 #
0 -1 7
Now
L9 90 i1 0
| U I | B V1
Q = 00 01, @ A= 300 0
L T ) SR EY i1 el 538
12009 600 20 6000 12000 600
The SOR iterative matrix and constant vector are
_1 g 11
P & 39
L =T—0 'A= _ 1 61 11 h=0 b= 627
w=I-0Q I R a0
6000 12000 600 4000

We write the SOR method as
z® = 2* 1 p
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Pseudocode

procedure Jacobi(A, b, x)
real kmaz + 100,06 < 10710, ¢ « L x 1074
integer i, j, kmax, n; real diag, sum,;
real array (A) 1.5 1:ms (8) 1.5 () 1:ms () 1im
n « size(A)
for k = 1 to kmaax do
Yy x
fori = 1ton do
sum < b,
diag < A,
if |diag| < & then
output “diagonal element too small”
return
end if
for j = 1 ton do
if 7 # i then
sum < sum — A;jy;
end if
end for

. sum
Ti = diag

end for
output k, x
if |2 — y|| < e then
output k, x
return
end if
end for
output “maximum iterations reached”
return

end Jacobi
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Here, the vector y contains the old iterate values, and the vector x
contains the updated ones. The values of kmax,d and ¢ are set either
in a parameter statement or as a global variables.
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The pseudocode for the procedure Gauss_Seidel(A, b, x) would be
the same as that for the Jacobi pseudocode above, except that the
innermost j-loop would be replaced by the following
forj=1to i—1do

SUM 4 SUM — ;T
end for
for j=i+1tondo

SUM <= SUM — Q5T
end for
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The pseudocode for procedure SOR(A, b, x) would be the same as
that for the Gauss-Seidel pseudocode with the statement following the
j-loop replaced by the following:

. sum
Ti < diag

z; — wr; + (1 —w)y;
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Convergence Theorems

For the analysis of the method described by system (8.17), i.e.,
Qz" = (Q — A2V +b,

we write
(k— 1)

QT(Q— Az +1b] (8.25)

or
zF = gax*Y 1 h
where the iteration matrix ad vector are

g =1 — Q_1147 h = Q_lb,

Notice that in the pseudocode, we do not compute Q1. The matrix Q!
used to facilitate the analysis. Now let = be the solution of system (8.13).
Since A is nonsingular,  exists and is unique. We have from equation (8.25)

(k=1)

2P =1 —-Q A=z —z+Q'b
—(I-Q A"V _(1-qQ A
= (- QA" —2)
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Convergence Theorems

(k—1)

2V 2= (1- Q)" —a)

One can interpret e®) = z() — g as the current error vector.
Thus, we have

(k=1)

e®) = (I-Q1A)e (8.26)

We want e*) to become smaller as k increases.

Equation (8.26) shows that e*) will be smaller than e*~1) if
I — QYA is small, in some sense.

In turn, that means that Q1A should be close to I.

Thus, @ should be close to A.

(Norms can be used to make small and close precise.)
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Convergence Theorems

Theorem (Spectral radius theorem)

The sequence generated by

Q:B(k) =(Q - A)a:(k_l) +b
converges, no matter what starting point (%) is selected,
if an only if
all eigenvalues of I — Q™1 A lie in the open unit disc,
complex plane.

z| <1, in the

The conclusion of this theorem can also be written as
p(I —QtA) <1

where p is the spectral radius function:

Definition (Spectral Radius)
VM € M(n x n) with eigenvalues \;,

p(M) := e [Aql.
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Convergence Theorems

Determine whether the Jacobi, Gauss-Seidel and SOR methods (with
w = 1.1) of the previous examples converge for all initial iterates.

2 -1 0 1
A=|-1 3 —1|,b=| 8|.
0o -1 2 -5

For the Jacobi method, we can easily compute the eigenvalues of the
relevant matrix B. The steps are

-A 3 0 11
det(B—A)=det | + —XA ==X+ _A+-1=0
0 1 -A 66

The eigenvalues are A =0, :I:\/g =~ +0.5774. Thus, by the preceding
theorem, the Jacobi iteration succeeds for ay starting vector in this example.
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Convergence Theorems

For the Gauss-Seidel method, the eigenvalues of the iteration matrix
L are determined from

Sl s 8lE

—A 1 S|
det(L— M) =det | 0 %-— =-Al==A) +22=0
0 6 36

=
> wi= O

A= 0,0,% hence Gauss-Seidel will also converge for any initial vector.

D=diag(D); eig(eye(3)-inv(diag(D))*A)
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Convergence of Jacobi

With e(™ =z — 2(™) we have from (8.21) and (8.22)

n

—1
(m+1 Z aije J

Y dij=1

or, in matrix form

I a2, ain ]
ail ail
a21 0 a2n
a2 a2
0 an—1,n
an—1,n—1
an1 Gn,n-1 0
L ann T ann .

which implies

e™ = pmel0), m > 0.
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Convergence of Jacobi

For arbitrary (%), the Jacobi iteration converges:
™ s e p(M)<1
which is satisfied if || M| < 1 for some matrix norm.
Q ||M|| <1, i.e., Ais strictly diagonally dominant:

n

S agl <lawl,  i=1,....n
J#i,j=1
implying
Iz — 2 oo < [IM]|scllz — 2™ |los, m > 0.

e ||M||1 <1, e,
<1, j=1,...,n

.
i=1,j7i

implying

lz — &Vl < [[M ]| — 2l m > 0.
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Convergence of Jacobi

Let A € #, be strictly diagonally dominant. Then

Q (V)b and (¥)z), the Jacobi method converges to the (unique)
solution.

Q A is a nonsingular matrix.

Proof: 1) We will check p(D~Y(L + U)) < 1. Let A\, v be an
eigenvalue and the corresponding eigenvector of D~1(L + U):
(L+U)v = ADv. Let 1 < m < n be the index such that v,, = 1 and
all other components less than 1. Since (L 4 U)pm = 0, calculating
the mth component, we have

S LA+ Uil = 1D LAV mivi] = [Adpmm| = [M|dimm| = |A] < 1H
i#=m i=1
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Convergence of Gauss-Seidel

From (8.21) and (8.23) we have that the error satisfies

i—1 n

(m+1) _ Aij m+1 Ai5 m

e == et = Y e, (8.27)
le 17 j:’L+1 (23

fori=1,...,n or again as

elm+l) — Me(m), m >0

for a matrix M. Bounding || M| is more difficult than bounding || M.

Introduce
—1 i n Lis
Z ij Z ij
Q = i | B’L = ai |’
]:1 33 _7:’L+1 £33

with a; = 8, = 0. From (8.27) we get

|e§m+1)| S az||€(m+1)“oo+6’L||€(m)”005 i = 17"'7”' (828)
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Convergence of Gauss-Seidel

If k£ is the index for which

m+1
e D] = e+

then (8.28) implies

m /8 m
e Do < T H( loo

< max Bi He(m)Hoo < nm-l-lue(O)Hoo
i 11— (67
n
Assuming that the Jacobi iteration converges because
| M||co = max;(cy + f;) < 1, since
0< ai(l —a; — Bi)

= (o + B) — bi

1-— (674 1-— (67
we have that

1 = max bi < Mo < 1
i 1—041‘

and the (probably faster) convergence of Gauss-Seidel iteration.
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Convergence of Gauss-Seidel

Let A € #,, be strictly diagonally dominant. Then
@ (V)b and (V)z), the Gauss-Seidel method converges to a
solution.

Q A is a nonsingular matrix.

Proof: 1) We will check p((L+ D)~'U) < 1. Let A\, v be an eigenvalue
and the corresponding eigenvector of (L + D)~U: A\(D + L)v = Uv.
Let 1 < m < n be the index such that v,,, = 1 and all other
components less than 1. Calculating the mth component, we have

ALY il < M (lamnl = D lasnal ) < M (lamnl = D lasmivil
i>m i<m i<m

< |/\|’amm + Zamzvz = ‘ Zamzvz < |Zamz| = |)\| <1l

>m
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Exercise:
3 1 -1 3 2 6
A=11 -5 2 , B=]11 8 1
1 6 8 9 2 -2

Note that A is diagonally dominant, B is not.
But if we interchange 1st and 3rd rows of B, the iteration will
converge.
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A general framework

Assuming that A can be decomposed as

A=N-P
then the system Ax = b can be rewritten as
Nz =b+ Px

which yields an iteration
Nzt = p 4 pa™ o =0,1,....

The idea being that solving the linear system Nz = g is much easier
than solving Az = b.
The error satisfies

NemtD) — pe(m) o o(m+l) — N=1pe(m) = pre(m)
€(m) = Mme(o), m Z 0

hence the method converges iff the spectral radius of M = N~'P
satisfies

p(M) < 1.
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Jacobi: Let P = N — A with

aijl 0 e 0

0 aso 0
N =

0 0 ... apn

Solving Nz = ¢ < linear system with a diagonal coefficient matrix.
Gauss-Seidel: Let P = N — A with

ail 0 N 0
a21 A2 ... 0
N =
ap1 Ap2 ... QApp ]
Solving Nz = g < linear system with a lower triangular coefficient
matrix.

Let A be Hermitian with positive diagonal elements. Then the
Gauss-Seidel method for solving Az = b converges (¥)z(©) iff
the matrix A is positive definite.
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Checking convergence

For an iteration scheme z(™*t1) = Mz(™ we have a recursive error
formula

z — Mt = M(z — (™), m >0

and
o+ — 2]

(m+1) _ .(m) — (m) _p.(m—1) < =
Cm
Approximating ¢,, =~ ¢ < 1 we can estimate the error by
o = 2 < o™ — 2D
~1l-—c¢
since
Jam) — 2t 4D]| = ot — &+ & = ™D > 2l — g - o - 0|

1 +1 +1
> latm ) — | — o — 2|
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Cost comparison

For Ax = b what is the cost of iteration vs. Gaussian elimination (%nS)?
Jacobi & Gauss-Seidel: 2n?/iteration if A is dense, for Poisson's
equation the cost being 5n operations/iteration.

Hence we need to know v(n) the number of iterations/iteration.

In order to have the rate of convergence

lz — 2| < efle = 2@

since
|z — 2| < ¢flz — 2 || < |z — 2], m >0 for some ¢ < 1
we should require
" <e, m> %‘—éc =m*
The total cost of solving Az = b by iteration is

Cost(c,e,n) = m*v(n)

when
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Cost comparison

When
2

Cost (c,e,n) < §n3?

Assuming v(n) = 2n? (as when A is dense):

m*-2n? < §n3

the iteration is more efficient than Gaussian elimination if

—logu

"2 e = —logc

solving for € ~ w, the unit round.
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Slow convergence

Let c =1 — § for some positive § = 0. Then
—log(c) = —log(1—9) =~ ¢

Then the cost becomes

-1
Cost(c,e,n) = m'v(n) = gge

v(n).

Then doubling § to 26 will halve the total cost. This is of importance
for linear systems Ax = b that arise from discretization of Poissons
equation. In that case, § — 0 as N — .
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Acceleration Methods

Successive Over-Relaxation (SOR)
SOR takes Gauss-Seidel direction toward the solution and overshoots to try

to speed the convergence.
With w € R the acceleration parameter, w > 1 for over-relaxation:

a(mth) = wxéz::s)eida +(1—w)z™, e,
1 i—1
m+1 m+1 (m
xs + )Gauss-SeideI = a_(bl - Z Z]x( * ) Z a"‘] ))
i1 =1 j=i+1
(Egm—i_l) = wx§m+1)6auss—55idel + (1 - w)xgm)

Remark: SOR with w = 1 is exactly Gauss-Seidel.

™D = (D + wL)'[(1 — w)D — wU] + w(D + wL)~'b

o If w ¢ (0,2), then the SOR method does not converge.
. @ If Ais SPD, w € (0,2), then SOR converges for any z(0),
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3 1 -1 U 4
2 4 1 v | =] 1], exactsolution: [2,—1,1].
-1 2 5 w 1
Gauss-Seidel  and SOR:
w(m+) — 4= v("‘)-i-w(m)’ W) = (1 — w)u™ +w4—v(m)+w(m)
p(m+1) — 1= 2u<m+1>—w( L mtD) = (1 —wp™ 4 ul= 2u<m+1>—w< )

wm ) — 1+u("‘“) 2u(m> wm ) = (1 - w)w™ +w 1+u<m+1> 20(™)
5 )

with [w(9), v(0) (0] = [0, 0, 0]

Gauss-Seidel and SOR with w =1.25
u® = 4=040 — 4~ 1333, u ~ 1.6667

o) = —13 ~ 04167, u ~ —0.7292
wl) = 1 ~0.6333, w® ~ 1.0312

u® = 1 ~ 16833, u® ~ 1.9835

v® = —2 ~ —0.7500, u® ~ —1.0672
w® = 2L ~ (.8367, w® ~1.0216
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Jacobi iteration for Poisson's equation

uém-i-l) = ngm) + Gy,

where
I 0 0o 0
I T I 0o 1 0
. 10 1
R L S |reda =] g ar
’ ' 10 1
0 I T I 0 coo 10
0 I
uglm)(*,yl) uﬁlm)(m,yk)
u(m)(* ) u(m)(w )
(m) S (m) no 52k
u, = . » Uy (%, yg) = . )
u;m)(*,yN—ﬂ uﬁm)(mN_l,yk)
1 2
7{BW1) —h°Gp(*,y1)} f(@o, yk)
H{Bs2) - h2Gn (51 02)) 0 slor va)
Gy = ) , B(yg) = . s GhR(*,yk) = -
1 Y 0 g@n—1, 1)
1{Blun—1) = h"Gr(*x,yn—-1)} f@n k)
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Jacobi iteration for Poisson’s equation

The original discretization for Poisson's equation can be rewritten as
1
u™ " = Qui™ + Gy,

hence the linear system Ax = b, with A = I — @ (the diagonal
elements of A are positive).

The matrix M = @ in the Jacobi iteration, hence we have convergence
iff

p(Q) < 1.
Since Q1 = [|Q]lo = 1, we compute [|Q]l = p2(Q)
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Gauss-Seidel iteration for Poisson's equation

Letting N be the lower triangular portion of A =1 — ) and
P =N — A, we write

Nuém"'l) =Gy + Puém)

Rates of convergence

e Jacobi: £ =1 — 25sin? (%)
o Gauss-Seidel: &2

o SOR: w* — 1 where w = —2
14+4/1—£2
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Example. Compare Jacobi, Gauss-Seidel and SOR on this 6 x 6 system

3 -1 0 o o 1 uy §
-1 3 -1 0 % 0 g s
0 -1 3 -1 0 0 ug | | 1
0 0 -1 3 -1 0 ug || 1
0 3 0 -1 3 -1 us §
i 0 0 0 -1 3 Ug s

The solution z = [1,1,1,1,1,1]. The approximate solution vectors x¢, after
running six steps of each of the three methods:

Jacobi | Gauss-Seidel | SOR

0.9879 0.9950 0.9989
0.9846 0.9946 0.9993
0.9674 0.9969 1.0004
0.9674 0.9996 1.0009
0.9846 1.0016 1.0009
0.9879 1.0013 1.0004

The parameter w = 1.1 for SOR.
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Sparse matrix computations

Example. Use the Jacobi method to solve the 100,000 equation version of the
previous example.

Let n € N an even integer, then consider the n X n matrix A with 3 on the main diagonal, -1 on the super- and
subdiagonal, and 7 in the (4,m + 1 — ) position for all ¢ = 1 : n, except for ¢ = % and % + 1. Forn = 12

[ 3 -1 0 0 0 0 0 0 0 0 0 3
-1 3 -1 o 0 o0 o o o o 1 0
0o -1 3 -1 0o 0 o o o 1 U
0o o0 -1 3 -1 0 o o 1 0o 0 0
o o o -1 3 -1 o % o 0o 0 0
A o o o0 o0 -1 3 -1 0 0 0 0 0
o 0o o0 0 0 -1 3 -1 0 0 0 0
o o o o 1 0 -1 3 -1 0 0 0
o o o % o o o0 -1 3 -1 0 0
0 o 3 0 0 0 0 0o -1 3 -1 0
o 1 o 0o o0 o0 o 0o o0 -1 3 -1
. 1 0 0 0 0 0 0 0 0 0o -1 3 |
Define the vector b = [2.5,1.5,...,1.5,1.0,1.0,1.5,...,1.5,2.5], where there are n — 4 repetitions of 1.5 and

2 repetitions of 1.0.
Note that if n = 6, A and b define the previous system.
The solution of this general system is [1, ..., 1].

No row of A has more than 4 nonzero entries. Since fewer than 4n of the n? potential entries are nonzero, we may call

the matrix A sparse.
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Sparse matrix computations

If we want to solve this system for n = 100,000 or more, what are the
options?

@ Treating A as a full matrix means storing n? = 100 entries, each as a
floating point double precision number requiring 8 bytes of storage.
Hence 8 x 10'° which is ~ 80 gigabytes. So, depending on computer, it
may be impossible to fit the entire n? entries into RAM.

@ Not only the size, but also time poses a problem. The number of
operations required by Gaussian elimination will be O(n?) ~ 10%5.
If your machine runs on the order of a few GHz(10° cycles per second),
an upper bound on the number of floating point operations per second
is around 108. Therefore, 1015 /10% = 107 is a rea-
sonable guess at the number of seconds required for Gaussian elimination.
There are 3 x 107 seconds in a year.

Gaussian elimination is not an overnight computation.
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Sparse matrix computations

On the other hand, one step of an iterative method will require approximately
2 x 4n = 800,000 operations, two for each nonzero matrix entry.

We could do 100 steps of Jacobi iteration and still finish with fewer than 108
operations, which should take roughly a second or less.

For the system just defined, with n = 100, 000 the following jacobi.m needs
only 50 steps to converge from a starting guess of (0,...,0) to the solution
(1,...,1) within six correct decimal places.

The 50 steps require less than 1 second on a typical PC.
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Sparse matrix computations

% Program 2.1 Sparse matrix setup

% Input: n = size of system

% Outputs: sparse matrix a, r.h.s. b

function [a,b] = sparsesetup(n)

e = ones(n,1);

n2=n/2;

a = spdiags([-e 3*e -el,-1:1,n,n); % Entries of a
c=spdiags([e/2],0,n,n);c=fliplr(c);a=a+c;
a(n2+1,n2) = -1; a(n2,n2+1) = -1; % Fix up 2 entries
b=zeros(n,1); % Entries of r.h.s. b
b(1)=2.5;b(n)=2.5;b(2:n-1)=1.5;b(n2:n2+1)=1;

% Program 2.2 Jacobi Method

% Inputs: full or sparse matrix a, r.h.s. b,
% number of Jacobi iterations k

% Output: solution x

function x = jacobi(a,b,k)

n=length(b); % find n

d=diag(a); % extract diagonal of a

r=a-diag(d); % r is the remainder

x=zeros(n,1); % initialize vector x

for j=1:k % loop for Jacobi iteration
x=(b-r*x)./d;

end % End of Jacobi iteration loop
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The conjugate gradient method

Definition
o A€ #,(R) is symmetric if A= AT,
o and is positive definite if 27 Az > 0,Vz # 0.

Example: A = [ 2 2 2

2 5 4 5
2T Ax = 2(z1 + 22)% + 3:[)%, 2T Bx = 2(z1 + 222)% — 3$%.

o The inner product of two vectors u = (uj,us,...,u,) and

u = (v1,v2,...,v,) is defined as
(u,v) = ulv =31y

] is SPD, B = [ ] is not positive definite.

o The vectors u and v are orthogonal is
(u,v) =0.
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o The A-inner product of two vectors is defined as w and v
(w,v) 4 = (Au,v) = uT ATv
o Two vectors u # 0 # v are A-conjugate if
(u,v)4 =0
o A e #,(R) is positive definite if
(w,uyqg >0, Yu#0.
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@ A quadratic form is a scalar quadratic function of a vector
f(w) = %<$,$>A - <b’ x) tec
o The gradient of a quadratic form
of(x) Of(x df(x)1T
o) = sty = [0 @) | oftaT

Ox1 = Oxe ' Oz

We can derive

1 1
f(x) = §AT:B + §A$ -b
which reduces to
fl(x)=Ax - b

if A is symmetric.
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Optimization theory

Assume A is SPD

To solve Az = b is the same as finding the minimum of the energy
function

f(z) = %mTAx — bz,

If 2* is a solution, Ax* = b,

1 1
flx) = B (z* — 2)TA(z* — ) —§bT:1:*
R N——
=0 =/(=)

then f and # — (2* — 2)T A(2* — 2) reach the minimum at the same point.
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Gradient method with complete line search

We want to minimize f on an open set M C R™:
choose g € M
for k> 0 do

(i) find the direction

dp = =V f(z)
(i) line search: find a point ¢t = « on the line
{zk + tdy : t € R} N M where f reaches a local minimum
(i) xpy1 = xp + opdg
Here f = %mTAm—bTm:>Vf:Ax—b:>dk =b— Az and we can

solve directly for ay:
dt dy,

A =

 d] Ady,
(b= Azxpi1 = Az + apAd, = b — di, + OzkAdk).
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Gradient method with complete line search

Let define the energy norm:

|z]| 4 = VaT Az.

Recall that
f() = $(@* = 2)T A@@* — o) + f(a%) = §la* — all} + f(@*),  hence

k1 — 2% = 2f (zx11) — 2f(2") = 2f (2x + ardy) — 2f (z")

_ didi T 7 \2
=T A 2 (d}, d,)
BT — a7 (1 - oy )
“dkHA||9Uk - ”A
Now
e —:L'*Hal = (zg —.CC*)TA(IEk —z") = (A_ldk)TAA_ldk = d{A‘ldk,
since dp = b — Az = A(z* —x) & 1 — 2* = — A" Ldy.

Kantorovitch inequality:
(uT Au)(uT A=)
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Gradient method with complete line search

Hence

(Ilwm - :r*IIA>2 L (di dr,) - (cond(A) - 1)2
ek — 2% a (df Ady)(dE A='dy) — \cond(A) + 1

Theorem: convergence

cond(A4) — 1\

low = 2*lla < (g 31) oo —<°lla

Remark: if cond(A) is large:

)1 1 1
O = (1=
cond(A) + 1 ( cond(A)) (1 + m

~ (“@)(1_@) “1_con§(,4)‘
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Conjugate Gradient Method (CG) 1952

Use directions that are conjugate

Definition

x and y are conjugate (A-orthogonal) if 27 Ay = 0.

If do,dy,...,d,—1 are conjugate (basis in R™), then
n—1 n—1 n—1
A Z Oéjdj = Az* = Z OéjAdj, d;TALIT* = Z (e7] d;TAdJ
i=0 i=0 =0 T

=0,i#j
dT Az dTh

hence o;

Idill% lidilla

do,dy, . ..,d,—1 conjugate directions, zop € R”, and Vk > 0
. df (Az,—b
Tpt1 = T + agdy, with ag = —%“Ar).

The sequence {zy}x>0 computes A~'b after n steps: x, = A~'b.
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Conjugate Gradient Method

n—1
dT Az~
Proof: Write z* —zg = » _ 8;d; and prove that 3; = ||Etx||E ", s0
7=0
AT A(z* — )
* _ J :
M D
= JllA
n—1 n—1 T
di(—Az; +0b)
But Ccn—%o—zagda = . ||d.||J2 J
= = jlla
hence
n—1 JT nlgr
d; A(xj — x0) dj A(zj — o)
o — T g ;d‘ =0
n Z A ld; 1%
7=0 =1

since x; — xq is A-orthogonal to d;, as a linear combination of
do,...,dj—1:

j-1
T; = xo + g arpd, N
k=0
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Remark: x; minimizes f not only on the line {zy_1 + tdi—1 : t € R}, but
also over xg + V4, where Vi, = span{do,d1,...,dx-1}.

CG algorithm

o I()ERn,dO:—go:b—Amo
@ for k> 0 do

T
= T
[EATA

Tpi1 = Tp + apdy
Ok+1 = gk + apAdy

T
g 9k+1
Br = —r—k;'; 0 et = —gk1 + Brde

(0%
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The title of the method comes from what the Conjugate Gradient
Method is really doing: sliding down the slopes of a quadratic
paraboloid in n dimensions.

e The “gradient” means that is finding the direction of fastest
decline by using calculus; and

o “Conjugate” means, not quite that its individual steps are
orthogonal to one another, but that at least the residuals r; are.
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2 2 U
2 5 v
Using the CG algorithm we get:

we[8] e (8] e[ 3]
EIE

0= = =57

I
—
w
[E—
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T glg 36419 49

i 16 [ 6 vy
RIS IHREY

5 gigr  144.5/49 16

Since g = b — Axy = 0, the solution is xo = [4, —1].
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CG is simpler than Gaussian elimination in the sense that writing the
code - there are no triple loops.

Both are direct methods: give the correct solution in a finite number
of steps.

Operation count: if A is dense CG takes n® compared to £n? for
Gaussian elimination.

But, if A is sparse, assuming that n is too large for the %3 operations
for Gaussian elimination to be feasible:

@ Gaussian elimination must run to completion to give x

o CG gives an approximation x; at each step.

Monitoring the residuals g;, a good enough solution may be found to
avoid completing all n steps (behaves like an iterative method).
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Properties of CG-method

If gr—1 # O:

(i) dg—1#0
(ii) if Vi = span{go, Ago, ..., A¥go}, then

Vi = span{go, g1, - - -, gk—1}
Vi = span{dy,dy,...,dp_1}

(i) dFAdy =0,k # ¢
(iv) flax) = znellvnk f(xo +2).
Convergence depends on

cond(A) —
(Gt 1)

CG performs worse than Gaussian elimination on ill-conditioned
matrices with partial pivoting.
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Preconditioning

The method fell out of favor shortly after its discovery because of its
susceptibility to accumulation of round-off errors when A is an
ill-conditioned matrix.

In fact, its performance on ill-conditioned matrices is inferior to
Gaussian elimination with partial pivoting.

This obstruction is relieved by preconditioning, which essentially
changes the problem to one of solving a better-conditioned matrix
system, after which the Conjugate Gradient is applied.
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Preconditioning

Solving Az = b with cond(A) large, by multiplying with a matrix C":
CAz = Cb, with cond(CA) < cond(A), and C' ~ A~

PCG algorithm

o 29 € R" g9 =b— Axg
do=—C""go = —ho

Th
Tit1 = Tk + agdy, ap = ”g(f—k”%
= apAd
o 55 0 de Jk+1 gk_-i; kAdg
b1 = C™ g1
h

di41 = —hiy1 + Mdk

The convergence depends now on cond(C'A).

Example Jacobi: C = D!
1

SOR:C = ————(D—~wL)D"Y(D—~wL”), where A=D—~L—L".
w2—w

GMRES: solver for non symmetric matrices.
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Example. Apply the Conjugate Gradient Method method to solve the
100,000 equation from a previous example.

r s -1 o o o o0 o0 o0 0 0 0 %7
-1 3 -1 0 0 0 0 0 0 o 2 0
0o -1 3 -1 0o 0 o o o 1 0 0
0o o0 -1 3 -1 0 o o 1 o 0 0
0o 0 0 -1 3 -1 o 3 0o 0 0 0
A o o o o0 -1 3 -1 0 0 0 0 0
o o o o0 0 -1 3 -1 0 0 0 0
o o o o 1 0 -1 3 -1 0 0 0
o o o % o o o0 -1 3 -1 0 0
o o 3 o o o 0 0 -1 3 -1 0
o 3 0 0 0 0 0 0 0o -1 3 -1

3 o o 0o 0 o0 o o o0 0 -1 3 |

After 20 steps of the CG, the difference between the compute
solution & and the true solution (1,...,1) is less than 107 in the
vector infinity norm.

The total time of execution was less than 1 second on a PC.
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Vector Spaces

Examples:
U1
o R"C'"sv=| ! | =[v1,...,0]
Un
o P, ={p | p(z) a polynomial of degree < n}
o Cla,b] = {f|f(x) continuous on [a,b]}
Operations: +, - by scalars (commutative and distributive laws).

T

Definition

W C ¥ is a subspace if is a vector space on its own w.r.t. vector
addition and scalar multiplication inherited from %#.
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Basis

Definition

o Vectors vy, ..., v, are dependent iff 3 scalars ¢y, . . . , ¢, (not all zero) s.t.
v+ ...+ vy = 0.

@ The vectors vy, ..., v,, are independent if they are not dependent.

| \,

Definition
The set of vectors {v1, ..., vy} is a basis for the vector space ¥ if Vv € ¥ 3!
(unique) choice of coefficients ¢q, ..., ¢ .t

V=CU + ...+ CnUn.
If such a basis exists = ¥ is a finite dimensional space, of dimension m.

| \

Theorem

If ¥ has a finite basis {v1,...,vn}, then every basis for ¥ has exactly m
elements.




Math 1080 > 8. More on Systems of Linear Equations > Linear Algebra

Basis

o R™ and C" are n-dimensional with basis:
e;=1[0,...,0, _1 ,0,...,0] i=1,...,n

ith

position
o dim(Z,) =n+ 1, with
e standard basis:
{1,z,2%,..., 2N}
o the Legendre polynomials { Py(x), ..., Py(x)}:
Pu(@) = sy (@2 = 1)
o Chebyshev polynomials {Ty(x), ..., Tn(x)}.
@ The multivariable polynomials
i=j<n
of degree < n are a vector space of dimension
f(n+1)(n+2)
o Cla,b] is infinite dimensional
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ail ... ap
A=
I R S I
Recall:
o AT = A symmetric & A = (a;;) = (aj;)
o AT = — A skew-symmetric
o A=A*=A" hermitian (Ex.:[ 232. 2—1|—z ])

e U € R™™" orthogonal: UUT =UTU =1.
cosf  sin(6)

—sin(0) cos(d) ] rotates a vector 6 degrees.

Rotation matrix: [

o U e C"™™ U unitary: UU* =U*U =1
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Let U = [ug|ug|. .. |un], ui =i column of U. IfFUUT = UTU =1
(U is unitary) = the columns {uy,us ... ,u,} form an orthonormal
basis for R™.

u u
vT=| 7 | =2U0TU=| 7 |[wll. . |u) = @) =1
Uy Uy

=ulu; =1, ul uj =0,i#j = u; L uj orthogonal in R"
v

Uj U Ui Uy

For complex matrices, U is unitary if U*U = UU* = I. The columns
(and the rows) of U form an orthogonal basis in C™.
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Linear systems

Thelinear system of m equations and n unknowns x1, ..., x,
a1+ ...+ apT, =0b1
: can be written as Ax =10
Am1Zi+ ...+ @mnTn = bm
ail AT Il bl
A=| o | e=] |, b=
aAml .- Qmn Ty bn

A € R"X™ ¢ C R™. The following statements are equivalent:

(a) Az =b has a unique solution z € ¥, Vb€ V.
(b) Az =b has a solution z € ¥, Vb e V.

(c) Az=0=2=0

(d) A7 exists < det(A) # 0 < rank A = n.
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Linear systems

Definition

© Row rank of A is the number of independent rows in A (as
elements in R™).

o Column rank of A is the number of independent columns in A

It can be shown row rank A = column rank A :=rank(A)

Remark: Ax = 21 Aq+. . +xpAen, with Ay, ..., Ayn thecolumnsof A.
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Inner product

Ji=> miyi=a"y=y'x,  forz,yecR"

n
)= inyi =y'x, for z,y € C"

e Euclidean norm: ||z|l2=(z,z) % (Z |a:z|2) ,x € R" or C"

o Cauchy-Schwarz ineq.: |(z,y)| < ||z|2|lyll2, =z,y€ ¥

0< (z+ay)2,Va€]R

o Triangular inequality: ||z +yll2 < ||zll2 + [|yll2, =,y € ¥
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In real inner product spaces: @ is the angle:

(z,9)

cosf = — 22—
Izll2llylle’

z,y € V are orthogonal if

(w,y) =0

If {u1,...,u,} is an orthogonal basis for R", and z € R"

Tr=cluy+ ...+ cpuy

then
x = (x,ur)ur + ...+ (x,up)uy,

since (z,uy) = ¢ = |z||ug| cos O = || cos by.
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Eigenvalues and eigenvectors
Definition

Q \is an eigenvalue for A € My« if

Ax = Az, for some x # 0.

Q = is called an eigenvector of A associated with the eigenvalue \.

Bample
|
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125 0.75 1 1
= = 1 = = (2 =
A [ 0.75 1.25 ] A =20 [ 1 ] » A2 =05,v [ 1 ] :

T

For any given z = } we can write
2

xr = clv(l) + 6211(2)
with

)

1= 2 Co = T2

and
Az = 2c10D + 0.5¢003

Az is based on doubling the length of the civ(Y) part of x and halving the
cov®) component.
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cl=.4,c2=.28.

o v g,y
x=e v,

(a)

Figure: (a) x = c;0™M 4 cov® and (b) Az = 2¢;0M + 0.5¢00)
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=26, v e 050, v

(a)
Figure: (a) = = c;v™ + 0 and (b) Az = 2¢;0™M) + 0.5¢00?)

The problem which led to calculating Az might have been better formulated
in the coordinate system v(1) v(2).
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Characteristic polynomial

Solving Az = Az for x # 0 is equivalent to the linear homogeneous system:

(A=Xz=0
which has a solution iff
'@n =) det(A - )\I) =0. (characteristic equation) (829)
—_——

characteristic polynomial

ail— A ... a1n
So f(A) =det(A — \I) = det
an1 e Qpp — A
= (a11 = A) . (@pn — A) + O(N"72)
= (=1)"\"+ (=1)" Hay + ... + @) N4+ det(A) (8.30)
Tr(A)

=(—1)"(A=X1)(A=X2) ... (A=X\,,), where \; are eigenvalues, 1 <i <n.
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= 7

For the case n = 2

f()\):det|:)\_a11 —aiz ]

—az A —a

= (A —a11)(\ — ag) — agrarz = A\? — (a11 + ag2)\ + ajjag — azars

For the earlier example A

A—125 —0.
f(/\)zdet[ _0755 )\_01735]:>\2—2.5>\+1

which has the roots A = .5, 2.
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Application: Linear ODEs

Theorem

If X is an eigenvalue of the matrix A and if v is a corresponding
eigenvector, then one solution of the DE

' = Az
is

x(t) = eMv.
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Characteristic equation

A has at least one eigenvalue
A has at most n distinct eigenvalues

det(A— ) € P, = {

Definition

o algebraic multiplicity of A: multiplicity of A as a root of (8.29)

o geometric multiplicity of A: number of independent eigenvectors
associated with A

© A— 10 A1 algebralc. multu_)llc_lt_y =2
geometric multiplicity = 2

N1 algebraic multiplicity = 2
T geometric multiplicity = 1
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Matlab

1 3 =7
[V,D] = eig(4), A= -3 4 1
2 =5 3

returns
@ the eigenvectors in the array V' as columns, and
@ the eigenvalues in the diagonal array D:
>> [V,D]=eig(A)
V =
0.7267 0.7267 .7916

-0.0680 + 0.45331 -0.0680 - 0.4533i 0.5137
-0.3395 - 0.38291 -0.3395 + 0.3829i 0.3308

o

D =

3.9893 + 5.56011 0 0

0 3.9893 - 5.5601i 0

0 0 0.0214
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Eigenvalues for symmetric matrices. Theorem

Let A € M(n) be symmetric. Then there is a set of n eigenvalue-eigenvector
pairs {\;, v(®) }i<i<n that satisfy

i. A1,A2,..., A, are all roots of f(A) and \; € R.

ii. The column vectors v’ are mutually perpendicular and of length 1.

iii. For each x = [x1,%9,...,2,]7 there is a unique choice of constants
c1,...,Cy for which
x=coW +...c v,

The constants are given by ¢; = Y7, z; v(z) =z2To®, 1<i<n.

iv. The matrix
U=[wW @ . . v

satisfies
A1 0 P 0
(@) UTAU=D=| ©° » =~ |
0 0 An

b Ut =UTU = 1.
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Eigenvalues for symmetric matrices. Example

075 1.25 |’

A [125 075 Alzz,vﬂ):“], )\2:0_5&(2):[—”.
To make them length 1:

1 1
A1:2,U(1)=[£ ], A2:0.5,U(2)=[ f]

The matrix U is then

1 1
U=| ¥ 1ﬁ]
vz V2
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The nonsymmetric eigenvalue problem

With nonsymmetric matrices, there are many possibilities for the eigenvalues
and eigenvectors.

@ The roots of the characteristic polynomial f(\) may be complex
numbers,

@ and these lead to eigenvectors with complex numbers as components.

@ For multiple roots of f(\), it may not be possible to express an arbitrary
vector x as a combination of eigenvectors,

@ and there is no longer a simple formula for the coefficients.
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The nonsymmetric eigenvalue problem. Example - complex eigenvalues

0 1
For A = 1 0|
the characteristic polynomial is
_ A=l
f()\)—alet[1 )\]—)\ +1

with complex roots

)\122'5\/—1, )\gz—i

and the corresponding eigenvectors are

W_| | @_]|°
o[ -]
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The nonsymmetric eigenvalue problem. Ex. - multiple eigenvalues, few eigenvectors

Let A=

with a constant.

a 1 0
0 a 1
0 0 a

Check that A = a is the eigenvalue of A with multiplicity 3, and any
associated eigenvector must be of the form

1
v=c| 0
0

for some ¢ # 0.
Thus, up to a constant we have only one eigenvector

1

0
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Similar Matrices

B is similar to A (A~B) if 3 nonsingular (invertible) P:
B =P AP )

Assume A and B are similar. Then
Q det(A — M) = det(B — AI) (equal characteristic polynomials)
Q det(A) = det(B)
Q Trace(A) = Trace(B)

o det(B — M) = det(P~YAP — \I) = det(P~1(A — AI)P) =
det(P~ 1) det(A — A1) det(P) = ﬁ(P) det(A — AI) det(P) =
det(A — \I)

From (8.30), for similar matrices we have that the coefficients of the characteristic polynomials are the same, hence

o Trace(A) = (M + ...+ \y) = Trace(B)

o det(A) = A;... N\, =det(B)
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Similar Matrices

A, B similar = they have the same eigenvalues: x is an eigenvector for
A for A= P~ !z is eigenvector for \ for B.
Az =)z & P 'APP 'z =P 'z
T\V/ ——
y y

A, B similar: A and B represent the same linear transformation of the vector

space, with respect to different bases.
If A, B are similar and B is diagonal or triangular,
then the eigenvalues are the elements on diag(B).

The eigenvalue of A satisfy

AM+A=5, A= -2




Math 1080 > 8. More on Systems of Linear Equations > 8.3 Eigenvalues and Eigenvectors

System of ODEs

A is diagonalizable (similar to a diagonal matrix containing its eigenvalues):

A1 0
3T € R™*™ invertible s.t. T1AT = .
0 Am
If Ax; = \ix;,i=1,...,m then T = [x;...X;,] (invertible since its
columns span R™).
Not all matrices are diagonalizable J

All 2 x 2 matrices are similar to one of the three types:

a 0 a 1 a —b
a=(5 5 )= (5 0)=(3 )
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System of ODEs

x = Ax, A € Rmxm
x(0) = xq

If A is diagonalizable (A ~ A), then with the change of variables

w — T 'x the ODE becomes:

M 0
W =T =T ' Ax=T'ATT ' x=T""ATw= w
I 0 A

th component of w.

S wi=Nw;,  with w;=1i
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Canonical Forms

Given A, we use similarity transformations to get B, “simpler” than A.
Canonical forms:

(i) The Schur normal form

(i) The principal axes form

)
(iii) The singular value decomposition
)

(iv) The Jordan form
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The Schur normal form
A e C"*™. 3JU unitary s.t. U*AU =T, with T upper triangular. l

Proof: Induction on (size of matrix) n

@ n =1 trivial
@ assume it is true V matrices in C(n=1)x(n—1)

Let \; €eig(A), uy eigenvector for A, ufu; = 1 and pick {uy,...,u,} an
orthonormal basis for C™. Define
Uy = [u1, V],V = [us, ..., u] € C¥ (=)
Note: U;U; = U1 Uy = I since uy, ..., u, are orthonormal.
AUl = (Aul,AV)

= U AU, = ( ui )(Aul,AV) _ ( uiduy - ui AV )

v V*Au, V*AV
N WAV
_ * * _ At ufAV * (n—1)x(n—1)

=0
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The Schur normal form

Induction step for V*AV:AHW e Cr=1x(n=1) ynitary s.t.
R T =W*V*AV)W,
with T upper triangular of order n — 1.

The matrix
1 0
va=( 5w )

is unitary (UsUz = UaUs = I) and satisfies:
% % o )\1 UTAV
U2(U1AU1)U2— ( 0 T )
Then U1Us; is an unitary matrix that satisfies the induction. H

The characteristic polynomial for a triangular matrix 7":
t11 — A tin

det(T — AI) = det = (t1 = A) ... (tan — A)

0 ton — A
hence the diagonal elements t;; are eigenvalues of 7.
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The Schur normal form

det(A—AI) = X2 —6)A+25 =0, Ao = 3 + 4i and

the corresponding eigenvectors are vy = [ ; ] and vy = [ _22 ]

After the Gram-Schmidt orthogonalization:

—2
ur = v1, up =wz — [vyui/uiui]us = [ i ]

and normalizing we have the unitary matrix

S

and the Schur form

0 3—4

U*AU = [

3+ 4i —6}
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(i) The principal axes form

A € C"*™ Hermitian (A* = A). 3U unitary s.t.
A 0

U*AU = , M ER.
0 An
If A € R™*"™ and symmetric (AT = A), then U is a real orthogonal matrix.

4

Proof: From Schur normal form, 3U unitary and T upper triangular s.t.
A=A*

U*AU =T = T* = (UAU)* =U*A*U "= T. |
The columns U are orthogonal eigenvectors of A :
A1 0
U*AU = S [Aug, ..., Auyg) = [ur g, - o un Ay
0 An
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The principal axes form

Remark: For a hermitian matrix all eigenvalues are real (7% =T).

Application

Assume that we know U = [ug, ..., uy).

Then the basis {u1,...,u,} for C" can be used in place of the original
basis:

n n n
VyeChy=> v wi=Ay=> yidui=y Ay

i=1 cCn i=1 i=1




Math 1080 > 8. More on Systems of Linear Equations > 8.3 Eigenvalues and Eigenvectors

(iii)Singular Value Decompositi

Canonical form for general rectangular matrices A € C"*™

3 unitary matrices U € C™*™ V' € C"*™ such that
M1 0 oo
0 U2 0
VAU = | - - , (8.31)
Hr
0
nxm
with p; € R™ pq > po > pir—1 > pir > 0.
@ u;'s - singular values of A.
@ columns of U - the right singular values. Remark: The SVD is not Unique!

@ columns of V - the left singular values.
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Singular Value Decomposition (SVD)

Proof: Since A*A is hermitian ((A*A)* = A*A), from the previous
result U unitary s.t.

A0 L
0 X O
U*A* AU = N A #£0. (8.32)
w* w 0

To show A; > 0, let = be an eigenvector of corresponding to A;:

A 2
A*Az = iz = g7 A" Ax =\ o' = N\ = H a?|2|2 = p; > 0.
CL A=Ay T
=(Az) llzl2

_From (8.32): W*W = [wi,...,wi]T[wi,...,w,) = (wiw;)s
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Singular Value Decomposition ( )

wiw; =0, @ # ],
Proof (continued): (8.32) = { |lwill2 =X\, i<r
|lwil3 =0, i>r+1.
The columns w41, ..., w, are zero vectors for i 7#j <r,w; Lw; in C".
The columns w1, ..., w, form a set of orthogonal vectors in C™.
The set of vectors {v1,...,v,},v; = %, form an orthonormal set of
vectors in C™.
Complete {vy,...,v,} by {vpq1,..., 0} sit. {v1,...,v,} form an
orthonormal basis in C™.
The matrix V' = [v1,...,vy] is unitary and satisfies (8.31):

v . ) = (U191, prvr, 0,...,0) = W = AU. .
—— ——
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Singular Value Decomposition (SVD)

Since U, V' unitary = rows and columns are orthonormal sets; (8.31):

Auy = pivy
Aug = 1202
. w1 > ... > up > 0.
Au,, = HrUn,
A transforms the coordinate system {uy ..., un} to {u1v1,. .., upon}

where {vy,...,v,} is another coordinate system.

Proposition

A € C™ ™. The eigenvalues of A*A are nonnegative.

Proof: [|v|| = 1 eigenvector of A*A: A*Av = \v =
0 < ||Av|| =v*A*Av =X v*'v=\ N
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Singular Value Decomposition (SVD)

A*A is m x m and unitary = its eigenvectors are orthogonal and its
eigenvalues real, nonnegative: 12, ..., u2,, and the orthonormal set of
eigenvectors is {u1, ..., upn}. Find {v;}1<i<n:
o if u; # 0, define v; by the equation p;v; = Au,
o if u; = 0, choose v; arbitrary unit vector s.t. orthogonal to
ViyeooyUj—1.

The columns of U = [u4, ..., uy], the right singular vectors, are the
set of orthonormal eigenvectors of A*A. The columns of

V = [v1,...,vy], the left singular vectors, are the set of orthonormal
eigenvectors of AA*.

Example 1: Find the singular values and singular vectors of

L)




Math 1080 > 8. More on Systems of Linear Equations > 8.3 Eigenvalues and Eigenvectors

Singular Value Decomposition (SVD)

0
0 2

The eigenvalues of A*A= [ 0], in decreasing size, are

0 1
,U/%:2,’u,1: |:1:| M%:O,UQZ |:0

The singular values are v/2 and 0. Then v;:
e
\/§U1 =Au1 = |: 11:| s v = [_\/z

1
V2 |

and

1
’U2=[f
V2

is chosen to be orthogonal to v1. The SVD is:

-1 L A
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Singular Value Decomposition (SVD)

0o -1

2

Example 2: Find the singular values and singularvectorsof A=|3 0
0 0

o

The singular values are 3 an

0
3vy = Auyp = | 3
0

3

0

0

The SVD is: !

0 1
v = 1 and 51)2 = A'LLQ =
0

|

0 0 1 0]fo -1
%:—10030[(1)(1)].
0 0 0 1]]0 o0
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Singular Value Decomposition (SVD)

Symmetric matrices: To find the SVD for a symmetric A € R™*"™ it
suffices to just find the eigenvalues, arrange them in decreasing
magnitude

Al > > ] = > > um
and eigenvectors
v~—{ +ug, if A >0
v —Uy;, if \; <0

Example 3: Findthesingular values and singular vectors of A= [(1) é]

The eigenvalues/eigenvectors are:

1 2
A =2,u1 = [45] AQZ—%,W:[ @]

2 0 1 2
The SVD is: [ 1]=[“§ “15]
ki
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Properties of SVD

The rank(A)= no. Li. rows (or equivalently columns).
@ The rank of A is r, the no. of nonzero entries in A, (V*AU = A).
Proof: Since V* and U are invertible, rank(A) = rank(S).
Q If Ac C™™ det(A) = g -+ fin-
Proof: V* U unitary = det(U), det(V*) = £1.
© Low-rank approximation of the SVD: A € C™*" r = rank(A),

A= Zuiviu;‘, vi, ui — i columns of V, U. (8.33)
i=1

Proof: (Sum of rank-one matrices)

1 0
0

0 7%
. ) M1
A=V : - U*=v +.o..+ U*
Hr
0 Mo

The best least squares approximation of A of rank p < r: retain the first p terms of (8.33).
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Properties of SVD

Example 3': Find the rank-one approximation of A= [(1)

N =

1 2 1 2
[0 1]2175 _75] [2 0] [75 7
Yl S PO -
2 NGV 2 NG NG
1 2 12
2 1 00 o 1 2 _ 1
V5 Vb 2 NG NG
1 2
—_ 1 —_ =
-9 45] 12 4= i/%] 2 _ 1
ng A 7 Ed
2 4 _2 1
5 5 5 10
—_—

small corrections

[SUFSS]
[Sl{[e 1IN
—_

The best rank-one approximation of A is the first rank-one matrix [

This is the main idea behind dimension reduction and compression applications of the SVD.
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Dimension reduction: project data onto a lower dimension

ai,...,ay, vectors of dimension m,m < n
Goal: replace a1, ..., a, with n vectors of dimension p < m while
minimizing the error.

A= a, ... an) "7 VAU

then use the rank-p approximation
P
A~ A, = Z piviu;
i=1

to project {ai,...,a,} onto the p-dimensional space spanned by the
(left singular vectors) columns vy, ..., v, of V:
aj = Aej = Ape; (columns of A,)
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Dimension reduction

Example: Find the best one-dimensional subspace fitting the data

o [} (i 5]

WEEE

2 4 -1 =5
0.4085 0.5327 —0.2398 —0.7014
— | 0.5886  —0.8084 8.209 0 0 O —0.6741 0.3985 0.5554 —0.2798
0.8084 0.5886 0 185120 O 0.5743 —0.1892 0.7924 —0.0801
0.2212 0.7223 0.0780 0.6507

Reduce to p = 1 subspace: set ;1o = 0 and reconstruct the matrix:

A=V 8209 0 0 O U= 1.9912 25964 —1.1689 —3.4188
= 0 0 00 127346 43.5657 —1.6052 —4.6951 |

Columns of A;: the four projected vectors corresponding to the original four data vectors
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Dimension reduction

— R L ot
T

| i ] L
=5 -4 23 2 1 2 3 4 5
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Compression

(8.33) can be used to compress the information in a matrix.
Lossy compression of A: throw away terms at the end of the sum with smaller p;

(if Ais n x n, each term in the sum requires 2n + 1 numbers to store).
Example: if n = 8, matrix= 64 numbers, but the 15¢ term in (8.33) is
only 17 numbers, so if 1 > u;'s = 75% saving in space.

Example: Image Compression

Grayscale image = 256x256 array of pixels, grayness of each pixel = 1
byte, 8 bits representing 0(black) to 255(white). Picture: 256 x 256 array of
integers, holding (256)% = 216 = 64K bytes of information.

>> xin = imread(’picture.jpg’);

>> x = double(xin);

>>% imagesc(x) % displays x as an image
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Crude method of compression: each 8 x 8 pixel block is replaced by its
average pixel value = considerable compression, only (32)2 = 210 blocks,

each represented by 1 integer, but the quality is poor.
Goal: compress less harshly, replacing each 8 x 8 block with a few integers

that better carry the information in the original image.
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Look first at a single 8 x 8 block of pixels. Matrix of 1 byte integers of
grayscale intensities of the 64 pixels and the matrix of intensities
approximately centered around zero (subtract 256/2=128).

63 |33 |36 |28 |63 | 81 |86 |98 —65 |-95 [-92 |-100(-65 [-47 |-42 | -30
27 [18 |17 |11 |22 | 48 | 104|108 —101|-110|-111{-117|-106(-80 {-24 |-20
72 |52 |28 |15 |17 | 16 |47 |77 -56 |-76 |-100{-113|-111{-112{-81 |-51
132110056 {19 |10 |9 21 |55 4 |28 |-72 |-109|-118|-119|-107| -73
187|186 | 16688 |13 | 34 |43 |51 59 (58 [38 |[-40 |-115{-94 |-85 |-77
184203 (199|177 |82 | 44 |97 |73 56 [75 (71 |49 |-46 |-84 |-31 |-55
2111214208198 [ 134 | 52 |78 |83 83 |86 (80 [70 |6 |-76 |50 |-45
211]210|203|191|133| 79 |74 |86 83 |82 |75 |63 |5 -49 |-54 | -42
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—65 —95 —92 —100 —65 —47 —42 —-30 485.52
—101 —110 —111 —-117 —106 —80 —24 —-20 364.33

—56 —76 —-100 —113 —111 —112 —81 —51 64.55

A= 4 —28 —72 -109 -—-118 —119 —107 =73 Singularvalues — 60.91
- 59 58 38 —40 —115 —94 —85 —77 |°'"8 - 18.98
56 75 71 49 —46 —84 —31 —55 10.24

83 86 80 70 6 —76 —50 —45 7.31

83 82 75 63 5 —49 —54 —42 2.40

The original block Compressed 4:1 (1°¢ term in (8.33))  Compressed 2:1 (2 terms in (8.33))
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Apply (8.33) to the entire matrix. The 256 singular values € [2 x 1073, 9637].

100
150

2008

250

100 150 200 250 100 150 200 250 50 100 150 200 250

p=8SV p =16 SV p =328V




Math 1080 > 8. More on Systems of Linear Equations > 8.3 Eigenvalues and Eigenvectors

Computing the SVD

* If A is real, symmetric: SVD reduces to the eigenvalue computation. U
with unit eigenvectors as columns, A = diag(absolute values of eigenvalues), V
thesame as U, but with the sign of columns switched if the eigenvalue is negative.
A=VAU*
* For general A € C™*"™ there are 2 approaches:
©Q form A*A and find its eigenvalues = columns wu; of U and by
normalizing the vectors Au; = u;v; we get both the singular
values and the columns of V.
Not recommended: if cond(A) is large = cond AT A(~ condA)?
becomes very large and digits of accuracy may be lost.
0 AT
A0 ] 2
symmetric (m + n) x (m 4 n) matrix = has real nonnegative
eigenvalues and a basis of eigenvectors:

T T
[A w}:[o A } {” ]:)\[5}] — Av=>w, AT Av=AATw=\20.

@ Avoid forming the matrix product: consider B = [

Av A 0 w
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(iv) The Jordan form

Jordan block

A L0
0 A
Im(A) =
: . -1
0 ... 0 Xx /)
A is the unique eigenvalue of J,,,(\) of alg.m. n and geom.m. 1.

Remark: J,,()) is nilpotent: J™(0)™ = 0.

A € C™. 3P nonsingular s.t.
Jnl (Al) 0
Iz (A2)
PlAP = " , :
0 Jnr (Ar)
with the eigenvalues of A: \1,..., A\, not necessarily distinct.
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The Jordan form

If Ais hermitian: n1 =...=n, =1.
We can write the Jordan canonical form

P71AP =diag(\i,..., \) + N

with IV containing the rest of nonzero terms, nilpotent:

N?=0, g¢=max{ng,...,n.}<n.
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Norms

Definition
Let V be a vector space. || - || : V — RT if
(i) |lull=0< uw=0, ueV
(i) |lau|| = |a||u|l, u € V, a scalar
(i) JJu+ ol < |ull + |lv], u,v € V (“triangular inequality” )
Consequence: ‘HuH - Hv”‘ <lu—v| wwveV

Examples: 1) Let V = R", or C".

n b
llzll, = (Z Ifl?ilp)
i=1 4

1
ol = max faul,  (limposoo (0, [2:f7)7 = Ilelloo)
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h M

Il (A

AR

sl

AN

W

AN

U
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2) Let V = LP().

lzriey = ([ 11@P )" Wl = suplsl

4

In finite dimensional spaces all norms are equivalent: Y N1, No norms
dep,co > 0 s.t.

ClNQ(:IJ) < Nl(x) < C2N2(.’.U), Vo e V. (834)

Corrollary

. . . n—oo
Convergence is equivalent in every norms (z(™ "= z):

e1No(z — ™) < Ny(z — 2™) < eaNo(z — ™)
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Proof: Let Na=]|| - ||. Then (8.34) is equivalent to boundedness of N}

cr <Ni(y) <c2, Yy eV |ylo =1
The upper bound:
Ni(z) = N(inei> <N lwlME) < el
= = S Mie)
and continuity of Ni:
[Ni(z) = Ni(y)| < Nz —y) < 2|z = Yoo

Hence Np reaches its minimum on the unit sphere
S ={y € V;|lyllooc =1}, closed and bounded set in V:

in V1 (y) = 0. m
min 1Y) =a #
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Matrix norms

m X n matrices can be viewed as vectors of mn dimension = matrix
norm has to be first a vector norm:
(i) |[Al=0<A=0
(i) [JaA|l = |a|jull, Ae s € C", « scalar
(i) |1A+ B| < ||A|| + | B]| A, B € .# Matrices can be
multiplied with matrices and vectors
(iv) [AB| < |A|IIBIl,  A,Be.#
“Compatibility” between matrix norm and vector norm:

HAvaector norm = HAHH:U“vector norm 3y x e ‘/7 A e % (835)

A
) = sup 1221
z#0 |1zl x;éO

o el = 4 () = sue o]
ElLSNE >

v,llyll=1

It is a norm and satisfies (8.35)
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IAB|| < [ Allll B J

Proof: ||AB||:= sup ||ABz|| and pick y, |ly]|=1 s.t. ||[AB||=||AByl||.

[l]=L

[ABY)| < [AlllIByll < [IATIBIlyl = 1AfIB]. =

Example: max row sum

|Al|co := sup ||AY||oo := max
llylloo=1 || 1 =iz

Z AijYj ’

Start with the co-vector norm: ||z|/sc = maxi<i<y |zi|, « € R", then

R - .
Zauwj || Az||s = max Za--m
1 o T <icn o R
Al | = _ = - "
. n 11213*<X Z;|aw| |51
> & <l oo
= . = Alloo
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Max row sum norm

Proposition

[Alloc = max Z |aij]

1<i<n

Proof: 1. “<”: 3z € C" s.t. ||A]lco = [|A% ||, [|%]|cc = 1.

_ _ il < max S fay |,
= |40 = [| Azl 112%21%%\ <2 Jaig] ||
- e

2, “>" Let iy the index for which: max Z laij| = Z lai, ;]

j=1
Lol if gy £ 0
and construct z € C",z; = ¢ loiosl % # = [|lzfloc =
0 if Qi = 0
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Max row sum norm

With this x:

n n n
|Az|loc = max ‘ E aij:rj’ = max ‘ g aioj:vj‘,max‘ g aijxj‘
1<i<n | 4 - i#ig | 4

j=1 Jj=1 j=1

n

, max
%10

n —
— . Gigj oy
= max a“”|a‘ | a;jT;
j=1 “0J j=1

n n n
=max{ ) !az-ojl,maX‘E az‘j%“ = laiyl
- i#ig | £ -

j=1 Jj=1 Jj=1

—_————
<3071 laigsl
= Yo ai] = [[Az]lee < Al 2l W
——

<1
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Max column sum norm

Example: max column sum

<0

B =
Zaljxj
j=1 n n
|All1 := sup ||Az|1:= sup H I H = sup Z‘Zazjx
z|1=1 |z[[1=1 n 1 llzll=1=3 j=1

Proposition

[Al1 = max Z |ai;|

1<5<n
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Spectrum, spectral radius
Definition

Q spectrum of A: o(A) = {\: X eigenvalue of A}

Q spectral radius of A: p(A) = ma(ai) [A|

[[Allz = /p(A*A)

Proof: 1) A*A hermitian = A € 6(A),\ € R, A > 0. Let {uq,...,u,} an
orthonormal basis in C" s.t. A*Au; = \juj,z € C*: z =1 | @ w;.

ecr
|Az||3 = (Az)* Az = 2* A" Az = ¢ (leA Aul> =z (Zazl)\ ul>
i=1 n i=1
:in)\ix w; = ZWUJ < max [\, <Z|$i| ) < p(A*A)||z|2.
=1 — =1

2) A=the max. of the elgenvalues of A*A, u, ||ul|2 =1 the corresponding eigenvector:
[|Au||3 = u*A* Au = Mu*u = M|u||3 = VX < || 4] ]
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p(A) < ||A]| for any induced matrix norm. I

Proof: Let A € 0(A), u an associated eigenvector: Au = Au, ||u|| = 1.
Al = jnax [Az]| > [[Aul] = [|Aul] = |A]. =

Ve > 0 3 a matrix induced norm such that || A|| < p(A) +«.

Consequence
Ve > 0 3| - || such that p(A) < ||Al| < p(A) +e&.
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Recall: for {zp}n, C C
Tp — T & limy, 00 || 2, — || =0

A € C™™ is convergent if lim A" = 0.

n—oo

v
Theorem

The following are equivalent:

(i) A is convergent.

(ii) limy, 00 HAn“ = 0 for some H ’ ”

(i) p(A) < 1.
Proof: By the continuity of || - || we have (/) < (/7). Now =
n < n
p(A") <4l = p(4) <1
= (p(AN™ \J/n—>oo
A €Eo(A) & Nea(A™)
Az =Xz & Az = A"z 0
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= (i/): Assuming p(A) < 1, we have e := (1 — p(4)) > 0.
Then by the previous lemma, 3| - || such that

1 1 ,
JAl < p(A)+e=-p(A)+- <1= lim A" =0. W
2~ 2 N—00 "
<! > An|

(a) the series ZA"’ is convergent < A is convergent.

k=0 [e9) i
(b) A is convergent = (I — A) is invertible and (I — A)~! = ZA .
k=0

Proof: "=/: the partial sum B,, = >",_, A" is convergent, hence
Cauchy:
0= lim ||Byi1 — Byl = lim [[A™T.
n—oo n—oo
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"= p(A) <1=1¢ 0(A) = (I — A) invertible.

(Otherwise 3z # 0 : (I — 1A)x = 0).

(I—A)iA’“ =iA’“—iAk+1 =AM m

1
(I—4)> ak

If ||A|| < 1 for some || I, then I — A 'is invertible and

i < 10— 47 <

—IIAII

Proof: p(A) < ||A|<1=1¢0(A)=31—-A)"
Recall 1| = sup [ Iz] = sup ||z]] = 1. Then
lll= lell=
() 1=l = I — A)(I — AT < A+ TADIa — A7
I=I-A(IT-A)"'t=U-A)"1'—-Ag-a"
ST =T =T+ AT - AT ST+ AT = A7 = @ = ADIZ -4~ <1
N —r

>0
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Let A, B € #,, A is nonsingular and
|A—- B <

AT
Then B is also nonsingular and
=1 A
187 < ==
-1_ p-1 A~ 2] A-B]|
A o == =1

Proof: Since B=A— (A— B) = A[l — A~'(A — B)], by Lemma
I — A7Y(A — B) is nonsingular = B is nonsingular, as product of
nonsingular matrices:

B l'=[I-A"1YA-DB) 'A%
The first estimate follows from Lemma, while for second we take
norms in

A B1l—AY(B-A)B!
and appply the 1%¢ estimate. [ |
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Properties of Eigenvalues

Eigenvalues have many interesting and important mathematical properties.
These include the following.

1. If A is diagonal, upper triangular or lower triangular, then the eigenvalues
are on the diagonal of A.

Proof.
Let A be upper triangular. Then

aip — A aiz ... G1n
a9 — A agn

det [A — AI] = det
Apn — A

= (a11 — )\)((122 — )\) °©5000° (a,m — )\) = pn()\)

The roots of p,, are obvious! O
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Properties of Eigenvalues

2. Suppose Ais N x N and Aq,..., A\, are distinct eigenvalues of A. Then,

det(A—AI) = (A1 = AP (Ao — A)P2 - .- (A — A)P

@ where pi +py+ ... +pr =n.
@ Each ) has at least one eigenvector ®; and possibly as many as py,
linearly independent eigenvectors.

© If each \; has p; linearly independent eigenvectors then all the
eigenvectors form a basis for RY.
@ Anything between (2) and (3) can occur.
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Properties of Eigenvalues

3. If A is symmetric (and real) (A = A"), then

@ all the eigenvalues and eigenvectors are real.

@ There exists N orthonormal eigenvectors ®1,..., Dy of A:
|1, ifi=y,
<@i’¢f>_{ 0, ifi#j.

@ If C'is the N x N matrix with eigenvector ®; in the 4" column then

A 0O ... 0
S . B 0 X ... O
c—=C and C T AC = . .

0 0 ... An
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Properties of Eigenvalues

4. If an eigenvector ® is known,
the corresponding eigenvalue is given by
the Rayleigh quotient

DT AP

A where &* = .

P’

If A = \®, we have

D AP = \D* P

from which the formula for \ follows. O
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Properties of Eigenvalues

5. If || - || is any matrix norm (induced by the vector norm || - |]),

Al < JIA].

Since

AP = AD

we have
IAll[@fl = A2l = [[Ae]| < [|A]ll|®]]- O

Finally, we note that: the eigenvalues of A are complicated, nonlinear
functions of the entries in A.

Thus, the eigenvalues of A+ B can have no correlation with those of A and
B. In particular,
AA+ B) #AA) + A(B).
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Properties of Eigenvalues

Eigenvalues are very important yet they are complicated, nonlinear functions
of the entries of A.

Thus, results that allow us to look at the entries of A and get information
about where they live (known as eigenvalue localization results) are useful
results indeed.

We have seen two such already:

o If A= A" then A\(A) is real.
o |A| < ||A]| for any norm || - ||.

The classic such result is Gershgorin's theorem.
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Gershgorin's circle theorem

Theorem (The Gershgorin Circle Theorem)

Let A = (a;j),i,j = 1,..., N. Define the row and column sums which
exclude the diagonal entry.

N N
o=y largl, = > lagl-
J=Li#k =13k

Define the closed disks in C:
Ry ={2€C; |z —apk| <ri}, Cr ={2€C; |z—ag| < cx}
Then, if \ is an eigenvalue of A
(i) X\ € Ry, for some k.
(i) X € Cy for some k.

(i) If Q is a union of precisely k disks that is disjoint from all other disks
then Q2 must contain k eigenvalues of A.
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Gershgorin's circle theorem

Asxs=1| 2 7 0 |, eig(A)={0.2030,5.1580,7.6390}.

We calculate

r=2+1=23, ro =240=2, rg=14+0=1.
cqp=2+1=3, co=2+0=2, c.=14+0=1.

The Eigenvalues must belong to the above 3 circles.
Since A = A?, they must also be real. Thus

—-2< A <8
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Gershgorin's circle theo

Figure: Gershgorin's Circles
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Gershgorin's circle theorem

Gershgorin's circle theorem

Let define the circles
Zi={z€C:lz—ayu| <r},i=1,...,n
of radii

n

Ty = Z |aij|,i=1,...,n.
. j=Llg#i . ;
The eigenvalues of A are located in the union of circles Z;:

Aeo(4) = IeUr L Z

Proof: Let Ax = Ax,x # 0 and k € {1,...,n} such that
|z]|lcc = |xx| > 0. Then the kth line of Ax = Ax gives

N —arglloel < D0 larsllal <D0 Jarglles]

J=1,j7#k J=1,j7#k
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Gershgorin's circle theorem

Zy={z:]z—1| <5}
Zy ={z:|z—4] <12}
Zs={z:]|z—1| <2}

1 2 3
349 |,
111

Other evaluating bounds:

M€ p() = max <AL = N < minfma Y ag | max Y oy}
2 2

4

I-llos Il
Al < min { max{6, 16,3}, max{5,7,13} } = 13.

Claim:

n n
SN <Y Jal*.
i=1 ij=1

Example: (A2 + X2 +X32 <14+44+9+9+16+81+1+1+1.
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Eigenvalue sensitivity

A= A7

Ar = \x
(A+E)i =i’

Bauer-Fike Theorem

Assume A is diagonalizable (P~1AP = D). If X is an eigenvalue of
A+ E, then

i )\ < ||P|||P~I|E
lglilgnlx\z Al < [IPIIPIE

where 0(A) = {A1,..., A\ )

Proof: Assume X # \; = (Al — D) is invertible.
(A+ E)x = Xz
Ex =\ — A)x = (M — PDP Y)x = P(\l - D)P~'x
P 'Ex=(\-D)P 'z
—
=Y
PlEPy=(—D)y = (M —D) P lEPy=y
lyll = |(A = D)=* P EPy|| < ||(AL = D)~ [P~ HIIPII E]]lyll
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Bauer-Fike theorem

z#0=y#0= |yl #0.
Assume we are using a matrix norm for which

2 = max |\
1<i<n
1< ||(AL = D)~ H[IP~ 1||||1;’||||E|| and .
M — D)™ =
i )= <58 |A —1)\1| min; [A — X\
= min|A =\ < [P P[£]. -

cond(P) ~ 103,
eig(A) = {1.0000,0.9990, 2.0000},
eig(A + E) = {2.0000, 0.9995 + 0.00444,0.9995 — 0.00444}
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If A is symmetric and real, then P can be chosen orthogonal
P~' = PT ||P||z = 1. Hence

min [\ = \i| < [|[PTUEP| < [| Bl = /p(ETE)

i.e., small changes in the matrix = small changes in the eigenvalues.

Example in the nonsymmetric eigenvalue problem

A ( 101 =90 ) A+ E— ( 100.99 —90.001 >

110 —98 110 —98

o(A) = {1,2},0(A + E) ~ {1.298,1.701}

which is a significant change in eigenvalues for a very small change in
the matrix. )
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Sensitivity of individual eigenvalues

A € 0(A), PUAP = diag (A1,...,\), A= PDP!
= P_IAP€7; = )\iei,APei = \;Pe;,

Au; = \u;, right eigenvector: u; = i.
_ [ Pei|2
= P*A*(P_l)*ei = )\iei,A*(P_l)*ei = )\i(P*)_lei,
T . (P~1)*e
A*v; = N, or vf A = A\jof, left eigenvector: v; = T
[(P=1) €|

Definition

The sensitivity of A; is é with s; = v} u;.

2=

< cond 5 (P). J

Proof:
(P~ Y*e; ef P~ ! Pe;

* Pe; 1
S, = V- U; = L — = — = — ‘.
v E T Peillz [(P=1)*eillz — [[Pesll2[(P~1)*eillz — [[Pesll2ll(P~1)*eill2
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Sensitivity of individual eigenvalues

Application to a particular perturbed eigenvalue problem:
(A+eB)x = A\(e)x,
with € > 0, A\, € 0(A). Then

Me(e) = Mg + Siv};Buk +0(e%).
k

10
=1 —
), P AP_(O 2)
P T p1_ (—11VISL 10VI81
’ ~10v/221 9221
~ .005

= [A1(e) — A1] € £||B|l2 + O(g?) =~ 200¢|| B||2 + O(e)

)
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The power method is an example of an iterative process that under right
circumstances produces as sequence converging to an eigenvalue of a given
matrix.

Suppose that A € M(n) and its eigenvalues satisfy

[A[>[A2] = [As| = -+ [An]
Each eigenvalue has a nonzero eigenvector u(*) and
Ay = )\iu(i), i=1:n

and assume that {u® u® ... u(™} are linearly independent (form a basis
for C™).

Goal: compute the dominant eigenvalue (single eigenvalue) of maximum
modulus and an associated eigenvector.
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The power method

With a starting vector (®) € C”

2@ = c;u® 4+ cou® 4+ 4 cu™
with ¢; # 0 or simply
2@ =M ;4@ 4oy
we produce the sequence
2D = A2
z®? = Az = A2a:(0)
2® = Az® = A3z

2 — Agpk-D _ Akw(O)
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The power method

Using the form of () we have

w(k) — Aka:(o)

(n)

= AR AR AR P o ARy
= bu®) b ABu® 4 kg ®) L g

and equivalently
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The power method

Hence we have

a® = \k [uu) n e(k)]

and for any linear functional ¢

e(@®) = X o) + ()]

We can compute the dominant eigenvalue A; as the limit of

Ty =

p(x D) p(u) + p(etD)
@@ [ ]“1

p(u) + p(e*))
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The power method: Example

1 3 . 1 -3
LetAz[2 2]W|th)\1:4,a:1=[1],)\2:—17332:[ 5 ]
Multiplying A to a random vector - = [ =

w03 320
[10

() a1 _ 42,00 _ « ]

3) _ 2) _ 43_(0) _ 10 _ 70
R R I EIRE)
70
60

N= NN
DWW NW

L(4) = 44(8) = 44,(0)

Review the calculation for

21 = A0 4[

2(2) = 42,(0) — 42

e
+
N
—
|
[

2() = A44,(0) = 44

]
Jra[ 37 ]=ese] 3 J+e] 57 ]

1
1
1
1
2(3) = 43,(0) = 43 [ i
1
1
m g

To keep the numbers fro

etting out of hand, it is necessary normalize at each step.
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power method: Example

for i =1:4man
u=2z/|z]
z = Au
r=ul*Axu)/(ul xu)
end
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The power method: Example
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The power method

Assume A has a diagonal Jordan canonical form:
P7'AP = D =diag(\1,..., \n)
and there is a single dominant eigenvalue
A > A2 =0 > Al

We seek A1, x1.
Recall that the columns of P, x1,...,x, form a basis of C" and

Az, = Nz, i=1,...,n
Let 2(9) be a initial guess for z;:

n
0) — o
z = Oéjl'].
=1

Assuming aq # 0, apply A repeatedly:

n n n k
s
Ak (0 — E ajAk;cj = E aj)\fmj = )\’f a1xy + E o ()\_J> zj | =~ al)\]f:cl
. - 1
j=1 j=2

j=1

A=Y 4o iz isr < \i—f] fas #£0).

for k large (the convergence rate o
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The power method

Algorithm: initial guess z(?) € R"
for k=1,2,3,... do

o whk) = Ax(k=1)

k
w® g wp?
= —F é the component used for computing an eigenvalue
’

T @t T D

approximation.

lim |A; — max(wg)| = 0, lim [|2® —cx;|| =0, ¢€R,x; eigenvector.
k—o0 k—o00
Moreover:
k m m
)‘g ) =)\1(1+O( i_i ))a Hz(k) —Cm ||;1:_1|me S’Y‘i_j > k20,|0m|=1-
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Proof: Induction on & = = — — A2 gy
roof: Induction on z = nax(AF20) et x1 be an
eigenvector associated with A\; and complete by (z2,...,x,) s.t.

AIL‘Z' = )\l{L‘l
Z(O) =o1r1+ ... +QpTy = Akz(o) = alAkxl +..+ anAkxn

k
= a1 fzg +... +o¢n/\ﬁxn = )\If (alxl +a2()\2/)\1) T2+ ...+ an (/\n/Al)kxn)
——
<1

. Ao
= limg_, o 1 1 1 o) = .

k(0
Ak 2 (0) = cxq
max(k ajxwy) = max(z1)

max(Ak z(0))

= limp_s o0 2(F) = limpg oo

The steps deliver improved approximate eigenvectors: what is the best guess
for the associate eigenvalue?
Ax = Az, x is an approximate eigenvector, A unknown.
Least squares: the answer is the solution of 27z = 27 Az, i.e.,
the Rayleigh quotient

A= T AT
(Az(F) 2(R)) e (k) N 2m
With A = = “mmy it can be shown that A" = Ay (1 + O(‘)\—2 ))

1
2
so the decay at each iteration is by a factor of A—z
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The inverse iteration method

If Power lteration is applied to the inverse of A, the smallest eigenvalue can
be found.
Having o as a good approximation of A1, we seek the eigenvector.

Let eig(A) = {)\1, Ao, ... }
o eig(A™h) = {\[, )\2 L. X1}, assuming 3A~L. The
eigenvectors are the same as those of A.
0 eig(A—ol)={\ —0, \a—0,...,\, —0}. The eigenvectors are
the same as those of A.

Proof: 1. Az = Az,z = AA~'z, A~1z = 1z, and the eigenvector is

unchanged.

2 Az =Xz, (A—ocl)z=AN—0o)z. N

To avoid explicit calculation of A~!, rewrite the Power Iteration to A™!:
wk) = A71,(k=1) 55 AR = H(k-1)

which we solve for w*) by Gaussian elimination.




Math 1080 > 8. More on Systems of Linear Equations > 8.4 The power method

The inverse iteration method

Algorithm: initial guess z(?) € R”

fork=1,2,3,...do

o solve (A —ol)wy = 2k

0 o) = Uk

[[wil|so

This is the power method applied to (A — oI)~! To find the
eigenvalue of A closest to o:

@ apply Inverse Power Iteration to get the smallest eigenvalue a of

A — ol by Gaussian elimination.

Q then \ = % + o is the eigenvalue of A closest to o.
Heuristic result: Write P(A — oI) = LU and perform LU factorization
with partial pivoting of A — o, obtaining a permutation matrix P.

1

20 = P 1Le e =

1

2 or 3 iterations of the inverse iteration = a good approximation of z;.
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1 2 3
Al 2 3 4|, eig(A) ={0,-0.6235,9.6235}.
3 45
1 1
Take 0 =9.1,20 =P 1L 1 | =| 0.753
1 —0.216
0.531

=0 @ = 0.763
1
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Rayleigh Quotient

Definition

Ve #0,R= ””wTT—A;” is the Rayleigh quotient.

Algorithm: initial guess z(?) € R”
for k> 0 do
ST 7, (k)
2(R)T (k)
o (A— Rpwgiy = 2

(k4+1) — _ Wkt
=z max(wy41)

o Ry =

= (™), Ry) is a good approximation to (cz1, \1).
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Computing intermediate eigenvalues: deflation

Definition

Let w € C", ||w||? = w*w = 1. Define the Hermitian unitary
(orthogonal if w € R™) matrix H by

H=1-2ww* (I — 2ww? for w € R™).

Remark
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Ordinary Differential Equations

Differential Equations are among the most important mathematical tools
used in producing models in physical biological science and engineering.

An ODE is an equation that involves one or more derivatives of an
unknown function.
A solution of a DE is a specific function that satisfies the equation.

Solving ODEs is about ‘predicting the future’.
o We know:

o initial state x(0)
o law: x/(t) = f(¢,x(¢))

@ Goal: to predict x(t) for t > 0.
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Let D C R x R™, f(t,x) continuous in D.
x(t) is a solution on [tg, T] of the initial value problem

{ ' (t) = f(t,z(t)) (10.1)

z(to) = o

if Vt € [to,T]
o (t,z(t)) e D
o x(tp) = xo
o J2/(t) and 2/(t) = f(t,=(t))
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For simple ODEs, it is possible to find closed-form solutions.
Given a function g, the general solution of the simplest equation:

'(t) = g(t)

(1) = / g(t)dt +C

with C an arbitrary integration constant.
The constant C, and hence a particular solution is obtained by
specifying the value of x at some given point

z(to) = xo.

The general solution of z/(t) = sin(t) is () = — cos(¢) + c.
If we specify x(%) = 2 then C' = 2.5 and the solution is

x(t) = 2.5 — cos(t).
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Linear Equation

The more general equation

2'(t) = f(t,x(t))
is approached in a similar spirit, in the sense that there is a general solution
dependent on a constant.

The general first-order linear DE

z'(t) =a(t)zr+b(t) tE [to,T]

with a(t),b(t) € Clto, T], D = {(t,z) € [to, T] x R}

Special case

' = Xz + b(t), t>0,

t
z(t) = eMag +/ AMb(s)ds >0,
0

Method of integrating factor.
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arable Equation

Nonlinear equation

has as solutions

1
z(t) = ——,c¢ >0 (c-determined from the initial condition)
c
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@ For a general RHS f(¢,z(t)),

@ it is usually not possible to solve the initial value problem
x'(t) = f(t,x(t)) analytically.

4
$/ — e—tz
@ and numerical methods are the only possible way to compute
solutions.

@ Even when a DE can be solved analytically, the solution formula involves
integration of general functions, that have to be evaluated numerically.
Example.
o' =2tz + 1, t>0
z(0)=1

with solution
t2 ! —t2 2
z(t)=e e "dt+e
0

For such a solution, it is usually more efficient to use numerical methods from
the outset to solve the differential equation.




Geometric insight: direction field
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Direction field - induced in the tz-plane by the equation, the slope of a
solution z(t) that passes through (tg,z¢) is 2'(to) = f(to, x0)-

/

x' = —u, level curves: f(t,x) = Const.

1

\

I

\

\

\

\

\
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Geometric insight: direction field

[x,y] = meshgrid(-2:0.5:2,-2:0.5:2);

dx = ones(9); %Generates a matrix of 1’s.
dy = -y;

quiver(x,y,dx,dy) ;

hold on

x = -1:0.01:1;

y1 = exp(-x);

y2 = -exp(-x);
plot(x,yl,x,y2,’LineWidth’,6);
text(1.1,2.8,"\itx=e"{-x}","Fontsize",14)
text(l.l,—2.8,"\itx=—e{;x}","Fontsize",14)

hold off
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Geometric insi direction field

Qualitative behavior of

x' =t* +z?.

The level curves t + 2 = Const > 0 are circles centered in (0,0)

with radius v Const.
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Existence and Uniqueness

Theorem (Picard-Lindelof)

[e]
Let D € R? a convex set, f € C(D) and (ty,zo) € D (interior point of
D).
Assume f is Lipschitz continuous in the second argument

|f(t 1) — f(t,22)| < Klzy —x2f,  V(t,21),(t,22) € D

for some K > 0.
Then 3! (unique) local solution x(t) to the IVP (10.1) on
I =ty —a,to+al.

Recall: D is convex if
V(tl,xl), (tQ,.’L‘Q) S D,V)\ S [0, 1] = )\(tl,xl) + (1 — )\)(tQ,CCQ) €D,
i.e., if the the points are in D, then the seqment is in D as well.
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Consider 2/ = 1 + sin(tz) with D = [0, 1] x R. The Lipschitz constant

of(t,x)

ox

K = max
D

= t tr)| = 1.
mlz)a,x| cos(tx)|

V(to, z0) with tg € (0,1), 3 a solution z(t) to the IVP on
I=[ty—a,to+qal.

IVP: o/ =222 2(0)=1,a>0.

The solution z(t) = %, t € (—a,a). If a is small, existence only
on a small interval. The Lipschitz constant

of(t,x) 4t

ox a?

which is finite if D is bounded.
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Stability of the solution

The perturbed problem

{ 2(t) = f(t,x) + 5(1)

x(to) = xo + ¢
where §(t) € Clto, T'.
Theorem (IVP is well-posed, stable)

Al x(t,0,¢) on [to — v, to + &, « > 0, uniformly for all £,0(t) s.t.
lel <eo, N8l <0
for eg sufficiently small. Moreover

max |z(t) — x(¢,6,¢)| < k(le] + al|0]|oo)
[t—to|<a

with k = 1/(1 — oK), K the Lipschitz constant of f.

N\
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Stable but ill-conditioned w.r.t numerical computation

{ ©'(t,e) = f(t,z(t,e)), [to — a, to + @
x(tg,e) =x0+¢

Subtract from IVP for z(t) to obtain for z(t,e) = x(t,e) — x(t):

{ 2t e) = f(t,alt,e) — ft,z(t) = 2LEED (¢ e)
z(tp,€) = €.

The approximate (/inear) DE has the solution

t Of(s,x(s d
2(t,e) = celto~ ow P,
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Stable but ill-conditioned w.r.t. numerical computation

o If w <0, |to — s| < a then z(t,¢) is bounded by ¢ as ¢
increases = IVP is well-conditioned. (stifr DEwhen 22(552()) s jarge in magnitude)

o Opposite behavior: ' = Az +b(t), x(0) = xp with A > 0. Then
Of/0x = X and z(t,e) = e, increasing as t increases (ill-cond.).

The equation

2’ =100z — 10le™",  z(0)=1

has the solution
z(t) =€t

and the perturbed problem
7' =100z — 101le™ ", z(0)=1+¢

has the solution
z(t,e) = et + eet0.
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For a simple linear IVP:

{a:’:/\x, AeR

we have % = ), and
o if A <0, then ODE is stable
o if A >0, then ODE is unstable:

2(t,e) = eeMt0) 5 50 as t — 0o
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Systems of DEs

All previous results apply for a system of m first-order equations:

x& :fl(t,xl,...,xm), ,’L']_(to) :xLO
:E;n = fm(t’ Il,...,wm), wm(to) = :Em’O
or
x' = f(t,x), x(tp) = xo,
where
z1(t) J1(t,x) 71,0
x(t) = : f(t,x) = : xo(t) = :

Zm(t) Fonlt,%) o
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Systems of DEs

If £ is differentiable, then we can compute the Jacobian matrix:

£ = (afi) .
Ox; 1<i,j<m

Then the Lipschitz constant in the existence theorem is given by ||fx|
where || - || is a matrix norm (induced by a vector norm).

If |- is a vector norm, then

A
4] = sup 142
"]
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Let A € R™*™ and the first-order constant coefficients system

{ x' = Ax (A does not vary w.r.t. t)
x(to) = %o

A

Solution: x(t) = eixy.

Definition

A is an eigenvalue of A if there exists x # 0 such that Ax = A\x.

o The IVP
o Re(
o Re(M\) =0 and X is simple (multiplicity 1)

e The IVP (10.2) is asymptotically stable if all eigenvalues

satisfy Re(\) < 0.

10.2) is stable if all eigenvalues satisfy
<0 or
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Systems of DEs

ity = i z2 ) L1 0 9

Question: is this ODE stable?
The eigenvalues are +1, —1 = Unstable.




Math 1080 > 10. Ordinary Differential Equations > Existence, Uniqueness and Stability Theory

Higher order equations

The IVP

™ = f(t,z, ', ... xmD)

x(ty) = xo, ... ,w(m_l)(to) = w(()m_l)
can be converted to a first-order system with the unknowns
(m—1)

1=z, 2= ,...,x;m ==

These functions satisfy the system

x) = z1(to) = 7o
xh =13 xo(ty) = x
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Linear second-order equation

2" =a1(t)d +ao(t)xr +gt), =x(to) =ca, 2'(to) =72

becomes
(2]t ato ][] lan]  [2E1-[5]
A(t) G()

In vector form
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Taylor Series Methods

This numerical methods are based on the representation of a DE
locally by a few terms of its Taylor series.

1

3!

+ Lptg )+ + L pmgtm) )+ ——
4! m!

z(t+ h) = x(t) + ha'(t) + %h%”(t} + — 32" (t)

Taylor series method of order m

Yo = Zo

h? R™ L (m—1)
Yir1 = yi + hf(ti, vi) + ?f (Eo,9) + -+ mf (ti yi)

where prime notation refers to the total derivative of f(t,y(t)) w.r.t t:

f'ty) = fet,y) + fy (6 y)y' (t)
= filt,y) + fy(t, y) f(t,y).
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Taylor Series Methods

To find the local truncation error of the Taylor method, set y; to x;
and compare to the Taylor expansion

hm—I—l 1
Ti+l — Yit1 = m$(m+ )(C)
The Taylor method of order m has a local truncation error A1

@ The first-order Taylor Method is

Yir1 = Yi + hf(ti, i),

which is Euler's method.
@ The second order Taylor Method is

Yir1 = yi + hf(ti, i) + %hg <ft(tia vi) + fy(ti, i) f(ti, Z/i))
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Taylor Series Methods

Determine the second-order Taylor Method for the following

x' = tx + 3
z(0) = xg

Since f(t,x) = tx + t3, it follows that

fl(tvx) = ft + fxf
=z + 3% + t(tx + t3)

and the method gives

1
Yir1 = ¥i + h(tiy; + ) + §h2 (yz + 387+ tiltays + t?))
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Forward Euler Method

Let tg < t1 < --- <ty =T a partition of [tg,T]

{ ' = f(t x)

:U(t()) = X0.

We construct
L1, T2, -

such that
x; ~ x(t;)

Let hip1 =tip1 — ¢

The method is:

{ ro  (given)

Tn+l = T = hn+1f(tna mn)

Since the RHS does not depend on x,, .1, the FE method is explicit
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Algorithm: Euler

For simplicity assume h; = h, Vi

o Input: A, mesh size
~ N, number of steps
o Output: z,, approximation of x(t,)
o Initialize:
Told = X0
told = to
@ Loop over number of steps

*Tnew = Told + 1 - f(tolds Totd)
Is toid > tinal”?
If not
told <= tolg + I
Told < Tnew
Go to

Example: 2/ = —2 + 2cost
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Example: z/(t)

expl2]

How accurate are the answers?
Are higher-order Taylor series methods ever needed?
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Taylor series method of higher order

Consider the IVP

¥ =1+22+13
z(1) =—4

The computed value with forward Euler method is x(2) ~ 4.23585.

Let differentiate the DE:
=142+
2 = 2x2’ + 3t
2" = 2za” + 2(z')? + 6t
W = 224" +62'2" +6

If we know ¢ and x(t) numerically, then these formulae give
2’ (t), 2" (t), " (t), 2™ (t) and use them in the Taylor series.
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% Taylor series Method of higher order for Solving Initial Value Problems
% Input: interval [a,b], initial value x0, step size h
% Output: time steps t, solution y

% Example usage: x=taylor([1 2],2,0.01);

function [x,t] = taylor(int,x0,h)

a =int(1); b = int(2);

x = x0;

n = round((int(2)-int(1))/h);
t = a;

for k =1: n

xprime = 1 + x.72 + t73;

xsecond = 2*x.*xprime + 3%t~ 2;

xtertius = 2*x*xsecond + 2* xprimexxprime + 6%t;

xquatro = 2xx*xtertius + 6% xprime*xsecond + 6;

x = x + h *(xprime + .5%h*(xsecond + (1/3)*hx*(xtertius +
.25*h*xquatro)));

t = a + kxh;

end
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Taylor series method of higher order

Forward Euler Method x(2)~24.235841

Taylor Series Method of Order 4 x(2)~4.3712096

Correct value x(2)=4.371221866
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Derivation of F.E.

e Euler's idea: tracking SIOpe fleld, approximate the graph by the line tangent at (t,x(t))

@ Taylor's series (z(t) = true solution),

z(t+h)=z(@t)+h 2'(t) + %21;”(5) = z(t+h) ~x(t) + hf(t,z(t))
~—~—~ E

f(ta(t))

h-truncation error

© Numerical differentiation

2 = fha(0) = T = [l w)

N~
xz(t+h)—x(t
h

@ Numerical integration: f:"“/x’(t) = f(t,z(t))

n

w(tni1) — x(tn) = /t T p 2 ®)dt ~ F 2 (t)) (tass — )

n

= Tpt1 — T = hf(tn, Tn)
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Error Analysis

Definition

o global error: z(t,) — xz, at the node t,

@ truncation (consistency) €rror

o= 2= 2) 1, a(1))= Ofhnan)
n+1

Truncation error - introduced at each step of the Euler method
Is the error in approximating the differential operator by a finite difference operator:
/ —
o' (tn) = f(tn, zn)

tn+hnt1)—z(tn
2 (ty) = et ) —2(le)

From the Taylor expansion:

-"E(tn+1) = fE(tn) + hn—i-ll’/(tn) =+ hn“ H(tn) + O(h’n—i—l)
7 = h'n+1 2 (tn) + O(hn—i-l) O(hn—i-l) —0as hpy1 — 0

We say the method is consistent (goes to 0) of order 1
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The problem

2'(t) =2t,2(0) =0
has the solution x(¢) = t? and Euler's method is
Tpyl = Tn + 2hty, x9=0
with x,, = t,,_1t,. The error

z(tn) — T = t2 — tpytp_1 = hty,

is proportional to h.
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Assume f is uniformly Lipschitz

|f(t1, 1) — f(t1,22)] < K|x1 — 22|, V1,22 € R, VL € [t0, T

and the exact solution z € C2[0,T]. Then {x,}, obtained by F.E.'s
method satisfies

e(T—to)K _ 1
max | z(ty) — zn | < eT 0K |gg| 4
tn€[to,T] S——— K

€n

r(h)  (10.3)

where T(h) = %“Z‘””oo and eg = x(to) — Zo.

If 2(tg) — xo < Ch as h — 0, then there exists C'1 > such that

tn) — < Cih.
iy 70) 201 <€
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Let e, = x(t,,) — x, and define 7, = %x”(fn), the truncation error.
Assume hp, = h, Vn. Then

Z(tnt1) = x(tn) + hf(tn, x(tn)) + A7y (Taylor’s expansion)
Tnt1 = T + hf(tn, Tp) (Forward Euler)
Subtracting:

ent1 = e+ h(fltn 2(t) = f(tas2a) ) + b

lent1] < len| + hK|z(tn) — x| + hmn| < (1 4+ hK)|en| + h|7|
or

len| < (14 hE)[en 1| + hlTn1]
< (14 RE) (L BB en-o] + Blm-sl ) + hl7c|

h2
< (1+ B Plen-al + 12" loo (14 (1 4+ RE)) < -+
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h2
leal < (L4 B len—sl + 12" loe (14 (1 + hE) + (1 + hE)?)

h2
< (L4 ) eo| 4+ 2" oo (1 (L4 BE) + o+ (14 RE)™)

(1+hE)" — 1

=(1+hK)"
(14 BE)" o] +

hr(h).

Since (1 4+ hK)" < ™K < e(T=t0)K we conclude the proof. B

We used 1 + 2 < e” from Taylor, which implies (1 + 2)™ < e™*

en, = O(h). The method is convergent.
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Under the same assumptions, and if in addition af < 0 for
t € [to,T),x € R, then

h
len| < |eo] + E(tn —t0)[|12" ]| 0o Vn=1,...,N forh suf. small.

Proof. As previously:

h2
€n+l = €p + h(f(tnv z(tn)) — f(tn, an) + _xll(gn)

/- 2
:a—z(tmmn)en by MVT

=6n< 1+h%(tn,azn)l ) h2 " (&n)

<1 for r» small enough
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of
L+ ho (o) <1,
9 2
here we use o1 <0, h< ]
oz —of
oz
The rest is similar
h2
|€n+1| < |en| + 7”.’17””00
h2 h2 h2
eal < len-al+ 118 oo < len-2l + 12" oo + "l

h2
len| < leo| + n?||x”||oo, but nh =t, — to. [ ]
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Roundoff Error in finite precision

Assume that at each time step, the resulting local rounding error is p,,.
Denote 7, the finite precision number obtained on the computer:

i‘n—f—l =Ty + hf(tm ii'n) + pn

and repeat the analysis to bound the error €, = xz(t,) — Zp,.

2
a1 = e h(f(tn, (1)) = Tl B)) + 52" (E) — pn

) 7 I
use Lipschitz condition hA,

Denote A, = 227 (&,) — &2, then |A,| < 212" [loe + L]|plloo := A.

lent1| = |en|(1 + RK) + hA.
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Roundoff Error in finite precision

len+1] = len| (1 + hK) + hA

while in exact arithmetics we had
h’ /i
len+1] = lenl(1 + RE) + hollz”oo-

Repeating the proof:

(T—to)K _
len] < e 7 -1 1 ( ﬁHfE”Hoo i llollo >
K 2 h
—_—— ——

exact arithmetic rounding error

The rounding error is negligible w.r.t. exact arithmetic error.
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Roundoff Error in finite precision

errors

Optimal h:

h llello

S oo = 1222 = hope =

very small. (p - the machine precision)
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Improving the accuracy of the FE solution

Recall:
Tnt1 = T + hf(tn, xy) (Forward Euler)
en = O(h), 1% order method that is explicit, cheap.

Theorem

Assume the solution x € C3(ty,T), its derivatives are bounded and

2 . .
g—yé is continuous and bounded. Then

en = z(ty) — T, = hu(t,) + O(h?) Vn

where w is the solution to the IVP

{ u'(t) = L (t,(t))u(t) + L2 (t)

u(to) = Up

and uyg is such that eg = x(tg) — xo = uph.
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Improving the accuracy of the FE solution

Proof: We show that e, — hu(t,) = O(h?).
Taylor expansion and F.E. to get an approximation of e,:

h2 h3
(tns1) = a(tn) + ha'(tn) + 2" (ta) + 2" (&)

6
Tp+1 = Tn + hf(tny xn)
2

h h?
€n+1 = €En + h(f(t’m J)(tn)) - f(t’m $n)) + ?IL‘//(tn) + Fl‘”/(f’n)

Taylor expansion for f:

2-z(t,))? 62
F(tns20) = F b 2(00)) + (1) 92 () + PR TS e

—en

=

of 2 9 f h2

3
n1=Cn (LHh G (b, 2(ta)) —h T 55 (b €0) ) +7w”(tn>+%w”’<£n)
(10.4)

ox
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Improving the accuracy of the FE solution

Proof (continued): Taylor expansion for wu:

u(tni1) = ulty,) + hu'(t,) + %u”(dn)
2
— u(ta) +h <g£ (b, () (tn)-l—%:c”(tn)) F )
=
2
w(tni1) = u(ty) (1 + hgf (tn, z(t ))) + gm”(tn) + %u”(én)
(10.5)
From (10.4)-(10.5):
eni1—hu(tnsr) = (enthulty)) <1+h§f (tns (tn)))+h(0(h2)+0(ei))
| ————
O(h?)

since e, = O(h)
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Improving the accuracy of the FE solution

Proof (continued): Assume || ||OO

d
en1 = hu(ts1)| < len = hu(ta) (14 h H0_£Hm> +hO(h?),

and recursively:

Q+h|2L) -1
exhu(ta) < (14| 20| )" eg—hau(to) | + ’a“” = O(h?),
=ug oxr
~—— of
=0

T3l — 1

O(h?), (since (1 + 2z)"<e" as before).
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Improving the accuracy of the FE solution

Forward Euler: xg,x1,...: error= O(h).
Can we have a sequence that is more accurate: error = O(h?)?

Richardson Extrapolation

Consider a mesh of size h: t,+1 — t, = h and a refined mesh of size
gl — In = h/2:

tO t]_ t2 o 5 ~ . _ _
to (1 by l3 tg - (ie. z(tm) = 2(t2n) = 2(tn))

regular mesh: z(t,) = x,, + hu(t,) + O(h?)
refined mesh: () = Fan + u( t )+0((ﬁ)2) /- (=2)
. n) — 42n \1}/

2 2
@(fan) f2n o)
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Improving the accuracy of the FE solution

Richardson Extrapolation Formula

—2(ty) = Ty — 2F0, + O(h?)
or
x(tn) = 2&9n — 2n + O(h?)

Has a higher order of convergence than FE, but requires the
computation of x,, and Zo,

Richardson Error Estimate

2(tn) — n = 2(5:2n . xn) +Oo(h?)

an asymptotic estimate of error:

z(tn) — Tn, ~ Q(i‘gn — :cn>
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Absolute stability

Definition

For a given numerical method, the region of absolute stability is the
region of the complex plane {z € C} s.t. applying the method to
' = Xz with z = Ah (h € R, X € C) yields a solution z, s.t.

|Tnt1] < |znl.

Exact solution: z(t) = 2(0)eM, A< 0,AER = |z(tyr1)| < |2(ty)]
Apply the definition to Forward Euler:

Tpy1 = Tp + h(Azy) = 2, (1 + Ah)

and we want |z,,41] < |zy,].
Hence we need |1+ M\h | <1,
L~

142 <L

z
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Absolute stability

Assume A € R and A < 0. Then
[14+A <1,-1<1+A<1=-1<1+Ah& —Ah<2=h< 2
for stiff problems h has to be very small.

Region of Absolute stability
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System of ODEs

{ x = Ax, A € Rmxm

x(0) = xq
Assume A is diagonalizable: 3T € R™*™ invertible s.t.
A1 0
T TAT = . With the change of variables
0 A

w = T~ 1x the ODE becomes:

w =T =T " Ax =T 'ATT 'x =T 'ATw
I

A 0
w = w S wi=Nw;,  with w;=1i
0 Am

th component of w.
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System of ODEs

So, absolute stability region for w:

|1 + hA;| <1 = gives a constraint on h.

, and then we

Do we have ||xp4+1]| < ||xn]|? We know ||[wp41]] < [|wy|
get back to x,, by

[%ntill = [Twnsall < T lwagall < (1 7][[wall
matrix induced norm Absolute Stability
=TT *xull < |TIITY|  [lxal
L

condition # of the matrix1’

Stability Bound:

%1l < cond(T) ||
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The Midpoint Method: derivation

o' = f(t,%)

Forward Euler:

2 (ty) ~ a:(tn+1)h— 2(tn) = error O(h).

Let use a higher order finite difference:
T(tn1) — 2(tn—1)

/ _ 2
' (ty) = 57 = error O(h®).
Indeed
h? h3
z(tny1) = z(tn) + hx,(tn) + ?x”(tn) + _xlll(gn)
h’2 h3 ///

2(th—1) = z(tn) — ha'(t,) +

7 (tn) - A (Cn) | : (_1)

tn1) = {tn1) = 2ha' (1) + - (7760) + w"'(@)) (106)
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The Midpoint Method: derivation

Hence

T — T — 2
ﬂfl(tn) _ (tn-f-l) (tn 1) . h’_<x///(§n) +x//,(Cn)) (107)

2h 12

O(h2)
. x(th)Q—hx(tn—l) = f(tn, z(tn)), or

= 2(tni1) = @(tn-1) + 2hf(tn, 2(t,))

Midpoint Method

Tpt1 = Tp1 + 2hf(tn, xn) n>1
20, 71 - needed

Q explicit two-step method
Q order of convergence two
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The Midpoint Method: derivation

If we only have (), then 1 can be obtained using Forward Euler on a
finer mesh h = %
Or use Taylor:

2
x1 =z + hf(to, o) + %(g—{(to,wo) + f(to,xo)%(to,%»

Local truncation error

.T(tn+1) — w(tn_l) h?

Ty —
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The Midpoint Method: Error Analysis

eZK(T—t()) —1 h2
ki Lo

. < 2K(T—to)
s n{t) o] < T ()

(10.8)
where () = max{| a(to) — 2o, | 2(t2) = a1 I}

~~

~~
usually =0 wanted O(h2 )

v,

If z(tg) = wo we still need x(t1) — 21 = O(h?) to have global order of
convergence O(h?): use single step Euler's method:
r1 =0+ hf(t(), .1'0), o = ZL‘(to)
h2
z(t) - =52"(€)  th<i<h

to<tn, <T
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The Midpoint Method: Error Analysis

Proof:
T(tn+1) = x(tn—1) + 2ha’(t,) + h7y, < (10.6): Taylor expansion
Tpg1 = Tp—1 + 2hf (tn, xn) < Midpoint Method
entt = ent + 2h( f(tns2(tn)) = f(tns20) ) + b7
%(tnagn)en
of
lent1l < len—1| +2h | 21| len] + hlTlloo, where |[7]loo = max |7,
_ h_2 1 1" < h_2 1
= T (260 + (60 = rlle <

Let introduce the sequence {ay, }»:

ap = max(|eg, e1])
oy = (1 +2h Hg—fH )an 4 A7, ¥n >0
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The Midpoint Method: Error Analysis

Proof (continued): We show by induction |e,| < |ay|.

@ First step: |eg| < |ag]
@ Assuming ¢; < a;, Vi < n, we have
lent1]| < an 1+2h H fH lan| + |70

_an

<an<1+2hH

.

+ h||7||cc = ant1-
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The Midpoint Method: Error Analysis

Proof (continued):

Applying the definition of a,, recursively:

an=(1+2h Z—ﬁ w)an—1+h||f||oo
= (12 g_i )2“"2+hllflloo1+2hH H _
=(1+2h g—j: Oo) ao + hl|7 ]l [1+<1+2h‘% oo)+...
--+(1+2th_£‘oo)"_1]

of n
(1+2ef[3E] )" -1

of
< 215z e ag + 170 o
20| 55 Moo

Remark: Only difference in the proof is the sequence {an, },, because of the 2-step method.
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Influence of finite arithmetic

Let p,, be the roundoff error at a given step. A similar proof as for the
Forward Euler:

9
max_|e,| < 152 | (T—t0) max(|egl, |e1])

0<n<N
of || (p—
Aol ™=t _q (g2 (72l
+ oF 3 127 o + h
2| =L N——"
‘ Oox

dominant term finite arithmetic error:
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Influence of finite arithmetic

errors
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Asymptotic Error Formula

Assume = € C*(to,T), then e, = x(t,) — =, = hu(t,) + O(h®) where
u s the solution to IVP

{ w(t) = Gt x(t))u(t) + t2"(t)
u(t()) = Up

Using Richardson extrapolation (2 sequences obtained on 2 meshes - one a
refinement of the other) we can obtain a more accurate numerical
solution.

e mesh “h": x(t,) = x, + h2u(t,) + O(h3)
o mesh "L x(t,) = dp, + (%)2 u(ty,) + O(h3)] - (—4):

=32 (t) = @ — 4Fm + O(h*) = @(ty) =

_Error here is O(h3) instead of O(h?).
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The Midpoint Method is weakly stable

/

=Xz
{ 2(0) = 1 =>lm(tn+1)|v§ |z(t,)| and expect |zn41] < |zp].
for this we need Re(X) < 0

Apply the Midpoint Method to this ODE:
Tptl = Tn-1 + 2hAzy,

This is a finite difference equation. We look for solutions of a
particular form: x,, = r™.

p" T 2R\ =0, r?—2hAr—1=0

ro=hA+ V14 h2N2, 1 =hA— /1 + h2\2
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Weak stability of the midpoint method

General solution: Ty = Pory + Piry, n>0
where (g, 51 are given by the initial conditions:

n=0: x9=0+ b 1 — 1o Toro — T1

n=1: x1=Poro+ fim ro—7T1 ' To—T1
Take 79 = 1,21 = e (recall 2(t) = eM) to get:

IB e)‘h—)\h(l—wl—kﬁ) e)\h_)\h 1
0:

= + ——1,
2VAZh? 41 2VAZRZ 41 2h0

,31—)0.
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o If 0 <A< oo 19> |r1] > 0= rf increases less rapidly than r{,
the correct term. [Byr{ dominates.

o If A<0,0<ry)<1,7 <—1= Br] dominates as n increases,
hence the numerical solution diverges from the true solution as
t, — oco. Midpoint method is weakly stable.

The original equation
¥ = \x

has a one-parameter family of solutions depending on x(ty), while the
midpoint approximation

Tptl = Tn-1 + 2hAzy,

has the two-parameter family of solutions x,, = Bory + 817} depending
on xg and x1.
The parasitic solution 3177 is a creation of the numerical method.
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The Trapezoidal Method: derivation

o DI (4 0(0) = F b 2(t)

—  Tptl — Tp = (f(tna l‘n) - f(tn-i-la xn—i—l))
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The Trapezoidal Method: derivation

Trapezoidal Method

Tp4l = Tp + %(f(tna Tn) — f(tnt1, xn-l-l)) n=>1
——

777

7 — needed

xo is given = one-step method, but is non-linear in z, 1, implicit.

If fis linear in z, i.e. f(t,z) = Az, then we are back to a linear
problem. But if not, i.e. f(t,7) = Ax?, then....
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The Trapezoidal Method: solving nonlinear equations

At each time step we need to solve for z,41:

h h
Tn4+1 — Tp — §f(tn’$n) - §f(tn+17$n+1) =0

= F(.’L’n+1) =0

@ Functional lteration (Picard)
@ Newton’s Method
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Solving nonlinear equations: Functional Iteration (Picard)

(0)

We start with a good guess for z,,11: 7,14

and construct a sequence 335114)_1,9551211, ... by

4 h h .
xffjll) = x, +§f(tn, Tn )+§f(tn+1, xg_l ) : corrector

fixed fixed previous iterate

and want: lim;_, xg_i)_l = Tpil-

h h
Tn4+1 — mg-:_l) =Tp + §f(tna Tp) + §f(tn+la Tpy1)

h h G)
- (xn + Ef(tmxn) + §f(tn+1a xnj—|—1)>

h .
=3 (f(tn+1a Tpp1) — f(tns1s wffll})

-

=8L(

tn+1,§n+1)(wn+1—wn+1)
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Solving nonlinear equations: Functional Iteration (Picard)

.
=l < G| o -al 09

So for the iteration to converge we need

hilof
2 || 0x

which gives a constraint on h.
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Solving nonlinear equations: Newton-Raphson Method

Produces iteratively a sequence of approximations to the zeros, with
quadratic rate of convergence.

Start with xgloll a good initial guess of x,,11 (otherwise convergence

may fail to occur)

and construct a sequence : msllll,a:,(fll, ... by

w9 = ol = (F@Y)) T F@Y),)  (solving F(zpi1) = 0)

In our case

hence
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Solving nonlinear equations: Newton-Raphson Method

Take x,(g)rl = x,, or use Picard iteration.

Algorithm

o Loop over the time steps n

(final 5)
T+l = Tpiq

o Stopping criteria for Newton Loop:

o ,
\xsffl) — mgj_ﬂ < Tolerance




Math 1080 > 10. Ordinary Differential Equations > The trapezoidal method

Error Analysis

The local truncation error for the trapezoidal method is O(h?).

local truncation error:

2(tpi1) — x(tn 1
Ll +1)h (tn) _ 5 (£t 2(60)) + Ftnsr, 2(tns1)))
Proof: Doing Taylor expansions around tny1/2 = %:

(tn—l—l) = @(tpg1y2) + B2 (thy1y2) + B 22 "(tng1y2) + % 48 " (tpt1y2) + O(hY)

m(tn) = a(tpi1/2) — Ba'(tyq10) + 2 w"(t +1/2) — /”(tn+1 2) + O(h*)
2

tni1) — a(ty h
2ter) ~2tn) _ 2 (tpi1)2) + —Cﬂm(tn+1/2) + O(h’)  (10.10)
h 24 SN——

could be O(h4)




Math 1080 > 10. Ordinary Differential Equations > The trapezoidal method

Error Analysis

Proof (continued): Repeat the Taylor expansion for a’ instead of x:

/ 4
X (tn+1) = @' (tny1/2) + %z”(tn-{—l/Z) + %Z‘W(tn+1/2) + %Z””(tn+1/2) + O(h )

l 4
X (tn) = & (tnt1y2) — B2 (tngay0) + thzz”'(thA 2) — %z””(thrl 2+ O(h )
2

h
' (tn) + @' (tns1) = 22 (tpy1/2) + me(tn—i-lﬂ) +0(n) (10.11)

x is the exact solution, so:
fltnsx(tn)) + f(tnt1, 2(tps1)) = 2/ (tn) + 2 (tnt)-
From (10.10), (10.11) and above:

h2

h2
To = 577" (tns1/2) = 5" (tnrry2) + O(h®) = O(h?)

8

F.Euler: O(h), Midpoint: O(h?), Trapezoidal: O(h?)
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Convergence Theorem

AR (T—to) eQK(T—t()) —1 h2
tn) — o] < ~0) | 2(to) — mo| + ——— =
oBax |x(tn) = zn[ <€ [2lo) —wol+—— 13

=0 in most cases

"
127 oo

where K = ||| .

Proof: The local truncation error

Wt = (i) = (1) — o (£l 2(t)) + f(tan,2ltnir))

_ /:H [x’(t) - (ml(t"“)h_ Tltn) (_y +:c’(tn)>] dt

h3
= —Ex’”(fn) (see Chapter 3. Interpolation Theory)
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Convergence Theorem

Proof (continued):

h h3
(tn+1) = 2(tn) + 5 (f(tn, 2(tn) + f(tnrr, 2(tnt))) = Eﬂcl"(ﬁn)
Tntl = Tp + g (f(t'm Tn + f(tn—l—l, wn-l—l)) ‘ : (_1)
entl = €n + g(f(tn; ~T(tn) - f(tm xnl
%,é(tnaCn)en

h3
‘l‘f(tn-i-la T(tnt1)) + f(tnt1, fEn—i—ll) - 1_293,”(§n)
%‘g(tn+laXn+1)en+l

g

h h B3
:>|e”+1| < |€n| + §K|en| + §K|en+1| + ﬁ”l‘

oo
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Convergence Theorem

Proof (continued): Defining f, := Jnax leil = fn < fot1 we get
<i<n

hK hK h3
|e'n+1|§fn+7fn+1+ fn+1+—||1'm||oo fn+hKfn+1+ ||$”I

lloo
:>fn+1an+hKfn+1+ﬁme“°°

h’3 "
S = 1K) foi1 < fot 12" lloo-

1 1 )
| f we choose h small enough so that hk < 3o e <1+ 2hK:

h3
Farr1 < (14 2hE) fot- (1 + 20K) 7ol oo

and the proof follows as before (see F.Euler and Midpoint Method). B
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@ Trapezoidal M. - Unconditionally Stable,
@ Midpoint M. - Weakly Stable,
o F. Euler M. - Stable w/a constraint

=Mz

Apply the method to { 2(0) = 1

h Mh Mh
Tptl = Tp + E(Aa:n + /\l‘n+1> & (1 - 7) Tntl = Tn <1 + 7)

Since we want |x,41| < |z,| it is sufficient that

R [
%

<1 = ‘1+§‘§’1—§, (2 = a+ib)
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Stability

(1+9) +(5) < (1-5) + ()"

@‘1—%‘§‘1+%‘@a§0 (independent of b)

Definition

If the region of absolute stability contains the entire half-plane (¢ < 0),
then the method is called A—stable.
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Local error vs. Global error

Definition
The local error at ¢, is €, = u,—1(ty) — x,, where u,,_; is the exact

solution of

o
Uy = f(t un-) (error from one step)
un—l(tn—l) = Tn-1-

!l
Yo = f(t7uo) } = Uy =T = él = €1
( ~— =~

local global




Math 1080 > 10. Ordinary Differential Equations > The trapezoidal method

Local error vs. Global error

Proposition
We know that e, = O(h?), but we can show that &, = O(h?).

Proof: Doing a Taylor expansion of u,, at t,+1 we have:

=Tn

h ! ) h3 " 4
Up(tny1) = Un(tn)+§ (f(tm U (tn))+ f (tn, “n(tn+1)> _E“ (tn)+O(h%)
(by def.)
h
Tyl = Tp + 5 (f(tn7 xn) + f(tn-i-la xn—f-l))
N ho - h3
bt = 5 g (tns 1, )enss — (1) + O
hence for sufficiently small h, &,11 = O(h?):
h3
Un(tny1) — Tpp1 = ——u” (tn) + O(hY) (10.12)

12"
i.e., the local error is the truncation error.
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The computation of x,,41 to x, contains a truncation error that is
O(h?). To maintain it, z\') | should satisfy |z,+1 — 2\, | = O(h3) or

(1 — | = O(Y) (10.13)

if we want the iteration error to be less significant.

* If the initial guess z:ffjl is computed with the Euler method:

xgg)rl =xp + hf(tn, xn) . predictor
h2

Un(tns1) = Un(ty) +hul, (tn) +—u" (&)

—— —_—— 2

In f(tn,xn)
h2

= U (tns1) — 20, = () (10.14)
WAL = 2@ = 0m?), (10.15)

hence to satisfy (10.13), the Lipschitz bound (10.9) implies that two
iterates have to be computed: xf}rl = Tptl-

() omrmencormatemaies  Nemericl Lner Algbs
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(0)

*x If the initial guess x|

1 is computed with the midpoint method:

1:7(&)1 =xp_1+ 2hf(ty,z,): predictor

h3
un(thrl) = Un (tnfl) +2h u'ln, (tn) + um(nn)
——— 3

ftn,zn)
h3
= Un(tnt1) — wﬂl = yn(tn—l) — In-1 +?U1/I(77n)
B2l (1) +O(h%), as for (10.12)

5_h3 " 4
+ 5" (1) + O(h*) (10.16)

. . h3
(10 1%0 16) Tl — 30521 _ 7,”///(77”) + O(h4), (10'17)

hence just one iteration is sufficient to satisfy O(h?*) bound
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Runge-Kutta methods: general form

Solving

z’ = f(t,z)

using the Taylor series method requires offline calculations of

1 "
r,x,

Runge-Kutta methods provide codes to solve the equation involving
only evaluations of f.

General form

Tn+l = Tn + h’(/](ha tna Tn, f)
Ty given

Linear truncation error: 7, = w —P(h,ty, 2(tn), f)
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Runge-Kutta methods: general form

o Forward Euler: Y(hytn, xpn, ) = f(tn, zn)
o Explicit 27¢ order RK:

w(hatmxna f)z')’lf(tm mn)+72f(tn+aha xn“‘ﬂhf(tn: «Tn)) (10-18)

(10.18) gives an "average” derivative, a € [0, 1].

How should we choose 1, 7y2, v, 87
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Convergence theorem

Assume ) is Lipschitz in x,:

|¢(hat,§,f)—¢(h7t,777f)|SK|§—77| Vfﬂ?

Then K(tnto)
n—Ul0) _ 1
_ < K(tn_tﬁ) — € .
s [o(ta) = 0] < KO a(te) = o] + L
Proof:
m(tn—‘rl) = m(tn) + h’(/}(h, tna J;(tn)v f) + th
Tyl = Tp + h’lﬁ(h, tn, Tn, f)
et = en + A(V((t) ) = ¥(. 2n..)) + by
hence

lent1] < len|(1 + hK) + A7,
as in the Forward Euler proof. |
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Taylor series for f(x,y)

Taylor series in two variables:

fl@+hy+k) =Zl< g*’“@%) flz,y)

2!

flz
For example (hi +kZ ) f(z,y) = hl + kQ[
(n +kay) Fle,y) = R0k +2nk 2L 4+ k20,

which yields

1
+ 5 (h2fz:c + 2hk5fzy + szyy)

1
+ 37 (B fawe + 3Rk fray + 30K fayy + K fyyy)
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Runge-Kutta method of order 2

RK2 (implicit, trapezoidal method);
it involves two function evaluations:

Kl = hf(t,:l?)
K2 = hf(t + ah, T+ ﬁKl)

and the formula that gives z(t + h) is

z(t+h) =z(t) + wi K1 +wa Ko
= x(t) + wy hf(t,z) +wa hf(t + ah,x + Bhf(t, x))
= % i
1 2

The goal is to reproduce as many terms as possible in the Taylor series

1
3!

1
x(t+h) =2x(t) + ha'(t) + ith//(t) + —n3a2"(t) + - -
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Runge-Kutta method of order 2

One way is to have agreement through the term in h

z(t+h) = x(t) + wi hf(t,x) w2 hf(t + ah,x + Bhf(t,z))
~—— ~ ~~ -~
Ky K>
! 1 2.1 1 3.1
=x(t)+h 2'(t) +=h2"(t) + Zh°2"(t) + - -
ST 3!
=f(t,.’t)

is to set

w1 = 1 and wo = 0
which is Euler's method.
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Runge-Kutta method of order 2

To have agreement through the term in h?2

z(t+h) =x(t) + w1 hf(t,z) w2 hf(t + ah,x + Bhf(t, z))
—— N —~— 2

Kl K2
1
=z(t) + ha'(t) +=h* 2"(t) +O(Rh?)
N~ 2! ——
=f =fitffe

apply the two-variables Taylor series

2
(t+ah,a+6hf) = f+ahfir6hifo+ (ah% + Bhfa%) 7(@.5)

/

-~

to be neglected
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Runge-Kutta method of order 2

Therefore we have agreement through the term in h?2
JJ(t + h) = CC(t) + wlhf + ’leh . (f + Oéhft + 5hffm)
1 1
=a(t) +hf + 5 fi+ b2 [ fo + O(W)

provided that

1 1
w1 +we =1, awgzﬁ, ﬁw2:§

which holds for
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Runge-Kutta method of order 2

The second-order Runge-Kutta method:

x(t+h)=xz(t) + gf(t, x) + gf(t +h,z+ hf(t,z))
or equivalently
x(t+h) = z(t) + %(K1 + Ka)
with

{ K, = h.f(taw)
Ko =hf(t+h,z + K;)

The solution at ¢ + h is computed with two evaluations of f, with the
error of order O(h?).
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Runge-Kutta method of order 2

We have agreement through up to h? in

z(t+h) = z(t) + wihf +wah - (f + ahfi + Bhffz)
= alt) + hf + g fut o H2f e+ OU)
1

1
’U)1+’LU2=]_, aw2:§7 /8’11)225

which holds also for
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Runge-Kutta method of order 4

The fourth-order Runge-Kutta method:

where
(( K; = hf(t,x)

1 1
Kz =hf(t+ Eh,w + EKl)

1 1
Ky =hf(t+ h,z+ K3)
K4 = hf(t —|— h, £ -|— K3)

\

The solution at ¢ 4+ h is computed with four evaluations of f, and the
formula agrees with the Taylor expansion up to the term in h*.
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Review

o The second order Runge-Kutta method is

z(t + h) = =(t) + %(KI + K2)

with
{ Ky = hf(t, =)
Kz =hf(t+h,=z+ K1)

The method requires two evaluations of f. It equivalent to a Taylor series method of order 4 and it has
truncation error of order O(h3).

e The fourth order Runge-Kutta method

z(t + h) = o(t) + 3 (K1 + 2K2 + 2K3 + K4)

where
K1 = hf(t,x)

1
Ko =h —h, —K
2 .f(if-i-2 w-‘rz 1)
1 1
K3=hf(t+§h,w+5K2)
Kq =hf(t+ h,z+ K3s)

It is a one of the most popular single-step methods for solving ODEs, it needs four evaluations of the function f
per step. It equivalent to a Taylor series method of order 4 and it has truncation error of order O (h°).
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Variable step-size RK

@ Reason for change the step size h during computations: a solution
that moves between periods of slow and fast change.

@ To use the fixed step size h small enough to track accurately the
fast changes could imply in slow solve for the rest of the solution.

Idea: monitor the error estimate e, (or relative error estimate 1)

|In|
produced by the current step s.t.
e, < error tolerance.

The method:
@ if the tolerance is exceeded, reject the step and repeat step with
_h

h=3

Q if the error is met, accept the step and choose h appropriate for

next step (for example, double it)

Key question: how to approximate the error made on each step
(w/o large amount of extra computation)?
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Error control

We want to estimate the local error (91)

x(t, + 2h) relative to uy,(t, + 2h),
where w,, is the solution to o’ = f(¢,z),t > t,, passing through (t,,z,).
It can be shown that

U (tn + 2h) — zp(ty + 2h)

(on(tn + 20) = @0t + 20) )

Vv
trunc

2r —1

We want trunc to satisfy a local error control per unit stepsize:

Seh < |trunc| < 2eh,

and when this is violated, we seek h s.t. trunc = ch and continue with
the solution process.
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Cost in function evaluations

Tpi1 = Tn + 2(K1 + 2K5 + 2K3 + Ky)
Kl f(tn;xn)

For the 4" order RK: Ky = f(ty, + 1K)
Ks = f(tn + 5K>)
Ky = (t +h :I?n—f-th)

to go from ¢, to t,, + 2h we need
@ 4 evaluations for xp(t, + h),
@ 4 evaluations for xp(t, + 2h), and

@ 3 more to get xop(tn + 2h),

a total of 11.
Fairly expansive compared to (implicit) multistep methods, but a
variable-stepsize RK is stable, reliable and easy to program.
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Embedded RK Methods

The most widely way for obtaining an error estimate: run in parallel
@ a higher order ODE solver and
@ the ODE solver of interest.

The higher order method’s estimate &, 1 for z,1 is signifficantly
more accurate than the original x,11, hence the difference

Op = |37n+1 - i’n—i—l’

is used as an error estimate for the current step.

Several " pairs” of RK methods, one of order p and another of order

p —+ 1 have been developed that share much of the needed calculations,
so the cost of extra step-size control is kept low: embedded RK pairs.
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Embedded RK Methods

The truncation error is computed comparing the result z,,+1 with one from a
higher order RK, Z,,41, and used as an estimate in the lower order method.

c| A 1<i<s, Kj=---
b < gives a method of order P Tt = xn+h Zf:l bzf(tn +Cih, KZ)
b {—gives a method of order p+1 jer—l - i’n‘i‘h Zf:l bzf(tn—“clh, Kl)

Let §,,41 = Tp41 — &p41, an estimate of the local error. With a fixed tolerance we want:

tolerance < ‘5 | < tolerance
8h(T —to) — """ = BW(T — to)

If this fails, then choose

1

1 +1

Rnew = ah (_to erance> ' , (10.19)
’6n+1‘

here «v is a "safety” parameter. (e.g., a = 8§,.9)
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Embedded Methods: RK order2/order3 pair

The explicit Trapezoidal Method can be paired with a 3¢ order RK
method to make an embedded pair suitable for step size control:

i+ V.
Tpgl = Tn + h% (trapezoid step)
i+ Vo +4V;
Tpt1 = Tn + h1+++3 (3% order, 3-stages RK)
Vi=f (tna xn)

where Vo = f(tn + h,xn + hVY)
Vs = f(tn + 5,20 + §0F2)
The estimate for the error:

Vi+ Vo -2V
3

(Sn >~ |l‘n+1 — Ii?n+1| = ’h

_is then used as an estimate for the local truncation error to control the step size h.
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Embedded Methods: Bogacki-Shampine order2/order3 pair

MATLAB uses a different embedded pair in the ode23 command.

V]. == f(tnaxn)
Vo = f(tn + §h7$n + éh‘/l)
V3 = f(tn + 5h, xp + $hV2)

h
Tpy1 = Tp + 5(2‘/1 +3Va +4V3) (3¢ order approximation)
Vy= f(tn + h, @n—l-l) (FSAL)
h
Tn4+1 = Tn + ﬁ(’?‘/l -+ 6‘/2 + 8‘[3 + 3V4) (Zrd Order approx., despite4stages)

The error estimate for step-size control:
. h
On = |Tpt1 — Tpg1| = ol 5V1 +6Va 4 8V3 — 9Vy.

Remark: Vj; becomes Vj is the step is accepted, hence there are no
_wasted stages (at least 3 stages are needed for 374 order RK method).
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Embedded RK Methods: RK-Fehl 4/5

5
Tl =Tn+h Z b;V; (4" order approximation)

=1

6
T =xn+h Z b Vi (5" order approximation)
=1
Vl = f(tna .’En)
‘/sz(t_‘_clh?wn_'_hz:?:lau‘/j), Z=2,,6

0 | 0 0 0 0 0
1 1
i 1 0 0 0 0
3 | 3 9
8 32 32 : . B
Th f - |
12 | 1932 7200 7296 e error estimate t;;;tep size ;:c;gtrc is
13 2197 2197 2197 6"_’7"360‘/ 2375 V3~ 75240 V4+50 Vs +
1 | 439 -8 3680 _ 845 Sn
216 513 4104 Take the relative test To7 < Tolerance
1 8 3544 1859 11 . nl _
3 | i 2 — 5355 1104 -I0 and change h using (10.19) with p = 4.
| 25 0 1408 2197 I
216 2565 4104 5
| 16 0 G656 28561 — 9 2
135 12825 56430 50 55
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Embedded Dormand-Prince order4/order5 method

bedded pair in the ode45 command.

Vi _f(tnvzn)

Vo = f(tn + th,on + £ th)

Vi = f(tn + y5h, Tn + Shvi + thz)

Vi = f(tn + 2 e + %Bhvl — 38hVvy + 32hVy)

Vs = f(tn + Shyan + 312 py, 25360y, 4 64448hV3 _ —hV4)
, P56T 355 87 46732 6561 49 , 729

Ve = f(tn +h Tn + 3168hV1 — hV + hVs + {75 hVa —

1865 5 hVs)

6

in-{-l =z, + h<384‘/1 + 1510103‘/3 + iggm — g%gz ) (5" order approximation)

Vo = f(tn + hyéng1) (FSAL)

5179 7571 393 92097 187

Tntl = Tn + h(57600V1 + 16605 V3 T 510 V4 ~ 330200 V5 t 2100 V6 T 10 V7> (4" orde
The error estimate for step-size control:

_ i _|_m 17253
On=|Zns1—=Znpa1|= h‘ 57500 V1~ To605 V3 + T35 V4 ~ 300000 V5 T+ 5 V6 — 26 V7 ’

Remark:

0 V4 becomes V7 if the step is accepted, hence there are no wasted stages (at least 6 stages are needed for 5th
order RK method).

e For the error control we don’t need to compute ,, 11 if we use local extrapolation (advance with &, 1 1).
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Multistep methods

Definition: p + 1 step method

Assume t,11 —t, = h, n

Tntl = Zajmn 5=l Z by i Gae J,xn i), m>p (10.20)

j=—1
J —fn =

ag, ..., ap,b_1,...,b, ER,p>0 (ap # 0,b, #0).

Euler's method - one-step method:
p:o’ aozl’bozl,b_lzo

o Explicit Methods: b_; = 0, x,,+1 occurs only on the LHS of
(10.20)

o Implicit Methods: b_; # 0, x,,41 occurs on both sides of (10.20),
solved by iteration.
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Examples

O Midpoint method (explicit two-step)

Tpt1 = Tp1 + 2hf(tn, ) n>1

@ The trapezoidal method (implicit one-step)

h
Tp+l = Tn + 5 (f(tna mn) + f(tn—l—la xn+1))
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For z(t) differentiable define the Truncation error for integrating x/(t):

To(x)=x(tnt1) (Zaj tn—j)+h Z bjx'(tn_j)>, n>p

and the function 7,,(z) by

(@) = %Tn(x).

We want to choose a;'s and b;'s to have consistency:

Consistency error

To prove =, — x(t,), @y solution of (10.20), it is necessary that

T(h) = - |7 (z)| = 0 as h — 0. (10.22)

Order of convergence of x,, to z(t) is related to the speed of convergence in

(10.22) : 7(h) = O(h™) (10.23)
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Consistency condition

Assume m € N* and

@ z € Clty, T]. The method (10.20) is consistent, i.e. (10.22)
holds, iff

iaj =1 Zgaj + Z b =1. (10.24)

=0 j=—1

e & Cm+1[t0,T]. The method (1020) is of order (of convergence) 1TV ifF
(10.24) holds and

S (dag+ S (=) =1 i=2,...,m  (10.25)

i=0 ==
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Adams Methods: multistep methods based on interpolation

Btnsr) — 2(tn) = /t "yt = /t ()t

Idea: replace f(t,z(t)) by a polynomial v,(t) that interpolates f at a
certain number of points ¢;:

vp(ti) = f(ts, z(t:)).

Polynomial Interpolation
Let tg,...,t, be p+ 1 points and let zp,...,2, € R.
3! polynomial of deg < p that interpolates the z;'s at ¢;'s given by:

P P
t—t;
vp(t) = % Li(t), Lity= ] t__;,-
=0 i=0i#j 7"

N

Lagrange basis function
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Adams Methods: properties of Lagrange basis function

@ L; is a polynomial of degree p
_J O, i
OLJ(tl)_{lj 'L:j
o If data z;'s come from a function z, then the interpolation error:

o)) = (A0, (1020

e [miin(ti, t), m?,x(ti, t)].

@ Another form of v, is given by Backward Differences (assume
tig1 —t; = h,Vi):

(t—to)(t—t1)---(t =

tp) D
P VPzp,

t—1
vp(t):zp+Tszp+...+

where
Vzi=2i—2%_1, VQZi =V2z—-Vzi_1,---, szz :Vk_lzi—vk_lzi_l.
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Adams-Bashforth methods: Interpolation nodes: &, ¢ 1,---:ln

Linear interpolation of f at t,, and ¢,
’l)1(t) _ (tn—t)z (tn—l)';;(t_tn—l)x (tn) —a+ tﬂ.

Indeed: v (tn) = 2/ (tn) = f(tn,z(tn)), v1(tn—1) = 2’ (tn—1), and

oftnrr) =afta)zf ()dt—%/t "ty ) )/t " lt—tay

n

n

ml(tn—l) (tn - tn+1)2 (_1) + x/(tn) |:(tn+1 - tn—1)2 . (tn - tn—1)2

h 2 h 2 2
h 3h h 3h
= __ﬂvl(tn—l) + _ml(tn) =~z f(tn-1,2(tn-1)) + — f(tn, 2(tn))-
2 2 2 2
— Tn4+l1—Tp = —35 (tn 1y Lp— 1) 32hf(tn,l'n), 2 step method

Rewritten as z,, 1 = Zo ajTn—j+h>P b f(tn—j,Tn—j), with

ao—l,al—Oand b_1—0 60—3/2 b1 —1/2.

dt
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Adams-Bashforth

Define f; = f(t;,z(t;)). The backward difference formula gives

sh (s+1)h

/—/\ f—’\—\
() fn nvfn (t= tn)(2h n— 1)V2f +.
e,

Integrate using the change of variable t = z,, + sh, dt = hds:

tnil 1
/ vp(t)dt = h/ vp(t,, + sh)ds =
tn 0

and recalling that
Up(tn+5h) = Fut sV fout V2 F 4 4 Sleote D gr )
to get the formula

an/
il = n+h§ +1)...(s+p—1)ds+h fn
Tnt1 =T o s(s+1)...(s+p—1)ds f

1
,J f(tn,xn)
, ag = ]_, aj = 07 ] = 1, « ey D5 toget b S we need to expand the backward differences.
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Adams-Bashforth
Take p = 2 = 3 step method

1 1 1
Tn+1 :xn‘i'h(vfn/ 5d5+§v2fn/ 8(8+1)d8) +hfn
0 0

—_—
1/2 5/6
h 5h
$n+1:$n+§(fn_fn—1)+ﬁ( vfn_vfn—l )"’hfn
NI

fn—fn—l_fn—l+fn—2
= Tp + %hfn - i_ghfn—l + %hfn—Z

6 b2 _ %
by | LTE< CpyihPHt
1/2
5/12 pag. 387
3/8 37 order
-9/24 | 251/720 4™ order
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Adams-Bashforth

tpi1) —x(ty) 1 [In+
Ty = tntr) = (tn) —/ vp(t)dt,
tn

The LTE is

h h

but we already know the interpolation error (10.26):

p (t—tn)(t —tpnt1) ... (E —tn—p)
2/(t) — up(t) = ] 222 (¢,).
Since
1 tnt1 1 tn+1
=y /t (2" —vp)dt = m [ St—tn) - (t—tn_pZdt 2P (g,

>0 on [tn,tn+1]

_ (p+2) 1
t=tntsh ) pt1 x(p—+ (15)"‘) /0 s(s+1)...(s+p)ds=

The Adams-Bashforth methods are consistent of order p + 1.

(explicit: b_1 = 0)
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Adams-Moulton methods

Implicit: the interpolation nodes t,,1,%,,...,th—pt1

tn —tn (=t
! SRV +( +1) p!h(p p+2)vpfn+1

Integrate ft"“vp, use the change of var. (t=t,+sh) = the method:

vp(t) = fn+1+

V7 fn ,
Tpt1 —:cn+hfn+1+hz ;cﬂ/ (s=1)s(s+1)...(s+j—2)ds
0

7j=1
pl b bo b1 by
0| 1
1] 172 ] 1/2
2 |5/12 | 8/12 | -1/12 2-step 3" order
319/24 | 19/24 | -5/24 | 1/24 3-step 4" order
lx(p+2)(§n)

1
LTE for AM: 7, = hP'" / (s—1)s(s+1)...(s+p—1)ds
s 0

(p+1)!
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Adams methods

The difference between the AB and AM: the region of absolute
stability are larger for AM than for AB.
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Absolute stability

Definition

For a given numerical method, the region of absolute stability is the
region of the complex plane {z € C} s.t. applying the method to
' = Xz with z = Ah (h € R, X € C) yields a solution z, s.t.

|Tnt1] < |znl.

Exact solution: z(t) = 2(0)eM, A< 0,AER = |z(tyr1)| < |2(ty)]
Apply the definition to Forward Euler:

Tpy1 = Tp + h(Azy) = 2, (1 + Ah)

and we want |z,,41] < |zy,].
Hence we need |1+ M\h | <1,
L~

142 <L

z
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Absolute stability

Assume A € R and A < 0. Then
[14+A <1,-1<1+A<1=-1<1+Ah& —Ah<2=h< 2
for stiff problems h has to be very small.

Region of Absolute stability
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Backward Euler method

o Forward Euler

Tnt1 = T + hf(tn, Ty)
is explicit, O(h), not A-stable.

o Backward Euler

Tnt1 = Tn + hf(tny1, Tny1) (10.27)

is implicit, O(h), LTE: 7, = —22"(¢,), A-stable.




Math 1080 > 10. Ordinary Differential Equations > 10.3 Multistep Methods

Backward Euler method is A-stable
Region of Absolute Stability: Apply (10.27) to 2’ = Az:

Tpg1 = Ty + AZpi1 < (1= AN)zpy1 = 2y

1
] = ———— <1

Theorem (recall - convergence of single step RK methods)

Assume 1) is Lipschitz in x,:

[(h,t, & f) = ¢(h,t,n, )l < K|E=n| V&
Then

K(tn—tg) _ 1
K (tn—tq) S
) = < n—to o) = R .
oy |z(tn) —an| < e |z(to) — zol + = [I71leo
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Regions of Absolute Stability

Rewrite RK in vector form:

K, air ... Qi b1 1
; A = b= 1= :
K sl ... Qgs bs 1

K =

Apply the method to 2/ = A\z,V1 <i < s

s
K,=x,+ hZaij)\Kj =K =2,1+ ) \AK
=1

S
Tni1 = hA Y biKj = zpi1 = 2 + hADTK
j=1
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Regions of Absolute Stability

Solve for K:
K — MhAK = 2,1, K= (I—- ) hA) 1z,1
o1 = 2 + WA (I — hIAA) L2, = x,, (1 +RALT (I — h)\A)_11>

Absolute stability (formal derivation): |z,+1| < |z,| hence we want
1+ hXbT (I — hAA)11 < 1. Let z = Mh:

(I—2A)" =T+ 2A+22A% +22A3 +... = Z Ak,

bT(I - 2A)"!1 = bT(i zkAk> Z bl Ak,

k=0

S 1+2b"(I—2A)""1=1+ Zz’f“bTA’q
k=0

Tt = (1+sz1+z2bTA1+z3bTA21+. o+ 2PbTAP T 4 ) (%)
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Regions of Absolute Stability

The true solution of o' = Az is z(t) = 2(0)e?*

(tnt1) = (0)eMn } = B(tng1) = w(tn)eM = z(t,)e?

2(tn) = 2(0)eMn
2(tns1) = ot) (14 2+ 5+ 4 F 4+ ) (o0)
b’1=1

The method is of order p if ¢ . Then
bTAP~11 = :r%!
Tpi1 = xn(l +z+ é +...+ ;—f + D i1 zprAk‘11>. (o)
0 ... 0
For RK explicit: Agxs = .. ¢ |, and A is nilpotent,
0

AF=0,Vk>s= ) Zb"AM'1= )" bTAFL

k=p+1 k=p+1
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Regions of Absolute Stability

If we have an explicit RK-s stages with order p:

z 2P
xn+1:xn(1+z+—+...+—).
2 p!
Region of absolute stability:
+z+.. 5 <1
For a fixed p, all explicit regions RK-s stage of order p have the same

region of absolute stability. Not appropriate for stiff problems.

There are no A-stable explicit Runge-Kutta methods.
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Predictor-Corrector Scheme: remove nonlinearity for implicit scheme

© Prediction step: use explicit
@ Correction step: use modified implicit: 2,41 in RHS is replaced by
the predicted value

Adams Methods

@ predictor step: AB of order p + 1

P
xfﬂ =z, +h Z bef(tn_j, i) explicit
j=0

@ corrector step: AM of order p + 1

p—1
251 =z th Y UM ftn g, oo ) RO f(tngr, 301)  explicig
=0

@ NEW VALUE: 2,41 = 25, ;.
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Predictor-Corrector Scheme: Local truncation error

p
o(tma) ZF w(tn) + Y 0B f(tog, w(tny)) + 1l

=0
A =
M
2(tnin) = w(tn) +h Y 08 F(tn g, (tn )+ DAY f (b, 2 (b)) + 7S
=0
PC =
T(tns1) = +thAMf nj> (tn))
7=0

RN f (b, 2(tnin) =Bt )+ Ay
0= WA (f(tnst, @(tass)) = [ (twst, 2ltnss) =h70) ) + il = b

-~

a (tn+1»§n+1)hTP

d
T =75 + M af (tns1, Ens1)hTh (10.28)
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Predictor-Corrector Scheme

Remark: One could reduce the order of the predictor step:

p—1
vl =an+h Y 0P f(t g wn )
7=0

So, for both steps to evaluate f at the same nodes.

Modified Euler
Q@ =) =z + hf(tn,zn) —
o x’r?—l—l =Ip+ %f(tn; xn) + %f(tn—i-l; xf,l;_l) — O(h2)

Q ' =ha'(¢&,), ¢ = —flb—;x’”(gn) (1028) O(h?)
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Predictor-Corrector Scheme: Convergence

L

=1

|2(tn) — | < max |z(t,) — znlel + 57 [[7]]oc (€ . )
0<n<p 1521100 (A + A 5L [|oo BIbAM])

with L= (tn —tO)A+hBH8fH pAM)),

A= Z |6, B:E%\b;‘BL
iz

j=——1
PC — A
Tptl = xn—i—h Zb;‘Mf(tn_j, xn_j) +hbé]1wf(tn+1, 117n+1)
0
p—1

+thAMf (tngs 2 (tng) HhO2Y f(bgr, 2 (tn) =y +hn
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Applying the multistep method
Tnt+1 = Z; 0 @jTn—j + hzg— 105 f (tn—jis Tn—j)
to the model equation
¥ =z, z(0)=1
we obtain the homogeneous linear difference equation
(1 - h)\b_l)xn+1 - Zgzo(aj + h)\bj)l‘n_j - 0, n > P

Looking for a solution of the form x,, = r™,

we find the characteristic equation
P

(1= RAb_1)rPTt = "(aj + hAbj)rP™7 =0
7=0
or equivalently p(r) —hXo(r) =0
p p
Pl Z a;rP I —hA(b_yrP Tt + Z bjrP7) =0
j=0 j=0

p(r) o(r)

The consistency condition (10.24) implies p(1) = 0.
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Let 7o = 1,71,...,7; be the roots of p.

Definition

The multistep method satisfies the root condition if
(i) Irjl <1,5=0,...,p
(i) if |rj] =1, then p'(r;) # 0 (i.e. these roots are of multiplicity
one).

Recall stability: if the perturbed initial values zo,. .., 2, satisfy
|:L‘¢—Zi|§€, iZO,l,...,p
then the numerical solutions {z;} and {z;} also satisfy

max |z; — zi| <ecre, Vh < hg.
oD% b =2l < g =10
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If the multistep method is consistent, then:
stability < the root condition.
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Recall convergence: if the error in the initial values x, ..., z,
h)= max |x(tg +ih)—x;| — 0 implies max |x(t,)—xn,| — O.
n(h) = max [a(to +ih)—z — O implies max_[o(ta)—.

.oy

Assume the multistep method is consistent.
convergence < root condition.
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Tp1 =102, — 921 +h(=3f(tn, xn) —5f (tn1Tn-1)), 2 step method.

~~

P
Is it stable, is it convergent?

p(r) =7 =10r +9 = (r —1)(r = 9),
ro=1,r1 =9 > 1= Not stable, Not convergent
N——

—=>consistency

A concrete example to show that is not stable:
7' =0,2(0)=0= z(t) =0
Tpr1 = 10z, =92, 1, ifeg=21=0 =2,=0Vn

choose zy = g,zl =g, so max{|zg — 20|, |r1 — 21|} = €.

Then one can show by induction z, = 9"~ ! = |z, — z,| — +o0.
n—oo
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Definition

The multistep method is strongly stable (relatively stable) if
|7 (AR)| < |ro(AR)| Vi =1,...,p,VAh sufficiently small.
(The parasiticto be well behaved compared to the dominant).

If the method is stable, but not strongly stable, it is called weakly stable.

Theorem

| \

The method is strongly stable if the rootsr; s of p satisfy the

strong root condition: Irl <1, j=1,...,p.

| \

Midpoint method: Tpt1l = Tp—1 + 2hf(tn, ),
plr) =% 1= (r = (r+ ,ro =L = -1,
* stable:|r;| < 1, not strongly stable

Recall 7g(AR) = Ak + /1 4+ A2h2, 71 (Ah) = Ah — /1 + A2h2 = |r1(AR)| > |ro(Ah)| when A < 0.
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Adams-Bashforth 2nd order
(considered the most stable of the two-step methods):

Tn+l = T + g(&f(tn: xn) - f(tn—la xn—l))

p(r) =1 —r=r(r—1),r0=1,11 =0

stable, strongly stable.

Adams-Bashforth in general:

P
Tpt1 = Tn + hZ bef(tn_j, Zn—j) (p steps)
=0

p(r) =P — P =¢P(r — 1), 79 =1,7, =0

strongly stable.
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The region of strong stability is the set of points (z = A\h) in the
complex plain C such that the strong stability condition is satisfied.

.

Adams-Bashforth 2nd order

Tntl = Tp + %(&f(tn? CL’n) - f(tn—I; $n_1))

r;'s are the roots of p(r) — Ao (r) = 0:

r2—r—)\h(3r—%> —r —(1+3/2)\h)r+%
1.3 1 3\h 2

ro(Ah) = 5 (14 SAh) + 2\/(1 + 2557 =2 — +1
1.3 1 3A\h 2

ri(Ah) = 5 (1+ 5Ah) — 5\/(1 + T) —2)\h
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We want |r1(AR)| < |ro(AR)]. If A € R then Ah > —%.
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(a) (b

The Adams-Bashforth, midpoint (weakly stable) and unstable method
(wn—i-l = —Tp+2Tp_1+ %(5fn + fn—l)) for {

' = -3z,

s =1 " [0,2].
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Note that the size of A affects convergence even when it is not involved
in the truncation error. (We need \h € absolute stability regions to
have sensible behaviour in the convergence of the numerical method.

Hence very small h, even if the truncation error T}, = h? does not
depend on \. That does not happen for Backward Euler method.
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The stability regions of Adams-Bashforth methods.




Math 1080 > 10. Ordinary Differential Equations > Stability of Multistep Methods
Absokde Stabiity Reglon of Adams-Moulon Mathod
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The stability regions of Adams-Moulton regions.

Recall regions of absolute stability for Euler, trapezoidal (A) and Backward Euler method (A).
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Stiff Differential Equations

Qualitative Definition

An IVP is stiff in some interval if the step size needed to maintain
stability of an explicit method is much smaller than the step size
requiered to represent the solution accurately.

| A\,

Quantitative Definition

We say that 2/ = Az is stiff if Re(\) < 0 and |Re(\)] is very large.
We say that @’ = f(t, x) is stiff if some eigenvalues of the Jacobian

matrix % have a negative real part, large in magnitude.

Any A-stable method is appropriate for stiff problems.




Math 1080 > 10. Ordinary Differential Equations > Stiff DE and the Method of Lines

Stiff Differential Equations

x' = =100z + 100 sin(t)
z(0) =1

= z(t) = c1e7 19 4 ¢y sin(t) + 3 cos(t).

x(1) varies rapidly in domain: STIFF
T T T

x(1)
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Consider the equation

, 3 e
{az—)\x-l-(l A)cost — (1 —A)sint x(t) = sint + cost.

z(0) =1
and the perturbed equation

, B N
{ F=Az+ (1= Acost = (1= A)sint 2(t) = sint+cost+ee.

2(0)=1+¢

If A <0 large, then z(t) ~ x(t) very fast in t (i.e., take A = —10%).
But the numerical method requires, let say for Euler method:

A€ (0,2) <= 0 < h < 0.0002
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Backward Euler method for stiff DEs

When solving 2’ = f(t,x) using the Backward Euler method

Tn4+l = Tp + hf(tn+1, $n+1) (1029)
we find x,,+1 by fixed point iteration

2D = 2 4+ hf (b, 2)), k=01, (10.30)
or say Newton's method.

Despite (10.29) being A-stable, when using (10.30) on stiff problems we get a
restriction on Ah for the convergence of the fixed point iteration:

k+1 8f k
Tpi1 — xSLJ: e h %(tnﬂ,mnﬂ) (Tn41 — 552421)
e

negative, large in magnitude

Hence Newton's method is needed - very costly for large systems.
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The Lorenz equations

Simplification of a miniature atmosphere model designed to study
Rayleigh-Bénard convection, the movement of heat in a fluid, such as
air, from a lower warm medium (such as ground) to a higher cool
medium (like the upper atmosphere).
In this model of a two-dimensional atmosphere, a circulation of air
develops that can be described by three equations:

/

T = —8sx + sy
/

Yy =—xz+rr—y

2 =xy—bz

Here x= clockwise circulation velocity, y=temperature difference
between the ascending and descending columns of air, z= the
deviation of a strictly linear temperature profile in vertical direction.
s is the Prandl number, r is the Reynolds number, a and b are
parameters of the system.

The most common setting is s = 10,7 = 28,b = 8/3.
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he Lorenz equations

Plot the attractor
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Coupled and uncoupled systems

Coupled system

{ o'(t) =z(t) —y(t) +2t -2 -3
y'(t) = 2(t) +y(t) — 42 + ¢

Uncoupled system

z'(t) = z(t) + 2t — 2 — 3
{ y(t) = y(t) — 4% + 2
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Taylor Series Method

o =c—y+2t—t>—t3
Y =xz+y—4t>+¢3

o =2 —y +2—2t—3t2
y'=a +y —8t+3t?
x"’:x”—y”—2—6t
y”’=x”+y”—8+6t

P Cop—— —y"—6

y(4) ZJ,‘”/—I-y”'—i-G

— N N

To compute z(t + h) and y(t + h) from x(t),y(t) we procced as in the scalar
case, using a few terms in the Taylor series:

2

h h3 h*
x(t+h) = z(t) + ha'(t) + 5 —az" + 30 —z" + Ix(‘l) + -

2

/ h 1 h3 " h
y(t+h) =yt) +hy' () + 5" + 579" + 1y

(4) 4.
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Vector Notation

The initial value problem

X' =F(t,X)
X (to) = S, given

is a vector form of the previous system
] [r-y+2—t2-143
y | ey -4t 448

oo = [o]
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Systems of ODEs

/
1 o1 fl S1
/
T2 T f2 S92
X = ? XI = . I F = . ) S —
/
T Tn fn Sn

where
.Tﬁ = fl(t7x17x27"' axn)
$/2 = fz(t,ajl’q;z,... 737n)

‘T;L = fn(t,$1,a?2, te 7xn)
L :cl(a) = 81,1}2(@) = S9,- - ,xn(a) = s,.
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Taylor series method: vector notation

The m-order method:
h?2 h™
X(t+h)=X+hX + 7X”+---+WX(’")

with X = X (1), X' = X'(t), X" = X" (t),.

Runge-Kutta method

The classical fourth-order Runge-Kutta method:
h
X(t+h) :X+€(K1 +2Ks+2K3+ Ky)

with
K, =F(X)
Ky,=F(t+1ih X +1inK))
K3;=F(t+ %h X + %hKQ)
K, = F(t+hX+hK3)
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Predictor-Corrector scheme

X' =F(t, X)
X (to) = S, given

Adams-Bashforth multistep method:

XP(t+h) =X () + 2—’; {(55F[X (t)] — 59F[X (t — h)] + 3TF[X (t — 2h)]
—9F[X (t — 3h)]}

As corrector - the Adams-Moulton formula:

XC(t+h)=X(t)+ 2—}; {9F[X"(t + h)] + 19F[X (t)] — 5F[X (t — h)]
+F[X(t —2h)]}
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The surface tension S in a liquid is known to be a linear function of the
temperature T'.

For a particular liquid, measurements of the surface tension at certain
temperatures:

7| 0 | 10 [ 20| 30 | 40 | 80 | 90 | 95 |
S 680|671 | 664|656 | 646 | 61.8 | 61.0 | 60.0 |

What can be the most probable values of the constants in the equation

S=al +b

be determined?
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Linear Least Squares

Experimental data:

o0 |1 [ [ |
vyl w2 | | ym |
Assuming that
y=axr+b

what are the coefficients a and b?

What line passes most nearly through the points plotted?

o arpy+b—yr =0
o |axp +b—yk| #0
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o £, approximation; the total absolute error:

m

Zlaxk—i-b—yﬂ

k=0

(linear programming)
o {5 approximation

p(a,0) = lazk + b — yi?
k=0

(if the errors follow a normal probability distribution, the
minimization of ¢(a,b) produces a best estimate for a and b)
o £, approximation
m ,
Z|axk+b—yk]p , 1<p<o0
k=0
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Linear Least Squares: Necessary conditions for £5 minimization

g—i = ?9_(5 =0, i.e. the normal equations

( m m m
m <Zxﬁ>a+ (Zﬂck)b:Zykxk
Z 2(axp +b—yp)zp =0 k=0 , k=0 , k=0 ,
k=0 N ° P T
22(a$k+b_yk):0 (Zxk)cH-(m—i-l)b:Zyk
k=0 k=0 k=0

q

or

HEiHEN

which can be solved by Gaussian elimination or directly

a=glm+1)r —pg

1
b:E[sq—pr], where d = (m + 1)s — p°.
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Linear Example

7|1 |13|17|:> 644a+ 52b =227
0[2]6][7] 52a+ 5b =17
4

864, b = —1.6589 and ¢(a,b) = 10.7810.

4 |
2 |
with solutlon a=0.

®




Math 1080 > 12. Smoothing of Data and the Method of Least Squares > 12.1 Method of Least Squares

Linear Least Squares. Key Idea

Goal: to determine the equation of a line
y=ax+b
that best fits the data, in the £5 sense.

With four data points (z;,v;), i.e. four equations
yi=ax; +b;, i=1:4
we can write

Ax =b»b
where
xp 1 Y1
zo 1 a | | vy
I3 1 |: b :| - Y3
x4 1 Y4
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Linear Least Squares. Idea

In general, we want to solve a linear system
Ax =b

where A is an m X n matrix and m > n.
The solution coincides with the solution of the normal equations

AT Az = ATb

This corresponds to minimizing || Az — b||?.
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Inconsistent system of equations

It is not hard to write down a system of equations that has no solutions:

x1+ a9 =2
T — a2 =1
xr1+T9 =3
What is the meaning of a system with no solutions (inconsistent)??
@ Perhaps the coefficients are slightly inaccurate.
@ m equations with n unknowns typically have no solution when m > n.

Even though Gaussian elimination will not give a solution to an inconsistent
system Az = b, we should not completely give up.

An alternative is to find a vector = that comes “closest” to being a solution.
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Inconsistent system of equations

The matrix form of the previous system is Az = b, i.e.,

11 2
1 -1 [ 1 ] =11
11 T2 3
or
1 1 2
zi | 1 [ 4+ax| -1 | =1
1 1 3

In general, any m x n system Ax = b can be viewed as a vector equation
L1071 + Tovz + -+ + LUy = b,

which expresses b as a linear combination of the columns v; of A,

with coefficients x1,...,2,.
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Inconsistent system of equations

In our case, we are trying to hit the target vector b as a linear combination of
two other 3-dimensional vectors.

Since the combinations of two 3-dimensional vectors form a plane inside R3,
our system has a solution iff b lies in that plane.

There is a point in the plane Ax of all candidates that is closest to b,
denoted AT, satisfying

b— Az | plane {Ax|z € R"}

Least squares is based on orthogonality.

The normal equations are a computational way to locate the line segment
(the shortest distance from a point to a plane) which represents the least
squares error.
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Inconsistent system of equations

Indeed

b— A7 L plane {Az|z € R"}

implies
(Az)T(b— AZ) = 2TAT(b— AT) =0 for all z € R"

which happens iff
AT(b— A7) =0

i.e., the normal equations
AT Az = ATh

which gives the least squares solution to the system Ax = b.
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Inconsistent system of equations

Use the normal equations to find the least squares solution of the previous
inconsistent system.

11 2
A=|1 -1 |, =11
11 3

and the components of the normal equations are

(11
1 11 3
ATA:[ ] 1 -1 —[
1 -1 1 L1 1

and
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1 Iy _ 6
3 T2 o 4

can be solved by Gaussian elimination to get

1

Substituting the least squares solution into the original problem yields

The normal equations

_ W

[N[SSEENEN

1 1 7 2.5 2
1 -1 [ g ] = 1 #]1
1 1 1 2.5 3
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Inconsistent system of equations

To measure the success at fitting the data,
we calculate the residual of the least-squares solution T as

2 2.5 -0.5
r=b—Az=|1|— 1] = 0.0
3 2.5 0.5

with the /5 norm

7]l2 = V0.5 ~ 0.707

and the root mean squared error

T 0.5 1
1112 3 5
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Inconsistent system of equations

1
Solve the least squares problem | 2 3 [ - ] = 15
2

The normal equations AT Az = ATb are

I

The solution of the normal equations is T = [3.8; 1.8], and the residual vector

is
-3 1 —4 33 -3 -34 0.4
r=0b—A% = 15 [—| 2 3 [ 1.8 ] = 15 | — 13 | = 2
9 2 2 ’ 9 11.2 —2.2

with the euclidean norm ||e]|2 = 3.
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Conditioning of least squares

Since the data is assumed to be subject to errors in least squares problems, it
is important to reduce error magnification.

The normal equations are the most straightforward approach to solving least
squares problems, and it is fine for small problems.

However, the conditioning number
cond(AT A) = (cond(A))?
which will greatly increase the possibility that the problem is ill-conditioned.

Alternatives: QR factorization, SVD.
MATLAB's backslash command applied to Az = b (“z = A\b")

@ carries out Gaussian elimination if the system is consistent

@ solves the least squares problem by QR factorization if inconsistent.

Matlab's polyfit command carries out least squares approximation to

polynomials.
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Conditioning of least squares

Use the normal equations to find the least squares polynomial

P(x)=c1 +cox + -+ cgx’
fitting the table (z;,y;), where 21 = 2.0,29 = 2.2, 23 = 2.4, ..., 211 = 40,
are equally spaced in [2,4] and y; = ZZ:O ok 1< <11

A degree 7 polynomial is being fit to 11 data points lying on the degree 7
polynomial
Plz)=14+z+22+23+2* +2° + 25 +27.
Obviously, the correct least squares solution is
012622"‘268:1.
Substituting the data points into the model P(z) yields the system Ac =b

2 7

1z a7 ] c1 Y1
2 7
2 L C2 Y2

2 7
I 2z 2y - oy c8 Y11
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Conditioning of least squares

The coefficient matrix A is a Van der Monde matrix.
Solving the normal system in Matlab (in double precision) gives

¢ =1[3.8938 —6.1483 8.4914 — 3.3182 2.4788 0.6990 1.0337 0.9984]
and the conditioning number is

cond(A’ x A) = 1.3674e + 019

Solving the normal equations in double precision cannot deliver an accurate
value for the least squares solution. The conditioning number of AT A is too
large to deal with in double precision arithmetic, and the normal equations

are ill-conditioned, even though the original least squares problem is
moderately conditioned.
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Nonpolynomial Example

The method of least squares is not restricted to first-degree polynomials.
Fit the table (zx,yx), K = 0: m by the function

y=alnx + bcosx + ce”

in the least squares sense. Then a,b, ¢ are the unknowns and consider

m

o(a,b,c) = Z(alnxk +beoszy + ce™t — yi)?
k=0
and set %‘5 = %‘{;’ = %‘f =0, i.e. the normal equations
aZ(lnxk)2 +bz (Inzy)(cos zk) +CZ(lnxk)e“”k = Zyk In z},
k 0 k 0 k;LO kn:10
az In xy)(cos z,) +bz cosxk +cZ(cos xp)e™r = Zyk COS Tk,
k=0 k=0 k=0
m m m
a Z(ln xp)err +b Z(cos xy)e" +c Z(ez’“ )2 = Z yre®x
k=0 k=0




Math 1080 > 12. Smoothing of Data and the Method of Least Squares > 12.1 Method of Least Squares

Nonpolynomial Example of Least Squares

Fit a function y = alnz + bcosx + ce® to the values

x| 024] 065 | 095 | 1.24 | 1.73 | 2.01 | 223 | 252|277 | 299
y | 023 —0.26 | —1.10 | —0.45 | 0.27 [ 0.10 | —0.29 | 0.24 | 0.56 | 100
6.79410a  —5.34749b  +63.25889c = 1.61627

—5.34749a  +5.10842b  —49.00859c = —2.38271

63.25889a —49.008590 +1002.50650c = 26.77277

with the solution
a = —1.04103,b = —1.26132, ¢ = 0.03073,
hence the curve

y = —1.04103Inz — 1.26132 cos = + 0.03073¢”

has the required form and fits the table in the least-squares sense,
©o(a,b,c) = 0.92557.
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Nonpolynomial Example

1 .
0.5
0
-0.5
—1 .
-15 L L L L 1 | )
0 0.5 1 15 2 25 3 35
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Basis Functions {go, g1, - -, ¢

Suppose that the data is to be fit to a function of the form

n
y=>_¢gi(x)
=0

where the functions

90,91,---,9n
(basis functions) are known,
and the coefficients

Cp,Cl,y.-.,Cp
are to be determined by the least squares principle.
Seek ¢g, ¢y, ..., ¢y that minimize
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.....

— =0 1=0:n,

where
a(p m n
e S 2D eigi(an) — vk | gilak)
) —

and can be rewritten as the normal equations

n m

> gi(zi)gi(xr) | ¢j =D wkgi(zx), i=0:n
0 k=0

j=0 \k=

The normal equations are linear in ¢;; can be solved by Gaussian
limination.
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Basis Functions {go, g1, - -, ¢

In practice, the normal equations may be difficult to solve.
Q {90,91,---,9n} should be linearly independent.
@ {90,91,--.,9n} should be appropriate to the problem at hand.

@ {90,91,---,9n} should be well conditioned.
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Orthonormal Basis Functions {90, 91, - - -, In}

What basis for the vector space
n
G =1{g:3co,c1,...,c, such that g(z) = chgj(:c)}
j=0

should we choose so that the normal equations

n

> (Z 9i(mk)9j(wk)> ¢j =Y ukgiler), i=0:n
k=0 k=0

=0

can be easily and accurately solved?
The ideal situation: the coefficient matrix is the identity matrix,
i.e., the basis {g0,91,...,9gn} is orthonormal

> gilwr)gi(wn) = 615 = { (1) i ;j
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rmal Basis Functions {g

In this case

m
cj =Y wkgi(zr), J=0:n
k=0

So one could use the Gram-Schmidt procedure to orthonormalize G.

Choose well the basis for the space G!!!
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ormal Basis Functions {go, 91, - -, In}

G = P, polynomials of degree < n.
(An important example of the least-squares theory).
The natural basis:

go(x) =1, gl(x) = x,gg(:c) = m27 gn(x) =z"

so a general element g € G writes

n n
g(@) = cigi(x) =D cjal =co+ 1w+ cr’ + -+ + cpa”
=0 =0

This basisi is almost always a poor choice for numerical work.
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normal Basis Functions {go, g1, --,9n}

These functions are too much alike!!!

n
It would be difficult to determine precisely c; in g = Z cjal.
=0
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Chebyshev Polynomials {go, g1, -, gn}

1. Assume that the points in the least-squares problem have the
property
—1I<rp<n< <azm<l

The Chebyshev polynomials can be used:

To(x) =1

Ti(x) =z

To(x) = 22% — 1

T3(z) = 42® — 3z

Ty(x) = 8z — 8% +1,...
computed with a recursive formula

To(x) = 22T —1(x) — Th—2(x), VYn >2

Alternatively, T),(z) = cos(k arccos(x)).
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Chebyshev Polynomials {go, g1, -, gn}

2. If the original data do not satisfy
min{z;} = —1 and max{z;} =1

by lie in the interval [a, b], use the change of variable

x = 1(b—a)z+%(a+b).

2

The new variable traverses [—1, 1] as x traverses [a, b].

g9(x) =Y ¢;Tj(x)
§=0
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Smoothing data: Polynomial Regression

An application of the least-squares procedure: smoothing of data, i.e.,
fitting a “smooth” curve to a set of “noisy” values (experimental data
containing errors).
@ If one knows the type of function the data should conform,
then use least-squares to compute any unknown parameters in the
function.

o If one only wishes to smooth the data by fitting them with any
convenient function,
then polynomials of increasing degree can be used until a
reasonable smoothness is attained.
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Smoothing data: Polynomial Regression

"Smoothing” = fitting a smooth curve to a set of “noisy” data.

For given data

x| @o [ |- | & |
ylw [ | | um |
one can determine a polynomial of degree m that passes through these points

exactly.
If the points are ‘noisy’, it is better to seek a lower-degree polynomial that fits
the data approximately in the least squares sense (curvilinear regression).

We do not know what degree of polynomial should be used.
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Smoothing data: Polynomial Regression

Assume that there is a polynomial

that represents the trend of the data and
the data satisfies the equation

yi = pn(xs) + &4, i=0:m

where €; is the error in y;.
Assume that ¢; are independent random variables that are normally
distributed.

For a fixed n, the least squares method provides p,,.
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Smoothing data: Polynomial Regression

Once p,, known,
one can compute the variance

—pu(@)?  (m>n)

:0
Statistical theory says that if the trend of the data table is given by py, then

2 2 2 _ 2 _ 2 9
0y > 01> " >0N=0N41 =O0Ny2 =" =0pg

Strategy 17!
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Smoothing data: Polynomial Regression

Back to the least squares problem:
say that F'is the function to fit by a polynomial p,, of degree n.
We will find the polynomial that minimizes

m

Y [F(xi) = pala:))?

=0

Orthogonality (F'(z;) — pn(x;) L pn(z;)) implies:
the solution is given by the formulae

n

F,(J‘

pn:ZCiQia Ci = <A l>
i=0

where {g;}?"_, is an orthogonal basis of P™.

(The €5 inner product (f,g) = > 1" f(@i)g(x;).)
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Smoothing data: Polynomial Regression

The algorithm to compute the variance

1 m
on = Y Pns Pn zizzg[yi — pu(@)]?
is given by F,q0)2
Po = <F7 F> - < q0>
(90, 90)
_ (F, qn)?
P = fn <QnaQn>

Indeed,

pn = (F —=pn, F —pp) = (F —pn, F) = (F, F) — (F,p,) = (F, F) _Zci<FaQi>

_ (p,py - @)

<qi7 qz)




Math 1080 > 12. Smoothing of Data and the Method of Least Squares > 12.3 SVD

SVD and Least Squares

Suppose that a given m x n matrix has the factorization

A=UDVT

where
o U = [u1,uz,+ - ,Um] is an m x m orthogonal matrix

o V = [v1,v2,...,0y] is an n x n orthogonal matrix

e D is m x n diagonal matrix containing the singular values of A
on its diagonal, in decreasing order.
The singular values of A are the positive square roots of the
eigenvalues of AT A, namely
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o1

02

Or

UTAV =D = 0

L 4 mXn

where UTU = 1,,,, VTV = I,.

Moreover,
Q Av; =o0u;
Q o = |Avi|:

where v; is the ith column of V' and u; is the ith column of U.
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|Az — b|2 = |[UT(Ax — b)||2 = |[UT Az — UTb||3 (U is orthogonal)
= |UTA(VVT)x — U3 (V is orthogonal)
= |(UTAV)(VTz) — UTb|3 = [DVTz — UTb|3 = | Dy — cl3
= Z(myi — )+ Z c
=1 1=r+1

where y = VTz and ¢ = U7Tb.

The least squares solution

c1/o1

. n [d T
_ ci/o _E: _}: =1 _Z 1/, T
xrs =V 10 : = YiV; = 0, CU; = g; (uz b)v’i
| p=1 =1 7
0

————————————————————————————————————————————————————————————————
The residual
m m
|AzLs — b3 = > cf= > (ulb)’

i=r+1 i=r+1

What about the conditioning??
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SVD and Least Squares

Find the least squares solution of the nonsquare system

1 1 x 1
0 1 y | = | —1 | using Singular Value Decomposition.
1 0] = 1
L1l [WE 0 W[V 0][1 o
o 1| = bs e | o[ 12 12 ]
vol [l dv dwll o]t
r = rank(A) =2 and the singular values are o1 = V3,09 =1
N I
e=uTb=[ 16 WG WG| 1|=1V6
1
1
o=ulb=[0 -1v2 L2 ]| -1|=V2
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SVD and Least Squares

and

which is the same solution as that from the normal equations.
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The generalized inverse:

or the matrix

AT = pinv(A)

A=UDVT

we define its pseudo-inverse AT by

At =vDtUuT

where the pseudo-inverse of the diagonal matrix D is

o1
02
or
p_| 0 0 0 0
00 -0 0
[0 0 0 0

0

- mxXn

When A is a square matrix, A l=-Aat

D= . 1

nxm




Math 1080 > 12. Smoothing of Data and the Method of Least Squares > QR factorization

Gram-Schmidt orthogonalization

Let vy, ..., v be linearly independent vectors in R™.

py— — vl
Y i=q1 = —||v1||2
Note that
U1 =Tri1141
where 111 = ||v1]]2 and ¢ is a unit vector in the direction of v;.
To find the second unit vector, define

Y2 :=v2 — q1(qi v2)

and
Y2

@ =
92112

Note that
v2 =Y+ q1 (Q?Uz) = T22¢2 + T12q1

where 795 = ||y2||2 and 712 = ¢¥ va.
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Gram-Schmidt orthogonalization

In general, define

Yi = V5 — QI(Q?W) - qz(QzTU1) - ‘Zi—l(q;‘r—lvi)

and
Yi

il

qi

which implies
Vi =T+ Tiq £ i 1igi- 1,

where 7 = [lys|| and 5 = qJv; for j=1,...,i.
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Gram-Schmidt orthogonalization

1
Apply Gram-Schmidt to the columns of A = | 2 3
2

1
Set Yy = v = 2
2
Then
ri1 = [yille = V12 +22 422 =3,

and the first unit vector is

U1

B=— =
[lv1]l2

1
3
2
3
2
3
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Gram-Schmidt orthogonalization

To find the second vector, set

-1 14
4 3 -5
T 2 5
Y2 = V2 — q1q; V2 = 3 |- 5 |2= 2
2 2 2
L 3 3
and
_ 147 _ 14
1 3 15
Q2 = 22 2= 3
= = 3 | = 3
Tl 5| 3
3 15

with r15 = 2,199 = 5.
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Gram-Schmidt orthogonalization - QR factorization

For the n x k matrix A = (vy|---|vg), we have the QR factorization
A=QR
i ™1 T2 o Tik i
To2 T2k
(v1] -+ o) = (qi1] -~ - |g,,) Tkk
0 0
. 0 0 -
where

@ Q is a n x n orthogonal matrix and

@ the upper triangular matrix R is n X k, same as A.
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Gram-Schmidt orthogonalization - QR factorization

@ The key property of an orthogonal matrix is that it preserves the
Euclidean norm of a vector.

@ Doing calculations with orthogonal matrices is preferable because

o they are easy to invert by definition
o they do not magnify errors.

The previous example

1 —4 L[5 -1 273 2
2 3 |=QR=;|10 5 10|05
2 2 10 2 -1 |00
In MATLAB
[Q, R] = qr(A)
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Least Squares by QR factorization: ||Az — b||s = ||@

_ - [ r
€1 11
€n o
en—i—l O

B R

and el =d?2 , +---d2,.

Given the m X n inconsistent system Ax = b, factor A = QR and set

~

2 -+ Tin
22 -+ Taon

r’l’l/’l

@ R = upper n X n submatrix of R

o d = upper n entries of d = QTb

Solve RZ = d for least squares solution .

Z1

Tn

z —blls = |Rz — QT |2
—

d

What about the conditioning??
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Boundary Value Problems

Seek

y=y()
that passes through
(0,1) and (1,a),
and minimizes

1
/O (y(@")? + b(x)y?) da

in which b(z) is a known function.
The Euler equation with its initial and terminal values:

{ —(¥)? = 2b(z)y + 2yy" =0

y(0) =1,  y(l)=a
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Boundary Value Problems

The BVPs may not be solvable or uniquely solvable.
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Find the height trajectory of a projectile that begins at the top of a 120-foot
building and reaches the ground 3 seconds later.

Let y(t)= height at time ¢.
From Newton's second law
F= my//,
where ' = —mg and g = 32 ft/sec?.
The trajectory can be expressed as the solution of the IVP

1

y'=-g
y(0) = 120
y'(0) = vo

or the BVP
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Since we don’t know the initial velocity vy, we must solve the BVP.

1
y(t) =— 59752 +vot + Yo
= — 16t2 + U()t + Yo-
Using the boundary conditions yields

120 = y(0) = yo
0=y(3) = —144 + 3vy + 120,
which implies

vo =8 ft/sec.
The solution trajectory is

y(t) = —16t* + 8t + 120
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Boundary Value Problems

Counterexample 1°
' =-Xx te(0,1)
z(0) =z(1)=0

The general solution to 2"/ + Ax = 0 is:

linear undamped pendulum (*)

N|=

crett + coe™H A<0,u= (=)
x(t) = c1 + cat, A=0
c1 cos(ut) + cosin(ut), A >0,u= A2

o If A <0, then BVP’s boundary conditions imply ¢; = ¢o = 0 and
x = 0 the unique solution to ().

o If A >0, then ¢; = 0,cosin(u) =0, i.e., p=+m, £27, +3m, ...
and \ = 72,472, ... so X solutions.
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Counterexample 2°

{ xl/ = —)\.’L' + g(t) te (0’ 1) linear damped pendulum (‘k‘k)
z(0) = 2(1) =0

o If A ¢ {n2,472 ...}, then 3! unique solution:

1
x(t) = G(t,s)g(s)ds (Green's formula)
0
_ _ sin(us)sin pu(1-¢)
G(t,s) — { GO = ] ps_in—u , t>s
G, = _ sin(ut) s1.nu(1—s)7 t<s
psin p —

o If A € {n2,47% ...}, then in general there is no solution. Let A = 7.
Then (%*) has a solution iff
1
/ g(t)sin(wt)dt =0
0
which gives the general solution

x(t) = csin(wt) + %/0 g(s)sin(n(t — s))ds, ceR.
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Shooting method

2 Point BVP

2(a) = o - (14.2)

Associate to this problem the following IVP,

z" — pm’—qsz, a<t<b
z(a) = (14.3)
2/ (a) =

Let z(s;t) be the solution of the (IVP)s, and write
x(s;t) = 1wy (t) + caxa(t),
where x1, 9 are independent.
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RO el J > maemnrton - e

r1(a) + sza(a),
x1(b) + sxa(b).

.. t=a: a=
The Boundary Conditions: { t—b: B

© We can solve for s if 23(b) #0: 5= 5_;‘2—“&1)(17) and the solution to
(14.2).

@ What if z5(b) = 07

1. either axy(b) = (: there are an infinite # of solutions,
2. or axq(b) # B: there is no solution.

2/ =px' +qr+g on(a,b)

algoesldn =12

3! solution for each set (g, 1, v2) iff the homogeneous problem
(9 =" =2 =0) has a unique solution (trivial solution x = 0).
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Shooting method

Let define the function

p(s) = x(b)
where z is the solution on [a, b] of the IVP
" = f(t,x,2’) on (a,b)
z(a)=a, 2'(a)=s

The goal of the shooting method is to adjust s until we find a value for which

p(s) =8

Given two guesses s1 and sy for ’(a), use linear interpolation between ¢(s1)

and o(s2):
83 — 82 S2 — 81

B—p(s2)  @(s2) — p(s1)

which implies

83 = s2 + (B — ¢(s2))
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Shooting method algorithm

We can generate the sequence

R R Rl P e Py

based on two starting points s1, Ss.
Monitor

©(spy1) — B

and stop when this is sufficiently small.
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What is the function ¢(s) for this BVP

The solution to the DE is
z(t) = cre’ + coe”

and the solution to the IVP
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Finite difference method to solve BVP

Fix N> 1and let h =2 t; =a+jh,j=0,...,N.
o (t) = f(ts, x(t:), 2" (t:))-
Approximate the derivatives by Finite Differences:

tiv1) — 22(t;) + x(ti-1)
h? ’

2 (t;) ~ x(tiﬂ)z_hx(ti_l)?error = O(h?) (10.7)

error = O(h?), (77)

(L’//(t,,;) ~ $(

(standard central differences formulae)
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Finite difference method to solve BVP

Find the sequence {x;}o<i<n:

o = ’2)’1,
Ten =Rt einy L S %01 |G N — ]
FD scheme h? lin e a0 SIS
=i
IN = V2.
Let
-2 1 0
Ty . bil -5
T2 1 s fg 0
Th=| . , A= ,b(x)=| . ,g= .
TN_1 R IN-1 -5
0 1 =2
1
ﬁAm = b(x) + g. (14.4)

n — 1 nonlinear equations with n — 1 unknowns
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Finite difference method to solve BVP

The result:  max; |z; — 2(t;)| = O(h?).
If f is nonlinear in &, use Newton-Raphson's method to solve (14.4)

(the method will converge quadratically to a root « of (14.4) if J(«) is nonsingular and 2(9) is close to the root o, i.e. lao —
(k41 = 20— (7@®)) " (L Azk - b(at)
T =X T h2 Zr xr g

where J(x(*)), the Jacobian matrix, is tridiagonal:

rof 1.0f1 0 7
T Y
1 2h Ov ou
Ja®)y= A
. 1 Ofn_2
) 2h 0O
0 1 9fn— Q%fN—Ul
L 2h  Ov ou -

The matrix J(z(k)) can be kept constant several iterations (to save on calculations) but the convergence will be linear.
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Finite difference method to solve BVP

: — i+1—Ti— ofi .
If we write f = f(t,u,v), fi = f(ti, i, “H5-=L), compute gg%.

9
81,‘]'
0 Tiy1 — mi—1)> of

9 . _ 91, o Titl — Tim1
B2 (f T gyt i — o)
B

Tit1 — Ti—1 of Tip1 — Ti—1 1
B I)) = O (g, T (-
6$i_1 )) ( . 2h ) <

(f (b2 =5

(£, P ) = 0§ # {ivi— Li+1)

0 Tyl — Tl of . Tiy1 — Ti—1 1
(e, =H570) = 5 e S5 - (55
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Finite difference method. The linear case
When the RHS f is linear
[tz 2") = u(t) +v(t) + w(t)r’

then the principal equation writes

1 1
ﬁ(xi—i-l = 2% +xio1) = u(ti) +o(ti) v + w(t;) [—(ﬂfi-q—l - 581—1)]
—— —— | 2h

Us Vi Wi

i.e.
h 2 h 2
— 1+ —w; | xj—1 + (2 +h Ui) xi—1—=w; Tit1 = —h%u;
| d; — bi

a;Ti—1 +dix; +cixip1 =b;,, 1=1:N—-1
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Finite d ence method. The linear case

a;x;_1 +dix; + CiTit1 = b;, i=1:N-1

hence
dizy +ciry  =by—am
a;Ti—1+ d;x; +ciTivy1 =10b; 2<i1<n—2
Up-1Tp—2+ dp_1Tp_1 =bp_1—Cn_172

and in matrix form

di T by — aiv
ay dy ¢ T bo
a3 dz c3 T3 b3
Gp—2 dp—2 Cpn—2 Tp—2 bp—2
L Ap—1 dn—l 1L Tp—1 ] L bn—l — Cp—172 ]
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Finite difference method. Pseudocode and numerical example

z(t) = e! — 3cos(t)

z" =et —3sin(t) + o' —z
2(1) = 1.09737491, «(2) = 8.63749661

See the pseudocode online.
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Collocation and the Finite Element Method

Like the Finite Difference Method, the idea behind
@ Collocation and the
@ Finite Element Method

is to reduce the BVP to a set of solvable equations.

However, instead of discretizing the DE by replacing derivatives with finite
differences, the solution is given a functional form whose parameters are fit by
the method.

Choose a set of basis functions

P1(t);- -5 dn(t),

which may be polynomials, trigonometric functions, splines, or other simple
functions.
Then consider the possible solution

y(t) = c1dn(t) + -+~ + cnlt)Pu(t) (14.5)

Finding an approximate solution reduces to determining values for ¢;.
We will consider two different ways to find the coefficients.
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Collocation and the Finite Element Method

@ The Collocation approach is to substitute (14.5) into the BVP and
evaluate at grid points. This method is straightforward, reducing the
problem to solving a system of equations, linear if the original problem
was linear.

Each point gives an equation, and solving them for ¢; is a type of
interpolation.

@ The FEM proceeds by treating the fitting as a least squares problem
instead of interpolation.
The FEM employs the Galerkin projection to minimize the difference
between (14.5) and the exact solution in the sense of squared error.
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Collocation

Choosing n points, beginning and ending with the boundary points a and b
a=t1 <ta<---<t,=0b

the collocation method works by substituting the candidate solution (14.5)
into the DE and evaluating the DE at these points to get n equations in the
n unknowns ci,...,Cp.

y' =4y
Solve by the Collocation Method the BVP ¢ 4(0) =1
y(1) =3

Start simple, choose the basis ¢;(t) = /71,1 < j <n.
The solution will be of the form

y(t) =D cigi(t) = et
j=1 j=1

We will write n equations in the n unknowns cq,...,c,.
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The last and the first are the boundary conditions

i=1: c1:ch¢>j(0):y(O):1
j=1

n
1=mn: Cl+"'+0n:ZCj¢j(1):y(l)ZS
j=1
The remaining n — 2 equations from the DE evaluated at ¢; for
2 < i <n— 1. The differential equation applied to y(t) = chtj_l =0is
j=1

n

S0 1G - 2t 43 e =0

Jj=1 Jj=1

Evaluating at t; yields for each 4

MG =1 -2t~ 4tl ey =0.
j=1
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The n equations form a linear system Ac = g, where the coefficient matrix A

is
100...0 ' ' row ¢ =1
Aij = (j—l)(j—2)t;_3—4t§_1 rows i = 2 through n — 1
111...1 row i =n
and

g=(1,0,0,...,0,3)T.
Usually use a evenly-spaced grid

i —1 — 1
i 1(b—a)= 1

t; = .
a+n— n—1

After solving for the ¢;, we obtain the solution

y(t) = Z et
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@ For n = 2, the system Ac =g is

1 0 C1 o 1
1 1 Co o 3 ’
and the solution is ¢ = (1,2)7. The approximate solution is the straight

line
y(t) =c1 + ot =1+ 2t

@ For n =4 yields the approximate solution
y(t) ~ 1 — 0.886t + .0273t> + 1.1613¢>
which is very close to the exact solution. ]

The system to be solved in this example was linear, because the DE is linear.

Nonlinear BVPs can be solved by collocation in a similar way, using e.g.
Newton’s method to solve the resulting nonlinear system of equations.
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Collocation

Although we used monomial basis functions for simplicity, there are many
better choices. Polynomial bases are not generally recommended.

@ The fact that monomial basis elements 7 are not orthogonal to one
another as functions makes the coefficient matrix of the linear system
ill-conditioned when n is large.

Using the roots of the Chebyshev polynomials as evaluation points,
rather than evenly-spaced points, improves the conditioning.

@ The choice of trigonometric functions as basis leads to Fourier analysis
and spectral methods, which are heavily used for both BVP and PDEs.
This is a “global” approach, where the basis are nonzero over a large
range of ¢, but have good orthogonality properties.

@ The choice of splines as a basis functions leads to the Finite Element
Method. In this approach, each basis function is nonzero only over a
short range of t. FEMs are heavily used for BVPs and PDEs in higher
dimensions, especially when irregular boundaries make parametrization
by standard basis functions inconvenient.
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Finite Elements and the Galerkin Method

@ In collocation, we assumed a functional form
y(t) =2 cio(t)
and solved for the coefficients ¢; by forcing the solution to satisfy
o the boundary conditions and
o exactly satisfy the DE at discrete points.

@ The Galerkin approach
minimizes the squared error of the DE along the solution.
This leads to a different system of equations for c;.

Consider the BVP
y'=ft.y.y)
y(a) =ya
y(b) =y
The goal is to choose the approximate solution y so that
the residual » = 3" — f is as small as possible.
In analogy with the least squares methods, this is accomplished by choosing y
make the residual orthogonal to the vector space of potential solutions.
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Finite Elements and the Galerkin Method

Recall

L?(a,b) = {y(t) defined on (a,b)‘ El/b Y2 (t)dt < oo}

with the inner product

b
) = / (D) (1)dt

1

(bilinear and symmetric, with the norm ||y|l2 = (y,y)2).
Two functions y; and y» are orthogonal in L?(a,b) if

(y1,y2) = 0.

Since L?(a,b) is an infinite-dimensional vector space, we cannot make the
residual r =y — f orthogonal to all of L?(a,b).

However, we can choose a basis that spans as much of L? as possible with

the available computational resource.
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Finite Elements and the Galerkin Method

Let the set of n + 2 basis functions be denoted by ¢o(t), ..., Pnt1(t).
The Galerkin method consists of two main ideas:

© Minimize r by forcing it to be orthogonal to the basis functions, in the
sense of the L? inner product:

b
[ "= nside=o.
a
or (the weak form of the BVP)

b b
[ vwswi= [ ftuynew,  i=tiasn

@ Use integration by parts to eliminate the second derivatives:

b
/yﬁmwﬁ=@mww

b
b—/waWMt

a
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Finite Elements and the Galerkin Method

Using these together gives a set of equations

b b
/ f(t»y7y'))¢>i(t)=¢>i(b)y'(b)—¢>i(a)y'(a)—/ y'(t);(t)dt

for each ¢ that can be solved for the ¢; in the functional form

n+1

y(t) = cidilt)

i=1

The two ideas of Galerkin make it convenient to use extremely simple
functions as finite elements ¢;(?).

We introduce piecewise-linear B-splines.
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Finite Elements and the Galerkin Method

Start with a grid tp < t; < --- <t, < t,11 of points on the axis. For
1=1,...,n define

t—t;—
ti_ti—ll for tii1 <t<t;

Gi(t)q BHEZE fort; <t <t

tip1—t
0 otherwise
and
b=l fortg <t<t ro fort, <t <tn
Po(t) = . o1(t) = .
0 otherwise 0 otherwise

The piecewise-linear “tent” functions ¢;(t) satisfy the following property

st ={ o §i2]

ifi#j
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Finite Elements and the Galerkin Method

For a set of data points (t;,¢;), define the piecewise-linear B-spline

n+1

() =3 cisilt).

i=0
It follows immediately from the property of the tent functions that
n+1

S(t) =Y citilty) = ¢

=0

hence S(t) is a piecewise-linear function that interpolates the data points
(ti, C,‘).

In other words, the y-coordinates are the coefficients!

This simplifies the interpretation of the solution.

The ¢; are not only the coefficients, but also the solution values at the
grid points ¢;.
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Finite Elements and the Galerkin Method

Apply the Finite Element Method to the BVP
y' =4y
y(0) =1
y(1)=3

Let ¢y, ..., Pns1 be piecewise-linear B-splines on a grid on [a, b], the basis
function for the Galerkin method.
The first and last of the ¢; are found from collocation:

n+1

1=y(0) = Z i9i(0) = cogo(0) = co

i=0

n+1

3=y(1) = ci¢i(1) = cnr16ns1(1) = cnpa

=0
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Finite Elements and the Galerkin Method

For i =1,...,n, use the FE equations

b
/ ftyy ) di(t) = @() (6) = gila) @) - / Y (£)64(t)dt

=0

and substitute the functional form of y(t) = E"'H cioi(t)

1 n+1 n+1
0= /0 40i(1) Y ¢s05(8) + Y ¢ ()04(1) | t

=0 =0

_Tilcj</ 4¢i(t)p;(t dt+/ O (t) i (t)d >
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Finite Elements and the Galerkin Method

Assuming that the grid is evenly-spaced with step size h, we have:

' "t t VA 2 8" ok
/(1¢l(t)¢l+1(t)dt:/0 E(l_ﬁ> dt:/o <E_ﬁ>dt: ﬁ—WO:E
b h ¢ 2 9
i(1)2dt = ) dt=2h
/Q(wt)) ’ 2/0 (h) -2
b hy/ 1\2 1
| eiama= [ E(—E) T
b h 1 2 9
4 2d =2 —) d =—’
/a (61(1))2dt /0 (h (-2

foralli=1,...,n.
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Finite Elements and the Galerkin Method

Fori=1,...,n

(B Dewss (e D (- ) o
—h— —)cn— — —)e —h— —)cpai1 =
3" h PR TR T R

where ¢ =y, =1 and ¢p41 = yp = 3,

so the matrix form of the equations is symmetric diagonal

@ 0o --- 0

P ) ) ) C1 -y
B8 « R Co 0
0 g =
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Finite Elements and the Galerkin Method. Example

[ 0.1 0.2 03 0.4 05 0.6 0.7 08 0.9 1
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A second order PDE of two independent variables has the form
Augy + Bugy + Cuyy = f(2,y, U, g, Uy) (15.1)

for some constants A, B, C' and a function f(z,y,u,p,q).
Denote the discriminant
A = B? —4AC.
Then the equation is
Q ellipticif A <0
@ parabolicif A =0

© hyperbolic if A >0

It is useful to classify the PDEs, as different types have different solution
properties, and these properties have major impacts on the choice and
performance of numerical methods.

For parabolic and hyperbolic equations one of the two independent variables
can be interpreted as time. For this reason we will use = and ¢ for the
independent variables in parabolic and hyperbolic equations.
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Examples of PDEs of two independent variables

@ The Poisson equation (elliptic)
0?u  0%u 9
ﬁ—i_a_yng(xvy)? (x7y)EQCR

(When f(z,y) =0, it is called the Laplace equation)

@ The heat equation (parabolic)

ou 82

== 0

Frialrm 2—i—f(t x), zx € (0,L),t>
@ The wave equation (hyperbolic)

0%u 0%u

a2 = 82+f(t:c) xz€(0,L),t>0
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The heat equation

The heat equation (parabolic) in one spatial variable,
with Dirichlet Boundary Conditions and Initial Condition

2( t)—a—Z( t) foralla<az<bt>0
8tu T, _CaxQU z, oralla <z <0b,t>
u(a,t) = £(t),u(b,t) = r(t), forallt >0 (15.2)

u(z,0) = f(z) foralla<az<b

where ¢ > 0 is the diffusion coefficient, z, ¢ independent variables.

Describes the diffusion of substance from regions of higher concentration to
regions pof lower concentration.
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Forward difference method

Mesh for the Finite Difference Method

[¢] o [¢] [¢] [¢] [¢] o *
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The finite difference method for the heat equation

We denote the exact solution by
u(x;, tj)
and its approximation at (x;,t;) by
Wij
Let M and N be the total number of steps in the x and t directions, and let

b—a T
k= —
M N

h =

be the step sizes in the x and ¢ directions.
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The finite difference method for the heat equation

We use the centered-difference formula for u,,

0%u 1
@(az, t) &~ W (u(x + h,t) — 2u(z, t) + u(z — h,t))
with the error
hQ uzmcx(Ch t)

12
and the forward difference formula for u;
ou 1
E(w,t) ~ T (u(z,t + k) — u(z,t))
with the error
kutt(xy 02)
2

wherex —h <ci <x+handt<co <t+h.
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The finite difference method for the heat equation

Substituting into the heat equation at the point (z;,t;) yields

c 1
7z Wity = 2wij + Wim15) & 3 (Wige1 — wij) (15.3)
with the local truncation error given by

O(k) + O(h?)
which is how the solution advances, step by step, in the ¢ variable:
Wi j+1 =wi5 + Z—]z(wi+1,j — 2w +wi—15)
=ow;y1,; + (1 —20)w;j + ow;—1;

where

That is, if u(z,t) is known for 0 <z <1 and 0 < ¢ < ty, one can compute
the solution at time ¢t = o + k.
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Stencil for Forward Finite Difference Method

j+1 [¢]

L L L
i-1 i i1

The Forward Finite Difference Method is explicit, since there is a way to
determine new values (in the sense of time) directly from previously known

values.
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Forward Difference - explicit heat equation

We can compute w; j11 at time t;4; by computing the matrix multiplication

Wiy = ij + 85

or
wij+1 1=20 o o0 0 wi; Wo,;
o 1—20 o cee : 0
= 0 o 1-20 --- 0 : + :
p 0

wm,j+1 0 N 0 o 1—20 wm,j+1 wm+1,j
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Forward Difference - explicit heat equation

¢ =1, initial condition f(z) = sin(wz), M, = 12, Ny =96, T =02, =7r =10
T =Cyz = éGT:'3<%

1 1
038 08
c
2
3
S 06 06
@ 5
© E
2 ()
2 04 2 04
E S
2
@
2
F 02
0.2

x-axis




Math 1080 > 15. Partial Differential Equations > 15.1 Parabolic problems

Forward Difference - explicit heat equati

¢ =1, initial condition f(z) = sin(wz), M, = 18, Nt =96,T=02=r=0
o= ch% = 9—6%2 675> 1

The numerical solution
=
o IS o o S
The error
=
S o © S

02 02"
01y 1 015 o1
| | s [ 1T s
! , . 08 o < os
5| ¢ N clo | .04
§ I o2 X i 0.2
t-axis "o x-axis t-axis 00 x-axis
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Stability of Forward Difference Method

The main advantage of an explicit method is that there is no need to solve linear systems, as the approximate solution at
time level t = t; 1 can be computed directly from that at previous steps.

However, a useful numerical method must be stable, i.e., error propagation through time advancing should be controllable.
Suppose that the computed solution at time level ¢t = t; is W;; = w;j + €45,
|€ij|§5jv 1§Z§M+].

Wij+1 = Wiji1 +Eijy1 = 0Wit1j + (1= 20)Wij + oWi

hence
€ij+1 = 0€i11,5 + (1 — 20)6,‘,]‘ +ogi—1j, 2<i< M,
Note that if Ky 1
oc=c— < —
h2 — 2
then

eij+1l S oleivr gl + (1 =20)|ei | +olei—1,1< g5, 2<i< M,

i.e., the error is not amplified in time - conditionally stable.

max
1<iSMe+1,1< <Ny +1

|u(wi, t5) — wiz| = O(ke + h3) J
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Stability of Forward Difference Method

Von Neumann stability analysis measures the error magnification, or
amplification. For a stable method, step sizes must be chosen so that the
amplification factor is no larger than 1.

Let u; be the exact solution that satisfies

ujr1 = Auj + 5
and let the computed approximation, satisfying
wjt1 = Aw; + 55
The difference e; = w; — u; satisfies
ej = wj —uj = Awjy + 851 — (Auj1 +851) = A(wj1 —uj1) = Aej

We saw that the method is stable iff the spectral radius
p(A) < 1.

This requirement puts limits on the step sizes h, and k; of the forward finite
ifference method.
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Stability of Forward Difference Method

Notice that
1 -1 0 0
-1 1 -1 --- :
A=-0T+(1—0)I, where T=|0 -1 1 -+ 0
. . 1
0 0o -1 1

The eigenvectors of T are

and the eigenvalues ;
Aj =1—2cos i

m
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Stability of Forward Difference Method

Hence the eigenvalues of A = —0T + (1 — o) are

—o(1—2cos J 1)+1—a:20(cosm7rj_1 -1+1, j=1,...,m.
€(—2,0)
So the eigenvalues range from
—4oc+1 to 1

hence the method is stable iff p(A) < 1 < o < 3.

The Forward Difference Method applied to the heat equation with ¢ > 0 is
stable iff 2ck, < h* (conditionally stable).
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Backward Difference Method

We have seen that for the explicit method k; and h, must be chosen so the
stability condition k, 1
hZ = 2¢
is satisfied. This imposes a restriction on the relative size of h, and k;.
Suppose that the numerical solution corresponding to the current values of k;
and h, is not accurate enough. Itisnatural to try smaller values for k; and h,.
o e

Now assume we use h, = 5.

To maintain the same ratio o, we need to choose l;t such that

ckt —ckt

h2 b2
ie. 1

k¢ Zkt

So, whenever h,, is halved, k; must be quartered - this may lead to use of
prohibitively small time stepsize.
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Backward Difference Method

Approximating

ou WUij — Us 5—1
g (ivta) e

we obtain the backward Euler method
Uig — Uij—1  Uitlj — 2Uij + Uio1

~ 2<i< M,
™ R ; i<

which is always stable.
Again denote by

ki

o=cC—.

h3

Then the numerical scheme is
w1 = uo(x;), 1<i<M,+1

and for j > 2
{ —0U;—1,5 + (1 + 20’)“1']' — OUit1,5 = Ui j—1, 2<i< M,

uyj = L(t;), unm, 41,5 =r(t;)
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e Method

Stencil the Backward Diffe

Stencil for Backward Finite Difference Method

L L
i1 i i1
x

For a given approximate solution at t = t;_1,

we need to solve a linear system to find the approximate solution at the next

time level t = ¢; - implicit method.




Math 1080 > 15. Partial Differential Equations > 15.1 Parabolic problems
Backward Difference Method

The Backward Difference Method can be viewed as

Au(s,j) =u(,j—1) +b;

where
1+ 20 —0 0 0
-0 1420 -0 - :
A= 0 —0 1+20 --- 0
: - o
0 0 —o 1420
or

w; = A_l’LUj_l + bj.

As in the Von Neumann stability analysis of the Forward Difference Method,
the relevant quantities are the eigenvalues of A~
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Stability of the Backward Difference Method

Since A=oT+(1+0)I

the eigenvalues of A are

Tj
m+1

Tj
m+1

a<1—2cos )+1+a:1+20—2000s

and the eigenvalues of A~! are the reciprocals. To ensure
p(A™h) <1

we need 1+2 o (1—cosz)|>1
e —

>0 >0

which is true for all o.

Therefore the implicit method is stable for all o, i.e., all choices of A, kt.J

If the solution is sufficiently smooth, the error bound

) — we| = 2
1SisM$in1»ai-}(SjsNt+1 |u(.'l'“ tJ) wzgl O(kt + h:z:)
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Backward Difference - implicit heat equation

¢ =1, initial condition f(z) = sin(wz), M, = 12, Ny =96, T =02, =7r =10
T =Cyz = éGT:'3<%

The numerical solution The error

o o
o @

The numerical solution
o
S
The error

o
N

x-axis
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Backward Difference - implicit heat equation

¢ =1, initial condition f(z) = sin(nz), M, = 18, Ny =96, T =02, =7r =10
a:ch%:§—6T=.675>%

The numerical solution The error

o o
o @

The numerical solution
o
S
The error

o
N

00 x-axis x-axis




Math 1080 > 15. Partial Differential Equations > 15.1 Parabolic problems

Crank-Nicolson Method

So far, our methods for the heat equation consist of

@ explicit method that is sometimes stable (conditionally stable) - forward
difference

@ implicit method that is always stable (unconditionally stable) - backward
difference

Both have errors of size
O(k; + h2) )

when stable.
The time step size k; needs to be fairly small to obtain good accuracy.

The Crank-Nicolson Method
@ is a combination of the explicit method and implicit methods,
@ is unconditionally stable, and

@ has error
O(kf + h3) )
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Crank-Nicolson Method

Approximating u; with the backward difference formula

6’11, U5 — Ui 5—1
ot (irts) ki

and u,, with the central difference formula at (z,t — %k)

d*u 1 1
oz Q(xlat - §k) = ﬁ <ui+1,j—% - 2’(,61 J—3 + U 1]——)
T

we obtain the Crank-Nicolson method

Uij — g 5—1 1 <
——— =~ c— (U 1 — 2uy it g1,
kt h% i+1,j—3 1,7 i—1,5
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Crank-Nicolson Method

uij — ui’j_l 1
— X C— | U; 1 —2u; 1 U; 1) .
ky ~ h% i+1,7—5 L= 5 + i—1,—35

Since the u values are known only on grid points, replacing u(x,t — %k) with
the average of the values at adjacent points

L, t) + u(w,t — k)

1
t— k)~
ule,t = k) ~

we obtain
Uij — Wij—1

1
3 ~ oz (Wig1j = 20+ Uim1 g+ i1 j—1 = 2Ui 51 + Ui1j-1)
t

or

—0U—1,j + (2 + 20)Us5 — OUit1,j = U151 + (2 = 20)ti j—1 + OUit1,5-1 |

where again
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Stencil the Crank-Nicolson Method

Stencil for Crank-Nicolson Method

At each time step, the green open circles are the unknowns and the black
stars are known from the previous step.
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Crank-Nicolson Method

=0t + (24 20)usj — oUip1 ;= OUi1 o1 + (2= 20)ui o1+ OU

Set u; = [u1j,...,um;]”. In matrix form, the Crank-Nicolson Method is

AUj = BUj_l + O'(Sj_l + Sj)

where
2+ 20 —0o 0 0 2 — 20 o 0 0
—0o 2+ 20 —0o o 2 — 20 o
A= , B=
0 —0o 2+ 20 0 0 o 2 — 20 0
: " - - . . . E . .
0 0 —0o 24 20 0 0 o 2—20

T

and S; = [uoj,O,.. .,O,Umj]
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Crank-Nicolson Method - heat equation

¢ =1, initial condition f(z) = sin(wz), M, = 12, Ny =96, T =02, =7r =10

— ek — 2127 1
C=Cpz =g 1 = 3<3

Jio
=
»

N

The numerical solution The error
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Crank-Nicolson Method - heat equation

¢ =1, initial condition f(z) = sin(nz), M, = 18, Ny =96, T =02, =7r =10
UZC%=£$:.675>%

The numerical solution The error

o
@

o
o

14
IS

The numerical solution
The error

o
N

x-axis
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Crank-Nicolson Method - heat equation

¢ =1, initial condition f(z) = sin(nz), M, =12, N, =12, T =02, =7r =0
a:c%:£ﬁ=2.4>%

-

o
@

o
o

The error

o
IS

The numerical solution

o

x-axis
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Stability of the Crank-Nicolson Method

Au]' = BU,J‘_l + O'(Sj_l + Sj)

where
2+ 20 —0o 0 0 2 — 20 o 0 0
—0 2+ 20 —0c . o 2 — 20 o
A= B , B= B
0 —0o 2+ 20 - 0 0 o 2 — 20 . 0
: . . . . : B - B -
0 0 —0o 2+ 20 0 0 o 2 — 20

We must find the spectral radius of the matrix A~ 1B.
Note that
A=0T+ (24 0)1, B=—-0T+(2-0)l.

Let v;, \; be an (eigenvector,eigenvalue) of T', then
A_IBUJ'

(0T + (2+ o)1) (—oXjv; + (2= 0)v;)
1
O'Aj+2+0'( U]+ O')’Uj
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Crank-Nicolson Method - Unconditionally Stable

The eigenvalues of A~ B are
—U/\j—|-2—0' _ 4—(0()\j+1)+2) - é—l
O’)\j+2+0' U()\j+1)+2

where
LZO’( /\j +1)+2>2
~—
>—1
because

mj
A=1-2
j COS +1

The Crank-Nicolson Method applied to the heat equation u; = cug, with
¢ > 0 is stable for any step sizes h,, ki > 0.
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The wave equation with speed ¢

U — gy = 0, on (a,b),t >0
It is hyperbolic: A = B? —4AC = 4¢* > 0.
Boundary conditions:

forallt >0

Initial Conditions:
u(z,0) = f(x),
’LLt(ZL',O) = g(l‘)

Describes the of a wave propagation along the z-direction.
It models:

for all z € [a,b]

@ magnetic waves in sun’s atmosphere
@ oscillations of a violin string
u is amplitude represents

@ physical displacement of the string (for the violin)

@ local air pressure (for the a sound wave traveling in the air)




Math 1080 > 15. Partial Differential Equations > 15.2 Hyperbolic Equations

The wave equation - analytic solution

Consider the problem

U — gy = 0, on (0,1),t >0
u(0,t) =0,
w(1.6) = 0 forallt >0
u(z,0) = f(z),
e (2,0) = 0 for all z € [0,1]

The solution is

uleyt) = 5 (fla+et) + fla — )

provided that f € C?(R) and is extended to the whole R by
f(=x)=—f(z) and f(z+2)=f(x)

Indeed
we =g (et et) 4 o —ct)), w=5(f )~ o)
zm=§wu+m+ﬂ@—m»zm=§ww+m+ﬂ@—M>
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The wave equation

Wave Equation - f stencil

(e8]
r )
KRN
’ B
B ~
’ N
K .
G \
2 ‘ N
2 ’ .
E , '\
- ’ N
/ K
-’ B
4 s,
0 N
v N
’ S
_ o «
(x-ct,0) (x.0) (x+ct,0)
.
x-axis

To compute u(z,t) one needs to know f at only two point on the x-axis,
x+ct and xz — ct.
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The wave equation

To discretize the wave equation use centered-difference:

Uijp1 = 25+ Uij-1 g Ui-1y = 2Uij Uit

k2 h2 =0
and with
k
oc=c—
h
we can solve for the solution at the next step
. =(2_22) ..+2‘ .+2. . — s A
Wi, j+1 0" )Ujj T 0" Ui—1,5 T O Uit 1,5 — Ugj—1 J

This formula cannot be used for the first time step:

2 2 2
U1 = (2 —20%)uip + 0 Ui—1,0 + 0 U410 — Ui—1
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wave equation

Wave Equation - Explicit stencil

x, i ‘k)

o ) o
(x=h,t) (x+h,t)

t-axis

®
t=k)

x-axis,

— 2 2 2
i1 = (2= 207wy + 0% ui1,5 + 07 Uig1,j — Ui ]
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The wave equation

We approximate the initial data at the first time step with three-point
centered difference formula

Uil — Ug,—1

g(xs) = w4, t0) = %

ie.,
ui—1 ~ up — 2kg(z;)

and the difference formula at j = 0 gives
uin = (2 — 20%)uio + 02ui—1,0 + 0 uip1,0 — wir + 2kg(x;)

or

u = (1 — 0?)ugo + kg(x;) + %Z(Ui—Lo + Uit1,0) J
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The wave equation

o2 2 — 202 o2
A=
0 o2 2 — 202 0
-
0 0 o2  2-202
The initial equation
w11 wio = f(z1) g(z1) woo = £(to)
0
1 5
=-A +k + -0 :
2 :
0
W1 Wmo = f(zm) g(xm) Wm+1,0 = 7(to)
and the subsequent steps
w141 w1 w11 wo; = £(tj0)
0

0
Wi, j+1 Wimj Wi, j—1 Wmt1,5 = T(t5)
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Stability of the wave equation - CFL condition

The matrix form allows to analyze the stability characteristics of the explicit
Finite Difference Method applied to the wave equation.

The Finite Difference Method applied to the wave equation with wave speed
¢ >0 is stable of o = cf < 1.

Proof. In matrix form
Ujp1 = Auj —uj_1 +0°s;

where s; holds the side conditions. Since w41 depends on both u; and u;_,
to study error magnification we rewrite it as

Wj41 . A —I wy 2 Sj
=L L el
to view the method as one-step method recursion.

Error will not be magnified as long as the eigenvalues of A = [ fll _OI ] are

unded by 1 in absolute value.
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Stability of the wave equation - CFL condition

Proof (continued)
Let A # 0, (y,2)T be an eigenvalue/eigenvector of A, i.e.,

Ay =Ay — 2z (1
——
=u
Hence p is an eigenvalue of A,
weE (2 —40%2).

Now
c0<1l=>-2<u<2

To finish, show that for a complex number J, % + A is real and has
magnitude at most 2 implies |A| = 1. [ |
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Elliptic Equations

Laplacian

Let u(z,y) be a twice-differentiable function, define the Laplacian of u as

AU = Ugg + Uy

The Poisson Equation:
Au(z,y) = f(z,y).

The Poisson equation with f(x,y) = 0 is called Laplace equation.
A solution to Laplace equation is called a harmonic function.
The Helmholtz equation:

Au(x,y) + C’U,(ll,',y) = f(x’y)
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Mesh for the Finite Difference solver of the Poisson Equation with Dirichlet BC
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Use the centered difference formula

F(2) = o5 (& = ) = 2 () + (& + )

to obtain the five-point formula for the Laplacian

1
Au = = (ulx = hyy) + (@ + h,y) +u(e,y — h) +ule,y +h) - u(z.y) )
which is of order O(h?), because the local error is
h2
12 (Uawza (§,Y) + Uyyyy (T,7))

The elliptic equation
Au+ fu=yg
on grid points writes

2 2
Uit~ Uim1 — Uig+r — Uij—1 + (4= h7fij)ui; = —h7gi
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Helmholtz Equation: Five Point Star
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Q=1[0,1] x [0,1],~ = 1, nine interior grid points.

y-axis
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There are nine equations

—Ug1 — upr — w12 — uio + (4 — A% fi1)uir = —h%gn
—ugp — U1 — Uz — ugg + (4 — h? far)uor = —h%gay
—Uu41 — Ug1 — U3z — U3z + (4 — f31)u31 = —h2gs
—ugy — gz — w1z — u11 + (4 — h? fio)uio = —h2g12
—ugo — U1z — Upz — U2y + (4 — h? fao)uss = —h2gas
—Ugp — Uz — Uzz — uzy + (4 — 2)“32 = —h%gs2
—Ugg — ug3 — u14 — Utz + (4 — k% fi3)urs = —h%g13
—U33 — U3 — U4 — U22 + (4 3)“23 = —h2923
—U43 — Ugg — U3s — U3z + (4 — h2f33)u33 = —h?%gs3

45 coefficients - 12 known (at the boundary terms) = 33 nonzero entries, out
of 81 in a 9 x 9 system.
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A: b

The coefficient matrix

4-h2f11 -1 0 -1 0 0 0 0 0
-1 4-h2foq —1 0 -1 0 0 0 0
0 -1 4-h2 f31 -1 0 -1 0 0 0
-1 0 -1 4-h2f1 -1 0 -1 0 0
A= o -1 0 -1 42 fao -1 0 -1 0
0 0 -1 0 -1 4-h2 f35 -1 0 -1
0 0 0 -1 0 -1 4-h2f13 -1 0
0 0 0 0 -1 0 -1 4-h2 fo3 —1
0 0 0 0 0 -1 0 -1 4—h2 f33

The unknowns (in natural ordering)

T
= [U11, U21, Uys1, U12, U22, U32, U13, U23, U33)
The RHS

—h%g11 + u1o + uo1
—h%ga1 + ug
—h<g31 + u30 + w41
—h%g12 + ug2
b= | —hZ2ga
—h2g32 + uaz
—h%g13 + w14 + uo3
—hZga3 + uz4
—h%g33 + u3sa + ua3
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Random Walks

Random walk

A random walk W; : Ry — R is defined on the real line, by

Wo=0
moving a step of size s; at each integer time ¢

where s; are independent and identically distributed random variables.

Here we assume each s; = 41 with equal probability %

Discrete Brownian motion

Discrete Brownian motion is the random walk given by the sequance of
accumulated steps

Wi =Wy +s1+ 82+ + s,
fort=0,1,2,....
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Random Walks

Since a random walk is a probabilistic device, let's recall some concepts from
probability. t— W,

@ For each ¢, the value of W; is a random variable

@ A sequence of random variables {Wy, Wy, Wa, ...} is a stochastic
process

@ The expected value of a single step s; of the random walk W} is
E(si) = (0.5)(1) + (0.5) x (1) =0

@ and the variance of s; is

E[(s; —0)%] = (0.5)(1)* + (0.5) x (-1)* =1
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Random Walks

@ The expected value after an integer ¢ steps is

E(Wt)=E(81+-~-+8t)=E(81)+-~-+£(f32=0

@ and the variance is

VW) = Vst s0) = Visa) oo+ Vis) =
=1 =1

because the variance is additive over independent variables.

The mean and variance are statistical quantities that summarize information
about probability distribution.




Math 1080 > Stochastic Differential Equations > Discrete and continuous Brownian motion

Random Walks

The fact that
@ the mean of W;: E(W;) =0, and
@ the variance V(W;) =t

indicates that if we compute n different realizations of the random variable
W, then the

th+"'+th
n

sample mean = E,,.(W;) = ~0

and

1_E)2 ... n_ )2
sample variance = Ve (W) = (W, o)+ :‘ (Wi s) ~t
n—

should approximate ~ 0 and ~ ¢.
The sample standard deviation = /sample variance, also called standard

error.
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Random Walks

Many interesting applications of random walks are based on escape times,
also called first passage times.

The escape time

Let a, b be positive integers, and consider the first time the random walk
starting at O reaches the boundary of the interval [—b, a].

It can be shown that the probability that the escape time happens at a
(rather than —b) is exactly aLer.
The expected length of the escape time from [—b, a] is known to be ab.
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Continuous Brownian motion

So for the standard random walk W; at time ¢,
the expected value and variance
E(Wt) =0 and V(Wt) =1t.

Imagine now that double the number of steps are taken per unit time. If a
step is taken every % time unit, the expected value of the random walk at
time ¢ is still 0

EW;) =0
but the variance is changed to

V(Wt) = V(81 4+ .4 Szt) = V(Sl) 4.4 V(S%) =21,

since 2t steps have been taken.
To keep the variance fixed while we increase the number of steps, we need to
reduce the (vertical) size of each step.

If we increase the number of steps by a factor k, we need to change the step
height by a factor of \/LE This is because multiplication of a random variable
by a constant changes the variance by the square of the constant.
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Continuous Brownian motion

W} = the random walk that takes a step s¥
@ of horizontal length + and with

o step height j:ﬁ with equal probability

Then the expected value at time ¢ is still
kt kt
EW[) =Y E(sf)=>_0=0,
=1 =1

and the variance is

V(W) = gV(si) - f: l(%f (5) + <—%>2 (.5)] - kt% _—

=1

motion.
Now ¢t € R and B; = W is a random variable for each t > 0.

The limit W° of this progression as k — oo yields continuous Brownian J
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Continuous Brownian motion

The continuous Brownian motion B; has three important properties:

@ for each ¢, the random variable B; is normally distributed with mean 0
and variance t (Central Limit Theorem).

@ for each t; < t2, the normal random variable B;, — By, is independent of
the random variable B;,, and in fact independednt of all B, 0 < s < ;.

© Brownian motion B; can be represented by continuous paths.
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Computer simulation of Brownian motion

Establish grid of steps:
0=ty <th <--- <ty

on the t-axis and start with By = 0.
Property 2 says that
perty Yy B,, — By,

is a normal random variable with mean =0 and variance = ¢;.
Therefore a realization of the random variable B;, can be made by choosing
from the normal distribution

N(0,t1) = v/t1 — toN(0,1).
We choose B, similarly:
Btg - Btl - N(O,tg - tl): vV t2 - t]N(O, ].),

i.e., choose a standard normal random number, multiply by \/t2 — ¢ and add
it to Btl-

In general the increment of Brownian motion is the square root of the time
step multiplied by a standard normal random number.
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Computer simulation of Brownian motion

In MATLAB use the normal random number generator randn,
with stepsize At = .

k = 250;
sqdelt=sqrt(1/25);
b=0;

for i=1:k

b =0+ sqdeltx randn;
end
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Computer simulation of Brownian motion

Random walk W using N=250 steps, with step height =0.063246
time length T=10
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) ordinary differential equations functions
Solutions to o ) ) are )
stochastic differential equations stochastic processes

Definition

A set of random variables {z;};>¢ is called a continuous-time stochastic
process.

w s z(w, t) € CH0,T].

Each instance, or realization of the stochastic process is a choice of the
random variable x; for each ¢, and is therefore a function of ¢.
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Continuous-time stochastic processes

@ Brownian motion is a stochastic process

@ Any (deterministic) function f can also be trivially considered as a
stochastic process, with variance V(f(¢)) = 0.

© The solution of the SDE i.v.p.

{ dy = rdt + od By
y(0)=0

with constants r and o, is the stochastic process y(t) = rt 4+ o Bs.

Notice that the SDE is given in differential form, unlike the DE.
That is because many interesting stochastic proceses, like Brownian motion,

are continuous, but not differentiable.
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[t6 integral

Therefore, the meaning of the SDE

dy = f(t,y)dt + g(t,y)dB,

is, by definition, the integral equation

y(t) = y(0) + /0 f(s,y)ds + /O o(s,)dB,
| S —

[t6 integral
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It6 integral

Leta=1ty <t; <--+ <tp_1 <t, =">be a grid of points on [a, b].

@ The Riemann integrall is defined as a limit
b
[ e = i riepaes,
a 0—0

where Ati = ti — ti_1 and ti—l S t; S ti.

@ Similarly, the It6 integral is the limit
b
a 6—0

where AB; = By, — By, ,, a step in the Brownian motion across the
interval.

While ¢} in the Riemann integral may be chosen at any point in (t;-1,¢;),
the corresponding point for the Itd integral is required to be the left endpoint
of that interval.




Math 1080 > Stochastic Differential Equations > Adding noise to differential equations

Because f and B; are random variables, so is the Ito integral I = f; f(¥)dBs.
The differential d/ is a notational convention; thus

b
I=/ f dB,

dI = fdB,.

is equivalent by definition to

The differential dB; of Brownian motion B; is called white noise.
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We can approximate a solution to an SDE in a way similar to the
Euler-Method.

The Euler-Maruyama Method works by discretizing the time axis, just as
Euler does.

We define the approximate solution path at a grid of points
a=ty<t1 < - <th_1<tp,=b
and will assign approximate y values

wy <wp <wg < - < Wy

at the respective ¢ points.

{ dy(t) = f(t,y)dt + g(t,y)dB;

y(a) = ya
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Euler-Maruyama Method
Given the SDE i.v.p.

{ dy(t) = f(t,y)dt + g(t,y)d B
y(a) = ya

we compute approximately:
Euler-Maruyama Method

Wo = Yo
fori=0,1,2,...
wit1 = w; + f(ts, wi)(At;) + g(ti, wi) (AB;)
end
where At = tig1 — 1

ABZ = Bti+1 - Bt' ’

i

The crucial part is how to model the Brownian motion AB;:
ABZ = Zi\V Ati,

where z; is chosen from N (0, 1) (generate it with randn).

Each set of {wy,...,w,} we produce is an approximate realization of the
solution stochastic process y(t), which depends on the random numbers z;
that were chosen.

nce By is a stochastic process, each realization will be different, and so the approximations.
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Euler-Maruyama method to a linear SDE

Solve the stochastic differential equation

dX = X x Xdt + p*x XdW,

X(O) = X07

where

A=2

n= ]-7 /8 =1,

Xo=1.

The discretized Brownian path over [0,1] has dt = 278.
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Euler-Maruyama method to a linear SDE

0 0.1 0.2 0.3 0.4 05 0.6 0.7 0.8 0.9 1
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Black-Scholes

The references:

% Desmond Higham,

% An Algorithmic Introduction to Numerical Simulation of
% Stochastic Differential Equations,

% SIAM Review,

% Volume 43, Number 3, September 2001, pages 525-546.

% Desmond Higham,

% Black-Scholes for Scientific Computing Students,

% Computing in Science and Engineering,

% November/December 2004, Volume 6, Number 6, pages 72-79.

The codes:
http://www.sc.fsu.edu/burkardt/m_src/sde/sde.html

http://www.sc.fsu.edu/burkardt/m_src/black_scholes/black_scholes.html
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Definition

An SDE has order m if the expected value of the error is of mth order in the
step size, i.e.,

for any time T,

E{ly(T) —w(T)[} = O((At)™)
as At — 0.

It is a surprise that,

@ unlike the ODE case where the Euler Method has order m =1,

@ the Euler-Maruyama Method for SDEs has order m = %
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Milstein Method

To build an order 1 method for SDEs, another term in the “stochastic Taylor
series” must be added to the method.

{ dy(t) = f(t,y)dt + g(t,y)dB;
y(a') = Ya

Milstein Method
Wo = Yo
fori=0,1,2,...
wir1 = w; + f(ts, ws) (At;) + g(ti, wi)(AB;)
+39(ti, ws) 52 (¢, wi) (ABi)? — At;)

end
Aty =tip1 =t
AB; =B, - By, -

i

where
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Milstein Method

The Milstein Method has order 1.
Note that the Milstein Method is identical to the Euler-Maruyama Method if
there is no y term in the diffusion part g(y,t) of the equation.

In case there is, Milstein will converge to the correct stochastic solution
procce3ss more quickly than Euler-Maruyama as the step size h — 0.
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