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CHAPTER 1

A brief summary on Linear Algebra

1. Matrices

DEFINITION 1.1.

o Letm,n € N. We call a matrix having m rows and n columns A € My, ,(K), with
elements in a field K =R,C a set of m x n scalars A = (a; j)i=1:m,j—1:n, aij €K
represented in the following rectangle array:

ailr  an ain
a1 an an
A= .
aml Adm2 " Amn
When K =R or C we explicitly write A € R™*" or C"*".
o The vector (ay1,a, - ,dss) is the main diagonal, where s := min{m,n}.

o [fm =n we say A is a square matrix.
o The matrix A is symmetric if
ajj =aj Vi, j (symmetric)

and denote it A = AT .
e The matrix A is hermitian if

ajj=aji  Vi,j (hermitian)
and denote it A = AT = AH = A*,
1.1. Operation with matrices. Let A = (a;;),B = (b;j) € Muxn(R).

DEFINITION 1.2. We say A = B ‘A equals B’ ifa;j = b;; Vi=1:m,j=1:n.
Moreover, we define the operations:
matrix sum: A+B = (ajj+bjj).
The neutral element in a matrix sum is the null matrix, still denoted 0. (Matlab:
zeros(m,n).)
matrix multiplication by a scalar: A = (Xj), A €K
matrix product: A € 4 (m,p),B € M (p,n) = A-B=C € .4 (m,n) with entries

P
c,-j:Za,-kbkj, i=1l:mj=1:n.
k=1

The matrix product is
e associative: (A-B)-C=A-(B-C)

o distributive wrt matrix sum: A-(B+C)=A-B+A-C

~
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REMARK 1.1. In general the matrix product is not commutative: A-B # B- A.

COUNTEREXAMPLE 1.1.

wn-[} 3] umac[t 0]

DEFINITION 1.3. The square matrices for which A-B = B-A holds are called commutative.

EXAMPLE 1.1. Diagonal matrices (and in particular the identity matrix)

di 0o - 0
0 dy - 0

D= . . . (diagonal matrix)
0 0 - dy

or2 x2rotation matrices.

DEFINITION 1.4. In the case of square matrices, the neutral element in the matrix
product is a square matrix of order n called unit matrix or identity matrix

10 -~ 0
01 - 0

I, = (6;) = T (identity matrix)
00 - 1

which is by definition the only matrix s.t.
AL, =LLA=A, VA € My .
Matlab: I, = eye(n), or eye(n,n).

DEFINITION 1.5. A diagonal matrix is a matrix with non-zero elements on the main
diagonal.

>> diag([11,22,33])

ans =
11 0 0
0 22 0
0 0 33
>> A = [101 102; 201 202];
>> diag(A)
ans =
101
202

DEFINITION 1.6. IfA € # (n,n), p € N, we define
AP =AxAx---xA (p-times),
A'=1,.


 https://en.wikipedia.org/wiki/Rotation_matrix
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1.2. Inverse of a matrix.

DEFINITION 1.7. A square matrix A € .# (n,n) is called invertible (or regular or
nonsingular) of there exists 3 a square matrix B € 4 (n,n) such that
A*xB=B*A=1,.,.

The matrix B is called the inverse of A and is denoted by A~', or inv(A).
A matrix which is not invertible is called singular.

REMARK 1.2.
o The set of singular matrices is of ‘measure’ 0, but non-empty!
Examples:
L2 3 S e 7 s
Ar= ‘7‘28’ =19 10 11 12
13 14 15 16

> A1 =[123;456; 7 809];

>> inv(A1)

Warning: Matrix is close to singular or badly
scaled. Results may be inaccurate. RCOND =
1.541976e-18.

ans =
1.0e+16 *
-0.4504 0.9007  -0.4504
0.9007 -1.8014 0.9007
-0.4504 0.9007  -0.4504
>> det (A1)
ans =
6.6613e-16
o If A is invertible, its inverse is also invertible, with (A_l)_1 =A.
>> inv(inv(A1))
Warning: Matrix is close to singular or badly scaled.
Results may be inaccurate. RCOND = 1.541976e-18.

Warning: Matrix is close to singular or badly scaled.
Results may be inaccurate. RCOND = 9.251859e-18.
ans =

0.0000 0.5000 1.0000

1.0000 0.7500 0.5000

2.0000 1.0000 0

>> Al*xinv (A1)

Warning: Matrix is close to singular or badly scaled.
Results may be inaccurate. RCOND = 1.541976e-18.

ans =



4 0 2
12 -8 4
16 -16 16
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e IfA,B are invertible, (A * B) is also invertible, and (AxB)~' = B~1A~1,

DEFINITION 1.8. We call the transpose of a matrix A € R™*" the matrix B := AT €
R™™ obtained by exchanging the rows of A with columns of AT :

b,’j = aﬁ.
Example:

A

1 2 3 r
4 s 6]6///(2,3), A

|

> A=1[123; 45 6];
>> A?

REMARK 1.3.
o Clearly
AT =A,  (A+B)T =AT +BT;
o [f A is invertible (a square matrix), then
ATyl =@ T =aT.
DEFINITION 1.9. Let A € C™". The matrix B := A"
pose of A if
bij=aj;.
DEFINITION 1.10. The matrix A € R"*" is called
e symmetric if
A=AT,
e antisymmetric or skew-symmetric if
A=—AT,
e orthogonal if

AAT = ATA = L, A7l

ie.,
The matrix U € C™" is called
e unitary if
U'U =14, =UU".

Matrices A,B are

O R S

(AxB)T =BT x AT,

€ .#(3,2).

(o) RNV, TN

(aA)! = AT, Va e R.

€ C"™™ is the conjugate trans-

(conjugate transpose)

(symmetric)

(skew-symmetric)

=AT. (orthogonal)

(unitary)
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o similar matrices if there exists a matrix P nonsingular such that
B=P AP (similar)
e unitarily similar matrices if there exists a unitary matrix U such that
B=U""AU. (unitarily similar)
REMARK 1.4. The product of two symmetric matrices is NOT a symmetric matrix:
1 2 1 3 7 5 7 14
{2 4“31}:[14 10]7{510}
1.3. Trace and determinant of a matrix.

DEFINITION 1.11. Let A € .4 (n,n).
e The trace of A is

tr(A) =an +a2+---+ap,. (trace)
e The determinant of A is defined (in the Leibniz form) as

det(A) = Z sign(7m) aix arg, - - ann, - (determinant)
nESy

> A =1[12 ; 3 4];
>> trace(A)

ans =
5
>> det (A)
ans =
-2

PROPOSITION 1.1.

aim, if n=1
det(A) = z": (_1)i+j aijhij, for n>1 (Laplace expansion)
j=1
where minors A;j are
A;j = det(A;)), (minors)

and A;j is the matrix obtained by eliminating the i-th row and j-th column from A.

PROPOSITION 1.2. If A is invertible, then

1
-1 .
o th
det(a) "
Gij= (*1)i+jAji, i,j=1:n, (adjugate matrix)

. . . irix AT
i.e., C is the transpose of the matrix of cofactors ((fl)’ﬂ A; j) .


https://en.wikipedia.org/wiki/Determinant
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1.4. Special matrices. LetA € .# (n,n), L,U € 4 (n,n).

l11 0 0 07
by fn 0 O
L= . ) , (lower triangular)
Enl £n2 T grm ]
up uz o Ui |
0 wup -+ umpm .
U= . . . (upper triangular)
0 0 U |

PROPOSITION 1.3.
o det(L) =Ly Lyp,det(U) = uyy -ty
° inV(Ll) =1, il’lV(U]) =U,.
o L1xly=1L13 Uy xU,=Us.

DEFINITION 1.12. Unit triangular matrix is any (upper- or lower-) triangular ma-

trix which has only 1 as diagonal entries.

1.5. Eigenvalues and eigenvectors.

DEFINITION 1.13. Let A € Myxn(R or C).

The number A € C is called an eigenvalue of A if there exists a non-null vector 0 # x € C"
such that

Az = Azx.

The vector x € C" is the eigenvector associated with the eigenvalue A.
(A,x) € C"™! is called an eigenpair of A.
The set of eigenvalues of A is called the spectrum of A, denoted 6(A)

o(A)={A €C; Aisan eigenvalue of A} C C. (spectrum)
REMARK 1.5.
o The eigenvalue A corresponding to the eigenvector x can be computed by the
Rayleigh quotient
H

A
A= QSHJ (Rayleigh quotient)

zHx

o The eigenvalue A is the the solution of the characteristic equation
pa(A) =0, (characteristic equation)
where
pa(r) :=det(A—rl) (characteristic polynomial)

is the characteristic polynomial, hence having n roots (complex numbers), i.e.,
the matrix A € M (n,n) has n eigenvalues, not necessarily distinct!

PROPOSITION 1.4.

n n

det(A) = H)Li trace(A) = Zki. (L.1)

i=1 i=1
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PROOF. This is a consequence of the Faddeev—LeVerrier algorithm,
0=(-1)"A—=21) (A —4y) = det(A = A1) = pa(2)
= (—=1)"A" 4 (=1)""'"A"'trace(A) 4 --- +det(A), (Faddeev-LeVerrier algorithm)
which calculates the coefficients of the (characteristic polynomial). (]

REMARK 1.6. From the first relation in (1.1) we see that the matrix A is singular
(non-invertible) if and only if there exists an eigenvalue A; = 0, since

pa(0) = det(A) = 0.

DEFINITION 1.14. The maximum module of the eigenvalues of A is called the spectral
radius of A is:

A) = Al tral radi
p(A) }Lreng(y/i)| | (spectral radius)

EXAMPLE 1.2.

A:H ﬂ pA(l)zdet(A—lI):det[ 3_)%]:(1—1)(3—/1),

M=1,1 =3, o(A)={1,3}, (spectrum of A)
det(A)=1-3=3, trace(A) =1+3 =4, p(A)=3.

1-2
0

Calculate x| (corresponding to A = 1):

a-mne—o [ ][]

0-x+2-y=0 R |1
{0-x+2-y=0’ y=0x=1, “"‘{0}

Calculate x, (corresponding to 2y = 3):

awomen [, 2]51-[3]
1
1

{ 0-x+0-y=0 "~ ¥=Ly=1 mz—{
2. Scalar product and norms in Vector Spaces

Let V = R” be a vector space.

DEFINITION 2.1. A scalar product on a vector space V isamap (-,-) : V. xV =R (or
C) such that

(1) is linear w.r.t. vectors in'V:
(ax + by, z) = alx, z) + b(y, 2)

(2) is hermitian (commutative):

(z,y) = (y,z)
(3) positive definite:
(x,x) >0, Va # 0.

DEFINITION 2.2. The map || || : V — Ry is a (vector) norm if


https://en.wikipedia.org/wiki/Faddeev–LeVerrier_algorithm
https://en.wikipedia.org/wiki/Spectral_radius
https://en.wikipedia.org/wiki/Spectral_radius
https://en.wikipedia.org/wiki/Dot_product
https://en.wikipedia.org/wiki/Norm_(mathematics)

14 CHAPTER 1. A BRIEF SUMMARY ON LINEAR ALGEBRA

(1)

[[lv] >0 Vo (non-negativity)
and

lv|=0<v=0. (positive-definiteness)

(2)
lav|| < |a|-|v]] (homogeneity)

3)
lv+w| < || +|w]| (triangle inequality)

EXAMPLE 2.1.

e Holder norm:

el = (L)

x=linspace(0,1,100);
set(groot, ’defaulttextinterpreter’,’latex’);
yl = 1-x; y2 = (1-x.72).7(1/2); y4 = (1-x.74).~(1/4);
y10 = (1-x.710).~(1/10); y100 = (1-x.7100).~(1/100);
grid on; hold on
plot(x,yl,’*-’,x,y2,°d-?,x,y4,%0-’,x,y10,7+-7,
x,y100, ’pentagram-’, ’linewidth’,2)
legend(’1-norm’,’Euclidean 2-norm’,’4-norm’,’10-norm’,...
’100-norm’,’location’, ’best?)
title([’1st quadrant of unit spheres in $\ell_p$ norms, °
’$p$=1,2,4,10,100°], ’interpreter’, ’latex’)

e Euclidian norm (p =2): ||z|, = (x,x) = (Zx%) %
o ||zllo =max|xi|, e[ =Xlxl
x =[1;2;3;4],
||z|l2 = norm(x) = 5.4772,
lz]|1 = norm(x, 1) = 10,

le]|c = norm(x,inf) =4,
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lz]|4 = norm(x,4) = 4.3376.
Matlab computes vector norms:
>> x=[1;2;3;4]

S wWw N -

>> norm(x,2)
ans =
5.477225575051661
>> norm(x,1)
ans =
10
>> norm(x,inf)
ans =
4

>> a = norm(x,4)

a =
4.337613136533361
PROPOSITION 2.1 (Cauchy-Schwarz and Holder inequalities).
(z,y) <z llyll, (Cauchy-Schwarz inequality)

1 1
(x,y) <z, vl Vp,q € [l,00] suchthat —+—=1. (Holder inequality)
P q

>> x=[1;2;3;4]1;y=[11;12;13;14];
>> x7 % y

ans =

130
>> norm(x,2) * norm(y,2)


https://en.wikipedia.org/wiki/Cauchy–Schwarz_inequality
https://en.wikipedia.org/wiki/Hölder's_inequality
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137.4772708486752
>> p=4;q=4/3;
>> norm(x,p) * norm(y,q)

ans =
153.5624642407844

PROPOSITION 2.2. All norms are equivalent in finite dimensions.

For example:

1
@] < 2]z < Vi@, (since: max|x| < (¥ )" < viamax|x),
lz|2 < ||zl < vallz|-. (use the (Cauchy-Schwarz inequality) for last inequality)

REMARK 2.1. The equivalence between £, norms is a consequence of the following
inequality between GENERALIZED MEANS:

M, <M,, vp <,

where

n

1 1
Mp()C],"',-xn) = (Ez-xll‘))pv p€R7p7AO7
i=1

M1, ) = (T ;)

==

From Example 2.1 we see that indeed:

2l < |2l < V2 |||,
M~ N ———
4 5.4772 8

]2 < ||zl <2- 2],
~—— N—\—

~—~——
5.4772 10 10.9345

DEFINITION 2.3. x,y €V are orthogonal if
(z,y)=0. (orthogonality)
EXAMPLE 2.2.

x=[0;1], y=[1;0], aly=[01] { (1) } =0

In R? the scalar product has a geometric interpretation:

(@,y) = [|lzll2[yll2cos(8).

[ o1

For example, when


https://en.wikipedia.org/wiki/Generalized_mean
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the angle between x and y is given by

T
2
cos(0) = —= L Y2 _ o707,
lzl2llyll2 2
hence 6 = /4.
2.1. Matrix norms.
DEFINITION 2.4. A matrix norm || - || : R™*" — R if sarisfies

(1) |A]| > 0VA, and |A||=0<A=0
(2) ||oAl = o] [A]
(3) |A+B| < Al +[B]

DEFINITION 2.5. || - || is compatible or consistent with a vector norm || - || if

lAx| < ||A|l - |||l Ve € R". (consistent matrix norm)

DEFINITION 2.6. A matrix norm is submultiplicative if VA € R"™*™ B R™*4  we
have

lAB|| < [|A]l -||B]]- (submultiplicative)

REMARK 2.2 (Counterexample). The submultiplicative condition is NOT satisfied by
all matrix norms!

COUNTEREXAMPLE 2.1. Let
[A]| o = max|ay],

and let

then

and therefore
2=||AB||» > [|A[|lIB]la = 1.
EXAMPLE 2.3. The Frobenius (Euclidian) norm: in C"", compatible with the Eu-

clidean (vector) norm || - ||2:

lAllF = (Frobenius norm)

Indeed, using the Cauchy-Schwarz inequality we have

Ly aijx; ]
1Ax])3 = : =2
Yi_ianjxj ) ||,

Note that ||L,||F = v/n.

<2 ((E@)(£9))-L8 L=

2
1[I [l

2
2-


https://en.wikipedia.org/wiki/Matrix_norm
https://en.wikipedia.org/wiki/Matrix_norm#Consistent_and_compatible_norms
https://en.wikipedia.org/wiki/Matrix_norm#Frobenius_norm
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THEOREM 2.1. Let || - || be a vector norm. The function

[Az|
Al := sup
=40 ||

is a matrix norm called induced matrix norm or natural matrix norm.

(induced matrix norm)

REMARK 2.3. Notice that the definition (induced matrix norm) is equivalent to

A
Al = sup 1221
=1 [l

(1)

PROOF. of Theorem 2.1. This is a direct consequence of Definition 2.4. Indeed, we
have
(1) [l = supy; 2 since [JAx] > 0. Also [|A] = 0= Ax=0Vx#0=A=0.
() [|oA[| = supjy— [[¢Ax]| = || supy— [|Ax] = [ec|[|A]l.
(3) The triangle inequality follows similarly,

since

|Ax]|
sup = sup
=1 Xl yz0

1
ol

which concludes the argument. (]
A special discussion is deserved by the 2-norm or spectral norm.

THEOREM 2.2. Let p(A) be the spectral radius of A. Then

[All2 =1/ p(AHA) = p(A). 2.1)

PROOF. Let (A,v) be an eigenpair of A.

(<) Then by the (homogeneity) of the vector norm, and the definition of the (induced matrix norm),
we have
Av 2
vl =Allels = 4= sup U2 <) < pa),
vro |[v]l2

(>) Conversely,
[Avll2 _ [lAv]2 _ [Alllv]l2 _

|All2 == sup > = =1A|, V(A,v) eigenpair of A.
vro vl — vl vl
Taking the maximum over all eigenvalues A in the spectrum ¢ (A) concludes the argument.
(I
PROPOSITION 2.3.
m
lAl[1 = max Z |aij| (maximum of column sum norm)
I= =)
n
|A]lec = max Z |aij| (maximum of row sum norm)
z':lzmj:1

Relations between Norms and the spectral radius of a matrix

THEOREM 2.3. Let || - || be a consistent matrix norm. Then
p(A) < [Al,  vAeC"™™


https://en.wikipedia.org/wiki/Norm_(mathematics)
https://en.wikipedia.org/wiki/Matrix_norm#Matrix_norms_induced_by_vector_norms
https://mathworld.wolfram.com/SpectralNorm.html
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PROOF. Let A € 0(A) and v # 0 an associated eigenvector. Since || - || is a consistent
matrix norm, we have

[Allv]l = [[Av]] = lAv] < [lAllllofl - = |A] <Al

which concludes the argument. (I

2.2. Positive definite, diagonally dominant and M -matrices.
DEFINITION 2.7. The matrix A € C"*" is positive (semi-) definite if
(Ax,x)(>) > 0, VxeC". (positive definite)

REMARK 2.4. Matrices which are positive definite are not necessarily symmetric, for
example

2 o
A_[Za 2], oa#—1.

Indeed,
<A113 :B> . 2 a X1 X1 . 2x1 + axp X1
et —2—-a 2 x| x - (—2—06)X1 +2xp X2
= Zx% + Oxyas — 2Xx1X0 fgmz’Jer% = 2(x% — XX +x§) >0, Va = [ 2 ] #0.

DEFINITION 2.8. Let A € R". Then the symmetric part and skew-symmetric part of A
are defined as

1
Ay = E(A +AT), (symmetric part)

1
Ay = 3 (A—AT). (skew-symmetric part)

Obviously, A = As + Ags.
If A € C", the symmetric and skew-symmetric part of A are

1

As= 3 (A+A"), (symmetric part)
1

Ag = 3 (A—AH"), (skew-symmetric part)

EXAMPLE 2.4. For the matrix A in Remark 2.4 we have

A—l 2a+12—2—a_ 2 -1
T2 2—a 2 2| «a 20| -1 2|

A ] 2 o 12 —2-a]_ 0 l+a |
$Tol 2—a 2 21 o 217 | -l—-« 0

DEFINITION 2.9. A matrix A € R"™" is (strictly) diagonally dominant by rows if

n : .
laii|(>) > Z |aij|v Vi=1:n, aip - Qi v dip
J=1j# o

(diagonally dominant by rows)


https://en.wikipedia.org/wiki/Definite_matrix
https://en.wikipedia.org/wiki/Diagonally_dominant_matrix

20 CHAPTER 1. A BRIEF SUMMARY ON LINEAR ALGEBRA

aipi

|aii|(>) > Z laji|, Yi=1:n. e ay
J=1j#i )

Ani
(diagonally dominant by columns)

PROPOSITION 2.4. A strictly diagonally dominant matrix that is symmetric with pos-
itive diagonal entries is also positive definite.

PROOEF. Indeed,

(Ax,x) = Z(Za,,xj>x, Za,,x +ZZa,]x,x]>Z(Z|a,]>x +22a,,x,x]

=1 J#i J#i J#i

= Z |aij| (7 +x7) + 2Za,»jx,»x, > Z |aij| (x5 +x7) — 22 laij| x| x;] = Z Jaij| (il — |xj1)?,
i#] J#i i#]j J# i#]

which proves the positive definiteness. (I

EXAMPLE 2.5. An example (the minus second difference matrix):

2 -1 0
A= | —1 2 -1 |,
0 —1 2
and a counterexample
1 3/4 0
Ay=| 3/4 1 3/4
0 3/4 1

The matrix A, is symmetric, but not diagonally dominant, also not positive definite, as
xTAx a2 —0.2426 < 0 for x = [1,—/2,1]7. The spectra

o(A1) = {0.5858,2.0000,3.4142},  o(A;) = {—0.0607,1.0000,2.0607}.

For more examples of symmetric positive definite matrices, see the Hilbert matrix, the
Pascal matrix, and the Wilson matrix.

DEFINITION 2.10. [15] A nonsingular matrix A € R"™" is an M-matrix if a;; <0 for
i # j and if all the entries of its inverse are nonnegative.

M-matrices enjoy the so-called discrete maximum principle: if A is an M-matrix and
Ax <0, then < 0 (where the inequalities are meant componentwise).

PROPOSITION 2.5. [M-criterion] Let a matrix A satisfy a;; <0 for i # j. Then A is an
M-matrix if and only if there exists a vector w > 0 such that Aw > 0.

M-matrices are related to strictly diagonally dominant matrices by the following prop-
erty.

PROPOSITION 2.6. A matrix A € R™" that is strictly diagonally dominant by rows
and whose entries satisfy the relations a;; < 0 for i # j and a;; > 0, is an M-matrix.

See also [1] and [18].


https://nhigham.com/2020/07/21/what-is-a-symmetric-positive-definite-matrix/
https://en.wikipedia.org/wiki/Hilbert_matrix
https://en.wikipedia.org/wiki/Pascal_matrix
https://en.wikipedia.org/wiki/Wilson_matrix
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3. Direct methods for the solution of linear systems

Az = b, Ac Myuyxn, zC' beC",

X1

app app a3z e diy o by

ary ax a3y -+ ay by
X3

A= (a;;)= ) xr = b= i=1l:mj=1:n
( 1]) ail ap a3 Ain ’ ’ bi ’ »J

Xi

aml Am2 Aam3 - Amp ) b
Xn

The i equation writes:
n
Zainj:bi, i=1:m,
=

hence this is a system of m equations, with n unknowns xy, - -, x,.

DEFINITION 3.1. We call solution an n-tuple of & = (x1,--- ,x,)T such that Ax = b.

REMARK 3.1. We will deal only with (in this chapter) real valued square matrices
A e R b e R In such cases, the existence and uniqueness of the solution is ensured if
one of the following assumptions holds:
(1) A is invertible
(2) the homogeneous system Ax = 0 admits the only solution x = 0.

DEFINITION 3.2. (Cramer’s rule)
The solution to Ax = b, A € R"" is formally provided by

_ A
YT det(A)’

where A; is the determinant of a matrix obtained from A by substituting its 70 column by
the RHS b.

j=1:n, (Cramer’s rule)

EXAMPLE 3.1.

1 2 1 5
S E e F e
1 2 5
4 ‘ =2 A=l
~1 —4
= — = 1 = — =
1 ) X2 )
REMARK 3.2. Cramer’s rule is of little practical use! Indeed, if det(A) is evaluated
by Laplace expansion

det(A) = ‘

X1 2.

fn=1,

Ajjaij,  forn> 1, (Laplace expansion)

det(A) :{ an
j=1

then the computational effort for Cramer’s rule is of order (n+ 1)! flops.



https://en.wikipedia.org/wiki/Cramer's_rule
https://en.wikipedia.org/wiki/Laplace_expansion
https://en.wikipedia.org/wiki/FLOPS
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>> n=100; factorial(n+1)
ans =

9.4259e+159
>> n=169; factorial(n+1)

ans =

7.2574e+306
>> n=170;factorial (n+1)

ans =

Inf

EXAMPLE 3.2. For the matrix A is Example 3.1 the computational effort is
det(A): 2%, 1+
Ay 2%, 14+
Ay 2%, 1+
hence 6 = 3! multiplications and 3 additions, plus 2 more divisions to compute x1,X.
EXAMPLE 3.3. The computational cost is “unacceptable” even for ‘small’ dimen-
sions of A. Let’s assume we have a computer with 10° floating point operations per second

(=~ 1 giga flop/sec). Using Cramer’s rule to solve a linear system of only 50 equations it
would take 9.6 % 10" years

1.5¢+ 66 ti 1
¢+ 06 operations = 1.5¢+ 57 seconds x year

51!
10° operations/ second 31449600 seconds

~ 4.7532F 449 years

In 2019:

Mac Pro = 102 gigaflops
Los Alamos ~ 12, 142 faster
In comparison with Cramer’ rule, the Gaussian Elimination Method (GEM):
2_3 operations

30 ~ 8.3333 x 10 Sseconds.
37" 10%perations/second X seconds

Numerical methods as alternatives to Cramer’s rule have been developed:

(1) direct methods: yield the (exact) solution in a finite number of steps.
(ii) iterative methods: they require (theoretically) an infinite number of steps;
at every (iteration) step k, evaluate x(¥)

such that ||w(K)_vaector norm =50

Iterative methods give a sequence of approximate solutions =(¥) — x converging (in what
‘vector norm?’) when the number of steps K — oo tends to infinity.
{w(K)} may give useful results with fewer arithmetic operations than direct methods, but


https://en.wikipedia.org/wiki/Gaussian_elimination
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this is true only for systems with special properties.

REMARK 3.3. For systems Ax = b where A is a
o full / (dense) matrix (most elements nonzero), direct (GEM/LU factorization) methods
are almost always the most efficient.
e sparse (large proportion of elements are zero), iterative methods offer certain
advantages and for some very large systems, they are indispensable.

Stability Analysis for Linear Systems

Forward (a priori) Analysis: sensitivity of the solution « to Az = b to changes in the data
A,b.

DEFINITION 3.3. The condition number of a matrix A is:
K(A) = cond(A) = ||A|||A7Y], (condition number)

where || - || is an induced matrix norm.
The condition number of a singular matrix is set to oo.
(In general, K(A) depends on the choice of || - ||.)

> A=1[123; 456; 7 8 9];
>> cond(A,2)
ans =
5.0523e+16
>> cond(A,inf)
ans =
8.6469e+17
>> det (A)
ans =
6.6613e-16

REMARK 3.4.
(i) An increase in the condition number (of the matrix) produces a higher sensitivity of

the solution to the changes in the data.
A large condition number indicates a ‘nearly’ singular matrix.

(ii) For any consistent matrix norm: k(A) > 1, since 1 = ||I|| = [|[AA~Y|| < ||A||[|[A~!] =
K(A).

(iii) k(A)=k(A™1), andVa € C,a # 0: k(aA) = k(A).

(iv) If A is orthogonal matrix, i.e.,

AAT =ATA =1, (orthogonal matrix)
then k(A) = 1, since ||A|2 = /p(ATA) = /p(I) =1, A" = AT.
(v) For p=2, kx(A) = [|A[o]|A~" [l = =)l (see (2.1))

Consider the equation


https://en.wikipedia.org/wiki/Sparse_matrix
https://en.wikipedia.org/wiki/Invertible_matrix
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with the exact solution &, and an ‘approximate/computed’ solution Z:
AT ~ b.
Let us define the residual as:
r=AT—Db, r=Ax—b. (residual)
We note that since
r=0 < x=A"'b isthe exact solution,
it is natural to expect that if
r<1 =« tobe an accurate solution.

Now let’s look at this is by actually considering the error (in the ‘approximate solution’ &):

e=z—-Z=A"b—A'Az=-A""(Az-b) =-A"'T. (error)

We see that the error could be large, even for small residuals ||7]| < 1, if the matrix A is
‘close to’ being singular (for large size ||A~!||). See e.g., Exercise 5 (1.1):

[7lla=2.1x1073, |7, =1.0x 107°,

€]l =1.4x1073, ||, =1.126.

COUNTEREXAMPLE 3.1 (From section 5.5.1 in [4], an example constructed by W.
Kahan). Let

A 1.2969 0.8648 b— 0.8642
~ | 0.2161 0.1441 |’ ~ ] 0.1440 |

with the exact solution

We note that
det(4) ~ 1.0000e —8 (= 9.999999998544971¢ — 09)
norm(A,2) ~ 1.5803, norm(inv(A)) ~ 1.5803¢ + 08,
cond(A) & 2.4973 ¢+ 08. (ill-conditioned)

Assume that

which gives a residual

~ 1078
r=b—Ax = [ _10-8 } ,

|72~ 141426 8, ||[Fl~ l.e—8, |71 ~2.c—8.

But not a single digit in T is meaningful!
The relative errors component-wise are:

=P T 0.5045
2004870 | = | 07565 |
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therefore a 50% and 70% error in each component of the solution, respectively. In order
to better understand the way in which the ill-conditioning manifests, let us try to compute
x by Gaussian elimination:

0.2161
1.2969 0.8648 | 0.8642 « | 15 ],
02161 0.1441 | 0.1440 |’ ©
1.2969 0.8648 | 0.8642
0 7.7907¢—9 | —1.5421e—8 |’

hence
axy = 7.710694749363256¢ — 09 ~ 7.7907 x 107°
by = —1.542138947097094¢ — 08 =~ —1.5421 x 1078,

with axy being very small, giving

e OIS
Also, remark that in single precision
T = single(A)\single(b) = { _};‘22 } ,
while
z=A\b= 7588888888}22332 ] . (MatLab’s “backslash" operation)

Even if the size of the residual vector gives no direct indication of the error in T, it is
possible to use accurately computed residuals to estimate the error, or even to correct the
approximate solution.

A large condition number indicates a ‘nearly’ singular matrix.

DEFINITION 3.4. The relative distance of A € C"*" from the set of singular matrices
w.r.t the p-norm:

SA
dist,(A) =min { 1841, ; such that A + 8A is singular}.
sa L Al

PROPOSITION 3.1. It can be shown that
1 1

dist,(A) = kp(A) ~ cond,(A)

Forward Error Analysis
Consider the linear system and its perturbation

Az =b,
(A+0A)(x+6x) =b+0b.

THEOREM 3.1. Let A € R™" be non-singular, 8A € R"*" such that
All, <1,  |I6A[, <1.
Then

1oz] _  x(A) <||5b||+5AII)_

x| T 1_ l8A| b A
ol =1 ) B\ ol A
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In particular, if A =0, then
L ||ob|| _ |6z 16|
<1921 < ey 121,
K(A) bl — (=] 1Bl
EXAMPLE 3.4 (Small changes in data (b) = large changes in the solution(x)). Let

A= { 1001 1000 }

1000 1001
which is a symmetric, positive definite matrix, with

eig(A) ={1,2001}, cond(A,2)=p(A) =2001.

1 2001 1
=]oeelam] @]

The relative changes in the data b are small

Also let

1 _
{ 2001 ] = [ 4.9975¢ Og ] , (componentwise)
2001
ob 1
1551} = =3.5338¢ — 04~ 0.03%, (2-norm)
bl 2001v/2
compared to the changes in the solution
0.5002
ox = [ 0.4998 ] , (6x =A\Sb)
which are relatively large:
[6xl> 0.7071
x|, — 1.4142

i.e., about 50% errors in the solution, due to very small changes 0.03% in the data.

EXAMPLE 3.5 (Large changes in data (b) = small changes in the solution(x)). Let
the matrix be the same as in Example 3.4:

4 [ 1001 1000
= | 1000 1001

which is a symmetric, positive definite matrix, with

eig(A) = {1,2001}, cond(A) =2001.

1 1 —2001
R S g

This large data perturbation

Now consider

[16b]|2

= 2001
[1b]]2

yields the solution

5a — { - ] “\b)
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which represents a small relatively change in the solution

82l> _,
I

compared to 2001, the change in the data.
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CHAPTER 2

Direct Methods for Systems of linear equations

1. Naive Gaussian Elimination

Assume A € R"*" is nonsingular and
arg 7& 0. (pivot)

Let us denote A(") = A and consider solving the linear system

Ay =pM ~  [ADD] ~

1 1 1 1
TR AL @
o | T2 G oy by ( a1 )
4 )
where we wrote it in an ‘extended matrix form’.
We introduce the multipliers
)
mij = ’(11), i=2:n (multipliers)
an
and compute (Gaussian Elimination Method)
i" row® = i row") —my; x 13 row(V, (GEM)
agf):al(})—mila(llj), i=2:n,j=2:n
R i=2:n,
obtaining the equivalent system
a(lll) * x| bgl)
AOr—p@  pope=| O H S e
0 O a a
1 1 1 1
R ETAr:
0 ay - a, | by
Or . . .
0 ay - oaw | b

Here is how this is implemented in the MATLAB function NaiveGauss(A), which gives
back a new matrix A, having (the LU factorization, i.e.,) in the left lower triangular part
the multipliers, and the right upper triangular part the matrix above.

29
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% Forward elimination part of the Naive
% Gaussian Elimination (only update of ’A’, i.e. the LU factorization)

function [A] = NaiveGauss(A)

% Given as input:

%  a square coefficient matrix ’A’
% we will have as output:

%  the ’A=LU’ factorization

[m,n] = size(A);
if abs(m-n)>0

error(’The Matrix A is not square’);
end

for k=1:n-1
for i=k+1:n
xmult=A(i,k)/A(k,k);
A(i,k) = xmult;
for j = k+l:n
A(i,j) = A(4d,j) - xmult*A(k,]);
end
end
end

The solution of the system Ax = b by Naive Gaussian Elimination, i.e., the Forward Elim-
ination part (the LU factorization of A and ‘update’ of the RHS b) and the Backward Sub-
stitution (computation of x;s), is implemented in the MATLAB function NaiveSolve(A,b)

% Forward elimination part of Naive Gaussian Elimination "update of ’b’"
% and the backward substitution

function [x] = NaiveSolve(A,b)

%Given input:

%  coefficient matrix ’A’ and RHS ’Db’

% will get output the solution of "Ax=b"

% rx

[A] = NaiveGauss(A);

% This call for the function Gauss gives ’A=LU’ and the index vector ’1°
[n,n] = size(A);

p = length(b);

if abs(p-n)>0
error(’The RHS b has the wrong dimension’)
end

% Forward Elimination update of ’Db’
for k=1:n-1
for i=k+1l:n
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b(i)=b(i) - A(i,k)*b(k);
end
end
% Backward Substitution
x(n) = b(n)/A(n,n);
for i=n-1:-1:1
sum=b (i) ;
for j=i+l:n
sum=sum - A(i,j) * x(j);
end
x(i)=sum/A(i,i);
end

PSEUDOCODE 1.1.
integer i7j7 l,' real array (aij)l:n,lzn; (bi)l:n
fork=1to n—1do
fori=k+1to ndo
for j=kto ndo

.. Lo Gk
aij < ajj a/lckakl
end for
bl‘ < bl‘ — 7ﬂbk
Akl
end for
end for

A special case of the Gaussian Elimination Method (GEM) is the computation of
A~!, the inverse of A matrix (see Remark 1.4).
Operation count in naive/complete GE:

(n=1)+nm-2)4---+1 divisions (multipliers m; ;)
2((n—1)2—|—(n—2)2+~~—|—12) one ‘x’, and one ‘+’ (aij)
2((n—1)+(n—2)+---+1)  one ‘x’, and one ‘+’ (bij)

giving a total of

3, 3

3. 3 (n—1)n(2n—1)
2 2

+7 73

3(l+---+(n—1))+2(1+-~~+(n—1)2):3@4—2,21162:
=1

3, 3 +2n3 2, 1 2n3+n2 7
=n—-n+—-n"t+-=—+——-nx
2 2 3 3 3 2 6
Actually, just for the LU factorization A = LU:
nn—1) (n—Dnn+1) 2 5 n?
2 =-n ——.
P 23 3" T2

There are also n? flops for a backward solve from the triangular system Ux = b hence

(cost of LU factorization)

2
§n3 +2n ~ to solve Ax = b.

REMARK 1.1.

o The Gaussian Elimination Method terminates safely ifA]({I,Z) #0fork=1:n—1.
e Non-zero diagonal entries in A # (does not imply) nonzero pivots !!


HTTPS://EN.WIKIPEDIA.ORG/WIKI/GAUSSIAN_ELIMINATION
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COUNTEREXAMPLE 1.1. Consider the matrix:

1 2 3

AV=12 4 5
|7 8 9
(1 2 3

AD=10 0o -1
0 -6 —12

where the leading principal minors are

di =1, (fz:det<|:

N =
ENN )
—_
N~
I
o

If the original 2" and 3™ rows are switched:

12 3
cV=17 89
2 45
12 3
c=10 -6 —-12
0 0 -1

REMARK 1.2. The GEM can be safely employed on matrices which are

©
2D
7
©
D)
2

e diagonally dominant by rows or diagonally dominant by columns (see Theorem

4.1),

o SPD (symmetric: AT = A, and positive definite: xT Ax >0 Vx # 0) (see Theo-

rem4.2).

1.1. Solution of Triangular Systems.
Forward Substitution
For example, consider the nonsingular 3 x 3 Lower triangular system

[ fn 0 0 X1 b1
b1 b O x| =1 b |, li; 20, i=1:n=
| 31l U3 x3 b3

=

x1 = by /[l
1 i—1
xi:—(b,'—z&jxj) i=2:n.
gii j=1

Operation count:

¢ 5. _ n(n+1)
X\ 1424+ n= =5 -

=il 24 -+ (n— 1) 5
hence n” flops.

1=b1/ln, x2=(by—{lnx1)/ln2, x3=(b3—{31x1 —l30x2) /{33,

(forward substitution)
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Backward Substitution
Similarly, consider the nonsingular 3 x 3 Upper triangular system

upy w2 v Uy Xy by
0w oo uzy ) b> . .
= , withu; #0, i=1:n,
0 0 - upy Xp b,
Xn = bn/unn
1 /! backward substitution)
xi:f(bif Z uijxj) i=n—1:1. (
Uii j=it1

Operation count:

0\ 1+2+...+n:w
‘+,_’ . 1+2—|—-.+(n_1): (n_zl)n

hence n? flops.

REMARK 1.3. IfA = LU, then solving Ax = b is equivalent to solving two triangular
systems
Ly =b,
Ux=y,

i.e., 0(2n?) flops.

REMARK 1.4. [Computation of AL, the inverse of A matrix]
Denote by X the inverse of the nonsingular matrix A € R"*":

AX = XA = Txn,
with columns {x.;}, i.e.,
X1i
X2i
X = [x*lax*27"' ,)C*n], Xxi =
Xni
Then, in order to find the inverse A~ =X, we have ro solve n linear systems
Ax,; = e;, i=1:n,

where e; are the unit vectors of the cartesian coordinates system in R":

0

~.

e = (i™ position).
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Now recall that the cost of LU factorization of A is O (%n3) Therefore solving e; = Ax,; =
LUx,; costs 2 x n*operations, for each i = 1 : n. Finally this means that the total cost of
finding the inverse A=\ is 2113.

1.2. Exercises.
Exercise 1. Show that the system of equations

x1 + 4x + axs =6
2x1 — Xy + 2o0x3 =
ax; + 3x + x3 =5

possesses a unique solution when o, = 0, no solution when @ = —1, and infinitely many
solutions when o0 = 1.

Also, investigate the corresponding situation when the right-hand side is replaced by 0’s.
Solution:

1 4 a | 6 1 4 o | 6 X1 =6—4—ax3=2— ox3,
2 -1 20 | 3|, 0 -9 0 | -9 = x=I,
a 3 1|5 0 3—4a 1—-0o> | 5—-6a (1—a?)x; =2(1—-a).
Hence
x1:2, xy =1, x3=2 (x=0)
0-x3 =4 = NO solutions (a=-1)
0-x3=0 = o number of solutions (x=1)

In the homogeneous case

1 4 o | O | o 0 Xp = —0x3,
2 —1 20 | 0], 0 -9 0] 0 = x=0,
a 3 1] 0 0 2 0 (1—a?)x; =0.

we then have

x1:0, x2:0, x3=0 (x=0)
0-x3=0, x;=x3 = o number of solutions (x=-1)
0-x3=0,, x;=—x3 = oonumber of solutions (x=1)

Exercise 2. For what values of @ does naive Gaussian elimination produce erroneous
answers for this system?

X1+ x =2
ox; + x =24+«

Explain what happens in the computer.

Solution:
1 1 | 2 1 1| 2 BN 2-a P o
a 1 | 2+« 0 I-a | 2—-« Tioa YT =

which for o ~ 1 gives erroneous results.

Exercise 3. Apply naive Gaussian elimination to these examples and account for the fail-
ures.

Solve the systems by other means if possible.
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(a)
3xq; + 2xp =4
—X; - %xz =1
(b)
6x; — 3x = 6
—2x1 + Xo = =2
(c)
Ox; + 2xp = 4
X1 — X2 = 5
(d)
x1 + x + 2x3 = 4
XX + x» + Ox3 = 2
Ox; + x + x3 = 0
Solution:
(a)

{3 24] [32|4}
-1 =2 | 1] o0 | %]

The LHS matrix is singular. No solution: the equations represent two parallel lines in

R2.
(b)
6 —3 | 6 6 -3 | 6
-2 1| =2 0O 0 | 0}’
The LHS matrix is singular. Infinite number of solutions: the equations represent one
line in R?.

(c) The pivot is zero

0 2 | 4

I -1 | 5
so Naive Gauss Elimination cannot be performed.
Switching the equations

{1 -1 5}, =x=2,x="17

0 2 | 4

(d)
112 | 4 11 2| 4
110 | 2], 00 -2 | -2/,
01110 01 1| o

which has a zero pivot, hence Naive Gauss elimination cannot be performed.
Nonetheless, the system has a unique solution x = [3; —1;1].

> A=1[111;110; 01 1];b=[4;2;0];
>> Anew=NaiveGauss(A)

Anew =
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1 0 -2

0 Inf Inf
>> x = NaiveSolve(A,b)
x =

NaN NaN NaN
>> x=Solve(A,b)

5 =
3 -1 1
>> x=A\b
% =
3
-1
1

Exercise 4. Solve the following system of equations, retaining only four significant figures
in each step of the calculation, and compare your answer with the solution obtained when
eight significant figures are retained.

Be consistent by either always rounding to the number of significant figures that are being
carried or always chopping.

0.1036x; + 0.2122x, =0.7381
0.2081x; + 0.4247x, =0.9327

Solution: With four significant digits:

0.1036x; + 0.2122x; =0.7381 (x 338 ~2.009)
0.2081x; + 0.4247x, —0.9327
0.1036x; +  02122x, =0.7381 B -
{ — —0.001610r, = - 5501 2= 3L =697,
With eight significant digits:
0.1036x; + 0.2122x, =0.7381 (x 02081 5 0086873)
0.2081x; + 0.4247x, —0.9327
0.1036x; + 0.2122v, =0.7381 B -
{ — 0.0015434451r, = —0.54991210 2= 39028873, x1 = —722.64834.

>> A = [0.1036 0.2122 ; 0.2081 0.4247]; b= [0.7381;0.9327];
>> [x] = NaiveSolve(A,b)
x =

1.0e+02 *

-7.226524702939380 3.562907442151365

>> y = A\b
ans =

1.0e+02 =*
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-7.226524702939361
3.562907442151356
>> cond(A)
ans =
1.747576038160110e+03

Exercise 5. Consider

0.780 0.563 0.217
A= { 0.913 0.659 ] b= [ 0.254 ] (4.
[ 099 [ 0341
= { ~1.001 } = { ~0.087 } (12)

Compute residual vectors T = AT — b and ¥ = AT — b and decide which of T and T is
the better solution vector. Now compute the error vectors € = x — T and € = x — T, where
x = [1,—1]7 is the exact solution.

Discuss the implications of this example.

Solution: The residuals are

< am_p_ | 0780 05637709991 [0217] _ 5 [ —1.343
T=ATT0=1 00913 0659 || 1.001 0.254 | = —1.572 |
(‘large’)
S Az p_ | 0780 063 0341 ] [0217] _ 6 [ —0.999999999945489
T=ATT0= 00913 0.659 | | —0.087 0.254 | = 0|
(‘small’)
while the errors are
_ [ 0999 1 . 5[1 L
e—w—w:{_l]—{_l.om}—lo [l]’ (‘small’)
[ 1 03417 [ 659 o
e—w—w:[_l]—{_o'om}_lo [9.13]. (‘large’)

Although Z yields a smaller ¢’(107%) residual than Z (namely ¢(1073)), it has larger
errors: O(1) versus &(1073):

[Flla=2.1x1073, ||Fla=1.0x10"°,
lell=1.4x10"3 |&], =1.126.

The problem is ill-conditioned: cond(A) = 2.193 % 10°.
Exercise 6. Consider the system
1074)61 + x =b
X1 + x =b
where by # 0 and by # 0. Its exact solution is
_chith b 107
T1-10% T 1-10f
(a) Let by =1 and by = 2. Solve this system using naive Gaussian elimination with three-
digit (rounded) arithmetic and compare with the exact solution x; = 1.000100010001000
and x; = 0.999899989999000.
(b) Repeat the preceding part after interchanging the order of the two equations.

(c) Findvalues of by and b, in the original system so that naive Gaussian elimination does
not give poor answers.

X1
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Solution:
—4
A:[lol i], cond(A) = 2.618.
(@)
107 1 | 1 107 1| 1]_[ 107 1
11| 2 0 1—10* | 2—10* |~ 0 —9999

X2 =9998/9999 = 0.999899989999000 == 1
x;p=(1-1)%10*=0,

which have order 1 errors.

>> A =[10"(-4) 1 ; 111]1; b=1[1; 2];

>> format long
>> Anew = NaiveGauss(A)

Anew =
1.0e+04 x*
0.000000010000000 0.000100000000000

1.000000000000000 -0.999900000000000
>> x = NaiveSolve(A,b)

1.000100010001281 0.999899989999000

1
—9998 |’

Note that even with 16 significant digits, the first component has last three digits

wrong.
(b) Similarly

1] 2 1 | 20 _ |1 1|
104 1 | 1] |0 1-10" | 1-2%10* | = | 0 —9999 |
X2 =9998/9999 = 0.999899989999000 = 1
x1=2—-1=1
which are very close to the exact solution.

>B=1[11; 10°(-4) 11; b=1[2; 1];
>> Bnew = NaiveGauss(B)

Bnew =

1.000000000000000 1.000000000000000
0.000100000000000  0.999900000000000

>> y = NaiveSolve(B,b)

y:

2

—9998 |’
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1.000100010001000 0.999899989999000
Note that with 16 significant digits, the exact solution is recovered.
(c) In general
1074 1 | by 104 1| b
11 | b |’ 0 1-10* | by—10%p
Forby =by =1wegetx; =1,x; =0.
Exercise 7. Solve each of the following systems using naive Gaussian elimination - that is,

forward elimination and back substitution.
Carry four significant figures.

(a)
3x1 + 4x, + 3x3 =10
X1 + S5xp — X3 =7
6x; + 3xp, 4+ Tx3 =15
(b)
3xp; + 2xp — 5x3 =
2x1 — 3x + x3 =0
X + 4x — x3 =4
(c)
1 -1 2 1 X1 1
3 2 1 4 X 1
5 8 6 3 X3 1
4 2 5 3 X4 —1
(d)
3x1 4+ 2% — X3 =17
5x1 4+ 3xp 4+ 2x3 =4
—Xx1 + xy — 3x3 =-1
(e)
X1 4+ 3x 4+ 2+ x = -2
dx; + 2% + @ x3+ 2xq4 =
2x1  + Xy 4+ 2x4+ 3xq4 =
X1 + 2x 4+ 4dx3+ X4 = —
Solution:

(a) Forward elimination gives

34 3 ] 10 34 3 | 10 3 4 3 | 10
R A A B S T T R N L O
6 3 7 | 15 0 -5 1 | =5 0 0 -8B | o0
and then backward substitution yields
X3:0, )CQZI, x1:2‘
(b) Forward elimination gives

3 2 -5 10 3 2 -5 10 3 2 =510
2 3 1o, o= B ol |o - L o],
1 4 -1 | 4 o B 2| 4 0 0 4 | 4
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and then backward substitution yields

)C3=1, X2:1, )C1=1.

()
(d) Forward elimination gives
32 -1 | 7 O ]
53 2| 41, o 3D
1
| -1 1 =3 | —1 -3
M3 2 -1 | 7 ol
5_ 1 5 11 5_ 23
o TN LT L AR 150
L0 1423=35 3-3=-3 | —l+3=3 =5
(3 2 —1 | 7
11 23
0 -5 35 | =3 |
| 0 0 15 | =37
and then backward substitution yields
37 62 64
X3=——, Xp=——, X|=——.
ST A T A T
The LU factorization of the matrix is
3 2 —1 1 0 0 3 2 —1
53 2= % 1 o||o -1 4
-1 1 =3 -3 -5 1 0 0 15
(e

2. Gaussian Elimination with Scaled Partial Pivoting

In order to avoid division by zero when defining the (multipliers) for the (GEM), the matrix
A can be (totally or) partially pivoted, i.e., we can interchange the (columns and the rows,
or only) rows of A, b.

This can be done according to an order given by the size of the rations of the elements of
the first column with the ‘scales’ of each row.

pseudocode:

e / = index vector
e 5 = scales (DO NOT CHANGE!) ~ the maximum value of the elements on
each row
e — r=ratios: elements on the 1st column, divided by the scales s;
note: the 1st largest ratio gives the pivot row
— update the index vector ¢
— compute the multipliers, and proceed with the Gaussian elimination method

The MATLAB function ‘[A,l] = Gauss(A)’ performs the Forward Elimination with Scaled
Partial Pivoting, taking the matrix A as input, outputting the ‘factorized matrix’ and the
pivoting index /:

%The Scaled Partial Pivoting Gaussian part

% (only update of ’A’, i.e. the LU factorization)
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function [A,1] = Gauss(A)

% Given as input:

% a square coefficient matrix ’A’

% we will have as output:

%  the ’A=LU’ factorization and the pivoting index vector ’1’

[m,n] = size(A);
if abs(m-n)>0
error(’The Matrix A is not square’);
end
%fprintf (°This is the partial scaled Gaussian elimination part: \n\n’)
%
% start with index vector ’1’ being 1=[1,2,...,n]
% and generate a scale vector ’s’
for i=1:n
1(1) = i;
smax =0;
for j=1:n
smax = max(smax,abs(A(i,j)));
end
s(i)=smax;
end
%fprintf (°The (global) scale vector is %1.f \n’)
hs
%fprintf (’The initial vector ell of indexes is %1.f \n’)
AN
fpause
% This is the scaled partial pivoting forward Gaussian elimination
for k=1:n-1
rmax=0;
for i=k:n
r=abs(A(1(1),k)/s(1(i)));
if (r>rmax)

rmax = r;
i=1;
end
end
alpha = 1(j);
beta = 1(k);
1(j) = beta;
1(k) = alpha;

%fprintf (°’\n The iteration(column no.) in partial scaled Gauss elimination is %1.f\n’,k)
%fprintf (’the vector ell of indexes in the partial scaled Gaussian elimination is %1.f \n ?)
yal
for i=k+1l:n
xmult=A(1(i),k) /A1 (k),k);
xmultipliers(1(i),k)=xmult;
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A(1(i),k) = xmult;
for j = k+l:n
AC1(1),3) = A(L(1),]) - xmult*xA(1(k),j);
end
end
%fprintf (’the multipliers for column %1.f \n’,k)
fxmultipliers
% pause
end

while the MATLAB function ‘x=Solve(A,b) ’ solves the linear system using the Scaled
Partial Pivoting procedure and the Backward Substitution.

% Forward elimination part of Scaled Partial pivoting "update of ’b’"
% and the backward substitution

function [x] = Solve(A,b)

%Given input:

%  coefficient matrix ’A’ and RHS ’b’

% will get output the solution of "Ax=b"

% ,X’

[A,1] = Gauss(A);

% This call for the function Gauss gives ’A=LU’ and the index vector ’1’°
[n,n] = size(h);

p = length(b);

if abs(p-n)>0
error (’The RHS b has the wrong dimension’)
end

%fprintf (°’\n This is the backward solve part of algorithm: \n\n’)

% Forward Elimination update of ’b’
for k=1:n-1
for i=k+1:n
b(1(1))=b(1(i)) - A(L(1),k)*b(1(k));
end
end
% Backward Substitution
x(m) = b(A(@))/AQ(),n);
for i=n-1:-1:1
sum=b(1(i));
for j=i+l:n
sum=sum - A(1(i),j) * x(j);
end
x(1)=sum/A(1(i),1);
end
%fprintf (°The solution, using the partial scaled pivoting, is’)
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Matlab’s own function
[L,U,P] = tu(A)

gives the LU-factorization of the matrix A with its rows interchanged according to the
index /¢, equivalently the LU-factorization of the matrix A multiplied to the left by the
permutation matrix P, i.e.,

PA=LU.

2.1. Exercises.

Exercise 1. Show how Gaussian elimination with scaled partial pivoting works on the
following matrix A:

2 —4 1
1 -1 0 -2
A= 3 3 4 3
4 1 0 4

Solution:

> A =[23-41;1-10-2; 3343; 410 4];
>> [B,1] = Gauss(A)

B =
0.5000 -2.0000 -1.0000 -12.4000
0.2500 -1.2500 0 -3.0000
0.7500 -1.8000 4.0000 -5.4000
4.0000 1.0000 0 4.0000
1 =
4 2 3 1
[ 2 -4 1] 4 %:o.s
1 —1 0 -2 2 . 5>=0.5
3 4 3| £=(1,2,3,4), scales: 4 | ratos: % — 075 , 0 =(4,2,3,1),
|4 1 0 4] 4 7 = L: pivot line
(2 3 —4 1] 1/2
bl 0 =2 multipliers: L/4
33 4 3 WHPHELS: |3 /4
4 1 0 4] ©
[0 5/2 -4 -1 2 -2
0 -5/4 0 — .. | 3~0.6: pivot line B o ®
=1 9o/4 4 0| ratios: % , lr=1(4,2,2,1), multipliers: —9/5
4 10 4 ® ©
[0 0 —4 ~7 1
= (O) 75/3 0 - ,ratios: © , l3=(4,2,3,1), multipliers:
4 10 4 © ©
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0 0 0 —62/5
_ |0 54 0 -3

0 0

4 10 4

Then the multipliers (giving the L matrix in Gaussian the LU factorization) are

1/2 -2
1/4 ®©
3/4 —-9/5
© ®©
the U matrix
0 0 0
0 -5/4 0
0 0
4 1 0
and the labels
3= (4,2,3,1), P=

©
©
O]

IONONOXNO]

—62/5

—_ o O O

SO = O

— o O

0

S oo~

Note that when concatenating the above matrices L and U, one obtains the matrix B gener-

ated by the algorithm Gauss(A)

)

4 0

3 0
7510 P70
—62/5 1

1/2 -2 —1 —=62/5
1/4 =5/4 -3
3/4 —-9/5 -27/5
4 1 4
which gives
1 0 0 0 4 1 0
I — 1/4 1 0 0 , U= 0 -5/4 0
3/4 —-9/5 1 0 0 0 4
1/2 -2 -1 1 0 0 0
so that
PA=LxU.
> A=[23-41;1-10-2; 3343; 410 4];
>L=[1000; 1/41 00 ; 3/4 -9/510; 1/2 -2 -1 1];
> U=1[4104; 0-5/40-3; 004 -27/5; 00 0 -62/5];
>P=[0001; 0100 ;0010; 100 0];
>> PxA - LxU
ans =

o O O O
O O O O
O O O O
O O O O

[l )

o = O O

SO O =
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> A=[23-41;1-10-2;3343;4104];

>> [LL,UU,PP]= 1u(A)

1.0000 0 0
0.5000 1.0000 0
0.7500 0.9000 1.0000
0.2500 -0.5000 -0.2632

Uu =
4.0000 1.0000 0
0 2.5000 -4.0000
0 0 7.6000
0 0 0
PP =
0 0 0 1
1 0 0 0
0 0 1 0
0 1 0 0

>> PPxA - LL*UU

ans =
1.0e-15 *
0 0 0
0 0 0
0 0 0.4441
0 0 -0.2220

1.0000

4.0000
-1.0000
0.9000
-3.2632

o O O O

45

Exercise 2. Solve the following system using Gaussian elimination with scaled partial

pivoting:

-2 I -1

4 —1 2

Show intermediate matrices at each step.
Solution:

X1
X2
X3

-2

—1
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2/2

Exercise 3. Carry out Gaussian elimination with scaled partial pivoting on the matrix

1 03 0
0 1 3 -1
3 -3 0 6
0 2 4 -6

Show intermediate matrices.

Solution:

> A=[1030;013-1; 3-306; 024 -6];
>> [B,1]=Gauss(A)

B =
0.3333 1.0000 0 -1.0000
0 1.0000 3.0000 -1.0000
3.0000 -3.0000 0 6.0000
0 2.0000 -2.0000 -4.0000
1 =
3 2 4 1
1 03 0
0 1 3 -1
3 73 0 6 ] E_(172?374)7
0 2 4 -6
3 1-0.(3)
scales: 3 ratios: %ZO 0 =(3,2,1,4)
16|’ ’ §:0.5:pivotline P ASs Rh
6 =0
1 03 0 :
o I3l multipliers: | °
3 3.0 6| MUHPIES g
0 2 4 -6 0
0 1 3 =2 1/3
0 1 3 -1 .| 1/3=0.(3) : pivot line _
=13 3 ¢ ¢ | ratos o | 0 =(3,2,1,4),
0 2 4 -6 2/6=0.(3)



0 1 3

0 1 3

3 -3 0

0 2 4
ratios:
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-2
—1
6 b
—6
0
©
©

1/3 : pivot line

multipliers:

1
©
©
2

=

S W oo

, 3= (3,2,4,1).

Note that concatenating the L and U matrices

0
0
3
0

47

one obtains the matrix B generated by the algorithm Gauss(A)

1/3

B— 0

Exercise 4. Consider the matrix

3

0
—0.0013  56.4972
0.0000 —0.0145
0.0000 102.7513
0.0000 —1.3131

0 -1
1 3 -1
-3 0 6
2 -2 —4
123.4567
8.8990
—7.6543
—9876.5432

0 0 —I
13 -1
-3 0 6|
0 2 —4
0 0 -1

1 3 -1
-3 0 6|
0 —2 —4
987.6543
833.3333
69.6869
100.0001

Identify the entry that will be used as the next pivot element of naive Gaussian elimination,
of Gaussian elimination with partial pivoting (the scale vector is [1,1,1,1]), and of Gauss-
ian elimination with scaled partial pivoting (the scale vector is [987.6543,46.79,256.29,1.096]).

Solution:

[ —0.0013
0.0000
0.0000
0.0000

—0.0013
0.0000
0.0000
0.0000

[ —0.0013
0.0000
0.0000
0.0000

56.4972
—0.0145
102.7513
—1.3131

56.4972
—0.0145
102.7513
—1.3131

56.4972
—0.0145
102.7513
—1.3131

123.4567
8.8990
—7.6543
—9876.5432

123.4567
8.8990
—7.6543
—9876.5432

123.4567
8.8990
—7.6543
—9876.5432

987.6543
833.3333

69.6869
100.0001

987.6543
833.3333

69.6869
100.0001

987.6543
833.3333

69.6869
100.0001

b

)

(Naive Gauss elimination)

0.0145/1
102.7513/1
1.3/1
(partial pivoting)

ratios:

0.0145
46,79,
102.7513
256.2
1.3131 26.29

[ Tooe ~ 1.2 ]
(scaled partial pivoting)

ratios:
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Exercise 5. Without using the computer, determine the final contents of the array (a;;)
after procedure Gauss has processed the following array. Indicate the multipliers by un-

derlining them

) gl

ratios:

1/2
2
2

1/5

1/2
2
17/9
1/5

1 3 2 1
4 2 1 2
21 2 3
1 2 4 1
Solution:
[1 3 2 1] 3 1
4 2 1 2 . | 4 .| I:pivotline
s 12 3| ¢=(1,2,3,4),scales: 3 ,ratios: |
1
|12 4 1] 4 I
(1 3 2 1] : 0 5/2 7/4 12
4 2 1 2 ltioliers: © 1 2
5> 1 o 3 |+ multipliers: % , 0 32 e
|12 4 1] i 0 3/2 15/4 1/2
[0 5/2 7/4 1)2 ® 0 5/2 /4
4 2 : multipliers: © = 4 2 !
0 0 3/2 2| MUHPEEE g 0 0 32
| 0 3/2 15/4 1/2 % 0 0 27/10
ratios: 05 , l3=(2,1,4,3),
% ~ (0.67 : pivot line
0 5/2 7/4 1/2 © 0 5/2 7/4
4 2 1 2 multinliers: © N 4 2 |
0o 0 32 2 HHPTEDS: s 0 0 0
0 0 27/10 1/5 © 0 0 27/10
Putting back together the LU factorization (filling the zeros with the multipliers):
© 6 ©
O 66 60 O
© o |’
© ©

gives

>> [A,1] = Gauss(A)
A =
0.2500 2.5000
4.0000 2.0000
0.5000 0
0.2500 0.6000

1/4 5/2  71/4 1)2

4 2 1 2
1/2 0 5/9 17/9
1/4 3/5 27/10 1/5

1.7500 0.5000
1.0000 2.0000
0.5556 1.8889
2.7000 0.2000

b

[e)\19)

:(2717374)7

: pivot line

b

=

(2,1,3,4)
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4

3

Exercise 6. If the Gaussian elimination algorithm with scaled partial pivoting is used on
the matrix shown, what is the scale vector? What is the second pivot row?

4 7 3
1 3 2
2 -4 —1
Solution:
> A=1[473 ;132 ; 2-4 -1];
>> [B,1]=Gauss(A)
B =
4.0000 7.0000 3.0000
0.2500 -0.1667 0.8333
0.5000 -7.5000 -2.5000
1 =
1 3 2
>> [L,U,p]=1u(A, ’vector’)
L =
1.0000 0 0
0.5000 1.0000 0
0.2500 -0.1667 1.0000
U =
4.0000 7.0000 3.0000
0 -7.5000 -2.5000
0 0 0.8333
p=
1 3 2
(4 7 3] 7 4/7 : pivot line
1 3 2|, £=(1,2,3), scales: | 3 ratios: | 1/3 , 4 =1(1,2,3),
| 2 -4 -1 | 4 | 1/2
[4 7 3] ® [ 4 7 3
I 3 2|, multipliers: | 1/4 =10 5/4  5/4 |,
|2 -4 -1 | 1/2 | O —15/2 -5)2
O] 4 7 3 ©
ratios: | 5/12 , b =1(1,3,2), 0 5/4 5/4 |, multipliers: | —1/6
15/8 ~ 1.8 : pivot line 0 —-15/2 -5)2 ©
4 7
=0 0 5/6
0 —15/2 -5)2
The second pivot is the third row.
The LU factorization of the matrix is
1 0 0 4 7 3 4 7 1 0 0 4 7 3
1/2 I 0 |x|0 =152 =52 =2 -4 -1 =00 1 |=x|1 3 2
1/4 —-1/6 1 0 0 -5/6 1 3 01 0 2 —4 -1
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where the matrices in the LHS where rearranged according to the index ¢ = (1,3,2), and
therefore the matrix in the RHS is the initial matrix, but with the last two rows switched.
Exercise 7. If the Gaussian elimination algorithm with scaled partial pivoting is used on
the example shown, which row will be selected as the third pivot row?

8 -1 4 9 2
1 0 3 97
-5 01 3 5
4 3 2 2 7
3 00 0 9
Solution:
> A=[8-1492;10397; -50135;43227; 3000 9]
>> cond(A)
ans =
35.9803
>> [B,1]=Gauss(A)
B =
-1.6000 -0.3333 6.5333 15.2667 13.6667
-0.2000 0 0.4898 2.1224 1.3061
-5.0000 0 1.0000 3.0000 5.0000
-0.8000 3.0000 2.8000 4.4000 11.0000
-0.6000 0 0.0918 0.1875 10.5000
1 =
3 4 1 2 5
§ -1 4 9 2 9 8/9
1 0 3 9 7 9 1/9
-5 0 1 3 5, ¢=(1,2,3,4,5), scales: | 5 |, ratios: | 1: pivotline |,
4 3 2 2 7 7 4/7
3 00 0 9 9 1/3
-8/5 0 —1 28/5 69/5 10
—1/5 0 0 16/5 48/5 8
¢ =(3,2,1,4,5), multipliers: ® = -5 0 1 3 5,
—4/5 0 3 14/5 22/5 11
~3/5 0 0 3/5 9/5 12
1/9 —1/3
0 0
ratios: | © , lh=(3,4,1,2,5), multipliers: O] ,
3/7: pivot line ©)
0 0
0 0 98/15 229/15 41/3 98/135: pivot line
00 16/5 48/5 8 16/45
= | -5 0 1 3 5 |, ratios: | ® , 3 =1(3,4,1,2,5).
0 3 14/5 22/5 11 ®
0 0 3/5 9/5 12 3/45

The third pivot is the first row.
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Exercise 8. Solve the system

2)(1 + 4x2 — 2)(,'3 =
X1 4+ 3xm 4+ 4x3 = -1
S5x1 4+ 2x =

using Gaussian elimination with scaled partial pivoting.
Show intermediate results at each step; in particular, display the scale and index vectors.
Solution:

2 4 2| 6 4 2/4
[Ab]=1|1 3 4 | —1|,0=(1,2,3) scales: | 4 |, ratios: | 1/4
52 0 | 2 5 1
2/5 0 16/5 —2 | 26/5
0y =(3,2,1), multipliers: | 1/5 0 13/5 4 | =7/5],
® 5 2 0 | 2
4/5 ® 0 16/5 -2 | 26/5
ratios: | 13/20 |, £, =(3,1,2), multipliers: | 13/16 0 0 45/8 | —45/8 |,
® ® 5 2 0 | 2
hence, by a backward solve (according to the indexed rows ¢, = (3,1,2)) we have:
X3=—1, Xgil, X1:0.
> A =1[24 -2 ;134;520]; b=[6; -1; 21;
>> x=A\Db
X =
0
1
>> y = NaiveSolve(A,b)
‘y:
0 1 -1
>> z=Solve(A,b)
1=
3 1 2
z =
0 1 -1
Exercise 9. Consider the linear system
2x1 4+ 3x = 8
—x + 2 - x3 =0
3x) + 2x3 = 9

Solve for x1,x3, and x3 using Gaussian elimination with scaled partial pivoting.
Show intermediate matrices and vectors.

Solution:

Exercise 10. Consider the linear system of equations

—X1 + x — 3x4 = 6
—X1 + 3x3 + x4 = 0
X — x3 — x4 = 3

3x1 + x3 4+ 2x = 1
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Solve this system using Gaussian elimination with scaled partial pivoting.
Show all intermediate steps, and write down the index vector at each step.
Solution:

>A=[-110-3;-1031;01-1-1;3012];b=1[67;0; 3 ;1];
>> cond(A)
ans =
7.5874
>> x = NaiveSolve(A,b)
x =
1.1000 2.3000 0.9000 -1.6000

>> y = A\b
y:
1.1000
2.3000
0.9000
-1.6000
>> [B,1]=Gauss(A)
B =
-0.3333 1.0000 0.4000 -2.0000
-0.3333 0 3.3333 1.6667
0 1.0000 -1.0000 -1.0000
3.0000 0 1.0000 2.0000
1 =
4 3 2 1
>> z=Solve(A,b)
1 =
4 3 2 1
Z:
1.1000 2.3000 0.9000 -1.6000
11 0 -3 | 6 3 1/3
[A|b] = _(1) (1) _i _i I (3) , £=(1,2,3,4), scales: :I) , ratios: 1/(3) , 0 =(4,2,3,1),
30 1 2 |1 3 1
[ —1/3 01 1/3 -7/3 | 19/3 1/3
T S V! 00 10/3 5/3 | 1/3 - 0 B
multipliers: ol =10 1 i 21 5 |- ratios: BE 0 =(4,3,2,1),
. © 30 1 2 | 1 ©
[ 0 0 4/3 —4/3 | 10/3 ] 4/9
.. |o 00 10/3 5/3 | 1/3 .| 509 B
multipliers: ol= 101 1 21 5 |- ratios: o | 3= (4,3,2,1),
L © 30 1 2 | 1] ©
[ 2/5 0 0 0 -2 | 16/5 ]
e 0 0 10/3 5/3 | 1/3
multipliers: o =10 1 11 N E
| © 30 1 2| 1]
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which gives

8 9 23 11
Xp=—=, X3=—, Xp=—, X]=—.
4 50 BT 2T MT P
Exercise 13. Solve each of the following systems using Gaussian elimination with scaled
partial pivoting. Carry four significant figures. What are the contents of the index array at
each step?

(a)
3x; + 4xp + 3x3 = 10
X1 4+ 5% — x3 = 7
6x; 4+ 3x 4+ Tx3 = 15
(b)
3xp + 2% — S5x3 = 0
21 — 3x» 4+ x3 = 0
X1 + 4dx — x3 = 4
(©)
1 -1 2 1 X1 1
3 2 1 4 x| 1
5 8 6 3 x3 | 1
4 2 53 X4 —1
(d
3xq + 2% — x3 = 7
5xq1 + 3x + 2x3 =
—x1 + x3 — 3x3 = -—1
(e)
X1 4+ 3xm 4+ 2x3 + x4 = -2
dx; 4+ 2% 4+ x3 4+ 2x4 =
2x1  + X2 + 2x3 + 3x4 =
X1 4+ 2x 4+ 4xz3 + X4 = -
Solution:
(@g> A=1[343;15-1;637] ; b=[10;7;15];
>> cond(A)
ans =

34.9233
>> x = Solve(A,Db)
The (global) scale vector is

4 5 7
1 =

3 2 1
x =

2 1 0
>> z=A\b
z =
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1.0000
-0.0000
>> y=NaiveSolve(4,b)
y =
2 1 0
34 3| 10 4
A= 1 5 =1 | 7|, £=(1,2,3), scales: | 5 |,
6 3 7| 15 7
[1/2 ] [0 52 —1/2 | 527
multipliers: | 1/6 | = | 0 9/2 —13/6 | 9/2 |, ratios:
o] |6 3 7] 15
[5/9 ] [0 0 19/27 | 0]
multipliers: © =10 9/2 —13/6 | 9/2 |, X3 =
o] |6 3 7] 15
(b)
3 02 -5 ] 0 5
Abl=]12 -3 1 | 0], ¢=(1,2,3), scales: | 3 |,
1 4 -1 | 4 4
[ 3/2 0 13/2 —13/2 | 0
multipliers: O |l=12 -3 1L | 0|, ratios:
12 0 112 -3/2 | 4
13/11 0 0 —-52/11 | -=52/11 ]
multipliers: ©|l=1]2 -3 1] 0
o 0 11/2  -3/2 | 4 |
(©
(d)
3.2 -1 | 7 3]
[A|b] = 53 2| 4|, £=(1,23), scales: | 5
-1 1 =3 | -1 3|
o] 3 2 ~1
multipliers: 53 | =0 —-1/3 11/3 —23/3
| —1/3 ] 0 5/3 —10/3 4/3
CH 302 -1 | 7
multipliers: | —1/5 | = | 0 0 -3 | =,
o] 0 5/3 —10/3 | 4/3
64
= —— ~ —2.4667 =——~—4.1333 = — ~4.2607.
BT T M7
> A =[32-1;532; -11-3]; b=[7;4;-1]1;
>> A\b
ans =
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4.2667

b

3/4
ratios: | 1/5 |, 41 =(3,2,1),
6
7
9/10
5/8 7 62:(372’1)7
O}
0, XQZZL xl—-Z
3
ratios: % , 0 =(2,1,3),
I
13/10
® 5 62: (27371),
11/8 ~1.375
X3::L XQIIL xl::L
1
ratios: 1|, 4 =(1,2,3),
1
3
©
ratios: | 2/15 |, 4 =(1,3,2),
5
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-4.1333
-2.4667
>> [AA,ell] = Gauss(A)
AA =
3.0000 2.0000 -1.0000
1.6667 -0.2000 3.0000
-0.3333 1.6667 -3.3333
ell =
1 3 2
>> x = Solve(A,b)
This is the backward solve part of algorithm:
The solution, using the partial scaled pivoting, is
x =
4.2667 -4.1333 -2.4667
Exercise 15. Derive the formula
n

1
Zk: En(nJr 1).

k=1

Solution:
Exercise 16. Derive the formula

Y ©= 1n(n+ 1)(2n+1).
k=1 6

Solution:

Exercise 18. Count the number of divisions in procedure Gauss. Count the number of
multiplications. Count the number of additions or subtractions. Using execution times in
microseconds (multiplication 1, division 2.9, addition 0.4, subtraction 0.4), write a function
of n that represents the time used in these arithmetic operations.

Solution:

Exercise 19. Considering long operations only and assuming I-microsecond execution
time for all long operations, give the approximate execution times and costs for procedure
Gauss when n = 10,10%2,10%,10*. Use only the dominant term in the operation count.
Estimate costs at $500 per hour.

Solution:

Exercise 20. (Continuation) How much time would be used on the computer to solve 2000
equations using Gaussian elimination with scaled partial pivoting? How much would it
cost? Give a rough estimate based on operation times.

Solution:

3. Tridiagonal and Banded Matrices

MOTIVATION 3.1 (the Poisson equation). Consider solving the 1D Poisson equation,
a one-space dimension elliptic (equation) Boundary Value Problem:

—Au(x) = f(x), Vx e (0,L), (1D Poisson equation)

u(0) =uo, u(L)=u, (boundary conditions)


https://en.wikipedia.org/wiki/Poisson%27s_equation
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where ugy, uy, (boundary conditions) and f(x),Vx € (0,L) are given, such that they are com-
patible. (The Laplace operator in 1 spatial dimension is Au(x) = uyy.)
In order to approximate the solution u(x), we consider a uniform mesh: {x; = xo +ih,h =
ﬁ},-zow (xo = 0,xy = L) and seek the approximate values

u; ~ u(x;), i=0:N.
First of all, the boundary conditions yield the end-values:

uy = ’/;E)y up = IZL?

leaving us with the task of finding N — 1 values uy,--- ,uy_1.
Using the Second-Order Central finite difference formula

i (x) = u(x—nh) 721/;1(;) +u(x+h) N ﬁ(hz)

to approximate the Laplace operator (at each node x;,i=1:N —1)
B u(x,-,l) — 2u(x,-) + u(x,-H)

2 = f(x:)
we obtain the following equations
i=1: —uy + 2u; — up = h2f1
i=2: - w4+ 2u — us = hpH
i=3: - uw +  2uz - Uy = If
i=N-2: — uy3 + 2uyo —  uy- = fya
i=N-—1: — Uy_o» + 2uny_1 — uy= hsz,1
Therefore to find the unknowns uy,uy,- - -uy—1 amounts to solving the linear system
2 —1 uy h* fi + ug
-1 2 -1 us 2 f
-1 2 -1 UN—2 W fy—»
-1 2 uy-—1 R fn—1 + uy

In particular, with f(x) = %(xz(L —x)?) and u(0) = u(L) = 0, the BVP above has the
exact solution
u(x) =x*(L—x)%
run PDE_Poisson1D.m
L=5N=5,10,20,40(h = 1,0.5,0.25,0.125),rms = 4.1633,1.0879,0.2784,0.0704 = ﬁ(hz)

REMARK 3.1. Similarly, the slightly more general (elliptic) BVP

— Au(x) + cu(x) = f(x), Vx e (0,L),, ¢>0 3.1
u(0) =ug, u(L)=uz, (boundary conditions)
can be numerically approximated by solving a linear system with the following matrix
2+ ch? -1 U W fi +uo
—1 2+4ch® -1 us 2 f
—1 2+ch? -1 Uy_2 h% fy—o

—1 2+ch? UN—1 hZfN_l +uy


https://en.wikipedia.org/wiki/Laplace_operator
https://en.wikipedia.org/wiki/Finite_difference
https://en.wikipedia.org/wiki/Elliptic_partial_differential_equation
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Consider the particular case of a linear system with a non-singular tridiagonal matrix A:

dy ¢
ay dr o
a d3 3
A=
an—2 dy—1
ap—1

function [x] = Tri(a,d,c,b)

% Tridiagonal system solve

% Input: a = (n-1) vector, sub-diagonal;
% d = n vector, diagonal;

% ¢ = (n-1) vector, super-diagonal;
% b = n vector, RHS;
%0utput: x = n vector, the solution

n=length(d);

for i = 2:n
xmult = a(i-1)/d(i-1);
d(i)=d(i) - xmult*c(i-1);
b(i) = b(i) - xmult*b(i-1);
end

x(n)=b(n)/d@);
for i=n-1:-1:1

x(1) = (b(1)-c(D)*x(i+1))/d(1);
end

In such a case, the matrices L,U of the LU factorization are bidiagonal matrices

1 0 (0]
BZ 1 0 0>

C1
o
0 a1 cp—1
0 oy
(Doolittle method)

where the coefficients oy, §; can be easily computed (LU = A)

1 0 a <
BZ 1 0 0 o


http://mathonline.wikidot.com/doolittle-s-method-for-lu-decompositions
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o Cq d
Bar Brcitam o ar  d c2
0 ﬁn—lcn—Z + Op—1 Cn—1 ap—2 dp—1 Cp-y
ﬁnanfl ﬁncnfl + oy an—1 dy
which is the Thomas algorithm:
oy =d, o;=d—pBici1, i=2:n,
. (3.2)
Bi=ai-1/0i-1, i=2:n.
Therefore solving the tridiagonal system Ax = b < LUx = b by
Ly=b
Ux=y
is equivalent to the forward solve:
10 Y1 b
B 1 0 »2 by
: =1 <= y=f, yYi=bi—Byi1, i=2:n
anl I 0 Yn—1 bnfl
L B 1 Yn by,
and a backward solve:
[ oy 1 X1 Y1
0 o X2 y2
. =1 : — xn:y—", xi:w, i=n—1:1.
: an (047
0 o1 cuot Xn—1 Yn—1
L Oy Xn Yn

Operation count:

“x,\”: 2(n—1) in (factorization), n — 1 in (forward solve) and 1+ 2(n — 1) in (backward
solve)

‘+,—": n—1in (factorization), n — 1 in (forward solve) and n — 1 in (backward solve)
hence 8n — 7 flops.

REMARK 3.2. The inverse matrix A~ of a banded matrix generally is a full matrix/
Therefore one should never try to compute the inverse of a band matrix explicitly.

EXAMPLE 3.1. IfA is tridiagonal and n = 10%, A~ has 108 non-zero elements, L and
U together have some 3 x 10*.

EXAMPLE 3.2. Let

I -1
—1 2 —1
A= —1 2 -1


https://en.wikipedia.org/wiki/Tridiagonal_matrix_algorithm
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which has 13 non-zero elements. Then

We note that A is both diagonally dominant and positive definite, with the inverse a full
matrix (25 nonzeros):

A = diag([1,2,2,2,2]) + diag(ones(4,1)*(-1),-1) + diag(ones(4,1)*(-1),1)

>> eig(A)

ans =
0.0810
0.6903
1.7154
2.8308
3.6825

>> inv(A)

ans =
5 4 3 2 1
4 4 3 2 1
3 3 3 2 1
2 2 2 2 1
1 1 1 1 1

3.1. Exercises.

Exercise 5. What is the appearance of a matrix A if its elements satisfy a;; = 0 when:

(a) j<i—=2
(b) j>i+1
Solution:

Exercise 6. Consider a strictly diagonally dominant matrix A whose elements satisfy a;; =
Owheni> j+ 1. Does Gaussian elimination without pivoting preserve the strictly diagonal
dominance? Why or why not?

Solution:
ayy ap aiz ayg e aip—1 aip
a1 axp a3 Ay - azn—1 axy,
0 a3 asz az - a3 p—1 a3
A= 0 0 a3z agq - 401 Qdp
0 0 0 0 - Gu-1p1 n-1p
. 0 0 0 o -- An—1p Qnn |
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Exercise 7. Let A be a matrix of form

dy ¢
ay d 2

ap— dp—1 Cpi
an—1 dy

such that ajc; >0 for 1 <i<n-—1.

Find the general form of the diagonal matrix D = diag(c;) with o # 0 such that D~'AD
is symmetric.

What is the general form of D™'AD?

Solution:

Computer problem 3. Write and test a special procedure to solve the tridiagonal

system in which a; = c¢; =1 for all i.
Solution:

Computer problem 4. Use procedure Tri to solve the following system of 100 equations.
Compare the numerical solution to the obvious exact solution.

X1 +  0.5x = 1.5
0.5xi-1 + xi 4+ 0.5xi41 = 2 2<i<99)
0.5x99 + X100 = 1.5

Solution:
>> n = 100;
>> A = diag(ones(n,1)) + diag(ones(n-1,1)*(0.5),-1) + diag(ones(n-1,1)*(0.5),1)
>> b = 2xones(n,1); b(1)=1.5; b(n)=1.5;
>> x = A\b;

>>

rms (x-ones(n,1))

ans =

9.9920e-16

>> y = Tri(0.5*ones(n-1,1),ones(n,1),0.5%ones(n-1,1),b);
>> rms(y’-ones(n,1))
ans

or

1.0137e-14

function [x] = Tri_Ex4(Q)

n=5;

d = ones(n,1);

a =0.5 % ones(n-1,1);
¢ = 0.5 * ones(n-1,1);

b=2%ones(n,1);b(1)=1.5;b(n)=1.5;
[x] = Tri(a,d,c,b)
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end
>> Tri_Ex4
>> x =
1 1 1 1 1

Computer problem 5. Solve the system

41 — x =-20
xj-1 — 4xj + xin =40 2<j<n-1)
- Xp-1 +  4x, =-20
using procedure Tri with n = 100.
Solution:
function [x] = Tri_Ex5Q)
n=7;

d = -4%ones(n,1); d(1)=4;d(n)=4;
a = ones(n-1,1);a(n-1) = -1;
¢ = ones(n-1,1);c(1)=-1;
b=40%*ones(n,1) ;b(1)=-20;b(n)=-20;
[x] = Tri(a,d,c,b);
>> Tri_Ex5
ans =
-9.2784 -17.1134 -19.1753 -19.5876 -19.1753 -17.1134 -9.2784

Computer problem 6. Ler A be the 50 x 50 tridiagonal matrix

5 -1
—1 5 -1
—1 5 -1
—1 5 -1
—1 5

Consider the problem Ax = b for 50 different vectors b of the form
[1,2,...,49,50]" 2,3,...,50,1]" 3,4,...,50,1,2]"

Write and test an efficient code for solving this problem.
(Hint: Rewrite procedure Tri.)
Solution:

Computer problem 18. An upper Hessenberg matrix is of the form

ayy ap a3 - di X by
a)y ax ax; - Ay X by

azyp az - a3 x3 | — | b3

ppn—1 dpn Xn bn
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Write a procedure for solving such a system, and test it on a system having 10 or more
equations.

Solution: Hint: Change the Pseudocode 1.1 of the Naive Gaussian elimination to make
only one zero below the main diagonal, i.e., modify one line in the code:

PSEUDOCODE 3.1.
integer 7, j,I; real array (a;;)i:,1:n, (0i)1:n
fork=1to n—1do
fori=k+1 do
for j=kto ndo

@
ajj <— ajj — ﬁakj
end for
bj +— b — —2ikp
i i ay k
end for
end for

Note that MATLAB has a "hess(A)" function

>> H = hess(A)

Description:

H = hess(A) finds H, the Hessenberg form of matrix A.

>> hess(randn(4))
ans =
-0.1241 -0.8448 0.0794 -0.2374
-2.4926 0.4965 0.3280 1.0667
0 1.3877 -0.9144 -0.5067
0 0 1.7526 -1.2097

4. Matrix Factorization

4.1. LU factorization.

EXAMPLE 4.1. Let us consider the Hilbert matrix
1 1/2 1/3 1
hilb(3)=AV=| 12 1/3 1/4 |, ie, hj=—,
1/3 1/4 1/5 i+j-1
Note that the condition number for the Hilbert matrix in general grows with the dimension
n ‘ cond (hilb(n),inf)

i,j=1:3.

3| 524E+2
6| 150E+7
91493E+11

>> n=3;A = hilb(n) ;x=ones(n,1) ;b=A*x; xNS=NaiveSolve(A,b);
>> norm(x-xNS,inf)

ans =
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2.6645e-14
>> n=6;A = hilb(n) ;x=ones(n,1) ;b=A*x; xNS=NaiveSolve(A,b);
>> norm(x-xNS,inf)

1.1494e-09

>> n=9;A = hilb(n) ;x=ones(n,1) ;b=A*x; xNS=NaiveSolve(A,b);
>> norm(x-xNS,inf)

ans =

5.3756e-05
>> norm(x-A\b,inf)

ans =
1.9578e-05
Using Naive Gaussian Elimination we get
©
multipliers : myy = | 1/2 |, i=2:3
1/3
112 1/3 O]
0 1/12 1/12 =A®), multipliers : mp = | © |, j=3:3
| 0 1/12 4/45 1
1 1)2 1/3
0 1/12 1/12 | =A® =U.
| 0 0 1/180

Arranging the multipliers as columns vectors we obtain the lower triangular matrix, with
unit diagonal entries, denoted L:

1 00
L=1|1/2 1 0
/3 1 1
and the A®) matrix obtained above is the upper triangular matrix U:
1 1)2 1/3
u=1|0 1/12 1/12 |,
0 0 1/180
such that
A=LU.

>> A=NaiveGauss(hilb(3))
>> A =
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1.0000 0.5000 0.3333

0.5000 0.0833 0.0833

0.3333 1.0000 0.0056
>> [A,1]=Gauss(hilb(3))

A =
1.0000 0.5000 0.3333
0.5000 1.0000 -0.0056
0.3333 0.0833 0.0889

1 =

1 3 2
>> help lu
LU LU factorization.

[L,U] = LU(A) returns an upper triangular matrix in U and a permuted
lower triangular matrix in L, such that A = L*U. The input matrix A can
be full or sparse.

[L,U,P] = LU(A) returns unit lower triangular matrix L, upper
triangular matrix U, and permutation matrix P such that PxA = LxU.

>> [L,U,P]=1u(hilb(3))

L =
1.0000 0 0
0.3333 1.0000 0
0.5000 1.0000 1.0000
U =
1.0000 0.5000 0.3333
0 0.0833 0.0889
0 0 -0.0056
P =
1 0 0
0 0 1
0 1 0

>> Pxhilb(3)- L*xU

o
o
o
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We also remark that denoting

1 00 1 00
Mi=|-1/2 10|, M:=|0 10/,
~1/3 0 1 0 —1 1

we have that
MAY =42 MA® =,
and therefore
mmAY =u & A=A = (M) TU =M MU, e, LU =A,
o —

since M, M, being lower triangular, their product and its inverse are also lower triangular
matrices.

THEOREM 4.1. (Theorem 3.4 in [15, page 76]) Let A € R™". The LU factorization of
Awith li; =1 fori=1,--- n exists and is unique if and only if the principal submatrices
A;jof Aof orderi=1,--- ,n— 1 are nonsingular.

Recall the Example 1.1:

1 2 3 1 9 1 2 3
AD=|2 4 5|, det[ 4 ] =0, A®P=]0 0 -1
7 8 9 0 -6 —12

“For certain classes of matrices it is not necessary to pivot. It is important to identify such
classes because pivoting usually degrades performance. To illustrate the kind of analysis
required to prove that pivoting can be safely avoided, we consider the case of diagonally
dominant matrices."

THEOREM 4.2. (Theorem 3.4.3 in [7, page 120]) If AT is strictly diagonally dominant,
then A has an LU factorization and (;; < 1.

Compact forms of factorization

Component-wise A = LU writes

air aip o ccoarj e dig by 0 -+ 0 -+ 0 upp Ui
azl a22 e e azj e azn 621 622 DY 0 .. 0 0 u22
ai ap vt @it di i Lp - by 0 0 0
L Anl Ap2 -+ 0 dpj ot dpp | L by L - Enj SRR 1L 0 0

where the generic term a;; is computed as

,
a;; :2,‘1141/‘+£l’2uz]‘—|—---+£irurj = Zé,-kukj, with r:min{j,i}, Vi,j: 1:n.
k=1
(compact factorization)

To determine the decomposition A = LU we need to find the coefficients of L, U, namely

2042+---+n)=n’+n

uyj
uzj

Uln
Uzn
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unknowns, with only n> compact factorization equations.
To fully determine the LU factorization (n”> equations and n> unknowns), there are several
choices, e.g.:

i =1, Vi=1:n, (Doolittle factorization)
ui; =1, Vi=1:n. (Crout factorization)

4.2. LDL' factorization.
Other types of factorization: for A € R"*" and symmetric

A=LDM" where D= diagonal matrix, L = unit triangular matrix, M T— upper triangular.

>> help 1dl
LDL Block LDL’ factorization for Hermitian indefinite matrices.
Assuming that A is a Hermitian matrix (that is, A == A’),

[L,D,P] = LDL(A) returns unit lower triangular matrix L, block diagonal D,
and permutation matrix P so that P’*A*P = LxDxL’. This is equivalent
to [L,D,P] = LDL(A,’matrix’).

THEOREM 4.3. If all principal minors of A € R"™" are nonzero, then there exists
a unique diagonal matrix D, a unique lower triangular matrix L, and a unique upper
triangular matrix M such that A = LDM .

PROOF. (A=LDD U, andset D~'U =M")
From Theorem 4.1 we have that there exists a unique LU decomposition, with ¢; = 1.
Then we set D = diag(u;;), which are non-zero, since U is nonsingular. This implies that
A=LU =LD(D"'U), with M" = D~'U a unit upper triangular matrix. O
——

=MT

COROLLARY 4.1. IfA is symmetric, then M = L and therefore A = LDLT. The com-

putational cost for the LDLT factorization is O (g)

EXAMPLE 4.2. Consider the 3 x 3 Hilbert matrix

1 1/2 1/3
hilb(3)= | 1/2 1/3 1/4
13 1/4 1/5

>> [L,D,P]=1d1(hilb(3)) % P> x A * P =L * D x L’
L =
1.0000 0 0

0.5000 1.0000 0
0.3333 1.0000 1.0000
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D =
1.0000 0 0
0 0.0833 0
0 0 0.0056
P =
1 0 0
0 1 0
0 0 1

>> [L,D,P]=1d1(hilb(6)) ;norm(P’*hilb(6)*P-L*D*L’,inf)

4.1633e-17
>> [L,D,P]=1d1(hilb(9)) ;norm(P’*hilb(9) *P-L*D*L’,inf)

6.2450e-17

4.3. Cholesky factorization.
Other types of factorization: for A € R"*" SPD: symmetric and positive definite

If A is symmetric and positive definite, then the diagonal matrix D in Corollary 4.1 has
positive entries. Moreover, the following result holds.

THEOREM 4.4 (Cholesky factorization). Let A € R"*" be an SPD matrix. Then there
exists an upper triangular matrix, with positive diagonal entries H such that

A=H"H , (Cholesky factorization)
e, HT := {hij}i j=1n is a lower triangular matrix
hii O 0
T hi2 hn 0
hnl hn2 hn3 hnn
where {h;j}i j—1.n are computed as
hir = /an,
- ) )
hij: (aij_Z/jczlhikhjk)/hjjv ]:1,...,1—1, (Cholesky)

i—1 1
hii = (Cli,' — Z h?k) : .
k=1

i=2:n


https://en.wikipedia.org/wiki/André-Louis_Cholesky
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The computational cost for the Cholesky factorization is & (%)

EXAMPLE 4.3. Find the (Cholesky) factorization of the 3 x 3 Hilbert matrix

112 1/3
hilb(3)= | 1/2 1/3 1/4
1/3 1/4 1/5
Using the Cholesky formulae we have
hyy = y/a =1, i=1
hy) = <a21 Zthhlk)/h” = an /hiy = (1/2)/1=1/2 (i=2,j=1)
1 1/2
=<a22—2h2k) :(1/3—1/4) =1/V12 (i=2,j=2)
k=1
0
1= (e = X hahui) i = (1/3)/1=1/3 (i=3j=1)
k=1
1
h32 = <a32 Z hzkhzk)//’lzz = (1/4—h31h21>/l’122 = (1/4— 1/6)/(1/\/5) = 1/\/5
- (i=3,j=2)
2
hy3 = (a33—2h3k) (1/571/971/16>1/2:1/\/180 (i=3,j=3)
ie.,

1 0 0
H' =] 1/2 1/V12 0
1/3 1/V/12 1//180

Check your hand-computed solution against Matlab’s solution:

>> help chol

chol Cholesky factorization.
R = chol(A) calculates the Cholesky factor of full or sparse A using
the diagonal and upper triangle of A, such that A = R’*R. A must be
positive definite, and the lower triangle is assumed to be the (complex
conjugate) transpose of the upper triangle.

>> R = chol(hilb(3)); R’

ans =

1.0000 0 0

0.5000 0.2887 0

0.3333 0.2887 0.0745

>> n=3;R=chol (hilb(n)) ;norm(hilb(n)-R’*R,inf)
ans =

0
>> n=14;R=chol(hilb(n)) ;norm(hilb(n)-R’*R,inf)


https://en.wikipedia.org/wiki/Cholesky_decomposition
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8.3267e-17

>> n=15;R=chol(hilb(n)) ;norm(hilb(n) -R’*R,inf)

Error using chol
Matrix must be positive definite.

>> cond(hilb(15))

2.4960e+17

4.4. Exercises.

Exercise 1. Using naive Gaussian elimination, factor the following matrices in the form
A = LU, where L is a unit lower triangular matrix and U is an upper triangular matrix.

30 3
(@ A= 0 -1 3
1 3 0
r 1
1 04 o0
b A=|0 1 3 1
3 3.0 6
0 2 4 -6
[ —20 —15 —10 -5
1 0 0 0
(c) A= 0o 1 0 0
0 0 1 0
Solution:
(@)
30 3] ® 3.0 3 ©
AV=10 -1 3|, 0 |, A®=1]0 -1 3 |, o |, A®=
1 0 | 1/3 0 3 -1 -3
1 0
L= 0 1 0|, U=403
1/3 -3 1|

> A =[303; 0-13;130];
>> NaiveGauss (A)
ans =
3.0000 0 3.0000
0 -1.0000 3.0000
0.3333  -3.0000 8.0000

>> [B,1]=Gauss(A)

B =
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3.0000 0 3.0000
0 -0.3333 2.6667
0.3333 3.0000 -1.0000

1 =
1 3 2

i.e.,

N 1 0 0 B 30 3

L= 1/3 1 0, u=|(0 3 -1 |,

0 -1/3 1 0 0 8/6
which means
P+xA=LxU.

>> [L,U,P]=1u(A)

L:
1.0000 0 0
0.3333 1.0000 0
0 -0.3333 1.0000
U:
3.0000 0 3.0000
0 3.0000 -1.0000
0 0 2.6667
P:
1 0
0 0 1
0 1
(b)
1 1
1 0 3 0 ® 1 0o L o0
AD_ |0 1 3 1 0 A0 1 3 1
3 -3 0 6 307 0 -3 -1 6
0 2 4 -6 0 0 2 4 —6
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1o 4 0 ® 10 1 0
A0 1 3 1 © A0 1 3 1
00 8 9 ©) ’ 0 0 8 9 |’
00 —2 —8 | —1/4 0 0 0 —23/4
1 0 0 0]
1o 1 0 0 e
L=13 _3 1o V=4
0 2 —1/4 1 |
>A=1[101/30;0131;3-306; 024 -6];
>> NaiveGauss(A)
ans =
1.0000 0 0.3333 0
0 1.0000 3.0000 1.0000
3.0000 -3.0000 8.0000 9.0000
0 2.0000 -0.2500 -5.7500
-20 —-15 —10 -5
1 0 0 0
() A= 0 1 0 0
0 0 1 0

>A=[1002;0300; 0940; 508 10];
>> NaiveGauss(A)
ans =

OO O -
O W w o
N B> O O
O O ON

Exercise 2. Consider the matrix

2
0
0

n o o=
S O W o
oo OO
—_

0

(a) Determine a unit lower triangular matrix M and an upper triangular matrix U such
that MA =U.

(b) Determine a unit lower triangular matrix L and an upper triangular matrix U such
that A = LU. Show that ML = I so that L =M~

Solution: The lower triangular matrix L such that
A=LU, L 'aA=u,
containing the multipliers from the naive Gaussian elimination procedure is
0 0
L=

hn oo -
S W= O
N = O

0
0 )
1
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hence

1 0 0 O
R 0 1 0 0
M=L"= 0O -3 1 0
-5 0 =21

Exercise 3. Consider the matrix
25 0 0 0 1
0o 27 4 3 2
A= 0O 54 58 0 O
0 108 116 0 O
100 0 0 0 24

(a) Determine a unit lower triangular matrix M and an upper triangular matrix U such
that MA =U.
(b) Determine M—' = L such that A = LU.

Solution:

Exercise 4. Consider the matrix
2 2 1
A=1|1 1
3 2 1
(a) Show that A cannot be factored into the product of a unit lower triangular matrix and

an upper triangular matrix.
(b) Interchange the rows of A so that this can be done.

Solution:

Exercise 9. Consider

2 -1 2
A=|2 -3 3
6 —1 8

(a) Find the matrix factorization A = LDU’, where L is unit lower triangular, D is diago-
nal, and U’ is unit upper triangular.
(b) Use this decomposition of A to solve Ax = b, where b = [—2,—5,0]T .

Solution:

Exercise 10. Consider

2 1 -2 1
A=| -4 3 3|, b=|4],
2 2 4 4

(a) Find the matrix factorization A = LDMT, where L is unit lower triangular, D is diag-
onal, and M is unit upper triangular.
(b) Use this decomposition of A to solve Ax = b.

Solution:
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(a)
[ 2 1 -2 | 1 O] -2 1 =2
AW =1 —4 3 -3 | 4|, 20, APpP)=] o 1 1
i 2 4 | 4 —1 0 3 2
[ —2 1 -2 | 1
APROI= 0 1 1 | 2|, xm=lxn=1x=-—I,
| 0 0 —1 | —1
1 00 -2 0 0
L=| 2 1 0|, D=diagd® =] 0 1 0], M =D '+xA0®
-1 3 1 00 -1
> A =[-21-2; -4 3 -3; 22 4]; b=[1;4;4];
>> NaiveGauss(A)
ans =
-2 1 -2
2 1 1
-1 3 -1
which gives
1 0 0 -2 0 0 -2 1 =2
L=| 2 1 0|, b= 01 0 Mf=Dp'«x| 0 1 1
-1 3 1 0 0 -1 0 0 -1
(b) >> x = NaiveSolve(A,b)
X:
-1 1 1
>> y = A\b
y:
-1.0000
1.0000
1.0000
Exercise 14. Consider the matrix A =Tridiagonal(a; ;—1,aii,a;iy1), where a; ; 7 0.

73

1

2

5

~1/2
11
0 1

1 —1/2

0 1

0 0

(a) Establish the algorithm for the determining the elements of a lower bidiagonal matrix
L = (4;j) and a unit upper bidiagonal matrix U = (u;;) such that A = LU.

fun

ction [L,U] = Exercise8_1_14a(A)

[m,n] = size(A);

if

end

abs (m-n)>0
error (’The Matrix A is not square’);

U=eye(n) ;

L1
for

end

,1) = A(1,1);

i=2:n

L(i,i-1)=A(i,i-1);
U(i-1,i)=A(i-1,i)/L(i-1,i-1);

L(i,i) = A(i,i) - L(4,i-1)*U(i-1,1);

w® O
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(b) Establish the algorithm for the determining the elements of a unit lower bidiagonal
matrix LL = (¢;;) and an upper bidiagonal matrix UU = (u;;) such that A = LLxUU

function [L,U] = Exercise8_1_14b(A)
[m,n] = size(A);
if abs(m-n)>0
error(’The Matrix A is not square’);
end
L=eye(n);
U(1,1) = A(1,1);
for i=2:n
U(i-1,i) = A(i-1,1);
L(i,i-1) = A(i,i-1)/U@-1,i-1);
U(i,i) = A(i,i) - L(i,i-1)*U(i-1,1);
end

Solution:

(a) > A = [11 12 0 0; 21 22 23 0; 0 32 33 34; 0 0 43 44];
>> [L,U] = Exercise8_1_1ab(A)

>> L
L =
11.0000 0 0 0
21.0000 -0.9091 0 0
0 32.0000 842.6000 0
0 0 43.0000 42.2649
>> U
U =
1.0000 1.0909 0 0
0 1.0000 -25.3000 0
0 0 1.0000 0.0404
0 0 0 1.0000

(b) >> A = [11 12 0 0; 21 22 23 0; 0 32 33 34; 0 0 43 44];
>> [L,U] = Exercise8_1_14b(A)

>> L
L =
1.0000 0 0 0
1.9091 1.0000 0 0
0 -35.2000 1.0000 0
0 0 0.0510 1.0000
>> U
U =
11.0000 12.0000 0 0
0 -0.9091 23.0000 0
0 0 842.6000 34.0000

0 0 0 42.2649



Exercise 18. Find the LU factorization of this matrix:

Solution:
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2 21
A=|4 T 2
2 11 5

> A=[221; 472 ; 211 5];

>> [L,U,P] = 1u(A)
L =
1.0000 0
0.5000 1.0000
0.5000 -0.2000
U=
4.0000 7.0000
0 7.5000
0 0
P =
0 1 0
0 0 1
1 0 0
>> [LL,UU]=1u(A) %
LL =
0.5000 -0.2000
1.0000 0
0.5000 1.0000
Uu =
4.0000 7.0000
0 7.5000
0 0
>> NaiveGauss (A)
ans =
2 2 1
2 3 0
1 3 4
>> [B,1]=Gauss(A)
B =
2.0000 2.0000
2.0000 0.3333
1.0000 9.0000
1 =
1 3 2

% LxU = Px*A

1.0000
2.0000

4.0000
0.8000

LLxUU = A

1.0000

N

.0000
.0000
0.8000

N

1.0000
-1.3333
4.0000

The Naive Gaussian Elimination gives:

2
AN = | 4
2

1

)

2 1
T 2
1 5

®
2 — A® =
1

S O

O W N

A O =

75

S O

S W N

O
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1 0 0 2 2 1

L=|2 10|, v=4A®%=|0 3 0
1 3 1 0 0 4

Exercise 19.

(a) Prove that the product of two lower triangular matrices is lower triangular.

(b) Prove that the product of two unit lower triangular matrices is unit lower triangular.

(c) Prove that the inverse of a unit lower triangular matrix is unit lower triangular.

(d) By using the transpose operation, prove that all of the preceding results are true for
upper triangular matrices.

Solution:

Exercise 21. Determine the LDL” factorization for the following matrix:

I
2 3 -4 3
A=l 1 4 13
13 30

Solution:

>> A=[1 2 -1 1;2 3 -4 3; -1 -4 -1 3; 13 30];
>> [L,D,p] = 1d1(A,’vector’) % P’ * A * P = Lx D * L’
L =

1.0000 0 0 0
-1.3333 1.0000 0 0
1.0000 -1.1053 1.0000 0
0.6667 -0.2632 0.1778 1.0000
D =
3.0000 0 0 0
0 -6.3333 0 0
0 0 4.7368 0
0 0 0 -0.0444
p =
2 3 4 1
>> eig(A)
ans =
-6.2525
-0.0372
2.5525
6.7372

The Naive Gaussian Elimination gives:

12 -1 1 ® 12 -1 1
oo | 2 3 43 2 o |0 -1 =2 1
A R B R — AT=10y 2 2 4

1 3 30 0 1 4 -1

— 0O 0O



4. MATRIX FACTORIZATION 71

T S ® 1 1
@) _ 0 -1 -2 1 O] 3) _ 0o -1 -2 1
— A 0 0 2 2 o — A4 0 2 2 |
0 0 20 1 0 0 0 -2
1 00 0 1T 00 0
100 0 -1 0 0
L=l 210" P=l0o 02 o
1 -1 1 1 0 0 0 -2

Exercise 22*. Find the (Cholesky) factorization of the 3 x 3 Hilbert matrix
Solution: See Example 4.3.

Exercise 22. Find the (Cholesky) factorization of

4 6 10
A= 6 25 19
10 19 62

Solution: Check your hand-computed solution against Matlab’s solution:
>> R= chol(A)

R =
2 3 5
0 4 1
0 0 6

>> R?*R

ans =
4 6 10

6 25 19
10 19 62

Exercise 24. Determine the LDL” factorization of the matrix

3 35 =20 65

35 244  —143 461
—20 143 73 =232
65 461 232 856

Can you find the Cholesky factorization?

Solution:

>> A=[3 35 -20 65; 35 244 -143 461; -20 -143 73 -232; 65 461 -232 856];
>> [L,D,p] = 1d1(A).

% returns unit lower triangular matrix L, block diagonal D,

% and permutation matrix P so that P’*A%P = L*D*L’

A=

L =
1.0000 0 0 0
0.5386 1.0000 0 0
-0.2710 0 1.0000 0
0.0759 0.1167 -0.0273 1.0000

D =

856.0000 0 0 0
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0 -4.2722 -18.0561 0
0 -18.0561 10.1215 0
0 0 0 -2.0001
p =
0 0 0 1
0 1 0 0
0 0 1 0
1 0 0 0
>> eig(A)
ans =
1.0e+03 *
-0.0154
-0.0020
0.0177
1.1757

>> R = chol(A,’lower’)
Error using chol
Matrix must be positive definite.

The Naive Gaussian Elimination gives

335 —20 65 ®
A0 _ | 35 244 143 el 35/3
20 —143 73 —232 | | —20/3
65 461 —232 856 65/3
(3 35 —20 65 ®
L @ |0 4933 271/3 8923 ®
0 271/3 —181/3  604/3 |* | —271/493
|0 —892/3  604/3 —1657/3 892/493
(3 35 —20 65 ®
L 4| 0 4933 271/3 ~892/3 ®
0 0 —5264/493 18680/493 |° ®
0 0 18680/493 —7079/493 —18680/5264
[ 3 35 —20 65
L 4@ | 0 4033 271/3 ~892/3
0 0 —5264/493  77242/493 |’
0 0 0 632208/5264
1 0 00
S| 33 1 0 0
| —20/3 —271/493 10|
65/3  892/493 —18680/5264 1
3 0 0 0
b | 0 —493/3 0 0
“lo 0 —5264/493 0
0 0 0 632208/5264

>> L =[1000; 35/3100 ; -20/3 -271/493 1 0 ; 65/3 892/493 -18680/5264 1];
>D=[3000; 0 -493/3 00 ; 00 -5264/493 0; 0 0 0 632208/5264] ;
>> L*D*L°



ans =
3.0000 35.0000
35.0000 244.0000
-20.0000 -143.0000
65.0000 461.0000
>> NaiveGauss (A)
ans =
3.0000 35.0000
11.6667 -164.3333
-6.6667  -0.5497
21.6667 1.8093

-20.
.0000 461.0000
73.
.0000 856.0000

-143

-232

-20

4. MATRIX FACTORIZATION

0000  65.0000

0000 -232.0000

.0000  65.0000
90.
-10.
-3.

3333 -297.3333
6775  37.8905
5486 120.1003
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Computer problem 4. Write and test a procedure for determining A~ for a given square

matrix A of order n. Your procedure should use procedures Gauss and Solve.

Solution:






CHAPTER 3

ITERATIVE METHODS FOR SOLVING LINEAR SYSTEMS

1. Iterative methods: consistency and convergence
Idea: in order to solve Az = b, construct a sequence of vectors {z(¥)},>, starting

from a given (“initial guess") 29 such that

lim (X = 2 = ‘A\p’,

k—>oo0

where the convergence is meant in a ‘vector norm’ sense, i.e.,

lim ||2®) — || = 0.
k—yoo0

REMARK 1.1. At each iteration «, the vector \¥) allows to compute a residual
) = b— Az,
2

which costs (in the case of a full matrix A) order of 0(2n*), more exactly v(n) = 2n
operations.

Recall: the cost of solving Ax = b with direct methods is &' (%n3) operations.
Conclusion: iterative methods are competitive in comparison with direct methods pro-
vided the number of iterates k required for convergence (within a prescribed toelrance)

|z — 2™ || < tol
is independent of 7, or it scales sublinearly with n.

REMARK 1.2. The residual %) is known (computable) at each iteration, while the
error e = x — ¥ has to be “guesstimated”/

REMARK 1.3. e Direct methods are good for dense systems, of small or
modest size, such that the entire matrix could be stored (GEM).
o Iterative methods are good for large sparse, and large dense systems.

>> help spy
spy Visualize sparsity pattern.
spy(S) plots the sparsity pattern of the matrix S.
>> n=101;A=hilb(n); [L,U,P]=1u(A) ;spy (L)
>> spy(P)

81
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20
40
50 N : .
60
7
80

%0

100 hd 0y
0 10 20 30 40 50 60 70 8 9 100 0 10 20 3 40 5 60 70 8 9 100
nz=5150 nz =101

FIGURE 1. Matlab’s ‘sparse’ function for L and P: spy (L) and spy (P),
respectively.

EXAMPLE 1.1. The discretization of boundary value problems (BVP) for partial dif-
ferential equations (PDEs) yields large sparse systems, with patterns for sparsity, see e.g.
the Poisson equation (3.1) and its approximation.

REMARK 1.4. Let’s compare the operation costs necessary for a direct method to
obtain the solution © = A~'b, versus an iterative method, to obtain an (approximation)

iteration \¥) within a given tolerance € > || — x|,
2,3

The respective costs are $n” versus K X 2n2.
For example, if at each iteration it holds
lz 2| < Cllz — V| < < ¥z~ 2|,
where C < 1, then in order to have
lz—2®| < ¥z -2 < g]lz— 2],
it suffices to have C* < g, or klogC < logg, i.e.,
——

<0

- loge .

~ logC
Finally, for an iterative method to be more efficient than the direct method it would mean
loge
logC’

23
K~2n2<% = n>3k>

which would hold for large enough systems.
log(l.e —3) log(l.e—7)
log(.5) log(.5)

log(1.e —15)

~ 49.83.
log(.5) 983

~9.97, ~23.25,

1.1. Convergence of iterative methods.
Idea: construct {«(¥)} such that 2:(¥) ”7H> x=A"1h.
K oo

Recall that « is not available!
An ideal stopping criterion for the iterative method should be

| — 2| < & := tolerance. (ideal stopping criterion)



1. ITERATIVE METHODS: CONSISTENCY AND CONVERGENCE 83

Goal: given an iterative method of type
25+ — ppp(® + f,

find a stopping criterion (independent of the solution x).
Note that above we assumed that

x=Mz+f, ie, f=(I-Mx=I-MA'b
hence
(I-M)A"'b=f.
Subtracting ¥t = Ma:(¥) + f from & = Mx + f gives
x— ) = Mz — ),

hence the errors in the x iterations, i.e., © — ac(K), satisfy (in a vector norm) the following
‘recurrent’ inequality

lz = 2"V = [M(z - ™) < |M]||(z — ™) (1.1
< [IMPlI(@ - 2" D)) < |MP (= - 22| < - < M) (- 2.
This suggests that, in order to have a convergence iterative method, we would need

M| < 1.

On the other hand, subtracting 2(¥) = Mz(*=V) 4 £ from x(**1) = M2() + f yields
D) — () = () — D),
and therefore

H.’I)<K+1> (k) H

e < MU
) w(K V|

Using the inverse triangle inequality and (1.1) we have

1
250 — 2] > 29 — | — ) — | 2 =26 — 2] - 2D — ]
(useful estimate)

[
HMH =

Finally, putting together (ideal stopping criterion) and (useful estimate) we obtain our (use-
ful) stopping criterion

—x|.

(x+1)

|z —z| < - Ml &) — 20| < e, (stopping criterion)

1M]]
in the sense that the term in the red color are known (computed) quantities.
DEFINITION 1.1. We consider (stationary) iterative methods of the form:
given £ construct {)} > by:
) = Bx(®) 4 £, (stationary iterative method)

where B € My, is the iteration matrix, and f is a vector obtained from the RHS b = Ax.
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DEFINITION 1.2. An iterative method x'**1) = Bx¥) 4 f is consistent with the equa-
tion Ax = b if f and the iteration matrix B satisfy
xr =Bx+f, (consistent iterative method)
equivalently
f=(I—-Bx=(I—-B)A 'b.
DEFINITION 1.3. The error in the iteration K:
e =gz,
REMARK 1.5. The convergence condition
z = lim ¥
K—yoo

writes the

0=z—z=x— limz®™ = lim (€ — ) = lim ¥,
K—>o0 K—>o0 K—o0

for any choice of initial datum (initial guess) z0),

REMARK 1.6. Consistency alone does not suffice to ensure convergence of the itera-
tive method x**' = Bx®) + 1.

EXAMPLE 1.2. To solve 2Iz = b, consider the iterative method z*t1) = —z(®) 4+ b,
Hence in this case

)

1
A=2] ==b
) T 2

B=—-1,f=b
the method is obviously consistent:
x =Bx+f,
since
1 1
-b=—-1-b+bd.
2 2 +

Nonetheless, the method is not convergent for all choices of the initial guess:

If 29=0, then x®=02%"=b k=01,

If 29 = %b, the method is convergent — x'¥) = %b, VK.

Recall the rootfinding problem for the nonlinear functions
F(y) =0,
was analyzed by looking at the fixed-point iteration problem, where
D(y) =y. (in our case ®(y) = By + f)
The fix-point problem was solved by an iterative method:
(D) = x(9)

if and only if
and this was convergent Ll AN |®'(y)| < 1. If we consider ®(y) = By + f, then

Vo(y) =B
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hence convergence would be guaranteed provided ||B|| < 1, which is a consequence of a
stronger result, which we should see now, namely convergence is equivalent to the condi-
tion that the spectral radius is less than one: |eig(B)| < I.

THEOREM 1.1. (5.6.1 in [4, pp. 191]) A necessary and sufficient condition for a
stationary iterative method (kD) = Bg(x) + f to converge for an arbitrary initial approx-
imation ) is that

p(B) = max |4;(B)| < 1,

1<i<n
where p(B) is called the spectral radius of B.

PROOE. Assume that B has eigenvalues A1, A», - - - A,,, and assume that the correspond-
ing eigenvectors wi,uo, - ,u, are linearly independent. Then we can expand the initial
error

e =z 20 = qu, + 4 Oy,

and therefore

e® — p 20 _ Al uy + -+ oA u,, (1.2)
from which it follows that the iterations converge from an arbitrary starting approxima-
tion if and only if we have |A;] < 1,Vi = 1,--- ,n. The conclusion holds also without the
assumption on the eigenvectors, see e.g., [18]. O

REMARK 1.7. Let us assume that we want to reduce the amplitude of the error com-
ponent oyu; of the initial error e by a factor of 107 in x iterations. From (1.2) we
immediately see that K should satisfy

log10
AF<10 & kloglA| < —mlogl0 & k> —m—oo—
: — log |
<0
REMARK 1.8. Since p(A) < ||A|| for all consistent norms (see Theorem 2.3), we have
that a sufficient condition for convergence of a stationary iterative method is ||B|| < 1.
REMARK 1.9. Recall the stopping criterion stopping criterion
B
|z — ™| < ﬁ”azm —2(* V|| < tolerance.
1—||B]]
We note that if ||B|| < 0.5, then the iterations can be stopped when

Ha:<K) — (1) || < tolerance. (useful stopping criterion)

General idea: the most straightforward approach to an iterative solution of a linear
system

Az =b
is to write it as a linear fix-point iterations. One way would be
x=(I—-A)x+D.
This leads to the following
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DEFINITION 1.4.
D) — (I—A) 2% 4 p. (Richardson iteration)

1.2. Linear Iterative Methods.
Idea: Technique for consistent linear iterative methods based on additive splitting:

A=P—N,

where P = (preconditioner) nonsingular and easily invertible matrix (easy to solve Py = @),
for example P being diagonal or triangular matrix.
Recal Ar=b & Px=Nxz+b

DEFINITION 1.5 (Linear iterative method). : Given x©), compute z®) Vi >1 by

Pzt = Ne® 1 p o ) —pTINg® L Pl >0,
(linear iterative method)

i.e, the iteration matrix B := P~'N, while fi= P 1p.
REMARK 1.10. Alternatively, using the definition of the residual at the iteration K
r®) =p—Ax™® =p— (P—N)z¥,
we have that
pl0) _ p-lp (I—PilN)a:(K) —plp_ _HD*le(")7
P lo=pP 1% 42— prINg(®),
In turn, this allows to express the linear iterative method
o) = prINg®) 4 p1p = pEINE™ 4 P 4 g polng
and therefore one can use

w<K+l) = w(K) +P7]’I°(K)7
r() =p— Az,

as an alternative definition for the linear iterative method.

(iterative method)

REMARK 1.11. (1) P has to be easily invertible, i.e., the equation Py = @ has
to be easy to solve (e.g., P could to be a diagonal or a triangular matrix.)
(2) If P~ A, ie., N~0, then PtV ~ b is almost Ax'**V) ~ b, the original
problem.
(3) IfP~D, i.e., A~ D —N, then D&tV = N&(®) 1 £, which is easy to invert.

THEOREM 1.2 (Householder lemma). (see [13]) Let A be an SPD matrix, A= P —N.

The error e'¥) = — 2 in the linear iterative method satisfies the following identity

1
(e(K))TAe(K) N (e(K—H))TAe(K‘—H) _ E(:C(K-H) 7:1:(1()) (P+PT 7A) (w(K—H) . CC(K))
or equivalently
1

e — ™D = S+ -
PROOF. Direct calculation. (]

2
m<K)||P+PT7A‘



Jj=1,j#i Jj=i+l1 j=1 Jj=i+l1
z=D "(E+F)z+D'b
or written explicitly
aixy = —  anx; - apsxs  — o —  Alap-1Xp-1  —
anx; = — ayx - ap3xz — v — Aap—1Xp—1 —
an—1n—1Xn—1 = — d4up—11X1 — A4p—12X2 — d4p—13X3 — -°° -
An.nXn = — dapi1X —  ap2X2 - ap3xX3 — 0 —  App—1Xp—1

(k+1)

arxy = —  anx - aizxs - T Aip-1X, 0
(k+1) (k) (x) ( )
axx, = — a1Xx - as3xs - T @p-1X, . —

K+1 (x) K K
anfl.,nflxifl ) = — ap-1,1X - anfl?ng ) - an7],3xg ) - -
(r+1) (x) (x) (x) (x)
An nXn = — dp1X —  ap2X, - Aan3X3 - T App—1X,
or equivalently
n
K+1 ai b . .
xl( ) _ Z t] 5 )—f— — i=1:n, (Jacobi method)
] 1 ]#l all all
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COROLLARY 1.1. Let A be an SPD matrix, A= P —N. If P+ PT — A is positive
definite, then the iterative method

$<K+l) = w(K) _i_Pflfr‘(Kj7
) — b Al

is (monotonically) convergent for any choice of the initial guess z0);
le® D )la < e
PROOF. This follows directly from Theorem 1.2. (]

2. Classical Linear Iterative Methods

2.1. Jacobi, Gauss-Seidel and Relaxation Methods.

Let us decompose the matrix A as follows

A=D—E—F, (Dz = (E+F)z +b)
where
D =diag(A), E= { 8(1’7’ izj (lower A), F = { (;aij’ iij (upper A).

Key remark: if diag(A) has all nonzero entries, then

i—1 n—1

a,,(b— Z az/xj)—*(b Za,]xj f a,yg)zZ( Z’:) _Z’ (_‘%’ .

The Jacobi Method: starting with an initial guess {xl(()) }i—1:n, construct {xf K>}K20 by
(x) (x) (K)

2 ) = p~YE+F)z® + Db, Dzt = (E + F)x) 4 b)

ajy nXn
al nXn

an—1,nXn

(x)

ajy nXn

(x)

al nXn

(x
Ap—1,nXn

+ +

_|_
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2 -1 0 1
EXAMPLE 2.1. LetA=| 1 3 _1 |.b= 8 |. Carry out a number of
0 -1 2 =5
2
the Jacobi iterations, starting with the 0 initial vector. The exact solution is x = 3
-1
o) 7 - 2
N : X)) L+ u
x§> =1 3 | xé) =| 3248 | =1 2 |,
5 1/8 7
R P 3(5-5) ~5
-3 1 )
o T a2
no| =] =5
I xg3) i 3(275) -3
> A=[2-10; -13-1; 0 -12];b=[1;8;-5];
>> [X,xnew,k] = Jacobi(A,b,9,1.e-9)
rJ] =
0.5774
X =
0.5000 1.8333 1.5000 1.9444 1.8333 1.9815 1.9444
2.6667 2.0000 2.8889 2.6667 2.9630 2.8889 2.9877
-2.5000 -1.1667 -1.5000 -1.0556 -1.1667 -1.0185 -1.0556
xXnew =
1.9815
2.9959
-1.0185
k =
9

In order to write the Jacobi method as a linear iterative method (Ax = b, with A =
P—N, hence Pz = N + b and the iteration Px**1) = N2(®) +-p, or equivalently (k) —
P 'Nz®) + P~1p), we define

Pp=D, Ny=Pj—A=D—-A—=E+{F,
which give (recall the stationary iterative method 2t = Bx(¥) 1 1)

Bj=P;'Ny=D YE+F)=D"'(D-A)=1-D"'A (Jacobi iteration matrix)

0 —d2 ... A
ary ar
—_@ g ... .
= a2 @2 (Jacobi iteration matrix)
_ Gl %2
Ann Ann 0

fr=D"'b.

1.9938
2.9630
-1.0062

1.9815
2.9959
-1.0185
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In order to verify that the Jacobi method (a:(“l) =B Jsr:(") +D1b) is a consistent iterative
method (i.e, £ = Bjx + D 1b):
x=(I-D'A)x+D'p = D 'Az=D"'b
N——

By
A ‘generalization’: The Jacobi Over-Relaxation Method (JOR)
Let @ € R be a ‘relaxation’ parameter. Then the new iterate w}éﬂl) is defined as an interpo-
lation (weighted average) between the previous iterate 2-(¥) and the Jacobi method iterate

(k+1),

T jacobi *

K+1 K+1)
w§OR = wmgacobi +(1-

1 n

a:l(KH) =0— (b,- - ) a,'jxl(K)) +(1— a));cl(-K), i=1:n
i j=i#

The corresponding iteration matrix for JOR is then obtained from the Jacobi iteration

matrix:

)z, (JOR)

Bjor = ®B;+ (1 —0)[ = o(I-D'A)+(1—0)l=1—- oD 'A,
(JOR iteration matrix)
since from (JOR) and (Jacobi iteration matrix) we have

1
-’ngﬁ ' = Biorz™ + fiog;

o = oxpn] +(1-0)a™ = o (BJ-'B(K) +f1) +(1-0)a™ = (0B +(1-o))z™ +of.
N— — ~—~

Bjor

Moreover, from (JOR iteration matrix) we have that
Bior = PiogNior ==1— 0D 'A=1-wD '(D—E—F)=(1- )+ oD '(E+F)
q/l-o
= oD (7D+E+F)
0}

hence
Por = D,  Nox=-—CDIELF
Jor =D JOR = — .

It is easy to verify that (JOR) is a consistent iterative method V.
Indeed, from (Jacobi iteration matrix) and (JOR iteration matrix) we have

& = Bjor® + fior = (I — 0D 'A)x + oD 'b = x — 0D Az + 0P~ b = x.

REMARK 2.1. Note that when @ = 1, then JOR = Jacobi method!

The Gauss-Seidel Method:

K+1) (%) (x)
allxg = — a12x2 — a13x3 —
K+1 (x+1) K
azzxg ) = — aix - 6123)(:(; ) -

(k+1)  _ (k+1) (k+1) (x)
Ap—1,n—1X,_ = — 4p-1,1X —  ap-12X% - ap-13X3 -
(x+1) o (k+1) (k+1) (k+1)

Ap.nXn = — an1X -  an2Xy -  dp3X3

Jior

(x
Al n—1X,
K

(%)
A2n—1%, 1

(k+1)

Apn—1X,_1

(x)

a1 nXn

(x)

az nXn

(
Ap—1.,nX
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or equivalently
i—1 n
xl(KwL]):_ Z @x§K+I) Z Clz] ( )_’_7 i=1:n,
j=1i>j) i j=it(i<j) 4t i
(Gauss-Seidel method)

) — p () L D pg () 4 p 1, (1—D~'E)2®*) = p~1F2(® { p~1p,
) = (1-p'E)"'D"'Fa® + (1-D'E)"'D'b= (D" (D—E)) 'D'F2 +(1-D'E)"'D b
=(D—E)"'Fe™ +(D—E) b,
and therefore the iteration matrix
Cﬂgsﬂ) = BGS@"(GKS) + fas
of the Gauss-Seidel method is
Bgs = P5dNgs = (D—E) 'F=(I—-D'E)"'D™'F, (Gauss-Seidel iteration matrix)
fos=(D—E)"'b, 2.1
and moreover

A=Pss—Ngs =(D—E)—_F

Pss=D—E, Ngs=F.
The Gauss-Seidel method

D) = Bosa™ + fos = (D—E)'Fa™ + (D—E)"'b
is a consistent iterative method since

x=(D—-E)'Fe+(D-E)""» & (D-E)x=Fx+b & (D—E—F)x=b.
N——

A
2 -1 0 1
EXAMPLE 2.2. Recall Example 2.1, where A= —1 3 —1 |, b= 8
o -1 2 -5
Carry out a number of the Gauss-Seidel iterations, starting with the 0 initial vector. The
2
exact solution is x = 3
—1
[ (D) 7 r )
] é [ B
o A 3 S R e R I e B
D] La(§-9) o P 3(%-5) —3
M) r
D1 TR
o= 1B Ry || @
xz3 3 11216 IV st
YL a5 )) ~108

> A=[2-10; -13-1; 0 -12];b=[1;8;-5];
>> [X,k] = Gauss_Seidel(A,b,9,1.e-9)
rGS =
0.3333
The Gauss-Seidel iterations will converge with tolerance 1.0000e-09
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since the spectral radius of the iteration matrix B_GS is R_GS=0.333333

X =
0.5000 1.9167 1.9722 1.9907 1.9969 1.9990 1.9997
2.8333 2.9444 2.9815 2.9938 2.9979 2.9993 2.9998
-1.0833 -1.0278 -1.0093 -1.0031 -1.0010 -1.0003 -1.0001
k=9

A ‘generalization’ of the Gauss-Seidel: The Successive Over-Relaxation Method (SOR)

Let @ > 0 be a ‘relaxation’ parameter.

a:(sgzl) = a)wgsﬂ) +(1— a))a:(K)
i—1 n
y y b
xlgxﬂ) _ w(— Z @x§K+l) - Z @xgx) i 7) +(1— @)a, ic1l:m
j=1,(i>j) i =it (i<j) il dii

(SOR method)
The iteration matrix of SOR method is

Bsor = (I — coD’lE)*1 [(1— o)+ a)D*IF] = P§()1RNSOR (SOR iteration matrix)
1 -l/1—w
- (ED—E) (TD—i—F) = (D—@E)" ((1- 0)D+ oF),

1 l—w
Psor = —D —E, Nsor = ——D+F.
) )

Note that

A= Psop — Nsog = D E (lwa+F)
= I'SOR SOR_CO © .

2.2. Convergence results for the Jacobi method and the Gauss-Seidel method.
Subtracting the Jacobi method

LoD i(b,-—

1

from the equation Ax = b

1 n

all

J=Lj#i
we obtain that the errors satisfy componentwise
1 n .
Y =y ) = Y a jeE'K) (errors Jacobi method)
ai; -
j=1j#i

or, in matrix form
et =Be® = (1-D"'A)e®

where By is the Jacobi iteration matrix

0 4 ., _%n
ar ari
_ @1 0 ... _Gm
By = a2 22 (Jacobi iteration matrix)
_ 2 0

Ann Ann

1.9999
2.9999
-1.0000

2.0000
3.0000
-1.0000
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Similarly to the relation for the errors Jacobi method we obtain the errors Gauss-Seidel
method:

—1
K+1 K+l (k+1)
D — x4 — E a,je
all] 1 au

Z a,,e
Jj=i+l
(errors Gauss-Seidel method)

Therefore, following from Theorem 1.1 we have the following result.

PROPOSITION 2.1. The Jacobi method converges V(0 if and only if

p(B))<1 & z2p_aTp

THEOREM 2.1. IfA is strictly diagonally dominant, then both the Jacobi method and
Gauss-Seidel method converge.

PROOF. e For the Jacobi method:
(1) If A is strictly diagonally dominant by rows, i.e.,

n

n
jail > Y eyl & Y

J=Lj# J=Li#i

(2) If A is strictly diagonally dominant by columns, i.e.,

a,'j

<1, or IBs]|l <1 the max (row sum)
aji

n n
a4
|aii| > Z laji| < Z Ll<, or |Bs|li <1 the max (column sum)
j=i# j=ji i
e For the Gauss-Seidel method we have that the errors Gauss-Seidel method satisfy
elk+l) — Bcse(x),

where Bgg is bounded as follows.
Denote
i—1

o=y

j=1

aij aijj
- D E

) Bi: i

j=itl

aij aii

with a; = 8, = 0. Then from the (errors Gauss-Seidel method) we see that

eV < aulle®™ V| 4 Bille®]l,  Vi=1:n,
and also denote ¢ the index of the “maximum modulus” component of for error,
ie.,
e} = et Ve,
Therefore, from the above estimate we have that
. : K+1
e+, < LHe [l < max b e < - < (max b > |e?|...
1— i 1—o i 1—oy

(1) IfAis stmctly diagonally dominant by rows, then
max((x,- +ﬁ,) <1
1
which implies

max b
i 1—o

5
=iy

<0 1Bl

= max (a,—l—ﬁl < max(o;+ fi) < 1
1
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which gives the (probably faster than Jacobi) convergence of the Gauss-

Seidel method
(2) A similar argument holds for the case when A is strictly diagonally dominant
by columns,
concluding the proof. (I

THEOREM 2.2. IfA and 2D — A are SPD matrices, then the Jacobi method is conver-
gent and

p(Bs) = [IBslla = [IByllp-
PROOF. This is a direct consequence of Corollary 1.1, taking P = D. (]
THEOREM 2.3. If A is SPD, the JOR is convergent if 0 < ® < 2/p(D~'A).

PROOF. Recall that the (JOR iteration matrix) is Bjor = I — @D~ 'A. Then it is easy
to see that

P(Bjor) =p(I— oD 'A) = |1—wp(D'A)| < 1 & 0<wp(D'A)<2,
which concludes the argument. O

THEOREM 2.4. (see [7, pp 512]) If A is SPD, then the Gauss-Seidel method is mono-
tonically convergent in the |

-||a norm.

PROOF. First we note that since A is SPD, then the diagonal matrix D = diag(A) is
also positive definite. Now we use again Corollary 1.1 with P = D — E, to obtain that

P+P"T —A=D-E+(D-E) —(D-E-F)=P-E+D— K —P+E+K=D=diag(A)
ET
is positive definite, and therefore concluding that the Gauss-Seidel method converges mono-
tonically. (For a different proof, see [7, pp 512].) (]
THEOREM 2.5. If A is tridiagonal (or block diagonal ), it can be shown that
p(Bas) = p*(By).

REMARK 2.2. When dealing with general matrices, no a priori conclusions hold on
convergence for the Jacobi method or the Gauss-Seidel method.

EXAMPLE 2.3.

315 4 -3 3 -6 4 1 1 7 6
A= 7 4 2|, A=| -4 7 8], A3=|2 -9 0], Au=| 4 5
-1 1 2 57 -9 0 -8 —6 -7 =3

Recall that from (Jacobi iteration matrix) and (Gauss-Seidel iteration matrix) we have

A=D—(E+F B,=1-D 'A=P'N
( + )7 J J Js
N
—1 —1
A=D—E— 1; Bgs = (D—E)"'F = P3¢ Ngs.
P

(1) p(By) =1.11635,p(Bgs) = 0.8546,p(Bsog) = 1.4 (with @ = 1.1).
(2) p(B]) = 0.8133,[)(305) = l.l,p(BSOR) =1.59

(3) p(By) = 0.44 (slower than) p(Bgs) = 0.0185, p(Bsog) = 0.168
(4) p(By) = 0.64 (faster than) p(Bgs) = 0.7746, p(Bsor) = 0.92
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See in the online folder for the codes for the spectral radii, namely spectralRadiusJacobi.m,
spectralRadiusGaussSeidel.m, and spectralRadiusGaussSeidel.m, respectively.
The matrix Ay yields a convergent sequence using the Jacobi method
>> A =[-33-6; -47 -8; 57 -9];x=ones(length(A),1);b=Axx;
>> [XJ,xJ,k]=Jacobi(A,b,50,1.e-3);
r] =

0.813309105469277
Jacobi Convergence at iteration 28
>> xJ
xJ =

0.999675082273468

1.000243188578632

0.999989334136408
but not using the Gauss-Seidel method.
The matrix Az yields convergent sequences with all three methods:

e Jacobi, with the null vector as the initial guess x<0), gives

3771 o _[1B.1035
2’9’3} . *[12’9’27}
>> A=[4 1 1; 2 -9 0; 0 -8 -6];x=ones(3,1) ;b=A*x;
>> [XJ,xj,k]=Jacobi(A,b,5,1.e-3)
rJ =

s >

b=1[6;—7—14; D= [

0.4438
XJ =
1.5000 0.7222 0.8981 1.05625 0.9851
0.7778 1.1111 0.9383 0.9774 1.0117
2.3333 1.2963 0.8519 1.0823 1.0302

Xj =
0.9851
1.0117
1.0302

k =

and actually it takes 11 iterations to reach the 107> tolerance, using the (useful stopping criterion).
o Gauss Seidel, also with null initial guess gives
31029 o _[109,47 lash
279727 " T 17087486 1458
and it reaches the 102 tolerance in 4 iterations, by the (useful stopping criterion).
>> [XGS,k]=Gauss_Seidel(A,b,5,1.e-3)
rGS =
0.0185
The Gauss-Seidel iterations will converge with tolerance 0.0010000000000000
since the spectral radius of the iteration matrix B_GS is R_GS=0.018519
Gauss-Seidel convergence at iteration k=4
1.0000
1.0000
1.0000

b=1[6;—7,—14]; XD = [


http://www.pitt.edu/~trenchea/math1080/Chapter8/spectralRadiusJacobi.m
http://www.pitt.edu/~trenchea/math1080/Chapter8/spectralRadiusGaussSeidel.m
http://www.pitt.edu/~trenchea/math1080/Chapter8/spectralRadiusSOR.m
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XGS

=l

.5000 1.0093 1.0002 1.0000
1.1111 1.0021 1.0000 1.0000
0.8519 0.9973 0.9999 1.0000

e SOR

>> [X] = SOR(A,b,50,1.1,1.e-3)

The SOR iterations will converge with tolerance 0.0010000000000000
since the spectral radius of the iteration matrix B_sor is R_sor=0.168928
the matrix storing SOR iterates as columns X=

1.6500 0.9407 0.9931 1.0034 0.9994 1.0000
1.2589 0.9596 1.0023 1.0006 0.9998 1.0000
0.7203 1.0872 0.9878 1.0003 1.0003 0.9999
SOR convergence at iteration k=
6
the actual solution (to four decimal places rounded) is obtained x=
1.0000
1.0000
0.9999

1.6500 0.9407 0.9931 1.0034 0.9994 1.0000
.2589 0.9596 1.0023 1.0006 0.9998 1.0000
0.7203 1.0872 0.9878 1.0003 1.0003 0.9999

[y

2.3. Convergence results for the Relaxation methods.
A necessary condition on @ for the SOR method to converge.

THEOREM 2.6. Vo € R we have
p(Bsor(®)) = |@—1].

Therefore the SOR method fails to converge if ® <0 or?2 < .

PROOF. Recall that the (SOR iteration matrix) is

Bsor = (D — wE)"'[(1 — ®)D + oF],
and also that the characteristic polynomial writes
Psor(A) =T} (A — A;) = (—1)"det(Bsor — Al),

where A; € 6(Bsor). Then

]n;;lz,- = det(Bsor) = det((D— 0F)~")det((1 — @)D+ @F) = n(i) ~H((1 - w)aﬁ) =(1-o)".

dij

Finally
1
p(Bsor) > [IT Ay = 11—,

concluding the argument. O
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THEOREM 2.7 (Ostrowski-Reich). IfA is SPD, then the SOR method converges (mono-
tonically in the || - |4 norm) if and only if @ € (0,2).

PROOF. Recall from the (SOR iteration matrix) that
1 l-w
Psor = —D—E, Nsor = ——D+F.
) w

Since A is SPD, by Corollary 1.1 it suffices to check that PSTOR + Psor — A is SPD. Indeed,
that is the case, since ET = F

, 1 1 T 2—w
Plog +Psor ~A = (—-D—E) + (-D-E) ~(D-F-K) ===,
0] o 0]
and D = diag(A) is SPD. O
2.4. Sparse matrix computations.
Let A € R™", n = even number
- - [ 2.5 ]
-1 1/2
3 / 1.5
-1 3 1/2 :
oo - -1
A= , x =ones(n, 1), b=Ax= 1
1/2 3 -1 ;
1.5
172 SR )

See Matlab’s function spdiags.m.
>> sparsesetup(100)

The matrix A is sparse (spy(A)), with 4n < n? non-zero elements.

REMARK 2.3. When n = 10, what are the options to solve Ax = b?

e size: treating A as a full matrix = n*> = 100 entries, which in double precision
(8 bytes) would take 8 x 10'° ~ 74.5 GB. So, depending on the computer; it may
be impossible to fit the entire n*entries into RAM.

e time: not only memory, but also computational time poses a problem, the num-
ber of operations for GEM is 0'(n?) ~ 1013,

— on a machine which runs few Ghz (10° cycles per second), an upper bound
on the number of floating point operations per second is 103 (flops/sec) =
1015/108 = 107 seconds for GEM (1 year ~ 3 x 107 seconds).

— GEM is not an overnight computation!

— onthe other hand, one step of an iterative method requires 2 x 4n ~ 800,000 =
8 x 10° operations.

— hence one could use 100 steps of Jacobi method and still finish with fewer
than 100 x 8 x 10° ~ 103 operations ~ 1 second or less

>> Example2_25JacobiSparse(1000,50)

For example


https://en.wikipedia.org/wiki/Alexander_Ostrowski
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n (Jacobi method) CG (conjugate gradient) | GE (scaled partial pivoting)
107 | time 0.1237 0.0049 1.5509
error 1.12e-6 (44 iter) 7.73-7 (14 iter) 7.28 e-14
103 | time 0.4049 0.5636 1.4997 e+3
error 4.0617e-7 (56 iter) 1.9188-7 (15 iter) 9.4230e-13
10* | time 180.89 192.23
error 4.0617e-7 (56 iter) 6.8376-7 (15 iter)

2.5. The Gradient Methods.
Let A € R" " be a SPD matrix, Ax = b.

DEFINITION 2.1.

as
o(y) = %yTAy ~y'b,  VyeR"
LEMMA 2.1. Let A be SPD.
(i) ¢(x) = %mTé:/B_/—wa = %:BTb—:BTb = —%wa.
(ii) V¢(y) 3T b +A)y—-b=Ay—b=—-r(y) [residual]
Vo(x)=Ax—b=0.

(iii) ¢(y )2_(1)(:13) VyE]R” since

1 r T 1 7 17 | L7
= Ay—y'b=-y'Ay—=-b'y— -y b+ -ax'Ax— b
W)=y Ay—y b=sy Ay—Sby—sy btz Az—Sba
=0
1 r 17 1 r 1 7 L7
2yAyzbyzy b+2wA:c wa
xTA Ax
—1( x)TA 1( x) Az lea:
—2Y y—aw 2
1 1
= Q(yfm)TA(yfm) *EbTw
—
20 ()
1
>——b'x=¢(x).
2
(iv) ¢(y)—o(x) = %||y—a:||i (the || - |4 norm or ‘energy norm’).
PROPOSITION 2.2. Finding a minimizer x € R" of ¢ & solving A.

PROOF. "=" If * is a minimizer, then from (ii) V¢(
r(x*)=b—Ax* =0, i.e., " is a solution.
"«<" From (iv) we obtain that ¢ (x) < ¢(y),Vy, and Vo (x) =

¢ :R" — R is the ‘energy of the system Ax = b’ and is defined

(Quadratic Form)

x*) = 0, hence the residual

O
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2.5.1. Gradient descent method. Given x*), construct {z(¥)} o by
2FH) = 20 4 g p() (gradient descent method)

where

o (= length of the step along the direction
e p(® :=descent direction.

DEFINITION 2.2. A natural choice for the direction is
o p'®) = direction of maximum descent along ¢ in ™ e,
P = —vo(a®) Z 0 = p_ g,
which gives the
2D = () _ g Vo (z¥)). (steepest descent method)

The coefficient o is computed such that

0= V(D) @ 4zt _p = A(2® 4 0ep) — b = Az + apeAr ¥
=) 4 oeAr®),
r®) = g Ar(®)

and therefore

o= —————.
0T pp(x)

ALGORITHM 2.1 (Steepest (or Gradient) Descent). Given z(©),
setr©® =p —A:B(O),
and for k =0, 1,... until “convergence”,
compute

(%)

r©T Ap(x)
o) = (0 | g p ()

aK:

rH) = () _ g Ap(K)

PROOF. Indeed, from the definitions of the gradient descent method and the steepest
descent method
2 ) = 20 L g p®) = 20 4 qep®) = £(%) ocKVq)(a:(K)) =0 L aK(b—Aa:(K)),
Az = Az 4+ AP
b—Az*H) = p— Az — g AP
—_————— N—— ?

p(e+1) r(x)

which is the update relation for the residuals. U

THEOREM 2.8. Let A be SPD. The gradient method (steepest descent) is convergent
V), and

e, < condy(A) —1

(x) k=0.1..--
- condg(A)—|—1||e la Y
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COROLLARY 2.1. Let A be SPD.
A)—1\¥
0 4%) 0 k=0 1.

Hw T ||A— COndz(A)-‘r—l ||33 r HA’ IE)

PROPOSITION 2.3. In order to reach tolerance tol (for ‘convergence’), the steepest
descent method needs a minimum of K iterations, where

> — loglo(tol)
- 2
In particular, in order to gain 1 digit of accuracy (tol = 1071) requires

> condy(A) + 1 _

(condy(A)+1).

2.2
> (2.2)
PROOF. Assuming
(Condz(A) — 1)'( < tol
condy(A) + 1
then for large conditioning number we have
condy(A) — 1 2 -2
log,o(tol) > Kl (7):1(1 (1— )mc ,
ogio(tol) = Klogyy condy(A)+1 ©810 condy(A) +1 condy(A)+1
where the approximation is a consequence of a Taylor expansion. (]

REMARK 2.4. Inthe case of the 1D Poisson equation, A is SPD, and Amax = O (1), Amin =
O (h?), hence condy(A) = % =0(h™?).
2 0
A= ( 0 50 ) » n=2

2
(i) e
Then the Quadratic Form is
17 Ty 1 2.0 i 2
¢(y)—§y Ay—y' b= 2(y1,y2)( 0 50 ) ( —2) |

2

EXAMPLE 2.4. [13, p. 193] Let

1 50
( 0 ) , condy(A) = 5 = 25.

_ 1 2y I P 2 _ .2 2
=5 01:32) ( 50y ) = 2y1 = 5(2y1 +50y2) = 2y1 = y1 = 231 +25%
2 oy
(1/5)?
and the equation ¢ (y) = 0 describes an ellipse.
Note from (2.2) that, in this case, the number of gradient descent method iterations nec-
essary for gaining a significant digit is

o condy(A) + 1

-

12 L

=13.

Assume the initial guess is


https://en.wikipedia.org/wiki/Ellipse
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r(O7 7 0) 400 + 2500 2900 2006

W= 0T Ar0) 40\ 800+ 125000 125800
(=20,-50) —2500

(1) — (0) _ @) _ (11 29 (=20 _ ( 105389
v * sor (1>+1258 —50 —0.1526 )’

r() = 0 _ quar©® — ( —19.0779 )

~ 0.02305,

7.6311
SOEIQ))
o=~ —0.116,
'r(l) Ar(l)
8.3259
28 =all+our = ( 0.73259 >

The errors in the A norm are:

&~ =

G)-COLACE e (G 2)(2)

= \/(10,1)( 0 ) = V200450 =158,

—50
e a0 = | (1) ( 10338 _ |l 95389
A7\ o —0.1526 ) ||, ||\ 0.1526

20 —9.5389
_\/(—9.5389,0.1526)( 0 S0 )( 0.1526 )

= \/(—9.5389,0.1526) ( _71962358 ) =1/ 183.1456 = 13.5331,

A

while the values of the higher index iterations and the corresponding residuals are (using

steepestdescent.m ):

k| 2t® Ly residual v(%)

1 2
13 | 2.4745 -0.0235 8.3247
26 | 1.17506 | 0.0175 0.4910
39 | 1.0258 -0.00041 0.1457
52 | 1.00306 | 0.000306 0.00859
65 | 1.00045 | 0.0000072 | 0.00255
78 | 1.000053 | 0.00000053 | 0.0001504

Also solve this system with the Jacobi and Gauss-Seidel methods.

For another iterative method, used for positive-definite matrices, see the
2.5.2. Conjugate gradient method.

ALGORITHM 2.2 (Steepest Descent & Conjugate Gradient (CQG)). Given z0),
SetT(O) :b—A$(O), and also setp(o) =
+(0)

>


https://sites.pitt.edu/~trenchea/MATH1080/Chapter8/Chapter8.html
https://en.wikipedia.org/wiki/Conjugate_gradient_method
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and for k =0, 1,... until “convergence”,

compute

p® (%) 0T (%)
ay( == Ti OCK - Ti
()" Ap(x) p(K) Ap(K)
2D = ) 4 g r® (e, Vo(zF+D) = 0) 2+ = 20 4 g p®)
PO — () _ g Ap(9) rFD) — (0 _ g Ap(®) (kD) | p(o)
(Ap(x))T,r(K+1)

b= ap)Tp

p ) =tV — Bp® () Ly span{p™,---,pV})

REMARK 2.5. It can be shown that for the Conjugate gradient method
1713 I Tl

(PWTAp® T AR

PROPOSITION 2.4. (See Exercise 13 in [15, p.155]) Using the relation

PO (0 g (%)

(XK:

the following recursive three-term relation holds for the CG residuals

ApterD) = _ L oer (L _ B ),(K) 4 Pe e
a;( aK‘ aK*] akfl

REMARK 2.6. The new CG residuals 1) are orthogonal to the CG search direc-
tions p'¥):
T(K‘H)J_p(j)’ Vji=0,-- K.
The new CG search directions p<K+1)
tions p'¥):

are A-orthogonal to all previous CG search direc-

pth 1, pl), Vji=0,--,K.

THEOREM 2.9. (See [15, p. 155]) Let A be a symmetric and positive definite matrix.
Any method which employs conjugate directions p'®) to solve Ax = b terminates after at
most n steps, yielding the exact solution.

PROOF. Denote Vy := span{p®),-.. . p(9}. Since p(©) = () and p(k+1) = plk+1) _
B«p™, then the space V. := span{r(O)7 AL }, and therefore by the orthogonality prop-
erty (¥t | pl) Vj=0,--,k we have that »(**1) | V. This finally gives 7" L
V,.—1 = R", and therefore ) = 0, hence z = 0. O

EXAMPLE 2.5. (Continuation of Example 2.4)
w@;(?).
© _ 72 4.00_(2YY (2 0 11
r=boAw _<0> (0 50 1

0 ._ .0 _ [ —20
p =T - < —~50 >7

(3)-(2)
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(rO)T¢(0) 400 + 2500 2900 2900

= O TAr©) 2050 ( -0 800+ 125000 ~ 125800
’ ~2500

() = g0 4 g0 — (11} 29 (=20} _ (11-20x29/1258 ) _ (" 6629/629
2V =29 4 a%p <1>+1258 ~50 1—50%29/1258 —96/629 )

1) _ 0 _ 0 _ ( —20y_ 29 (2 0 —20
r=rT o oTAp (—50) 258 L0 50 )\ —s0

-20 ) ( 40 - -2 -20 580 _ 12000
= + )= +{ 3B )= S0 >
( —50 2500 15355 —50 ng =

~ 0.02305,

12000
—40,-2500) &%
B — (ApOH)Tr®) ( )< 46870909 ) _ (480000 —2500-4800)/629  —11520000 _ 57600
07 (Ap)TpO) =20\ 800 + 125000 ©629%125800 395641
(—40,-2500) (g
_ 12000 57600 -20 _ 12000 11552000 _1450%6000
p(l) ZT‘(I) —ﬁop(()) = < %9 >+395641( ~50 ) = ( %? > - < 18%%%0 ) = 138%(?(2)
395641 629
8700000 . 12000 139200 . 4800 8700000 . 12000 139200 . 4800
o = (")’ _ 393641 629 T 305041 629 _ 395641 629 ' 305041 620 _ 629
(D\T (1) 87000002 1392002 4 ’
(p)TAp 25 SI00000% 5 1392007 152348832000000/629 1450
14506000
@) _ () 4 gy _ [ 0629/629 1\ | 629 [ —==50= | (1

Convergence of the CG method
The Conjugate Gradient method was proposed by Magnus Rudolph Hestenes and Ed-
uard Stiefel in 1952 as a direct method for Ax = b (in exact arithmetic, the exact solution
is obtained in n steps or less, where A € R™*™),

THEOREM 2.10. (Theorem 4.11 in [15, p. 155]) Let A be a symmetric positive
definite (SPD) matrix. Then CG for Ax = b terminates after at most n steps, with the
exact solution.

We note that the ‘termination property’ after n steps of the CG method is valid only
in exact arithmetic, due to cumulating rounding errors which prevent the search directions
p'®) from being A-conjugate.

PROOF. The directions p(@,p™) ... p=1 form an A-orthogonal basis in R”.
Since
PNTr =0 vj=01,---k—1 = % LV =span{p® p) ... pk-D1
hence
r 1LV,
i.e.,
P =0=b—Az",
sox =g, (]

REMARK 2.7. The computational cost for GE is ﬁ’(%n3), hence CG is more expen-
sivel! (CG: every iterate costs n> operations.)


https://en.wikipedia.org/wiki/Magnus_Hestenes
https://en.wikipedia.org/wiki/Eduard_Stiefel
https://en.wikipedia.org/wiki/Eduard_Stiefel
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THEOREM 2.11. The error e® = & —x®) in CG, for A SPD, in the k-th iteration
satisfies

2k

le®la < 17zl la.
with
condy(A) —1 2
- condp(A) +1 T condy(A) +1
PROOF. See Theorem 4.12 in [15, p. 155]. U

As a direct consequence of Theorem 2.11, we have the following result for the CG
(algorithm 2.2) as a counterpart for Proposition 2.3 corresponding to the gradient descent
method.

PROPOSITION 2.5. In order to reach tolerance tol (for ‘convergence’), the Conjugate
Algorithm 2.2 needs a minimum of K iterations, where

1 tol
K> —%(\/condgm) +1).
In particular, in order to gain 1 digit of accuracy (tol = 107!) requires

K> —vcond;WH _ 23)

PROOF. Assuming

da(A) —1\¥
o= (M) < tol
/condy(A)+1
then for large conditioning number we have
condy(A) — 1

2
log;o(tol) > klo (———————)zmo 0_4444447)
B(tel) 2 Klogw s @1 £10 condy(A) 1 1
-2
N K—FY—,
condy(A) + 1

where the approximation is a consequence of a Taylor expansion. (I

REMARK 2.8.

e CG requires 0 (/cond,(A)/2) per significant digit,
significantly less than the steepest descent method € (cond;(A)/2).
o CG requires barely more work than the steepest descent method at |\bf each step.

EXAMPLE 2.6. For a 2D Poisson or Helmholtz equation
Au(x,y) +c(x,y)u(x,y) =0, where c(x,y) > 0,on Q =1[0,1] x [0,1]
we have for a 100 x 100 mesh (i.e., h = 1072), the resulting linear system to solve Au = f
has dimension n = 10*, and condy(A) = 0'(h™?) = O(10%).
Therefore one expects:
e Steepest descent: 30,000 iterations for 6 significant digits:
dr(A)+1
> % 65,0006 = 30,000 iterations.

o CG:
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— the exact solution is obtained in n = 10,000 iterations

— for 6 significant digits:
da(A)+1 10041
K> 6% %(H ~ 6% T—’_ =~ 300 iterations.

REMARK 2.9. Overview of iterative methods (see [17, p. 243]): here is a list of what
was considered at the time “very large” computations for dense, direct matrix computa-
tions:

1950: n =20 (Wilkinson)

1965: n =200 (Forsythe & Moler)
1980: n = 2,000 (LINPACK)
1995: n= 20,000 (LAPACK)

2.6. Exercises.
Exercise 1. Give an alternative solution to Example 2.4.
Solution:

Exercise 2. Write the matrix formula for the Gauss-Seidel overrelaxation method.
Solution:

Exercise 3. (Multiple choice) In solving a system of equations Ax = b, it is often convenient
to use an iterative method, which generates a sequence of x®) vectors that should converge
to a solution. The process is stopped when sufficient accuracy has been attained. A general
procedure is to obtain ¥ by solving Ox*) = (Q —A)xU"I> +b. Here, Q is a certain
matrix that is usually connected somehow to A. The process is repeated, starting with any
available guess, x'°). What hypothesis guarantees that the method works, no matter what
starting point is selected?

(a) [Q]l <1

(b) |0A[l <1

(c) II—QA|l <1
d) |[I-Q07 'A< 1
(e) None of these.

(Hint: The spectral radius is less than or equal to the norm. )
Solution: Apply Theorem 1.1, where B= Q"' (Q —A).

Exercise 4. (Multiple choice) From a vector norm, we can create a subordinate (consistent matrix norm). Which
relation is satisfied by every subordinate matrix norm?

(a) [|Ax]| = (Al

(b) ]| =1

(c) [|AB] = ||A[|1B]

(d) |A+B[ = [A]+|B]
(e) None of these.

Solution: See the definition of a (consistent matrix norm).
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Exercise 5. (Multiple choice) The condition for diagonal dominance of a matrix A is:
(a) |ai| <Xy jslaijl
(b) laii| > Xy jilaijl
(c) laii| < ¥Xj—ilaijl
(d) laii| > Xy laij]
(e) None of these.
Solution: See the definitions of (diagonally dominant by rows) and (diagonally dominant by columns).

Exercise 6. (Multiple choice) A necessary and sufficient condition for the standard itera-
tion formula 0 =@xk=D L p 1o produce a sequence x®) thar converges to a solution of
the equation (I —9)x = h is that:

(a) The spectral radius of 4 is greater than 1.

(b) The matrix ¢ is diagonally dominant.

(c) The spectral radius of 9 is less than 1.

(d) ¢ is nonsingular.

(e) None of these.

Solution: See Theorem 1.1.

Exercise 7. (Multiple choice) A sufficient condition for the Jacobi method to converge for
the linear system Ax = b.

(a) A—1is diagonally dominant.

(b) A is diagonally dominant.

(c) 9 is nonsingular.

(d) The spectral radius of 9 is less than 1.

(e) None of these.

Solution: See Theorem 2.1.

Exercise 8. (Multiple choice) A sufficient condition for the Gauss-Seidel method to work
on the linear system Ax = b.

(a) A is diagonally dominant.

(b) A—1I is diagonally dominant.

(¢) The spectral radius of A is less than 1.

(d) < is nonsingular.

(e) None of these.

Solution: See Theorem 2.1.

Exercise 9. (Multiple choice) Necessary and sufficient conditions for the SOR method,
where 0 < @ < 2, to work on the linear system Ax = b.

(a) A is diagonally dominant.
(b) p(A) <1.



106 CHAPTER 3. ITERATIVE METHODS FOR SOLVING LINEAR SYSTEMS

(c) A is symmetric positive definite.
(d) x9 =o.
(e) None of these.

Solution: See the Theorem 2.7.

Exercise 10. (Multiple choice) The Frobenius norm is frequently used because it is so
easy to compute. Find the value of this norm for these matrices:

1 2 3
(@ | 0 5 4
|2 1 3
[0 0 1 27
305 4
N
|1 3 2 2|
1 1 1 17
305 4
©@11 11 2
|1 3 2 2 |
Solution:
1 2 3
(a) LetA=| 0 5 4 |, then
21 3
3
IAllr = | Y laij|* = V69 ~ 8.3066.

ij=1

> A =1[123; 054; 21 3];
>> norm(A,"fro")

ans =
8.306623862918075
[0 0 1 27
30 5 4
® 1y 7
13 2 2|
11 1 17
30 5 4
©@17 11 2
13 2 2|

Exercise 11. Determine the condition numbers cond(A) of these matrices:
[-2 1 0
(a) 1 -2 1
0 1 -2
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[0 0 1
() | 01 0
R
3 0 0
(c) | 0O 2 0
01 =2
[ —2 -1 2 -1
1 2 1 =2
(d) 2 -1 2 1
| 0 2 0 1
Solution:

Computer problem 1. Redo several or all of Examples 1-5 using the linear system involv-
ing one of the following coefficient matrix and right-hand side vector pairs:

5 -1 7

wa=| 3 5| e=|7]
5 —1 ] 7]
b)A=| -1 3 —1|, b=|4
0 -1 | |5 ]
2 -1 0] [ 1]
(c)A=] -1 6 2|, b=|3
4 -3 8 |9 ]
7 3 -1 3]
dA=| 38 1|, b=|-4
-1 1 4 2 |

Solution:

Computer problem 2. Using the Jacobi, Gauss-Seidel, and SOR (® = 1.1) iterative
methods, write and execute a computer program to solve the following linear system to
four decimal places (rounded) of accuracy:

7 1 -1 2 X1 3
1 8 0 -2 x| | =5
—1 0 4 -1 x3 | 4
2 =2 -1 6 X4 -3

Compare the number of iterations needed in each case.
(Hint: The exact solution is x = (1,—1,1,—1)T.)
Solution: Exercise8 2 2 JGSSOR(k)

Computer problem 3. Using the Jacobi, Gauss-Seidel, and the SOR (®w = 1.4) iterative
methods, write and run code to solve the following linear system to four decimal places of
accuracy:

7 3 1 2 x| —1
38 1 —4 x| | 0
-1 1 4 -1 x| | -3

2 -4 -1 6 X4 1
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Compare the number of iterations in each case.
(Hint: The exact solution is x = (—1,1,—1,1)7.)
Solution: Exercise8 2 3 JGSSOR(k)

Computer problem 4. (Continuation) Solve the system using the SOR iterative method
with values of @ = 1(0.1)2. Plot the number of iterations for convergence versus the values
of ®. Which value of @ results in the fastest convergence?

Solution: Exercise8 2 4SOR(k)

Computer problem 5. Program and run the Jacobi, Gauss-Seidel, and SOR methods for
the system of Example 1

(a) using equations involving the splitting matrix Q.
(b) using the equation formulations in Example 4.
(c) using the pseudocode involving matrix-vector multiplication.

Solution:

Computer problem 6. (Continuation) Select one or more of the systems in Computer
Problem 1, and rerun these programs.
Solution:

Computer problem 7. Consider the linear system

ERTIN R

Using Maple or Matlab, compare solving it by using the Jacobi method and the Gauss-
Seidel method starting with (©) = (0,0)7.
Solution:

Computer problem 8. (Continuation)

(1) Change the (1,1) entry from 9 to 1so that the coefficient matrix is no longer diag-
onally dominant and see whether the Gauss-Seidel method still works. Explain
why or why not.

(2) Then change the (2,2) entry from 8 to I as well and test. Again explain the
results.

Solution:

Computer problem 9. Use the conjugate gradient method to solve this linear system:

20 —-03 —02 X1 7
~03 20 —0. x |=]5
~02 -0.1 20 X3 3

Using Maple or Matlab, compare solving it by using the Jacobi method and the Gauss-
Seidel method starting with £(©) = (0,0)7.
Solution:
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Computer problem 10. (Euler-Bernoulli beam) A simple model for a bending beam un-
der stress involves the Euler-Bernoulli differential equation. A finite difference discretiza-
tion converts it into a system of linear equations. As the size of the discretization decreases,
the linear system becomes larger and more ill-conditioned.

(1) For a beam pinned at both ends, we obtain the following banded system of linear
equations with a bandwidth of five:

12 -6 4/3
4 6 -4 1
1 -4 6 —4
1 -4 6

1
—4 1
4 6 -4
1 -4 6
1 -4
4/3

41
6 —4
6 —12

V1
Y2
Y3
Y4

Yn-3

Yn—2

Yn—1
Yn

by
by
b3
by

bn—3

bn72

bnfl
by,

The right-hand side represents forces on the beam. Set the right-hand side so

that there is a known solution, such as a sag in the middle of the beam. Using
an iterative method, repeatedly solve the system by allowing n to increase. Does
the error in the solution increase when n increases? Use mathematical software
that computes the condition number of the coefficient matrix to explain what is
happening.

dition at only one end is

1
-4 1
6 —

1 —4

1
6 —4
—4 6
1 —93/25

12/25

1

—4
111/25
24/25

Repeat the numerical experiment for this system.

(2)
[ 12 -6 4/3
—4 6 —4
1 —4 6
1 -4
Solution:

1
—43/25
12/25 |

Y1
»2
y3
Y4
Yn-3

Yn—-2
Yn—1

(a) >> n=8; A = diag(ones(n,1)*6)+ diag(ones(n-1,1)*(-4),-1)
+ diag(ones(n-1,1)*(-4),1)+ diag(ones(n-2,1),-2)+ diag(ones(n-2,1),2);

>> A(1,1)=12; A(1,2)=-6; A(1,3)=4/3; A(n,n-2)=4/3;A(n,n-1)=6;A(n,n)=-12;

>> A
A =
12.0000
-4.0000
1.0000
0
0
0
0

-6.0000
6.0000
-4.0000
1.0000

1.3333
-4.0000
6.0000
-4.0000
1.0000

1.0000
-4.0000
6.0000
-4.0000
1.0000

1.0000
-4.0000
6.0000
-4.0000
1.0000

0

0

0
1.0000
-4.0000
6.0000
-4.0000

The linear system of equations for a cantilever beam with a free boundary con-

b
by
b3

O O O O

1.0000
-4.0000
6.0000

O O O O O

1.0000
-4.0000
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0

0

0

0

0

1.3333

(b) >> n=8; A = diag(ones(n,1)*6)+ diag(ones(n-1,1)*(-4),-1)

+ diag(ones(n-1,1)*(-4),1)+ diag(ones(n-2,1),-2)+ diag(ones(n-2,1),2);
A(1,1)=12;A(1,2)=-6;A(1,3)=4/3;
A(n-1,n-2)=-93/25;A(n-1,n-1)=111/25;A(n-1,n)=-43/25;
A(n,n-2)=12/25;A(n,n-1)=24/25;A(n,n)=12/25;

>>
>>
>>
>>
A

A

12.0000
-4.0000
1.0000

-6.0000
6.0000
-4.0000
1.0000

o O O

1.3333
-4.0000
6.0000
-4.0000
1.0000

1.0000
-4.0000
6.0000
-4.0000
1.0000

1.0000
-4.0000
6.0000
-4.0000
1.0000

0

0

0
1.0000
-4.0000
6.0000
-3.7200
0.4800

6.0000

O O O O

1.0000
-4.0000
4.4400
0.9600

-12.0000



CHAPTER 4

EIGENVALUES AND EIGENVECTORS

Let A € C"™" be a square matrix. Recall the Definition 1.13:
The number A € C is called an eigenvalue of A if there exists a non-null vector 0 # x € C"
such that

Az =Az.

The vector & € C" is the eigenvector associated with the eigenvalue A.
(A,z) € C"*! is called an eigenpair of A.
The set of eigenvalues of A is called the spectrum of A, denoted 6(A)

o(A)={A €C; Aisaneigenvalue of A} C C. (spectrum)

From Remark 1.5 we see that
e the eigenvalue A corresponding to the eigenvector & can be computed by the
Rayleigh quotient
= % (Rayleigh quotient)
e The eigenvalue A is the the solution of the characteristic equation
pa(A) =0, (characteristic equation)
where
pa(r) :=det(A—rl) (characteristic polynomial)
is the characteristic polynomial, hence having n roots (complex numbers), i.e.,
the matrix A € .# (n,n) has n eigenvalues, not necessarily distinct!
The methods for finding the eigenvalues are generally thought of being either

e partial methods: compute extremal eigenvalues of A (with max and min abso-
lute value), for example the power method (Section 4) and inverse power method,
QR and SVD

e global methods: approximate the whole spectrum o(A)

MATLAB:

[V,D] = eig(h)

returns diagonal matrix D of eigenvalues and matrix V whose columns are the correspond-
ing right eigenvectors, so that AV =V % D.

REMARK 0.1. If Q € R"™" is an orthogonal or Q € C"*" is an unitary matrix, then
all the eigenvalues are situated on the unit circle, i.e.,

=1, VAeo(Q).

111
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PROOF.
Oz =z = z' Q' 0z = V[ & |z’ = %[z,
since QTQ =1. O

THEOREM 0.1.
(a) A € 6(A) = A" € 6(A"), and, if A is nonsingular, then 4 € o(A™").
(b) IfAis
e real and symmetric (A = A"), then 6(A) C R.
o real and skew-symmetric (A = —AT), then 6(A) C iR.
(¢c) If A is complex and hermitian, then 6(A) C R.
(d) If P is nonsingular, then A and P~'AP are (similar and) have the same characteristic
polynomial, hence spectrum.
(e) If A is a diagonal matrix, a lower triangular or an upper triangular matrix, then

o (A) = diag(A).
PROOF.
(a)
Av=Av = A'v=A";

1
A D Av=Av = LA lw=nu, A_I'U:I’U.

b) e Ar=Az=AT=AT T A=T A =T Az =A%"x
?ETA:B =1z
hence A = 4; - B B
e A=Az = AT =AT & T A=T A =T Az = -Ax' x
:>§TA:B =21 x
hence A = —A.
() Az =Ax = AT =AT T A=T A =T Ac =17«
:iETAm =AzTx
hence A = 4;
(d

det(P~'AP — AI) = det(P~' (A — AI)P) = det(P~") det(A — AI)det(P)
= det(A—Al).
(e) det(A—AI) =T1i=1"(a;; — 1).

1. General location of eigenvalues, Gershgorin circles

Since A; € 6(A) are the roots of the characteristic polynomial p, (A) = det(A — AI),
iterative methods are used to find A;, for n > 5. Hence, knowledge of eigenvalue location
in C can accelerate convergence.

First, we recall some basic estimates.

e |A| < ||A|| for any consistent matrix norm || - ||. (See Theorem 2.1.)
n n

e det(A) = H)Li,trace(A) =) Ai. (See Proposition 1.1.)
i=1 i=1
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THEOREM 1.1 (Gershgorin circles). Let A € C"™".

o) c (U ) n (U %), (1)
where
R = {z €C:lz—as|< ) Haij|}7 (row circles)
=i
%:{ze(‘;:|z—ajj|§ Z ||a,~j|}. (column circles)
i=1,iA]

PROOF. (See [1, p 127].) Let A € 6(A) be an arbitrary eigenvalue, and v the corre-
sponding eigenvector:

Av=Av & (A—ai)v;= Z aijvj, fori=1:n.
J=Lj#
If we denote by ¢ € 1 : n the index such that
[0]|ee = [ve| # 0,
then
1 v
A —vi| = T’ )3 %’Vj’ < X Iaejlﬁ < Y lagl,
VL =1t j=rg#e - W=

which proves that the spectrum is inside the union of the row circles %;.
A similar argument holds for the column %;. (]

EXAMPLE 1.1.
1 2 3
A=13 4 9
1 1 1
Ky ={z:1z—1|<5}, Z={z:|z—4] <12}, Z={z:]z—1|<2},
6 ={z:|z—-1|<4}, G ={z:|z—4|<3}, G={z:]z—1] <12}
o(A) = {7.3067, —0.6533 +0.34731, —0.6533 — 0.3473i}.

Note also that

lAl[1 = max{5,7,15} =13 (max row sums)
IA]l2 = 11.0506
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|Al| = max{6,16,3} = 16, (max row sums)
hence, by Theorem 2.1 we have

4| < min{13,11.0506,16} = 11.0506.

2. Schur factorization and diagonalization

THEOREM 2.1 (Schur canonical form). Given A € C"*", there exists U unitary such
that

A b oo by

] H 0 l2 bZn
UAU —UPAU = | _ e

0 - 0 A,

where A; are the eigenvalues of A.

Therefore every A is unitarily similar to an upper triangular matrix, and by Theorem
0.1 (e) we have that 6(A) = o(A) = diag(T).

PROOF. By induction, see [5]. O
Note that the matrices 7" and U are not necessarily unique [9].

COROLLARY 2.1. Every square hermitian matrix is unitarily similar to a diagonal
matrix with real eigenvalues. Also, every square symmetric matrix is unitarily similar to a
diagonal matrix with real eigenvalues.

PROOF. From the Schur decomposition Theorem 2.1 U unitary / = U*U such that
U'AU=T = U*A"U=T",
~—
=A

hence T =T*,so T =diag{A, - ,A4,} and A; € R. O

REMARK 2.1. Note that

A" =UTUN" =UT"U".

MATLAB

[U,T] = schur(d)

EXAMPLE 2.1.

>> A = hilb(3);
>> [U,T] = schur(d)

U =
-0.1277 0.5474 0.8270
0.7137 -0.5283 0.4599
-0.6887 -0.6490 0.3233
T =

0.0027 0 0
0 0.1223 0
0 0 1.4083

Note that

U-T-U=A and U -U-=5.



>> UxT*U?
ans =
1.0000
0.5000
0.3333
>> U%*U
ans =
1.0000
0.0000
0.0000

0.5000
.3333
0.2500

o

0.0000
1.0000
-0.0000

EXAMPLE 2.2.
> A =[1388 ; -1

>> [U,T] =
U =
0.9428
-0.2357
-0.2357
T =
9.0000
0
0

schur (A)

-0.3333
-0.6667
-0.6667

-12.7279
9.0000
0

3. Singular Value Decomposition (SVD)

3. SINGULAR VALUE DECOMPOSITION (SVD)

0.3333
.2500
0.2000

(@]

0.0000
.0000
1.0000

0
L7071
0.7071

-0.0000
-0.0000
9.0000

-2 71;
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The SVD is a very important decomposition which is used for
many purposes other than solving least squares problems.

THEOREM 3.1. Given A € C"*", 3 two unitary matrices U € C"*™ V. € C"™" (U*U =
ImXWL;V*V == nxn) suCh that

U'AV =X = diag(oy,---,0,) € R™", with p = min{m,n} (SVD)
and
01>>0,>0, (singular values)
where o; = singular values of A.
The first p columns uy,--- ,u, of U are eigenvectors of AA*, called left singular vectors.
The columns vy,---,v, of V are called right singular vectors.

PROOF. By induction, see [S, Theorem 3.2].

EXAMPLE 3.1. Letm=4 <5=nand

S o o
N O OO

Note that

OO WO
(=Nl
S OO

AA' =

V5 =2.2361,

500 0
0900 .
000 0| 447
00 0 4

V9=3, Va=2.

N O OO -

SO O O

[N o N

[l e e N Ne)

A O OO

O
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> A=[10002;00300;00000;02000T1;
>> [U,S,V]= svd(A);
>> S

3.0000 0 0
0 2.2361 0
0 0 2.0000
0 0 0

O O O O
O O O O

>> x = [1;2;3;4;5];b = Axx ;
A\b; z = V/S*U’x*Db;

\4
\4
<
I

0
2.000000000000000
3.000000000000000

0
5.500000000000000

2.199999999999999
2.000000000000000
3.000000000000000
0
4.399999999999999
>> norm(A*y-b)
ans =
0
>> norm(A*z-b)
ans =
3.552713678800501e-15

THEOREM 3.2.
(a) Zi(A) = \/Ai(A*A), i=1,--- ,p.
(b) If A has full rank, the solution of

min||Ax — b||»
xT
is
xz =V uTs. (use the pseudoinverse)
PROOF. (a)
A=UXV*, A*=VI'U* = AA=VXI'U'ULV*=VI‘LV*.
=1,

Since V is unitary, by Theorem 0.1 part (d) and (SVD) we have that
* * 2
Ai(A*A) = X4(2°X) = (6i(A))".



3. SINGULAR VALUE DECOMPOSITION (SVD)

(b) Since U is unitary, we have
|Az b = [UZVT 2 — b]}3

= |[uT(WwEv e -b)|3

P
=|[zvTz-UTb|; = Y |oi(V a); -
i=1

117

(use (SVD))

(use U unitary)

(UTb)i|2+ f‘, !(UTb)ilz,

i=p+1

which is minimized over & when all the elements in the first sum are zero, i.e.,

EXAMPLE 3.2.

> A =1[123; 457]; x=[1;2;3]; b= Axx;

>> [U,S,V]=svd(A)

-0.9315
0.3636

0
0.5811

0.9000
-0.0773
-0.4289

U =
-0.3636
-0.9315

g =
10.1815

0

vV =
-0.4017
-0.5289
-0.7476

>> y = V/SxU’*b

y =

1.0000
2.0000
3.0000

>> z = A\b

z =

1.4000
0
4.2000

>> norm(y)
ans =
3.7417
>> norm(z)
ans =
4.4272

>> norm(A*y-b)

ans =

xz=V/sUTb.

0.1690
-0.8452
0.5071

1.588821858078255e-14
>> norm(A*z-b)

ans =

1.776356839400250e-15
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>> norm(A*x-b)
ans =
0

EXAMPLE 3.3.
>B=1[12; 45; 89];x=1[1; 2] ; b= B*x;
>> [U,S,V] = svd(B);
>> y = V/S*U’*b

y =
1.0000
2.0000

>> z = B\b

z =
1.0000
2.0000

DEFINITION 3.1 (E.H. Moore - Roger Penrose: pseudo-inverse matrix). Suppose A €
C™" has rank r, and 3 an SVD decomposition U*AV =X (or A = ULV*). The matrix

AT =vxriu* (pseudo-inverse)
is called the Moore-Penrose pseudo-inverse (the generalized inverse of A), where
1 1 1
P diag(—,—,m =0, ,o).
o1 O O

Images can be thought of as numeric arrays (although you do have to convert them
from the uint8 numeric format used for images to the double format used for numeric
arrays.) Therefore, an m x n image A has an SVD decomposition A = U *S* V',

For any 1 < r < min(m,n), a low rank approximation to A is formed by

A.r =U@:m,1:r) * S(1:r,1:r) * V(1:n,1:r)’;

Properties of the SVD guarantee that A, is the best possible rank r approximation to the
data in A. This means it is often possible to get a good approximation to A using much
less data. Regarding a fingerprint image as collection of column vectors, we can apply this
technique. Fingerprints can be difficult to compress, since they have a great deal of fine
variation and detail.

svd fingerprint.m is a MATLAB code which reads a file containing a fingerprint image
and uses the singular value decomposition (SVD) to compute and display a series of low
rank approximations to the image (see figure 1).

svd gray test.m is a MATLAB code which calls svd gray(), which reads a file contain-
ing a grayscale image and uses the singular value decomposition (SVD) to compute and
display a series of low rank approximations to the image (see figure 2).


https://people.sc.fsu.edu/~jburkardt/m_src/svd_fingerprint/svd_fingerprint.html
https://people.sc.fsu.edu/~jburkardt/m_src/svd_gray_test/svd_gray_test.html
https://people.sc.fsu.edu/~jburkardt/m_src/svd_gray/svd_gray.html
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Approximation using 1 vectors. Approximation using 2 vectors.

Approximation using 10 vectors. Approximation using 20 vectors.

Approximation using 40 vectors.

.10 Singular values
—— T

. =

- |

[ 100 200 300 400

FIGURE 1. SVD of fingerprint: image rows m = 480, image columns
n =400, image pixels m *n = 192000.
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Original image Image approximated with 1 singular vectors. Image approximated with 2 singular vectors.

ith 10 singular vectors mage approximated with 20 singular vectors

Singular values

FIGURE 2. SVD of ‘Casablanca’: image rows m = 360, image columns
n = 460, image pixels m+n = 165600.
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4. The Power Method

It is very good at approximating the extremal values of a matrix (i.e., the largest or
smallest module) A, A, and their associated eigenvalues.
Applications:

e in geoseismic, structural vibrations, where the computation of A, and x,, arises
in determination of the proper frequency and fundamental mode of a physical
system

e in numerical analysis, stability analysis of systems of ODEs and PDEs

e search engines

4.1. Approximation of the Eigenvalues of Largest module.
Let A € C"™" be diagonalizable (3P invertible such that P~'AP = diag{A,, A2, -, A, }),
and C € C™*" the matrix of its right eigenvectors x;,i = 1 : n.
Suppose the eigenvalues are ordered as

[Ar]>|A2] = - > A, (A1 dominant eigenvalue)

and A, has algebraic multiplicity equal to 1, i.e., A; is a simple root of the characteristic
polynomial p(4):

p'(A) #0.

Result: Power Method
Given (0 € C", |||, =1,
for k =1,2,--- maxiter do
2(K) = Ag(x—1)
29 = 2 /|09, (> = 1)
A1) = () Az (®) /(%)) () (Rayleigh quotient)
end

THEOREM 4.1. Assume A € C"™" diagonalizable (the eigenvectors form a basis of
C"), whose eigenvectors satisfy | A |>|A2| > -+ > |4, and 0 =Y, oy, where ({Ai, @i }iz1:0)
are the eigen-pairs, ||x;||» = 1, with oy =# 0. Then

=

lim |, A =0, and |z -2, =50,
K—>o00
with linear conveergence and convergence rate S = |Ay /41| < 1:
(x) A | :
AC >0 suchthat |x—x'*|2 < C‘ Ak (linear convergence)
1

PROOF. We shall start by proving using induction that

AK20)
() - 2=
x\t = , 4.1
A%, b
so let’s verify this for the first few iterations. Indeed,
20 =420 £ :AZI:(O)/HA:B(O)HQ, (x=1)

A% O]

2 = Az = A%2 /||Az @5, hence ||z<2>llz=m’

SO
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@) _ 21 _ Az A=, _ A’z . (k=2)
1222 42y 4220, (4220,
Assume that (4.1) holds for k, and try to prove it for k 4+ 1. By the Power Method (1) and
the induction hypothesis (4.1) we have

0 1,.(0
Z<K+]> :Aw(K) :A Akw( ) _ ,AK+ w( ) 7
[Axz O] [|AxzO)]|
then
B ||AK+1:B(0)||2

k+1)g, — 142 < T2
o= Az,

[

so again from the algorithm we have

(1) _ Z(K+l) :AK'H:C(O) M _ AK'Ha:(O)
Iz A% (AR 2O At la O]

Since z(0) = Yoz |

xr

EXAMPLE 4.1 (Power iteration).

1 0 1 PR
A=10 3 =21, o(4)=1{321} x—z‘=§<1
0o 0 2 1
0
Letx©® = | 0 |. Then
1
1 0o 1 0 1
20=42z0 =10 3 —2 = -2,
00 2 1 2
with
norm(z(?,2) =9 =3,
SO
) 1/3
2l = 2= | =2/3 |,
HZ ||2 2/3
1 0 1 1/3
2 1
AD = (@M Taz = 1/3 —2/3 2/3]|0 3 —2 || —2/3 :w:%
00 2 2/3
1
20 =azM =1 —10/3 |,
4/3
then
1 3
oo 2V _ L

~ 3.4444,
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A% = ()T Az® = 3.4640,

Lo 13 . 7
@ _q4p2 _ 1 _ _ _ |
22— Ag® = 03 —2 10 | = 8 |,
V500 0 2 4 5V5 8
also
.0 0.177400048296265
z® = = | 0.963028833608204 | ,
12202 | 0.202742912338588
A3 = (2T AzB) = 3.322414900449583.
We have

A4 =3.212530924572810
A0) =3.139135553593345

219 — 3.017489354617178

269 = 3.00000000 1568329
8

273 = 3.0000000000000 62
—_——————

(A2/A)'0 = (2/3)10 %~ 0.017)
(A2/2A1)° = (2/3)° ~ 1.5¢ —9)

(/M) = (2/3) =~ 6.2¢ — 14)

13
[lambda, x] = powerit(A,x0,maxiter)
Recall that the Power Method 1 computes
AX2(0)
~ a0,
20 = (2NT Az — 2,

(x) — X1,

the eigenvector (corresponding to) and the largest eigenvalue of A.

LEMMA 4.1.

(1) The eigenvalues of A~" are /1—11, %2, ,%n, where |Ai|>|22| > -+ > | Ay
eigenvectors of A.

(2) The eigenvalues of the shifted matrix A — ul are Ay — W, Ay — W, , A, — W, with the
same eigenvectors of A.

, with the same

PROOF.
(1) Since Az; = A;x;, multiplying to the left by A~! gives x; = LA 'x;, or
A_lil:i = %m,
(2) Similarly, from Ax; = A;x;, we have that (A — ul)x; = (A4 — 0)x;.
O

COROLLARY 4.1.

(3) The largest (magnitude) eigenvalue of A~' = the smallest (magnitude) eigenvalue of
A.

(4) The largest (magnitude) eigenvalue of (A — ul)~' = the smallest (magnitude) eigen-
value A; — 1L of A — I
= closest eigenvalue A; to L.
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Therefore, to compute an eigenvalue ‘closest’ to a given y € C (|A_ | smallest),
we have to apply the Power Iteration Method to (A — ul)~!, hence obtaining the

4.2. Inverse Power Method.
Let u € C,u ¢ 6(A) be called a “shift’. Assuming 3m such that

A—ul<l—ul,  ViZm A eo(a),

we have the following

Result: Inverse Power Method

Given (% € C", ||, =1,

for kx =1,2,--- maxiter do
Solve (A — ul)z®) = 21 o 2(0) = (A — un)~ a1
29 =289 /|29 (a2 =1
A1) = () Az (®) /(%)) () (Rayleigh quotient)
(since A and A — A1 have the same eigenvectors, the Rayleigh quotient is
computed on A, not on A — ul)
Note that we DO NOT use (A — ul)~!, but solve a linear system!

end

EXAMPLE 4.2 (Inverse Power iteration). See also Example 4.1

10 1
A=|0 3 =2 |, o(A)=1{3,2,1}

‘&
00 2 A

2
=-<1
1 3<

> A=[101; 03 -2; 00 2]; mu=1.6; x0=[0;0;1]; k=100;
>> [lambda,x] = invpowerit(A,x0,mu,k);
>> lambda =
2.000000000000000
the eigenvalue 2.000000 was reached with tolerance le-16 at iteration 87

0
Letz© = | 0 |. Then
1
20 = (N T420) = 1.6687
and
[ 0.5757 ] [0.2567 ] A0 _ 20
2= (A-pal® = | 19036 |, @)= | 08488 |, 2019886, |F—F—|~0.191,
| 1.0364 | | 04621 | A
14976 ] [ 0.5086 | A0)_ 40
2D =(A-pu\aV =] 22568 |, 2@ =] 07664 |, A =19268, ’T’ ~0.031,
| 11553 | | 03923 | A
[ 0.7871 ] [ 0.3393 2021
2 =(A—un\z® =] 1948 |, z® = 084021 |, A1) =2.02361, ’W‘ ~0.05022,
| 0.9808 | | 0.4229 A
[ 1.1965 0.452 24 _20)
29— (A-pal = | 211059 | @@= | 0797 |, 2@ =197500, |5 F|~0.0240.
| 1.0573 0.399 A
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;)

4.3. Exercises.

Exercise 1. Are [i,—1+i]" and [—i,—1—i|T eigenvectors of the matrix A = { _é
in Example 2?

Solution:

Exercise 2. Prove that if A is an eigenvalue of a real matrix with eigenvector x, then A is
also an eigenvalue with eigenvector x. (For a complex number z = x + iy, the conjugate is
defined by z=x—1iy.)

Solution:

Exercise 3. Let

| cos@ —sinB
~ | sin6  cosB

Account for the fact that the matrix A has the effect of rotating vectors counterclockwise
through an angle 0 and thus cannot map any vector into a multiple of itself.
Solution:

Exercise 4. Let A be an m x n matrix such that A = UDVT, where Uand V are orthogonal
and D is diagonal and nonnegative. Prove that the diagonal elements of D are the singular
values of A.

Solution:

Exercise 5. Let A,U,D, and V be as in the singular value decomposition: A = UDVT.
Let r be as described in the text. Define U, to consist of the first r columns of U. Let V,
consist of the first r columns of V, and let D, be the r X r matrix having the same diagonal
as D. Prove that A= U,D,V,! . (This factorization is called the economical version of the
singular value decomposition. )

Solution:

Exercise 6. A linear map P is a projection if P> = P. We can use the same terminology
for an n x n matrix: A% = A is the projection property. Use the Pierce decomposition,
I =A+ (I—A), to show that every point in R" is the sum of a vector in the range of A and
a vector in the null space of A. What are the eigenvalues of a projection?

Solution:

Exercise 7. Find all of the Gershgorin discs for the following matrices. Indicate the
smallest region(s) containing all of the eigenvalues:

(3 -1 1

(a) A= 2 4 =2
|3 -1 9

3 1 2

(b) A=| -1 4 -1
1 -2 9

[ 1—i 1 i

(c) A= 0 2i 2
1 0 2
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Solution:

Exercise 8. (Multiple choice) Let A be an n X n invertible (nonsingular) matrix. Let x
be a nonzero vector. Suppose that Ax = Ax. Which equation does not follow from these
hypotheses?

(a) Afx = Axx

(b) A *x = A"k for k >0

(¢c) p(A)x = p(L)x for any polynomial p

(d) Az = (1-2A)x

(e) None of these.

Solution:

Exercise 9. (Multiple choice) For what values of s will the matrix I — svv™ be unitary,
where v is a column vector of unit length?
(a) 0,1
(b) 0,2
(c) 1,2
(d) 0,v/2
(e) None of these.
Solution:

Exercise 10. (Multiple choice) Let U and V be unitary n X n matrices, possibly complex.
Which conclusion is not justified?

(a) U+V is unitary.

(b) U* is unitary.

(c) UV is unitary.

(d) U —vv* is unitary when ||v|| = v/2 and v is a column vector.

(e) None of these.

Solution:

Exercise 11. (Multiple choice) Which assertion is true?

(a) Every n X n matrix has n distinct (different) eigenvalues.

(b) The eigenvalues of a real matrix are real.

(c) If U is a unitary matrix, then U* =U T

(d) A square matrix and its transpose have the same eigenvalues.
(e) None of these.

Solution:

Exercise 12. (Multiple choice) Consider the symmetric matrix

1 3 4 -1
3 7 —6 1
4 —6 3 0
—1 1 0 5

What is the smallest interval derived from Gershgorin’s Theorem such that all eigenvalues
of the matrix A lie in that interval?
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(a) [_779]
(b) [-7,13]
(©) [3,7]

(e) None of these.

Solution:

Exercise 13. (True or False) Gershgorin’s Theorem asserts that every eigenvalue A of an
n X n matrix A must satisfy one of these inequalities:

n
A —ai| < Z |aij| for 1<i<n.
j=1j#

Solution:

Exercise 14. (True or False) A consequence of Schur’s Theorem is that every square ma-
trix A can be factored as A = PTP~" | where P is a nonsingular matrix and T is upper
triangular.

Solution:

Exercise 15. (True or False) A consequence of Schur’s Theorem is that every (real) sym-
metric matrix A can be factored in the form A= PDP~' | where P is unitary and D is upper
triangular.

Solution:

Exercise 16. Explain why |UB||> = ||B||> for any matrix B when UTU = 1.
Solution:

0
Exercise 17. Consider the matrix A = —% . Plot the Gershgorin discs in

O WIWw L

BI—= (N =
(98]

the complex plane for A and AT as well as indicate the locations of the eigenvalues.
Solution:

Exercise 18. (Continuation) Let B be the matrix obtained by changing the negative entries
in A to positive numbers. Repeat the process for B.

Solution:
4 0 -2
Exercise 19. (Continuation) RepeatforC=| 1 2 0
1 1 9

Solution:

Exercise 20. Find the Schur decomposition of A = [ > _7 } .

Solution:
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Computer problem 1. Use Matlab, Maple, Mathematica, or other computer programs
available to you to compute the eigenvalues and eigenvectors of these matrices:

(a)Az{l 7}.

2 -5
(b)
Solution: Computer problem 4, page 381. Use the power method, the inverse power

method, and their shifted forms to find some or all of the eigenvalues of the following
matrices:

5 4 1 1
4 5 1 1
@A=11 1 4 2
1 1 2 4
(b)
Solution:

> A = [5,4,1,1;4,5,1,1;1,1,4,2;1,1,2,4]; x0 = [1;1;1:1]; k = 100;

>> spectrum = eig(A)
spectrum =
1.0000
2.0000
5.0000
10.0000
>> mul = 1.4;
>> [lambda,x]=invpowerit(A,x0,mul,k)

the eigenvalue 1.000000 was reached with tolerance le-16 at iteration 51

lambda =
1.000000000000000
x =
0.707106781186547
-0.707106781186547
-0.000000003165054
0.000000003165054

u=14 = A=1 in5l iterations with error 1.e — 16
u=16 = A =2 in40 iterations with error 1.e — 16
=4 = A=5 inlliterations with error l.e — 16

u=8 = A=10 in42 iterations with error 1.e — 16



CHAPTER 5

Numerical methods for Ordinary Differential Equations
(ODEs)

DEFINITION 0.1 (ODE of order p).

dPy drty dy _ / (p-1)
ﬁ+ap—1W++ala+a0y*f(tvyaya7y ) (01)

REMARK 0.1. An ODE of order p can be written as a system of p first-order equa-
tions, with the unknowns:

=y =y, n=Y, ., ypa=yry, =y
hence satisfying

Y = »n
»ooo= s,
3 -
ypfl - y[I7

/ _
Yo = fy15,52, 0 p-1) —ap-1yp — - —a1y2 —aoyi-

EXAMPLE 0.1 (Logistic equation).
y = cy(l — %) (scalar equation)

See logistic equation.m, using Matlab’s ODE45, ODE23s solvers and the ‘forward Euler’
method.

EXAMPLE 0.2 (Lotka-Volterra).

{ i yi(e—By2)

¥h y2(8y1—7).

See Example 6.2 for the Hamiltonian of the Lotka-Volterra model, a conserved quantity
H(y1,y2) = 6y1 — YIny1 + By> — ays, i.e, W =0.

(system of 2 first-order equations)

EXAMPLE 0.3 (Vibrating spring / simple harmonic motion).
W (x) + k(x)u (x) +m(x)u(x) = £(x). (2" order scalar equation)
See Example 6.1 for the particular case u” +u = 0.

DEFINITION 0.2 (The Cauchy problem, Initial Value Problem (IVP)). Find y: 1 —
R",y € C'(R") such that

! = f(tv (t))a t€(07T]
{ o) = . e

129
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Here I = [ty,T), yo € R" is called ‘initial datum’, and y(-) € C'(R) satisfying (IVP) is a
classical solution. Moreover, if f(t,y(t)) = f(y(t)), the equation/system (IVP) is called
‘autonomous’.

DEFINITION 0.3. The equation (IVP) can be considered in ‘integral form’:

¥(6) =(t0) + [ fls.y(s))ds. 0.2)

fo
and then the solution y(-) € C(R") is called a ‘mild solution’.

DEFINITION 0.4. The function f is globally Lipschitz if
[fy) = fls.2)l SL(lt—sl+[y—z]), V(). (s,2) eERxR". (0.3)

THEOREM 0.1 (Existence and uniqueness of IVPs). If f is Lipschitz continuous, then
3! there exists a unique solution y to the (IVP).

1. One-step numerical methods

To simplify the presentation, we shall consider first the constant step size (equidistant

mesh) case, i.e.,
T—1
N b)

where N € N is the number of subintervals, and t; =ty + iAf, foralli =0 : N.

In order to introduce some of the most classical numerical methods for ODEs, let us
consider the Initial Value Problem (IVP) in its integral form (0.2). Or equivalently, let us
integrate (IVP) on [t,,,+1] to obtain

At =

(constant time step)

Tt

y(tﬂJrl):y(tn)J’_ f(t’y(t))dtv (1.1)

n
and use some of the quadrature (numerical integration) rules to approximate the integral,
namely

1
" y(0)dr R flan,y(0) A (rectangle left)
n
Tnt1
o (t,y(t))dt = f(tni1,y(tns1)) - At (rectangle right)
K In +n In +1n o
/ ’ ft,y())dt = f( +2 +l 7y( +2 +l )) At (rectangle midpoint rule)
In
Tl t t tn, (¢
. flt,y(t))dt =~ Pl 1,3 "+1)2)+f< D) At ( trapezoidal rule)
n
These approximations then yield the following numerical methods for solving (IVP)
Ynt1 = Yn + At f(tn,yn) (Forward Euler)
Vil = Yn +ALf (brs 1 Yns1) (Backward Euler)
t 1, 1, t
I +A,f(%’ ???)) ~y, +Atf< " +2n+1 o +2yn+1 ))
(implicit midpoint)
1, 1,
Vil = Yo+ Atf( ntl ’y"+12) &, 3n) (trapezoidal)

where y, ~ y(,),Yn=1:N.
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NOTATION 1.1. From now on we are going to denote frequently f, := f(tn,yu).

DEFINITION 1.1 (One-step numerical method). Let @ be a functional depending on
the unknowns {y, } and the values f(y,). Then the relation
Y1 = Yn + A PVns 1,0, fus fus1) (1.2)
is called a one-step numerical method for approximating the Cauchy problem (IVP).

Note that the methods above, namely (Forward Euler) (FE), (Backward Euler) (BE),
(implicit midpoint), and (trapezoidal) are all one-step methods.

2. Consistency

DEFINITION 2.1 (Local truncation error). The residual obtained by substituting the
exact solution y(t) of (IVP), evaluated at the mesh points t,,t,+1, in the numerical method

(1.2)
Atfn(At) ::y(tn+l) 7y(tn) *Atq)(y(trrkl)7y(tn)af(y(tn))vf(y(thrl))) (LTE)

is called the Local Truncation Error (LTE), and is used to evaluate the approximating
qualities of each method, order of ‘consistency’, and serves as an essential tool in time-
adaptivity [3].

DEFINITION 2.2 (Order of consistency). A numerical method is ‘consistent with order
pif
AtT, (A1) = O(ArPHY),

i.e., there exist a positive constant C > 0 such that

|y(ln+1) _Y(tn) _Atq)()’(tn-&-l)ay(tn)af()’([n))vf(y(tn-&-l)))| < CAP !

EXAMPLE 2.1. The (Forward Euler) method has order of consistency p = 1.

PROOF. Indeed, by substituting the exact solution y(#) into the (Forward Euler) for-
mula, or equivalently, using the (LTE) with ® from (Forward Euler), we obtain

AtTr]z:E = y(tn+1> _y<tn) - Atf(y(tn))'
Inhere we use the Taylor formula to expand y(f,,+1) about f,,, namely

2

~ At
y(tn+l) = y(tn) +y/(tn)At +y//(tn)77

where (of course) this holds provided the exact solution is smooth, meaning it has two con-
tinuous derivatives: y € C?[t, T|, and where 1, € (,,,1,+1), an arbitrary point. Substituting
this into the value of the local truncation above yields

2
AITEE = Y(tar1) = y(tn) — At f(y(tn)) = (M‘f’)’/(tﬂ)m +y//(i;)%) — 7] — At f(y(ta))
2 2 1

= )A ) B~ AFO)) = A (0 (0) — 0 0)) ) - = 3 ()AL,
—_————

=0 from (IvP)

which shows that p = 1, i.e., (Forward Euler) is first-order consistent. O
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EXAMPLE 2.2 (Implicit midpoint / Crank-Nicolson). The (implicit midpoint) method
can also be implemented in a refactorized form as

V'=Yn
A[/Z _f(y )7

n+1 _ %

, equivalently Yat1 =Y HALF(Y),
Y

T/Z = f(y*)7 or Ynt1 =2V —Yn

(midpoint)

where y* denotes y, ;. Then it is easily seen that the (implicit midpoint) method is also
second-order consistent

AL = (1 1) = (1) = ALf (Vb1 /2)) = 24y "(ti12)A
PROOF. Indeed, proceeding as above
AT = (1) = V(tn) = AL (9(ts1/2))

(M+ =Y (tys1/2) + w+7y/// n+l/2)+ﬁ(At4))
—(M 2y tir12) + w 3 8)"" tn+l/2)+ﬁ(At4)>_Atf(y(tn+l/2))

Ar? 1
:Al(y/(tn+l/2) FO(tas12) 2my//l(n+l/2)) +O(A%) = 22 Y (ty1/2)At

=0 from (vPp)

which implies that p = 2. (]

EXAMPLE 2.3 (Trapezoidal method). The (trapezoidal) method can also be imple-
mented in a refactorized form as

Y= Yn -
s L equivalently  yoer =ya+ 5 (f(ni1 S 0m):
AI/Z :f(yVH‘l)?

(trapezoidal)

where y denotes y, | /2- Then it is easily seen that the (trapezoidal) method is also second-
order consistent

1
AT =y (tar1) = Y(ta) = M f Y (tgi12)) = *ﬁym(tn+1/2)m3~
Note that the LTE of the (implicit midpoint) is half the LTE of (trapezoidal) method.

EXAMPLE 2.4 (Explicit midpoint / leapfrog method). Using the second-order central
difference approximation of a first-derivative

1, — vy, . . .
Y (tar1) = % + O(Ar?), (central difference approximation)

we obtain the following important example of a Linear Multistep Method (LMM) is the
leapfrog method:

Yn+2 :yn+2Atf(yn+l)7 (LF)

which is also second-order consistent.
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EXAMPLE 2.5 (BDF2). Another important LMM is the backward differentiation for-
mula 2 (BDF2) method.:

Iynis —4
D2 DI f(yns2), (BDF2)

also second-order consistent.

EXAMPLE 2.6. In their 1952 very famous paper [10] on the nerve axon, Alan
Hodgkin and Andrew Huxley proposed the following method

n+17"Jn 1 !
P (S One) + S On) = 15 (81 + 22F,)), (HoD

where A% f,1,A%f, are the second differences:

A2fn+1 = fOnt1) =2f(n) + £ (1) Azfn = fn) =2f(n—1) + f(Yn—2),
which yields

P00 2 (£ )+ £Om) g5 (Ome) = £Om) = 0w ) +702)) ). D

Show that the method (HH) is third-order consistent.

AT = y(ty0) = y(ta) — % <f ((tns1)) + f () — FO(tas1) = F(tn)) f] ; (y(tn-1)) +f(y(z”,2))>
= Y(tat1) —¥(tn) — %(f( (tn1)) + f(¥(ta))) + % (f(Y(tﬂ-H)) —f (1) = fy(ta=1)) + f(y (%—2)))
- y(tn+1)
_.V(tn)
At ‘
- E(f(y(tn+l)) +f(y(tn)))
4 S (FO ) = F00) — F60tu1)) + £l )

At 2 ;
_M—'_ yn+l/2 2|22 :/ +3| 23y:1/;1/2 % 31. 25)n+l/2
At 7 < " "
= Wartrr— ?}r1+1/2+ﬁ mRL/2 T 3. 22yn+1/2+ 51 25}ﬂ+|/2
At
<fn+1/2+ 257 22fn+1/2 Toi12 a1 24fn+1/2
+f,1+1/2 7\AM+ 1.2 fn+l/2 Wﬁ 41.04" n+1/2>
At

53 (FO0) = FO(0)) = F(5(ta-1)) + [ (3(ta-2)
3 1 AS
_AU)7+1/2+23| 23}n+1/2 5| 2i}n+1/2


https://physoc.onlinelibrary.wiley.com/doi/10.1113/jphysiol.1952.sp004764
https://en.wikipedia.org/wiki/Alan_Hodgkin
https://en.wikipedia.org/wiki/Alan_Hodgkin
https://en.wikipedia.org/wiki/Andrew_Huxley
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_At(fn+1/2+ 22f+1/2 24f+1/2)
A
5 (FO0)) = £00) = FOl-1) + FO-2) )
A " AP
= AT+ 25 55V 2+ 25 55 e 2~ A (S /2+2' 22fn+1/2 i 24fn+1/2)
A
+z—i(f(y(tnﬂ))—f(y(tn))—f( (tio1)) + f(y (;n_z)))

AP, AP AP

\%

= 3102012 T 5758 nt12 7 5y 22fn+1/2 ar- 24fn+1/2
A
5 (FO0) = ) = FOl-1) + FO(0-2) )

] ] | 1

A3 "n 5

A (3!.22*2!-22)”“/2*“( 5120 4128 )yZH/2
(A ——

TS qd T S q02 80
At
+ 55 (10 (fn+1))—f(Y(tn))—f(y(tn—1))+f(Y(tn—2)))
13
= _EAI yl/’ﬁﬁ-l/2 480 t yn+1/2
At 2 AP 4
+ﬁ J; /2+ fn+l/2+2| 22 4 31 23f’/l/jrl/2+ y 2
! / At 111 ¢ i
ﬁ%l//eran/szry 23fn+1/2 54 12
32Ar% 33A3 34Art
fn+1/2+3 fn+1/2 22f+1/2 23f”4/r1/2 24fn+1/2
52At2 53At3 54At4
o172 — 5 fn+1/2+ o zzfr:/Jrl/Z 3. 23fr/111/2 ar 24f+1/2)

_ 1 3 " 1
= TR e 450

At 3
S

A Ynt1/2

At 32A¢? 33Ar 3*Art
32— a1 22fn+1/2 3. 23fﬁ1/2_ﬁ /2
N 52A1% 53A , 5*Art

n+1/2 1. 22fn+l/2 3. 23f+l/2 24f+1/2

o 3 "

1
_ 12A yn+1/2 480At yi\;+l/2

Ar? AP 53A12
EY) (24 fﬁl/z+ 3. 2zfr/z/4/r1/2 3!,23fr/l/4/r1/2
32A1 52A¢
DY ,22fn+1/2 2!,22fn+1/2
34AF3 54AL3
TR 24fn+1/2 41. 24fn+1/2)

3 "

*EA Ynt1/2~ 480 tyn+1/2
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The root locus curve (region of stability) for Hodgkin Huxley

Im(w)

FIGURE 1. Region of absolute stability for the Hodgkin-Huxley method

Ar? 2 1 3 53 111

o5 M (55 50w i

=2

2 52

- - !

+AT(—W + m)ﬁﬁ»l/ﬁ
—_—
=2
3 + 54 .
-~ = ~ "V
+ar (_4! 04 + 4104 )fn+|/2}
—_——

_ 3217 _17

= Towd6 — 12
1 3 1 5 v

B 7%7 @A" Ynt1/2
Atz 2 /! 17 3 v
oy | T2 i H2AL 5 A
. 7A7[4 i

12 Yt 1/2

(Hint: the local truncation error is ATy = —ﬁAt“y"" (tag1/2)-)

(Note that the method (HH) is not A-stable - see the region of stability
in Figure 1.)

3. Zero-stability

DEFINITION 3.1. A general 2-step LMM has the form

@Yn+2 +a1ypt1 + aoy, = At (Otzf(ynu) + 01 f(ynt1) + aOf(yn)) : (3.1)
The 1% characteristic polynomial:
p(r) = axr* +ayr+ay, (3.2)
and the 2™ characteristic polynomial:

o(r)=ar* +air+ap. (3.3)
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DEFINITION 3.2 (Stability). A numerical method is zero-stable if “small" perturba-
tions in the data f,yq yield small perturbations in the solutions {y,}.

DEFINITION 3.3 (Root condition). An equivalent property with the zero-stability of a
linear multistep method for ODEs is the root condition, i.e., the roots of the first charac-
teristic polynomial are inside the unit disc, and if they are on the unit circle, they must be
simple roots.

EXAMPLE 3.1 (Zero stability of the Leapfrog method (LF)). The leapfrog (explicit
midpoint) method (LF)

Y2 =Yn + A 2f (Yut1), hence by (3.1) and (3.2):  a; =1,a; =0,a9 = —1,
has the first characteristic polynomial
pri(r) =r—1,
with roots ry 5 = %1, hence (LF) is zero-stable (no double roots).

EXAMPLE 3.2 (Zero stability of the (BDF2) method). The backward differentiation
method (BDF2)

yar = _27a0

N W

3 1
EYn+2 —2ypt1+ Eyn = At f(ynt2), hence by (3.1) and (3.2):  ap =

has the first characteristic polynomial

3 1
pBDFZ(r) _ 5’,2 —2r+ 57
with roots r1 5 = %, 1, hence (BDF2) is zero-stable.

EXAMPLE 3.3 (Zero stability of the (Backward Euler) method). The backward Euler
method (Backward Euler)

Y1 —Yn = At f(Vnt1), hence by (3.1) and (3.2):  ay=0,a; = 1,ap = —1,
has the first characteristic polynomial
pBE(r) =r— 17

with root r = 1, hence (Backward Euler) is zero-stable.
4. Convergence of a numerical method for ODEs

DEFINITION 4.1 (Convergence). A numerical method for ODEs is convergent if the
sequence of approximating solutions {y, }n>0 converges to the exact solution y(-) at the
node points {t,}, as the mesh size At — 0, i.e., the error

en=y(tn) — yn M 0, as At — 0. (global error)

THEOREM 4.1 (Lax-Richtmyer). A numerical method for ODEs is convergent (|y(t,) —

Ar\, 0 . o . . ..
Vnl % 0) if and only if it is consistent and zero-stable (satisfies the root condition).

COROLLARY 4.1. The (Backward Euler), (Forward Euler) methods are first-order
convergent, while (BDF2), (implicit midpoint) and (LF) leapfrog methods are second-
order convergent.
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COUNTEREXAMPLE 4.1 (Dahlquist). The following method

Yn+2 +4Ynt1 —Syn = At(4f()’n+l)+2f())n))a 4.1)

is a famous example of a method which is third-order consistent, but not zero-stable , and
therefore not-convergent , according to the Lax-Richtmyer meta-theorem 4.1.

PROOF. We will address separately the zero-stability, convergence and consistency of
the method.

e Zero-stability : from the definition of the first characteristic polynomial (3.2) we

see that ay = 1,a; = 4,ag = —5, hence p(r) = r> +4r—5= (r—1)(r+5). Since
one of the roots r = —5 is outside of the unit disc, according to the root-condition
(equivalent Definition 3.3), the method (4.1) is not zero-stable.
Non-convergence : to illustrate the non-convergence of the method (4.1), it suf-
fices to consider the simpler case, namely when f(y) =0, i.e., the ODE is y’ =0,
and (4.1) writes y,+2 +4y,+1 — Sy, = 0. By a technique called difference equa-
tions, it is easy to see that the solutions to y,+2 +4y,+1 — 5y, = 0 have the general
form (a linear combination of powers of the roots of the first characteristic poly-
nomial, r; = 1,r, = —5):

yn=A-1"+B-(=5)".
Here A, B € R are constants depending on the initial conditions. With yg =1,y =
1+ A, the general solutionis (A =1— 4 B=—%):
1
Yo =1+ gAt(l - (—5)”).
For the interval [19,T] = [0, 1], At = 1/N we have

11 N) ATN\0
nyl+6N(l (—5) >~——>:|:oo
when Ar \, 0, equivalently N " co. Notice that the exact solution in this case is
y(t) =1 (since y'(¢) = 0 implies y(¢) =constant, and since yo = 1, the constant is
1 = y(t)). Therefore the method (4.1) is not convergent !!! indeed.

Consistency : Nonetheless, the method (4.1) is consistent, with the maximum
order of consistency for a two step Linear Multistep Method, third-order of con-
sistency. Indeed, we shall see now that the order of consistency is 3 , larger than
any of the methods we seen so far.

Using the definition of the Local Truncation Error, and Taylor expansions of y()
and f(y(t)), evaluated at #,,1,+, about #,+| we have

AT (ALY = y(t42) + 4 (1) — 59(tn) — At (4F (Y (ts1)) + 2 (1))

n+1

2

At AP
= (ot + A1y (1) S0t 1) + 3" () + O (8

+4

n+1
2

5 (= 15 () 2 10) = 2 1011) + (00

— At (AF (3(tas1)) + 2 (1))
60y (1) — 275 () + A (1) = At (4 (3t 1))+ 2£(5(0))) + O
= 6AY (tas1) — 28075 (tys1) + ALY (tas1)
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2
— At [4f(y(tn+1)) +2f (0 Y(tar1) — A1y (tag1) + A%y”(t,,ﬂ) +O(AP) )} + O(Ar*)
=y(r,) and use Taylor to expand f(-) about f(y(t,+1))

= 6AtY (ty41) — 2A1%Y (tys1) + ALY (t11)
— {4 (5(tr1)) + 2| £ (ta1))

ﬁy’/(t )

) n+1

1 Ar?
+ Ef”()’(fnﬂ))‘ — Aty (tns1) + B

= 6Aty/(tn+1) - 2At2y//(tn+1) + At3ym(tn+l)

"‘f/(y(tnﬂ)) ( - Aty/(tnﬂ) +

Y (ine)| +0a)] )+ o(art

/ / Atz 1 /! / Atz /! 2
—O6ALf(y(tay1)) — 24t f (y(tn+1))[*Afy (fn+1)+7y (fn+1)] —Atf (y(tn+1))’*Aty (fn+1)+7y (tat1)| +0O(.

= 6A1Y (tns1) — OALf (Y(tar1)) — 2887 (t1) + ALY (tn41)

2
207 f (Y (tn1))Y (tas1) — AL £ (3 (tas1))Y (tns1) = A 7 (3t Y (tasr) | + O (A2%).
Finally, using the exact equation (IVP)

y/(tn-H) = f(y(tn+l))a

also differentiating with respect to ¢ and using the chain rule
Y tws1) = £ (5(ts1)) Y (tns1),
Y (tas1) = £ (3(tnr1)) - 1Y (s )P+ 1 0 (t041)) - Y (ta1),
we obtain that the local truncation error writes as
AT (Ar) = 6L — OALEGH T — 2075t )+ AP (t11)
A T sr) — AP F (310 )Y (trs1) = AL £ Ot ) (i) + 6(8%)
= AP (ym(thrl) — [0 (tas1))y" tn1) = £ ((tas1)) |y’(t,,+1) |2> + ﬁ(At“) = ﬁ(Af‘)'

=0
Therefore Art. ) "' (Ar) = &/(Ar*) and p = 3 giving the third-order of consis-
tency ,
which concludes the argument. (]

5. Absolute stability

The previous analysis, concerning the zero-stability, consistency and convergence of
a numerical method for ODEs was describing the asymptotic behaviour of a numerical
method when the mesh-size (or the time-step) Azt — 0. Equivalently this can be thought
of, on a fixed time interval [fy,T] and At = T;’“, as the behavior for when the number of
time-steps n — oo,

In this paragraph we will consider the behavior of a numerical method for the Initial
Value Problem (IVP)

{y/ = f(t7y(t))’ l‘E(O,T] for T — oo
ylto) = Yo
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when the length of the interval is growing to oo, with fixed timestep.

Namely let A be fixed , the mesh points defined as before #; = 1o +iAt, 1, = to+nAt ﬂ o

and study the approximate solution y, for n — oo,

The paradigm for this stability notion is the following equation.

DEFINITION 5.1 (Dahlquist test). Let A = Re(A)+ilm(A) € C, with Re(A) <O0. The
Dahlquist test is the following linear ODE

W' (t) = Au(t), on (0,) (Dahlquist Test)

usually endowed with the initial condition u(0) = 1.
We note that (Dahlquist Test) has the exact solution u(t) = eR¢*)" (cos(Im(At)) +isin(Im(At)))u(0) LN
0, which decays fast to zero as t grows, since Re(1) < 0.

Therefore the goal is to find numerical methods which, when tested on the (Dahlquist Test),
yield numerical solutions also decaying to zero.

DEFINITION 5.2 (Region of absolute stability). The region of absolute stability is the
region in the complex plane

€ ={z=AAt€C | suchthatu,(AAt) =0 asn— oo},
(Region of Absolute Stability)

where u, (AAt) is the numerical solution to the (Dahlquist Test).
DEFINITION 5.3 (A-stable). A numerical method is A-stable if the region of absolute
stability contains the whole left half plane
{z€C|Re(z) <0} C ¥.

EXAMPLE 5.1 (Conditional stability of the (Forward Euler) method).
When the (Forward Euler) method is applied to the (Dahlquist Test), the numerical solu-

Forward Eulor . Backward Euler . Trapezoldal

FIGURE 2. Stability region for the (Forward Euler), (Backward Euler)
and (implicit midpoint)-(trapezoidal) methods.

tion writes
Upy1 = Up + AAtuw, = (1 4+ AAuy, = -+ = (1 —l—lAt)"Huo

and therefore u, n/—oo> 0 if and only |1 + AAt| < 1. This implies that the region of stability
of the (Forward Euler) method is the unit disc, centered at (—1,0), contained in the left
half of the complex plane:

EE = {ze€Cllz+1] <0}.
This means that the (Forward Euler) method is not A-stable, only ‘conditionally stable’, as
for large (amplitude) values of A ( “stiff problems"), the time step has to be considerably
small. For example, if . € R_, the solution utt M—°°> 0 provided

—2<AAr <O,
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i.e., the time step has to satisfy

2
At < —.
-A

EXAMPLE 5.2 (The (Backward Euler) method is A-stable).
When the (Backward Euler) method is applied to the (Dahlquist Test), the numerical solu-
tion writes

Upt1 = Up+ lAtun-&-l

equivalently,

Uy, 1 n+1
RS PR (1—/1At> o

and therefore

Uy, L VAAt such that Re(A) < 0,Ar > 0.

This also implies that the region of stability of the (Backward Euler) method is the exterior
of unit disc centered at (1,0), contained in the right half of the complex plane. Therefore

¢PE = {zeCllz—1| >0},

contains the whole left half of the complex plane. This means that the (Backward Euler)
method is A-stable, suitable for stiff problems (for large amplitude values of 1), for any
values of the time step At > 0.

EXAMPLE 5.3 (The (implicit midpoint) method is A-stable). When the (implicit midpoint)
or the (trapezoidal) method is applied to the (Dahlquist Test), the numerical solution writes

Uyt = Up JrlA[%
equivalently,
AAt AA:
wen(1=) = (1+5)

and therefore
1+ AAN Ty e
e = (1 flAt) o
This also implies that the region of stability of the (implicit midpoint) method is exactly the
left half of the complex plane:
%(implicit midpoint) __ {Z c (C|R€(Z) < O},

i.e., the (implicit midpoint) method is A-stable, suitable for stiff problems, for any values
of the time step At > 0.

0  VAAr suchthat Re(A) < 0,At > 0.

-

FIGURE 3. Locus curve/stability region for the explicit RK2 and (RK4)
methods.
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6. Hamiltonian system, conserved quantities

DEFINITION 6.1 (Hamiltonian system). A Hamiltonian system" is dynamical system’
in unknowns y, completely described by a Hamiltonian, a scalar function H(y).
In particular, consider a system of ODE’s with unknowns (u(t),v(t)) which is described by
the evolution equations

r - OHwY)
dv (Hamiltonian system)
J — _2HwY)
- ou ’
with
H(u,v) (Hamiltonian)

being the Hamiltonian.

EXAMPLE 6.1 (Harmonic oscillator, simple pendulum). Consider the following second-
order ODE
W' +u=0, (vibrating spring)

which describes the motion of a vibrating spring, in absence of friction. (Also known as
a harmonic oscillator equation). First, as mentioned in Remark 0.1, the vibrating spring
equation is also known in system form

= v,
, (harmonic equation)
V= —u,
or
u\’ 0 1 u
(v) 7(—1 0)(1/)’ ©.D
equivalently
v =Au, wh uf(”) A*( 0 1) 6.2)
=Au, where ={, ) ={_1 o) .

Note that u(t) represents the position (in the case of the simple pendulum, or the displace-
ment in the case of the vibrating spring), and v(t) is the velocity.
Recall that the behavior of equation (6.2) can be described, in terms of absolute stability by
analyzing the (Dahlquist Test), and noticing that the eigenvalues of the (skew-symmetric)
matrix A are purely imaginary
eig(A) = +i.

In this case, the (Dahlquist Test) writes

w=iow, (Oscillation Equation)

where @ € R represents the frequency of the system, and its exact solution is w(t) =
cos(@t) +isin(wr).
We also note that the exact solution to the (harmonic equation) is
u(t) =sin(t), v(t) = cos(r), (6.3)
its Hamiltonian is
L, 1,

H(u,v) = U + >V (Hamiltonian of the Harmonic Equation)
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and therefore the Hamiltonian represents the total energy of the system, i.e., the sum of its
potential energy Yu*(t) and its kinetic energy $v*(t).
Moreover, since sin®(t) +cos*(t) = 1, the Hamiltonian (the total energy) of the (harmonic equation)

double_pandulum moviesmal rame 1

FIGURE 4. The Double pendulum, also a (chaotic) Hamiltonian system.
Here is the link for instructions on how to make the movie. See also
Figure 5.

is conserved (constant with respect to time):

H(u,v)(t) = zu"(t)+ =v7 (1) = zu"(0) + =v*(0) = =. (6.4)
2 2 2 2 2
double pendulum (x1,y1) double pendulum (x2,y2)
2 - z : T — 3 - 2 s i T T
—x1 e
—y —y2
15
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|
il
05
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FIGURE 5. The double pendulum: x,y - the positions of the
endpoints versus time, the phase plot and the Hamiltonian.


https://en.wikipedia.org/wiki/Double_pendulum
https://en.wikipedia.org/wiki/Chaos_theory
https://en.wikipedia.org/wiki/Hamiltonian_system
https://people.sc.fsu.edu/~jburkardt/m_src/pendulum_double_ode_movie/pendulum_double_ode_movie.html
https://en.wikipedia.org/wiki/Double_pendulum
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From the (Hamiltonian of the Harmonic Equation), since %’;’ =, %’Z = u, we see that the
(harmonic equation) is a particular instance of the (Hamiltonian system).

Multiplying the first equation in (Hamiltonian system) by v and the second by —i/,
and adding we have
dH(u,v) , JH(u,v) y d

v+ = —Hu(t),v(t
- Sy = S H (), v(0)),

which means that H(u(t),v(t)) is constant in time, i.e., the (Hamiltonian) is a conserved
quantity throughout the evolution of the system.

!/ /!
O=uv —vu =

EXAMPLE 6.2 (Lotka-Volterra). In the case of the (Lotka-Volterra) equations

/ J—
{:, _ Z((gu _ﬁ ?/‘;)7 (Lotka-Volterra)

the Hamiltonian is (a non-quadratical functional):
H(u,v) = du—yIn(u) + Bv— aln(v). (Hamiltonian of Lotka-Volterra)

First we note that the (Hamiltonian of Lotka-Volterra) is a conserved quantity through-
out the evolution of the (Lotka-Volterra) system.

%H(u,v) ‘;]Z +%H ’:(5—7/5)~u(a—ﬁv)+(ﬁ—oc%)~v(5u—y)

= Su(a— Bv) — y(a— Bv) + B(Su—7) — a(du—7) = 0.

Secondly, we also note that (Lotka-Volterra) system can be written in the canonical
Hamiltonian form (Hamiltonian system) by introducing the canonical coordinates

U=1In(u), V=In(v),

and transforming the (Hamiltonian of Lotka-Volterra) into

HV,U)=Be" —aV + 8V —yU. (6.5)
Indeed,
dv  1ldv 0
i = o r=0 =50
dU _ ldu _ _ N
dr udr “pv=a- Be EVA

(See predator_midpointVS.m) Figure 6 shows the evolution of u,v versus time, the phase
plot and the Hamiltonian function, for the exact solution - in comparison with the solution
given by the (implicit midpoint), adaptive-midpoint methods and Matlab’s ode45, ode23s,
odel5s solvers.

The conservation of the Hamiltonian is an important property, which ideally a numer-
ical method for approximating a Hamiltonian system should also preserve.

EXAMPLE 6.3 (The midpoint method for the simple pendulum). The (implicit midpoint)
method for the (harmonic equation) writes
Vn + Vn+1
5
Up + Up1
5

Upy1 = Up + At
(midpoint method for the simple pendulum)
Vptl =V — At


https://en.wikipedia.org/wiki/Lotka?Volterra_equations
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Phase plane for Lotka-Volterra

O odeds
O odezss
‘midpoint adaptive

0 10 20 30 40 50 60 70 80 %0 100 20 40 60 80 100 120 140

hamiltonian conservation “Conservation’ of the Hamiltonian
-1.90495 o -1.9040555 - onserval o

— — hamitonian
odeds,

—— odes

— — hamitonian
deds

ode23s midpoint w/ 4 times smaller steps

-1.904952
90495 et +1.904956 - | —— adaptive midpoint

midpoint adapiive

-1.904954
-1.9049565 -
-1.904956
-1.904957
-1.904958
-1.9049575 -
-1.90496

-1.904958 -
-1.904962

-1.904964 -1.9049585 -

-1.904966 . L . L L ! -1.904959
0 0

FIGURE 6. Predator-prey: u,v components versus time, the phase plot
and the Hamiltonian.

equivalently,

< 1 —At/2>(u”+1 ) _ (u,,—|—At/2)7

At)2 1 Vit 1 vy —At)2

hence the approximating solution at t,,1 is obtained by solving a linear system o/ Wy | =

W, where the matrix
1 —Ar)2
= (At /2 1 )
is skew-symmetric.
Let us now define the (discrete) Hamiltonian function (Hamiltonian of the Harmonic Equation)
at the discrete time levels by
1

2 2
El/ln + Evn.
We notice that the (midpoint method for the simple pendulum) writes as

H (up,vy) =

Upt] = Up + At —

oH (un FUpt1 Y+ Vil )
K

v 2 ’ 2
. - 7At87H(“n+un+1 Vn+Vn+1)
IO A

Most importantly, the (discrete) Hamiltonian is also a conserved quantity:

H(uny1,Vn+1) = H(tn,vn),
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Linear pendulum, theta: ode45,exact,midpoint, forward and backward-Euler Linear pendulum, thetadot: ode45

15

<-- Angular deflection (radians) >
<-- Angular velocity (radians/sec) >

03k

0 5 10 15 20 25 30 35 40 45 50 0 5 10 15 20 25 30 35 40 45 50
< Time > < Time >

Linear pendulum, phase: odeds, midpoint, FE and BE - Linear pendulum, energy: ode4s, midpoint, FE, BE and BDF2

<-- Thetadot >
-
<-- Energy —>

0 5 10 15 20 2 20 35 40 45 50
< Time >

FIGURE 7. Simple pendulum: u,v components versus time, the phase
plot and the Hamiltonian.

(similarly to the conservation relation (6.4)).
To see this, we multiply the first equation in (midpoint method for the simple pendulum)
by "”Jr#, the second equation by Vﬁ# and add to obtain

2 2 2
Uy — Uy I Vitl —

2 2

2
Vn
= O’

which is exactly H(up41,vn+1) — H(up,v,) = 0.

REMARK 6.1. Unlike the (midpoint method for the simple pendulum), neither the (Forward Euler)
method, nor the (Backward Euler) method, do not conserve the Hamiltonian function.
(See pendulum_ode_test.m) Figure 7 shows the evolution of u,v versus time, the phase
plot and the Hamiltonian function, for the exact solution - in comparison with the solution
given by the (implicit midpoint), (Backward Euler), (BDF2) methods and Matlab’s ode45
solver.

Another remarkable example of a conservative method is the following ‘symplectic’
method, which is an example of a geometric integration method.

EXAMPLE 6.4 (Symplectic Euler method for the simple pendulum). The Symplectic
Euler method for the (vibrating spring) is a sequential application of the (Forward Euler)
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and (Backward Euler) methods:

oH
Upy1 = Uy + Atvy = up + Al —— v (un+luvn)

JH
Vil =V — Mty = vy — At =— (un+1 s Vn)'
(Symplectic Euler for the simple pendulum)

Proceeding as in the previous example, let us multiply the first equation by u, 1, the second
by v,, and add to obtain

2 2 2
Uy +Vng1vn = (unun+l +M) + (vn —M) = UpUp+1 + V).

Since for the second equation in (Symplectic Euler for the simple pendulum) we have that
Vn = V1 +Atuy 1, substituting this in the left hand side of above equality, and substituting
Un+1 in the right hand side, we get

”i+1 4+ Vpt1 <vn+1 +Atun+1) =u, (un +Atv,,) —i—vi.

This means that the symplectic Euler method conserves a ‘modified Hamiltonian’ quantity
L, 2
I (Up,vy) = 3 (un + Atu,v, + vn> )

7. Taylor series method

These methods are mostly used in Stochastic Differential Equations (SDEs).
They are derived from taking various order Taylor expansions of the exaction solution
¥(tp+1) to the Initial Value Problem (IVP)

Ar?
$(te1) = yltn) + B0y (1) + S (1) +

and use the chain-rule for l’ft—':ln S(t,y(0)):

Vi1 =Yn +ALf (tn,yn), (First-order)
A2 d

Vi1 = Yn + At f(t,yn) + T%f(f,)’(f)) ) (Second order)
A2 d .

Yn+1 = Yn + At f(tn,yn) + — ) dtf(t ¥(t)) — o (higher order)

EXAMPLE 7.1 (Exercise 11, page 455). (a) X' =x+¢", n=4.
(b) X' = x* —cos(x), n=>5.

PROOF. (a)
Ar? A3 At
Xn41 —x,,+Atx —i——x + — ///_A'_i (’V)7
3! 4!
where
d
XZ: E(x<t)+€x<t)) — (xl(t)+x/(t)ex(t)) _x +X’ Xn

In In

x/// _x +x// xn_’_( )2 Xn

x’(1 ):x///( +exn)+3x/ " xn+( )3 Xn
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(b)
Ar? AP, At (,-V) AP v)

Xn+1 —xn—|—Atx +7X +? +? —|—§xn R

where
¥ = 2xx’ + X' sin(x)
= (2+cos(x)) ()% + (2x + sin(x) )x”
w —8in(x)(¥)? +3¥x" (2+ cos(x)) + (2x+ sin(x) "

)
X" = —cos(x) (X)* — 6(x) %" sin(x) +3(2 4 cos(x)) (x")? + 4x'x" (24 cos(x)) + (2x + sin(x) )x™).

O
Exercise 1. Give the solutions of these differential equations:
a X =0 +72—1'/?
b. X =x
c. X =—x
d x'"=—x
e X'=x

f 420X —2x=0 (Hint: Tryx=e").

Solution:
Exercise 2. Give the solutions of these initial-value problems:
a X =12+1'3 x(0)=7
b. ¥ =2x x(0)=15
c. X"=—x x(m)=0,x(mw)=3
Solution:
Exercise 3. Solve the following differential equations:

X =14+x* Hins: 1+Sm(): 1

a. cosz( t) cos2(t)

b. X =v1—x* Hint: sin®(r) 4 cos?(t) = 1

c. x/ =sint

: . i

d. X +1x=1> Hint: Multiply the equation by f(t) = &' /2. The left-hand side becomes
(xf)"

Solution:

a. Equivalently 14{;2 =1, (arctan(x(t)))/ =1, arctan(x(r)) =t+C, x(t)=tan(t+
C).

b. Equivalently \/;‘/_7 =1, (arcsin((x(r))) =1, arcsin(x(r)) =1+C, x(r)=sin(t+
C).

Exercise 5. Determine X" when x' = x> + x> + ¢'t.

Solution:

Exercise 6. Find a polynomial p with the property p— p' =1t> +1> — 2.
Solution:
Exercise 8. Here is an initial-value problem that has two solutions: x' = x'/ 3 x(0) = 0.

3/2
Verify that the two solutions are x|(t) = 0 and x,(t) = (%t) fort > 0. If the Taylor



148 CHAPTER 5. NUMERICAL METHODS FOR ORDINARY DIFFERENTIAL EQUATIONS (ODES)

series method is applied, what happens?
Solution:
Exercise 9. Consider the more general problem X' = Lx + €, which has the exact solution

x(t) = eM'x(0) + %(eL’ —1).

For L=2,t = 10 the values are e ~ 4.8 %108 and e“L* A 2.42% 108, while for L=2,t =

20 the values are e ~2.35%10'7 and EUT_I ~1.17%10"7.

Exercise 10. If the Taylor series method is used on the initial-value problem x' = t* 4+ x3,
x(0) =0, and if we intend to use the derivatives of x up to and including x4, what are the
five main equations that must be programmed?

Solution:

X =7 +x3
X" =2t 4+ 3x%x
K" =24 6x(x')? + 3x%x"
x® = 6(x')3 + 18xx/x + 364"
" "

x X X x@)
x(t+Ar) =x+ A+ E(AI)2 + i(AzP + W(Az)4

Exercise 12. Calculate an approximate value for x(0.1) using one step of the Taylor series
method of order 3 on the ordinary differential equation

X = x2 ¢ + X

x(0)=1, X(0)=2

Solution:
Y " I
x(t+ M) =x+ A+ (Ar)? + 3 (Ar)?
where
t=0, Ar=0.1, x=1, =2

and

K =xP +x, K'(0)=3,

X' =2xxe 4 x%e +x', X"(0)=4+4+1+3=38,
hence

x(0.1) =1+ %0.1 + %0.01 + %0.00I =1.2163(3).
Exercise 13. Suppose that a differential equation is solved numerically on an interval
[a,b] and that the local truncation error is ¢(At)P. Show that if all truncation errors have
the same sign (the worst possible case), then the total truncation error is (b — a)c(At)P~ !,
where At = (b—a) /n.
Solution:

Py l0) (a)

i!

(At)' + c(Ar)PT!
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FIGURE 8. The Heun’s method solution versus Matlab’s and for Exer-
cise 16.

a+At)

x(a+2At) = x(a+AF) + Z (A1) + c(Ar)PH!

Lo a+ (n=2)A1) +1
MZ*Z , (A1) +c(Ar)?

i!

(A1) +c(Ar)PT,

which by adding up gives

+Z( )—i—nc AP =x(a)+ Y () +n(Ar)e (@)+) (-

hence

Att, (At) :=x(b) — x(a) — Z () =(b—a)c(Ar)’.

Exercise 15. Explain how to use the ODE method that is based on the “trapezoidal rule":

{ X(t+h)=x(t)+hf(x,x(t)) (Heun)
x(t+h) =x(t) +hi (f(t,x(t)) + f(x+h,X(t +h)))

This is called the improved Euler’s method or Heun’s method. Here, X(t + h) is computed
by using the Forward Euler method.

Solution:

Exercise 16. (Continuation) Use Heun’s method to solve the following differential equa-
tion over the interval [0, 1] with step size h=0.1:

X=—x+t+3
x(0)=1

Solution:

a)e(Ar)",
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FIGURE 9. The exact solution versus Heun’s method (with At = 0.0125)
for Exercise 17.

Exercise 17. Consider the initial-value problem

X = —100x2
x(0)=1

Use Heun’s method to solve the following differential equation over the interval [0, 1] with

step size h = 0.01.

Solution: The exact solution can be found as follows
/

;%::_IOQ (%)/:100, x(1)

1
1007+ 17
On [0, 1] Heun’s method blows up with At = 0.1.

%Heun’s Method for Solving Initial Value Problems

%Use with ydot.m to evaluate rhs of differential equation
% Input: interval [a,b], initial value yO, step size h

% Output: time steps t, solution y

% Example usage: y=heun([0 1],1,0.01);

function [t,y]=heun(int,y0,h)
t(D=int(1); y(1)=y0;
s=linspace(int(1),int(2),1000);
n=round ((int (2)-int(1))/h);
for i=1:n
t(i+1)=t(i)+h;
y(i+1)=heunstep(t(i),y(i),h);
end

[t45,745] = oded5(@ydot, [int(1),int(2)],70);
[t23s,y23s] = ode23s(@ydot, [int(1),int(2)],y0);

figure()
hold all
grid on
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plot(s,1./(100%s+1))
plot(t,y,’-d’,’LineWidth’,2)
plot (t45,y45,7-%’)
plot(t23s,y23s,’-07)
legend(’exact solution: 1/(100t+1)7,...
’Heun’, ...
’ode45’,’0de23s?)

function y=heunstep(t,y,h)

%one step of heun’s Method

%Input: current time t, current value y, stepsize h
%0utput: approximate solution value at time t+h

y =y + h/2 x ( ydot(t,y)+ydot (t+h,y+h*ydot (t,y)) );
end

function z = ydot(t,y)

%z = -y +t+ 0.5;% Exercise 10.1.16
z = - 100*y~2;% Exercise 10.1.17

end

end

Computer problem 1. Write and test a program for applying the Taylor series method to
the initial-value problem

X =x+x2
x(l) = 16679, =0.20466341728915526943

Generate the solution in the interval [1,2.77]. Use derivatives to up to x©) in the Taylor
series. Use h = 1/100. Print out for comparison the values of the exact solution x(t) =
e' /(16 —é"). Verify that it is the exact solution.

Solution:

Computer problem 2. Write a program to solve each problem on the indicated intervals.
Use the Taylor series method with At = 1/100, and include terms to (At)3. Account for
any difficulties.
/ _ 2

PR =r+x* on0,0.9]

x(0)=1

X' =x—t on[l,1.75]
(b) { x(1)=1

X =tx+2x* on[2,5
(c) { 23]

x(2) = —0.6396625333
¥ =t+x* onl0,0.9]
(d) { x(0)=1

Solution:

Computer problem 3. Solve the differential equation x' = x with initial value x(0) = 1 by
the Taylor series method on the interval [0,10]. Compare the result with the exact solution
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Exercise 10.1.4: solution of ODE x'=1+32, the exact solution x(t)=tan(t)

0 0.1 0.2 03 04 05 06 07 08 09
time interval

FIGURE 10. Computer problem 10.1.4

x(t) = €'. Use derivatives up to and including the tenth. Use step size h =1/100.
Solution:

Computer problem 4. Solve for x(1):

(@) ¥ =14+x*, x(0)=0

(b) ¥ =Lx, x(0)=1

Use the Taylor series method of order 5 with h = 1/100, and compare with the exact
solutions, which are tant and 1 +t, respectively.

Solution:

(a) ¥ =1+x>, x(0)=0
X = 2xx
K" =2(x')? 4 2xx"
x® = 6x'x" 4 2xx"

x) = 6(x")? +2x¢'x" 4 +2xx@

%Taylor series Method of higher order for Solving Initial Value Problems
% Input: interval [a,b], initial value x0, step size h

% Output: time steps t, solution y

% Computer problem 10.1.r:

% Solve x’= 1 + x~2, with IC

h x(0)=0

% on [0,0.9]

% and compare with the exact solution x(t)=tan(t).

% Use step 1/100 and derivatives up to the 5th.

% Example usage: x=taylor_ex10_1_4([0 0.9],0,0.01);

function [x,y,t] = taylor_ex10_1_4(int,x0,h)
a = int(1); b = int(2);

x = x0;

s = linspace(a,b,200);
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t = a;
n = round((int(2)-int(1))/h);
format long
y = tan(s); % exact solution
[t45,y45] = oded5(@ydot, [int(1),int(2)],x0);
[t23s,y23s] = ode23s(@ydot, [int(1),int(2)],x0);
for k=1:n
xprime = 1+ x72;
xsecond = 2*x*xprime;
xtertius = 2*(xprime)~2 + 2*x* xsecond;
xquatro = 6*xprime*xsecond + 2*x*xtertius;
xpentium = 6*(xsecond) 2 + 2*xprime*xtertius + 2*x*xquatro;
x = x + h *(xprime + .5%h*(xsecond + (1/3)*h*(xtertius + .25*h*(xquatro ...
+ 1/5%h*( xpentium )))));
t = a + kxh;

figure(1)

hold all

grid on

plot(s,y,’-r’,’LineWidth’,1,...
’MarkerEdgeColor’,’b’, ...
’MarkerFaceColor’,’r’,...
’MarkerSize’,3);

plot(t,x,’ko’,’LineWidth’,5, ...
’MarkerEdgeColor’,’k’, ...
’MarkerFaceColor’,’g’,...
’MarkerSize’,3);

plot(t45,y45,°g<’,’LineWidth’,1, ...
’MarkerEdgeColor’,’k’, ...
’MarkerFaceColor’,’g’, ...
’MarkerSize’,3);

plot(t23s,y23s,’bd’, ’LineWidth’,1, ...
’MarkerEdgeColor’,’k’, ...
’MarkerFaceColor’,’g’,
’MarkerSize’,3);

legend(’exact solution’, ’Taylor series’,’ode4b5’,’o0de23s’)

hold all

end

title(’Exercise 10.1.4: solution of ODE x’’=1+x"2, the exact solution x(t)=tan(t)?’)

xlabel (’time interval’)

end

function z = ydot(t,y)
z =1 + y~2;% Exercise 10.1.4
end
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Solution using the 5th order Taylor, ODE45 and Forward Euler

+ Taylor order 4
O Taylor order 5

DE45
o8k &— Forward Euler

FIGURE 11. Computer problem 5. The solution to the ‘final value prob-
lem’ with timestep 4 = —0.01.

Computer problem 5. Solve the initial-value problem x' =t +x+x” on the interval [0,1]
with initial condition x(1) = 1. Use the Taylor series method of order 5.

Solution: Note that the condition here is given at the right end of the interval x(1) = 1,
hence the problem has to be solved ‘backward in time’, i.e., with a ‘negative’ time step.
See Figure 11.

Computer problem 6. Solve the initial-value problem x' = (x +1)* with x(0) = —1 on
the interval [0,1] using the Taylor series method with derivatives up to and including the
Sfourth. Compare this to Taylor series methods of orders 1, 2, and 3.

Solution:

Computer problem 7. Write a program to solve on the interval [0,1] the initial-value

problem
X =tx
x(0) =1

using the Taylor series method of order 20; that is, include terms in the Taylor series up to

and including h*°. Observe that a simple recursive formula can be used to obtain x() for
n=1,2,---,20.
Solution:

Computer problem 8. Write a program to solve the initial-value problem x' = sin x+cost,
using the Taylor series method. Continue the solution fromt =2 to t =5, starting with
x(2) = 0.32. Include terms up to and including h>.

Solution:
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8. Runge-Kutta methods

DEFINITION 8.1 (Runge-Kutta methods). The Runge-Kutta methods for the Cauchy
problem (IVP) are one-step methods of the general form:

Yn+1 =Yn+ AtF(tmyn»At;f) (Runge-Kutta)

where the increment function F is defined as

N

F(ty,yn, A1 f) = Y biKi,  with
i=1
S
K; :f(tn+CiAt7)’n+At Zainj>7 Vi=1:s
=

, (increment function)

where s denotes the number of stages.
The coefficients {a;;},{ci},{b;} are collected in the (John Charles) Butcher array :

cr|ann arp - ap
c2 | a1 axp - dg A
(&
b (Butcher array)
Cs | ds1 Qg2+ dgg
‘ by by - by

DEFINITION 8.2. The (Runge-Kutta) methods are called explicit if the matrix A in the
(Butcher array) is lower triangular:

C1
(&) azy

aij = 0 V] >,
Cs—1 | As—1,1 ds—12
Cs ds (227 o dgs—1
by by toe bs1 b
(explicit Runge-Kutta)

We recall now the definition 2.1 of the Local Truncation Error we saw in Subsection

DEFINITION 8.3 (Local Truncation Error and Consistency of the (Runge-Kutta) methods).
The local Truncation Error Att,,1(At) of the general RK methods is defined
through the residual expression

ATy 1 (A) == Y(tng1) — Y(tn) — ALF (1, y(t,), AL; f) . (LTE RK)

o A (Runge-Kutta) method is order p consistent is

AT, 1 (Ar) = O(Ar)P!

The following conditions on the coefficients in the (Butcher array) have to be satisfied
in order that the (Runge-Kutta) methods to be consistent.


https://en.wikipedia.org/wiki/John_C._Butcher
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PROPOSITION 8.1. The (Runge-Kutta) method is consistent (at least order 1) if and
only if

s
c,-:Za,-j, Vi=1:s,
j=1

=1

For more accurate (higher-order consistency) (Runge-Kutta) methods, the coefficients in
the (Butcher array) have to satisfy some extra conditions.

Although there are a significant number of high-order methods, there are some limitations
for (explicit Runge-Kutta) methods

(8.1)

THEOREM 8.1 (barriers for the (explicit Runge-Kutta) methods). e The order
of an s-stage (explicit Runge-Kutta) method cannot be greater than s, i.e., p <'s.
o There is no s-stage explicit (explicit Runge-Kutta) method with order s if s > 5:

oder |1 2 3 4 5 6 7 8
Smn |1 2 3 4 6 7 9 11

EXAMPLE 8.1 (The explicit RK2 methods). There is a whole family of Runge-Kutta
2 methods are (s =2)

1 1
Y1 = Yn —|—At<(1 ——)Ki+ 7[(2))
20 20 o o
K=/, or (Butcher array)
I 1
K> = f(ty + oAt y, + oAtKy) Y (1 - ﬁ) a

(RK2)

The (Butcher array) coefficients satisfy the conditions in Proposition 8.1, and more, so the
order of consistency of (RK2) is p =2.
Note that

o o = 1 yields Heun’s method

o 0= % yields Ralston method

e o= % yields the explicit midpoint method:

At At
Ynt+1 = Yn +Atf(tn + ?7yn + ?f(tnayn))'

EXAMPLE 8.2 (The implicit RK2 method). The implicit midpoint rule may be re-
garded as an implicit Runge—Kutta method [8, page 205 ] with the (Butcher array) tableau
given by

1/211/2
1
which corresponds to

1 1
Ky = f(ta+ iAz,yn + iAzl(l),

Yn+1 = Yn +AIKI .

To see that this is a reformulation, let’s write the implicit midpoint method in a refactorized

form (a backward Euler and a forward Euler step):
Ynt1/2 = Yn + %f(tn + %7)’,1+1/2)7

(refactorized midpoint)
Ynt1l = Yny1/2 + %f(tn + %7)’%—1/2)-
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Adding these two relations gives the relation above, while subtraction shows that y, 1/, =
1
Z(Yn+1 + ).

EXAMPLE 8.3 (The RK4 method). The explicit Runge-Kutta 4 method is (s = 4)

Yn+1 =Yn+ %(Kl +2K, +2K3+ Ky

K = fn % %

Ky = f(t,+ %,yn + %Kl) or (Butcher array) % 0 %

Ky = f(tn+ 3,90+ 4 K>) ! (1) (1) } .

K = f(tns1,30+ AK3) R
(RK4)

The (Butcher array) coefficients satisfy the conditions in Proposition 8.1, and more, so the
order of consistency of (RK4) is p = 4. See RK4Pseudocode .m for a pseudocode example
implementing the (RK4) method. See also Figure 3 for the stability region of the (RK4)
method.

9. Stepsize adaptivity with Runge-Kutta methods
Let denote by

Y(tns1)  the exact solution
Vnt1 the RK4 solution
Upi1 the RKS5 solution

hence the (local) truncation errors in the RK4 and RKS5 solutions are
Y(tn1) = Ynr1 = Cap1 A, (LTE RK4)
Y(tns1) = tng1 = %nJrlAtr?'

We note that for the (Runge-Kutta) methods, the (global error) ¢, 1.—y(t,41) — yp+1 coin-
cides with the local truncation error (LTE) At T, (A1) :=y(tyr1) —y(tn) — AtF (1, y(1,), At; ),
provided we consider it in only one step, i.e., only on the interval [ty,t,1]. This is the ‘lo-
calizing assumption’ [8, p. 37], namely assuming that

Yu = ¥(tn), (localizing assumption)

which indeed gives

entl = }’(ln+1) —Yn+l = .y([n+1) - (yn —AtF ([HayihA[;.f)) (USing (Runge'KUtta))
= y([lH»l) 7)’(@1) - AZF(fn,)’(fn),Af;f) = Atf,,+] (AZ)
(using (LTE))

Since the RK5 solution is ‘more’ accurate (of a higher-order consistency) than the ‘lower-
order’ solution RK4, we could use the RK5 solution u, | instead of the exact (unknown)
solution y(t,+1) to evaluate the local truncation error (LTE RK4):

Upi1 — Ynr1 = Cpaq (Atn,old)s . (RK4 error estimator)


https://sites.pitt.edu/~trenchea/MATH1080/Chapter10.html
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Time-step adaptivity is a technique which adapts the step-size Aty in order to keep the local
truncation error (LTE RK4) within a fixed tolerance tol, so the overall simulation keeps
closer to the exact solution (the approximating solution follows the physics):

|tne1 — Ynt1] < tol. (tolerance check)

Therefore, if the RK4 solution is desired to be more accurate, the user could choose a
much smaller tolerance, e.g., tol = 10713, so the time-step will adapt to satisfy this ‘tight’
constraint.

Now we shall briefly describe how an adaptive algorithm chooses the ‘new’ time-step
(in order to satisfy (tolerance check). There are two ingredients here:

(1) First, with a given step-size Aty,,1q we compute two solutions (yglfl and uy.1),

using the RK4 and RKS5 methods. By estimate (RK4 error estimator) we express
the value of the ‘constant’ Cy41:

1d

Un+1 _y2+1
Cpp1 ~ —— 2= 9.1
T Ay a)? ©-b

(2) If the RK4 solution is intended to satisfy the (tolerance check) with a ‘new’
timestep Aty ew

|un+1 _ygivﬂ < tol,

then again the (RK4 error estimator) yields (using also (9.1))

©O.1) 1 —yo, 5
tol Ny ———— (AL .
(Atys10)° (Aln-new)

Therefore the ‘new time-step’, which will enforce that the local truncation error
is below a set tolerance throughout the simulation, is ‘adapted’ such that

tol

1
AZ‘mnew = ( ) 5At’lvold' 9.2)

|un+1 _yn+1|

REMARK9.1. Matlab’ s function 0DE45 implements a version of the adaptive RK45Adaptive45.m
algorithm described above. On many instances, for relatively short time-interval simula-
tions, the adaptive RK45 is referred to as an ‘exact’ solution, although it happens that in
conservative Hamiltonian systems (see Subsection 6) ODE45 does not perform as well.
But in the absence of an exact solution, errors are hard to estimate and RK45 and 0DE45
are fairly good tools.

For stiff problems, Matlab has two other ‘solver’s’: 0DE15s and 0DE23s.

See also [12] for a family of nonlinear unconditionally stable multistep methods “Time
step adaptivity in the method of Dahlquist, Liniger and Nevanlinna" which outperform
ODE45, ODE15s and ODE23s in some stiff problems.

Note that the algorithm RK45 Adaptive.m provided in the book does not use the procedure
described above, namely the estimator (9.2) to adapt/choose the new time step, but a rather
obsolete procedure ‘halfing & doubling’ [6, p.81], [4, p. 351].

EXAMPLE 9.1 (Motion on the surface of a sphere).

As mentioned in the previous Remark 9.1, O0DE45 does not performed ‘ideally’, as we
are about to see in this example. This is a ‘simple’ system of 3 ODE’s, simulating a (peri-
odic) motion on the surface of a unit , a closed curve. The system has a ‘natural’


https://www.mathworks.com/help/matlab/ref/ode45.html
http://www.pitt.edu/~trenchea/MATH1080/Chapter8/RKAdaptive45.m
https://www.mathworks.com/help/matlab/ref/ode45.html
https://www.mathworks.com/help/matlab/ref/ode15s.html
https://www.mathworks.com/help/matlab/ref/ode23s.html
https://www.mathematics.pitt.edu/sites/default/files/2022_DLNode_adaptive.pdf
https://www.mathematics.pitt.edu/sites/default/files/2022_DLNode_adaptive.pdf
https://www.mathworks.com/help/matlab/ref/ode45.html
https://www.mathworks.com/help/matlab/ref/ode15s.html
https://www.mathworks.com/help/matlab/ref/ode23s.html
http://www.pitt.edu/~trenchea/MATH1080/Chapter8/RKAdaptive45.m
https://www.mathworks.com/help/matlab/ref/ode45.html
https://people.sc.fsu.edu/~jburkardt/m_src/sphere_ode/sphere_ode.html
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ODEAS: H(T) conservation . Midpoint: H(T) conservation X ODE15s: H(T) conservation . (ODE23s: H(T) conservation

FIGURE 12. Conservation of the Hamiltonian of the ODE45, variable-
step (implicit midpoint), 0ODE15s and ODE23s methods.

ODE45: Motion on a sphere Midpoint: Motion on a sphere

FIGURE 13. The 3D trajectories of the ODE45 method versus the
variable-step (implicit midpoint) method.

Hamiltonian - the sum of the squares of the moving point coordinates, which by Pythago-
ras’ theorem is has to be 1.

We shall see that the time-adaptive higher-order ODE45 does not perform well, even
when compared with the (also time-adaptive) (implicit midpoint) method. The ‘better’ per-
formance of the second-order (implicit midpoint) method over the 0DE45 method is mainly
due to the fact that (implicit midpoint) method is symplectic and conserves all quadratic
Hamiltonians.

Indeed, we obviously see in Figure 12, that the ODE45 method has the Hamiltonian
deviating from 1, unlike the (implicit midpoint) method. (The simulation consists of about
6 dozens of full periodic trajectories.) Moreover, the other two time-adaptive variable-
order Matlab functions, the ODE15s and O0DE23s methods, also do not perform as well as
the (implicit midpoint) method. This can be interpreted as the ODE45 trajectory initially
going ‘underground’ and then ‘flying’, instead of just sliding on the surface of the
Figure 13 shows the two trajectories.

9.1. Exercises.
Exercise 13. An important theorem of calculus states that the equation fi, = fy is true,
provided that at least one of these two partial derivatives exists and is continuous. Test
this equation on some functions, such as f(t,x) = xt*> +x*t + x’t*, log(x —t — 1), and
e*sinh(f 4 x) 4 cos(2x — 3¢).
Solution:
Exercise 18. For the function f(x,y) = y? — 31nx, write the first six terms in the Taylor
series of f(1+h,0+k).
Solution:
Exercise 19. Using the truncated Taylor series about (1,1), give a three-term approxima-
tion to =),


https://www.mathworks.com/help/matlab/ref/ode45.html
https://www.mathworks.com/help/matlab/ref/ode15s.html
https://www.mathworks.com/help/matlab/ref/ode23s.html
https://www.mathworks.com/help/matlab/ref/ode45.html
https://www.mathworks.com/help/matlab/ref/ode45.html
https://www.mathworks.com/help/matlab/ref/ode45.html
https://www.mathworks.com/help/matlab/ref/ode45.html
https://www.mathworks.com/help/matlab/ref/ode15s.html
https://www.mathworks.com/help/matlab/ref/ode23s.html
https://www.mathworks.com/help/matlab/ref/ode45.html
https://people.sc.fsu.edu/~jburkardt/m_src/sphere_ode/sphere_ode.html
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Solution: The Taylor series formula in two variables writes

> 1 0 d\i
fx+h,y+k) Z;)E(ha+ka*y) f(x,y),

flx,y)= l;) zl' ((x - a)% +(y—>b) (gy) lf(a,b), (Taylor series in two variables)

which in this case gives (take a =1,b=1)

763) = ¥ 3 (=15 - D 3) )

=0

Since
a - oyl a _ o l=xy
gl = e ) = e

we have that
0 d\i
(=g +0=D5) 701

= LD+ = D)+ 0= D3 (L)
=14+(1=-x)+(1-y)=3—-x—y.

Exercise 20. The function f(x,y) = xe’ can be approximated by the Taylor series in two
variables by f(x+h,y+k) ~ (Ax+ B)e’. Determine A and B when terms through the
second partial derivatives are used in the series.

Solution:

Exercise 21. For f(x,y) = (y —x) !, the Taylor series can be written as

fx+hy+k)=Af+Bf*+Cf>+--
where f = f(x,y). Determine the coefficients A, B, and C.

Solution:
<1/ 0 d\i
f(x+h,y+k)=§)5(h£+ka—y) fxy)
21/ 9 d\
0 2} 1 0 02
:f(x,y)+(h$ +ka*y>f(X’Y)+i(h$ +k87y) f(x,y).
Since
B 1
f(xvy)fy_x
I ) S S
Mo =g=p =0 M= me =l
. 1 N 3 o 1 _ 3 _— 1
fxx(xyy)_z(y_x)3 —2f, f\’)’(x’y)_z(y_x)3 _2f’ fx_y(x,Y)— Z(y—x)3


https://en.wikipedia.org/wiki/Taylor_series#Taylor_series_in_several_variables
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we have that

J J 1/, 0 d\2
Pty +8) = Flun) o+ (b kg ) )+ oy (g k50 ) )
1

= FHhfi+kfyt 5 (1 o 2k oy + 2y
=f+hf2—kf2+%<h22f3—4hkf3+k22f3)
=f+(h=k) 2+ (I —2hk+ i) 2 = f+ (h—k) f* + (h—k)* .

Exercise 22. Consider the function e~ +. Determine its Taylor series about the point
(0,1) through second-partial-derivative terms. Use this result to obtain an approximate
value for £(0.001,0.998).

Solution:

Computer problem 6. Solve ihe initial-value problem x' = x\/x> — 1 with x(0) = 1 by the
Runge-Kutta method on the interval 0 <t < 1.6, and account for any difficulties. Then,
using negative h, solve the same differential equation on the same interval with initial value
x(1.6) = 1.0.

Solution: Run (h =0.016)

[T,x]=RK4Pseudocode ([0 1.6],1,100);

and then (h = —0.016)

>> [T,x]=RK4Pseudocode([1.6,0],1,100);

function [T,x] = RK4Pseudocode(int,x0,n)

% Main Runge-Kutta

%Input: Interval [ta,T], initial condition x0, and number of steps n
%0utput: the approximate solution x, at time T

% Example usage: [T,x]=RK4Pseudocode([1 1.5625],2,72);

ta = int(1);

T = int(2);

h = (T - ta)/n; %%step size h=(T-ta)/n
x = x0;

t = ta;

format long

% The default values for the Relative and Absolute Errors are
% options = odeset ( ’RelTol’, 1.0E-3, ’AbsTol’, 1.0E-6 );
%options = odeset ( ’RelTol’, 1.0E-10, ’AbsTol’, 1.0E-15 );
options = odeset ( ’RelTol’, 1.0E-5, ’AbsTol’, 1.0E-8 );

[t45,y45] = ode45(@xdot, [int(1),int(2)],x0, options);

[t23s,y23s] = ode23s(@xdot, [int(1),int(2)],x0);
[t15s,y15s] = odelb5s(@xdot, [int(1),int(2)],x0);
figure(1)

hold all

grid on

plot (t45,y45,%-%)
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plot(t23s,y23s,’-0’)
plot(tibs,y15s,’-d?)

for j = 1:n-1

K1 = h*xdot(t,x);

K2 = h*xdot(t+h/2,x+K1/2);
K3 = h*xdot(t+h/2,x+K2/2);
K4 = h*xdot (t+h,x+K3);

x = x + (K1 + 2%xK2 + 2*K3 + K4)/6;
t =t + h;
plot(t,x,’.’,’LineWidth’,1, ...
’MarkerEdgeColor’, ’k’,
’MarkerFaceColor’,’g’,
’MarkerSize?’,10);
legend(’ode45’,’0de23s’,’0delbs’, RK4?)
end

function z = xdot(t,x) Y%the RHS of the ODE

%z =2+ (x -t - 1)°2;

%z sin(x*t) + atan(t);%Exercise 10.2.10

%z = sin(x) + cos(t);%Exercise 10.2.8

%z = (x+t)~2;%Exercise 10.2.6

z = x*(sqrt(x~2-1)) ;%Computer Exercise 10.2.6
%z = 100%(sin(t) - x);%Computer Exercise 10.2.7

Computer problem 7. The following pathological example has been given by Dahlquist
and Bjorck [4, page 349]. Consider the differential equation
x' =100(sint — x) (Dahlquist and Bjorck)

with initial value x(0) = 0. Integrate it with the fourth-order Runge-Kutta method on the
interval [0, 3], using step sizes h = 0.015, 0.020, 0.025, 0.030. Observe the numerical
instability!

Solution:

At ‘ 0.015 0.020 0.025 0.030

YRK4(3) | 0.165812561626782 0.170733281138327 0.175598431702998 4.893749693000771e+11

See Figure 14.
The exact solution is

(sin(r) —0.01 % cos(r) 4 0.01 % e~ 199) /1.0001
0.151004832542617

(1) =
)=
) = 0.151004832540368
)=
)=

y(3
Yodess (3

(
(

Yodea3s(3) = 0.151018629630466
(

Yode15s(3) = 0.151010875108223
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FIGURE 14. Computer problem 10.2.7: Dahlquist and Bjorck stiff ex-
ample, x(0) = 0 and Ar = 0.0281.

FIGURE 15. Computer problem 10.2.7: Dahlquist and Bjorck stiff ex-
ample, x(0) = 1 and Ar = 0.025,Ar = 0.028.

where the “RelTol” = 1.0E — 10, “AbsTol” = 1.0E — 15).
Try also with the initial condition x(0) = 1/!! See Figure 15.

Computer problem 10. Write a program to solve x' = sin(xt) +arctant on 1 <t <7 with
x(2) = 4 using the Runge-Kutta procedure RK4.

Solution: Run

>> [T,x]=RK4Pseudocode([2 7],4,50);

>> [T,x]=RK4Pseudocode([2 11,4,50);

Figure 16.

Exercise 10.3.8 The initial-value problem x' = (14-t*)x with x(0) = 1 is to be solved on
the interval [0,9]. How sensitive is x(9) to perturbations in the initial value x(0)?

3
Solution: x(t) = x(0)e'*5 hence x(9) = x(0)e?? ~ x(0) 2.7 % 101%°.

Computer problem 10.3.5 Solve

3x 9
=4+ t-13
* t +2
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FIGURE 16. Computer problem 10.2.10: x’ = sin(xt) + arctant with
x(2)=4,Ar=0.1.

FIGURE 17. Computer problem 10.3.5 with Ar = 0.025.

x(3)=6

at A(%) using procedure RK45 Adaptive to obtain the desired solution to nine decimal
places. Compare with the true solution:

9, 13
3 2

=1 — —1 —1.
. )

Solution: See Figure 17.
x(0.5) =2.25, y45(0.5) = 2.249999324675895

Computer problem 10.3.6 (Continuation) Repeat the previous problem for x(—%).
Solution: See Figure 18 for the results with AbsTol = 1.E-15, RelTol = 1.E-10.

x(0.5) = —4.5, y45(—0.5) = 4.432742126382979 x 10'!
¥235(—0.5) = 1.720162936740793 * 10
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FIGURE 18. Computer problem 10.3.6 with Ar = 0.045 and AbsTol =
1.E-15, RelTol = 1.E-10.

y155(—0.5) = —3.796060704430997 1010
YRK4(—0.5) = 6.598757851567911 10*
Note that

which is not defined at t = 0, and moreover changes sign when t crosses 0. Fort <0, fy <0,
but since the problem is solved backward, the problem becomes unstable, which is conspic-
uous from Figure 18.

Computer problem 10.3.8 Compute the numerical solution of

using the leapfrog method (LF)
Xnt1 = Xn—1 + 24t f (%)

withxg=1and x; = —h++'1+h2.

Are there any difficulties using this method for this problem? Carry out an analysis of the
stability of this method. Hint: Consider fixed h and assume x, = A,,.

Solution: See Figure 19 for the results with At = 0.05.

The leapfrog method has the region of the absolute stability on the imaginary axis.

The exact solution is:

x(t) = e"'x(0),
xo=1, xi=—h+\V1+h2 x3=(h—\1+h2)? -

Run
y=leapfrog([0 1],1,-h+sqrt(1+h~2),0.05);
where

%Program Leapfrog Method for Solving Initial Value Problems
%Use with ydot.m to evaluate rhs of differential equation
% Input: interval [a,b], initial values yO, yl, step size h
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% Output: time steps t, solution y
% Example usage: y=leapfrog([0 1],1,1,0.1);

function [t,y] = leapfrog(int,y0,yl,h)
t(1)=int (1) ;

£ (2)=t (1) +h;

y(D)=y0;y(2)=y1;

n=round ((int(2)-int(1))/h);

% The default values for the Relative and Absolute Errors are
options = odeset ( ’RelTol’, 1.0E-3, ’AbsTol’, 1.0E-6 );

% options = odeset ( ’RelTol’, 1.0E-10, ’AbsTol’, 1.0E-15 );

[t45,y45] = ode45(@ydot, [int(1),int(2)],y0, options);

[t23s,y23s] = ode23s(@ydot, [int(1),int(2)],y0, options);

[t16s,y15s] = odelbs(@ydot, [int(1),int(2)],y0, options);

figure(1)

clf ()

hold all

grid on

plot(t45,exp(-t45),’.-.7)

plot(t45,y45,’-%’)

plot(t23s,y23s,’-07)

plot(tilbs,y1bs,’-d’)

for i=2:n
t(i+1)=t(i)+h;
y(i+1)=leapfrogstep(t(i),y(i-1),y(i),h);

end

plot(t,y,’>-?)

legend(’exact solution’,...

’oded5’,’0de23s’,’0delbs’, ’leapfrog’,’location’, *best’)

function y=leapfrogstep(t,y0,yl,h)

%one step of Lepfrog Method

%Input: current time t, current value y, stepsize h
%0utput: approximate solution value at time t+h
y=yO0+2xh*ydot (t,y1) ;

function z=ydot(t,y)
z = -y;

Computer problem 10.3.20 Investigate the numerical solution of the initial-value problem
X =—V1-x2
x(0)=1

This problem is ill-conditioned, since x(t) = cost is a solution and x(t) = 1 is also.
Solution:
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FIGURE 19. Computer problem 10.3.8 with Ar = 0.05.
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FIGURE 20. Computer problem 11.1.2.

Computer problem 11.1.2 Solve the initial-value problem
X =t4+x>— y
y/ _ t2 —x+ y2
x(0)=3, y(0)=2
on the interval [0,0.38]. How accurate are the computed function values?

Solution: Note that 0, f| = x, 3y f>» =y, which could indicate that the problem is unstable if

the solution components are positive. See Figure 20.

%This is Computer Problem 11.1.2 in Cheney and Kincaid, 6th edition, page 475:
% Solve the IVP

hx=t+x2-y

hy=t"2 - x +y2

% x(0) = 3, y(0) = 2.

function Exercisell1_1_2()

x0 = [3;2];
int = [0 0.36];

% The default values for the Relative and Absolute Errors are
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% options = odeset ( ’RelTol’, 1.0E-3, ’AbsTol’, 1.0E-6 );
options = odeset ( ’RelTol’, 1.0E-11, ’AbsTol’, 1.0E-15 );
% options = odeset ( ’RelTol’, 1.0E-6, ’AbsTol’, 1.0E-9 );
[t45,y45] = ode45(@xdot, [int(1),int(2)],x0, options);
[t23s,y23s] = ode23s(@xdot, [int(1),int(2)],x0, options);
[t15s,y15s] = odelbs(@xdot, [int(1),int(2)],x0, options);

figure(1)

clfO

hold all

grid on

plot(t45,y45(:,1), ’-0?)

plot(t23s,y23s(:,1),72-%2)

plot(t1bs,y16s(:,1),’-d%)
legend(’ode45’,’0de23s’,’0delbs’,’location’, *best’)

function z = xdot(t,x) Y%the RHS of the system of ODEs
z=[t+x("2-x(2 ; t72 - x(1) + x(2)72];

Computer problem 11.1.3 Write the Runge-Kutta procedure to solve

xX) = —3x

on the interval [0,4]. Plot the solution.
Solution:

Computer problem 11.1.6 Solve the problem

xp=1

xh = —x34cos(x1)

x5 = x +sin(x)

x (1) =1, x(1) =cos(1), x3(1) =sin(1).
Use the Runge-Kutta method and the interval [1,47).
Solution: The exact solution is

x(t) =1, x(t) =tcost, x3(t) = tsint,

hence
(1) + P (1) P = 72
which describes a growing spiral. See Figure 21.

function [tb,x,y,z] = RK4SystemExercise6atll_1(int,x0,y0,z0,nsteps)
% Runge-Kutta System

%Input: Interval [ta,T], initial condition x0,y0,z0,

% and number of steps n

%0utput: the approximate solution x,y,z, at time T
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Exercise 11.1.6 X X3

0t AKa

FIGURE 21. Computer problem 11.1.6, the exact and the RK4 solutions,
with 100 times-steps, i.e., At = 0.1157.

% Example usage: [T,x,y,z]=RK4SystemExercise6atll_1([1 2*pi],1,cos(1),sin(1),100);

ta = int(1); tb = int(2);

h = (tb - ta)/nsteps; %%step size h=(T-ta)/n
x = x0;
y = y0;
z = z0;
t = ta;

format long

for j = l:nsteps
K11 = h*xdot(t,x,y,2z);
K12 = h*ydot(t,x,y,z);
K13 = h*zdot(t,x,y,2z);

K21 = h*xdot (t+h/2,x+K11/2,y+K12/2, z+K13/2);
K22 = hxydot(t+h/2,x+K11/2,y+K12/2,2z+K13/2);
K23 = h*zdot (t+h/2,x+K11/2,y+K12/2,z+K13/2);

K31 = h*xdot (t+h/2,x+K21/2,y+K22/2,z+K23/2) ;
K32 = hxydot(t+h/2,x+K21/2,y+K22/2,2z+K23/2) ;
K33 = h*zdot (t+h/2,x+K21/2,y+K22/2,z+K23/2) ;

K41 = h*xdot (t+h,x+K31,y+K32,2z+K33);
K42 = h*ydot (t+h,x+K31,y+K32,z+K33) ;
K43 = h*zdot (t+h,x+K31,y+K32,2z+K33) ;

(K11 + 2%K21 + 2xK31 + K41)./6;
(K12 + 2xK22 + 2*%K32 + K42)./6;
z =z + (K13 + 2xK23 + 2%K33 + K43)./6;

< oM
o
< M
+ o+

t =t + h;
figure(1)
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title(’Exercise 11.1.67)

grid on

plot(t,x,’.’,’LineWidth’,1,. ..
’MarkerEdgeColor’,’k’, ...
’MarkerFaceColor’,’g’,...
’MarkerSize’,10);

plot(t,y,’0’,’LineWidth’,1,. ..
’MarkerEdgeColor’,’k’, ...
’MarkerFaceColor’,’g’,...
’MarkerSize’,10);

plot(t,z,’*’,’LineWidth’,1,. ..
’MarkerEdgeColor’,’k’, ...
’MarkerFaceColor’,’g’, ...
’MarkerSize’,10);

hold all

legend(’x2’,°x1%,°x3”,’location’, ’best’)

figure(2)

hold all

grid on

plot(t*cos(t) ,t*sin(t),’*’,’LineWidth’,1,...
’MarkerEdgeColor’,’k’, ...
’MarkerFaceColor’,’g’,
’MarkerSize’,1);

plot(y,z,’0?)

x1im([-12,12]); ylim([-12,12])

xlabel(’x_2’) ;ylabel(’x_3’)

legend(’exact’,’RK4’,’location’, ’best’)

title(’x_2, x_37)

end

function z1 = xdot(t,x,y,z) %the RHS of the ODE
zl = 1;

function z2 = ydot(t,x,y,z)
z2 = -z + cos(x);

function z3 = zdot(t,x,y,z)
z3 = y + sin(x);



CHAPTER 6

Smoothing of data and the method of Least Squares

1. Linear least squares
Given a set of m+ 1 data points {(x, i) }k=0:m, find a line
y(x)=ax+b
that ‘nearly’ passes through these points, i.e., minimize the vector of residuals
e = Y(Xx) — Yk = axg +b —yi (1.1)

in some vector £, norm (see the definition of the vector {, norm):

m
Find a,b such that ¢,(a,b) = ||r||h = Z |axy 4+ b — yi|? (1.2)
k=0
is minimized
d d
% =0, % =0. (necessary conditions)

For example, the (¢| approximation) problem minimizes

m
Find a,b such that ¢, (a,b) = ||r||; = Z |axy + b — y|. (¢, approximation)
k=0
The most common problem is the obtained by minimizing the {3 norm, called the (Least Squares)
problem

m
Find a,b such that @ (a,b) = ||r||3 = Z (axi+b—y;)>. (Least Squares)
k=0
Using the (necessary conditions) for the (Least Squares) problem gives the (normal equations for Least Squares)
problem

m m
ZZxk(axk—i—b—yk) =0, ZZ(axk—i—b—yk) =0,
k=0 k=0
(normal equations for Least Squares)
equivalently
m 2 m m m m
(Zxk>a+(2xk)b:2xkyk, (Zxk)a+(m+l)b:2yk,
k=0 k=0 k=0 k=0 k=0

171
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which is a 2 X 2 system in a,b:

m ) m m
Z XK Z Xk a Z Xk Yk
k=0 k=0 k=0 . .
. = . (linear regression)

m
Z xp m+1 b Z Yk
k=0 k=0

EXAMPLE 1.1. Find the straight line that best fits
(L,Oo) (2,1) (3,1) (42)
in the least-squares sense.

PROOF. In this case, the system from (linear regression) is

a
30 10 13
10 4 Rk
b

hence
a=0.6, b=-0.5.
FIGURE 1. The data and the linear polynomial y = ax + b fitting data in
the least-squares sense.
xdata = [1 2 3 4];
ydata = [ 01 1 2];

1ls = polyfit(xdata, ydata, 1)

d = 1s(1)*xdata + 1s(2) - ydata;

phi = sum(d."2);

x = linspace(xdata(1)*(1.-sign(xdata(1))*0.1) ,xdata(end)*(1.+sign(xdata(end))*0.1),20);
y = polyval(ls,x);

plot(xdata, ydata, ’0’, x, y ,’linewidth’,2)

grid on

title(’Linear least squares fit’)

legend(’data’, ’linear regression’)

xlabel(’x axis’), ylabel(’y axis’)
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See Figure 1 for a plot of the data and the linear polynomial y = ax + b fitting data in the
least-squares sense. (]

(See also LinearRegression.m )

2. Non polynomial fit

The method of least squares is not restricted to linear (first-degree) polynomials or
any specific function form.

EXAMPLE 2.1. Suppose we want to fit an equation of the from
y= ac* + b2
to the points
(-1,0) (0,1), (1,2), (1.5,2.2)
in the lest squares sense.

PROOF. In this case, the ‘residual function’ (1.2) writes

3

0 (a,b) = Z (aex% —|—bx2 —yk)2
k=0

and the (necessary conditions) become
3 2 3 2 3 2
a Z ek +b Zx,%exk — Zykexk =0
k=0 k=0 k=0

3 3 3
2
3
aZx,%exk +b2x,? - Y i =0.
k=0 k=0 k=0

Nonlinear least squares fit

FIGURE 2. The data, the nonlinear function y = ae)‘2 +bx3, and the lin-
ear polynomial y = mx + n fitting data in the least-squares sense.

See Figure 2 for a comparison of the nonlinear and the linear regression for this data.


https://sites.pitt.edu/~trenchea/MATH1070/Programs/Chapter4.html
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xdata = [-1. 0. 1. 1.5 ];
ydata = [ 0. 1. 2. 2.2];
A = [sum(exp(2*xdata.~2)) sum(xdata."3.*exp(xdata.~2)) ; sum(xdata."3.*exp(xdata.~2)) sum(xda
RHS = [sum(ydata.*exp(xdata.~2)) ; sum(ydata.*xdata."3)];
1s = A\RHS
linearregression = polyfit(xdata, ydata, 1)
d = 1ls(1)*exp(xdata.~2) + 1ls(2).*xdata.~3 - ydata;
phi = sum(d."2);
x = linspace(xdata(1)*(1.-sign(xdata(1))*0.1) ,xdata(end)*(1.+sign(xdata(end))*0.1),20);
y = 1s(1)*exp(x.72) + 1s(2)*x.73;
yLinearR = polyval(linearregression,x);’% linear regression
plot(xdata, ydata, ’o’, x, y ,x,yLinearR,’linewidth’,2)
grid on
legend(’data’, ’nonlinear regression’, ’linear regression’,’Location’, ’best’)
title(’Nonlinear least squares fit’)
xlabel (’x axis’), ylabel(’y axis’)

EXAMPLE 2.2. Suppose we want to fit a quadratic polynomial
y:aﬁ%im+c
to the points
(-3,5) (—2,2), (-1,1), (1,1), (2,2) (3,4.5) (4,3.2)

in the lest squares sense.

Quadratic least squares fit versus linear and cubic

FIGURE 3. The data, the quadratic y = ax* + bx = ¢ versus the linear
and cubic polynomials, fitting data in the least-squares sense.

xdata = [-3 -2 -1 01 23 4];

ydata [6.2 1 1124.53.2];

gs = polyfit(xdata, ydata, 2)

d = gs(1)*xdata."2 + gs(2)*xdata + gs(3) - ydata;
phi = sum(d."~2);

1ls = polyfit(xdata, ydata, 1);

cs = polyfit(xdata, ydata, 3)
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x = linspace(xdata(1)*(1.-sign(xdata(1))*0.1),xdata(end)*(1.+sign(xdata(end))*0.1),20);

y = polyval(gs,x);

yl = polyval(ls,x);

yc = polyval(cs,x);

plot(xdata, ydata, ’0’, x, y , X, yl , x, yc , ’linewidth’, 2)

grid on

legend(’data’, ’quadratic regression’, ’linear regression’, ’cubic regression’,’Location’, ’b
title(’Quadratic least squares fit versus linear and cubic’)

xlabel(’x axis’), ylabel(’y axis’)






CHAPTER 7

Boundary Value Problems (BVP) for Ordinary Differential
Equations

EXAMPLE 0.1 (Two-point BVP). Let us consider a 2™ order scalar ODE (see Defi-
nition 0.1)

Y'=fxyy),  x€l(ab) _
(two-point BVP)

ya)=a, yb)=p

defined on an interval (a,b), and endowed with two Boundary Conditions , i.e., the values
of the unknown function y(-) on the ‘boundary’ of the computational interval (a,b) are
provided (y(a),y(b) are given).

This is a situation somewhat similar to the Cauchy problem / Initial Value Problem
(IVP), where in order to obtain a solution we needed an n number of ‘initial values’ (equal
to the number of components in the vector y). Since by Remark 0.1 the p™-order ODE is
equivalent to the n-valued system of ODEs, it is intuitive that in order to solve the BVP we
need a number of (boundary values) equal to the order of the equation (i.e., the oder of the
highest derivative on y).

There are several methods of approaching this problem, among them: discretization
using finite differences (band matrix), the shooting method, the collocation method, the
Galerkin method.

1. Discretization using the finite difference approximations

Similar to the numerical approximation (constant time step) for (IVP), we start by
setting a (space) mesh on the (space domain) interval |a,b). Let
_b—a
T om

h

(space mesh size)

denote the mesh size, and then the mesh points are
xj=a+ jh, Vi=0:m. (mesh points)

(Note that the end points are xy = a,x,; = b.)

The (two-point BVP) is the approximated on the mesh points, substituting in the equa-
tion the derivates with approximation of the derivatives by standard finite differences. For
example, we could use central-difference formulae to approximate the first- and second-
order derivatives:

1

o (y(x+h) —y(x—h)) (first-order central)

¥ (x) ~

177



178 CHAPTER 7. BOUNDARY VALUE PROBLEMS (BVP) FOR ORDINARY DIFFERENTIAL EQUATIONS

1
y'(x) = w7 (v(x+h) —2y(x) +y(x—h)) (second-order central)

at all interior nodes (xj,j=1:m—1).
(Recall that both approximations above are second-order accurate, i.e., the error term is
o(h*).)

Let us denote the approximation of the unknown function y(-) at the mesh points {x;} by

yiey(x),  Vji=0:m, (1.1)
and in vector form
Y1
y2
y= : (BVP unknowns)
Ym—2
Ym—1

Then the (two-point BVP) can be approximated by the following nonlinear system of m — 1
equations, in the m — 1 unknowns {y;} j—1.m—1:

Yo= @,

1 1 .
ﬁ(yjﬂ —2yj +yjfl) :f(xjaijﬂ(yﬁrl *yjq)) j=1:m—1
ym:ﬁa

(BVP system)

In particular, assume that the function in the right hand side of the (BVP system) depends
only ony, i.e., (BVP system) writes:

y//:f(y)a x € (a,b).

(For the full linear case f(x,y,y') := u(x) +v(x)y +w(x)y, see Example 1.2.)
If we also denote

fi = f(x)),
then the (BVP system) writes
Ay = h*F(y) —r, (1.2)
where
h Y0
p) 0
F(y) = : , r=|:
fmfZ 0
Jm—1 Ym
To see this, let us write the (BVP system) corresponding to the interior nodes x1,X2,- -+ ,Xm—2,Xm—1-
y2 =2y +yo=fi (4=D
y3—2ym +yi=r2 (4=2)

Vjt1 = 2Ymj +yi1=Ff; )]
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Yin—1—2Ym—2 +Ym—3 = fu-2 (j=m-2)
Yin = 2Ym—1 +Ym—2 = fn-1 (j=m-1)

and move the known values yg,y,, to the right hand side, we obtain

y2— 2y = fi—Yo g=b
y3—2y2 +yi=12 (4=2)
Vitl = 2Vmj +yji-1=f; ()
Ym—1— 2ym72 +ym73 = fmfz (i=m—2)
- 2}’m—1 +ym72 - fmfl —Ym . sz'l)

Therefore in (1.2) the matrix A and the vector r are

[—2 1 o o0 - o o0 0 O Ji=Yo
1 -2 1 0 - 0o 0 0 O f2
1 -2 1 - 0o 0 0 O f3
A == y r—=
0 0 0 0 - I -2 1 0 foos
o o o o -- o 1 -2 1 Sm—2
Lo 0o o0 0 - 0 0 [ — L fm—1=Ym ]

REMARK 1.1. Notice that the matrix A is a tridiagonal matrix, well studied in the
Section dedicated to Linear Systems.

EXAMPLE 1.1 (Simple harmonic motion). Let us consider now a forced simple har-
monic motion :

Y'(xX)+y(x)=x x¢€ (0, g) , (simple harmonic motion)
T
¥(0)=1, y(g) = ; (B.C.)

which has the exact solution
y(x) = cos(x) —sin(x) +x. (exact solution)

The finite difference equation yields

yo=1, ym=
" (1.3)

Yit1 —2yj+yj_1+h¥y; = h’x;, j=1l:m—1


https://en.wikipedia.org/wiki/Simple_harmonic_motion
https://en.wikipedia.org/wiki/Simple_harmonic_motion
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Simple harmonic motion

Yix) exact solution
- O v, finite difference solution

FIGURE 1. The exact and the finite difference solutions to (1.3) on a
mesh with m = 5.

The linear system arising using the finite difference method writes as

[—2+h? 1 0 0o - 0 0 0 07 [y ] [x; ]
1 —2+h? 1 0o - 0 0 0 0] |m x)
0 1 24K 1 - 0 0 0 O0f]|y X3
=52
0 0 0 0o - I =2 1 0| |yms X3
0 0 0 0o - 0 1 =2 1| |ymo2 X2
| 0 0 0 0o - 0 0 1 =2| [ym1] | X1 |

This linear system can now be solved by solvers specifically designed for tridiagonal ma-
trices, or any linear solver.

Figure I shows the (exact solution) versus the computed solution with a quite coarse mesh,
using only m =5 intervals, hence a meshsize h = %/2 =0.3142. (The linear solve was the
Matlab’s ‘backslah’: y = A\RHS. See BVPsimpleharmonicmotion.m)

To verify that the numerical solution is second-order accurate with respect to the spatial
discretization, namely

1 m 1
&(h) = (m l;’) [lue(x;) — u,-||2) xChP, (p-th order accurate)
with p =2 one can evaluate p in terms of computed quantities:
_ log(&'(h)/&(h/2))
log(2)

For the example above we have

_log(&(m=06)/&(m=3)) log(0.000589306/0.00017094
P= log(2) - log(2)

—1.7855,

O =



http://www.pitt.edu/~trenchea/MATH1080/Chapter14/BVPsimpleharmonicmotion.m
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log(&(m=12)/E(m=6))  1log(0.00017094/4.43131¢ — 05
_ _ = 1.9477,
log(2) log(2)
_ log(&(m=24)/&(m =12)) _ log(443131e—05/1.1282e 05 _ -
log(2) log(2) . ,
_ log(&(m =48)/&(m =24)) _ log(1.1282¢ — 05/2.847%¢ —06 _ oo
B log(2) B log(2) - ’
log(&(m=96)/&(m=48)) log(2.84794¢ —06/7.15566e — 07
= = =1.9928.
log(2) log(2)

EXAMPLE 1.2 (The linear case). Let us consider now the linear case for the (BVP system),
i.e., where the right-hand side has the following form;

Fley,y) = ulx) +v(x)y +w(x)y. (linear BVP)
Denoting

uj~u(xj), vicv(x;) w;cwx;),

(and using the (first-order central) and (second-order central) formulae) the (BVP system)
writes

1 1
ﬁ(ym —2yj+yj-1) = “j+vjyj+wjﬂ(yj+l —yj-1)-

Multiplying by —h? and regrouping terms this is equivalent to

h
(143w i+ (20;) v, Vie1 = —hu; (1.4)
aj j !
forall j =1:m—1, and with the boundary conditions
YYo=« ym = B.
Therefore the linear Boundary Value Problem
{ Y'=u(x)+vx)y+wx)y,  x€(ab)
ya)=oa, yb)=p
is approximated (using finite differences) by the trilinear linear system
_dl 0 0 0 0 0 1 _yl _bl—a]y() 1
ap dz 0 0 0 0 2 bz
0 as b3 0 0 0 y3 b3
0 0 0 0 a2 dm2 Ym—2 b2
_O 0 0 0 0 am—1 dm—l_ L Ym—1 | L bp—1— m |
(1.5)

EXAMPLE 1.3 (Example in the book, see BVP1.m). Solve the linear BVP
X" =e' —3sin(t) +x —x

x(1) =1.097374910854626, x(2) = 8.637496608572079,


http://www.pitt.edu/~trenchea/MATH1080/Chapter14/BVP1.m
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BVP1: the exact and numerical solutions 10 BVP1: the error

O computed soluion

FIGURE 2. The linear BVP example 1.3: the exact and finite-difference
solutions (7 = 0.05), and the error.

which has the exact solution x(t) = " —3cos(t). Writing the equation in the linear form
(linear BVP), we have that

u(t) = €' —esint, v(t) =—1, w(t) =1.

See http://www.pitt.edu/ trenchea/MATH 1080/Chapter14/BVP1.m and Figure 2.

>> BVP1([1 2],10)
The root mean square of the error is 8.480505083949440e-05
>> BVP1([1 2],20)
The root mean square of the error is 2.164486089399624e-05

Therefore, by the ‘error analysis’ arguments in (rate of convergence) gives

&h log(8.480505083949440 % 1077 /2.164486089399624 x 10~
pwlog(—>/1og(2)z og( * 1077/ 1077 19701,
&h/2 log(2)

confirming the theoretical result that the approximations are second-order accurate.

1.1. Exercises.

EXERCISE 1.1 (This is Exercise 14.2.5 in the textbook). Show that if v; > 0 in the
previous Example 1.2, then there exists a meshsize h such that the trilinear matrix in (1.5)
is diagonally dominant.

(Hint: consider h small enough so that |a;| = —ay, |c;| = —c;.)

Computer problem 14.2.2 Solve the following two-point boundary value problem numer-
ically. For comparisons, the exact solutions are given.

(a)

X = (l_t) X+ 1
(12T (1+1)? (solution: x(¢) = )

1
x(0) =1, x(1)=0.5 o



http://www.pitt.edu/~trenchea/MATH1080/Chapter14/BVP1.m
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‘The exact solution and the finite difference solution using the tridiagonal matrix logarithm of the error

i 1
—— exact T

FIGURE 3. Computer exercise 14.2.2(a): the exact and finite-difference
solutions (2 = 0.1), and the logarithm of the error.

(b)
1 :
"n_ - 2 ’2,\ o
R <( et 1+f> (solution: x(¢) = —log(1+1))
x(0) =0, x(1) = —1log(2)

Note that this is a nonlinear problem, as the RHS depends nonlinearly on x, namely it
involves e**. This can be solved, for example, by a fix point iteration.

Solution:

(a) Since the equation to solve

" (l_t) 1

= T ase

is linear, of the form (two-point BVP) X" = f(t,x,x'), where the linear function f(t,x,x') =
u(t) +v(t)x+w(t)x' is of the form (linear BVP), namely with
1 (1—1)

u([):mﬂ V(l): (1+1)27 W(t):Oa

then we can find the solution {x;}i—1.m—1 (which approximates the exact solution {x(t;) }i=1:m—1)
it by solving the linear system (1.5), where a;,b;,c;,d; are defined in (1.4).

See Figure 3.

%function [x,l2error] = BVP1_Exercise2a_14_2(int,alpha,beta,n)

function BVP1_Exercise2a_14_2(int,alpha,beta,n)

%Finite difference scheme for 2nd order BVP

%Input data: interval,

% the Boundary Values alpha and beta,

pA and the number of intervals defining the mesh

% Example usage: [x,error] = BVP1_Exercise2a_14_2([0 1],1,0.5,100)

ta = int(1);
tb = int(2);
h = (tb - ta)/n;

for i = 1:n-1
t ta + ix*h;
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a(i) = -(1+(h/2)*w(t));
d(i) = 2 + h~2xv(t);
c(i) = -(1-(h/2)*w(t));
b(i) = - h~2*u(t);

end

b(1) = b(1) - a(1l)*alpha;

b(n-1) = b(n-1) - c(n-1)*beta;

for i=1:n
dummy = a(i) ;
a(i+1) = dummy;
end

[x] = Tri(a,d,c,b);
[xx] = [alpha x betal;
tt = [ta:h:tb];

s = [ta:h~2:tb];

errorfunction = 1./(1+tt) - xx ;
12error = rms(1./(1+tt) - xx);
fprintf ( 1, > The mean least-squares error is = %g \n\n’,l2error);

figure(1)

clfO

hold all

grid on

plot(tt,xx,’.’,’LineWidth’,1,...
’MarkerEdgeColor’,’k’, ...
’MarkerFaceColor’,’g’, ...
’MarkerSize’,10);

plot(s,1./(1+s),’-’,’LineWidth’,1, ...
’MarkerEdgeColor’,’k’, ...
’MarkerFaceColor?’,’r?,...
’MarkerSize?’,10);
legend(’tridiag’,’exact’)
title(’The exact solution and the finite difference solution using the tridiagonal matrix’

figure(2)

clf O
plot(tt,log(abs(errorfunction)),’o-’)
grid on

legend(’error’)

title(’logarithm of the error’)

end



(b)
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function z = u(t)
z = 1/(1+t)"2;
end

function z = v(t)
z = (1-t)/(1+t)~2;
end

function z = w(t)

z = 0;

end

ERROR ANALYSIS. We shall check now that the errors are, as theoretically predicted,
of second-order (h?, with p = 2), provided the mesh size h is small enough (the com-
putations are in the ‘ASYMPTOTIC REGIME’)

X (1) — x; &~ ChP.
In order to observe that, we first compute several approximations, for example X" with

mesh sizes h and x"/* with mesh size h /2, which should have the corresponding errors
approximately &" ~ constx h? and &"/* ~ const (h/2)P. Then

log (@fT}/lz) ~ log (g%) = plog(2),

and therefore

éoh
p ~log <W> / log(2) (rate of convergence)
h error P
0.2 0.0012

0.1 3.1618¢-04 | 1.9242
0.05 8.14809e-05 | 1.9562
0.025 | 2.06532¢-05 | 1.9801
0.0125 | 5.19735e-06 | 1.9905

See Figure 4.
First note that the Right Hand Side of the differential equation is a nonlinear function
of the unknown x(t), namely

1 1
1,x)==(2—-1)e* + —
fe2) =3 (@0 + ).
and therefore, the (BVP system) becomes
Xp == 07
1 1 .
73 (X = 2% xjm1) = T = 5 ((2 —1j)e* +
X = = —log(2),
which then yields the following form of the nonlinear system (1.2)
Ax = I’F(1,x) -, (1.6)

i=1:m—1
Er
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‘The exact solution and the finite difference solution using fix-point iteration

logarithm of the error

/ SRR

FIGURE 4. Computer exercise 14.2.2(b): the exact and finite-difference
solutions (h = 0.1, the mean least-squares error is = 0.00830429), and
the logarithm of the error. The nonlinear equation (1.6) is solved by fix-
point iteration.

where
-2 1 0 0 -- 0O 0 O 0 i b4
1 -2 1 0 - 0O 0 O 0 b
.. 3 F(tv Y) = ) r=
0 0O 0 0 o 1 -2 1 fn2
0 0O 0 0 o 0 1 =2 fn—1 e~ log(2)
and

.71 N 2% 1
fri=3(@-1)e "+1+r,)'

The nonlinear system Ax = h*F(t,x) —r, can be solved in different ways, e.g., by using
Matlab’s fsolve.m. In here we simply use a fix point iteration

AxFH) = p2F (1, x%)) —r.

function BVP1_Exercise2b_14_2(int,alpha,beta,n)
%Finite difference scheme for 2nd order BVP
%Input data: interval,

%
YA
YA

the Boundary Values alpha and beta,
and the number of intervals defining the mesh
Example usage: [x,error] = BVP1_Exercise2b_14_2([0 1],0,-1log(2),10)

ta = int(1);
tb = int(2);

h
t

= (tb - ta)/n
= linspace(ta+h,tb-h,n);

x0 = ones(n,1);

X
r

YA

= x0;
zeros(n,1); r(1) = alpha; r(end) = beta;
Solve ‘Ax = F(x) -r’ by fix-point iterations

fori=1:5


https://www.mathworks.com/help/optim/ug/fsolve.html
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A
X

(-2) * diag(ones(n,1)) + diag(ones(n-1,1),1) + diag(ones(n-1,1),-1);
AN\ (™2 /3 *( (2-t?) .*exp(2*x) + 1./(1+t%)) - 1)}

end
xx = [alpha;x;betal;
c = [t:h,r,:n];

tt = [ta t tb]’ ;
s = [ta:h"2:tb];

errorfunction = -log(l+tt) - xx ;
12error = rms(-log(l+tt) - xx);

fprintf ( 1, > The mean least-squares error is = %g \n\n’,l2error);
fprintf ( 1, > The square of the mesh size is h~2 = %g \n\n’,h"2);

figure(1)

clf ()

hold all

grid on

plot(tt,xx,’.”,’LineWidth’,1,...
’MarkerEdgeColor’,’k’, ...
’MarkerFaceColor’,’g’,...
’MarkerSize’,10);

plot(s,-log(l+s),’-’,’LineWidth’,1,...
’MarkerEdgeColor’,’k’, ...
’MarkerFaceColor’,’r’,...
’MarkerSize’,10);
legend (’nonlinear solve’,’exact’)
title([’The exact solution and the finite difference solution using fix-point iteration’])

figure(2)

clf O
plot(tt,log(abs(errorfunction)),’o-’)
grid on

legend(’error’)

title(’logarithm of the error’)

end






CHAPTER 8

Partial Differential Equations

Partial Differential Equations are equations involving unknowns functions depending on
several (dependent) variables, such as times and/or space coordinates, and where the un-
known function appears with also partial derivatives.

EXAMPLE 0.1 (Poisson equation). Poisson equation is a typical partial differential
equation (of elliptic type) with applications in engineering, physics and chemistry. In two
space dimensions x,y, we say that the unknown function u(x,y) satisfies the Poisson equa-
tion in the square domain D = [—1,1)? if

’u  du o . .
52 + o2 +2=0, (x,y) €interior(D) = (—1,1) x (—1,1), (Poisson equation)
also satisfying the (homogeneous Dirichlet) Boundary Conditions

u(x,y)=0 on the boundary (D). (B.C)
NOTATION 0.1. e For a scalar function u(x,y,z), the gradient is defined as
u
Jdx
Vu = gradu := % . (gradient)
du
Jz
Vi (x7y7 Z)
e For a vector function | va(x,y,z) |, the is defined as
V3 (x7y7 Z)
Vi Vi
vo | =div|wm | = . ( )
V3 V3

e For a scalar function u(x,y,z), the Laplace operator is defined as

ou ?u  J’u  d%u

Au=V-(Vu) =div(gradu) :=V- | 5 | = =t e +57 (Laplacian)

DEFINITION 0.1 (Boundary conditions). The boundary condition (B.C.) is just one
particular case (where the values of the unknown function are prescribed) of the following

types.
e Dirichlet boundary conditions, where the values of the unknown function are
prescribed:

u(x,y,x,-) = gp(x,9,2,") (Dirichlet B.C.)
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where gp(+) is given.
e Neumann boundary conditions, where the values of the flux are prescribed:
n-Vu(x,y,x,-) = gn(x,y,2,°) (Neumann B.C.)

where gn(-) is given, and n is the normal vector.
e Robin (mixed Dirichlet and Neumann) boundary conditions, where the flux de-
pends linearly on the unknown function:

n-Vu(x,y,x) + au(x,y,x) = gr(x,y,2) (Robin B.C.)
where gg(-) is given, o € R.

EXAMPLE 0.2 (wave equation). The (wave equation) describing the vibration (dis-
placement) of a 3D elastic body is an evolutionary PDE, on the unknown function u(x,y,z,t),
depending on time t and on 3-space dimensions (x,y,z), namely

Pu
012

The wave equation is a particular case of a hyperbolic equation, see Section 2.

=Au. (wave equation)

EXAMPLE 0.3 (heat equation). The (heat equation) describes the evolution (diffusion)
of u(t,x,y,z) temperature (heat, concentration) at time t and at space point (x,y,z) in a
physical 3D body is an evolutionary PDE, on the unknown function u(x,y,z,t) (tempera-
ture), depending on time and on 3-space dimensions, namely

J

87? = KAu, (heat equation)
du e .
3 = (d (x,y, z)Vu) +p, (diffusion equation)

The heat and diffusion equations are particular cases of parabolic equations, see Section

1.

EXAMPLE 0.4 (Reaction-diffusion equations). See Section 3.2 for reaction-diffusion
equations.

EXAMPLE 0.5 (Elliptic equations).

Au=0 (Laplace equation)

(here u(x,y,z) describes the steady distribution of heat, or the steady distribution of electrical charge in a body)
- (d (x,, Z)V“) =p (Poisson equation)

Au+Kk2u=0 (Helmholtz equation)
(this is an eigenvalue problem, with x is the eigenvalue / wave number)

EXAMPLE 0.6 (Biharmonic equations). The following biharmonic equation describes
the (shearing and elastic) stress of an elastic body:

0* 0* 0*
5 l: =+ 57 Z + = Z =0. (biharmonic equation)
X y z


https://en.wikipedia.org/wiki/Helmholtz_equation

1. PARABOLIC EQUATIONS 191

REMARK 0.1. MATLAB has a PDE toolbox: pdesolve for solving partial differ-
ential equations of the form
%u 2%u
mes +dﬁ —V-(cVu)+au=f,
where m,d,c,a are given and f is a given forcing term (to be specified by the user), in 2D
and 3D (two and three space dimensions) of prescribed types:

d% —V-(cVu)+au=f (parabolic)
%u .

d Erae V- (cVu)+au=f (hyperbolic)

-V (cVu)+au=f (elliptic)

1. Parabolic Equations

We consider here the following heat equation in 1D space dimension, where u(x,t)
models the temperature of a rod of length 1 (on the interval x € [0,1]), with (Dirichlet
B.C.) the temperature being set to zero at the ends of the interval, and with the initial
temperature being set as sin(7x):

0 92

8—?(x,t) - a—x;t(x,t) =0, t>0,xe€(0,1) (heat equation)
u(0,t) =u(1,1) =0, vt >0 (homogeneous BC)
u(x,0) = sin(7x), x€0,1]. (initial conditions)

The solution to the heat equation with the (homogeneous BC) and (initial conditions)
above obviously has to satisfy the following (compatibility conditions)

u(0,0) =0, u(1,0) =0. (compatibility conditions)

THEOREM 1.1 (Maximum Principle). The solution to the (heat equation) satisfies the
following maximum principle

min{0, inf u(x,0)} <u(x,r) <max{0, sup u(x,0)}, (L.1)
x€(0,1) x€(0,1)

forall (x,1) € (0,1) x (0,T).
A direct consequence of the maximum principle is that the maximum value of u will

not exceed the maximum value that previously occurred.
In particular, since u(x,0) = sin(znx) € [0,1] Vx € [0,1], by (1.1) we obtain that

0<u(x,r) <1, Vi >0,x € [0,1]. (maximum principle)

The heat equation above, with the B.C. and I.C. above has the following (exact solution):

—IT

u(x,t)=e ’ sin(7x), (exact solution)

which can be shown by using the Fourier method, or the method of separation of variables,
see e.g. [2].


https://matlab.mathworks.com
https://www.mathworks.com/products/pde.html
https://www.mathworks.com/help/pde/ug/pde.pdemodel.solvepde.html
https://en.wikipedia.org/wiki/Separable_partial_differential_equation
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PROOF. Indeed, u, = —1%e~'™ sin(7x), u, = e~ '™ coS(7x), tyy = — e sin(7x).
Also the initial conditions are satisfied u(x,0) = sin(7x), as well as the boundary condi-
tions u(0,7) = u(1,t) = 0. O

We consider here only the finite difference approximations of the (heat equation).

ty = nAt Grid points
Y

l‘j = jAt (x,‘,l‘j)
. |
<
S
s
=~ -
th = 2At

n=AtT

tho=0 . . ! — } J

xo=0 X1 X2 tox;=ith 0 M-l xy =1 X
x nodes

To simplify the presentation we re-
strict ourselves to a space discretization
of the interval [0, 1] into equally spaced
subintervals, of mesh-size

h=Ax

with mesh points

x;=ih i=0:M. (space nodes)

Similarly, let the constant time step be

At = (time step)

T
N
and the time nodes be

tj = JAt, j=0:N, (time nodes)

i.e., we consider the evolution of the PDE on a generic time-interval [0,T].
First, let us write a few semi-discrete in time approximations, where only the time
derivatives are approximated, for all x € [0,1]:

u(x,t + A1) —u(x,t) 8_2u
At dx?

(x,1) =0 (forward-Euler)



1. PARABOLIC EQUATIONS 193

u(x,t +At) —u(x,t) 9%u

At =) (x,1+A1) =0 (backward-Euler)
u(x,t + A1) —u(x,t) 1/9%u o2 B .
At 3 <3x2 (x,t+ A7) + 2 (X,t)> ~0 (trapezoidal)
_ 2
u(x,t +A2 u(x,r) %()@t +At/2)~0 (midpoint)

1.1. Forward Euler in time approximations. Using the (second-order central) in
the (forward-Euler) equation above, we obtain the following fully-discrete time and space
approximation:

A
u(x,t+Ar) —u(x,t) — h_zt (u(x— hyt) —2u(x,t) + u(x—l—h,t)) ~0 (1.2)
equivalently

At
w(x,t 4+ Af) & (e — hyt) + (1 2

At At
= —Z)M(x,t) + sl hip), (1.3)

h

We note that if the following Courant-
Friedrics-Levy (CFL) condition holds

h2
Ar < —
-2

(or equivalently 1 — 2% > 0) then all the coeffi-
cients in the right-hand side of (1.3) are positive

and
At At At
u(x,r+Ar) ~ ﬁu(x—h,t) + (1 —2ﬁ>u(x,t) + I?u(x—kh,t)
At At At
<= ¥ (1—2—) )+ 1) = 1),
= e i e U2 ) i e G i ) = e

which represent a discrete version of the (1.1).
NOTATION 1.1. Let us denote by u;; the finite difference approximation solutions
Uij = u(x,-,tj)

where the {x; = ih}i—o.m and {t;}j—o.y are the space nodes and time nodes defined in
(space nodes) and respectively (time nodes).

The fully-discrete approximation (1.2)-(1.3), which uses the (forward-Euler) and (second-order central)
discretization formulae, written for x = x; and t = t, gives:

Ui jy1 = oui—1j+ (1 —=20)u;j + oujy1 j, (FE time-marching problem)

where
At

ﬁ .
We note also that (FE time-marching problem), using the in vector notation, writes as

u;;1 = Apgu;,
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where
1-20 c
z; c 1-20 o
u=| .|, Am= c 1-20 o© (1.4)
Hn=1,j 6. 1-20
At

QUESTION: for what values of 6 = 15
dominant, with positive diagonal elements (M-matrix - see Proposition 2.6)? See also the
(CFL) condition.

is the tridiagonal matrix Ayg above diagonally

PROPOSITION 1.1 (Discrete Maximum Principle). Provided the (CFL) condition holds,

i.e., the timestep and the space mesh size satisfy At < %, the matrix Agg is an M-matrix,
and the discrete version of the (1.1) above writes

ujjr1 < anlza.); ug, ;. (discrete Maximum Principle)

PROOF. Let us denote first #;; := maxy—o.p e, ;. Then the (FE time-marching problem)
gives

ijr1 = Oti—1,j+ (1 =20)uij + Outi1,j < O j+ (1= 20)uij + Ouij = ui,j = max ug,j,

which means that, as time increases, the values of the ‘temperature’ u at every space point
is less than the previous temperature, at any other point in the space domain. g

Result: FE time-marching Algorithm
for j=0:N—1do
fori=1:M—1do
‘ Ui jr1 = Oui—1;+ (1 —2()')1/!,'/' + Ouit1,j-
end
end

EXAMPLE 1.1. Let us consider the first ‘new’ values in time, i.e., at t; = At (or letting
j =0 in the (FE time-marching problem)), starting from the initial condition {u;o} j—o.m:

Lt,'71ZGM[_170+(1—26)14,'0—"-614,'4_170 Vi=1:M—-1,
where ug1,u,1 are provided by the boundary conditions.
For example, for i = 1 we have
upp = oupo+ (1 — 26)1410 +OCuz -

REMARK 1.1. The (CFL) condition, a sufficient for the (discrete Maximum Principle)
to hold, imposes a quite strict restriction on the space mesh size, making the (forward-Euler)
time-approximation ‘slow’. For example, compared to a spatial mesh size:

h=10"2,
the (CFL) condition requires a ‘super-small’ time-step:

At =5%1077.


https://en.wikipedia.org/wiki/M-matrix
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For this reason, we turn our attention to the implicit methods in Sections 1.2 and 1.3, which
do not require a (CFL) condition for stability, nor for a discrete maximum principle.
Run

‘PDE_heat_Forward_Difference(0,1,0,1,50,50)°

CFL=50>0)5
and

‘PDE_heat_Forward_Difference(0,1,0,1,8,900)°
CFL=0.0711111 < 0.5

1.2. Backward Euler in time approximations. Using the (second-order central) in
the (backward-Euler) equation, we obtain similarly to Section 1.1 the following fully-
discrete time and space approximation:

At
u(x,t) —u(x,t —Ar) — n <u(x —h,t) = 2u(x,t) +u(x+ h,t)) ~0 (1.5)
equivalently
At At At
— (e —hr) +ux,) (1 +2ﬁ) — Ssulx-+hr) Ut = A). (1.6)

With the Notations 1.1, and x; = ih,t; = jAt, the fully-discrete (finite difference) ap-
proximations writes

At At At

h2

——ui_1,;+ (1 + 2?) ujj — ﬁu,uru =u;j_1. (BE time-marching heat equation)

Result: BE time-marching Algorithm
for j=1:Ndo
fori=1:M—1do
—ou;-1,;+ (1 +20‘)u,',j — OUjt1,j = Ujj—1-
end
end

The algorithm above writes, in matrix form as follows
(0 =3):
= 4):

(14206 -0 utj [u1,j-1+ ou;
—0 1+20 -0 uj U j—1
-0 1+20 -0 uzj | = |U3,j—1 (1.7)

—0 1+20’_ [ UM—1,j | _MM—I,j—1+0'un,j_
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Note that the matrix above
[1+20 -0

-0 1420 -0

AR = -0 1420 -0

el 1+26_

is a tridiagonal, strictly diagonally dominant matrix, with positive diagonal entries (hence

an M-matrix by Proposition 2.6) for all values of 6 = 2[—2

PROPOSITION 1.2 (Discrete Maximum Principle). For all h and At, the following
discrete version of the (1.1) holds for the (BE time-marching heat equation). If the initial
condition satisfies the bound.:

u(x,0) € [a, B] Le., o<uo<p Vi=0:M
then the solution at all times satisfies the same bounds
oa<u;< B Vi=0:M,j=0:N. (discrete Maximum Principle)

PROOF. We will prove, by induction, only the right-hand side bound.
Assume that u; ;| < B,Vt;_1 (time nodes) and Vx; (space nodes). Denoting

uij = méax ug j
(hence u;_1,; < ujj, uir1,j < u;;), by (BE time-marching heat equation) we obtain
ujj < —ouji—1j+ (1 +2G) Ujj — OUjt1,j = Ui j—1,
which yields by the induction assumption that u;; < f3. (]

Run
‘PDE_heat_Backward_Difference(0,1,0,1,50,50)’
CFL =50> 0.5
and
‘PDE_heat_Backward_Difference(0,1,0,1,8,900)°
Compare with the results using ‘PDE heat Backward Difference’.
1.3. Midpoint/ Crank-Nicolson time approximations. Using the (second-order central)

in the (trapezoidal) equation, we obtain similarly to Section 1.1 the following fully-discrete
time and space approximation:

u(x,t) —u(x,t — At) (1.8)

N g(u(xfh,t) +u(x—h,t —Ar) 2u(x,t)+u(x,tht))+ u(x+h,t)+u(x+h,tht)>
T 2 2 2
equivalently
1 A At 1 Ar
—Eﬁu(x—h,t)—i—u(x,t)(l—i—ﬁ) —Eﬁu(x—i—h,t) (1.9)
1 A At 1 A
(x—h,t —Ar)+ (1 —h—z)u(x,z—At)+§ﬁu(x+h,t—m).
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With the Notations 1.1, and x; = ih,t; = jAt, the fully-
discrete (finite difference) approximations writes

o c o
— -+ (L O)uij = St = Suioyj1 + (1=
(CN time-marching heat equation)

Result: CN time-marching Algorithm
for j=1:Ndo
fori=1:M—1do

o o o o
= ui-1,;+(1+0)u;— Uit = Sli-1j1t (1 - G)Mi,j—1 Ui

2
end
end
The algorithm above writes, in matrix form as follows (¢ = % ):
_(1+G) —% 1T uj ] [ blj i
— % (1+o0) — % uj by;
-5 (+0) =% usj | = | wuj | (1.10)
i -5 (14+0)] [um—rj]  [bym-1j]
Note that the matrix above
(1+0) -3 ]
-3 (1+0) -5
Acn = — % (1 + G) - %
! % (o)
is a tridiagonal, strictly diagonally dominant matrix, with positive diagonal entries (hence

an M-matrix) for all values of 6 = ﬁzt .

See PDE_heat_CrankNicolson.m for a numerical example of heat diffusion.

REMARK 1.2. The matrix in (1.10) is an M-matrix, strictly diagonally dominant ma-
trix, with positive diagonal entries.

PROPOSITION 1.3 (Discrete Maximum Principle). For h and At such that ¢ < 1, the
following discrete version of the (1.1) holds for the (CN time-marching heat equation). If
the initial condition satisfies the bound:

u(x,0) € [et, B] Le., o<uo<p Vi=0:M
then the solution at all times satisfies the same bounds

oa<u;< B Vi=0:M,j=0:N. (CN discrete Maximum Principle)

PROOF. The proof, by induction, is similar to the proof of Proposition 1.2. (]


http://www.pitt.edu/~trenchea/MATH1080/Chapter15/PDE_heat_CrankNicolson.m
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REMARK 1.3 (Errors). The errors are measured (on the whole space-interval x €
[0,1], and in the time interval t € [0,T)) in the ‘energy-norm’, L*(0,1) x L*(0,T):
N M-1 -NAt 5
At Zh Z |ua(xi, 1) — uij | ~ / / Jtexact — dpprox| dxdt.
(L*((0,1) x (0,T)) error)

For a comparison, here are the errors for the heat equation using the (BE time-marching heat equation),
(CN time-marching heat equation) and the (FE time-marching problem) methods, corre-
sponding to the following values of the spatial mesh h and time step At:

h=001, At=0.0l

Method ‘ Root mean Square error

BE 0.005356756902686
CN 0.000081349744731
FE o (the (CFL) number is 100 > 0.5)

2. Hyperbolic Equations

We are considering the following I-dimensional wave equation, modeling the vibra-
tion of a string

%u d%u :
Er (x,1) = 52 (x,1) Vxe€ (0,1), t>0 (wave equation)

where u(x,t) = the deflection, at time t, of a point which coordinate at rest is x. The
(wave equation) is endowed with the following initial conditions
u(x,0) = f(x), u(x,0)=0, Vx € (0,1), (1.C)
and boundary conditions
u(0,6) =u(1,1) =0 vt > 0. B.C)

ASSUMPTION 2.1. Here f(-) € C*(R) is a known function satisfying

C
o antisymmetric : f(—x) = f(x)
e 2-periodic : f(x+2)= f(x)

PROPOSITION 2.1 (Exact solution). The (wave equation) with the (B.C.) and (I1.C.)
above has the following (exact solution):

1
u(x,t) = 3 (f(x—H) —|—f(x—t)>7 (exact solution)
where f satisfies Assumption 2.1.
PROOF. Indeed,

U = %(f’(x—&—t) —f’(x—t))7 Uy = %(f”(x—l—t)-|-f”(x—t))7

and

o). =Y riaen)

Also the initial conditions are satisfied:

u(,0) = 3 (£ + /() = 1(0),
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1

u (x,0) 5

(£ -rw)=o,

as well as the boundary conditions
u(0,1) = %(f(t) —|—f(—t)) = %(f(t) —f(t)) =0, (using the antisymmetry of f)
(1) = 3 (P00 +70-0) = 2 (=1 +2)+ 70 1)

2
1
=—(f(t—1)+f(1—t¢ (using the 2-periodicity of f)
2
1
=3 ( —f((1—1))+f(1 —t)) =0. (using the antisymmetry of f)
This completes the proof. (]

AVAILABLE SOFTWARE:

° is a ‘finite element’ software library for Solving PDEs in Python or
C++.

e FreeFEM is another free and open source ‘finite element’ software to solve PDEs
. (Click here for the documentation or an example in acoustics.)

e MATLAB’s PDE toolbox also uses ’finite elements’ to solve structural mechan-
ics, heat transfer, and general partial differential equations (PDEs). (Click here
for the documentation or some wave equation examples.)

2.1. Finite difference approximations. Using the P—
(second-order central) (for the time and space finite differ- 3
ence approximations) in the (wave equation) equation, we
obtain similarly to Sections 1.1 and 1.2 the following fully-
discrete time and space approximation (evaluated at (x,t)):

u(x,t +At) —2u(x,t) +ulx,t —At)  wu(x—h,t)—2u(x,t)+1 (x+ht)
= _ = =0 @l

equivalently
2

Ar? Ar? At s
w(x,t +At) ~ 2(1 - ﬁ)u(x,t) + ol )+ Sule R S [Zm). 2.2)

The above approximation of the wave equation (2.2) is en-

dowed with the (B.C.)
w(0,8) = u(1,1) = 0. B.EHEAL)

The initial conditions (1.C.) (u(x,0) = f(x),u,(x,0) = 0) can | (x—Ax,1) l_)| (x,1) |_)| (x+Ax,1) |

be approximated in the following ways.

e Using a first-order approximation: (x,1 —Ar)
u(xa O) = f(x)a
w(x, A) — u(x,0) FIGURE 1. Wavece(fhation
0= (x,0) ~ A = u(x,Ar) ~u(x,0 §[ﬁ it stencil.

(1st order approx I.C. wave eq)

yielding a low accuracy propagating wave.


https://fenicsproject.org
https://www.springer.com/gp/book/9783319524610
https://freefem.org
https://doc.freefem.org/documentation/index.html
https://doc.freefem.org/tutorials/acoustics.html
https://matlab.mathworks.com
https://www.mathworks.com/products/pde.html
https://www.mathworks.com/help/index.html?s_tid=CRUX_lftnav
https://doc.freefem.org/documentation/index.html
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e Using a second-order (central difference approximation)
for the first derivative u;(x,0) we obtain

u(x,0) = f(x),

0+ Ar) —u(x,0— At Vx e (0,1).
0= uyg e 00F 2;@@ VL ue )~ — )

(2nd order approx I.C. wave eq)

Notice here that the value u(x,—At) is a fictitious value, being evaluated at a
time outside the time interval [0,T]. But this value actually gives important in-
Jformation. Let us now consider the finite difference equation (2.2) evaluated at
time t = 0:

Af? Ar? Ar?
u(x,OJrAt)%Z(l hZ) u(x,0) + T u(x—h,0)+ Tulx+h,0) —u(x.0— Ar)

(using (2nd order approx I.C. wave eq))

2 2 2
zdkﬁgﬂ)A u(x—h,0) + =—u(x+h,0) — u(x,Ar)

t
h? Ax? AX2

which (moving the last term in the RHS to the LHS and multiplying by % ) can be
rearranged as

Ar? 1 A2 1 A2
u(x,Ar) ~ (1 - ﬁ)f(x)—k ek u(x—h,0)+ a2 u(x+h,0), (Ist time level Ar)

forallx e (0,1).

From the second time level on, i.e., fort = At,2At,. .., we use (2.2)
Af? Ar? Ar?
u(x,2At) = 2(1 e ) (x,Ar) + Al —u(x—h,Ar)+ Eu(x—!—h,At) —u(x,0)
=f(x)

(2nd time level 2Ar)

N Ar? Ar? Ar?
u(x,3A0) ~ 2(1 - h—z)u(mm) o r— 1 280) - (e, 200) — (i, A)

(3rd time level 3Ar)

See PDE_hyperbolic.m for a numerical example of the wave equation.

2.2. Transport equation.

REMARK 2.1. The second-order homogeneous (wave equation) can be obtained from
the first-order one-dimensional transport equation:

d d
a—?(x,t) + a—u (x,6)=0 Vx e (0,1), t>0. (1-D transport equation)
X
PROOF. Indeed, taking partial derivatives with respect to ¢, and w.r.t. x, respectively
2 2
u d“u
W(xaf)Jr = x,1) =0,

d%u 2%u
%f({f)‘f‘ W(xat) =0,


http://www.pitt.edu/~trenchea/MATH1080/Chapter15/PDE_hyperbolic.m
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and subtracting

9%u d%u
ﬁ(xﬁ) - ﬁ(xat) =0,
we obtain (wave equation). ([l

REMARK 2.2 (Lax-Wendroff method). The Lax-Wendroff method is a finite difference
method, second-order accurate both in time and in space, and was introduced by Peter Lax
and Burton Wendroff. It solves the first-order hyperbolic equation

du du
t t)=0
3 (x, )+C8x(x )=
by actually computing an approximate solution to a problem with a bit of diffusion

ow dw c? *w
W(x,t)Jrca(x,t):Atz 32 (x,1).

One can motivate this by writing the Taylor approximation of u(x,t + At) about u(x,t) and
using the original equation u; + cu, = 0 (hence u;; = ), namely

2
u(x,t +Ar) = u(x,t)+At3 (x,1) + 1At g—Z(x 1)+ O(Ar?)
2
:u(x,t)—Atcg (x,1) + lAt ¢ %(x 1)+ O(AP),

which is then approximated using the (first-order central) and (second-order central) ap-
proximations of the first- and second- derivatives in space:

2

A’( (x+h,t) —u(x—h,t)) +c* A—t( (x+h,t) = 2u(x,t) +u(x — h,t)) + O (A + h?).

u(x,t +Ar) = u(x,1) — Y T

giving

g(v(x—l—h,t) —v(x—ht))+c A—tz( (x+h,t) = 2v(x,1) +v(x—h,1)).

x,t+Ar) =v(x,t)—
v(x,t 4+ At) =v(x,t) —c > 3
(Lax-Wendroff method)

See Lax-Wendroff-m for solving the (1-D transport equation) using the (Lax-Wendroff method)
method, for a smooth and a non-smooth initial condition.

Lax-Wendroff and exact: k = 701, t = 300.0 Lax-Wendroft and exact: k = 701, t = 300.0



https://en.wikipedia.org/wiki/Lax–Wendroff_method
https://en.wikipedia.org/wiki/Lax–Wendroff_method
http://www.pitt.edu/~trenchea/MATH1080/Chapter15/Lax_Wendroff.m
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In 2 space dimensions, the transport equation writes

0
a—l:()gy,t) +v-Vu(x,y,t) =0 Y(x,y) € QC R?, >0, (2-D transport equation)

where Q is a bounded domain in R?, v = (v ,vz)T is a vector, and (using the (gradient)
definition) v-Vu = vy - uu+ vs - dyu.

REMARK 2.3 (Conservation law). Let u(x,t) in (1-D transport equation) represent the
concentration of a substance at time t and point x in space (in the (2-D transport equation)
would represent the concentration at the point (x,y) in space, transported by the vector v).
Integrating (1-D transport equation) on the whole space domain x € (0, 1) we obtain

1 Ju 1 9u d 1
0= [ Grtends+ [ Stndr =5 [ utrodx) +ulxo)
a 1

p) 1
== u(x,0)dx)+ (u(l,2) —u(0,t)) == u(x,r)dx |,
i (/0 ) =0 by (B.C. wave eq) i <L’_/>

x=1

x=0

total mass
which means that the total mass
Myotal () 1= /0 l u(x,t)dx (total mass)
is constant in time, as its derivative with respect to time is 0.
3. Elliptic Equations
We recall some classical elliptic equations:
Au(x) =0, Vx = (x1,02,03)T € QCR? (Laplace equation)

(here u(x) describes the steady distribution of heat, or the steady distribution of electrical charge in a bounded domain Q.)
— Au(x) = g(x) (Poisson equation)

Au(x) + f(x)u(x) = g(x) (Helmholtz equation)
(looking for oscillatory solutions of the wave equation)

Usually these equations are endowed with the following types of boundary conditions:

e Dirichlet boundary conditions, where the values of the unknown function are
prescribed:

u(x) = d(x) Vx e dQ (Dirichlet B.C.)

where @(-) is given on the dQ, the boundary of the domain Q.
e Neumann boundary conditions, where the values of the flux are prescribed:

% = Vu(x) -n=Y¥(x) Vx € 0Q (Neumann B.C.)

where V(-) is given on the dQ, the boundary of the domain Q, and n is the
normal vector to the boundary dQ.

e Robin (mixed Dirichlet and Neumann) boundary conditions, where the flux de-
pends linearly on the unknown function:

Vu(x) -n+ au(x) = 0(x) (Robin B.C.)


https://en.wikipedia.org/wiki/Helmholtz_equation
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where O(-) is given, a € R.

REMARK 3.1 (Finite Difference approximations of the Laplacian in 1-D).

In I-D space dimension, using the central difference formula (second-order central),
the Laplacian has the following approximation

gy — = A9 =200 +ulr+&9) | u ()
() = e + e

where & € (x — Ax,x + Ax) is an intermediary arbitrary point.

REMARK 3.2 (Finite Difference approximations of the Laplacian in 2-D).

(x —Ax,y) @ (x+Ax,y)

FIGURE 2. 1-D stencil
In 2-D space dimension, similarly - we use the central difference formula (second-order central)
to approximate the second-order partial derivatives with respect to x and y

u(x—Ax,y) —2u(x,y) + u(x+Ax,y) n u)(ci;x(éy)

uxx(xvy) = AL > sz7
4)
u(x,y —Ay) —2u(x,y) +u(x,y+ Ay uld o (x, 0
Uyy(x,y) = ( ) A(yZ) ( )+ y>yyi(2 )Ayz7

where & € (x —Ax,x+ Ax), 0 € (y— Ay,y+ Ay) are intermediary arbitrary points. Let now
assume that the 2-D mesh is equally spaced, i.e., Ax = Ay = h. Then, using a five-point
stencil, the Laplacian Au(x,y) has the following approximation

1
Asu(x,y) =15 (u(x— h,y) +u(x+h,y)+ulx,y—h)+u(x,y+h)— 4u(x,y))7
(five-point formula)

with the approximation error:

h? s 0%u *u
B (W”(g,y) + 87))4”()57 9))-
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*

*

FIGURE 3. 2-D stencil

On a square space domain Q =
[a,b] X [c,d], we consider the following

mesh points

where the mesh sizes are

nodes:

(xhyj)a

We note that nodes with coordinates x
and x,+1 are on the vertical left and right

m -
This convention yields the following mesh I |: : .. :|

xi =iAx, i
Ay,

=1 =
vi=jdy JimE N[ ]

n

boundaries, while the nodes with coordi-

nates yo and y,y1 are on the horizontal - - - e - e - -

bottom and top boundaries. As before, we

denote the approximation solutions

FIGURE 4. Natural ordering: left — right,
u(x;,y hedam — top

while the exact values of the given functions f,g on the grid nodes are

Au(x) + f(x)u(x) = g(x)

f(xi,y5) = fijs g(xi,y;) = gij.

Let consider now the approximation of the (Helmholtz equation )

(Helmholtz equation)

evaluated at a generic ‘interior’ node (x;,y;):

Au(xivyj)+f(xi7yj)u(xiayj) :g(xi)yj)a Vi=1 :naj: I:m

i=0:n+1, 08 mAw| [u2] [ [thachhnodés) ez | [HAEIE
Bl [e] [w] [ [wa] [ et

Homtt Wl W2t e Mt e it sl
B [on] [2m] ][] [ (]
“n+T1,

wotme, HER [


https://en.wikipedia.org/wiki/Helmholtz_equation
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by finite differences, with the (five-point formula)
(A)su; j+ fijuij = gij,
namely
Wigtj+ i1 j+ui o1+t a1 — b+ fijuig = hgij,

which by multiplication with —1 and rearrange-
ments writes e e

—Uig1,j = Ui—1,j — Ui j—1 — Ui j+1 + (4 - hzfij) wj=—hgy, | Vi=linj=1:m.

(As Helmholtz)

The equation above approximates the continuous
problem at the interior nodes, which leaves the
boundary conditions to be approximated.  For
simplicity, we consider here the homogeneous
(Dirichlet B.C.)

u(x) = P(x) Vx € 9Q

which evaluated on the boundary nodes is e
uj =i V(x,y;) €0Q (Dirichlet B.C.)

As seen in Figure 4, the 2D natural ordering of the unknoWRE dnd oetipoitssiofithe st
to-right and bottom-to-top. With this convention, we arrange the unknowns {u; j} i=Lin, j=1:m
in vector form as follows

uii
Uz

Un1
Uiz
u

Uln
Mlj
sz

Ulm
Um

Unm

To fix ideas, let us write down, from the bottom row upward what is the information we
have.

ujo=®p, Vi=0:m+1 (j =0, from (Dirichlet B.C.))

upr = Do1,  Upy1,1 =Py, (j=1,i=0andi=n+1 from (Dirichlet B.C.))
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2 2 S
—Ujp1,] —Ui—1,1 — Ui —Uip+ (4—h fil)uil =—h"gy,, Vi=1l:n
~—

=Pjp
(j=1,i=1:n, from (As Helmholtz))

upp = P2, Upy12 =Py, (j=2,i=0andi=n+1 from (Dirichlet B.C.))

—Uip1 2~ Uim12 — Ui] — U3+ (4 - hzfi2)”i2 =—hgn,, Vi=1l:n
(j=2,i=1:n, from (As Helmholtz))

For example, let n =3 and m = 3. Then the unknowns on the grid are

[ ull ] o o o» *
U
uszi Sop= o o= o= ¥
up
S o e e
2
u3
uz3
L U33 |
The discrete equations above, at the grid points, for de-
termining the unknowns are: (w3 | Juxs| s
—uz1 — oy — Pro—uin + (4 — B> fir)un = i (]|—7212—f= s
—u3y —uyy — Do —upy + (4 —h* far)ugy = ) (j=1,i=2)

— gy —uzg — D3 — uzy + (4 — W f31)uz; = — Luny | (i =33 |

—uzy — Py —uyy — w3+ (4 —h fia)upy = —

—uzp —upy — Up1 — o3 + (4 — h? f )upp = —hg (=20=
— @yp —uxp —uz —uzz+ (4= M f)uz = —hgx (j=2,i=3)
—up3 — Po3 —u1p — Py + (4= fi3)uz = —h’g3 (j=3,i=1
—u33 — 13—y — Doy + (4 — W fo3)un3 = —h’go3 (j=3,i=2)
— D43 —up3 —uzr — Py + (4— 1 f33)us3 = —h’gs3 (j=3,i=3)
equivalently
—y1 —up+ (4 — W fiy)ury = —h*g11 + Por +Pro

—uz1 —upy —up + (4 — W2 fo1 )uzy = —h*ga + Do

—ugy —uz1 —uzp + (4= 1 f31)uzy = —h*g31 + P30

—ux —uyy —uiz+ (4 — R fio)urn = —h’gia+ oo



2
—uzp —uip —up1 —upz + (4 —h” fao)u
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—h2822

—uzy —u31 —uz3 + (4 —h fi)uzy = —h’ g3+ Pun

( )
( )
(4= 1 fi3)ur3
( )
( )

207

—Up3 —Up + = —hPg13 4+ Po3 + Py
—uzs —ur3 —uxn + (4 —h fo3)uzs = —h*goz + P
—ups —uzp + (4 —h* f33)uz3 = —hPgaz + Paz + Pag.
In matrix form this writes
[ 4—h2f1 —1 0 —1 0 0 0 0 0 1T un
-1 4— N fo -1 0 -1 0 0 0 0 U
0 —1 4—h’f3 0 0 —1 0 0 0 Uz
-1 0 0 4— N fiy -1 0 -1 0 0 upn
0 —1 0 —1 4—n2fn —1 0 —1 0 U
0 0 —1 0 —1 4—nfp 0 0 —1 Uz
0 0 0 -1 0 0 4—hfi3 -1 0 u3
0 0 0 0 -1 0 -1 4—h?fr -1 U3
.0 0 0 0 0 -1 0 -1 4—hfy 33
[ —h?g11 + @1 + Do ]
—h*ga1 + P
—h?g31 + P
—h’g12 + P
=| —h’g» ;
—h*g3 + Pap
—h?g13+Po3 + Pia
—h?gas + Doy
| —h’g33+ Daa+ P
ie.,
Au=h, 3.1
where
[ 4—h%fy, -1 0 —1 0 0 0 0 0
—1  4—hfy -1 0 -1 0 0 0 0
0 —1 4—n2fy 0 0 —1 0 0 0
—1 0 0 4—hfp —1 0 -1 0 0
A= 0 -1 0 -1 4—h’fr -1 0 -1 0 ;
0 0 -1 0 -1 4—h*f3 0 0 -1
0 0 0 —1 0 0 4—h%fi3 —1 0
0 0 0 0 —1 0 —1 4—h%frs —1
) 0 0 0 0 -1 0 ~1 4—h?f3
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[ —h?g11 4+ Do + Do ]
—h*ga1 + P
—h2g31 + P
—h?g12 + Poo
b= —h2g22
—h*g3 + Pap
—h?g13+Po3 + Py
—h?gas + Doy
| —h?g33+ P3s + P3s

REMARK 3.3. Note that matrix A in (3.1) is a sparse matrix, with
aijj=0 forall |i—j| >3.

If the mesh-size h is halved (i.e., n = m = 6), the the size of the matrix is approximately
quadrupled.

REMARK 3.4 (The Gauss-Seidel iterative method for solving the (Helmholtz equation)).
Let consider now solving the linear system generated by the finite differences (five-point formula)
approximation of the (Helmholtz equation), namely system (A5 Helmholtz) above:

—Ujy,j— Ui, — Wi j—1 — Ui j+1 T+ (4—h2f,-j>u,-j = —hzg,-j, Vi=1l:n,j=1:m.

This can be written as (3.1) and then solved by a direct method (e.g., Gaussian elimina-
tion). As noticed in Remark 3.3, it can happen that the mesh h must be chosen so small
that Gaussian elimination (GE) is no longer practicable.

If the mesh is fairly fine, hence the size of the vector of unknowns and the size of the matrix
is very large, the only choice might be to use an iterative method (recall the Jacobi method,
Gauss-Seidel and GMRES).
Therefore we write the system above in the equivalent form
1
Ujj = 4— hzﬁj

Vi=1:n,j=1:m(on the interior nodes).

2
(Mi+1q,j+ui—17j+ui,j—l +ijy1 —h gij)7

If we have approximate values of the unknowns at each grip point, this equation can
be used to generate new values, by using an iterative method. For example, following the
natural ordering in Figure 4 (left to right, bottom to top), the equation above can be solved
iteratively by:

: 1 k k k k . . Lo
M,%H) = 4_7]12]%] ("‘z(+)11 + ”l(:j,‘) + ul(_”]-ll + uijill) - hzgij>, Vi=1:n,j=1:m(on the interior nodes).
The successive over-relaxation (SOR) method would then write
SORMS;{H) = aml(f) + (1 — (D)Ltgj&l)
— oy ® 1 (k) (k1) () (k) 2
=ou; + (1— w)4—h2fij (ui—&-l,j—’_ui—hj i gy —h gij),
_,® 1 k) ) oK) ) () 2 2
=uy +(1- w>4—h2fl-j (ui+1,j+uifl,j Fup iyt~ (A=hfij) —h gij)-

residual
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We remind that the SOR method converges for any initial guesses and ¥ 0 < @ < 2 if and
only if the matrix A is symmetric and positive definite (check !) provided A has positive
diagonal elements, i.e., if and only if f;; < 0.

N0

i j+1
(k+1) (k)
Ui_1,j Uity
(k+1)
Ui j—1

Therefore a good strategy fo ._ B
solve Boundary Value Prob- \ / /
lems with linear Differential .

Equations is to /

e start with a coarse
mesh, and
e use Gaussian elim-
ination (GE).
If the accuracy is insufficient
(h-mesh-size is too small),
then one can use the results

obtained on the coarse mesh (possibly witl;ﬂ
initial approximations for an iterative met

In constructing this initial
approximations, one also needs
the values of u at the mid-
points of the squares.

LEMMA 3.1. How fo compute u; ! ?

The (Helmholtz equation) evaluated at the node (x;,y il ):

Au(xivyj+%) +f(xi’yj+%)u(xi’yj+%) = g(xivyj+%)

is then approximated by (note that here we use (five-point formula) with half mesh-size

h/2)

. _ L _ _ _ 2 _ 2
— g wij =y gy =t (3= 22 g Y =~ (/28
~—~— ~~ —_—— N—— —— ——
known by GE  known by GE jnown unknown data data
' . . ,
hence (x;, Vil ) is computable provided u; 1+l and u;, 141 are known!

?
LEMMA 3.2. How to compute Uil jd?
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Use the (Across) approximation of the Laplacian in the (Helmholtz equation) evaluated
at the node (x,, 1Yl ):
Au(xi_;,_% >yj+%) +f(xi+% 7yj+% )M(XH_% 7yj+%) = g<xi+% 7yj+%)
to obtain

2 2
h h
— Ui jort — Ui — Ui~ Ui+ (4 7fi+%,j+% Wird jrd = T3 8k g+l

PROPOSITION 3.1 (Acposs approximation of the Laplacian).

i jpt +uipr jpn gt — AU 1

,7]+,
ACTOSSui+%,j+% = h2/2 - (Across)
PROOF. We use Taylor approximations in 2D:
(13) = 010.30) + (x —30) 2 (30,30 + (= 30) 22 (30.30)
9(x,y) = 9(x0,0) + (x —x0) 5= (x0,0) + (¥ = Yo Jy K020
1 29%9 ¢ 29%¢
52005 3 50,0) 4200 = 20) (5= 30) 3 (00,90) (= 30)* G (0, 30) | £

to approximate

du
u(xio ) = (i, 1oyy,0) + ( M

1 K2 19%u
__[836 ( H>2 y]+2) a 2( l+ ’y]+2) 2_ + ¢ l) +’
8u
(i1, Y1) =l 1.3;,1) M
1 k2 10%u
_—[a 2(l+] yj+2) 82(1Jr ’yj+2) l) 4o

814
1 n? 92
+§Z[8x (x ’*2 sz) dy 2< i+3 ’y/+z)+M e
8u
M(Xi+1,yj) :u(xlur%ayﬂ, M
1 h?1d%u
+§I[8x2( it it ) dy 2( ’*2’y/+2)+M e

Adding up and moving the u(x; 1Y) ) terms to the left hand-side yields

(i, yjen) Fulxien, yjen) +uley;) +uleieny) —4ule 1,5;,01)
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h2
= ?Au('xl+%;yl+%)+ 5

and, finally, division by % concludes the proof. (]

DEFINITION 3.1 (nine-point discrete Laplacian [14]). The nine-point discrete Lapla-
cian is a linear combination of the (five-point formula) and (Across):

2 1
A9u(x7)’) = §A5”(X7Y) + §Acrossux,y- (Aninefpoint)

PROPOSITION 3.2 (see [Fundamental Solutions of 9-point Discrete Laplacians]
by Robert E. Lynch, 1992 [14]). (Seealso [Nine-point difference solutions
for Poisson’s equation] by J. Barkley Rosser, 1976 in[16])
Provided u € C 8(Q), the error in the (Anine—point) approximation of the (Laplacian) opera-
tor is

|- |y 9*u 2
Aou = —h°V u(th%’ijr%)—}——h (V Uu+2————=V u)(

—AuE Vi) = 1 360 9x20y?

x,‘+%7yj+%)+ ﬁ(h6)7

(3.2)

i+3.j+3

which gives “optimal" 6-th order accuracy for harmonic functions.

3.1. Fundamental Solutions of 9-point Discrete Laplacians,by Robert
E. Lynch, 1992. Let Ly the 9-point difference operator defined by

Lan,k = (Z(X — 4)Uj,k s

EXAMPLE 3.1.

The following is a simple reaction-diffusion model with solution - a spiral rotating
around the center of the spatial domain (see e.g., [11, page 301 ] and the reference therein).

d 1

3_u =Au+—u(l—u)(u— V+B),

at € (x,y) € Q= (0,80)%, 1 > 0,

a—: =0Av+u—v,

0, x<40,

up(x,y,0) = { 1. x>0

isso={ 3, 758

0y ), %a’ yZO
d d
u_ov_ 0, (homogeneous Neumann B.C.)
dn  Jdn

where the parameters are:
6=0, £€=0.002, a=0.25 f=0.001.
On a fixed spatial grid of 400 x 400 (h = 0.2), Figure 6 shows the plots of the solutions at

t = 10 obtained with a finite difference 5-point Laplace discretization, and respectively with
the 9-point Laplacian. Observe that the 5-point Laplacian exhibits a spiral of a ‘square’


https://docs.lib.purdue.edu/cgi/viewcontent.cgi?article=1928&context=cstech
https://docs.lib.purdue.edu/cgi/viewcontent.cgi?article=1928&context=cstech
https://www.sciencedirect.com/science/article/pii/0898122175900358
https://www.sciencedirect.com/science/article/pii/0898122175900358
https://docs.lib.purdue.edu/cgi/viewcontent.cgi?article=1928&context=cstech
https://docs.lib.purdue.edu/cgi/viewcontent.cgi?article=1928&context=cstech
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Spiral, step = 10001, time = 10.000000 Spiral, step = 10001, time = 9.999000

- Ubcy) Vixy) Utxy) Vixy)
. .

FIGURE 6. The spiral solutions of the reaction-diffusion model in Ex-
ample 3.1 using the 5-point and 9-point Laplacians

form, aligned to the grid, while the 9-point Laplacian solution gives a ‘round’ spiral. With
these parameters, the PDE is not well resolved. When finer grids are used, the differene
between the results becomes smaller, both solutions converging to the exact solution. (See
Spiral Reaction Diffusion.m.)

EXAMPLE 3.2. Reaction diffusion equations: the Gray-Scott model.

See Reaction-diffusion system for the following text:

“Reaction-diffusion systems are mathematical models which correspond to several physi-
cal phenomena. The most common is the change in space and time of the concentration
of one or more chemical substances: local chemical reactions in which the substances are
transformed into each other, and diffusion which causes the substances to spread out over
a surface in space.

Reaction-diffusion systems are naturally applied in chemistry. However, the system
can also describe dynamical processes of non-chemical nature. Examples are found in
biology, geology and physics (neutron diffusion theory) and ecology. Mathematically,
reaction-diffusion systems take the form of semi-linear parabolic partial differential equa-
tions (see Section 1). They can be represented in the general form

dq=DV?q+ R(q),

where q(x,t) represents the unknown vector function, D is a diagonal matrix of diffusion
coefficients, and R accounts for all local reactions. The solutions of reaction-diffusion
equations display a wide range of behaviours, including the formation of travelling waves
and wave-like phenomena as well as other self-organized patterns like stripes, hexagons
or more intricate structure like dissipative solitons. Such patterns have been dubbed "Tur-
ing patterns". Each function, for which a reaction diffusion differential equation holds,
represents in fact a concentration variable.
In particular, the Gray-Scott model writes as:

Equations :

d

a—’: = ryAu—uv* + f(1—u),
av

5 = rAv+w? — (f+k)v,


https://en.wikipedia.org/wiki/Reaction-diffusion_system
https://groups.csail.mit.edu/mac/projects/amorphous/GrayScott/
https://en.wikipedia.org/wiki/Reaction-diffusion_system
https://groups.csail.mit.edu/mac/projects/amorphous/GrayScott/

3. ELLIPTIC EQUATIONS 213

(A) “bubbles": f = 0.012,k = (B) “spots": f =0.022,k = 0.059.
0.05.

000080,
052009500
oogoogoooo
00200250%0

0080
o

pode)

o9

(C) “coral": f = 0.0545,k = (D) “splits": f = 0.0367,k =
0.0620. 0.0649.

(E) “waves": f=0.025,k=0.05. (F) “leopard skin": f = 0.035,k =
0.065.

FIGURE 7. Gray-Scott

Chemical Reaction:
U+2V — 3V,
V—P

where U,V, P, are chemical species, u,v represent their concentrations, rur, are their dif-

fusion rates, k is the rate of conversion of V to P, f is the rate of the process that feeds U
and drains U,V and P.
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