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CHAPTER 1

A brief summary on Linear Algebra

1. Matrices

DEFINITION 1.1.

• Let m,n∈N. We call a matrix having m rows and n columns A∈Mm,n(K), with
elements in a field K = R,C a set of m×n scalars A = (ai, j)i=1:m, j=1:n, ai j ∈ K
represented in the following rectangle array:

A =


a11 a12 · · · a1n
a21 a22 · · · a2n

...
...

. . .
...

am1 am2 · · · amn

 .
When K = R or C we explicitly write A ∈ Rm×n or Cm×n.
• The vector (a11,a22, · · · ,ass) is the main diagonal, where s := min{m,n}.
• If m = n we say A is a square matrix.
• The matrix A is symmetric if

ai j = a ji ∀i, j (symmetric)

and denote it A = AT .
• The matrix A is hermitian if

ai j = a ji ∀i, j (hermitian)

and denote it A = AT = AH = A∗.

1.1. Operation with matrices. Let A = (ai j),B = (bi j) ∈Mm×n(R).

DEFINITION 1.2. We say A = B ‘A equals B’ if ai j = bi j ∀i = 1 : m, j = 1 : n.
Moreover, we define the operations:
matrix sum: A+B = (ai j +bi j).

The neutral element in a matrix sum is the null matrix, still denoted 0. (Matlab:
zeros(m,n).)
matrix multiplication by a scalar: λA = (λi j), λ ∈ K.
matrix product: A ∈M (m, p),B ∈M (p,n) =⇒ A ·B =C ∈M (m,n) with entries

ci j =
p

∑
k=1

aikbk j, i = 1 : m, j = 1 : n.

The matrix product is
• associative: (A ·B) ·C = A · (B ·C)
• distributive wrt matrix sum: A · (B+C) = A ·B+A ·C

7
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REMARK 1.1. In general the matrix product is not commutative: A ·B ̸= B ·A.

COUNTEREXAMPLE 1.1.

A =

[
1 2
3 4

]
; B =

[
1 1
0 1

]
A ·B =

[
1 3
3 7

]
̸= B ·A =

[
4 6
3 4

]
.

DEFINITION 1.3. The square matrices for which A·B=B·A holds are called commutative.

EXAMPLE 1.1. Diagonal matrices (and in particular the identity matrix)

D =


d11 0 · · · 0

0 d22 · · · 0
...

...
. . .

...
0 0 · · · dnn

 (diagonal matrix)

or 2×2 rotation matrices.

DEFINITION 1.4. In the case of square matrices, the neutral element in the matrix
product is a square matrix of order n called unit matrix or identity matrix

In = (δi j) =


1 0 · · · 0
0 1 · · · 0
...

...
. . .

...
0 0 · · · 1

 , (identity matrix)

which is by definition the only matrix s.t.

AIn = InA = A, ∀A ∈Mn,n.

Matlab: In = eye(n), or eye(n,n).

DEFINITION 1.5. A diagonal matrix is a matrix with non-zero elements on the main
diagonal.

>> diag([11,22,33])
ans =

11 0 0
0 22 0
0 0 33

>> A = [101 102; 201 202];
>> diag(A)
ans =

101
202

DEFINITION 1.6. If A ∈M (n,n), p ∈ N, we define

Ap = A∗A∗ · · · ∗A (p-times),

A0 = In.

 https://en.wikipedia.org/wiki/Rotation_matrix
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1.2. Inverse of a matrix.

DEFINITION 1.7. A square matrix A ∈M (n,n) is called invertible (or regular or
nonsingular) of there exists ∃ a square matrix B ∈M (n,n) such that

A∗B = B∗A = In×n.

The matrix B is called the inverse of A and is denoted by A−1, or inv(A).
A matrix which is not invertible is called singular.

REMARK 1.2.
• The set of singular matrices is of ‘measure’ 0, but non-empty!

Examples:

A1 =

 1 2 3
4 5 6
7 8 9

 , A2 =


1 2 3 4
5 6 7 8
9 10 11 12

13 14 15 16

 .
>> A1 = [1 2 3 ; 4 5 6; 7 8 9];
>> inv(A1)
Warning: Matrix is close to singular or badly
scaled. Results may be inaccurate. RCOND =
1.541976e-18.

ans =
1.0e+16 *
-0.4504 0.9007 -0.4504
0.9007 -1.8014 0.9007

-0.4504 0.9007 -0.4504
>> det(A1)
ans =

6.6613e-16
• If A is invertible, its inverse is also invertible, with (A−1)−1 = A.
>> inv(inv(A1))
Warning: Matrix is close to singular or badly scaled.
Results may be inaccurate. RCOND = 1.541976e-18.

Warning: Matrix is close to singular or badly scaled.
Results may be inaccurate. RCOND = 9.251859e-18.
ans =

0.0000 0.5000 1.0000
1.0000 0.7500 0.5000
2.0000 1.0000 0

>> A1*inv(A1)
Warning: Matrix is close to singular or badly scaled.
Results may be inaccurate. RCOND = 1.541976e-18.
ans =
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4 0 2
12 -8 4
16 -16 16

• If A,B are invertible, (A∗B) is also invertible, and (A∗B)−1 = B−1A−1.

DEFINITION 1.8. We call the transpose of a matrix A ∈ Rm×n the matrix B := AT ∈
Rn×m obtained by exchanging the rows of A with columns of AT :

bi j = a ji.

Example:

A =

[
1 2 3
4 5 6

]
∈M (2,3), AT =

 1 4
2 5
3 6

 ∈M (3,2).

>> A = [1 2 3 ; 4 5 6];
>> A’
ans =

1 4
2 5
3 6

REMARK 1.3.
• Clearly

(AT )T = A, (A+B)T = AT +BT ; (A∗B)T = BT ∗AT , (αA)T = αAT , ∀α ∈ R.

• If A is invertible (a square matrix), then

(AT )−1 = (A−1)T = A−T .

DEFINITION 1.9. Let A ∈Cm×n. The matrix B := AH ∈Cn×m is the conjugate trans-
pose of A if

bi, j = a ji. (conjugate transpose)

DEFINITION 1.10. The matrix A ∈ Rn×n is called
• symmetric if

A = AT , (symmetric)

• antisymmetric or skew-symmetric if

A =−AT , (skew-symmetric)

• orthogonal if

AAT = AT A = In×n, i.e., A−1 = AT . (orthogonal)

The matrix U ∈ Cn×n is called
• unitary if

U∗U = In×n =UU∗. (unitary)

Matrices A,B are



1. MATRICES 11

• similar matrices if there exists a matrix P nonsingular such that

B = P−1AP. (similar)

• unitarily similar matrices if there exists a unitary matrix U such that

B =U−1AU. (unitarily similar)

REMARK 1.4. The product of two symmetric matrices is NOT a symmetric matrix:[
1 2
2 4

][
1 3
3 1

]
=

[
7 5

14 10

]
̸=
[

7 14
5 10

]
.

1.3. Trace and determinant of a matrix.

DEFINITION 1.11. Let A ∈M (n,n).

• The trace of A is

tr(A) = a11 +a22+ · · ·+ann. (trace)

• The determinant of A is defined (in the Leibniz form) as

det(A) = ∑
π∈Sn

sign(π) a1π1a2π2 · · ·anπn . (determinant)

>> A = [1 2 ; 3 4];
>> trace(A)
ans =

5
>> det(A)
ans =

-2

PROPOSITION 1.1.

det(A) =


a11, if n = 1

n

∑
j=1

(−1)i+ jai j∆i j, for n > 1 (Laplace expansion)

where minors ∆i j are

∆i j = det(Ai j), (minors)

and Ai j is the matrix obtained by eliminating the i-th row and j-th column from A.

PROPOSITION 1.2. If A is invertible, then

A−1 =
1

det(A)
C, with

Ci j = (−1)i+ j
∆ ji, i, j = 1 : n, (adjugate matrix)

i.e., C is the transpose of the matrix of cofactors
(
(−1)i+ j∆i j

)T .

https://en.wikipedia.org/wiki/Determinant
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1.4. Special matrices. Let A ∈M (n,n), L,U ∈M (n,n).

L =


ℓ11 0 0 0
ℓ21 ℓ22 0 0

... · · ·
. . .

ℓn1 ℓn2 · · · ℓnn

 , (lower triangular)

U =


u11 u12 · · · u1n

0 u22 · · · u2n
... · · ·

. . .
0 0 · · · unn

 . (upper triangular)

PROPOSITION 1.3.
• det(L) = ℓ11 · · ·ℓnn,det(U) = u11 · · ·unn.
• inv(L1) = L2, inv(U1) =U2.
• L1 ∗L2 = L3, U1 ∗U2 =U3.

DEFINITION 1.12. Unit triangular matrix is any (upper- or lower-) triangular ma-
trix which has only 1 as diagonal entries.

1.5. Eigenvalues and eigenvectors.

DEFINITION 1.13. Let A ∈Mn×n(R or C).
The number λ ∈C is called an eigenvalue of A if there exists a non-null vector 0 ̸=x∈Cn

such that

Ax= λx.

The vector x ∈ Cn is the eigenvector associated with the eigenvalue λ .
(λ ,x) ∈ Cn+1 is called an eigenpair of A.
The set of eigenvalues of A is called the spectrum of A, denoted σ(A)

σ(A) = {λ ∈ C; λ is an eigenvalue of A} ⊂ C. (spectrum)

REMARK 1.5.
• The eigenvalue λ corresponding to the eigenvector x can be computed by the

Rayleigh quotient

λ =
xHAx
xHx

. (Rayleigh quotient)

• The eigenvalue λ is the the solution of the characteristic equation

pA(λ ) = 0, (characteristic equation)

where

pA(r) := det(A− rI) (characteristic polynomial)

is the characteristic polynomial, hence having n roots (complex numbers), i.e.,
the matrix A ∈M (n,n) has n eigenvalues, not necessarily distinct!

PROPOSITION 1.4.

det(A) =
n

∏
i=1

λi, trace(A) =
n

∑
i=1

λi. (1.1)
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PROOF. This is a consequence of the Faddeev–LeVerrier algorithm,

0 = (−1)n(λ −λ1) · · ·(λ −λn) = det(A−λ I) = pA(λ )

= (−1)n
λ

n +(−1)n−1
λ

n−1trace(A)+ · · ·+det(A), (Faddeev–LeVerrier algorithm)

which calculates the coefficients of the (characteristic polynomial). □

REMARK 1.6. From the first relation in (1.1) we see that the matrix A is singular
(non-invertible) if and only if there exists an eigenvalue λi = 0, since

pA(0) = det(A) = 0.

DEFINITION 1.14. The maximum module of the eigenvalues of A is called the spectral
radius of A is:

ρ(A) = max
λ∈σ(A)

|λ |. (spectral radius)

EXAMPLE 1.2.

A =

[
1 2
0 3

]
; pA(λ ) = det(A−λ I) = det

[
1−λ 2

0 3−λ

]
= (1−λ )(3−λ ),

λ1 = 1,λ2 = 3, σ(A) = {1,3}, (spectrum of A)

det(A) = 1 ·3 = 3, trace(A) = 1+3 = 4, ρ(A) = 3.

Calculate x1 (corresponding to λ1 = 1):

(A−λ1I)x1 = 0,
[

1−1 2
0 3−1

][
x
y

]
=

[
0
0

]
,{

0 · x+2 · y = 0
0 · x+2 · y = 0 , y = 0,x = 1, x1 =

[
1
0

]
.

Calculate x2 (corresponding to λ2 = 3):

(A−λ2I)x2 = 0,
[

1−3 2
0 3−3

][
x
y

]
=

[
0
0

]
,{

−2 · x+2 · y = 0
0 · x+0 · y = 0 , x = 1,y = 1 x2 =

[
1
1

]
.

2. Scalar product and norms in Vector Spaces

Let V = Rn be a vector space.

DEFINITION 2.1. A scalar product on a vector space V is a map ⟨·, ·⟩ : V ×V →R (or
C) such that
(1) is linear w.r.t. vectors in V :

⟨ax+by,z⟩= a⟨x,z⟩+b⟨y,z⟩

(2) is hermitian (commutative):

⟨x,y⟩= ⟨y,x⟩

(3) positive definite:

⟨x,x⟩> 0, ∀x ̸= 0.

DEFINITION 2.2. The map ∥ · ∥ : V → R+ is a (vector) norm if

https://en.wikipedia.org/wiki/Faddeev–LeVerrier_algorithm
https://en.wikipedia.org/wiki/Spectral_radius
https://en.wikipedia.org/wiki/Spectral_radius
https://en.wikipedia.org/wiki/Dot_product
https://en.wikipedia.org/wiki/Norm_(mathematics)
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(1)

∥v∥ ≥ 0 ∀v (non-negativity)

and

∥v∥= 0⇔ v = 0. (positive-definiteness)

(2)

∥αv∥ ≤ |α| · ∥v∥ (homogeneity)

(3)

∥v+w∥ ≤ ∥v∥+∥w∥ (triangle inequality)

EXAMPLE 2.1.
• Hölder norm:

∥x∥p =
(
∑xp

i

) 1
p
, ∀1≤ p < ∞ (ℓp norm)

0 0.1 0.2 0.3 0.4 0.5 0.6 0.7 0.8 0.9 1

0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

1-norm

Euclidean 2-norm

4-norm

10-norm

100-norm

x=linspace(0,1,100);
set(groot,’defaulttextinterpreter’,’latex’);
y1 = 1-x; y2 = (1-x.^2).^(1/2); y4 = (1-x.^4).^(1/4);
y10 = (1-x.^10).^(1/10); y100 = (1-x.^100).^(1/100);
grid on; hold on
plot(x,y1,’*-’,x,y2,’d-’,x,y4,’o-’,x,y10,’+-’,...

x,y100,’pentagram-’,’linewidth’,2)
legend(’1-norm’,’Euclidean 2-norm’,’4-norm’,’10-norm’,...

’100-norm’,’location’,’best’)
title([’1st quadrant of unit spheres in $\ell_p$ norms, ’ ...

’$p$=1,2,4,10,100’],’interpreter’,’latex’)

• Euclidian norm (p = 2): ∥x∥2 = ⟨x,x⟩=
(

∑x2
i

) 1
2
.

• ∥x∥∞ = max |xi|, ∥x∥1 = ∑ |xi|.

x= [1;2;3;4],

∥x∥2 = norm(x) = 5.4772,

∥x∥1 = norm(x,1) = 10,

∥x∥∞ = norm(x,inf) = 4,
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∥x∥4 = norm(x,4) = 4.3376.

Matlab computes vector norms:
>> x=[1;2;3;4]

x =

1
2
3
4

>> norm(x,2)

ans =

5.477225575051661

>> norm(x,1)

ans =

10

>> norm(x,inf)

ans =

4

>> a = norm(x,4)

a =

4.337613136533361

PROPOSITION 2.1 (Cauchy-Schwarz and Hölder inequalities).

⟨x,y⟩ ≤ ∥x∥ · ∥y∥, (Cauchy-Schwarz inequality)

⟨x,y⟩ ≤ ∥x∥p · ∥y∥q, ∀p,q ∈ [1,∞] such that
1
p
+

1
q
= 1. (Hölder inequality)

>> x=[1;2;3;4];y=[11;12;13;14];
>> x’ * y

ans =

130
>> norm(x,2) * norm(y,2)

https://en.wikipedia.org/wiki/Cauchy–Schwarz_inequality
https://en.wikipedia.org/wiki/Hölder's_inequality
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ans =

137.4772708486752
>> p=4;q=4/3;
>> norm(x,p) * norm(y,q)

ans =

153.5624642407844

PROPOSITION 2.2. All norms are equivalent in finite dimensions.

For example:

∥x∥∞ ≤ ∥x∥2 ≤
√

n∥x∥∞, (since : max |xi| ≤
(
∑ |xi|2

) 1
2 ≤
√

nmax |xi|),

∥x∥2 ≤ ∥x∥1 ≤
√

n∥x∥2. (use the (Cauchy-Schwarz inequality) for last inequality)

REMARK 2.1. The equivalence between ℓp norms is a consequence of the following
inequality between GENERALIZED MEANS:

Mp ≤Mq, ∀p≤,

where

Mp(x1, · · · ,xn) :=
(1

n

n

∑
i=1

xp
i

) 1
p
, p ∈ R, p ̸= 0,

M0(x1, · · · ,xn) :=
(

Π
n
i=1xi

) 1
p
,

From Example 2.1 we see that indeed:

∥x∥∞︸ ︷︷ ︸
4

≤ ∥x∥2︸ ︷︷ ︸
5.4772

≤
√

2 · ∥x∥∞︸ ︷︷ ︸
8

,

∥x∥2︸ ︷︷ ︸
5.4772

≤ ∥x∥1︸ ︷︷ ︸
10

≤ 2 · ∥x∥∞︸ ︷︷ ︸
10.9345

,

DEFINITION 2.3. x,y ∈V are orthogonal if

⟨x,y⟩= 0. (orthogonality)

EXAMPLE 2.2.

x= [0;1], y = [1;0], xTy = [0 1]
[

1
0

]
= 0

In R2 the scalar product has a geometric interpretation:

⟨x,y⟩= ∥x∥2∥y∥2 cos(θ).

For example, when

x=

[
1
0

]
, y =

[
1
1

]
,

https://en.wikipedia.org/wiki/Generalized_mean
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the angle between x and y is given by

cos(θ) =
xTy

∥x∥2∥y∥2
=

√
2

2
= 0.7071,

hence θ = π/4.

2.1. Matrix norms.

DEFINITION 2.4. A matrix norm ∥ · ∥ : Rm×n→ R if satisfies

(1) ∥A∥ ≥ 0 ∀A, and ∥A∥= 0⇔ A = 0
(2) ∥αA∥= |α| · ∥A∥
(3) ∥A+B∥ ≤ ∥A∥+∥B∥

DEFINITION 2.5. ∥ · ∥ is compatible or consistent with a vector norm ∥ · ∥ if

∥Ax∥ ≤ ∥A∥ · ∥x∥ ∀x ∈ Rn. (consistent matrix norm)

DEFINITION 2.6. A matrix norm is submultiplicative if ∀A∈Rn×m,B∈Rm×q we
have

∥AB∥ ≤ ∥A∥ · ∥B∥. (submultiplicative)

REMARK 2.2 (Counterexample). The submultiplicative condition is NOT satisfied by
all matrix norms!

COUNTEREXAMPLE 2.1. Let

∥A∥△ = max |ai j|,

and let

A = B =

[
1 1
1 1

]
,

then

AB =

[
2 2
2 2

]
and therefore

2 = ∥AB∥△ > ∥A∥△∥B∥△ = 1.

EXAMPLE 2.3. The Frobenius (Euclidian) norm: in Cn×n, compatible with the Eu-
clidean (vector) norm ∥ · ∥2:

∥A∥F =

√
n

∑
i, j=1
|ai j|2 = tr(AAH). (Frobenius norm)

Indeed, using the Cauchy-Schwarz inequality we have

∥Ax∥2
2 =

∥∥∥∥∥∥∥
 ∑

n
j=1 a1 jx j

...
∑

n
j=1 an jx j


∥∥∥∥∥∥∥

2

2

=
n

∑
i=1

∣∣∣∣ n

∑
j=1

ai jx j

∣∣∣∣2 ≤ n

∑
i=1

(( n

∑
j=1

a2
i j

)( n

∑
j=1

x2
j

))
=

n

∑
j=1

x2
j

n

∑
i, j=1

a2
i j = ∥A∥2

F∥x∥2
2.

Note that ∥In∥F =
√

n.

https://en.wikipedia.org/wiki/Matrix_norm
https://en.wikipedia.org/wiki/Matrix_norm#Consistent_and_compatible_norms
https://en.wikipedia.org/wiki/Matrix_norm#Frobenius_norm
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THEOREM 2.1. Let ∥ · ∥ be a vector norm. The function

∥A∥ := sup
x̸=0

∥Ax∥
∥x∥

(induced matrix norm)

is a matrix norm called induced matrix norm or natural matrix norm.

REMARK 2.3. Notice that the definition (induced matrix norm) is equivalent to

∥A∥= sup
∥x∥=1

∥Ax∥
∥x∥

,

since

sup
∥x∥=1

∥Ax∥
∥x∥

= sup
y ̸=0

∥∥∥∥A
(

1
∥y∥

y

)∥∥∥∥, as
∥∥∥∥ 1
∥y∥

y

∥∥∥∥= 1.

PROOF.oof Theorem 2.1. This is a direct consequence of Definition 2.4. Indeed, we
have
(1) ∥A∥= sup∥x∥=1

∥Ax∥
∥x∥ since ∥Ax∥ ≥ 0. Also ∥A∥= 0⇒ Ax = 0 ∀x ̸= 0⇒ A = 0.

(2) ∥αA∥= sup∥x∥=1 ∥αAx∥= |α|sup∥x∥=1 ∥Ax∥= |α|∥A∥.
(3) The triangle inequality follows similarly,
which concludes the argument. □

A special discussion is deserved by the 2-norm or spectral norm.

THEOREM 2.2. Let ρ(A) be the spectral radius of A. Then

∥A∥2 =
√

ρ(AHA) = ρ(A). (2.1)

PROOF. Let (λ ,v) be an eigenpair of A.
(≤) Then by the (homogeneity) of the vector norm, and the definition of the (induced matrix norm),
we have

∥Av∥2 = |λ |∥v∥2 =⇒ ∥A∥2 := sup
v ̸=0

∥Av∥2

∥v∥2
≤ |λ | ≤ ρ(A).

(≥) Conversely,

∥A∥2 := sup
v ̸=0

∥Av∥2

∥v∥2
≥ ∥Av∥2

∥v∥2
=
|λ |∥v∥2

∥v∥2
= |λ |, ∀(λ ,v) eigenpair of A.

Taking the maximum over all eigenvalues λ in the spectrum σ(A) concludes the argument.
□

PROPOSITION 2.3.

∥A∥1 = max
j=1:n

m

∑
i=1
|ai j| (maximum of column sum norm)

∥A∥∞ = max
i=1:m

n

∑
j=1
|ai j| (maximum of row sum norm)

Relations between Norms and the spectral radius of a matrix

THEOREM 2.3. Let ∥ · ∥ be a consistent matrix norm. Then

ρ(A)≤ ∥A∥, ∀A ∈ Cn×n.

https://en.wikipedia.org/wiki/Norm_(mathematics)
https://en.wikipedia.org/wiki/Matrix_norm#Matrix_norms_induced_by_vector_norms
https://mathworld.wolfram.com/SpectralNorm.html
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PROOF. Let λ ∈ σ(A) and v ̸= 0 an associated eigenvector. Since ∥ · ∥ is a consistent
matrix norm, we have

|λ |∥v∥= ∥λv∥= ∥Av∥ ≤ ∥A∥∥v∥ ⇒ |λ | ≤ ∥A∥,
which concludes the argument. □

2.2. Positive definite, diagonally dominant and M-matrices.

DEFINITION 2.7. The matrix A ∈ Cn×n is positive (semi-) definite if

⟨Ax,x⟩(≥)> 0, ∀x ∈ Cn. (positive definite)

REMARK 2.4. Matrices which are positive definite are not necessarily symmetric, for
example

A =

[
2 α

−2−α 2

]
, α ̸=−1.

Indeed,

⟨Ax,x⟩=
〈[

2 α

−2−α 2

][
x1
x2

]
,

[
x1
x2

]〉
=

[
2x1 +αx2

(−2−α)x1 +2x2

][
x1
x2

]
= 2x2

1 +���αx1x2−2x1x2−���αx1x2 +2x2
2 = 2(x2

1− x1x2 + x2
2)> 0, ∀x=

[
x1
x2

]
̸= 0.

DEFINITION 2.8. Let A ∈Rn. Then the symmetric part and skew-symmetric part of A
are defined as

As =
1
2
(A+AT ), (symmetric part)

Ass =
1
2
(A−AT ). (skew-symmetric part)

Obviously, A = As +Ass.
If A ∈ Cn, the symmetric and skew-symmetric part of A are

As =
1
2
(A+AH), (symmetric part)

Ass =
1
2
(A−AH). (skew-symmetric part)

EXAMPLE 2.4. For the matrix A in Remark 2.4 we have

As =
1
2

[
2 α

−2−α 2

]
+

1
2

[
2 −2−α

α 2

]
=

[
2 −1
−1 2

]
,

Ass =
1
2

[
2 α

−2−α 2

]
− 1

2

[
2 −2−α

α 2

]
=

[
0 1+α

−1−α 0

]
.

DEFINITION 2.9. A matrix A ∈ Rn×n is (strictly) diagonally dominant by rows if

|aii|(>)≥
n

∑
j=1, j ̸=i

|aij |, ∀i = 1 : n,


. . .

...
ai1 · · · aii · · · ain

...
. . .


(diagonally dominant by rows)

https://en.wikipedia.org/wiki/Definite_matrix
https://en.wikipedia.org/wiki/Diagonally_dominant_matrix
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|aii|(>)≥
n

∑
j=1, j ̸=i

|aji|, ∀i = 1 : n.


· · · a1i · · ·
. . .

...
· · · aii · · ·

...
. . .

· · · ani · · ·


(diagonally dominant by columns)

PROPOSITION 2.4. A strictly diagonally dominant matrix that is symmetric with pos-
itive diagonal entries is also positive definite.

PROOF. Indeed,

⟨Ax,x⟩=
n

∑
i=1

( n

∑
j=1

ai jx j

)
xi =

n

∑
i=1

aiix2
i +2

n

∑
j ̸=i

ai jxix j ≥
n

∑
i=1

( n

∑
j ̸=i
|ai j|

)
x2

i +2
n

∑
j ̸=i

ai jxix j

=
n

∑
i ̸= j
|ai j|(x2

i + x2
j)+2

n

∑
j ̸=i

ai jxix j ≥
n

∑
i ̸= j
|ai j|(x2

i + x2
j)−2

n

∑
j ̸=i
|ai j||xi||x j|=

n

∑
i̸= j
|ai j|(|xi|− |x j|)2,

which proves the positive definiteness. □

EXAMPLE 2.5. An example (the minus second difference matrix):

A1 =

 2 −1 0
−1 2 −1

0 −1 2

 ,
and a counterexample

A2 =

 1 3/4 0
3/4 1 3/4

0 3/4 1

 .
The matrix A2 is symmetric, but not diagonally dominant, also not positive definite, as
xT Ax≈−0.2426 < 0 for x = [1,−

√
2,1]T . The spectra

σ(A1) = {0.5858,2.0000,3.4142}, σ(A2) = {−0.0607,1.0000,2.0607}.

For more examples of symmetric positive definite matrices, see the Hilbert matrix, the
Pascal matrix, and the Wilson matrix.

DEFINITION 2.10. [15] A nonsingular matrix A ∈Rn×n is an M-matrix if ai j ≤ 0 for
i ̸= j and if all the entries of its inverse are nonnegative.

M-matrices enjoy the so-called discrete maximum principle: if A is an M-matrix and
Ax≤ 0, then x≤ 0 (where the inequalities are meant componentwise).

PROPOSITION 2.5. [M-criterion] Let a matrix A satisfy ai j ≤ 0 for i ̸= j. Then A is an
M-matrix if and only if there exists a vector w > 0 such that Aw > 0.

M-matrices are related to strictly diagonally dominant matrices by the following prop-
erty.

PROPOSITION 2.6. A matrix A ∈ Rn×n that is strictly diagonally dominant by rows
and whose entries satisfy the relations ai j ≤ 0 for i ̸= j and aii > 0, is an M-matrix.

See also [1] and [18].

https://nhigham.com/2020/07/21/what-is-a-symmetric-positive-definite-matrix/
https://en.wikipedia.org/wiki/Hilbert_matrix
https://en.wikipedia.org/wiki/Pascal_matrix
https://en.wikipedia.org/wiki/Wilson_matrix
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3. Direct methods for the solution of linear systems

Ax= b, A ∈Mm×n, x ∈ Cn, b ∈ Cm,

A= (ai j) =



a11 a12 a13 · · · a1n
a21 a22 a23 · · · a2n

...
...

...
. . .

...
ai1 ai2 ai3 · · · ain
...

...
...

. . .
...

am1 am2 am3 · · · amn


, x=



x1
x2
x3
...
xi
...

xn


, b=



b1
b2
...

bi
...

bm


, i = 1 : m, j = 1 : n.

The ith equation writes:
n

∑
j=1

ai jx j = bi, i = 1 : m,

hence this is a system of m equations, with n unknowns x1, · · · ,xn.

DEFINITION 3.1. We call solution an n-tuple of x= (x1, · · · ,xn)
T such that Ax= b.

REMARK 3.1. We will deal only with (in this chapter) real valued square matrices
A ∈Rn×n,b ∈Rn. In such cases, the existence and uniqueness of the solution is ensured if
one of the following assumptions holds:

(1) A is invertible
(2) the homogeneous system Ax= 0 admits the only solution x= 0.

DEFINITION 3.2. (Cramer’s rule)
The solution to Ax= b,A ∈ Rn×n is formally provided by

x j =
∆ j

det(A)
, j = 1 : n, (Cramer’s rule)

where ∆ j is the determinant of a matrix obtained from A by substituting its jth column by
the RHS b.

EXAMPLE 3.1.

A=

[
1 2
3 4

]
, x=

[
1
2

]
, b=

[
5

11

]
,

det(A) =

∣∣∣∣ 1 2
3 4

∣∣∣∣=−2, ∆1 =

∣∣∣∣ 5 2
11 4

∣∣∣∣= 20−22 =−2, ∆2 =

∣∣∣∣ 1 5
3 11

∣∣∣∣=−4,

x1 =
−1
−1

= 1, x2 =
−4
−2

= 2.

REMARK 3.2. Cramer’s rule is of little practical use! Indeed, if det(A) is evaluated
by Laplace expansion

det(A) =
{

a11, if n = 1,
∑

n
j=1 ∆i jai j, for n > 1, (Laplace expansion)

then the computational effort for Cramer’s rule is of order (n+1)! flops.

https://en.wikipedia.org/wiki/Cramer's_rule
https://en.wikipedia.org/wiki/Laplace_expansion
https://en.wikipedia.org/wiki/FLOPS
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>> n=100; factorial(n+1)

ans =

9.4259e+159
>> n=169; factorial(n+1)

ans =

7.2574e+306
>> n=170;factorial(n+1)

ans =

Inf

EXAMPLE 3.2. For the matrix A is Example 3.1 the computational effort is

det(A) : 2∗, 1+
∆11 : 2∗, 1+
∆22 : 2∗, 1+

hence 6 = 3! multiplications and 3 additions, plus 2 more divisions to compute x1,x2.

EXAMPLE 3.3. The computational cost is “unacceptable" even for ‘small’ dimen-
sions of A. Let’s assume we have a computer with 109 floating point operations per second
(≈ 1 giga flop/sec). Using Cramer’s rule to solve a linear system of only 50 equations it
would take 9.6∗10147 years

51! ⇒ 1.5e+66 operations
109 operations/ second

= 1.5e+57 seconds× 1 year
31449600 seconds

≈ 4.7532E +49 years

In 2019:

Mac Pro≡ 102 gigaflops
Los Alamos≈ 12,142 faster

In comparison with Cramer’ rule, the Gaussian Elimination Method (GEM):

2
3

503 operations
109operations/second

≈ 8.3333×10−5seconds.

Numerical methods as alternatives to Cramer’s rule have been developed:
(i) direct methods: yield the (exact) solution in a finite number of steps.

(ii) iterative methods: they require (theoretically) an infinite number of steps;
at every (iteration) step κ, evaluate x(κ)

such that ∥x(κ)−x∥vector norm
κ→∞−→ 0.

Iterative methods give a sequence of approximate solutions x(κ)→ x converging (in what
‘vector norm?’) when the number of steps κ → ∞ tends to infinity.
{x(κ)} may give useful results with fewer arithmetic operations than direct methods, but

https://en.wikipedia.org/wiki/Gaussian_elimination
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this is true only for systems with special properties.

REMARK 3.3. For systems Ax= b where A is a
• full / (dense) matrix (most elements nonzero), direct (GEM/LU factorization) methods

are almost always the most efficient.
• sparse (large proportion of elements are zero), iterative methods offer certain

advantages and for some very large systems, they are indispensable.

Stability Analysis for Linear Systems

Forward (a priori) Analysis: sensitivity of the solution x to Ax= b to changes in the data
A,b.

DEFINITION 3.3. The condition number of a matrix A is:

κ(A)≡ cond(A) = ∥A∥∥A−1∥, (condition number)

where ∥ · ∥ is an induced matrix norm.
The condition number of a singular matrix is set to ∞.
(In general, κ(A) depends on the choice of ∥ · ∥.)

>> A = [1 2 3; 4 5 6; 7 8 9];
>> cond(A,2)
ans =

5.0523e+16
>> cond(A,inf)
ans =

8.6469e+17
>> det(A)
ans =

6.6613e-16

REMARK 3.4.
(i) An increase in the condition number (of the matrix) produces a higher sensitivity of

the solution to the changes in the data.
A large condition number indicates a ‘nearly’ singular matrix.

(ii) For any consistent matrix norm: κ(A)≥ 1, since 1 = ∥I∥= ∥AA−1∥ ≤ ∥A∥∥A−1∥=
κ(A).

(iii) κ(A) = κ(A−1), and ∀α ∈ C,α ̸= 0: κ(αA) = κ(A).
(iv) If A is orthogonal matrix, i.e.,

AAT = AT A = I, (orthogonal matrix)

then κ(A) = 1, since ∥A∥2 =
√

ρ(AT A) =
√

ρ(I) = 1, A−1 = AT .
(v) For p = 2, κ2(A) = ∥A∥2∥A−1∥2 =

|λmax(A)|
|λmin(A)|

. (see (2.1))

Consider the equation

Ax= b

https://en.wikipedia.org/wiki/Sparse_matrix
https://en.wikipedia.org/wiki/Invertible_matrix


24 CHAPTER 1. A BRIEF SUMMARY ON LINEAR ALGEBRA

with the exact solution x, and an ‘approximate/computed’ solution x̃:

Ax̃≈ b.

Let us define the residual as:

r̃ = Ax̃−b, r = Ax−b. (residual)

We note that since

r = 0 ⇔ x= A−1b is the exact solution,

it is natural to expect that if

r̃≪ 1 ⇒ x̃ to be an accurate solution.

Now let’s look at this is by actually considering the error (in the ‘approximate solution’ x̃):

e := x− x̃= A−1b−A−1Ax̃=−A−1(Ax̃−b
)
=−A−1r̃. (error)

We see that the error could be large, even for small residuals ∥r̃∥ ≪ 1, if the matrix A is
‘close to’ being singular (for large size ∥A−1∥). See e.g., Exercise 5 (1.1):

∥r̃∥2 = 2.1×10−3, ∥r̂∥2 = 1.0×10−6,

∥ẽ∥2 = 1.4×10−3, ∥ê∥2 = 1.126.

COUNTEREXAMPLE 3.1 (From section 5.5.1 in [4], an example constructed by W.
Kahan). Let

A =

[
1.2969 0.8648
0.2161 0.1441

]
, b=

[
0.8642
0.1440

]
,

with the exact solution

x=

[
2
−2

]
,

We note that

det(A)≈ 1.0000e−8 (= 9.999999998544971e−09)

norm(A,2)≈ 1.5803, norm(inv(A))≈ 1.5803e+08,

cond(A)≈ 2.4973 e+08. (ill-conditioned)

Assume that

x̃=

[
0.9911
−0.4870

]
,

which gives a residual

r̃ = b−Ax=

[
10−8

−10−8

]
,

∥r̃∥2 ≈ 1.4142e−8, ∥r̃∥∞ ≈ 1.e−8, ∥r̃∥1 ≈ 2.e−8.

But not a single digit in x̃ is meaningful!
The relative errors component-wise are:[

2−0.9911
2

−2+0.4870
−2

]
=

[
0.5045
0.7565

]
,
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therefore a 50% and 70% error in each component of the solution, respectively. In order
to better understand the way in which the ill-conditioning manifests, let us try to compute
x̃ by Gaussian elimination:[

1.2969 0.8648 | 0.8642
0.2161 0.1441 | 0.1440

]
, (*

[ 0.2161
1.2969
⊙

]
)[

1.2969 0.8648 | 0.8642
0 7.7907e−9 | −1.5421e−8

]
,

hence

a22 = 7.710694749363256e−09≈ 7.7907×10−9

b2 =−1.542138947097094e−08≈−1.5421×10−8,

with a22 being very small, giving

x̃2 =
b2

a22
=
−1.542138947097094e−08
7.710694749363256e−09

=−1.999999996400379.

Also, remark that in single precision

x̃= single(A)\single(b) =
[

1.5443
−1.3166

]
,

while

x̃= A\b=
[

2.000000001091036
−2.000000001636175

]
. (MatLab’s “backslash" operation)

Even if the size of the residual vector gives no direct indication of the error in x̃, it is
possible to use accurately computed residuals to estimate the error, or even to correct the
approximate solution.

A large condition number indicates a ‘nearly’ singular matrix.

DEFINITION 3.4. The relative distance of A ∈ Cn×n from the set of singular matrices
w.r.t the p-norm:

distp(A) = min
δA

{
∥δA∥p

∥A∥p
; such that A+δA is singular

}
.

PROPOSITION 3.1. It can be shown that

distp(A) =
1

κp(A)
≡ 1

condp(A)
.

Forward Error Analysis
Consider the linear system and its perturbation

Ax= b,

(A+δA)(x+δx) = b+δb.

THEOREM 3.1. Let A ∈ Rn×n be non-singular, δA ∈ Rn×n such that

∥A∥p < 1, ∥δA∥p < 1.

Then
∥δx∥
∥x∥

≤ κ(A)

1−κ(A) ∥δA∥
∥A∥

(
∥δb∥
∥b∥

+
∥δA∥
∥A∥

)
.
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In particular, if δA = 0, then

1
κ(A)

∥δb∥
∥b∥

≤∥δx∥
∥x∥

≤ κ(A)
∥δb∥
∥b∥

.

EXAMPLE 3.4 (Small changes in data (b)⇒ large changes in the solution(x)). Let

A =

[
1001 1000
1000 1001

]
which is a symmetric, positive definite matrix, with

eig(A) = {1,2001}, cond(A,2)≡ ρ(A) = 2001.

Also let

x=

[
1
1

]
, b=

[
2001
2001

]
, δb=

[
1
0

]
.

The relative changes in the data b are small[ 1
2001

0
2001

]
=

[
4.9975e−04

0

]
, (componentwise)

∥δb∥2

∥b∥2
=

1
2001
√

2
= 3.5338e−04≈ 0.03%, (2-norm)

compared to the changes in the solution

δx=

[
0.5002
−0.4998

]
, (δx= A\δb)

which are relatively large:

∥δx∥2

∥x∥2
=

0.7071
1.4142

= 0.5,

i.e., about 50% errors in the solution, due to very small changes 0.03% in the data.

EXAMPLE 3.5 (Large changes in data (b) ⇒ small changes in the solution(x)). Let
the matrix be the same as in Example 3.4:

A =

[
1001 1000
1000 1001

]
which is a symmetric, positive definite matrix, with

eig(A) = {1,2001}, cond(A) = 2001.

Now consider

x=

[
1
1

]
, b=

[
1
−1

]
, δb=

[
−2001
−2001

]
.

This large data perturbation

∥δb∥2

∥b∥2
= 2001

yields the solution

δx=

[
−1
−1

]
(A\b)
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which represents a small relatively change in the solution
∥δx∥2

∥x∥2
= 1

compared to 2001, the change in the data.





CHAPTER 2

Direct Methods for Systems of linear equations

1. Naive Gaussian Elimination

Assume A ∈ Rn×n is nonsingular and

a11 ̸= 0. (pivot)

Let us denote A(1) = A and consider solving the linear system

A(1)x = b(1) ≈ [A(1)|b(1)] ≈

≈


a(1)11 a(1)12 · · · a(1)1n | b(1)1

a(1)21 a(1)22 · · · a(1)2n | b(1)2
...

...
. . .

...
...

...
a(1)n1 a(1)n2 · · · a(1)nn | b(1)n

 (


⊙

m21
...

mn1

)

where we wrote it in an ‘extended matrix form’.
We introduce the multipliers

mi1 =
a(1)i1

a(1)11

, i = 2 : n (multipliers)

and compute (Gaussian Elimination Method)

ith row(2)⇐= ith row(1)−mi1×1st row(1), (GEM) a(2)i j = a(1)i j −mi1a(1)1 j , i = 2 : n, j = 2 : n

b(2)i = b(1)i −mi1b(1)1 , i = 2 : n,

obtaining the equivalent system

A(2)x = b(2), [A(2)|b(2)] =


a(1)11 ∗ · · · ∗ | b(1)1
0 □ · · · □ | □
...

...
. . .

...
...

...
0 □ · · · □ | □

 ,

or


a(1)11 a(1)12 · · · a(1)1n | b(1)1

0 a(2)22 · · · a(2)2n | b(2)2
...

...
. . .

...
...

...
0 a(2)n2 · · · a(2)nn | b(2)n

 .
Here is how this is implemented in the MATLAB function NaiveGauss(A), which gives
back a new matrix A, having (the LU factorization, i.e.,) in the left lower triangular part
the multipliers, and the right upper triangular part the matrix above.

29
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% Forward elimination part of the Naive
% Gaussian Elimination (only update of ’A’, i.e. the LU factorization)

function [A] = NaiveGauss(A)

% Given as input:
% a square coefficient matrix ’A’
% we will have as output:
% the ’A=LU’ factorization

[m,n] = size(A);
if abs(m-n)>0

error(’The Matrix A is not square’);
end

for k=1:n-1
for i=k+1:n

xmult=A(i,k)/A(k,k);
A(i,k) = xmult;
for j = k+1:n

A(i,j) = A(i,j) - xmult*A(k,j);
end

end
end

The solution of the system Ax = b by Naive Gaussian Elimination, i.e., the Forward Elim-
ination part (the LU factorization of A and ‘update’ of the RHS b) and the Backward Sub-
stitution (computation of xis), is implemented in the MATLAB function NaiveSolve(A,b)

% Forward elimination part of Naive Gaussian Elimination "update of ’b’"
% and the backward substitution

function [x] = NaiveSolve(A,b)
%Given input:
% coefficient matrix ’A’ and RHS ’b’
% will get output the solution of "Ax=b"
% ’x’
[A] = NaiveGauss(A);
% This call for the function Gauss gives ’A=LU’ and the index vector ’l’
[n,n] = size(A);
p = length(b);

if abs(p-n)>0
error(’The RHS b has the wrong dimension’)

end

% Forward Elimination update of ’b’
for k=1:n-1
for i=k+1:n
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b(i)=b(i) - A(i,k)*b(k);
end
end

% Backward Substitution
x(n) = b(n)/A(n,n);
for i=n-1:-1:1

sum=b(i);
for j=i+1:n

sum=sum - A(i,j) * x(j);
end
x(i)=sum/A(i,i);

end

PSEUDOCODE 1.1.
integer i, j, l; real array (ai j)1:n,1:n,(bi)1:n
for k = 1 to n−1 do

for i = k+1 to n do
for j = k to n do

ai j←− ai j− aik
akk

ak j

end for
bi←− bi−− aik

akk
bk

end for
end for

A special case of the Gaussian Elimination Method (GEM) is the computation of
A−1, the inverse of A matrix (see Remark 1.4).
Operation count in naive/complete GE:

(n−1)+(n−2)+ · · ·+1 divisions (multipliers mi j)

2
(
(n−1)2 +(n−2)2 + · · ·+12) one ‘×’, and one ‘+’ (ai j)

2
(
(n−1)+(n−2)+ · · ·+1

)
one ‘×’, and one ‘+’ (bi j)

giving a total of

3(1+ · · ·+(n−1))+2(1+ · · ·+(n−1)2) = 3
n(n−1)

2
+2

n−1

∑
k=1

k2 =
3
2

n2− 3
2

n+�2
(n−1)n(2n−1)

�2 ·3

=
3
2

n2− 3
2

n+
2n3

3
−n2 +

n
3
=

2n3

3
+

n2

2
− 7

6
n≈O

(2
3

n3
)
.

Actually, just for the LU factorization A = LU :

n(n−1)
2

+2
(n−1)n(n+1)

2 ·3
=

2
3

n3− n2

2
. (cost of LU factorization)

There are also n2 flops for a backward solve from the triangular system Ux = b(n), hence
2
3

n3 +2n2 ≈O
(2

3
n3
)

to solve Ax = b.

REMARK 1.1.
• The Gaussian Elimination Method terminates safely if A(k)

kk ̸= 0 for k = 1 : n−1.
• Non-zero diagonal entries in A ⇏ (does not imply) nonzero pivots !!

HTTPS://EN.WIKIPEDIA.ORG/WIKI/GAUSSIAN_ELIMINATION
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COUNTEREXAMPLE 1.1. Consider the matrix:

A(1) =

 1 2 3
2 4 5
7 8 9

 (

 ⊙2
7

)

A(2) =

 1 2 3
0 0 −1
0 −6 −12


where the leading principal minors are

d1 = 1, d2 = det

([
1 2
2 4

])
= 0 !!

If the original 2nd and 3rd rows are switched:

C(1) =

 1 2 3
7 8 9
2 4 5

 (

 ⊙7
2

)

C(2) =

 1 2 3
0 −6 −12
0 0 −1

 .
REMARK 1.2. The GEM can be safely employed on matrices which are

• diagonally dominant by rows or diagonally dominant by columns (see Theorem
4.1),
• SPD (symmetric: AT = A, and positive definite: xT Ax > 0 ∀x ̸= 0) (see Theo-

rem 4.2).

1.1. Solution of Triangular Systems.
Forward Substitution
For example, consider the nonsingular 3×3 Lower triangular system ℓ11 0 0

ℓ21 ℓ22 0
ℓ31 ℓ32 ℓ33

 x1
x2
x3

=

 b1
b2
b3

 , ℓii ̸= 0, i = 1 : n≡ 3,

x1 = b1/ℓ11, x2 = (b2− ℓ21x1)/ℓ22, x3 = (b3− ℓ31x1− ℓ32x2)/ℓ33,
x1 = b1/ℓ11

xi =
1
ℓii

(
bi−

i−1

∑
j=1

ℓi jx j

)
i = 2 : n.

(forward substitution)

Operation count:

‘×,\’ : 1+2+ · · ·+n = n(n+1)
2

‘+,−’ : 1+2+ · · ·+(n−1) = (n−1)n
2

hence n2 flops.
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Backward Substitution
Similarly, consider the nonsingular 3×3 Upper triangular system

u11 u12 · · · u1n
0 u22 · · · u2n
...

...
. . .

...
0 0 · · · unn




x1
x2
...

xn

=


b1
b2
...

bn

 , with uii ̸= 0, i = 1 : n,


xn = bn/unn

xi =
1
uii

(
bi−

n

∑
j=i+1

ui jx j

)
i = n−1 : 1.

(backward substitution)

Operation count:

‘×,\’ : 1+2+ · · ·+n = n(n+1)
2

‘+,−’ : 1+2+ · · ·+(n−1) = (n−1)n
2

hence n2 flops.

REMARK 1.3. If A = LU, then solving Ax = b is equivalent to solving two triangular
systems {

Ly = b,
Ux = y,

i.e., O(2n2) flops.

REMARK 1.4. [Computation of A−1, the inverse of A matrix]
Denote by X the inverse of the nonsingular matrix A ∈ Rn×n:

AX = XA = In×n,

with columns {x⋆i}, i.e.,

X = [x⋆1,x⋆2, · · · ,x⋆n], x⋆i =


x1i
x2i
...

xni

 .
Then, in order to find the inverse A−1 = X, we have to solve n linear systems

Ax⋆i = ei, i = 1 : n,

where ei are the unit vectors of the cartesian coordinates system in Rn:

ei =



0
...
0
i
0
...
0


(ith position).
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Now recall that the cost of LU factorization of A is O( 2
3 n3). Therefore solving ei = Ax⋆i ≡

LUx⋆i costs 2× n2operations, for each i = 1 : n. Finally this means that the total cost of
finding the inverse A−1 is 8

3 n3.

1.2. Exercises.
Exercise 1. Show that the system of equations x1 + 4x2 + αx3 = 6

2x1 − x2 + 2αx3 = 3
αx1 + 3x2 + x3 = 5

possesses a unique solution when α = 0, no solution when α = −1, and infinitely many
solutions when α = 1.
Also, investigate the corresponding situation when the right-hand side is replaced by 0’s.
Solution: 1 4 α | 6

2 −1 2α | 3
α 3 1 | 5

 ,
 1 4 α | 6

0 −9 0 | −9
0 3−4α 1−α2 | 5−6α

 ⇒
x1 = 6−4−αx3 ≡ 2−αx3,
x2 = 1,
(1−α2)x3 = 2(1−α).

Hence

x1 = 2, x2 = 1, x3 = 2 (α = 0)
0 · x3 = 4 ⇒ NO solutions (α =−1)
0 · x3 = 0 ⇒ ∞ number of solutions (α = 1)

In the homogeneous case 1 4 α | 0
2 −1 2α | 0
α 3 1 | 0

 ,
 1 4 α | 0

0 −9 0 | 0
0 3−4α 1−α2 | 0

 ⇒
x1 =−αx3,
x2 = 0,
(1−α2)x3 = 0.

we then have

x1 = 0, x2 = 0, x3 = 0 (α = 0)
0 · x3 = 0, x1 = x3 ⇒ ∞ number of solutions (α =−1)
0 · x3 = 0, , x1 =−x3 ⇒ ∞ number of solutions (α = 1)

Exercise 2. For what values of α does naive Gaussian elimination produce erroneous
answers for this system? {

x1 + x2 = 2
αx1 + x2 = 2+α

Explain what happens in the computer.
Solution:[

1 1 | 2
α 1 | 2+α

] [
1 1 | 2
0 1−α | 2−α

]
=⇒ x2 =

2−α

1−α
, x1 =−

α

1−α
,

which for α ≈ 1 gives erroneous results.
Exercise 3. Apply naive Gaussian elimination to these examples and account for the fail-
ures.
Solve the systems by other means if possible.
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(a) {
3x1 + 2x2 = 4
−x1 − 2

3 x2 = 1

(b) {
6x1 − 3x2 = 6
−2x1 + x2 = −2

(c) {
0x1 + 2x2 = 4

x1 − x2 = 5

(d)  x1 + x2 + 2x3 = 4
x1 + x2 + 0x3 = 2

0x1 + x2 + x3 = 0

Solution:
(a) [

3 2 | 4
−1 − 2

3 | 1

]
,

[
3 2 | 4
0 0 | 7

3

]
,

The LHS matrix is singular. No solution: the equations represent two parallel lines in
R2.

(b) [
6 −3 | 6
−2 1 | −2

]
,

[
6 −3 | 6
0 0 | 0

]
,

The LHS matrix is singular. Infinite number of solutions: the equations represent one
line in R2.

(c) The pivot is zero [
0 2 | 4
1 −1 | 5

]
,

so Naive Gauss Elimination cannot be performed.
Switching the equations[

1 −1 | 5
0 2 | 4

]
, ⇒ x2 = 2, x1 = 7.

(d)  1 1 2 | 4
1 1 0 | 2
0 1 1 | 0

 ,
 1 1 2 | 4

0 0 −2 | −2
0 1 1 | 0

 ,
which has a zero pivot, hence Naive Gauss elimination cannot be performed.
Nonetheless, the system has a unique solution x = [3;−1;1].
>> A = [1 1 1; 1 1 0; 0 1 1];b=[4;2;0];
>> Anew=NaiveGauss(A)

Anew =

1 1 2
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36 CHAPTER 2. DIRECT METHODS FOR SYSTEMS OF LINEAR EQUATIONS

1 0 -2
0 Inf Inf

>> x = NaiveSolve(A,b)

x =

NaN NaN NaN
>> x=Solve(A,b)

x =

3 -1 1
>> x=A\b

x =

3
-1
1

Exercise 4. Solve the following system of equations, retaining only four significant figures
in each step of the calculation, and compare your answer with the solution obtained when
eight significant figures are retained.
Be consistent by either always rounding to the number of significant figures that are being
carried or always chopping.{

0.1036x1 + 0.2122x2 = 0.7381
0.2081x1 + 0.4247x2 = 0.9327

Solution: With four significant digits:{
0.1036x1 + 0.2122x2 = 0.7381 (× 0.2081

0.1036 ≈ 2.009)
0.2081x1 + 0.4247x2 = 0.9327{
0.1036x1 + 0.2122x2 = 0.7381

− −0.001610x2 =−.5501 ⇒ x2 = 341.7, x1 =−697.3.

With eight significant digits:{
0.1036x1 + 0.2122x2 = 0.7381 (× 0.2081

0.1036 ≈ 2.0086873)
0.2081x1 + 0.4247x2 = 0.9327{
0.1036x1 + 0.2122x2 = 0.7381

− 0.0015434451x2 =−0.54991210 ⇒ x2 = 356.28873, x1 =−722.64834.

>> A = [0.1036 0.2122 ; 0.2081 0.4247]; b= [0.7381;0.9327];
>> [x] = NaiveSolve(A,b)
x =

1.0e+02 *
-7.226524702939380 3.562907442151365

>> y = A\b
ans =

1.0e+02 *



1. NAIVE GAUSSIAN ELIMINATION 37

-7.226524702939361
3.562907442151356

>> cond(A)
ans =

1.747576038160110e+03
Exercise 5. Consider

A=

[
0.780 0.563
0.913 0.659

]
, b=

[
0.217
0.254

]
, (1.1)

x̃=

[
0.999
−1.001

]
, x̂=

[
0.341
−0.087

]
. (1.2)

Compute residual vectors r̃ = Ax̃− b and r̂ = Ax̂− b and decide which of x̃ and x̂ is
the better solution vector. Now compute the error vectors e= x− x̃ and ê= x− x̂, where
x= [1,−1]T is the exact solution.
Discuss the implications of this example.
Solution: The residuals are

r̃ =Ax̃−b=

[
0.780 0.563
0.913 0.659

][
0.999
1.001

]
−
[

0.217
0.254

]
≡ 10−3 ∗

[
−1.343
−1.572

]
,

(‘large’)

r̂ =Ax̂−b=

[
0.780 0.563
0.913 0.659

][
0.341
−0.087

]
−
[

0.217
0.254

]
≡ 10−6 ∗

[
−0.999999999945489

0

]
,

(‘small’)

while the errors are

ẽ= x− x̃≡
[

1
−1

]
−
[

0.999
−1.001

]
= 10−3

[
1
1

]
, (‘small’)

ê= x− x̂≡
[

1
−1

]
−
[

0.341
−0.087

]
= 10−1

[
6.59
9.13

]
. (‘large’)

Although x̂ yields a smaller O(10−6) residual than x̃ (namely O(10−3)), it has larger
errors: O(1) versus O(10−3):

∥r̃∥2 = 2.1×10−3, ∥r̂∥2 = 1.0×10−6,

∥ẽ∥2 = 1.4×10−3, ∥ê∥2 = 1.126.

The problem is ill-conditioned: cond(A) = 2.193∗106.
Exercise 6. Consider the system{

10−4x1 + x2 = b1
x1 + x2 = b2

where b1 ̸= 0 and b2 ̸= 0. Its exact solution is

x1 =
−b1 +b2

1−10−4 , x2 =
b1−10−4b2

1−10−4 .

(a) Let b1 = 1 and b2 = 2. Solve this system using naive Gaussian elimination with three-
digit (rounded) arithmetic and compare with the exact solution x1 = 1.000100010001000
and x2 = 0.999899989999000.

(b) Repeat the preceding part after interchanging the order of the two equations.
(c) Find values of b1 and b2 in the original system so that naive Gaussian elimination does

not give poor answers.
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Solution:

A =

[
10−4 1

1 1

]
, cond(A) = 2.618.

(a)[
10−4 1 | 1

1 1 | 2

]
,

[
10−4 1 | 1

0 1−104 | 2−104

]
≡
[

10−4 1 | 1
0 −9999 | −9998

]
,

x2 = 9998/9999 = 0.999899989999000≈ 1

x1 = (1−1)∗104 = 0,

which have order 1 errors.
>> A = [10^(-4) 1 ; 1 1 ]; b = [1 ; 2];
>> format long
>> Anew = NaiveGauss(A)

Anew =

1.0e+04 *

0.000000010000000 0.000100000000000
1.000000000000000 -0.999900000000000

>> x = NaiveSolve(A,b)

x =

1.000100010001281 0.999899989999000
Note that even with 16 significant digits, the first component has last three digits
wrong.

(b) Similarly[
1 1 | 2

10−4 1 | 1

]
,

[
1 1 | 2
0 1−104 | 1−2∗104

]
≡
[

1 1 | 2
0 −9999 | −9998

]
,

x2 = 9998/9999 = 0.999899989999000≈ 1
x1 = 2−1 = 1

which are very close to the exact solution.
>> B = [1 1 ; 10^(-4) 1 ]; b = [2 ; 1];
>> Bnew = NaiveGauss(B)

Bnew =

1.000000000000000 1.000000000000000
0.000100000000000 0.999900000000000

>> y = NaiveSolve(B,b)

y =
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1.000100010001000 0.999899989999000
Note that with 16 significant digits, the exact solution is recovered.

(c) In general[
10−4 1 | b1

1 1 | b2

]
,

[
10−4 1 | b1

0 1−104 | b2−104b1

]
.

For b1 = b2 = 1 we get x2 = 1,x1 = 0.
Exercise 7. Solve each of the following systems using naive Gaussian elimination - that is,
forward elimination and back substitution.
Carry four significant figures.
(a)  3x1 + 4x2 + 3x3 = 10

x1 + 5x2 − x3 = 7
6x1 + 3x2 + 7x3 = 15

(b)  3x1 + 2x2 − 5x3 = 0
2x1 − 3x2 + x3 = 0

x1 + 4x2 − x3 = 4

(c) 
1 −1 2 1
3 2 1 4
5 8 6 3
4 2 5 3




x1
x2
x3
x4




1
1
1
−1


(d)  3x1 + 2x2 − x3 = 7

5x1 + 3x2 + 2x3 = 4
−x1 + x2 − 3x3 =−1

(e) 
x1 + 3x2 + 2x3+ x4 = −2

4x1 + 2x2 + x3+ 2x4 = 2
2x1 + x2 + 2x3+ 3x4 = 1

x1 + 2x2 + 4x3+ x4 = −1

Solution:
(a) Forward elimination gives 3 4 3 | 10

1 5 −1 | 7
6 3 7 | 15

 ,
 3 4 3 | 10

0 11
3 −2 | 11

3
0 −5 1 | −5

 ,
 3 4 3 | 10

0 11
3 −2 | 11

3
0 0 − 19

11 | 0

 ,
and then backward substitution yields

x3 = 0, x2 = 1, x1 = 2.

(b) Forward elimination gives 3 2 −5 | 0
2 −3 1 | 0
1 4 −1 | 4

 ,
 3 2 −5 | 0

0 − 13
3

13
3 | 0

0 10
3

2
3 | 4

 ,
 3 2 −5 | 0

0 − 13
3

13
3 | 0

0 0 4 | 4

 ,
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and then backward substitution yields

x3 = 1, x2 = 1, x1 = 1.

(c)
(d) Forward elimination gives 3 2 −1 | 7

5 3 2 | 4
−1 1 −3 | −1

 , (

 ⊙
5
3
− 1

3

)

 3 2 −1 | 7
0 3−2 5

3 =− 1
3 2+ 5

3 = 11
3 | 4− 5

3 =− 23
3

0 1+2 1
3 = 5

3 −3− 1
3 =− 10

3 | −1+ 7
3 = 4

3

 (

 ⊙
⊙
−5

)

 3 2 −1 | 7
0 − 1

3
11
3 | − 23

3
0 0 15 | −37

 ,
and then backward substitution yields

x3 =−
37
15

, x2 =−
62
15

, x1 =
64
15

.

The LU factorization of the matrix is 3 2 −1
5 3 2
−1 1 −3

=

 1 0 0
5
3 1 0
− 1

3 −5 1

 3 2 −1
0 − 1

3
11
3

0 0 15

.
(e)

2. Gaussian Elimination with Scaled Partial Pivoting

In order to avoid division by zero when defining the (multipliers) for the (GEM), the matrix
A can be (totally or) partially pivoted, i.e., we can interchange the (columns and the rows,
or only) rows of A,b.
This can be done according to an order given by the size of the rations of the elements of
the first column with the ‘scales’ of each row.
pseudocode:

• ℓ= index vector
• s = scales (DO NOT CHANGE!) ≈ the maximum value of the elements on

each row
• – r = ratios: elements on the 1st column, divided by the scales s;

note: the 1st largest ratio gives the pivot row
– update the index vector ℓ
– compute the multipliers, and proceed with the Gaussian elimination method

The MATLAB function ‘[A,l] = Gauss(A)’ performs the Forward Elimination with Scaled
Partial Pivoting, taking the matrix A as input, outputting the ‘factorized matrix’ and the
pivoting index ℓ:
%The Scaled Partial Pivoting Gaussian part
% (only update of ’A’, i.e. the LU factorization)
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function [A,l] = Gauss(A)

% Given as input:
% a square coefficient matrix ’A’
% we will have as output:
% the ’A=LU’ factorization and the pivoting index vector ’l’

[m,n] = size(A);
if abs(m-n)>0

error(’The Matrix A is not square’);
end
%fprintf(’This is the partial scaled Gaussian elimination part: \n\n’)
%
% start with index vector ’l’ being l=[1,2,...,n]
% and generate a scale vector ’s’
for i=1:n

l(i) = i;
smax =0;
for j=1:n

smax = max(smax,abs(A(i,j)));
end
s(i)=smax;

end
%fprintf(’The (global) scale vector is %1.f \n’)
%s
%fprintf(’The initial vector ell of indexes is %1.f \n’)
%l
%pause
% This is the scaled partial pivoting forward Gaussian elimination
for k=1:n-1

rmax=0;
for i=k:n

r=abs(A(l(i),k)/s(l(i)));
if (r>rmax)

rmax = r;
j=i;

end
end
alpha = l(j);
beta = l(k);
l(j) = beta;
l(k) = alpha;

%fprintf(’\n The iteration(column no.) in partial scaled Gauss elimination is %1.f\n’,k)
%fprintf(’the vector ell of indexes in the partial scaled Gaussian elimination is %1.f \n ’)
%l

for i=k+1:n
xmult=A(l(i),k)/A(l(k),k);
xmultipliers(l(i),k)=xmult;
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A(l(i),k) = xmult;
for j = k+1:n

A(l(i),j) = A(l(i),j) - xmult*A(l(k),j);
end

end
%fprintf(’the multipliers for column %1.f \n’,k)
%xmultipliers

% pause
end

while the MATLAB function ‘x=Solve(A,b) ’ solves the linear system using the Scaled
Partial Pivoting procedure and the Backward Substitution.

% Forward elimination part of Scaled Partial pivoting "update of ’b’"
% and the backward substitution

function [x] = Solve(A,b)
%Given input:
% coefficient matrix ’A’ and RHS ’b’
% will get output the solution of "Ax=b"
% ’x’
[A,l] = Gauss(A);
% This call for the function Gauss gives ’A=LU’ and the index vector ’l’
[n,n] = size(A);
p = length(b);

if abs(p-n)>0
error(’The RHS b has the wrong dimension’)

end

%fprintf(’\n This is the backward solve part of algorithm: \n\n’)

% Forward Elimination update of ’b’
for k=1:n-1

for i=k+1:n
b(l(i))=b(l(i)) - A(l(i),k)*b(l(k));

end
end

% Backward Substitution
x(n) = b(l(n))/A(l(n),n);
for i=n-1:-1:1

sum=b(l(i));
for j=i+1:n

sum=sum - A(l(i),j) * x(j);
end
x(i)=sum/A(l(i),i);

end
%fprintf(’The solution, using the partial scaled pivoting, is’)
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Matlab’s own function

[L,U,P] = ℓu(A)

gives the LU-factorization of the matrix A with its rows interchanged according to the
index ℓ, equivalently the LU-factorization of the matrix A multiplied to the left by the
permutation matrix P, i.e.,

PA = LU.

2.1. Exercises.

Exercise 1. Show how Gaussian elimination with scaled partial pivoting works on the
following matrix A:

A =


2 3 −4 1
1 −1 0 −2
3 3 4 3
4 1 0 4

 .
Solution:

>> A =[2 3 -4 1 ; 1 -1 0 -2; 3 3 4 3; 4 1 0 4];
>> [B,l] = Gauss(A)

B =
0.5000 -2.0000 -1.0000 -12.4000
0.2500 -1.2500 0 -3.0000
0.7500 -1.8000 4.0000 -5.4000
4.0000 1.0000 0 4.0000

l =
4 2 3 1

2 3 −4 1
1 −1 0 −2
3 3 4 3
4 1 0 4

 , ℓ= (1,2,3,4), scales:


4
2
4
4

, ratios:


2
4 = 0.5
1
2 = 0.5
3
4 = 0.75
4
4 = 1: pivot line

 , ℓ1 = (4,2,3,1),


2 3 −4 1
1 −1 0 −2
3 3 4 3
4 1 0 4

 multipliers:


1/2
1/4
3/4
⊙



=⇒


0 5/2 −4 −1
0 −5/4 0 −3
0 9/4 4 0
4 1 0 4

 , ratios:


5
8
5
8 ≈ 0.6: pivot line
9

16
⊙

 , ℓ2 = (4,2,3,1), multipliers:


−2
⊙

−9/5
⊙



=⇒


0 0 −4 −7
0 −5/4 0 −3
0 0 4 −27/5
4 1 0 4

 , ratios:


1
⊙
1: pivot line
⊙

 , ℓ3 = (4,2,3,1), multipliers:


−1
⊙
⊙
⊙


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=⇒


0 0 0 −62/5
0 −5/4 0 −3
0 0 4 −27/5
4 1 0 4

 .
Then the multipliers (giving the L matrix in Gaussian the LU factorization) are

1/2 −2 −1 ⊙
1/4 ⊙ ⊙ ⊙
3/4 −9/5 ⊙ ⊙
⊙ ⊙ ⊙ ⊙

 ,
the U matrix 

0 0 0 −62/5
0 −5/4 0 −3
0 0 4 −27/5
4 1 0 4

 ,
and the labels

ℓ3 = (4,2,3,1), P =


0 0 0 1
0 1 0 0
0 0 1 0
1 0 0 0

 .
Note that when concatenating the above matrices L and U , one obtains the matrix B gener-
ated by the algorithm Gauss(A)

1/2 −2 −1 −62/5
1/4 −5/4 0 −3
3/4 −9/5 4 −27/5

4 1 0 4

 ,
which gives

L =


1 0 0 0

1/4 1 0 0
3/4 −9/5 1 0
1/2 −2 −1 1

 , U =


4 1 0 4
0 −5/4 0 −3
0 0 4 −27/5
0 0 0 −62/5

 , P =


0 0 0 1
0 1 0 0
0 0 1 0
1 0 0 0

 ,
so that

PA = L∗U.

>> A =[2 3 -4 1 ; 1 -1 0 -2; 3 3 4 3; 4 1 0 4];
>> L = [1 0 0 0; 1/4 1 0 0 ; 3/4 -9/5 1 0; 1/2 -2 -1 1];
>> U = [4 1 0 4; 0 -5/4 0 -3; 0 0 4 -27/5 ; 0 0 0 -62/5];
>> P = [ 0 0 0 1; 0 1 0 0 ; 0 0 1 0; 1 0 0 0];
>> P*A - L*U

ans =

0 0 0 0
0 0 0 0
0 0 0 0
0 0 0 0
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>> A =[2 3 -4 1 ; 1 -1 0 -2; 3 3 4 3; 4 1 0 4];
>> [LL,UU,PP]= lu(A)

LL =

1.0000 0 0 0
0.5000 1.0000 0 0
0.7500 0.9000 1.0000 0
0.2500 -0.5000 -0.2632 1.0000

UU =

4.0000 1.0000 0 4.0000
0 2.5000 -4.0000 -1.0000
0 0 7.6000 0.9000
0 0 0 -3.2632

PP =

0 0 0 1
1 0 0 0
0 0 1 0
0 1 0 0

>> PP*A - LL*UU

ans =

1.0e-15 *

0 0 0 0
0 0 0 0
0 0 0.4441 0
0 0 -0.2220 0

Exercise 2. Solve the following system using Gaussian elimination with scaled partial
pivoting:

 1 −1 2
−2 1 −1

4 −1 2

 x1
x2
x3

=

 −2
2
−1



Show intermediate matrices at each step.
Solution: First we find the scale vector s= [2,2,4] which does not change throughout the
procedure. Then we evaluate the ratios and determine that the second row si the first pivot
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row:  1 −1 2 | −2
−2 1 −1 | 2

4 −1 2 | −1

 . (ratios:

 1/2
2/2
4/4

)

Now we find the multipliers and carry out one Gauss elimination step: 0 − 1
2

3
2 | −1

−2 1 −1 | 2
0 1 0 | 3

 , (multipliers:

 −1/2
⊙
−2

)

which seems to be enough,
and finish with the backward substitution:

x2 = 3, x3 =
1
3
, x1 =

1
3
.

Exercise 3. Carry out Gaussian elimination with scaled partial pivoting on the matrix
1 0 3 0
0 1 3 −1
3 −3 0 6
0 2 4 −6


Show intermediate matrices.
Solution:
>> A = [1 0 3 0 ; 0 1 3 -1; 3 -3 0 6; 0 2 4 -6];
>> [B,l]=Gauss(A)
B =

0.3333 1.0000 0 -1.0000
0 1.0000 3.0000 -1.0000

3.0000 -3.0000 0 6.0000
0 2.0000 -2.0000 -4.0000

l =
3 2 4 1

1 0 3 0
0 1 3 −1
3 −3 0 6
0 2 4 −6

 , ℓ= (1,2,3,4),

scales:


3
3
6
6

 , ratios:


1
3 = 0.(3)
0
3 = 0
3
6 = 0.5: pivot line
0
6 = 0

 , ℓ1 = (3,2,1,4),


1 0 3 0
0 1 3 −1
3 −3 0 6
0 2 4 −6

 , multipliers:


1
3
0
⊙
0



⇒


0 1 3 −2
0 1 3 −1
3 −3 0 6
0 2 4 −6

 , ratios:


1/3

1/3 = 0.(3) : pivot line
⊙

2/6 = 0.(3)

 , ℓ2 = (3,2,1,4),
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0 1 3 −2
0 1 3 −1
3 −3 0 6
0 2 4 −6

 , multipliers:


1
⊙
⊙
2

⇒


0 0 0 −1
0 1 3 −1
3 −3 0 6
0 0 −2 −4

 ,

ratios:


0
⊙
⊙

1/3 : pivot line

 , ℓ3 = (3,2,4,1).

Note that concatenating the L and U matrices

L =


1/3 1 0 0

0 0 0 0
0 0 0 0
0 2 0 0

 , U =


0 0 0 −1
0 1 3 −1
3 −3 0 6
0 0 −2 −4

 ,
one obtains the matrix B generated by the algorithm Gauss(A)

B =


1/3 1 0 −1

0 1 3 −1
3 −3 0 6
0 2 −2 −4

 ,
Exercise 4. Consider the matrix

−0.0013 56.4972 123.4567 987.6543
0.0000 −0.0145 8.8990 833.3333
0.0000 102.7513 −7.6543 69.6869
0.0000 −1.3131 −9876.5432 100.0001


Identify the entry that will be used as the next pivot element of naive Gaussian elimination,
of Gaussian elimination with partial pivoting (the scale vector is [1,1,1,1]), and of Gauss-
ian elimination with scaled partial pivoting (the scale vector is [987.6543,46.79,256.29,1.096]).

Solution:
−0.0013 56.4972 123.4567 987.6543

0.0000 −0.0145 8.8990 833.3333
0.0000 102.7513 −7.6543 69.6869
0.0000 −1.3131 −9876.5432 100.0001

 (Naive Gauss elimination)


−0.0013 56.4972 123.4567 987.6543

0.0000 −0.0145 8.8990 833.3333
0.0000 102.7513 −7.6543 69.6869
0.0000 −1.3131 −9876.5432 100.0001

 , ratios:

 0.0145/1
102.7513/1

1.3/1

 ,
(partial pivoting)

−0.0013 56.4972 123.4567 987.6543
0.0000 −0.0145 8.8990 833.3333
0.0000 102.7513 −7.6543 69.6869
0.0000 −1.3131 −9876.5432 100.0001

 , ratios:

 0.0145
46.79

102.7513
256.29

1.3131
1.096 ≈ 1.2

 .
(scaled partial pivoting)
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Exercise 5. Without using the computer, determine the final contents of the array (ai j)
after procedure Gauss has processed the following array. Indicate the multipliers by un-
derlining them 

1 3 2 1
4 2 1 2
2 1 2 3
1 2 4 1


Solution:

1 3 2 1
4 2 1 2
2 1 2 3
1 2 4 1

 , ℓ= (1,2,3,4),scales:


3
4
3
4

 , ratios:


1
3
1 : pivot line
1
1
4

 , ℓ1 = (2,1,3,4),


1 3 2 1
4 2 1 2
2 1 2 3
1 2 4 1

 , multipliers:


1
4
⊙
1
2
1
4

 ,


0 5/2 7/4 1/2
4 2 1 2
0 0 3/2 2
0 3/2 15/4 1/2

 , ratios:


5
6 : pivot line

3
8

 , ℓ2 = (2,1,3,4),


0 5/2 7/4 1/2
4 2 1 2
0 0 3/2 2
0 3/2 15/4 1/2

 , multipliers:


⊙
⊙
⊙
3
5

⇒


0 5/2 7/4 1/2
4 2 1 2
0 0 3/2 2
0 0 27/10 1/5

 ,

ratios:

 0.5
27
40 ≈ 0.67 : pivot line

 , ℓ3 = (2,1,4,3),


0 5/2 7/4 1/2
4 2 1 2
0 0 3/2 2
0 0 27/10 1/5

 , multipliers:


⊙
⊙
5
9
⊙

⇒


0 5/2 7/4 1/2
4 2 1 2
0 0 0 17/9
0 0 27/10 1/5

 .
Putting back together the LU factorization (filling the zeros with the multipliers):

1
4 ⊙ ⊙ ⊙
⊙ ⊙ ⊙ ⊙
1
2 ⊙ 5

9 ⊙
1
4

3
5 ⊙ ⊙

 ,
gives 

1/4 5/2 7/4 1/2
4 2 1 2

1/2 0 5/9 17/9
1/4 3/5 27/10 1/5

 .
>> [A,l] = Gauss(A)
A =

0.2500 2.5000 1.7500 0.5000
4.0000 2.0000 1.0000 2.0000
0.5000 0 0.5556 1.8889
0.2500 0.6000 2.7000 0.2000
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l =
2 1 4 3

Exercise 6. If the Gaussian elimination algorithm with scaled partial pivoting is used on
the matrix shown, what is the scale vector? What is the second pivot row? 4 7 3

1 3 2
2 −4 −1


Solution:

>> A = [4 7 3 ; 1 3 2 ; 2 -4 -1];
>> [B,l]=Gauss(A)
B =

4.0000 7.0000 3.0000
0.2500 -0.1667 0.8333
0.5000 -7.5000 -2.5000

l =
1 3 2

>> [L,U,p]=lu(A,’vector’)
L =

1.0000 0 0
0.5000 1.0000 0
0.2500 -0.1667 1.0000

U =
4.0000 7.0000 3.0000

0 -7.5000 -2.5000
0 0 0.8333

p =
1 3 2 4 7 3

1 3 2
2 −4 −1

 , ℓ= (1,2,3), scales:

 7
3
4

 ratios:

 4/7 : pivot line
1/3
1/2

 , ℓ1 = (1,2,3),

 4 7 3
1 3 2
2 −4 −1

 , multipliers:

 ⊙1/4
1/2

 ⇒

 4 7 3
0 5/4 5/4
0 −15/2 −5/2

 ,
ratios:

 ⊙5/12
15/8≈ 1.8 : pivot line

 , ℓ2 = (1,3,2),

 4 7 3
0 5/4 5/4
0 −15/2 −5/2

 , multipliers:

 ⊙−1/6
⊙


⇒

 4 7 3
0 0 5/6
0 −15/2 −5/2

 .
The second pivot is the third row.

The LU factorization of the matrix is 1 0 0
1/2 1 0
1/4 −1/6 1

⋆
 4 7 3

0 −15/2 −5/2
0 0 −5/6

=

 4 7 3
2 −4 −1
1 3 2

≡
 1 0 0

0 0 1
0 1 0

∗
 4 7 3

1 3 2
2 −4 −1

 ,
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where the matrices in the LHS where rearranged according to the index ℓ = (1,3,2), and
therefore the matrix in the RHS is the initial matrix, but with the last two rows switched.
Exercise 7. If the Gaussian elimination algorithm with scaled partial pivoting is used on
the example shown, which row will be selected as the third pivot row?

8 −1 4 9 2
1 0 3 9 7
−5 0 1 3 5

4 3 2 2 7
3 0 0 0 9


Solution:

>> A = [8 -1 4 9 2 ; 1 0 3 9 7; -5 0 1 3 5; 4 3 2 2 7; 3 0 0 0 9]
>> cond(A)
ans =

35.9803
>> [B,l]=Gauss(A)
B =

-1.6000 -0.3333 6.5333 15.2667 13.6667
-0.2000 0 0.4898 2.1224 1.3061
-5.0000 0 1.0000 3.0000 5.0000
-0.8000 3.0000 2.8000 4.4000 11.0000
-0.6000 0 0.0918 0.1875 10.5000

l =
3 4 1 2 5

8 −1 4 9 2
1 0 3 9 7
−5 0 1 3 5

4 3 2 2 7
3 0 0 0 9

 , ℓ= (1,2,3,4,5), scales:


9
9
5
7
9

 , ratios:


8/9
1/9
1 : pivot line
4/7
1/3

 ,

ℓ1 = (3,2,1,4,5), multipliers:


−8/5
−1/5
⊙
−4/5
−3/5

 ⇒


0 −1 28/5 69/5 10
0 0 16/5 48/5 8
−5 0 1 3 5

0 3 14/5 22/5 11
0 0 3/5 9/5 12

 ,

ratios:


1/9
0
⊙
3/7 : pivot line
0

 , ℓ2 = (3,4,1,2,5), multipliers:


−1/3

0
⊙
⊙
0

 ,

=⇒


0 0 98/15 229/15 41/3
0 0 16/5 48/5 8
−5 0 1 3 5

0 3 14/5 22/5 11
0 0 3/5 9/5 12

 , ratios:


98/135 : pivot line
16/45
⊙
⊙
3/45

 , ℓ3 = (3,4,1,2,5).

The third pivot is the first row.
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Exercise 8. Solve the system 2x1 + 4x2 − 2x3 = 6
x1 + 3x2 + 4x3 = −1

5x1 + 2x2 = 2

using Gaussian elimination with scaled partial pivoting.
Show intermediate results at each step; in particular, display the scale and index vectors.
Solution:

[A|b] =

 2 4 −2 | 6
1 3 4 | −1
5 2 0 | 2

 , ℓ= (1,2,3) scales:

 4
4
5

 , ratios:

 2/4
1/4

1


ℓ1 = (3,2,1), multipliers:

 2/5
1/5
⊙

  0 16/5 −2 | 26/5
0 13/5 4 | −7/5
5 2 0 | 2

 ,
ratios:

 4/5
13/20
⊙

 , ℓ2 = (3,1,2), multipliers:

 ⊙
13/16
⊙

  0 16/5 −2 | 26/5
0 0 45/8 | −45/8
5 2 0 | 2

 ,
hence, by a backward solve (according to the indexed rows ℓ2 = (3,1,2)) we have:

x3 =−1, x2 = 1, x1 = 0.

>> A = [2 4 -2 ; 1 3 4; 5 2 0]; b=[6; -1; 2];
>> x=A\b
x =

0
1

-1
>> y = NaiveSolve(A,b)
y =

0 1 -1
>> z=Solve(A,b)
l =

3 1 2
z =

0 1 -1
Exercise 9. Consider the linear system 2x1 + 3x2 = 8

−x1 + 2x2 − x3 = 0
3x1 + 2x3 = 9

Solve for x1,x2, and x3 using Gaussian elimination with scaled partial pivoting.
Show intermediate matrices and vectors.
Solution:
Exercise 10. Consider the linear system of equations

−x1 + x2 − 3x4 = 6
−x1 + 3x3 + x4 = 0

x2 − x3 − x4 = 3
3x1 + x3 + 2x4 = 1
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Solve this system using Gaussian elimination with scaled partial pivoting.
Show all intermediate steps, and write down the index vector at each step.
Solution:

>> A = [-1 1 0 -3 ; -1 0 3 1 ; 0 1 -1 -1 ; 3 0 1 2]; b= [6 ; 0 ; 3 ;1];
>> cond(A)
ans =

7.5874
>> x = NaiveSolve(A,b)
x =

1.1000 2.3000 0.9000 -1.6000
>> y = A\b
y =

1.1000
2.3000
0.9000

-1.6000
>> [B,l]=Gauss(A)
B =

-0.3333 1.0000 0.4000 -2.0000
-0.3333 0 3.3333 1.6667

0 1.0000 -1.0000 -1.0000
3.0000 0 1.0000 2.0000

l =
4 3 2 1

>> z=Solve(A,b)
l =

4 3 2 1
z =

1.1000 2.3000 0.9000 -1.6000

[A|b] =


−1 1 0 −3 | 6
−1 0 3 1 | 0

0 1 −1 −1 | 3
3 0 1 2 | 1

 , ℓ= (1,2,3,4), scales:


3
3
1
3

 , ratios:


1/3
1/3

0
1

 , ℓ1 = (4,2,3,1),

multipliers:


−1/3
−1/3

0
⊙

=⇒


0 1 1/3 −7/3 | 19/3
0 0 10/3 5/3 | 1/3
0 1 −1 −1 | 3
3 0 1 2 | 1

 , ratios:


1/3

0
1
⊙

 , ℓ2 = (4,3,2,1),

multipliers:


1
0
⊙
⊙

=⇒


0 0 4/3 −4/3 | 10/3
0 0 10/3 5/3 | 1/3
0 1 −1 −1 | 3
3 0 1 2 | 1

 , ratios:


4/9
5/9
⊙
⊙

 , ℓ3 = (4,3,2,1),

multipliers:


2/5
⊙
⊙
⊙

=⇒


0 0 0 −2 | 16/5
0 0 10/3 5/3 | 1/3
0 1 −1 −1 | 3
3 0 1 2 | 1

 ,
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which gives

x4 =−
8
5
, x3 =

9
10

, x2 =
23
10

, x1 =
11
10

.

Exercise 13. Solve each of the following systems using Gaussian elimination with scaled
partial pivoting. Carry four significant figures. What are the contents of the index array at
each step?
(a)  3x1 + 4x2 + 3x3 = 10

x1 + 5x2 − x3 = 7
6x1 + 3x2 + 7x3 = 15

(b)  3x1 + 2x2 − 5x3 = 0
2x1 − 3x2 + x3 = 0

x1 + 4x2 − x3 = 4

(c) 
1 −1 2 1
3 2 1 4
5 8 6 3
4 2 5 3




x1
x2
x3
x4

=


1
1
1
−1


(d)  3x1 + 2x2 − x3 = 7

5x1 + 3x2 + 2x3 = 4
−x1 + x2 − 3x3 = −1

(e) 
x1 + 3x2 + 2x3 + x4 = −2

4x1 + 2xx + x3 + 2x4 = 2
2x1 + x2 + 2x3 + 3x4 = 1

x1 + 2x2 + 4x3 + x4 = −1

Solution:
(a) >> A = [3 4 3 ; 1 5 -1 ; 6 3 7] ; b=[10;7;15];

>> cond(A)
ans =

34.9233
>> x = Solve(A,b)
The (global) scale vector is
s =

4 5 7
l =

3 2 1
x =

2 1 0
>> z=A\b
z =

2.0000
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1.0000
-0.0000

>> y=NaiveSolve(A,b)
y =

2 1 0

[A|b] =

 3 4 3 | 10
1 5 −1 | 7
6 3 7 | 15

 , ℓ= (1,2,3), scales:

 4
5
7

 , ratios:

 3/4
1/5

6
7

 , ℓ1 = (3,2,1),

multipliers:

 1/2
1/6
⊙

=⇒

 0 5/2 −1/2 | 5/2
0 9/2 −13/6 | 9/2
6 3 7 | 15

 , ratios:

 9/10
5/8
⊙

 , ℓ2 = (3,2,1),

multipliers:

 5/9
⊙
⊙

=⇒

 0 0 19/27 | 0
0 9/2 −13/6 | 9/2
6 3 7 | 15

 , x3 = 0, x2 = 1, x1 = 2.

(b)

[A|b] =

 3 2 −5 | 0
2 −3 1 | 0
1 4 −1 | 4

 , ℓ= (1,2,3), scales:

 5
3
4

 , ratios:

 3
5
2
3
1
4

 , ℓ1 = (2,1,3),

multipliers:

 3/2
⊙

1/2

=⇒

 0 13/2 −13/2 | 0
2 −3 1 | 0
0 11/2 −3/2 | 4

 , ratios:

 13/10
⊙

11/8≈ 1.375

 , ℓ2 = (2,3,1),

multipliers:

 13/11
⊙
⊙

=⇒

 0 0 −52/11 | −52/11
2 −3 1 | 0
0 11/2 −3/2 | 4

 , x3 = 1, x2 = 1, x1 = 1.

(c)
(d)

[A|b] =

 3 2 −1 | 7
5 3 2 | 4
−1 1 −3 | −1

 , ℓ= (1,2,3), scales:

 3
5
3

 , ratios:

 1
1
1
3

 , ℓ1 = (1,2,3),

multipliers:

 ⊙
5/3
−1/3

=⇒

 3 2 −1 | 7
0 −1/3 11/3 | −23/3
0 5/3 −10/3 | 4/3

 , ratios:

 ⊙
2/15

5

 , ℓ2 = (1,3,2),

multipliers:

 ⊙
−1/5
⊙

=⇒

 3 2 −1 | 7
0 0 −3 | − 111

15
0 5/3 −10/3 | 4/3

 ,
x3 =−

37
15
≈−2.4667, x2 =−

62
15
≈−4.1333, x1 =

64
15
≈ 4.2667.

>> A = [3 2 -1 ; 5 3 2; -1 1 -3]; b=[7;4;-1];
>> A\b
ans =

4.2667
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-4.1333
-2.4667

>> [AA,ell] = Gauss(A)
AA =

3.0000 2.0000 -1.0000
1.6667 -0.2000 3.0000

-0.3333 1.6667 -3.3333
ell =

1 3 2
>> x = Solve(A,b)
This is the backward solve part of algorithm:
The solution, using the partial scaled pivoting, is
x =

4.2667 -4.1333 -2.4667
Exercise 15. Derive the formula

n

∑
k=1

k =
1
2

n(n+1).

Solution:
Exercise 16. Derive the formula

n

∑
k=1

k2 =
1
6

n(n+1)(2n+1).

Solution:
Exercise 18. Count the number of divisions in procedure Gauss. Count the number of
multiplications. Count the number of additions or subtractions. Using execution times in
microseconds (multiplication 1, division 2.9, addition 0.4, subtraction 0.4), write a function
of n that represents the time used in these arithmetic operations.
Solution:
Exercise 19. Considering long operations only and assuming 1-microsecond execution
time for all long operations, give the approximate execution times and costs for procedure
Gauss when n = 10,102,103,104. Use only the dominant term in the operation count.
Estimate costs at $500 per hour.
Solution:
Exercise 20. (Continuation) How much time would be used on the computer to solve 2000
equations using Gaussian elimination with scaled partial pivoting? How much would it
cost? Give a rough estimate based on operation times.
Solution:

3. Tridiagonal and Banded Matrices

MOTIVATION 3.1 (the Poisson equation). Consider solving the 1D Poisson equation,
a one-space dimension elliptic (equation) Boundary Value Problem:

−∆u(x) = f (x), ∀x ∈ (0,L), (1D Poisson equation)

u(0) = ũ0, u(L) = ũL, (boundary conditions)

https://en.wikipedia.org/wiki/Poisson%27s_equation
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where u0,uL (boundary conditions) and f (x),∀x∈ (0,L) are given, such that they are com-
patible. (The Laplace operator in 1 spatial dimension is ∆u(x)≡ uxx.)
In order to approximate the solution u(x), we consider a uniform mesh: {xi = x0 + ih,h =
L
N }i=0:N (x0 = 0,xN = L) and seek the approximate values

ui ≈ u(xi), i = 0 : N.

First of all, the boundary conditions yield the end-values:

u0 = ũ0, uL = ũL,

leaving us with the task of finding N−1 values u1, · · · ,uN−1.
Using the Second-Order Central finite difference formula

u′′(x) =
u(x−h)−2u(x)+u(x+h)

h2 +O(h2)

to approximate the Laplace operator (at each node xi, i = 1 : N−1)

−u(xi−1)−2u(xi)+u(xi+1)

h2 = f (xi)

we obtain the following equations

i = 1 : −u0 + 2u1 − u2 = h2 f1
i = 2 : − u1 + 2u2 − u3 = h2 f2
i = 3 : − u2 + 2u3 − u4 = h2 f3

...
. . .

...
i = N−2 : − uN−3 + 2uN−2 − uN−1 = h2 fN−2
i = N−1 : − uN−2 + 2uN−1 − uN = h2 fN−1

Therefore to find the unknowns u1,u2, · · ·uN−1 amounts to solving the linear system
2 −1
−1 2 −1

. . .
. . .

. . .
−1 2 −1

−1 2




u1
u2

...
uN−2
uN−1

=


h2 f1 + u0
h2 f2
...
h2 fN−2
h2 fN−1 + uN

 .

In particular, with f (x) = d2

dx2

(
x2(L− x)2

)
and u(0) = u(L) = 0, the BVP above has the

exact solution
u(x) = x2(L− x)2.

run PDE_Poisson1D.m

L = 5,N = 5,10,20,40(h = 1,0.5,0.25,0.125),rms= 4.1633,1.0879,0.2784,0.0704 = O(h2)

REMARK 3.1. Similarly, the slightly more general (elliptic) BVP

−∆u(x)+ cu(x) = f (x), ∀x ∈ (0,L), , c > 0 (3.1)

u(0) = ũ0, u(L) = ũL, (boundary conditions)

can be numerically approximated by solving a linear system with the following matrix
2+ ch2 −1
−1 2+ ch2 −1

. . .
. . .

. . .
−1 2+ ch2 −1

−1 2+ ch2




u1
u2

...
uN−2
uN−1

=


h2 f1 +u0
h2 f2
...
h2 fN−2
h2 fN−1 +uN

 .

https://en.wikipedia.org/wiki/Laplace_operator
https://en.wikipedia.org/wiki/Finite_difference
https://en.wikipedia.org/wiki/Elliptic_partial_differential_equation
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Consider the particular case of a linear system with a non-singular tridiagonal matrix A:

A =



d1 c1
a1 d2 c2

a2 d3 c3
. . . . . . . . .

an−2 dn−1 cn−1
an−1 dn



function [x] = Tri(a,d,c,b)
% Tridiagonal system solve
% Input: a = (n-1) vector, sub-diagonal;
% d = n vector, diagonal;
% c = (n-1) vector, super-diagonal;
% b = n vector, RHS;
%Output: x = n vector, the solution

n=length(d);

for i = 2:n
xmult = a(i-1)/d(i-1);
d(i)=d(i) - xmult*c(i-1);
b(i) = b(i) - xmult*b(i-1);

end

x(n)=b(n)/d(n);
for i=n-1:-1:1

x(i) = (b(i)-c(i)*x(i+1))/d(i);
end

In such a case, the matrices L,U of the LU factorization are bidiagonal matrices

L =


1 0

β2 1 0
. . . . . . . . .

βn−1 1 0
βn 1

 , U =


α1 c1
02 α2 c2

. . . . . . . . .
0 αn−1 cn−1

0 αn

 ,
(Doolittle method)

where the coefficients αi,βi can be easily computed (LU = A)
1 0

β2 1 0
. . . . . . . . .

βn−1 1 0
βn 1




α1 c1

0 α2 c2
. . . . . . . . .

0 αn−1 cn−1
0 αn

=

http://mathonline.wikidot.com/doolittle-s-method-for-lu-decompositions
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=


α1 c1

β2α1 β2c1 +α2 c2
. . . . . . . . .

0 βn−1cn−2 +αn−1 cn−1
βnαn−1 βncn−1 +αn

=


d1 c1
a1 d2 c2

. . . . . . . . .
an−2 dn−1 cn−1

an−1 dn


which is the Thomas algorithm:

α1 = d1, αi = di−βici−1, i = 2 : n,

βi = ai−1/αi−1, i = 2 : n.
(3.2)

Therefore solving the tridiagonal system Ax = b⇔ LUx = b by{
Ly = b
Ux = y

is equivalent to the forward solve:
1 0

β2 1 0
. . . . . . . . .

βn−1 1 0
βn 1




y1
y2
...
yn−1
yn

=


b1
b2
...
bn−1
bn

 ⇐⇒ y1 = f1, yi = bi−βiyi−1, i = 2 : n

and a backward solve:
α1 c1

0 α2 c2
. . . . . . . . .

0 αn−1 cn−1
0 αn




x1
x2
...
xn−1
xn

=


y1
y2
...
yn−1
yn

 ⇐⇒ xn =
yn

an
, xi =

yi− cixi+1

αi
, i = n−1 : 1.

Operation count:
‘×,\’ : 2(n−1) in (factorization), n−1 in (forward solve) and 1+2(n−1) in (backward
solve)
‘+,−’ : n−1 in (factorization), n−1 in (forward solve) and n−1 in (backward solve)
hence 8n−7 flops.

REMARK 3.2. The inverse matrix A−1 of a banded matrix generally is a full matrix!
Therefore one should never try to compute the inverse of a band matrix explicitly.

EXAMPLE 3.1. If A is tridiagonal and n = 104, A−1 has 108 non-zero elements, L and
U together have some 3×104.

EXAMPLE 3.2. Let

A =


1 −1
−1 2 −1

−1 2 −1
−1 2 −1

−1 2



https://en.wikipedia.org/wiki/Tridiagonal_matrix_algorithm
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which has 13 non-zero elements. Then

U = LT =


1 −1

1 −1
1 −1

1 −1
1


We note that A is both diagonally dominant and positive definite, with the inverse a full
matrix (25 nonzeros):

A = diag([1,2,2,2,2]) + diag(ones(4,1)*(-1),-1) + diag(ones(4,1)*(-1),1)
>> eig(A)
ans =

0.0810
0.6903
1.7154
2.8308
3.6825

>> inv(A)
ans =

5 4 3 2 1
4 4 3 2 1
3 3 3 2 1
2 2 2 2 1
1 1 1 1 1

3.1. Exercises.

Exercise 5. What is the appearance of a matrix A if its elements satisfy ai j = 0 when:

(a) j < i−2
(b) j > i+1

Solution:

Exercise 6. Consider a strictly diagonally dominant matrix A whose elements satisfy ai j =
0 when i> j+1. Does Gaussian elimination without pivoting preserve the strictly diagonal
dominance? Why or why not?
Solution:

A =



a11 a12 a13 a14 · · · a1,n−1 a1n
a21 a22 a23 a24 · · · a2,n−1 a2n

0 a32 a33 a34 · · · a3,n−1 a3n
0 0 a43 a44 · · · a4,n−1 a4n
...

...
...

...
...

. . .
...

0 0 0 0 · · · an−1,n−1 an−1,n
0 0 0 0 · · · an−1,n ann


.
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Exercise 7. Let A be a matrix of form
d1 c1
a1 d2 c2

. . .
. . .

. . .
an−2 dn−1 cn−1

an−1 dn


such that aici > 0 for 1≤ i≤ n−1.
Find the general form of the diagonal matrix D = diag(αi) with αi ̸= 0 such that D−1AD
is symmetric.
What is the general form of D−1AD?
Solution:

Computer problem 3. Write and test a special procedure to solve the tridiagonal
system in which ai = ci = 1 for all i.
Solution:

Computer problem 4. Use procedure Tri to solve the following system of 100 equations.
Compare the numerical solution to the obvious exact solution.

x1 + 0.5x2 = 1.5
...

. . .
0.5xi−1 + xi + 0.5xi+1 = 2

. . .
...

0.5x99 + x100 = 1.5

(2≤ i≤ 99)

Solution:
>> n = 100;
>> A = diag(ones(n,1)) + diag(ones(n-1,1)*(0.5),-1) + diag(ones(n-1,1)*(0.5),1)
>> b = 2*ones(n,1); b(1)=1.5; b(n)=1.5;
>> x = A\b;
>> rms(x-ones(n,1))
ans =

9.9920e-16
>> y = Tri(0.5*ones(n-1,1),ones(n,1),0.5*ones(n-1,1),b);
>> rms(y’-ones(n,1))
ans =

1.0137e-14

or
function [x] = Tri_Ex4()
n=5;
d = ones(n,1);
a = 0.5 * ones(n-1,1);
c = 0.5 * ones(n-1,1);
b=2*ones(n,1);b(1)=1.5;b(n)=1.5;
[x] = Tri(a,d,c,b)
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end
>> Tri_Ex4
>> x =

1 1 1 1 1

Computer problem 5. Solve the system

4x1 − x2 =−20
. . .

x j−1 − 4x j + x j+1 = 40 (2≤ j ≤ n−1)
. . .

− xn−1 + 4xn =−20

using procedure Tri with n = 100.
Solution:
function [x] = Tri_Ex5()
n=7;
d = -4*ones(n,1); d(1)=4;d(n)=4;
a = ones(n-1,1);a(n-1) = -1;
c = ones(n-1,1);c(1)=-1;
b=40*ones(n,1);b(1)=-20;b(n)=-20;
[x] = Tri(a,d,c,b);
>> Tri_Ex5
ans =

-9.2784 -17.1134 -19.1753 -19.5876 -19.1753 -17.1134 -9.2784

Computer problem 6. Let A be the 50×50 tridiagonal matrix

5 −1
−1 5 −1

−1 5 −1
. . .

. . .
. . .

−1 5 −1
−1 5


Consider the problem Ax = b for 50 different vectors b of the form

[1,2, ...,49,50]T [2,3, ...,50,1]T [3,4, ...,50,1,2]T · · ·
Write and test an efficient code for solving this problem.
(Hint: Rewrite procedure Tri.)
Solution:

Computer problem 18. An upper Hessenberg matrix is of the form
a11 a12 a13 · · · a1n
a21 a22 a23 · · · a2n

a32 a33 · · · a3n
. . .

. . .
...

an,n−1 ann




x1
x2
x3
...

xn

=


b1
b2
b3
...

bn

 .
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Write a procedure for solving such a system, and test it on a system having 10 or more
equations.
Solution: Hint: Change the Pseudocode 1.1 of the Naive Gaussian elimination to make
only one zero below the main diagonal, i.e., modify one line in the code:

PSEUDOCODE 3.1.
integer i, j, l; real array (ai j)1:n,1:n,(bi)1:n
for k = 1 to n−1 do

for i = k+1 to n do
for j = k to n do

ai j←− ai j− aik
akk

ak j

end for
bi←− bi−− aik

akk
bk

end for
end for

Note that MATLAB has a "hess(A)" function
>> H = hess(A)
Description:
H = hess(A) finds H, the Hessenberg form of matrix A.
>> hess(randn(4))
ans =

-0.1241 -0.8448 0.0794 -0.2374
-2.4926 0.4965 0.3280 1.0667

0 1.3877 -0.9144 -0.5067
0 0 1.7526 -1.2097

4. Matrix Factorization

4.1. LU factorization.

EXAMPLE 4.1. Let us consider the Hilbert matrix

hilb(3) = A(1) ≡

 1 1/2 1/3
1/2 1/3 1/4
1/3 1/4 1/5

 , i.e., hi j =
1

i+ j−1
, i, j = 1 : 3.

Note that the condition number for the Hilbert matrix in general grows with the dimension
n cond(hilb(n),inf)
3 5.24 E + 2
6 1.50 E + 7
9 4.93 E + 11

>> n=3;A = hilb(n);x=ones(n,1);b=A*x; xNS=NaiveSolve(A,b);
>> norm(x-xNS,inf)

ans =
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2.6645e-14
>> n=6;A = hilb(n);x=ones(n,1);b=A*x; xNS=NaiveSolve(A,b);
>> norm(x-xNS,inf)

ans =

1.1494e-09

>> n=9;A = hilb(n);x=ones(n,1);b=A*x; xNS=NaiveSolve(A,b);
>> norm(x-xNS,inf)

ans =

5.3756e-05
>> norm(x-A\b,inf)

ans =

1.9578e-05
Using Naive Gaussian Elimination we get

multipliers : mi1 =

 ⊙
1/2
1/3

 , i = 2 : 3

 1 1/2 1/3
0 1/12 1/12
0 1/12 4/45

≡ A(2), multipliers : m j2 =

 ⊙⊙
1

 , j = 3 : 3

 1 1/2 1/3
0 1/12 1/12
0 0 1/180

≡ A(3) ≡U.

Arranging the multipliers as columns vectors we obtain the lower triangular matrix, with
unit diagonal entries, denoted L:

L =

 1 0 0
1/2 1 0
1/3 1 1


and the A(3) matrix obtained above is the upper triangular matrix U:

U =

 1 1/2 1/3
0 1/12 1/12
0 0 1/180

 ,
such that

A = LU.

>> A=NaiveGauss(hilb(3))
>> A =
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1.0000 0.5000 0.3333
0.5000 0.0833 0.0833
0.3333 1.0000 0.0056

>> [A,l]=Gauss(hilb(3))

A =

1.0000 0.5000 0.3333
0.5000 1.0000 -0.0056
0.3333 0.0833 0.0889

l =

1 3 2

>> help lu
LU LU factorization.

[L,U] = LU(A) returns an upper triangular matrix in U and a permuted
lower triangular matrix in L, such that A = L*U. The input matrix A can
be full or sparse.

[L,U,P] = LU(A) returns unit lower triangular matrix L, upper
triangular matrix U, and permutation matrix P such that P*A = L*U.

>> [L,U,P]=lu(hilb(3))
L =

1.0000 0 0
0.3333 1.0000 0
0.5000 1.0000 1.0000

U =
1.0000 0.5000 0.3333

0 0.0833 0.0889
0 0 -0.0056

P =
1 0 0
0 0 1
0 1 0

>> P*hilb(3)- L*U

ans =

0 0 0
0 0 0
0 0 0
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We also remark that denoting

M1 :=

 1 0 0
−1/2 1 0
−1/3 0 1

 , M2 :=

 1 0 0
0 1 0
0 −1 1

 ,
we have that

M1A(1) = A(2), M2A(2) =U,

and therefore

M2 M1A(1)︸ ︷︷ ︸
A(2)

=U ⇔ A≡ A(1) ≡ (M2M1)
−1U = M−1

1 M−1
2︸ ︷︷ ︸

L

U, i.e., LU = A,

since M1,M2 being lower triangular, their product and its inverse are also lower triangular
matrices.

THEOREM 4.1. (Theorem 3.4 in [15, page 76]) Let A∈Rn×n. The LU factorization of
A with ℓii = 1 for i = 1, · · · ,n exists and is unique if and only if the principal submatrices
Ai of A of order i = 1, · · · ,n−1 are nonsingular.

Recall the Example 1.1:

A(1) =

 1 2 3
2 4 5
7 8 9

 , det
[

1 2
2 4

]
= 0, A(2) =

 1 2 3
0 0 −1
0 −6 −12

 .
“For certain classes of matrices it is not necessary to pivot. It is important to identify such
classes because pivoting usually degrades performance. To illustrate the kind of analysis
required to prove that pivoting can be safely avoided, we consider the case of diagonally
dominant matrices."

THEOREM 4.2. (Theorem 3.4.3 in [7, page 120]) If AT is strictly diagonally dominant,
then A has an LU factorization and ℓi j < 1.

Compact forms of factorization

Component-wise A = LU writes

a11 a12 · · · · · · a1 j · · · a1n
a21 a22 · · · · · · a2 j · · · a2n

...
...

ai1 ai2 · · · · · · ai j · · · ain
...

...
an1 an2 · · · · · · an j · · · ann


=



ℓ11 0 · · · 0 · · · 0
ℓ21 ℓ22 · · · 0 · · · 0

...
. . .

...
ℓi1 ℓi2 · · · ℓii · · · 0

...
. . .

...
ℓn1 ℓn2 · · · ℓn j · · · ℓnn





u11 u12 · · · u1 j · · · u1n
0 u22 · · · u2 j · · · u2n
...

...
0 0 · · · ui j · · · uin
...

...
0 0 · · · 0 · · · ann


where the generic term ai j is computed as

ai j = ℓi1u1 j +ℓi2u2 j + · · ·+ℓirur j =
r

∑
k=1

ℓikuk j, with r = min{ j, i}, ∀i, j = 1 : n.

(compact factorization)

To determine the decomposition A = LU we need to find the coefficients of L,U , namely

2(1+2+ · · ·+n) = n2 +n
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unknowns, with only n2 compact factorization equations.
To fully determine the LU factorization (n2 equations and n2 unknowns), there are several
choices, e.g.:

ℓii = 1, ∀i = 1 : n, (Doolittle factorization)

uii = 1, ∀i = 1 : n. (Crôut factorization)

4.2. LDLT factorization.
Other types of factorization: for A ∈ Rn×n and symmetric

A=LDMT where D= diagonal matrix, L= unit triangular matrix, MT = upper triangular.

>> help ldl
LDL Block LDL’ factorization for Hermitian indefinite matrices.

Assuming that A is a Hermitian matrix (that is, A == A’),

[L,D,P] = LDL(A) returns unit lower triangular matrix L, block diagonal D,
and permutation matrix P so that P’*A*P = L*D*L’. This is equivalent
to [L,D,P] = LDL(A,’matrix’).

THEOREM 4.3. If all principal minors of A ∈ Rn×n are nonzero, then there exists
a unique diagonal matrix D, a unique lower triangular matrix L, and a unique upper
triangular matrix MT such that A = LDMT .

PROOF. (A = LDD−1U , and set D−1U = MT .)
From Theorem 4.1 we have that there exists a unique LU decomposition, with ℓii = 1.
Then we set D = diag(uii), which are non-zero, since U is nonsingular. This implies that
A = LU = LD(D−1U︸ ︷︷ ︸

:=MT

), with MT = D−1U a unit upper triangular matrix. □

COROLLARY 4.1. If A is symmetric, then M = L and therefore A = LDLT . The com-
putational cost for the LDLT factorization is O( n3

3 ).

EXAMPLE 4.2. Consider the 3×3 Hilbert matrix

hilb(3) =

 1 1/2 1/3
1/2 1/3 1/4
1/3 1/4 1/5

 .
>> [L,D,P]=ldl(hilb(3)) % P’ * A * P = L * D * L’

L =

1.0000 0 0
0.5000 1.0000 0
0.3333 1.0000 1.0000
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D =

1.0000 0 0
0 0.0833 0
0 0 0.0056

P =

1 0 0
0 1 0
0 0 1

>> [L,D,P]=ldl(hilb(6));norm(P’*hilb(6)*P-L*D*L’,inf)

ans =

4.1633e-17
>> [L,D,P]=ldl(hilb(9));norm(P’*hilb(9)*P-L*D*L’,inf)

ans =

6.2450e-17

4.3. Cholesky factorization.
Other types of factorization: for A ∈ Rn×n SPD: symmetric and positive definite

If A is symmetric and positive definite, then the diagonal matrix D in Corollary 4.1 has
positive entries. Moreover, the following result holds.

THEOREM 4.4 (Cholesky factorization). Let A ∈ Rn×n be an SPD matrix. Then there
exists an upper triangular matrix, with positive diagonal entries H such that

A = HT H, (Cholesky factorization)

i.e., HT := {hi j}i, j=1:n is a lower triangular matrix

HT :=


h11 0 0
h12 h22 0

...
...

. . .
hn1 hn2 hn3 hnn

 ,
where {hi j}i, j=1:n are computed as

h11 =
√

a11,

i = 2 : n


hi j =

(
ai j−∑

j−1
k=1 hikh jk

)
/h j j, j = 1, . . . , i−1,

hii =
(

aii−
i−1

∑
k=1

h2
ik

) 1
2
.

(Cholesky)

https://en.wikipedia.org/wiki/André-Louis_Cholesky
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The computational cost for the Cholesky factorization is O( n3

3 ).

EXAMPLE 4.3. Find the (Cholesky) factorization of the 3×3 Hilbert matrix

hilb(3) =

 1 1/2 1/3
1/2 1/3 1/4
1/3 1/4 1/5

 .
Using the Cholesky formulae we have

h11 =
√

a11 = 1, (i = 1)

h21 =
(

a21−
0

∑
k=1

h2kh1k

)
/h11 ≡ a21/h11 = (1/2)/1 = 1/2 (i = 2, j = 1)

h22 =
(

a22−
1

∑
k=1

h2
2k

)1/2
=
(

1/3−1/4
)1/2
≡ 1/
√

12 (i = 2, j = 2)

h31 =
(

a31−
0

∑
k=1

h3kh1k

)
/h11 = (1/3)/1≡ 1/3 (i = 3, j = 1)

h32 =
(

a32−
1

∑
k=1

h3kh2k

)
/h22 =

(
1/4−h31h21

)
/h22 =

(
1/4−1/6

)
/(1/
√

12)≡ 1/
√

12

(i = 3, j = 2)

h33 =
(

a33−
2

∑
k=1

h2
3k

)1/2
=
(

1/5−1/9−1/16
)1/2

= 1/
√

180 (i = 3, j = 3)

i.e.,

HT =

 1 0 0
1/2 1/

√
12 0

1/3 1/
√

12 1/
√

180

 .
Check your hand-computed solution against Matlab’s solution:
>> help chol
chol Cholesky factorization.

R = chol(A) calculates the Cholesky factor of full or sparse A using
the diagonal and upper triangle of A, such that A = R’*R. A must be
positive definite, and the lower triangle is assumed to be the (complex
conjugate) transpose of the upper triangle.

>> R = chol(hilb(3)); R’
ans =

1.0000 0 0
0.5000 0.2887 0
0.3333 0.2887 0.0745

>> n=3;R=chol(hilb(n));norm(hilb(n)-R’*R,inf)

ans =

0
>> n=14;R=chol(hilb(n));norm(hilb(n)-R’*R,inf)

https://en.wikipedia.org/wiki/Cholesky_decomposition
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ans =

8.3267e-17

>> n=15;R=chol(hilb(n));norm(hilb(n)-R’*R,inf)

Error using chol
Matrix must be positive definite.

>> cond(hilb(15))

ans =

2.4960e+17

4.4. Exercises.
Exercise 1. Using naive Gaussian elimination, factor the following matrices in the form
A = LU, where L is a unit lower triangular matrix and U is an upper triangular matrix.

(a) A =

 3 0 3
0 −1 3
1 3 0



(b) A =


1 0 1

3 0
0 1 3 1
3 −3 0 6
0 2 4 −6



(c) A =


−20 −15 −10 −5

1 0 0 0
0 1 0 0
0 0 1 0


Solution:
(a)

A(1) =

 3 0 3
0 −1 3
1 3 0

 ,
 ⊙

0
1/3

 , A(2) =

 3 0 3
0 −1 3
0 3 −1

 ,
 ⊙⊙
−3

 , A(3) =

 3 0 3
0 −1 3
0 0 8

 ,
L =

 1 0 0
0 1 0

1/3 −3 1

 , U = A(3).

>> A = [3 0 3; 0 -1 3; 1 3 0];
>> NaiveGauss(A)
ans =

3.0000 0 3.0000
0 -1.0000 3.0000

0.3333 -3.0000 8.0000

>> [B,l]=Gauss(A)

B =
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3.0000 0 3.0000
0 -0.3333 2.6667

0.3333 3.0000 -1.0000

l =

1 3 2

i.e.,

L̃ =

 1 0 0
1/3 1 0

0 −1/3 1

 , Ũ =

 3 0 3
0 3 −1
0 0 8/6

 ,
which means

P∗A = L̃∗Ũ .

>> [L,U,P]=lu(A)

L =

1.0000 0 0
0.3333 1.0000 0

0 -0.3333 1.0000

U =

3.0000 0 3.0000
0 3.0000 -1.0000
0 0 2.6667

P =

1 0 0
0 0 1
0 1 0

(b)

A(1) =


1 0 1

3 0
0 1 3 1
3 −3 0 6
0 2 4 −6



⊙
0
3
0

 , A(2) =


1 0 1

3 0
0 1 3 1
0 −3 −1 6
0 2 4 −6



⊙
⊙
−3

2

 ,
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A(3) =


1 0 1

3 0
0 1 3 1
0 0 8 9
0 0 −2 −8



⊙
⊙
⊙
−1/4

 , A(4) =


1 0 1

3 0
0 1 3 1
0 0 8 9
0 0 0 −23/4

 ,

L =


1 0 0 0
0 1 0 0
3 −3 1 0
0 2 −1/4 1

 , U = A(4).

>> A = [1 0 1/3 0; 0 1 3 1 ; 3 -3 0 6; 0 2 4 -6];
>> NaiveGauss(A)
ans =

1.0000 0 0.3333 0
0 1.0000 3.0000 1.0000

3.0000 -3.0000 8.0000 9.0000
0 2.0000 -0.2500 -5.7500

(c) A =


−20 −15 −10 −5

1 0 0 0
0 1 0 0
0 0 1 0


>> A = [1 0 0 2 ; 0 3 0 0 ; 0 9 4 0; 5 0 8 10];
>> NaiveGauss(A)
ans =

1 0 0 2
0 3 0 0
0 3 4 0
5 0 2 0

Exercise 2. Consider the matrix

A =


1 0 0 2
0 3 0 0
0 9 4 0
5 0 8 10


(a) Determine a unit lower triangular matrix M and an upper triangular matrix U such

that MA =U.
(b) Determine a unit lower triangular matrix L and an upper triangular matrix U such

that A = LU. Show that ML = I so that L = M−1.

Solution: The lower triangular matrix L such that

A = LU, L−1A =U,

containing the multipliers from the naive Gaussian elimination procedure is

L =


1 0 0 0
0 1 0 0
0 3 1 0
5 0 2 1

 ,
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hence

M = L−1 =


1 0 0 0
0 1 0 0
0 −3 1 0
−5 0 −2 1

 .

Exercise 3. Consider the matrix

A =


25 0 0 0 1
0 27 4 3 2
0 54 58 0 0
0 108 116 0 0

100 0 0 0 24


(a) Determine a unit lower triangular matrix M and an upper triangular matrix U such

that MA =U.
(b) Determine M−1 = L such that A = LU.
Solution:

Exercise 4. Consider the matrix

A =

 2 2 1
1 1 1
3 2 1


(a) Show that A cannot be factored into the product of a unit lower triangular matrix and

an upper triangular matrix.
(b) Interchange the rows of A so that this can be done.
Solution:

Exercise 9. Consider

A =

 2 −1 2
2 −3 3
6 −1 8


(a) Find the matrix factorization A = LDU ′, where L is unit lower triangular, D is diago-

nal, and U ′ is unit upper triangular.
(b) Use this decomposition of A to solve Ax = b, where b = [−2,−5,0]T .
Solution:

Exercise 10. Consider

A =

 −2 1 −2
−4 3 −3

2 2 4

 , b =

 1
4
4

 ,
(a) Find the matrix factorization A = LDMT , where L is unit lower triangular, D is diag-

onal, and MT is unit upper triangular.
(b) Use this decomposition of A to solve Ax = b.
Solution:



4. MATRIX FACTORIZATION 73

(a)

[A(1)|b(1)] =

 −2 1 −2 | 1
−4 3 −3 | 4

2 2 4 | 4

 ,
 ⊙

2
−1

 , [A(2)|b(2)] =

 −2 1 −2 | 1
0 1 1 | 2
0 3 2 | 5

 ,
 ⊙⊙

3

 ,
[A(3)|b(3)] =

 −2 1 −2 | 1
0 1 1 | 2
0 0 −1 | −1

 , x3 = 1, x2 = 1, x1 =−1,

L =

 1 0 0
2 1 0
−1 3 1

 , D = diag(A(3)) =

 −2 0 0
0 1 0
0 0 −1

 , MT = D−1 ∗A(3)

 1 −1/2 1
0 1 1
0 0 1

 .
>> A = [-2 1 -2 ; -4 3 -3; 2 2 4]; b=[1;4;4];
>> NaiveGauss(A)
ans =

-2 1 -2
2 1 1

-1 3 -1

which gives

L =

 1 0 0
2 1 0
−1 3 1

 , D =

 −2 0 0
0 1 0
0 0 −1

 , MT = D−1 ∗

 −2 1 −2
0 1 1
0 0 −1

≡
 1 −1/2 1

0 1 1
0 0 1

 .
(b) >> x = NaiveSolve(A,b)

x=
-1 1 1

>> y = A\b
y =

-1.0000
1.0000
1.0000

Exercise 14. Consider the matrix A =Tridiagonal(ai,i−1,aii,ai,i+1), where ai,i ̸= 0.

(a) Establish the algorithm for the determining the elements of a lower bidiagonal matrix
L = (ℓi j) and a unit upper bidiagonal matrix U = (ui j) such that A = LU.

function [L,U] = Exercise8_1_14a(A)
[m,n] = size(A);
if abs(m-n)>0

error(’The Matrix A is not square’);
end
U=eye(n);
L(1,1) = A(1,1);
for i=2:n

L(i,i-1)=A(i,i-1);
U(i-1,i)=A(i-1,i)/L(i-1,i-1);
L(i,i) = A(i,i) - L(i,i-1)*U(i-1,i);

end
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(b) Establish the algorithm for the determining the elements of a unit lower bidiagonal
matrix LL = (ℓi j) and an upper bidiagonal matrix UU = (ui j) such that A = LL∗UU.

function [L,U] = Exercise8_1_14b(A)
[m,n] = size(A);
if abs(m-n)>0

error(’The Matrix A is not square’);
end
L=eye(n);
U(1,1) = A(1,1);
for i=2:n

U(i-1,i) = A(i-1,i);
L(i,i-1) = A(i,i-1)/U(i-1,i-1);
U(i,i) = A(i,i) - L(i,i-1)*U(i-1,i);

end

Solution:

(a) >> A = [11 12 0 0; 21 22 23 0; 0 32 33 34; 0 0 43 44];
>> [L,U] = Exercise8_1_1ab(A)
>> L
L =

11.0000 0 0 0
21.0000 -0.9091 0 0

0 32.0000 842.6000 0
0 0 43.0000 42.2649

>> U
U =

1.0000 1.0909 0 0
0 1.0000 -25.3000 0
0 0 1.0000 0.0404
0 0 0 1.0000

(b) >> A = [11 12 0 0; 21 22 23 0; 0 32 33 34; 0 0 43 44];
>> [L,U] = Exercise8_1_14b(A)
>> L
L =

1.0000 0 0 0
1.9091 1.0000 0 0

0 -35.2000 1.0000 0
0 0 0.0510 1.0000

>> U
U =

11.0000 12.0000 0 0
0 -0.9091 23.0000 0
0 0 842.6000 34.0000
0 0 0 42.2649
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Exercise 18. Find the LU factorization of this matrix:

A =

 2 2 1
4 7 2
2 11 5

 .
Solution:

>> A=[2 2 1; 4 7 2 ; 2 11 5];
>> [L,U,P] = lu(A) % L*U = P*A
L =

1.0000 0 0
0.5000 1.0000 0
0.5000 -0.2000 1.0000

U =
4.0000 7.0000 2.0000

0 7.5000 4.0000
0 0 0.8000

P =
0 1 0
0 0 1
1 0 0

>> [LL,UU]=lu(A) % LL*UU = A
LL =

0.5000 -0.2000 1.0000
1.0000 0 0
0.5000 1.0000 0

UU =
4.0000 7.0000 2.0000

0 7.5000 4.0000
0 0 0.8000

>> NaiveGauss(A)
ans =

2 2 1
2 3 0
1 3 4

>> [B,l]=Gauss(A)
B =

2.0000 2.0000 1.0000
2.0000 0.3333 -1.3333
1.0000 9.0000 4.0000

l =
1 3 2

The Naive Gaussian Elimination gives:

A(1) =

 2 2 1
4 7 2
2 11 5

 ,
 ⊙2

1

 =⇒ A(2) =

 2 2 1
0 3 0
0 9 4

 ,
 ⊙⊙

3

 =⇒ A(3) =

 2 2 1
0 3 0
0 0 4

 ,
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L =

 1 0 0
2 1 0
1 3 1

 , U = A(3) =

 2 2 1
0 3 0
0 0 4

 .
Exercise 19.

(a) Prove that the product of two lower triangular matrices is lower triangular.
(b) Prove that the product of two unit lower triangular matrices is unit lower triangular.
(c) Prove that the inverse of a unit lower triangular matrix is unit lower triangular.
(d) By using the transpose operation, prove that all of the preceding results are true for

upper triangular matrices.

Solution:

Exercise 21. Determine the LDLT factorization for the following matrix:

A =


1 2 −1 1
2 3 −4 3
−1 −4 −1 3

1 3 3 0

 .
Solution:

>> A=[1 2 -1 1;2 3 -4 3; -1 -4 -1 3; 1 3 3 0];
>> [L,D,p] = ldl(A,’vector’) % P’ * A * P = L* D * L’
L =

1.0000 0 0 0
-1.3333 1.0000 0 0
1.0000 -1.1053 1.0000 0
0.6667 -0.2632 0.1778 1.0000

D =
3.0000 0 0 0

0 -6.3333 0 0
0 0 4.7368 0
0 0 0 -0.0444

p =
2 3 4 1

>> eig(A)
ans =

-6.2525
-0.0372
2.5525
6.7372

The Naive Gaussian Elimination gives:

A(1) =


1 2 −1 1
2 3 −4 3
−1 −4 −1 3

1 3 3 0

 ,

⊙
2
−1

1

 =⇒ A(2) =


1 2 −1 1
0 −1 −2 1
0 −2 −2 4
0 1 4 −1



⊙
⊙
2
−1


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=⇒ A(2) =


1 2 −1 1
0 −1 −2 1
0 0 2 2
0 0 2 0



⊙
⊙
⊙
1

 =⇒ A(3) =


1 2 −1 1
0 −1 −2 1
0 0 2 2
0 0 0 −2

 ,

L =


1 0 0 0
2 1 0 0
−1 2 1 0

1 −1 1 1

 , D =


1 0 0 0
0 −1 0 0
0 0 2 0
0 0 0 −2

 .
Exercise 22∗. Find the (Cholesky) factorization of the 3×3 Hilbert matrix

Solution: See Example 4.3.

Exercise 22. Find the (Cholesky) factorization of

A =

 4 6 10
6 25 19

10 19 62

 .
Solution: Check your hand-computed solution against Matlab’s solution:
>> R= chol(A)
R =

2 3 5
0 4 1
0 0 6

>> R’*R
ans =

4 6 10
6 25 19

10 19 62

Exercise 24. Determine the LDLT factorization of the matrix

A =


3 35 −20 65

35 244 −143 461
−20 −143 73 −232

65 461 −232 856

 .
Can you find the Cholesky factorization?
Solution:
>> A=[3 35 -20 65; 35 244 -143 461; -20 -143 73 -232; 65 461 -232 856];
>> [L,D,p] = ldl(A).
% returns unit lower triangular matrix L, block diagonal D,
% and permutation matrix P so that P’*A*P = L*D*L’
L =

1.0000 0 0 0
0.5386 1.0000 0 0

-0.2710 0 1.0000 0
0.0759 0.1167 -0.0273 1.0000

D =
856.0000 0 0 0
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0 -4.2722 -18.0561 0
0 -18.0561 10.1215 0
0 0 0 -2.0001

p =
0 0 0 1
0 1 0 0
0 0 1 0
1 0 0 0

>> eig(A)
ans =

1.0e+03 *
-0.0154
-0.0020
0.0177
1.1757

>> R = chol(A,’lower’)
Error using chol
Matrix must be positive definite.

The Naive Gaussian Elimination gives

A(1) =


3 35 −20 65

35 244 −143 461
−20 −143 73 −232

65 461 −232 856

 ,


⊙
35/3
−20/3

65/3



=⇒ A(2) =


3 35 −20 65
0 −493/3 271/3 −892/3
0 271/3 −181/3 604/3
0 −892/3 604/3 −1657/3

 ,


⊙
⊙

−271/493
892/493



=⇒ A(3) =


3 35 −20 65
0 −493/3 271/3 −892/3
0 0 −5264/493 18680/493
0 0 18680/493 −7079/493

 ,


⊙
⊙
⊙

−18680/5264



=⇒ A(4) =


3 35 −20 65
0 −493/3 271/3 −892/3
0 0 −5264/493 77242/493
0 0 0 632208/5264

 ,

L =


1 0 0 0

35/3 1 0 0
−20/3 −271/493 1 0

65/3 892/493 −18680/5264 1

 ,

D =


3 0 0 0
0 −493/3 0 0
0 0 −5264/493 0
0 0 0 632208/5264

 .
>> L =[1 0 0 0; 35/3 1 0 0 ; -20/3 -271/493 1 0 ; 65/3 892/493 -18680/5264 1];
>> D = [3 0 0 0 ; 0 -493/3 0 0 ; 0 0 -5264/493 0; 0 0 0 632208/5264];
>> L*D*L’
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ans =
3.0000 35.0000 -20.0000 65.0000

35.0000 244.0000 -143.0000 461.0000
-20.0000 -143.0000 73.0000 -232.0000
65.0000 461.0000 -232.0000 856.0000

>> NaiveGauss(A)
ans =

3.0000 35.0000 -20.0000 65.0000
11.6667 -164.3333 90.3333 -297.3333
-6.6667 -0.5497 -10.6775 37.8905
21.6667 1.8093 -3.5486 120.1003

Computer problem 4. Write and test a procedure for determining A−1 for a given square
matrix A of order n. Your procedure should use procedures Gauss and Solve.
Solution:





CHAPTER 3

ITERATIVE METHODS FOR SOLVING LINEAR SYSTEMS

1. Iterative methods: consistency and convergence

Idea: in order to solve Ax = b, construct a sequence of vectors {x(κ)}κ≥0, starting
from a given (“initial guess") x(0) such that

lim
k→∞

x(κ) = x≡ ‘A\b’,

where the convergence is meant in a ‘vector norm’ sense, i.e.,

lim
k→∞
∥x(κ)−x∥= 0.

REMARK 1.1. At each iteration κ , the vector x(κ) allows to compute a residual

r(κ) = b−Ax(κ),

which costs (in the case of a full matrix A) order of O(2n2), more exactly ν(n) = 2n2

operations.

Recall: the cost of solving Ax = b with direct methods is O( 2
3 n3) operations.

Conclusion: iterative methods are competitive in comparison with direct methods pro-
vided the number of iterates κ required for convergence (within a prescribed toelrance)

∥x−x(κ)∥< tol

is independent of n, or it scales sublinearly with n.

REMARK 1.2. The residual r(κ) is known (computable) at each iteration, while the
error eκ = x−x(κ) has to be “guesstimated"!

REMARK 1.3. • Direct methods are good for dense systems, of small or
modest size, such that the entire matrix could be stored (GEM).
• Iterative methods are good for large sparse, and large dense systems.

>> help spy
spy Visualize sparsity pattern.

spy(S) plots the sparsity pattern of the matrix S.
>> n=101;A=hilb(n);[L,U,P]=lu(A);spy (L)
>> spy(P)

81
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FIGURE 1. Matlab’s ‘sparse’ function for L and P: spy(L) and spy(P),
respectively.

EXAMPLE 1.1. The discretization of boundary value problems (BVP) for partial dif-
ferential equations (PDEs) yields large sparse systems, with patterns for sparsity, see e.g.
the Poisson equation (3.1) and its approximation.

REMARK 1.4. Let’s compare the operation costs necessary for a direct method to
obtain the solution x = A−1b, versus an iterative method, to obtain an (approximation)
iteration x(κ) within a given tolerance ε > ∥x−x(κ)∥.
The respective costs are 2

3 n3 versus κ×2n2.
For example, if at each iteration it holds

∥x−x(κ)∥ ≤C∥x−x(k−1)∥ ≤ ·· · ≤Cκ∥x−x(0)∥,
where C < 1, then in order to have

∥x−x(κ)∥ ≤Cκ∥x−x(0)∥ ≤ ε∥x−x(0)∥,
it suffices to have Cκ ≤ ε , or κ logC︸︷︷︸

≤0

≤ logε , i.e.,

κ ≥ logε

logC
.

Finally, for an iterative method to be more efficient than the direct method it would mean

κ ·2n2 <
2n3

3
=⇒ n≥ 3κ ≥ logε

logC
,

which would hold for large enough systems.
log(1.e−3)

log(.5)
≈ 9.97,

log(1.e−7)
log(.5)

≈ 23.25,
log(1.e−15)

log(.5)
≈ 49.83.

1.1. Convergence of iterative methods.
Idea: construct {x(κ)} such that x(κ) ∥·∥−→

κ↗∞

x= A−1b.

Recall that x is not available!
An ideal stopping criterion for the iterative method should be

∥x−x(κ)∥ ≤ ε := tolerance. (ideal stopping criterion)
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Goal: given an iterative method of type

x(κ+1) = Mx(κ)+ f ,

find a stopping criterion (independent of the solution x).
Note that above we assumed that

x= Mx+ f , i.e., f = (I−M)x= (I−M)A−1b

hence

(I−M)A−1b = f .

Subtracting x(κ+1) = Mx(κ)+ f from x= Mx+ f gives

x−x(κ+1) = M(x−x(κ)),

hence the errors in the κ iterations, i.e., x−x(κ), satisfy (in a vector norm) the following
‘recurrent’ inequality

∥x−x(κ+1)∥= ∥M(x−x(κ))∥ ≤ ∥M∥∥(x−x(κ))∥ (1.1)

≤ ∥M∥2∥(x−x(κ−1))∥ ≤ ∥M∥3∥(x−x(κ−2))∥ ≤ ·· · ≤ ∥M∥k+1∥(x−x(0))∥.

This suggests that, in order to have a convergence iterative method, we would need

∥M∥< 1.

On the other hand, subtracting x(κ) = Mx(κ−1)+ f from x(κ+1) = Mx(κ)+ f yields

x(κ+1)−x(κ) = M(x(κ)−x(κ−1)),

and therefore

∥x(κ+1)−x(κ)∥
∥x(κ)−x(κ−1)∥

≤ ∥M∥.

Using the inverse triangle inequality and (1.1) we have

∥x(κ+1)−x(κ)∥ ≥ ∥x(κ)−x∥−∥x(κ+1)−x∥ ≥ 1
∥M∥
∥x(κ+1)−x∥−∥x(κ+1)−x∥

(useful estimate)

=
1−∥M∥
∥M∥

∥x(κ+1)−x∥.

Finally, putting together (ideal stopping criterion) and (useful estimate) we obtain our (use-
ful) stopping criterion

∥x(κ+1)−x∥ ≤ ∥M∥
1−∥M∥

∥x(κ+1)−x(κ)∥ ≤ ε, (stopping criterion)

in the sense that the term in the red color are known (computed) quantities.

DEFINITION 1.1. We consider (stationary) iterative methods of the form:

given x(0), construct {x(κ)}κ≥0 by:

x(κ+1) = Bx(κ)+ f , (stationary iterative method)

where B ∈Mn×n is the iteration matrix, and f is a vector obtained from the RHS b = Ax.



84 CHAPTER 3. ITERATIVE METHODS FOR SOLVING LINEAR SYSTEMS

DEFINITION 1.2. An iterative method x(κ+1) =Bx(κ)+ f is consistent with the equa-
tion Ax= b if f and the iteration matrix B satisfy

x= Bx+ f , (consistent iterative method)

equivalently
f = (I−B)x= (I−B)A−1b.

DEFINITION 1.3. The error in the iteration κ:

e(κ) = x−x(κ).

REMARK 1.5. The convergence condition

x= lim
κ→∞

x(κ)

writes the
0 = x−x= x− lim

κ→∞
x(κ) = lim

κ→∞
(x−x(κ)) = lim

κ→∞
e(κ),

for any choice of initial datum (initial guess) x(0).

REMARK 1.6. Consistency alone does not suffice to ensure convergence of the itera-
tive method xκ+1 = Bx(κ)+ f .

EXAMPLE 1.2. To solve 2Ix= b, consider the iterative method x(κ+1) =−x(κ)+b.
Hence in this case

A = 2I, x=
1
2
b,

B =−I, f = b

the method is obviously consistent:

x= Bx+ f ,

since
1
2
b=−I

1
2
b+b.

Nonetheless, the method is not convergent for all choices of the initial guess:

If x(0) = 0, then x(2κ) = 0,x(2κ+1) = b, κ = 0,1, · · ·

If x(0) =
1
2
b, the method is convergent x(κ) =

1
2
b, ∀κ.

Recall the rootfinding problem for the nonlinear functions

F(y) = 0,

was analyzed by looking at the fixed-point iteration problem, where

Φ(y) = y. (in our case Φ(y) = By+ f )

The fix-point problem was solved by an iterative method:

x(κ+1) = Φx(κ),

and this was convergent
if and only if
⇐========⇒ |Φ′(y)|< 1. If we consider Φ(y) = By+ f , then

∇Φ(y) = B



1. ITERATIVE METHODS: CONSISTENCY AND CONVERGENCE 85

hence convergence would be guaranteed provided ∥B∥ < 1, which is a consequence of a
stronger result, which we should see now, namely convergence is equivalent to the condi-
tion that the spectral radius is less than one: |eig(B)|< 1.

THEOREM 1.1. (5.6.1 in [4, pp. 191]) A necessary and sufficient condition for a
stationary iterative method x(κ+1) = Bx(κ)+ f to converge for an arbitrary initial approx-
imation x(0) is that

ρ(B) = max
1≤i≤n

|λi(B)|< 1,

where ρ(B) is called the spectral radius of B.

PROOF. Assume that B has eigenvalues λ1,λ2, · · ·λn, and assume that the correspond-
ing eigenvectors u1,u2, · · · ,un are linearly independent. Then we can expand the initial
error

e(0) = x−x(0) = α1u1 + · · ·+αnun,

and therefore

e(κ) = x−x(κ) = α1λ
κ
1 u1 + · · ·+αnλ

κ
n un, (1.2)

from which it follows that the iterations converge from an arbitrary starting approxima-
tion if and only if we have |λi| < 1,∀i = 1, · · · ,n. The conclusion holds also without the
assumption on the eigenvectors, see e.g., [18]. □

REMARK 1.7. Let us assume that we want to reduce the amplitude of the error com-
ponent αiui of the initial error e(0) by a factor of 10−m in κ iterations. From (1.2) we
immediately see that κ should satisfy

|λ j|κ ≤ 10−m ⇔ κ log |λ j|︸ ︷︷ ︸
<0

≤−m log10 ⇔ κ ≥−m
log10
log |λ j|

.

REMARK 1.8. Since ρ(A)≤ ∥A∥ for all consistent norms (see Theorem 2.3), we have
that a sufficient condition for convergence of a stationary iterative method is ∥B∥< 1.

REMARK 1.9. Recall the stopping criterion stopping criterion

∥x−x(κ)∥ ≤ ∥B∥
1−∥B∥

∥x(κ)−x(κ−1)∥ ≤ tolerance.

We note that if ∥B∥< 0.5, then the iterations can be stopped when

∥x(κ)−x(κ−1)∥ ≤ tolerance. (useful stopping criterion)

General idea: the most straightforward approach to an iterative solution of a linear
system

Ax= b

is to write it as a linear fix-point iterations. One way would be

x= (I−A)x+b.

This leads to the following
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DEFINITION 1.4.

x(κ+1) = (I−A)︸ ︷︷ ︸
=B

x(κ)+b. (Richardson iteration)

1.2. Linear Iterative Methods.
Idea: Technique for consistent linear iterative methods based on additive splitting:

A = P−N,

where P= (preconditioner) nonsingular and easily invertible matrix (easy to solve Py=ϕ),
for example P being diagonal or triangular matrix.
Recall: Ax= b ⇔ Px= Nx+b

DEFINITION 1.5 (Linear iterative method). : Given x(0), compute x(κ), ∀κ ≥ 1 by

Px(κ+1) = Nx(κ)+b ⇔ x(κ+1) = P−1Nx(κ)+P−1b, ∀κ ≥ 0,
(linear iterative method)

i.e, the iteration matrix B := P−1N, while f := P−1b.

REMARK 1.10. Alternatively, using the definition of the residual at the iteration κ

r(κ) = b−Ax(κ) = b− (P−N)x(κ),

we have that

P−1r(κ) = P−1b− (I−P−1N)x(κ) = P−1b−x(κ)+P−1Nx(κ),

P−1b = P−1r(κ)+x(κ)−P−1Nx(κ).

In turn, this allows to express the linear iterative method

x(κ+1) = P−1Nx(κ)+P−1b =�����
P−1Nx(κ)+P−1r(κ)+x(κ)−�����

P−1Nx(κ)

and therefore one can use{
x(κ+1) = x(κ)+P−1r(κ),

r(κ) = b−Ax(κ).
(iterative method)

as an alternative definition for the linear iterative method.

REMARK 1.11. (1) P has to be easily invertible, i.e., the equation Py = φ has
to be easy to solve (e.g., P could to be a diagonal or a triangular matrix.)

(2) If P ≈ A, i.e., N ≈ 0, then Px(κ+1) ≈ b is almost Ax(κ+1) ≈ b, the original
problem.

(3) If P≈ D, i.e., A≈ D−N, then Dx(κ+1) = Nx(κ)+ f , which is easy to invert.

THEOREM 1.2 (Householder lemma). (see [13]) Let A be an SPD matrix, A = P−N.
The error e(κ) = x−x(κ) in the linear iterative method satisfies the following identity

(e(κ))T Ae(κ)− (e(κ+1))T Ae(κ+1) =
1
2
(
x(κ+1)−x(κ)

)
(P+PT −A)

(
x(κ+1)−x(κ)

)
or equivalently

∥e(κ)∥2
A−∥e(κ+1)∥2

A =
1
2
∥x(κ+1)−x(κ)∥2

P+PT−A.

PROOF. Direct calculation. □
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COROLLARY 1.1. Let A be an SPD matrix, A = P−N. If P+PT −A is positive
definite, then the iterative method{

x(κ+1) = x(κ)+P−1r(κ),

r(κ) = b−Ax(κ).

is (monotonically) convergent for any choice of the initial guess x(0):

∥e(κ+1)∥A < ∥e(κ)∥A.

PROOF. This follows directly from Theorem 1.2. □

2. Classical Linear Iterative Methods

2.1. Jacobi, Gauss-Seidel and Relaxation Methods.

Let us decompose the matrix A as follows

A = D−E−F, (Dx= (E +F)x+b)

where

D = diag(A), E =

{
−ai j, i > j
0, i≤ j (lower△), F =

{
−ai j, i < j
0, i≥ j (upper△).

Key remark: if diag(A) has all nonzero entries, then

xi =
1
aii

(
b−

n

∑
j=1, j ̸=i

ai jx j

)
≡ 1

aii

(
b−

i−1

∑
j=1

ai jx j−
n−1

∑
j=i+1

ai jx j

)
≡

i−1

∑
j=1

(
−

ai j

aii

)
x j +

n−1

∑
j=i+1

(
−

ai j

aii

)
x j +

b
aii

,

x= D−1(E +F)x+D−1b

or written explicitly

a11x1 = □ − a12x2 − a13x3 − ·· · − a1,n−1xn−1 − a1,nxn + b1
a22x2 = − a2,1x1 □ − a23x3 − ·· · − a2,n−1xn−1 − a2,nxn + b2
...
an−1,n−1xn−1 = − an−1,1x1 − an−1,2x2 − an−1,3x3 − ·· · □ − an−1,nxn + bn−1
an,nxn = − an,1x1 − an,2x2 − an,3x3 − ·· · − an,n−1xn−1 □ + bn

The Jacobi Method: starting with an initial guess {x(0)i }i=1:n, construct {x(κ)i }κ≥0 by

a11x(κ+1)
1 = □ − a12x(κ)2 − a13x(κ)3 − ·· · − a1,n−1x(κ)n−1 − a1,nx(κ)n + b1

a22x(κ+1)
2 = − a2,1x(κ)1 □ − a23x(κ)3 − ·· · − a2,n−1x(κ)n−1 − a2,nx(κ)n + b2

...
an−1,n−1x(κ+1)

n−1 = − an−1,1x(κ)1 − an−1,2x(κ)2 − an−1,3x(κ)3 − ·· · □ − an−1,nx(κ)n + bn−1

an,nx(κ+1)
n = − an,1x(κ)1 − an,2x(κ)2 − an,3x(κ)3 − ·· · − an,n−1x(κ)n−1 □ + bn

or equivalently

x(κ+1)
i =−

n

∑
j=1, j ̸=i

ai j

aii
x(κ)j +

b
aii

, i = 1 : n, (Jacobi method)

x(κ+1) = D−1(E +F)x(k)+D−1b. (Dx(κ+1) = (E +F)x(κ)+b)
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EXAMPLE 2.1. Let A =

 2 −1 0

−1 3 −1
0 −1 2

, b =

 1
8
−5

. Carry out a number of

the Jacobi iterations, starting with the 0 initial vector. The exact solution is x=

 2

3
−1

.

 x(1)1

x(1)2

x(1)3

=

 1
2
8
3
− 5

2

 ,
 x(2)1

x(2)2

x(2)3

=

 1
2 (

8
3 +1)

1
3 (−2+8)
1
2 (

8
3 −5)

=

 11
6
2
− 7

6

 ,
 x(3)1

x(3)2

x(3)3

=

 1
2 (2+1)

1
3 (

11
6 −

7
6 +8)

1
2 (2−5)

=

 3
2
26
9
− 3

2

 .
>> A = [2 -1 0 ; -1 3 -1 ; 0 -1 2];b=[1;8;-5];
>> [X,xnew,k] = Jacobi(A,b,9,1.e-9)
rJ =

0.5774
X =
0.5000 1.8333 1.5000 1.9444 1.8333 1.9815 1.9444 1.9938 1.9815
2.6667 2.0000 2.8889 2.6667 2.9630 2.8889 2.9877 2.9630 2.9959

-2.5000 -1.1667 -1.5000 -1.0556 -1.1667 -1.0185 -1.0556 -1.0062 -1.0185
xnew =

1.9815
2.9959

-1.0185
k =

9

In order to write the Jacobi method as a linear iterative method (Ax = b, with A =
P−N, hence Px=Nx+b and the iteration Px(κ+1) =Nx(κ)+b, or equivalently x(κ+1) =
P−1Nx(κ)+P−1b), we define

PJ = D, NJ = PJ−A = D−A = E +F ,

which give (recall the stationary iterative method x(κ+1) = Bx(κ)+ f )

BJ = P−1
J NJ = D−1(E +F) = D−1(D−A) = I−D−1A (Jacobi iteration matrix)

=


0 − a12

a11
· · · − a1n

a11

− a21
a22

0 · · · − a2n
a22

... · · ·
...

− an1
ann

− an2
ann

· · · 0

 , (Jacobi iteration matrix)

fJ = D−1b.
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In order to verify that the Jacobi method (x(κ+1) = BJx
(κ)+D−1b) is a consistent iterative

method (i.e, x= BJx+D−1b):

x= (I−D−1A)︸ ︷︷ ︸
BJ

x+D−1b ⇔ D−1Ax= D−1b.

A ‘generalization’: The Jacobi Over-Relaxation Method (JOR)

Let ω ∈R be a ‘relaxation’ parameter. Then the new iterate x(κ+1)
JOR is defined as an interpo-

lation (weighted average) between the previous iterate x(κ) and the Jacobi method iterate
x
(κ+1)
Jacobi :

x
(κ+1)
JOR = ω x

(κ+1)
Jacobi +(1−ω)x(κ), (JOR)

x
(κ+1)
i = ω

1
aii

(
bi−

n

∑
j=1, j ̸=i

ai jx
(κ)
i

)
+(1−ω)x

(κ)
i , i = 1 : n.

The corresponding iteration matrix for JOR is then obtained from the Jacobi iteration
matrix:

BJOR = ωBJ +(1−ω)I = ω(I−D−1A)+(1−ω)I = I−ωD−1A,
(JOR iteration matrix)

since from (JOR) and (Jacobi iteration matrix) we have

x
(κ+1)
JOR = BJORx

(κ)+ fJOR;

x
(κ+1)
JOR = ω x

(κ+1)
Jacobi +(1−ω)x(κ) = ω

(
BJx

(κ)+ fJ

)
+(1−ω)x(κ) =

(
ω BJ +(1−ω)I︸ ︷︷ ︸

BJOR

)
x(κ)+ω fJ︸︷︷︸

fJOR

.

Moreover, from (JOR iteration matrix) we have that

BJOR = P−1
JORNJOR ≡= I−ωD−1A = I−ωD−1(D−E−F) = (1−ω)I +ωD−1(E +F)

= ωD−1
(1−ω

ω
D+E +F

)
hence

PJOR =
1
ω

D, NJOR =
1−ω

ω
D+E +F.

It is easy to verify that (JOR) is a consistent iterative method ∀ω .
Indeed, from (Jacobi iteration matrix) and (JOR iteration matrix) we have

x= BJORx+ fJOR ≡ (I−ωD−1A)x+ωD−1b = x−����
ωD−1Ax+����

ωD−1b = x.

REMARK 2.1. Note that when ω = 1, then JOR ≡ Jacobi method!

The Gauss-Seidel Method:

a11x(κ+1)
1 = □ − a12x(κ)2 − a13x(κ)3 − ·· · − a1,n−1x(κ)n−1 − a1,nx(κ)n + b1

a22x(κ+1)
2 = − a2,1x(κ+1)

1 □ − a23x(κ)3 − ·· · − a2,n−1x(κ)n−1 − a2,nx(κ)n + b2

...
an−1,n−1x(κ+1)

n−1 = − an−1,1x(κ+1)
1 − an−1,2x(κ+1)

2 − an−1,3x(κ)3 − ·· · □ − an−1,nx(κ)n + bn−1

an,nx(κ+1)
n = − an,1x(κ+1)

1 − an,2x(κ+1)
2 − an,3x(κ+1)

3 − ·· · − an,n−1x(κ+1)
n−1 □ + bn
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or equivalently

x(κ+1)
i =−

i−1

∑
j=1,(i> j)

ai j

aii
x(κ+1)

j −
n

∑
j=i+1,(i< j)

ai j

aii
x(κ)j +

b
aii

, i = 1 : n,

(Gauss-Seidel method)

x(κ+1) = D−1Ex(κ+1)+D−1Fx(κ)+D−1b, (I−D−1E)x(κ+1) = D−1Fx(κ)+D−1b,

x(κ+1) = (I−D−1E)−1D−1Fx(κ)+(I−D−1E)−1D−1b =
(
D−1(D−E)

)−1D−1Fx(κ)+(I−D−1E)−1D−1b

= (D−E)−1Fx(κ)+(D−E)−1b,

and therefore the iteration matrix

x
(κ+1)
GS = BGSx

(κ)
GS + fGS

of the Gauss-Seidel method is

BGS = P−1
GS NGS = (D−E)−1F ≡ (I−D−1E)−1D−1F, (Gauss-Seidel iteration matrix)

fGS = (D−E)−1b, (2.1)

and moreover

A = PGS−NGS = (D−E)︸ ︷︷ ︸
PGS

− F︸︷︷︸
NGS

PGS = D−E, NGS = F.

The Gauss-Seidel method

x(κ+1) = BGSx
(κ)+ fGS = (D−E)−1Fx(κ)+(D−E)−1b

is a consistent iterative method since

x=(D−E)−1Fx+(D−E)−1b ⇔ (D−E)x=Fx+b ⇔ (D−E−F︸ ︷︷ ︸
A

)x= b.

EXAMPLE 2.2. Recall Example 2.1, where A =

 2 −1 0
−1 3 −1
0 −1 2

, b =

 1
8
−5

.

Carry out a number of the Gauss-Seidel iterations, starting with the 0 initial vector. The

exact solution is x=

 2
3
−1

.

 x(1)1

x(1)2

x(1)3

=

 1
2

1
3

( 1
2 +8

)
1
2

( 17
6 −5

)
=

 1
2
17
6
− 13

12

 ,
 x(2)1

x(2)2

x(2)3

=

 1
2 (

17
6 +1)

1
3

( 23
12 −

13
12 +8)

1
2

( 53
18 −5

)
=

 23
12
53
18
− 37

36

 ,
 x(3)1

x(3)2

x(3)3

=

 1
2

( 71
36 −

37
36 +8

)
1
3 (

23
12 −

13
12 +8)

1
2

( 161
54 −5

)
=

 71
36
161
54
− 109

108

 .
>> A = [2 -1 0 ; -1 3 -1 ; 0 -1 2];b=[1;8;-5];
>> [X,k] = Gauss_Seidel(A,b,9,1.e-9)
rGS =

0.3333
The Gauss-Seidel iterations will converge with tolerance 1.0000e-09



2. CLASSICAL LINEAR ITERATIVE METHODS 91

since the spectral radius of the iteration matrix B_GS is R_GS=0.333333
X =
0.5000 1.9167 1.9722 1.9907 1.9969 1.9990 1.9997 1.9999 2.0000
2.8333 2.9444 2.9815 2.9938 2.9979 2.9993 2.9998 2.9999 3.0000

-1.0833 -1.0278 -1.0093 -1.0031 -1.0010 -1.0003 -1.0001 -1.0000 -1.0000
k = 9

A ‘generalization’ of the Gauss-Seidel: The Successive Over-Relaxation Method (SOR)
Let ω > 0 be a ‘relaxation’ parameter.

x
(κ+1)
SOR = ωx

(κ+1)
GS +(1−ω)x(κ)

x(κ+1)
i = ω

(
−

i−1

∑
j=1,(i> j)

ai j

aii
x(κ+1)

j −
n

∑
j=i+1,(i< j)

ai j

aii
x(κ)j +

b
aii

)
+(1−ω)xκ

i , i = 1 : n.

(SOR method)

The iteration matrix of SOR method is

BSOR = (I−ωD−1E)−1[(1−ω)I +ωD−1F ] = P−1
SORNSOR (SOR iteration matrix)

=
( 1

ω
D−E

)−1(1−ω

ω
D+F

)
≡ (D−ωE)−1((1−ω)D+ωF

)
,

PSOR =
1
ω

D−E, NSOR =
1−ω

ω
D+F.

Note that
A = PSOR−NSOR =

1
ω

D−E−
(1−ω

ω
D+F

)
.

2.2. Convergence results for the Jacobi method and the Gauss-Seidel method.
Subtracting the Jacobi method

x(κ+1)
i =

1
aii

(
bi−

n

∑
j=1, j ̸=i

ai jx
(κ)
j

)
, i = 1 : n,

from the equation Ax= b

xi =
1
aii

(
bi−

n

∑
j=1, j ̸=i

ai jx j

)
, i = 1 : n,

we obtain that the errors satisfy componentwise

e(κ+1)
i = xi− x(κ+1)

i =− 1
aii

n

∑
j=1, j ̸=i

ai je
(κ)
j (errors Jacobi method)

or, in matrix form

e(κ+1) = BJe
(κ) ≡ (I−D−1A)e(κ),

where BJ is the Jacobi iteration matrix

BJ =


0 − a12

a11
· · · − a1n

a11

− a21
a22

0 · · · − a2n
a22

... · · ·
...

− an1
ann

− an2
ann

· · · 0

 (Jacobi iteration matrix)
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Similarly to the relation for the errors Jacobi method we obtain the errors Gauss-Seidel
method:

e(κ+1)
i = xi− x(κ+1)

i =− 1
aii

i−1

∑
j=1

ai je
(κ+1)
j − 1

aii

n

∑
j=i+1

ai je
(κ)
j .

(errors Gauss-Seidel method)

Therefore, following from Theorem 1.1 we have the following result.

PROPOSITION 2.1. The Jacobi method converges ∀x(0) if and only if

ρ(BJ)< 1 ⇔ x(κ) κ→∞−−−→ x= A−1b.

THEOREM 2.1. If A is strictly diagonally dominant, then both the Jacobi method and
Gauss-Seidel method converge.

PROOF. • For the Jacobi method:
(1) If A is strictly diagonally dominant by rows, i.e.,

|aii|>
n

∑
j=1, j ̸=i

|ai j| ⇔
n

∑
j=1, j ̸=i

∣∣∣ai j

aii

∣∣∣< 1, or ∥BJ∥∞ < 1 the max (row sum)

(2) If A is strictly diagonally dominant by columns, i.e.,

|aii|>
n

∑
j=1, j ̸=i

|a ji| ⇔
n

∑
j=1, j ̸=i

∣∣∣a ji

aii

∣∣∣< 1, or ∥BJ∥1 < 1 the max (column sum)

• For the Gauss-Seidel method we have that the errors Gauss-Seidel method satisfy

e(κ+1) = BGSe
(κ),

where BGS is bounded as follows.
Denote

αi =
i−1

∑
j=1

∣∣∣∣ai j

aii

∣∣∣∣ , βi =
n

∑
j=i+1

∣∣∣∣ai j

aii

∣∣∣∣ ,
with α1 = βn = 0. Then from the (errors Gauss-Seidel method) we see that

|e(κ+1)
i | ≤ αi∥e(κ+1)∥∞ +βi∥e(κ)∥∞, ∀i = 1 : n,

and also denote ℓ the index of the “maximum modulus” component of for error,
i.e.,

|e(κ+1)
ℓ |= ∥e(κ+1)∥∞.

Therefore, from the above estimate we have that

∥e(κ+1)∥∞ ≤
βℓ

1−αℓ
∥e(κ)∥∞ ≤max

i

βi

1−αi
∥e(κ)∥∞ ≤ ·· ·≤

(
max

i

βi

1−αi

)κ+1
∥e(0)∥∞.

(1) If A is strictly diagonally dominant by rows, then

max
i
(αi +βi)< 1

which implies

max
i

βi

1−αi
= max

i

(
αi +βi−

αi(1−αi−βi)

1−αi︸ ︷︷ ︸
<0

)
< max

i
(αi +βi)︸ ︷︷ ︸
∥BJ∥∞

< 1
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which gives the (probably faster than Jacobi) convergence of the Gauss-
Seidel method

(2) A similar argument holds for the case when A is strictly diagonally dominant
by columns,

concluding the proof. □

THEOREM 2.2. If A and 2D−A are SPD matrices, then the Jacobi method is conver-
gent and

ρ(BJ) = ∥BJ∥A = ∥BJ∥D.

PROOF. This is a direct consequence of Corollary 1.1, taking P = D. □

THEOREM 2.3. If A is SPD, the JOR is convergent if 0 < ω < 2/ρ(D−1A).

PROOF. Recall that the (JOR iteration matrix) is BJOR = I−ωD−1A. Then it is easy
to see that

ρ(BJOR) = ρ(I−ωD−1A) =
∣∣1−ωρ(D−1A)

∣∣< 1 ⇔ 0 < ωρ(D−1A)< 2,

which concludes the argument. □

THEOREM 2.4. (see [7, pp 512]) If A is SPD, then the Gauss-Seidel method is mono-
tonically convergent in the ∥ · ∥A norm.

PROOF. First we note that since A is SPD, then the diagonal matrix D = diag(A) is
also positive definite. Now we use again Corollary 1.1 with P = D−E, to obtain that

P+PT −A≡ D−E +(D−E)T − (D−E−F) =�D−@E +D− �@F︸︷︷︸
ET

−�D+@E +�@F = D = diag(A)

is positive definite, and therefore concluding that the Gauss-Seidel method converges mono-
tonically. (For a different proof, see [7, pp 512].) □

THEOREM 2.5. If A is tridiagonal (or block diagonal ), it can be shown that

ρ(BGS) = ρ
2(BJ).

REMARK 2.2. When dealing with general matrices, no a priori conclusions hold on
convergence for the Jacobi method or the Gauss-Seidel method.

EXAMPLE 2.3.

A1 =

 3 1.5 4
7 4 2
−1 1 2

 , A2 =

 −3 3 −6
−4 7 −8

5 7 −9

 , A3 =

 4 1 1
2 −9 0
0 −8 −6

 , A4 =

 7 6 9
4 5 −4
−7 −3 8

 .
Recall that from (Jacobi iteration matrix) and (Gauss-Seidel iteration matrix) we have

A = D− (E +F︸ ︷︷ ︸
N

), BJ = I−D−1A = P−1
J NJ ,

A = D−E︸ ︷︷ ︸
P

− F︸︷︷︸
N

, BGS = (D−E)−1F = P−1
GS NGS.

(1) ρ(BJ) = 1.11635,ρ(BGS) = 0.8546,ρ(BSOR) = 1.4 (with ω = 1.1).
(2) ρ(BJ) = 0.8133,ρ(BGS) = 1.1,ρ(BSOR) = 1.59
(3) ρ(BJ) = 0.44 (slower than) ρ(BGS) = 0.0185,ρ(BSOR) = 0.168
(4) ρ(BJ) = 0.64 (faster than) ρ(BGS) = 0.7746,ρ(BSOR) = 0.92
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See in the online folder for the codes for the spectral radii, namely spectralRadiusJacobi.m,
spectralRadiusGaussSeidel.m, and spectralRadiusGaussSeidel.m, respectively.
The matrix A2 yields a convergent sequence using the Jacobi method
>> A = [-3 3 -6; -4 7 -8; 5 7 -9];x=ones(length(A),1);b=A*x;
>> [XJ,xJ,k]=Jacobi(A,b,50,1.e-3);
rJ =

0.813309105469277
Jacobi Convergence at iteration 28
>> xJ
xJ =

0.999675082273468
1.000243188578632
0.999989334136408

but not using the Gauss-Seidel method.
The matrix A3 yields convergent sequences with all three methods:

• Jacobi, with the null vector as the initial guess x(0), gives

b = [6;−7;−14]; x(1) =
[3

2
;

7
9

;
7
3

]
; x(2) =

[13
12

;
10
9

;
35
27

]
;

>> A=[4 1 1; 2 -9 0; 0 -8 -6];x=ones(3,1);b=A*x;
>> [XJ,xj,k]=Jacobi(A,b,5,1.e-3)
rJ =

0.4438
XJ =

1.5000 0.7222 0.8981 1.0525 0.9851
0.7778 1.1111 0.9383 0.9774 1.0117
2.3333 1.2963 0.8519 1.0823 1.0302

xj =
0.9851
1.0117
1.0302

k =
5

and actually it takes 11 iterations to reach the 10−3 tolerance, using the (useful stopping criterion).
• Gauss Seidel, also with null initial guess gives

b = [6;−7;−14]; x(1) =
[3

2
;

10
9

;
23
27

]
; x(2) =

[109
108

;
487
486

;
1454
1458

]
;

and it reaches the 10−3 tolerance in 4 iterations, by the (useful stopping criterion).
>> [XGS,k]=Gauss_Seidel(A,b,5,1.e-3)
rGS =

0.0185
The Gauss-Seidel iterations will converge with tolerance 0.0010000000000000
since the spectral radius of the iteration matrix B_GS is R_GS=0.018519
Gauss-Seidel convergence at iteration k=4

1.0000
1.0000
1.0000

http://www.pitt.edu/~trenchea/math1080/Chapter8/spectralRadiusJacobi.m
http://www.pitt.edu/~trenchea/math1080/Chapter8/spectralRadiusGaussSeidel.m
http://www.pitt.edu/~trenchea/math1080/Chapter8/spectralRadiusSOR.m
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XGS =
1.5000 1.0093 1.0002 1.0000
1.1111 1.0021 1.0000 1.0000
0.8519 0.9973 0.9999 1.0000

k =
4

• SOR
>> [X] = SOR(A,b,50,1.1,1.e-3)
The SOR iterations will converge with tolerance 0.0010000000000000

since the spectral radius of the iteration matrix B_sor is R_sor=0.168928
the matrix storing SOR iterates as columns X=

1.6500 0.9407 0.9931 1.0034 0.9994 1.0000
1.2589 0.9596 1.0023 1.0006 0.9998 1.0000
0.7203 1.0872 0.9878 1.0003 1.0003 0.9999

SOR convergence at iteration k=
6

the actual solution (to four decimal places rounded) is obtained x=
1.0000
1.0000
0.9999

X =
1.6500 0.9407 0.9931 1.0034 0.9994 1.0000
1.2589 0.9596 1.0023 1.0006 0.9998 1.0000
0.7203 1.0872 0.9878 1.0003 1.0003 0.9999

2.3. Convergence results for the Relaxation methods.
A necessary condition on ω for the SOR method to converge.

THEOREM 2.6. ∀ω ∈ R we have

ρ(BSOR(ω))≥ |ω−1|.

Therefore the SOR method fails to converge if ω ≤ 0 or 2≤ ω .

PROOF. Recall that the (SOR iteration matrix) is

BSOR = (D−ωE)−1[(1−ω)D+ωF ],

and also that the characteristic polynomial writes

PSOR(λ ) := Π
n
i=1(λ −λi) = (−1)ndet(BSOR−λ I),

where λi ∈ σ(BSOR). Then∣∣∣Πn
i=1λi

∣∣∣= det(BSOR) = det
(
(D−ωE)−1)det

(
(1−ω)D+ωF

)
≡Π

( 1
aii

)
·Π
(
(1−ω)aii

)
= (1−ω)n.

Finally

ρ(BSOR)≥
∣∣Πn

i=1λi
∣∣1/n

= |1−ω|,

concluding the argument. □
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THEOREM 2.7 (Ostrowski-Reich). If A is SPD, then the SOR method converges (mono-
tonically in the ∥ · ∥A norm) if and only if ω ∈ (0,2).

PROOF. Recall from the (SOR iteration matrix) that

PSOR =
1
ω

D−E, NSOR =
1−ω

ω
D+F.

Since A is SPD, by Corollary 1.1 it suffices to check that PT
SOR +PSOR−A is SPD. Indeed,

that is the case, since ET = F

PT
SOR +PSOR−A =

( 1
ω

D−�E
)
+
( 1

ω
D−@E

)T
− (D−�E−@F) =

2−ω

ω
D,

and D = diag(A) is SPD. □

2.4. Sparse matrix computations.
Let A ∈ Rn×n, n = even number

A =



3 −1 1/2

−1 3
. . . 1/2

. . . . . . −1

−1
. . . . . .

1/2
. . . 3 −1

1/2 −1 3


, x = ones(n,1), b = Ax =



2.5
1.5

...
−1
−1

...
1.5
2.5


.

See Matlab’s function spdiags.m.

>> sparsesetup(100)

The matrix A is sparse (spy(A)), with 4n≪ n2 non-zero elements.

REMARK 2.3. When n = 105, what are the options to solve Ax = b?

• size: treating A as a full matrix⇒ n2 = 1010 entries, which in double precision
(8 bytes) would take 8×1010 ≈ 74.5 GB. So, depending on the computer, it may
be impossible to fit the entire n2entries into RAM.
• time: not only memory, but also computational time poses a problem; the num-

ber of operations for GEM is O(n3)≈ 1015.
– on a machine which runs few Ghz (109 cycles per second), an upper bound

on the number of floating point operations per second is 108 (flops/sec)⇒
1015/108 = 107 seconds for GEM (1 year ≈ 3×107 seconds).

– GEM is not an overnight computation!
– on the other hand, one step of an iterative method requires 2×4n≈ 800,000=

8×105 operations.
– hence one could use 100 steps of Jacobi method and still finish with fewer

than 100×8×105 ≈ 108 operations ≈ 1 second or less

>> Example2_25JacobiSparse(1000,50)

For example

https://en.wikipedia.org/wiki/Alexander_Ostrowski
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n (Jacobi method) CG (conjugate gradient) GE (scaled partial pivoting)
102 time 0.1237 0.0049 1.5509

error 1.12e-6 (44 iter) 7.73-7 (14 iter) 7.28 e-14
103 time 0.4049 0.5636 1.4997 e+3

error 4.0617e-7 (56 iter) 1.9188-7 (15 iter) 9.4230e-13
3.1402e-16 (166 iter, 0.82 sec) 3.99-15 (33 iter, 3.2 sec)

104 time 180.89 192.23
error 4.0617e-7 (56 iter) 6.8376-7 (15 iter)

3.1402e-16 (162 iter, 122.05 sec) 8.88-16 (32 iter, 7.49 sec)

2.5. The Gradient Methods.
Let A ∈ Rn×n be a SPD matrix, Ax= b.

DEFINITION 2.1. φ : Rn −→ R+ is the ‘energy of the system Ax = b’ and is defined
as

φ(y) =
1
2
yT Ay−yT b, ∀y ∈ Rn. (Quadratic Form)

LEMMA 2.1. Let A be SPD.

(i) φ(x) = 1
2x

T Ax︸︷︷︸
b

−xT b = 1
2x

T b−xT b =− 1
2x

T b.

(ii) ∇φ(y) = 1
2 (A

T +A)y−b = Ay−b =−r(y) [residual]
∇φ(x) = Ax−b = 0.

(iii) φ(y)≥ φ(x), ∀y ∈ Rn, since

φ(y) =
1
2
yT Ay−yT b =

1
2
yT Ay− 1

2
bTy− 1

2
yT b+

1
2
xT Ax− 1

2
bTx︸ ︷︷ ︸

=0

=
1
2
yT Ay− 1

2
bT︸︷︷︸
xT A

y− 1
2
yT b︸︷︷︸

Ax

+
1
2
xT Ax− 1

2
bTx

=
1
2
(y−x)T Ay− 1

2
(y−x)T Ax− 1

2
bTx

=
1
2
(y−x)T A(y−x)︸ ︷︷ ︸

≥0

−1
2

bTx︸ ︷︷ ︸
φ(x)

≥−1
2

bTx= φ(x).

(iv) φ(y)−φ(x) = 1
2∥y−x∥2

A (the ∥ · ∥A norm or ‘energy norm’).

PROPOSITION 2.2. Finding a minimizer x ∈ Rn of φ ⇔ solving A.

PROOF. "⇒" If x∗ is a minimizer, then from (ii) ∇φ(x∗) = 0, hence the residual
r(x∗) = b−Ax∗ = 0, i.e., x∗ is a solution.
"⇐" From (iv) we obtain that φ(x)≤ φ(y),∀y, and ∇φ(x) = 0. □
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2.5.1. Gradient descent method. Given x(0), construct {x(κ)}κ≥0 by

x(κ+1) = x(κ)+ακp
(κ) (gradient descent method)

where
• ακ := length of the step along the direction
• p(κ) := descent direction.

DEFINITION 2.2. A natural choice for the direction is
• p(κ) = direction of maximum descent along φ in x(κ), i.e.,

p(κ) :=−∇φ(x(κ))
(ii)
= r(κ) = b−Ax(κ),

which gives the

x(κ+1) = x(κ)−ακ ∇φ(x(κ)). (steepest descent method)

The coefficient ακ is computed such that

0 = ∇φ(x(κ+1))
(ii)
= Ax(κ+1)−b = A

(
x(κ)+ακp

(κ)
)
−b = Ax(κ)+ακ Ar(κ)−b

=−r(κ)+ακ Ar(κ),

r(κ) = ακ Ar(κ),

and therefore

ακ =
r(κ)

T
r(κ)

r(κ)
T Ar(κ)

.

ALGORITHM 2.1 (Steepest (or Gradient) Descent). Given x(0),
set r(0) = b−Ax(0),
and for κ = 0,1, . . . until “convergence",
compute

ακ =
r(κ)

T
r(κ)

r(κ)
T Ar(κ)

x(κ+1) = x(κ)+ακr
(κ)

r(κ+1) = r(κ)−ακ Ar(κ)

PROOF. Indeed, from the definitions of the gradient descent method and the steepest
descent method

x(κ+1) = x(κ)+ακp
(κ) = x(κ)+ακr

(κ) = x(κ)−ακ ∇φ(x(κ)) = x(κ)+ακ(b−Ax(κ)),

Ax(κ+1) = Ax(κ)+ακ Ar(κ),

b−Ax(κ+1)︸ ︷︷ ︸
r(κ+1)

= b−Ax(κ)︸ ︷︷ ︸
r(κ)

−ακ Ar(κ),

which is the update relation for the residuals. □

THEOREM 2.8. Let A be SPD. The gradient method (steepest descent) is convergent
∀x(0), and

∥e(κ+1)∥A ≤
cond2(A)−1
cond2(A)+1

∥e(κ)∥A, κ = 0,1, · · ·
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COROLLARY 2.1. Let A be SPD.

∥x−x(κ)∥A ≤
(cond2(A)−1
cond2(A)+1

)κ

∥x−x(0)∥A, κ = 0,1, · · ·

PROPOSITION 2.3. In order to reach tolerance tol (for ‘convergence’), the steepest
descent method needs a minimum of κ iterations, where

κ ≥− log10(tol)

2
(cond2(A)+1).

In particular, in order to gain 1 digit of accuracy (tol= 10−1) requires

κ ≥ cond2(A)+1
2

. (2.2)

PROOF. Assuming (cond2(A)−1
cond2(A)+1

)κ

≤ tol

then for large conditioning number we have

log10(tol)≥ κ log10

(cond2(A)−1
cond2(A)+1

)
= κ log10

(
1− 2

cond2(A)+1

)
≈ κ

−2
cond2(A)+1

,

where the approximation is a consequence of a Taylor expansion. □

REMARK 2.4. In the case of the 1D Poisson equation, A is SPD, and λmax =O(1),λmin =

O(h2), hence cond2(A) = λmax
λmin

= O(h−2).

EXAMPLE 2.4. [13, p. 193] Let

A =

(
2 0
0 50

)
, n = 2, b=

(
2
0

)
, x=

(
1
0

)
, cond2(A) =

50
2

= 25.

Then the Quadratic Form is

φ(y) =
1
2
yT Ay−yTb=

1
2
(y1,y2)

(
2 0
0 50

)(
y1
y2

)
− (y1,y2)

(
2
0

)
=

1
2
(y1,y2)

(
2y1
50y2

)
−2y1 =

1
2
(2y2

1 +50y2
2)−2y1 = y2

1−2y1 +25y2
2

=
(y1−1)2

12 +
y2

2
(1/5)2 −1,

and the equation φ(y) = 0 describes an ellipse.
Note from (2.2) that, in this case, the number of gradient descent method iterations nec-
essary for gaining a significant digit is

κ =
cond2(A)+1

2
= 13.

Assume the initial guess is

x(0) =

(
11
1

)
.

Then

r(0) = b−Ax(0) =

(
2
0

)
−
(

2 0
0 50

)(
11
1

)
=

(
2−22
−50

)
=

(
−20
−50

)
,

https://en.wikipedia.org/wiki/Ellipse
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α0 =
r(0)

T
r(0)

r(0)
T Ar(0)

=
400+2500

(−20,−50)
(
−40
−2500

) =
2900

800+125000
=

29��00
1258��00

≈ 0.02305,

x(1) = x(0) = α0r
(0) =

(
11
1

)
+

29
1258

(
−20
−50

)
=

(
10.5389
−0.1526

)
,

r(1) = r(0)−α0Ar(0) =
(
−19.0779

7.6311

)
,

α1 =
r(1)

T
r(1)

r(1)
T Ar(1)

= 0.116,

x(2) = x(1)+α1r
(1) =

(
8.3259

0.73259

)
.

The errors in the A norm are:

∥x−x(0)∥A =

∥∥∥∥( 1
0

)
−
(

11
1

)∥∥∥∥
A
=

∥∥∥∥( −10
−1

)∥∥∥∥
A
=

√
(−10,−1)

(
2 0
0 50

)(
−10
−1

)

=

√
(−10,−1)

(
−20
−50

)
=
√

200+50 = 15.8,

∥x−x(1)∥A =

∥∥∥∥( 1
0

)
−
(

10.5389
−0.1526

)∥∥∥∥
A
=

∥∥∥∥( −9.5389
0.1526

)∥∥∥∥
A

=

√
(−9.5389,0.1526)

(
2 0
0 50

)(
−9.5389
0.1526

)

=

√
(−9.5389,0.1526)

(
−19.0778

7.6300

)
=
√

183.1456 = 13.5331,

while the values of the higher index iterations and the corresponding residuals are (using
steepestdescent.m ):

κ x
(κ)
1 x

(κ)
2 residual r(κ)

13 2.4745 - 0.0235 8.3247
26 1.17506 0.0175 0.4910
39 1.0258 - 0.00041 0.1457
52 1.00306 0.000306 0.00859
65 1.00045 0.0000072 0.00255
78 1.000053 0.00000053 0.0001504

Also solve this system with the Jacobi and Gauss-Seidel methods.

For another iterative method, used for positive-definite matrices, see the
2.5.2. Conjugate gradient method.

ALGORITHM 2.2 (Steepest Descent & Conjugate Gradient (CG)). Given x(0),
set r(0)= b−Ax(0), and also set p(0)=
r(0),

https://sites.pitt.edu/~trenchea/MATH1080/Chapter8/Chapter8.html
https://en.wikipedia.org/wiki/Conjugate_gradient_method
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and for κ = 0,1, . . . until “convergence",
compute

ακ =
p(κ)T

r(κ)

r(κ)
T Ar(κ)

ακ =
r(κ)

T
r(κ)

p(κ)T Ap(κ)

x(κ+1) = x(κ)+ακr
(κ)(i.e., ∇φ(x(κ+1)) = 0) x(κ+1) = x(κ)+ακp

(κ)

r(κ+1) = r(κ)−ακ Ar(κ) r(κ+1) = r(κ)−ακ Ap(κ) (r(κ+1) ⊥ p(κ))

βκ =
(Ap(κ))Tr(κ+1)

(Ap(κ))Tp(κ)

p(κ+1) = r(κ+1)−βκp
(κ) (p(κ+1) ⊥A span{p(κ), · · · ,p(0)})

REMARK 2.5. It can be shown that for the Conjugate gradient method

ακ =
∥r(κ)∥2

2

(p(κ))T Ap(κ)
, βκ =−∥r

(κ+1)∥2
2

∥r(κ)∥2
2

,

PROPOSITION 2.4. (See Exercise 13 in [15, p.155]) Using the relation

r(κ+1) = r(κ)−ακ Ap(κ),

the following recursive three-term relation holds for the CG residuals

Ar(κ+1) =− 1
ακ

r(κ+1)+
( 1

ακ

− βκ−1

ακ−1

)
r(κ)+

βκ

ακ−1
r(κ−1).

REMARK 2.6. The new CG residuals r(κ+1) are orthogonal to the CG search direc-
tions p(κ):

r(κ+1) ⊥ p( j), ∀ j = 0, · · · ,κ.

The new CG search directions p(κ+1) are A-orthogonal to all previous CG search direc-
tions p(κ):

p(κ+1) ⊥A p( j), ∀ j = 0, · · · ,κ.

THEOREM 2.9. (See [15, p. 155]) Let A be a symmetric and positive definite matrix.
Any method which employs conjugate directions p(κ) to solve Ax = b terminates after at
most n steps, yielding the exact solution.

PROOF. Denote Vκ := span{p(0), · · · ,p(κ)}. Since p(0) = r(0) and p(κ+1) = r(κ+1)−
βκp

(κ), then the space Vκ := span{r(0), · · · ,r(κ)}, and therefore by the orthogonality prop-
erty r(κ+1) ⊥ p( j), ∀ j = 0, · · · ,κ we have that r(κ+1) ⊥ Vk. This finally gives r(n) ⊥
Vn−1 = Rn, and therefore r(n) = 0, hence x(n) = 0. □

EXAMPLE 2.5. (Continuation of Example 2.4)

x(0) =

(
11
1

)
.

r(0) = b−Ax(0) =

(
2
0

)
−
(

2 0
0 50

)(
11
1

)
=

(
2−22
−50

)
=

(
−20
−50

)
,

p(0) := r(0) =

(
−20
−50

)
,
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α0 =
(r(0))Tr(0)

(r(0))T Ar(0)
=

400+2500

(−20,−50)
(
−40
−2500

) =
2900

800+125000
=

29��00
1258��00

≈ 0.02305,

x(1) = x(0)+α
(0)p(0) =

(
11
1

)
+

29
1258

·
(
−20
−50

)
=

(
11−20∗29/1258
1−50∗29/1258

)
=

(
6629/629
−96/629

)
,

r(1) = r(0)−α
(0)Ap(0) =

(
−20
−50

)
− 29

1258
·
(

2 0
0 50

)(
−20
−50

)
=

(
−20
−50

)
+

(
40 · 29

1258
2500 · 29

1258

)
=

(
−20
−50

)
+

( 580
629

36250
629

)
=

(
− 12000

629
4800
629

)
,

β0 =
(Ap(0))Tr(1)

(Ap(0))Tp(0) =

(−40,−2500)
(
− 12000

629
4800
629

)
(−40,−2500)

(
−20
−50

) =
(480000−2500 ·4800)/629

800+125000
=
−11520000

629∗125800
=− 57600

395641
,

p(1) = r(1)−β0p
(0) =

(
− 12000

629
4800
629

)
+

57600
395641

(
−20
−50

)
=

(
− 12000

629
4800
629

)
−
( 11552000

395641
19782050

395641

)
=

(
− 1450∗6000

6292
139200

6292

)

α1 =
(p(1))Tr(1)

(p(1))T Ap(1) =
8700000
395641 ·

12000
629 + 139200

395641 ·
4800
629

2∗ 87000002

3956412 +50∗ 1392002

3956412

=
8700000
395641 ·

12000
629 + 139200

395641 ·
4800
629

152348832000000/6294 =
629

1450
,

x(2) = x(1)+α
(1)p(1) =

(
6629/629
−96/629

)
+

629
1450

(
− 1450∗6000

6292
1450∗96

6292

)
=

(
1
0

)
.

Convergence of the CG method
The Conjugate Gradient method was proposed by Magnus Rudolph Hestenes and Ed-

uard Stiefel in 1952 as a direct method for Ax= b (in exact arithmetic, the exact solution
is obtained in n steps or less, where A ∈ Rn×n).

THEOREM 2.10. (Theorem 4.11 in [15, p. 155]) Let A be a symmetric positive
definite (SPD) matrix. Then CG for Ax = b terminates after at most n steps, with the
exact solution.

We note that the ‘termination property’ after n steps of the CG method is valid only
in exact arithmetic, due to cumulating rounding errors which prevent the search directions
p(κ) from being A-conjugate.

PROOF. The directions p(0),p(1), · · · ,p(n−1) form an A-orthogonal basis in Rn.
Since

(p( j))Tr(k) = 0 ∀ j = 0,1, · · ·k−1 ⇒ r(k) ⊥Vk−1 = span{p(0),p(1), · · · ,p(k−1)},
hence

r(n−1) ⊥Vn−1,

i.e.,

r(n) = 0= b−Ax(n),

so x(n) = x. □

REMARK 2.7. The computational cost for GE is O( 2
3 n3), hence CG is more expen-

sive!! (CG: every iterate costs n2 operations.)

https://en.wikipedia.org/wiki/Magnus_Hestenes
https://en.wikipedia.org/wiki/Eduard_Stiefel
https://en.wikipedia.org/wiki/Eduard_Stiefel
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THEOREM 2.11. The error e(k) = x−x(k) in CG, for A SPD, in the k-th iteration
satisfies

∥e(k)∥A ≤
2ck

1+ c2k ∥e
(0)∥A,

with

c =

√
cond2(A)−1√
cond2(A)+1

≈ 1− 2√
cond2(A)+1

.

PROOF. See Theorem 4.12 in [15, p. 155]. □

As a direct consequence of Theorem 2.11, we have the following result for the CG
(algorithm 2.2) as a counterpart for Proposition 2.3 corresponding to the gradient descent
method.

PROPOSITION 2.5. In order to reach tolerance tol (for ‘convergence’), the Conjugate
Algorithm 2.2 needs a minimum of κ iterations, where

κ ≥− log10(tol)

2
(
√
cond2(A)+1).

In particular, in order to gain 1 digit of accuracy (tol= 10−1) requires

κ ≥
√
cond2(A)+1

2
. (2.3)

PROOF. Assuming

cκ ≡
(√cond2(A)−1√

cond2(A)+1

)κ

≤ tol

then for large conditioning number we have

log10(tol)≥ κ log10

(√cond2(A)−1√
cond2(A)+1

)
≈ κ log10

(
1− 2√

cond2(A)+1

)
≈ κ

−2√
cond2(A)+1

,

where the approximation is a consequence of a Taylor expansion. □

REMARK 2.8.
• CG requires O

(√
cond2(A)/2

)
per significant digit,

significantly less than the steepest descent method O
(
cond2(A)/2

)
.

• CG requires barely more work than the steepest descent method at |bf each step.

EXAMPLE 2.6. For a 2D Poisson or Helmholtz equation

∆u(x,y)+ c(x,y)u(x,y) = 0, where c(x,y)> 0,on Ω = [0,1]× [0,1]

we have for a 100×100 mesh (i.e., h = 10−2), the resulting linear system to solve Au= f
has dimension n = 104, and cond2(A) = O(h−2) = O(104).
Therefore one expects:

• Steepest descent: 30,000 iterations for 6 significant digits:

κ ≥ cond2(A)+1
2

∗6≈ 5,000∗6 = 30,000 iterations.

• CG:
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– the exact solution is obtained in n = 10,000 iterations
– for 6 significant digits:

κ ≥ 6∗
√
cond2(A)+1

2
≈ 6∗ 100+1

2
≈ 300 iterations.

REMARK 2.9. Overview of iterative methods (see [17, p. 243]): here is a list of what
was considered at the time “very large” computations for dense, direct matrix computa-
tions:

• 1950: n = 20 (Wilkinson)
• 1965: n = 200 (Forsythe & Moler)
• 1980: n = 2,000 (LINPACK)
• 1995: n = 20,000 (LAPACK)

2.6. Exercises.
Exercise 1. Give an alternative solution to Example 2.4.
Solution:

Exercise 2. Write the matrix formula for the Gauss-Seidel overrelaxation method.
Solution:

Exercise 3. (Multiple choice) In solving a system of equations Ax= b,it is often convenient
to use an iterative method, which generates a sequence of x(k) vectors that should converge
to a solution. The process is stopped when sufficient accuracy has been attained. A general
procedure is to obtain x(k) by solving Qx(k) = (Q− A)x(k−1) + b. Here, Q is a certain
matrix that is usually connected somehow to A. The process is repeated, starting with any
available guess, x(0). What hypothesis guarantees that the method works, no matter what
starting point is selected?

(a) ∥Q∥< 1
(b) ∥QA∥< 1
(c) ∥I−QA∥< 1
(d) ∥I−Q−1A∥< 1
(e) None of these.

(Hint: The spectral radius is less than or equal to the norm. )
Solution: Apply Theorem 1.1, where B = Q−1(Q−A).

Exercise 4. (Multiple choice) From a vector norm, we can create a subordinate (consistent matrix norm).Which
relation is satisfied by every subordinate matrix norm?

(a) ∥Ax∥ ≥ ∥A∥∥x∥
(b) ∥I∥= 1
(c) ∥AB∥ ≥ ∥A∥∥B∥
(d) ∥A+B∥ ≥ ∥A∥+∥B∥
(e) None of these.

Solution: See the definition of a (consistent matrix norm).
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Exercise 5. (Multiple choice) The condition for diagonal dominance of a matrix A is:
(a) |aii|< ∑

n
j=1, j ̸=i |ai j|

(b) |aii|> ∑
n
j=1, j ̸=i |ai j|

(c) |aii|< ∑
n
j=1 |ai j|

(d) |aii|> ∑
n
j=1 |ai j|

(e) None of these.
Solution: See the definitions of (diagonally dominant by rows) and (diagonally dominant by columns).

Exercise 6. (Multiple choice) A necessary and sufficient condition for the standard itera-
tion formula x(k) = G x(k−1)+h to produce a sequence x(k) that converges to a solution of
the equation (I−G )x = h is that:
(a) The spectral radius of G is greater than 1.
(b) The matrix G is diagonally dominant.
(c) The spectral radius of G is less than 1.
(d) G is nonsingular.
(e) None of these.

Solution: See Theorem 1.1.

Exercise 7. (Multiple choice) A sufficient condition for the Jacobi method to converge for
the linear system Ax = b.
(a) A− I is diagonally dominant.
(b) A is diagonally dominant.
(c) G is nonsingular.
(d) The spectral radius of G is less than 1.
(e) None of these.

Solution: See Theorem 2.1.

Exercise 8. (Multiple choice) A sufficient condition for the Gauss-Seidel method to work
on the linear system Ax = b.
(a) A is diagonally dominant.
(b) A− I is diagonally dominant.
(c) The spectral radius of A is less than 1.
(d) G is nonsingular.
(e) None of these.
Solution: See Theorem 2.1.

Exercise 9. (Multiple choice) Necessary and sufficient conditions for the SOR method,
where 0 < ω < 2, to work on the linear system Ax = b.
(a) A is diagonally dominant.
(b) ρ(A)< 1.
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(c) A is symmetric positive definite.
(d) x(0) = 0.
(e) None of these.

Solution: See the Theorem 2.7.

Exercise 10. (Multiple choice) The Frobenius norm is frequently used because it is so
easy to compute. Find the value of this norm for these matrices:

(a)

 1 2 3
0 5 4
2 1 3


(b)


0 0 1 2
3 0 5 4
1 1 1 2
1 3 2 2


(c)


1 1 1 1
3 0 5 4
1 1 1 2
1 3 2 2


Solution:

(a) Let A =

 1 2 3
0 5 4
2 1 3

 , then

∥A∥F =

√√√√ 3

∑
i, j=1
|ai, j|2 =

√
69≈ 8.3066.

>> A = [1 2 3; 0 5 4; 2 1 3];
>> norm(A,"fro")

ans =

8.306623862918075

(b)


0 0 1 2
3 0 5 4
1 1 1 2
1 3 2 2


(c)


1 1 1 1
3 0 5 4
1 1 1 2
1 3 2 2


Exercise 11. Determine the condition numbers cond(A) of these matrices:

(a)

 −2 1 0
1 −2 1
0 1 −2


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(b)

 0 0 1
0 1 0
1 1 1


(c)

 3 0 0
0 2 0
0 1 −2


(d)


−2 −1 2 −1

1 2 1 −2
2 −1 2 1
0 2 0 1


Solution:

Computer problem 1. Redo several or all of Examples 1-5 using the linear system involv-
ing one of the following coefficient matrix and right-hand side vector pairs:

(a) A =

[
5 −1
−1 3

]
, b =

[
7
4

]
(b) A =

 5 −1 0
−1 3 −1

0 −1 2

 , b =

 7
4
5


(c) A =

 2 −1 0
−1 6 −2

4 −3 8

 , b =

 1
3
9


(d) A =

 7 3 −1
3 8 1
−1 1 4

 , b =

 3
−4

2


Solution:

Computer problem 2. Using the Jacobi, Gauss-Seidel, and SOR (ω = 1.1) iterative
methods, write and execute a computer program to solve the following linear system to
four decimal places (rounded) of accuracy:

7 1 −1 2
1 8 0 −2
−1 0 4 −1

2 −2 −1 6




x1
x2
x3
x4

=


3
−5

4
−3


Compare the number of iterations needed in each case.
(Hint: The exact solution is x = (1,−1,1,−1)T .)
Solution: Exercise8 2 2 JGSSOR(k)

Computer problem 3. Using the Jacobi, Gauss-Seidel, and the SOR (ω = 1.4) iterative
methods, write and run code to solve the following linear system to four decimal places of
accuracy: 

7 3 1 2
3 8 1 −4
−1 1 4 −1

2 −4 −1 6




x1
x2
x3
x4

=


−1

0
−3

1


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Compare the number of iterations in each case.
(Hint: The exact solution is x = (−1,1,−1,1)T .)
Solution: Exercise8 2 3 JGSSOR(k)

Computer problem 4. (Continuation) Solve the system using the SOR iterative method
with values of ω = 1(0.1)2. Plot the number of iterations for convergence versus the values
of ω . Which value of ω results in the fastest convergence?
Solution: Exercise8 2 4SOR(k)

Computer problem 5. Program and run the Jacobi, Gauss-Seidel, and SOR methods for
the system of Example 1

(a) using equations involving the splitting matrix Q.
(b) using the equation formulations in Example 4.
(c) using the pseudocode involving matrix-vector multiplication.

Solution:

Computer problem 6. (Continuation) Select one or more of the systems in Computer
Problem 1, and rerun these programs.
Solution:

Computer problem 7. Consider the linear system[
9 −3
−2 8

][
x1
x2

]
=

[
6
−4

]
Using Maple or Matlab, compare solving it by using the Jacobi method and the Gauss-
Seidel method starting with x(0) = (0,0)T .
Solution:

Computer problem 8. (Continuation)

(1) Change the (1,1) entry from 9 to 1so that the coefficient matrix is no longer diag-
onally dominant and see whether the Gauss-Seidel method still works. Explain
why or why not.

(2) Then change the (2,2) entry from 8 to 1 as well and test. Again explain the
results.

Solution:

Computer problem 9. Use the conjugate gradient method to solve this linear system: 2.0 −0.3 −0.2
−0.3 2.0 −0.1
−0.2 −0.1 2.0

 x1
x2
x3

=

 7
5
3


Using Maple or Matlab, compare solving it by using the Jacobi method and the Gauss-
Seidel method starting with x(0) = (0,0)T .
Solution:
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Computer problem 10. (Euler-Bernoulli beam) A simple model for a bending beam un-
der stress involves the Euler-Bernoulli differential equation. A finite difference discretiza-
tion converts it into a system of linear equations. As the size of the discretization decreases,
the linear system becomes larger and more ill-conditioned.

(1) For a beam pinned at both ends, we obtain the following banded system of linear
equations with a bandwidth of five:

12 −6 4/3
−4 6 −4 1

1 −4 6 −4 1
1 −4 6 −4 1

. . .
. . .

. . .
. . .

. . .
. . .

1 −4 6 −4 1
1 −4 6 −4 1

1 −4 6 −4
4/3 6 −12





y1
y2
y3
y4
...

yn−3
yn−2
yn−1
yn


=



b1
b2
b3
b4
...

bn−3
bn−2
bn−1
bn


The right-hand side represents forces on the beam. Set the right-hand side so
that there is a known solution, such as a sag in the middle of the beam. Using
an iterative method, repeatedly solve the system by allowing n to increase. Does
the error in the solution increase when n increases? Use mathematical software
that computes the condition number of the coefficient matrix to explain what is
happening.

(2) The linear system of equations for a cantilever beam with a free boundary con-
dition at only one end is

12 −6 4/3
−4 6 −4 1

1 −4 6 −4 1
1 −4 6 −4 1

. . .
. . .

. . .
. . .

. . .
. . .

1 −4 6 −4 1
1 −4 6 −4 1

1 −93/25 111/25 −43/25
12/25 24/25 12/25





y1
y2
y3
y4
...

yn−3
yn−2
yn−1
yn


=



b1
b2
b3
b4
...

bn−3
bn−2
bn−1
bn


Repeat the numerical experiment for this system.

Solution:
(a) >> n=8; A = diag(ones(n,1)*6)+ diag(ones(n-1,1)*(-4),-1) ...

+ diag(ones(n-1,1)*(-4),1)+ diag(ones(n-2,1),-2)+ diag(ones(n-2,1),2);
>> A(1,1)=12; A(1,2)=-6; A(1,3)=4/3; A(n,n-2)=4/3;A(n,n-1)=6;A(n,n)=-12;
>> A
A =

12.0000 -6.0000 1.3333 0 0 0 0 0
-4.0000 6.0000 -4.0000 1.0000 0 0 0 0
1.0000 -4.0000 6.0000 -4.0000 1.0000 0 0 0

0 1.0000 -4.0000 6.0000 -4.0000 1.0000 0 0
0 0 1.0000 -4.0000 6.0000 -4.0000 1.0000 0
0 0 0 1.0000 -4.0000 6.0000 -4.0000 1.0000
0 0 0 0 1.0000 -4.0000 6.0000 -4.0000
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0 0 0 0 0 1.3333 6.0000 -12.0000
(b) >> n=8; A = diag(ones(n,1)*6)+ diag(ones(n-1,1)*(-4),-1) ...

+ diag(ones(n-1,1)*(-4),1)+ diag(ones(n-2,1),-2)+ diag(ones(n-2,1),2);
>> A(1,1)=12;A(1,2)=-6;A(1,3)=4/3;
>> A(n-1,n-2)=-93/25;A(n-1,n-1)=111/25;A(n-1,n)=-43/25;
>> A(n,n-2)=12/25;A(n,n-1)=24/25;A(n,n)=12/25;
>> A
A =

12.0000 -6.0000 1.3333 0 0 0 0 0
-4.0000 6.0000 -4.0000 1.0000 0 0 0 0
1.0000 -4.0000 6.0000 -4.0000 1.0000 0 0 0

0 1.0000 -4.0000 6.0000 -4.0000 1.0000 0 0
0 0 1.0000 -4.0000 6.0000 -4.0000 1.0000 0
0 0 0 1.0000 -4.0000 6.0000 -4.0000 1.0000
0 0 0 0 1.0000 -3.7200 4.4400 -1.7200
0 0 0 0 0 0.4800 0.9600 0.4800



CHAPTER 4

EIGENVALUES AND EIGENVECTORS

Let A ∈ Cn×n be a square matrix. Recall the Definition 1.13:
The number λ ∈C is called an eigenvalue of A if there exists a non-null vector 0 ̸=x∈Cn

such that

Ax= λx.

The vector x ∈ Cn is the eigenvector associated with the eigenvalue λ .
(λ ,x) ∈ Cn+1 is called an eigenpair of A.
The set of eigenvalues of A is called the spectrum of A, denoted σ(A)

σ(A) = {λ ∈ C; λ is an eigenvalue of A} ⊂ C. (spectrum)

From Remark 1.5 we see that
• the eigenvalue λ corresponding to the eigenvector x can be computed by the

Rayleigh quotient

λ =
xHAx
xHx

. (Rayleigh quotient)

• The eigenvalue λ is the the solution of the characteristic equation

pA(λ ) = 0, (characteristic equation)

where

pA(r) := det(A− rI) (characteristic polynomial)

is the characteristic polynomial, hence having n roots (complex numbers), i.e.,
the matrix A ∈M (n,n) has n eigenvalues, not necessarily distinct!

The methods for finding the eigenvalues are generally thought of being either
• partial methods: compute extremal eigenvalues of A (with max and min abso-

lute value), for example the power method (Section 4) and inverse power method,
QR and SVD
• global methods: approximate the whole spectrum σ(A)

MATLAB:
[V,D] = eig(A)
returns diagonal matrix D of eigenvalues and matrix V whose columns are the correspond-
ing right eigenvectors, so that A∗V =V ∗D.

REMARK 0.1. If Q ∈ Rn×n is an orthogonal or Q ∈ Cn×n is an unitary matrix, then
all the eigenvalues are situated on the unit circle, i.e.,

|λ |= 1, ∀λ ∈ σ(Q).

111
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PROOF.

Qx= λx⇒ xT QT Qx= λ
2|x|2⇔ |x|2 = λ

2|x|2,

since QT Q = I. □

THEOREM 0.1.

(a) λ ∈ σ(A)⇒ λ n ∈ σ(An), and, if A is nonsingular, then 1
λ
∈ σ(A−1).

(b) If A is
• real and symmetric (A = AT ), then σ(A)⊂ R.
• real and skew-symmetric (A =−AT ), then σ(A)⊂ iR.

(c) If A is complex and hermitian, then σ(A)⊂ R.
(d) If P is nonsingular, then A and P−1AP are (similar and) have the same characteristic

polynomial, hence spectrum.
(e) If A is a diagonal matrix, a lower triangular or an upper triangular matrix, then

σ(A) = diag(A).

PROOF.

(a)

λv = Av ⇒ λ
nv = Anv;

(A−1) · | λv = Av ⇒ λA−1v = v, A−1v =
1
λ
v.

(b) • Ax= λx⇒ Ax= λx⇔ xT A = xT λ ⇒ xT Ax= λxTx
Ax= λx⇒ xT Ax= λxTx
hence λ = λ ;
• Ax= λx⇒ Ax= λx⇔−xT A = xT λ ⇒ xT Ax=−λxTx

Ax= λx⇒ xT Ax= λxTx
hence λ =−λ .

(c) Ax= λx⇒ Ax= λx⇔ xT A = xT λ ⇒ xT Ax= λxTx
Ax= λx⇒ xT Ax= λxTx
hence λ = λ ;

(d)

det(P−1AP−λ I) = det(P−1(A−λ I)P) = det(P−1)det(A−λ I)det(P)

= det(A−λ I).

(e) det(A−λ I) = ∏ i = 1n(aii−λ ).

□

1. General location of eigenvalues, Gershgorin circles

Since λi ∈ σ(A) are the roots of the characteristic polynomial pλ (A) = det(A−λ I),
iterative methods are used to find λi, for n > 5. Hence, knowledge of eigenvalue location
in C can accelerate convergence.

First, we recall some basic estimates.

• |λ | ≤ ∥A∥ for any consistent matrix norm ∥ · ∥. (See Theorem 2.1.)

• det(A) =
n

∏
i=1

λi, trace(A) =
n

∑
i=1

λi. (See Proposition 1.1.)
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THEOREM 1.1 (Gershgorin circles). Let A ∈ Cn×n.

σ(A)⊂
(
∪n
=1 Ri

)
∩
(
∪n
=1 Ci

)
, (1.1)

where

Ri =
{

z ∈ C : |z−aii| ≤ ∑
j=1, j ̸=i

||ai j|
}
, (row circles)

Ci =
{

z ∈ C : |z−a j j| ≤ ∑
i=1, i ̸= j

||ai j|
}
. (column circles)

PROOF. (See [1, p 127].) Let λ ∈ σ(A) be an arbitrary eigenvalue, and v the corre-
sponding eigenvector:

Av = λv ⇔ (λ −aii)vi = ∑
j=1, j ̸=i

ai jv j, for i = 1 : n.

If we denote by ℓ ∈ 1 : n the index such that

∥v∥∞ = |vℓ| ̸= 0,

then

|λ − vℓ|=
1

vℓ|

∣∣∣ ∑
j=1, j ̸=ℓ

aℓ jv j

∣∣∣≤ ∑
j=1, j ̸=ℓ

|aℓ j|
|v j|
|vℓ|
≤ ∑

j=1, j ̸=ℓ

|aℓ j|,

which proves that the spectrum is inside the union of the row circles Ri.
A similar argument holds for the column Ci. □

EXAMPLE 1.1.

A =

 1 2 3
3 4 9
1 1 1


R1 = {z : |z−1| ≤ 5}, R2 = {z : |z−4| ≤ 12}, R3 = {z : |z−1| ≤ 2},
C1 = {z : |z−1| ≤ 4}, C2 = {z : |z−4| ≤ 3}, C3 = {z : |z−1| ≤ 12}.
σ(A) = {7.3067,−0.6533+0.3473i,−0.6533−0.3473i}.
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-4
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C1

C2

C3
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2

3

Note also that

∥A∥1 = max{5,7,15}= 13 (max row sums)

∥A∥2 = 11.0506
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∥A∥∞ = max{6,16,3}= 16, (max row sums)

hence, by Theorem 2.1 we have

|λi| ≤min{13,11.0506,16}= 11.0506.

2. Schur factorization and diagonalization

THEOREM 2.1 (Schur canonical form). Given A ∈ Cn×n, there exists U unitary such
that

U−1AU =UHAU =


λ1 b12 · · · b1n
0 λ2 b2n
...

. . .
...

0 · · · 0 λn

= T,

where λi are the eigenvalues of A.

Therefore every A is unitarily similar to an upper triangular matrix, and by Theorem
0.1 (e) we have that σ(A) = σ(A) = diag(T ).

PROOF. By induction, see [5]. □

Note that the matrices T and U are not necessarily unique [9].

COROLLARY 2.1. Every square hermitian matrix is unitarily similar to a diagonal
matrix with real eigenvalues. Also, every square symmetric matrix is unitarily similar to a
diagonal matrix with real eigenvalues.

PROOF. From the Schur decomposition Theorem 2.1 ∃U unitary I =U∗U such that

U∗AU = T ⇒ U∗ A∗︸︷︷︸
=A

U = T ∗,

hence T = T ∗, so T = diag{λ1, · · · ,λn} and λi ∈ R. □

REMARK 2.1. Note that

Am = (UTU∗)m =UT mU∗.

MATLAB

[U,T] = schur(A)

EXAMPLE 2.1.
>> A = hilb(3);
>> [U,T] = schur(A)
U =

-0.1277 0.5474 0.8270
0.7137 -0.5283 0.4599

-0.6887 -0.6490 0.3233
T =

0.0027 0 0
0 0.1223 0
0 0 1.4083

Note that
U ·T ·U ′ = A and U ′ ·U = I3.
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>> U*T*U’
ans =

1.0000 0.5000 0.3333
0.5000 0.3333 0.2500
0.3333 0.2500 0.2000

>> U’*U
ans =

1.0000 0.0000 0.0000
0.0000 1.0000 -0.0000
0.0000 -0.0000 1.0000

EXAMPLE 2.2.

>> A = [ 13 8 8 ; -1 7 -2 ; -1 -2 7];
>> [U,T] = schur(A)
U =

0.9428 -0.3333 0
-0.2357 -0.6667 -0.7071
-0.2357 -0.6667 0.7071

T =
9.0000 -12.7279 -0.0000

0 9.0000 -0.0000
0 0 9.0000

3. Singular Value Decomposition (SVD)

See hand written notes The SVD is a very important decomposition which is used for
many purposes other than solving least squares problems.

THEOREM 3.1. Given A∈Cm×n, ∃ two unitary matrices U ∈Cm×m,V ∈Cn×n (U∗U =
Im×m,V ∗V = In×n) such that

U∗AV = Σ = diag(σ1, · · · ,σp) ∈ Rm×n, with p = min{m,n} (SVD)

and

σ1 ≥ ·· · ≥ σp ≥ 0, (singular values)

where σi = singular values of A.
The first p columns u1, · · · ,up of U are eigenvectors of AA∗, called left singular vectors.
The columns v1, · · · ,vn of V are called right singular vectors.

PROOF. By induction, see [5, Theorem 3.2]. □

EXAMPLE 3.1. Let m = 4 < 5 = n and

A =


1 0 0 0 2
0 0 3 0 0
0 0 0 0 0
0 2 0 0 0

 , AA′ =


5 0 0 0
0 9 0 0
0 0 0 0
0 0 0 4

 , A′A =


1 0 0 0 2
0 4 0 0 0
0 0 9 0 0
0 0 0 0 0
2 0 0 0 4

 .
Note that

√
5 = 2.2361,

√
9 = 3,

√
4 = 2.
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>> A = [1 0 0 0 2; 0 0 3 0 0 ; 0 0 0 0 0 ; 0 2 0 0 0 ];
>> [U,S,V]= svd(A);
>> S

S =

3.0000 0 0 0 0
0 2.2361 0 0 0
0 0 2.0000 0 0
0 0 0 0 0

>> x = [1;2;3;4;5];b = A*x ;
>> y = A\b; z = V/S*U’*b;
>> y
y =

0
2.000000000000000
3.000000000000000

0
5.500000000000000

>> z
z =

2.199999999999999
2.000000000000000
3.000000000000000

0
4.399999999999999

>> norm(A*y-b)
ans =

0
>> norm(A*z-b)
ans =

3.552713678800501e-15

THEOREM 3.2.
(a) Σi(A) =

√
λi(A∗A), i = 1, · · · , p.

(b) If A has full rank, the solution of

min
x
∥Ax−b∥2

is

x=V Σ
−1UTb. (use the pseudoinverse)

PROOF. (a)

A =UΣV ∗, A∗ =V Σ
∗U∗ ⇒ A∗A =V Σ

∗ U∗U︸︷︷︸
=Im×m

ΣV ∗ =V Σ
∗
ΣV ∗.

Since V is unitary, by Theorem 0.1 part (d) and (SVD) we have that

λi(A∗A) = λi(Σ
∗
Σ) =

(
σi(A)

)2
.
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(b) Since U is unitary, we have

∥Ax−b∥2
2 = ∥UΣV Tx−b∥2

2 (use (SVD))

=
∥∥UT (UΣV Tx−b)

∥∥2
2 (use U unitary)

=
∥∥ΣV Tx−UTb

∥∥2
2 =

p

∑
i=1

∣∣σi(V Tx)i− (UTb)i
∣∣2 + m

∑
i=p+1

∣∣(UTb)i
∣∣2,

which is minimized over x when all the elements in the first sum are zero, i.e.,

x=V/ΣUTb.

□

EXAMPLE 3.2.
>> A = [1 2 3; 4 5 7]; x = [1;2;3]; b= A*x;
>> [U,S,V]=svd(A)
U =

-0.3636 -0.9315
-0.9315 0.3636

S =
10.1815 0 0

0 0.5811 0
V =

-0.4017 0.9000 0.1690
-0.5289 -0.0773 -0.8452
-0.7476 -0.4289 0.5071

>> y = V/S*U’*b
y =

1.0000
2.0000
3.0000

>> z = A\b
z =

1.4000
0

4.2000
>> norm(y)
ans =

3.7417
>> norm(z)
ans =

4.4272

>> norm(A*y-b)
ans =

1.588821858078255e-14
>> norm(A*z-b)
ans =

1.776356839400250e-15
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>> norm(A*x-b)
ans =

0

EXAMPLE 3.3.
>> B = [1 2; 4 5; 8 9];x = [1 ; 2] ; b = B*x;
>> [U,S,V] = svd(B);
>> y = V/S*U’*b
y =

1.0000
2.0000

>> z = B\b
z =

1.0000
2.0000

DEFINITION 3.1 (E.H. Moore - Roger Penrose: pseudo-inverse matrix). Suppose A ∈
Cn×n has rank r, and ∃ an SVD decomposition U∗AV = Σ (or A =UΣV ∗). The matrix

A† =V Σ
†U∗ (pseudo-inverse)

is called the Moore-Penrose pseudo-inverse (the generalized inverse of A), where

Σ
† = diag

( 1
σ1

,
1

σ2
, · · · , 1

σr
,0, · · · ,0

)
.

Images can be thought of as numeric arrays (although you do have to convert them
from the uint8 numeric format used for images to the double format used for numeric
arrays.) Therefore, an m×n image A has an SVD decomposition A =U ∗S∗V ′.
For any 1≤ r ≤min(m,n), a low rank approximation to A is formed by
A_r = U(1:m,1:r) * S(1:r,1:r) * V(1:n,1:r)’;
Properties of the SVD guarantee that Ar is the best possible rank r approximation to the
data in A. This means it is often possible to get a good approximation to A using much
less data. Regarding a fingerprint image as collection of column vectors, we can apply this
technique. Fingerprints can be difficult to compress, since they have a great deal of fine
variation and detail.

svd fingerprint.m is a MATLAB code which reads a file containing a fingerprint image
and uses the singular value decomposition (SVD) to compute and display a series of low
rank approximations to the image (see figure 1).

svd gray test.m is a MATLAB code which calls svd gray(), which reads a file contain-
ing a grayscale image and uses the singular value decomposition (SVD) to compute and
display a series of low rank approximations to the image (see figure 2).

https://people.sc.fsu.edu/~jburkardt/m_src/svd_fingerprint/svd_fingerprint.html
https://people.sc.fsu.edu/~jburkardt/m_src/svd_gray_test/svd_gray_test.html
https://people.sc.fsu.edu/~jburkardt/m_src/svd_gray/svd_gray.html
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FIGURE 1. SVD of fingerprint: image rows m = 480, image columns
n = 400, image pixels m∗n = 192000.
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FIGURE 2. SVD of ‘Casablanca’: image rows m = 360, image columns
n = 460, image pixels m∗n = 165600.
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4. The Power Method

It is very good at approximating the extremal values of a matrix (i.e., the largest or
smallest module) λ1,λn and their associated eigenvalues.
Applications:

• in geoseismic, structural vibrations, where the computation of λn and xn arises
in determination of the proper frequency and fundamental mode of a physical
system
• in numerical analysis, stability analysis of systems of ODEs and PDEs
• search engines

4.1. Approximation of the Eigenvalues of Largest module.
Let A ∈ Cn×n be diagonalizable (∃P invertible such that P−1AP = diag{λa,λ2, · · · ,λn}),
and C ∈ Cn×n the matrix of its right eigenvectors xi, i = 1 : n.
Suppose the eigenvalues are ordered as

|λ1|>|λ2| ≥ · · · ≥ |λn|, (λ1 dominant eigenvalue)

and λ1 has algebraic multiplicity equal to 1, i.e., λ1 is a simple root of the characteristic
polynomial p(λ ):

p′(λ1) ̸= 0.

Result: Power Method
Given x(0) ∈ Cn,∥x(0)∥2 = 1,
for κ = 1,2, · · · maxiter do

z(κ) = Ax(κ−1)

x(κ) = z(κ)/∥z(κ)∥2 (∥x(κ)∥2 = 1)
λ (κ) = (x(κ))∗Ax(κ)/(x(κ))∗x(κ) (Rayleigh quotient)

end

THEOREM 4.1. Assume A ∈ Cn×n diagonalizable (the eigenvectors form a basis of
Cn), whose eigenvectors satisfy |λ1|>|λ2| ≥ · · · ≥ |λn|, and x(0)=∑

n
i=1 αixi, where ({λi,xi}i=1:n)

are the eigen-pairs, ∥xi∥2 = 1, with α1 ≠= 0. Then

lim
κ→∞
|λ1−λ

(κ)|= 0, and ∥x1−x(κ)∥2
κ → ∞−−−→ 0,

with linear conveergence and convergence rate S = |λ2/λ1|< 1:

∃C > 0 such that ∥x1−x(κ)∥2 ≤C
∣∣∣λ2

λ1

∣∣∣κ . (linear convergence)

PROOF. We shall start by proving using induction that

x(κ) =
Aκx(0)

∥Aκx(0)∥2
, (4.1)

so let’s verify this for the first few iterations. Indeed,

z(1) = Ax(0), x(1) = Ax(0)/∥Ax(0)∥2, (κ = 1)

z(2) = Ax(1) = A2x(0)/∥Ax(0)∥2, hence ∥z(2)∥2 =
∥A2x(0)∥2

∥Ax(0)∥2
, so
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x(2) =
z(2)

∥z(2)∥2
=

A2x(0)

����∥Ax(0)∥2

����∥Ax(0)∥2

∥A2x(0)∥2
=

A2x(0)

∥A2x(0)∥2
, · · · . (κ = 2)

Assume that (4.1) holds for κ , and try to prove it for κ +1. By the Power Method (1) and
the induction hypothesis (4.1) we have

z(κ+1) = Ax(κ) = A
Aκx(0)

∥Aκx(0)∥2
=

Aκ+1x(0)

∥Aκx(0)∥2
,

then

∥z(κ+1)∥2 =
∥Aκ+1x(0)∥2

∥Aκx(0)∥2
,

so again from the algorithm we have

x(κ+1) =
z(κ+1)

∥z(κ+1)∥2
=

Aκ+1x(0)

�����∥Aκx(0)∥2

�����∥Aκx(0)∥2

∥Aκ+1x(0)∥2
=

Aκ+1x(0)

∥Aκ+1x(0)∥2
, · · · .

Since x(0) = ∑
n
i=1 αixi □

EXAMPLE 4.1 (Power iteration).

A =

 1 0. 1
0 3 −2
0 0 2

 , σ(A) = {3,2,1};
∣∣∣λ2

λ1

∣∣∣= 2
3
<1

Let x(0) =

 0
0
1

. Then

z(0) = Ax(0) =

 1 0 1
0 3 −2
0 0 2

 0
0
1

=

 1
−2

2

 ,
with

norm(z(0),2) =
√

9 = 3,

so

x(1) =
z(0)

∥z(0)∥2
=

 1/3
−2/3

2/3

 ,
λ
(1) = (x(1))T Ax(1) =

[
1/3 −2/3 2/3

] 1 0 1
0 3 −2
0 0 2

 1/3
−2/3

2/3

=
3+20+8

9
=

31
9
≈ 3.4444,

z(1) = Ax(1) =

 1
−10/3

4/3

 ,
then

x(2) =
z(1)

∥z(1)∥2
=

1
5
√

5

 3
−10

4

 ,
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λ
(2) = (x(2))T Ax(2) = 3.4640,

z(2) = Ax(2) =
1

5
√

5

 1 0 1
0 3 −2
0 0 2

 13
−10

4

=
1

5
√

5

 7
−38

8

 ,
also

x(3) =
z(2)

∥z(2)∥2
=

 0.177400048296265
0.963028833608294
0.202742912338588

 ,
λ
(3) = (x(3))T Ax(3) = 3.322414900449583.

We have

λ
(4) = 3.212530924572810

λ
(5) = 3.139135553593345

λ
(10) = 3.017489354617178 ((λ2/λ1)

10 = (2/3)10 ≈ 0.017)

λ
(50) = 3.00000000︸ ︷︷ ︸

8

1568329 ((λ2/λ1)
50 = (2/3)50 ≈ 1.5e−9)

λ
(75) = 3.0000000000000︸ ︷︷ ︸

13

62 ((λ2/λ1)
75 = (2/3)75 ≈ 6.2e−14)

[lambda, x] = powerit(A,x0,maxiter)

Recall that the Power Method 1 computes

x(κ) =
Aκx(0)

∥Aκx(0)∥2
−→ x1,

λ
(κ) = (x(κ))T Ax(κ) −→ λ1,

the eigenvector (corresponding to) and the largest eigenvalue of A.

LEMMA 4.1.
(1) The eigenvalues of A−1 are 1

λ1
, 1

λ2
, · · · , 1

λn
, where |λ1|>|λ2| ≥ · · · ≥ |λn|, with the same

eigenvectors of A.
(2) The eigenvalues of the shifted matrix A− µI are λ1− µ,λ2− µ, · · · ,λn− µ , with the

same eigenvectors of A.

PROOF.
(1) Since Axi = λixi, multiplying to the left by A−1 gives xi = λiA−1xi, or

A−1xi =
1
λi
xi.

(2) Similarly, from Axi = λixi, we have that (A−µI)xi = (λi−µ)xi.
□

COROLLARY 4.1.
(3) The largest (magnitude) eigenvalue of A−1 ≡ the smallest (magnitude) eigenvalue of

A.
(4) The largest (magnitude) eigenvalue of (A− µI)−1 ≡ the smallest (magnitude) eigen-

value λi−µ of A−µI
≡ closest eigenvalue λi to µ .
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Therefore, to compute an eigenvalue ‘closest’ to a given µ ∈ C (|λ−µ| smallest),
we have to apply the Power Iteration Method to (A−µI)−1, hence obtaining the

4.2. Inverse Power Method.
Let µ ∈ C,µ /∈ σ(A) be called a ‘shift’. Assuming ∃m such that

|λ −µ|<|λ j−µ|, ∀ j ̸= m, λ j ∈ σ(A),

we have the following
Result: Inverse Power Method
Given x(0) ∈ Cn,∥x(0)∥2 = 1,
for κ = 1,2, · · · maxiter do

Solve (A−µI)z(κ) = x(κ−1)⇔ z(κ) = (A−µI)−1x(κ−1)

x(κ) = z(κ)/∥z(κ)∥2 (∥x(κ)∥2 = 1)
λ (κ) = (x(κ))∗Ax(κ)/(x(κ))∗x(κ) (Rayleigh quotient)
(since A and A−λ I have the same eigenvectors, the Rayleigh quotient is
computed on A, not on A−µI)
Note that we DO NOT use (A−µI)−1, but solve a linear system!

end

EXAMPLE 4.2 (Inverse Power iteration). See also Example 4.1

A =

 1 0 1
0 3 −2
0 0 2

 , σ(A) = {3,2,1};
∣∣∣λ2

λ1

∣∣∣= 2
3
<1

>> A = [1 0 1; 0 3 -2; 0 0 2]; mu=1.6; x0=[0;0;1]; k=100;
>> [lambda,x] = invpowerit(A,x0,mu,k);
>> lambda =

2.000000000000000
the eigenvalue 2.000000 was reached with tolerance 1e-16 at iteration 87

Let x(0) =

 0
0
1

. Then

λ
(0) = (x(0))T Ax(0) = 1.6687

and

z(1) = (A−µI)\x(0) =

 0.5757
1.9036
1.0364

 , x(1) =

 0.2567
0.8488
0.4621

 , λ
(1) = 1.9886,

∣∣∣λ (1)−λ (0)

λ (0)

∣∣∣≈ 0.191,

z(2) = (A−µI)\x(1) =

 1.4976
2.2568
1.1553

 , x(2) =

 0.5086
0.7664
0.3923

 , λ
(2) = 1.9268,

∣∣∣λ (2)−λ (1)

λ (1)

∣∣∣≈ 0.031,

z(3) = (A−µI)\x(2) =

 0.7871
1.9486
0.9808

 , x(3) =

 0.3393
0.84021

0.4229

 , λ
(3) = 2.02361,

∣∣∣λ (3)−λ (2)

λ (2)

∣∣∣≈ 0.05022,

z(4) = (A−µI)\x(3) =

 1.1965
2.11059

1.0573

 , x(4) =

 0.452
0.797
0.399

 , λ
(4) = 1.97500,

∣∣∣λ (4)−λ (3)

λ (3)

∣∣∣≈ 0.0240.
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4.3. Exercises.
Exercise 1. Are [i,−1+ i]T and [−i,−1− i]T eigenvectors of the matrix A =

[
1 1
−2 3

]
in Example 2?
Solution:

Exercise 2. Prove that if λ is an eigenvalue of a real matrix with eigenvector x, then λ is
also an eigenvalue with eigenvector x. (For a complex number z = x+ iy, the conjugate is
defined by z = x− iy.)
Solution:

Exercise 3. Let

A =

[
cosθ −sinθ

sinθ cosθ

]
Account for the fact that the matrix A has the effect of rotating vectors counterclockwise
through an angle θ and thus cannot map any vector into a multiple of itself.
Solution:

Exercise 4. Let A be an m×n matrix such that A =UDV T , where Uand V are orthogonal
and D is diagonal and nonnegative. Prove that the diagonal elements of D are the singular
values of A.
Solution:

Exercise 5. Let A,U,D, and V be as in the singular value decomposition: A = UDV T .
Let r be as described in the text. Define Ur to consist of the first r columns of U. Let Vr
consist of the first r columns of V , and let Dr be the r× r matrix having the same diagonal
as D. Prove that A =UrDrV T

r . (This factorization is called the economical version of the
singular value decomposition.)
Solution:

Exercise 6. A linear map P is a projection if P2 = P. We can use the same terminology
for an n× n matrix: A2 = A is the projection property. Use the Pierce decomposition,
I = A+(I−A), to show that every point in Rn is the sum of a vector in the range of A and
a vector in the null space of A. What are the eigenvalues of a projection?
Solution:

Exercise 7. Find all of the Gershgorin discs for the following matrices. Indicate the
smallest region(s) containing all of the eigenvalues:

(a) A =

 3 −1 1
2 4 −2
3 −1 9


(b) A =

 3 1 2
−1 4 −1

1 −2 9


(c) A =

 1− i 1 i
0 2i 2
1 0 2





126 CHAPTER 4. EIGENVALUES AND EIGENVECTORS

Solution:

Exercise 8. (Multiple choice) Let A be an n× n invertible (nonsingular) matrix. Let x
be a nonzero vector. Suppose that Ax = λx. Which equation does not follow from these
hypotheses?

(a) Akx= λ kx
(b) λ−kx= (A−1)kx for k ≥ 0
(c) p(A)x= p(λ )x for any polynomial p
(d) Akx= (1−λ )kx
(e) None of these.

Solution:

Exercise 9. (Multiple choice) For what values of s will the matrix I− svv∗ be unitary,
where v is a column vector of unit length?

(a) 0,1
(b) 0,2
(c) 1,2
(d) 0,

√
2

(e) None of these.

Solution:

Exercise 10. (Multiple choice) Let U and V be unitary n×n matrices, possibly complex.
Which conclusion is not justified?

(a) U +V is unitary.
(b) U∗ is unitary.
(c) UV is unitary.
(d) U−vv∗ is unitary when ∥v∥=

√
2 and v is a column vector.

(e) None of these.
Solution:

Exercise 11. (Multiple choice) Which assertion is true?

(a) Every n×n matrix has n distinct (different) eigenvalues.
(b) The eigenvalues of a real matrix are real.
(c) If U is a unitary matrix, then U∗ =UT

(d) A square matrix and its transpose have the same eigenvalues.
(e) None of these.
Solution:

Exercise 12. (Multiple choice) Consider the symmetric matrix
1 3 4 −1
3 7 −6 1
4 −6 3 0
−1 1 0 5

 .
What is the smallest interval derived from Gershgorin’s Theorem such that all eigenvalues
of the matrix A lie in that interval?
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(a) [−7,9]
(b) [−7,13]
(c) [3,7]
(d) [−3,17]
(e) None of these.

Solution:

Exercise 13. (True or False) Gershgorin’s Theorem asserts that every eigenvalue λ of an
n×n matrix A must satisfy one of these inequalities:

|λ −aii| ≤
n

∑
j=1, j ̸=i

|ai j| for 1≤ i≤ n.

Solution:

Exercise 14. (True or False) A consequence of Schur’s Theorem is that every square ma-
trix A can be factored as A = PT P−1 , where P is a nonsingular matrix and T is upper
triangular.
Solution:

Exercise 15. (True or False) A consequence of Schur’s Theorem is that every (real) sym-
metric matrix A can be factored in the form A = PDP−1 , where P is unitary and D is upper
triangular.
Solution:

Exercise 16. Explain why ∥UB∥2 = ∥B∥2 for any matrix B when UTU = I.
Solution:

Exercise 17. Consider the matrix A =

 3 − 1
2 0

3
5 5 − 3

5
0 1

2 3

. Plot the Gershgorin discs in

the complex plane for A and AT as well as indicate the locations of the eigenvalues.
Solution:

Exercise 18. (Continuation) Let B be the matrix obtained by changing the negative entries
in A to positive numbers. Repeat the process for B.
Solution:

Exercise 19. (Continuation) Repeat for C =

 4 0 −2
1 2 0
1 1 9

.

Solution:

Exercise 20. Find the Schur decomposition of A =

[
5 7
−2 −4

]
.

Solution:
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Computer problem 1. Use Matlab, Maple, Mathematica, or other computer programs
available to you to compute the eigenvalues and eigenvectors of these matrices:

(a) A =

[
1 7
2 −5

]
.

(b)
Solution: Computer problem 4, page 381. Use the power method, the inverse power

method, and their shifted forms to find some or all of the eigenvalues of the following
matrices:

(a) A =


5 4 1 1
4 5 1 1
1 1 4 2
1 1 2 4

.

(b)
Solution:

>> A = [5,4,1,1;4,5,1,1;1,1,4,2;1,1,2,4]; x0 = [1;1;1:1]; k = 100;

>> spectrum = eig(A)
spectrum =
1.0000

2.0000
5.0000

10.0000
>> mu1 = 1.4;
>> [lambda,x]=invpowerit(A,x0,mu1,k)

the eigenvalue 1.000000 was reached with tolerance 1e-16 at iteration 51

lambda =
1.000000000000000

x =
0.707106781186547

-0.707106781186547
-0.000000003165054
0.000000003165054

µ = 1.4 ⇒ λ = 1 in 51 iterations with error 1.e−16

µ = 1.6 ⇒ λ = 2 in 40 iterations with error 1.e−16

µ = 4 ⇒ λ = 5 in 11 iterations with error 1.e−16

µ = 8 ⇒ λ = 10 in 42 iterations with error 1.e−16



CHAPTER 5

Numerical methods for Ordinary Differential Equations
(ODEs)

DEFINITION 0.1 (ODE of order p).

dpy
dt p +ap−1

dp−1y
dt p−1 + · · ·+a1

dy
dt

+a0y = f (t,y,y′, . . . ,y(p−1)). (0.1)

REMARK 0.1. An ODE of order p can be written as a system of p first-order equa-
tions, with the unknowns:

y1 = y, ,y2 = y′, y3 = y′′, , . . . , yp−1 = y(p−2),yp = y(p−1),

hence satisfying

y′1 = y2
y′2 = y3,
...
y′p−1 = yp,

y′p = f (t,y1,y2, . . . ,yp−1)−ap−1yp−·· ·−a1y2−a0y1.

EXAMPLE 0.1 (Logistic equation).

y′ = cy
(

1− y
B

)
. (scalar equation)

See logistic equation.m, using Matlab’s ODE45, ODE23s solvers and the ‘forward Euler’
method.

EXAMPLE 0.2 (Lotka-Volterra).{
y′1 = y1(α−βy2)
y′2 = y2(δy1− γ).

(system of 2 first-order equations)

See Example 6.2 for the Hamiltonian of the Lotka-Volterra model, a conserved quantity
H(y1,y2) = δy1− γ lny1 +βy2−αy2, i.e., dH(y1,y2)

dt = 0.

EXAMPLE 0.3 (Vibrating spring / simple harmonic motion).

u′′(x)+ k(x)u′(x)+m(x)u(x) = f (x). (2nd order scalar equation)

See Example 6.1 for the particular case u′′+u = 0.

DEFINITION 0.2 (The Cauchy problem, Initial Value Problem (IVP)). Find y : I →
Rn,y ∈C1(Rn) such that{

y′ = f (t,y(t)), t ∈ (0,T ]
y(t0) = y0.

(IVP)

129

 https://en.wikipedia.org/wiki/Lotka?Volterra_equations
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Here I = [t0,T ], y0 ∈ Rn is called ‘initial datum’, and y(·) ∈ C1(R) satisfying (IVP) is a
classical solution. Moreover, if f (t,y(t)) ≡ f (y(t)), the equation/system (IVP) is called
‘autonomous’.

DEFINITION 0.3. The equation (IVP) can be considered in ‘integral form’:

y(t) = y(t0)+
∫ t

t0
f (s,y(s))ds. (0.2)

and then the solution y(·) ∈C(Rn) is called a ‘mild solution’.

DEFINITION 0.4. The function f is globally Lipschitz if

| f (t,y)− f (s,z)| ≤ L
(
|t− s|+ |y− z|

)
, ∀(t,y),(s,z) ∈ R×Rn. (0.3)

THEOREM 0.1 (Existence and uniqueness of IVPs). If f is Lipschitz continuous, then
∃! there exists a unique solution y to the (IVP).

1. One-step numerical methods

To simplify the presentation, we shall consider first the constant step size (equidistant
mesh) case, i.e.,

∆t =
T − t0

N
, (constant time step)

where N ∈ N is the number of subintervals, and ti = t0 + i∆t, for all i = 0 : N.
In order to introduce some of the most classical numerical methods for ODEs, let us

consider the Initial Value Problem (IVP) in its integral form (0.2). Or equivalently, let us
integrate (IVP) on [tn, tn+1] to obtain

y(tn+1) = y(tn)+
∫ tn+1

tn
f (t,y(t))dt, (1.1)

and use some of the quadrature (numerical integration) rules to approximate the integral,
namely∫ tn+1

tn
f (t,y(t))dt ≈ f (tn,y(tn)) ·∆t (rectangle left)∫ tn+1

tn
f (t,y(t))dt ≈ f (tn+1,y(tn+1)) ·∆t (rectangle right)∫ tn+1

tn
f (t,y(t))dt ≈ f

( tn + tn+1

2
,y
( tn + tn+1

2

))
·∆t (rectangle midpoint rule)∫ tn+1

tn
f (t,y(t))dt ≈ f (tn+1,y(tn+1))+ f (tn,y(tn))

2
·∆t ( trapezoidal rule)

These approximations then yield the following numerical methods for solving (IVP)

yn+1 = yn +∆t f (tn,yn) (Forward Euler)

yn+1 = yn +∆t f (tn+1,yn+1) (Backward Euler)

yn+1 = yn +∆t f
( tn + tn+1

2
,???

))
≈ yn +∆t f

( tn + tn+1

2
,

yn + yn+1

2

))
(implicit midpoint)

yn+1 = yn +∆t
f (tn+1,yn+1)+ f (tn,yn)

2
(trapezoidal)

where yn ≈ y(tn),∀n = 1 : N.
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NOTATION 1.1. From now on we are going to denote frequently fn := f (tn,yn).

DEFINITION 1.1 (One-step numerical method). Let Φ be a functional depending on
the unknowns {yn} and the values f (yn). Then the relation

yn+1 = yn +∆tΦ(yn+1,yn, fn, fn+1) (1.2)

is called a one-step numerical method for approximating the Cauchy problem (IVP).

Note that the methods above, namely (Forward Euler) (FE), (Backward Euler) (BE),
(implicit midpoint), and (trapezoidal) are all one-step methods.

2. Consistency

DEFINITION 2.1 (Local truncation error). The residual obtained by substituting the
exact solution y(t) of (IVP), evaluated at the mesh points tn, tn+1, in the numerical method
(1.2)

∆tτn(∆t) := y(tn+1)− y(tn)−∆tΦ
(
y(tn+1),y(tn), f (y(tn)), f (y(tn+1))

)
(LTE)

is called the Local Truncation Error (LTE), and is used to evaluate the approximating
qualities of each method, order of ‘consistency’, and serves as an essential tool in time-
adaptivity [3].

DEFINITION 2.2 (Order of consistency). A numerical method is ‘consistent with order
p’ if

∆tτn(∆t) = O(∆t p+1),

i.e., there exist a positive constant C > 0 such that

|y(tn+1)− y(tn)−∆tΦ
(
y(tn+1),y(tn), f (y(tn)), f (y(tn+1))

)
| ≤C∆t p+1

EXAMPLE 2.1. The (Forward Euler) method has order of consistency p = 1.

PROOF. Indeed, by substituting the exact solution y(t) into the (Forward Euler) for-
mula, or equivalently, using the (LTE) with Φ from (Forward Euler), we obtain

∆tτFE
n := y(tn+1)− y(tn)−∆t f (y(tn)).

Inhere we use the Taylor formula to expand y(tn+1) about tn, namely

y(tn+1) = y(tn)+ y′(tn)∆t + y′′(t̃n)
∆t2

2
,

where (of course) this holds provided the exact solution is smooth, meaning it has two con-
tinuous derivatives: y ∈C2[t0,T ], and where t̃n ∈ (tn, tn+1), an arbitrary point. Substituting
this into the value of the local truncation above yields

∆tτFE
n := y(tn+1)− y(tn)−∆t f (y(tn)) =

(
���y(tn)+ y′(tn)∆t + y′′(t̃n)

∆t2

2

)
−���y(tn)−∆t f (y(tn))

= y′(tn)∆t + y′′(t̃n)
∆t2

2
−∆t f (y(tn)) = ∆t

(
y′(tn)− f (y(tn))

)︸ ︷︷ ︸
=0 from (IVP)

+y′′(t̃n)
∆t2

2
=

1
2

y′′(t̃n)∆t2,

which shows that p = 1, i.e., (Forward Euler) is first-order consistent. □
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EXAMPLE 2.2 (Implicit midpoint / Crank-Nicolson). The (implicit midpoint) method
can also be implemented in a refactorized form as

y∗− yn

∆t/2
= f (y∗),

yn+1− y∗

∆t/2
= f (y∗), or yn+1 = 2y∗− yn

, equivalently yn+1 = yn +∆t f (y∗),

(midpoint)

where y∗ denotes yn+1/2. Then it is easily seen that the (implicit midpoint) method is also
second-order consistent

∆tτmidpoint
n := y(tn+1)− y(tn)−∆t f (y(tn+1/2)) =

1
24

y′′′(tn+1/2)∆t3.

PROOF. Indeed, proceeding as above

∆tτmidpoint
n = y(tn+1)− y(tn)−∆t f (y(tn+1/2))

=
(
����y(tn+1/2)+

∆t
2

y′(tn+1/2)+
XXXXXXX
∆t2

2! ·4
y′′(tn+1/2)+

∆t3

3! ·8
y′′′(tn+1/2)+O(∆t4)

)
−
(
����y(tn+1/2)−

∆t
2

y′(tn+1/2)+
XXXXXXX
∆t2

2! ·4
y′′(tn+1/2)−

∆t3

3! ·8
y′′′(tn+1/2)+O(∆t4)

)
−∆t f (y(tn+1/2))

= ∆t
(

y′(tn+1/2)− f (y(tn+1/2)︸ ︷︷ ︸
≡0 from (IVP)

+2
∆t2

3! ·8
y′′′(tn+1/2)

)
+O(∆t4) =

1
24

y′′′(tn+1/2)∆t3

which implies that p = 2. □

EXAMPLE 2.3 (Trapezoidal method). The (trapezoidal) method can also be imple-
mented in a refactorized form as

ŷ− yn

∆t/2
= f (yn),

yn+1− ŷ
∆t/2

= f (yn+1),

, equivalently yn+1 = yn +
∆t
2
(

f (yn+1 + f (yn)
)
,

(trapezoidal)

where ŷ denotes yn+1/2. Then it is easily seen that the (trapezoidal) method is also second-
order consistent

∆tτTR
n := y(tn+1)− y(tn)−∆t f (y(tn+1/2)) =−

1
12

y′′′(tn+1/2)∆t3.

Note that the LTE of the (implicit midpoint) is half the LTE of (trapezoidal) method.

EXAMPLE 2.4 (Explicit midpoint / leapfrog method). Using the second-order central
difference approximation of a first-derivative

y′(tn+1) =
y(tn+2)− y(tn)

2∆t
+O(∆t2), (central difference approximation)

we obtain the following important example of a Linear Multistep Method (LMM) is the
leapfrog method:

yn+2 = yn +2∆t f (yn+1), (LF)

which is also second-order consistent.
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EXAMPLE 2.5 (BDF2). Another important LMM is the backward differentiation for-
mula 2 (BDF2) method:

3yn+2−4yn+1 + yn

2∆t
= f (yn+2), (BDF2)

also second-order consistent.

EXAMPLE 2.6. In their 1952 very famous paper [10] on the nerve axon, Alan
Hodgkin and Andrew Huxley proposed the following method

yn+1− yn

∆t
=

1
2

(
f (yn+1)+ f (yn)−

1
12
(
∆

2 fn+1 +∆
2 fn
))

, ( [10])

where ∆2 fn+1,∆
2 fn are the second differences:

∆
2 fn+1 = f (yn+1)−2 f (yn)+ f (yn−1) ∆

2 fn = f (yn)−2 f (yn−1)+ f (yn−2),

which yields

yn+1− yn

∆t
=

1
2

(
f (yn+1)+ f (yn)−

1
12
( fn+1−2 fn + fn−1

2∆t2 +
fn−2 fn−1 + fn−2

2∆t2

))
=

1
2

(
f (yn+1)+ f (yn)−

1
12
(

fn+1− fn− fn−1 + fn−2
))

,

so
yn+1− yn

∆t
=

1
2

(
f (yn+1)+ f (yn)−

1
12
(

f (yn+1)− f (yn)− f (yn−1)+ f (yn−2)
))

. (HH)

Show that the method (HH) is third-order consistent.

∆tτ (HH)
n = y(tn+1)− y(tn)−

∆t
2

(
f (y(tn+1))+ f (y(tn))−

f (y(tn+1))− f (y(tn))− f (y(tn−1))+ f (y(tn−2))

12

)
= y(tn+1)− y(tn)−

∆t
2
( f (y(tn+1))+ f (y(tn)))+

∆t
24

(
f (y(tn+1))− f (y(tn))− f (y(tn−1))+ f (y(tn−2))

)
= y(tn+1)

− y(tn)

− ∆t
2
( f (y(tn+1))+ f (y(tn)))

+
∆t
24

(
f (y(tn+1))− f (y(tn))− f (y(tn−1))+ f (y(tn−2))

)
=���yn+1/2 +

∆t
2

y′n+1/2 +
HH

HHHH

∆t2

2! ·22 y′′n+1/2 +
∆t3

3! ·23 y′′′n+1/2 +
�

���
��HH

HHHH

∆t4

4! ·24 yiv
n+1/2 +

∆t5

5! ·25 yv
n+1/2

−
(
���yn+1/2−

∆t
2

y′n+1/2 +
H
HHH

HH

∆t2

2! ·22 y′′n+1/2−
∆t3

3! ·23 y′′′n+1/2 +
��

����H
HHH

HH

∆t4

4! ·24 yiv
n+1/2−

∆t5

5! ·25 yv
n+1/2

)
− ∆t

2

(
fn+1/2 +

HH
HH

∆t
2

f ′n+1/2 +
∆t2

2! ·22 f ′′n+1/2 +
��

����
∆t3

3! ·23 f ′′′n+1/2 +
∆t4

4! ·24 f iv
n+1/2

+ fn+1/2−
HHHH

∆t
2

f ′n+1/2 +
∆t2

2! ·22 f ′′n+1/2−
��

����
∆t3

3! ·23 f ′′′n+1/2 +
∆t4

4! ·24 f iv
n+1/2

)
+

∆t
24

(
f (y(tn+1))− f (y(tn))− f (y(tn−1))+ f (y(tn−2))

)
= ∆ty′n+1/2 +2

∆t3

3! ·23 y′′′n+1/2 +2
∆t5

5! ·25 yv
n+1/2

https://physoc.onlinelibrary.wiley.com/doi/10.1113/jphysiol.1952.sp004764
https://en.wikipedia.org/wiki/Alan_Hodgkin
https://en.wikipedia.org/wiki/Alan_Hodgkin
https://en.wikipedia.org/wiki/Andrew_Huxley
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−∆t
(

fn+1/2 +
∆t2

2! ·22 f ′′n+1/2 +
∆t4

4! ·24 f iv
n+1/2

)
+

∆t
24

(
f (y(tn+1))− f (y(tn))− f (y(tn−1))+ f (y(tn−2))

)
=����∆ty′n+1/2 +2

∆t3

3! ·23 y′′′n+1/2 +2
∆t5

5! ·25 yv
n+1/2−∆t

(
���fn+1/2 +

∆t2

2! ·22 f ′′n+1/2 +
∆t4

4! ·24 f iv
n+1/2

)
+

∆t
24

(
f (y(tn+1))− f (y(tn))− f (y(tn−1))+ f (y(tn−2))

)
=

∆t3

3! ·22 y′′′n+1/2 +
∆t5

5! ·24 yv
n+1/2−

∆t3

2! ·22 f ′′n+1/2−
∆t5

4! ·24 f iv
n+1/2

+
∆t
24

(
f (y(tn+1))− f (y(tn))− f (y(tn−1))+ f (y(tn−2))

)
= ∆t3

( 1
3! ·22 −

1
2! ·22

)
y′′′n+1/2 +∆t5

( 1
5! ·24 −

1
4! ·24︸ ︷︷ ︸

=− 4
5

1
4!·24 =−

1
5

1
4!·22 =−

1
480

)
yv

n+1/2

+
∆t
24

(
f (y(tn+1))− f (y(tn))− f (y(tn−1))+ f (y(tn−2))

)
=− 1

12
∆t3y′′′n+1/2−

1
480

∆t5yv
n+1/2

+
∆t
24

(
���fn+1/2 +

∆t
2

f ′n+1/2 +
HH

HHHH

∆t2

2! ·22 f ′′n+1/2 +
∆t3

3! ·23 f ′′′n+1/2 +
�
���

��HH
HHHH

∆t4

4! ·24 f iv
n+1/2

−
���fn+1/2 +

∆t
2

f ′n+1/2−
HHH

HHH

∆t2

2! ·22 f ′′n+1/2 +
∆t3

3! ·23 f ′′′n+1/2−
���

���HHH
HHH

∆t4

4! ·24 f iv
n+1/2

− fn+1/2 +3
∆t
2

f ′n+1/2−
32∆t2

2! ·22 f ′′n+1/2 +
33∆t3

3! ·23 f ′′′n+1/2−
34∆t4

4! ·24 f iv
n+1/2

+ fn+1/2−5
∆t
2

f ′n+1/2 +
52∆t2

2! ·22 f ′′n+1/2−
53∆t3

3! ·23 f ′′′n+1/2 +
54∆t4

4! ·24 f iv
n+1/2

)
=− 1

12
∆t3y′′′n+1/2−

1
480

∆t5yv
n+1/2

+
∆t
24

(
����∆t f ′n+1/2 +

∆t3

24
f ′′′n+1/2

+
�
����

3
∆t
2

f ′n+1/2−
32∆t2

2! ·22 f ′′n+1/2 +
33∆t3

3! ·23 f ′′′n+1/2−
34∆t4

4! ·24 f iv
n+1/2

−
���

��
5

∆t
2

f ′n+1/2 +
52∆t2

2! ·22 f ′′n+1/2−
53∆t3

3! ·23 f ′′′n+1/2 +
54∆t4

4! ·24 f iv
n+1/2

)
=− 1

12
∆t3y′′′n+1/2−

1
480

∆t5yv
n+1/2

+
∆t2

24

(
∆t2

24
f ′′′n+1/2 +

33∆t2

3! ·23 f ′′′n+1/2−
53∆t2

3! ·23 f ′′′n+1/2

− 32∆t
2! ·22 f ′′n+1/2 +

52∆t
2! ·22 f ′′n+1/2

− 34∆t3

4! ·24 f iv
n+1/2 +

54∆t3

4! ·24 f iv
n+1/2

)
=− 1

12
∆t3y′′′n+1/2−

1
480

∆t5yv
n+1/2
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FIGURE 1. Region of absolute stability for the Hodgkin-Huxley method
(HH).

+
∆t2

24

[
∆t2( 1

24
+

33

3! ·23 −
53

3! ·23︸ ︷︷ ︸
=−2

)
f ′′′n+1/2

+∆t
(
− 32

2! ·22 +
52

2! ·22︸ ︷︷ ︸
=2

)
f ′′n+1/2

+∆t3(− 34

4! ·24 +
54

4! ·24︸ ︷︷ ︸
= 32·17

16∗4∗6=
17
12

)
f iv
n+1/2

]

=−������1
12

∆t3y′′′n+1/2−
1

480
∆t5yv

n+1/2

+
∆t2

24

[
−2∆t2 f ′′′n+1/2 +�����2∆t f ′′n+1/2 +

17
12

∆t3 f iv
n+1/2

]
=−∆t4

12
yiv

n+1/2

(Hint: the local truncation error is ∆tτ (HH)
n =− 1

12 ∆t4yiv(tn+1/2).)
(Note that the method (HH) is not A-stable - see the region of stability
in Figure 1.)

3. Zero-stability

DEFINITION 3.1. A general 2-step LMM has the form

a2yn+2 +a1yn+1 +a0yn = ∆t
(

α2 f (yn+2)+α1 f (yn+1)+α0 f (yn)
)
. (3.1)

The 1st characteristic polynomial:

ρ(r) = a2r2 +a1r+a0, (3.2)

and the 2nd characteristic polynomial:

σ(r) = α2r2 +α1r+α0. (3.3)
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DEFINITION 3.2 (Stability). A numerical method is zero-stable if “small" perturba-
tions in the data f ,y0 yield small perturbations in the solutions {yn}.

DEFINITION 3.3 (Root condition). An equivalent property with the zero-stability of a
linear multistep method for ODEs is the root condition, i.e., the roots of the first charac-
teristic polynomial are inside the unit disc, and if they are on the unit circle, they must be
simple roots.

EXAMPLE 3.1 (Zero stability of the Leapfrog method (LF)). The leapfrog (explicit
midpoint) method (LF)

yn+2 = yn +∆t ·2 f (yn+1), hence by (3.1) and (3.2) : a2 = 1,a1 = 0,a0 =−1,

has the first characteristic polynomial

ρ
LF(r) = r2−1,

with roots r1,2 =±1, hence (LF) is zero-stable (no double roots).

EXAMPLE 3.2 (Zero stability of the (BDF2) method). The backward differentiation
method (BDF2)
3
2

yn+2−2yn+1 +
1
2

yn = ∆t · f (yn+2), hence by (3.1) and (3.2) : a2 =
3
2
,a1 =−2,a0 =

1
2
,

has the first characteristic polynomial

ρ
BDF2(r) =

3
2

r2−2r+
1
2
,

with roots r1,2 =
1
3 ,1, hence (BDF2) is zero-stable.

EXAMPLE 3.3 (Zero stability of the (Backward Euler) method). The backward Euler
method (Backward Euler)

yn+1− yn = ∆t · f (yn+1), hence by (3.1) and (3.2) : a2 = 0,a1 = 1,a0 =−1,

has the first characteristic polynomial

ρ
BE(r) = r−1,

with root r = 1, hence (Backward Euler) is zero-stable.

4. Convergence of a numerical method for ODEs

DEFINITION 4.1 (Convergence). A numerical method for ODEs is convergent if the
sequence of approximating solutions {yn}n≥0 converges to the exact solution y(·) at the
node points {tn}, as the mesh size ∆t→ 0, i.e., the error

en := y(tn)− yn
∥·∥−→ 0, as ∆t→ 0. (global error)

THEOREM 4.1 (Lax-Richtmyer). A numerical method for ODEs is convergent (|y(tn)−
yn|

∆t↘ 0−−−−→ 0) if and only if it is consistent and zero-stable (satisfies the root condition).

COROLLARY 4.1. The (Backward Euler), (Forward Euler) methods are first-order
convergent, while (BDF2), (implicit midpoint) and (LF) leapfrog methods are second-
order convergent.
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COUNTEREXAMPLE 4.1 (Dahlquist). The following method

yn+2 +4yn+1−5yn = ∆t
(
4 f (yn+1)+2 f (yn)

)
, (4.1)

is a famous example of a method which is third-order consistent, but not zero-stable , and
therefore not-convergent , according to the Lax-Richtmyer meta-theorem 4.1.

PROOF. We will address separately the zero-stability, convergence and consistency of
the method.

• Zero-stability : from the definition of the first characteristic polynomial (3.2) we
see that a2 = 1,a1 = 4,a0 =−5, hence ρ(r) = r2+4r−5 = (r−1)(r+5). Since
one of the roots r =−5 is outside of the unit disc, according to the root-condition
(equivalent Definition 3.3), the method (4.1) is not zero-stable.

• Non-convergence : to illustrate the non-convergence of the method (4.1), it suf-
fices to consider the simpler case, namely when f (y)≡ 0, i.e., the ODE is y′ = 0,
and (4.1) writes yn+2 +4yn+1−5yn = 0. By a technique called difference equa-
tions, it is easy to see that the solutions to yn+2+4yn+1−5yn = 0 have the general
form (a linear combination of powers of the roots of the first characteristic poly-
nomial, r1 = 1,r2 =−5):

yn = A ·1n +B · (−5)n.

Here A,B∈R are constants depending on the initial conditions. With y0 = 1,y1 =
1+∆t, the general solution is (A = 1− ∆t

6 ,B =−∆t
6 ):

yn = 1+
1
6

∆t
(

1− (−5)n
)
.

For the interval [t0,T ]≡ [0,1], ∆t = 1/N we have

yN = 1+
1
6

1
N

(
1− (−5)N

)
∆t↘ 0−−−−→±∞

when ∆t ↘ 0, equivalently N↗ ∞. Notice that the exact solution in this case is
y(t) = 1 (since y′(t) = 0 implies y(t) =constant, and since y0 = 1, the constant is
1 = y(t)). Therefore the method (4.1) is not convergent !!! indeed.
• Consistency : Nonetheless, the method (4.1) is consistent, with the maximum

order of consistency for a two step Linear Multistep Method, third-order of con-
sistency. Indeed, we shall see now that the order of consistency is 3 , larger than
any of the methods we seen so far.
Using the definition of the Local Truncation Error, and Taylor expansions of y(t)
and f (y(t)), evaluated at tn, tn+2 about tn+1 we have

∆tτDahlquist
n+1 (∆t) := y(tn+2)+4y(tn+1)−5y(tn)−∆t

(
4 f (y(tn+1))+2 f (y(tn))

)
=
(
����y(tn+1)+∆ty′(tn+1)+

∆t2

2
y′′(tn+1)+

∆t3

3!
y′′′(tn+1)+O(∆t4)

)
+����4y(tn+1)

−5
(
����y(tn+1)−∆ty′(tn+1)+

∆t2

2
y′′(tn+1)−

∆t3

3!
y′′′(tn+1)+O(∆t4)

)
−∆t

(
4 f (y(tn+1))+2 f (y(tn))

)
= 6∆ty′(tn+1)−2∆t2y′′(tn+1)+∆t3y′′′(tn+1)−∆t

(
4 f (y(tn+1))+2 f (y(tn))

)
+O(∆t4)

= 6∆ty′(tn+1)−2∆t2y′′(tn+1)+∆t3y′′′(tn+1)
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−∆t
[
4 f (y(tn+1))+2 f

(
y(tn+1)−∆ty′(tn+1)+

∆t2

2
y′′(tn+1)+O(∆t3)︸ ︷︷ ︸

=y(tn) and use Taylor to expand f (·) about f (y(tn+1))

)]
+O(∆t4)

= 6∆ty′(tn+1)−2∆t2y′′(tn+1)+∆t3y′′′(tn+1)

−∆t
{

4 f (y(tn+1))+2
[

f (y(tn+1))

+ f ′(y(tn+1))
(
−∆ty′(tn+1)+

∆t2

2
y′′(tn+1)

)
+

1
2!

f ′′(y(tn+1))
∣∣∣−∆ty′(tn+1)+

∆t2

2
y′′(tn+1)

∣∣∣2 +O(∆t3)
]}

+O(∆t4)

= 6∆ty′(tn+1)−2∆t2y′′(tn+1)+∆t3y′′′(tn+1)

−6∆t f (y(tn+1))−2∆t f ′(y(tn+1))
[
−∆ty′(tn+1)+

∆t2

2
y′′(tn+1)

]
−∆t f ′′(y(tn+1))

∣∣∣−∆ty′(tn+1)+
∆t2

2
y′′(tn+1)

∣∣∣2 +O(∆t4)

= 6∆ty′(tn+1)−6∆t f (y(tn+1))−2∆t2y′′(tn+1)+∆t3y′′′(tn+1)

+2∆t2 f ′(y(tn+1))y′(tn+1)−∆t3 f ′(y(tn+1))y′′(tn+1)−∆t3 f ′′(y(tn+1))
∣∣y′(tn+1)

∣∣2 +O(∆t4).

Finally, using the exact equation (IVP)

y′(tn+1) = f (y(tn+1)),

also differentiating with respect to t and using the chain rule

y′′(tn+1) = f ′(y(tn+1)) · y′(tn+1),

y′′′(tn+1) = f ′′(y(tn+1)) · |y′(tn+1)|2 + f ′(y(tn+1)) · y′′(tn+1),

we obtain that the local truncation error writes as

∆tτDahlquist
n+1 (∆t) = 6�����

∆ty′(tn+1)−6((((((
∆t f (y(tn+1))−2∆t2XXXXy′′(tn+1)+∆t3y′′′(tn+1)

+2∆t2hhhhhhhhf ′(y(tn+1))y′(tn+1)−∆t3 f ′(y(tn+1))y′′(tn+1)−∆t3 f ′′(y(tn+1))
∣∣y′(tn+1)

∣∣2 +O(∆t4)

= ∆t3
(

y′′′(tn+1)− f ′(y(tn+1))y′′(tn+1)− f ′′(y(tn+1))
∣∣y′(tn+1)

∣∣2︸ ︷︷ ︸
≡0

)
+O(∆t4) = O(∆t4).

Therefore ∆tτDahlquist
n+1 (∆t) = O(∆t4) and p = 3 giving the third-order of consis-

tency ,
which concludes the argument. □

5. Absolute stability

The previous analysis, concerning the zero-stability, consistency and convergence of
a numerical method for ODEs was describing the asymptotic behaviour of a numerical
method when the mesh-size (or the time-step) ∆t −→ 0. Equivalently this can be thought
of, on a fixed time interval [t0,T ] and ∆t = T−t0

n , as the behavior for when the number of
time-steps n−→ ∞.

In this paragraph we will consider the behavior of a numerical method for the Initial
Value Problem (IVP){

y′ = f (t,y(t)), t ∈ (0,T ]
y(t0) = y0.

for T → ∞



5. ABSOLUTE STABILITY 139

when the length of the interval is growing to ∞, with fixed timestep.

Namely let ∆t be fixed , the mesh points defined as before ti = t0+ i∆t, tn = t0+n∆t
n↗ ∞−−−→∞

and study the approximate solution yn for n→ ∞.
The paradigm for this stability notion is the following equation.

DEFINITION 5.1 (Dahlquist test). Let λ = Re(λ )+ iIm(λ ) ∈ C, with Re(λ )≤ 0. The
Dahlquist test is the following linear ODE

u′(t) = λu(t), on (0,∞) (Dahlquist Test)

usually endowed with the initial condition u(0) = 1.

We note that (Dahlquist Test) has the exact solution u(t)= eRe(λ )t
(

cos(Im(λ t))+isin(Im(λ t))
)
u(0)

t↗ ∞−−−→
0, which decays fast to zero as t grows, since Re(λ )< 0.

Therefore the goal is to find numerical methods which, when tested on the (Dahlquist Test),
yield numerical solutions also decaying to zero.

DEFINITION 5.2 (Region of absolute stability). The region of absolute stability is the
region in the complex plane

C = {z = λ∆t ∈ C | such that un(λ∆t)→ 0 as n→ ∞},
(Region of Absolute Stability)

where un(λ∆t) is the numerical solution to the (Dahlquist Test).

DEFINITION 5.3 (A-stable). A numerical method is A-stable if the region of absolute
stability contains the whole left half plane

{z ∈ C|Re(z)< 0} ⊂ C .

EXAMPLE 5.1 (Conditional stability of the (Forward Euler) method). See boundary locus test.m
When the (Forward Euler) method is applied to the (Dahlquist Test), the numerical solu-

FIGURE 2. Stability region for the (Forward Euler), (Backward Euler)
and (implicit midpoint)-(trapezoidal) methods.

tion writes

un+1 = un +λ∆tun = (1+λ∆t)un = · · ·= (1+λ∆t)n+1u0

and therefore un
n↗ ∞−−−→ 0 if and only |1+λ∆t|< 1. This implies that the region of stability

of the (Forward Euler) method is the unit disc, centered at (−1,0), contained in the left
half of the complex plane:

C FE = {z ∈ C||z+1|< 0}.
This means that the (Forward Euler) method is not A-stable, only ‘conditionally stable’, as
for large (amplitude) values of λ (“stiff problems"), the time step has to be considerably

small. For example, if λ ∈ R−, the solution uFE
n

n↗ ∞−−−→ 0 provided

−2 < λ∆t < 0,
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i.e., the time step has to satisfy

∆t <
2
−λ

.

EXAMPLE 5.2 (The (Backward Euler) method is A-stable). See boundary locus test.m
When the (Backward Euler) method is applied to the (Dahlquist Test), the numerical solu-
tion writes

un+1 = un +λ∆tun+1

equivalently,

un+1 =
un

1−λ∆t
= · · ·=

( 1
1−λ∆t

)n+1
u0

and therefore

un
n↗ ∞−−−→ 0 ∀λ∆t such that Re(λ )< 0,∆t > 0.

This also implies that the region of stability of the (Backward Euler) method is the exterior
of unit disc centered at (1,0), contained in the right half of the complex plane. Therefore

C BE = {z ∈ C||z−1|> 0},
contains the whole left half of the complex plane. This means that the (Backward Euler)
method is A-stable, suitable for stiff problems (for large amplitude values of λ ), for any
values of the time step ∆t > 0.

EXAMPLE 5.3 (The (implicit midpoint) method is A-stable). When the (implicit midpoint)
or the (trapezoidal) method is applied to the (Dahlquist Test), the numerical solution writes

un+1 = un +λ∆t
un +un+1

2
equivalently,

un+1

(
1− λ∆t

2

)
= un

(
1+

λ∆t
2

)
and therefore

un+1 =
(1+λ∆t

1−λ∆t

)n+1
u0

n↗ ∞−−−→ 0 ∀λ∆t such that Re(λ )< 0,∆t > 0.

This also implies that the region of stability of the (implicit midpoint) method is exactly the
left half of the complex plane:

C (implicit midpoint) = {z ∈ C|Re(z)< 0},
i.e., the (implicit midpoint) method is A-stable, suitable for stiff problems, for any values
of the time step ∆t > 0.

FIGURE 3. Locus curve/stability region for the explicit RK2 and (RK4)
methods.
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6. Hamiltonian system, conserved quantities

DEFINITION 6.1 (Hamiltonian system). A Hamiltonian system‘ is dynamical system’
in unknowns y, completely described by a Hamiltonian, a scalar function H(y).
In particular, consider a system of ODE’s with unknowns (u(t),v(t)) which is described by
the evolution equations

u′ =
∂H(u,v)

∂v
,

v′ =−∂H(u,v)
∂u

,

(Hamiltonian system)

with

H(u,v) (Hamiltonian)

being the Hamiltonian.

EXAMPLE 6.1 (Harmonic oscillator, simple pendulum). Consider the following second-
order ODE

u′′+u = 0, (vibrating spring)

which describes the motion of a vibrating spring, in absence of friction. (Also known as
a harmonic oscillator equation). First, as mentioned in Remark 0.1, the vibrating spring
equation is also known in system form{

u′ = v,

v′ =−u,
(harmonic equation)

or ( u
v

)′
=
( 0 1
−1 0

)( u
v

)
, (6.1)

equivalently

u′ = Au, where u =
( u

v

)
, A =

( 0 1
−1 0

)
. (6.2)

Note that u(t) represents the position (in the case of the simple pendulum, or the displace-
ment in the case of the vibrating spring), and v(t) is the velocity.
Recall that the behavior of equation (6.2) can be described, in terms of absolute stability by
analyzing the (Dahlquist Test), and noticing that the eigenvalues of the (skew-symmetric)
matrix A are purely imaginary

eig(A) =±i.
In this case, the (Dahlquist Test) writes

w′ = iω w, (Oscillation Equation)

where ω ∈ R represents the frequency of the system, and its exact solution is w(t) =
cos(ωt)+ isin(ωt).

We also note that the exact solution to the (harmonic equation) is

u(t) = sin(t), v(t) = cos(t), (6.3)

its Hamiltonian is

H(u,v) =
1
2

u2 +
1
2

v2, (Hamiltonian of the Harmonic Equation)
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and therefore the Hamiltonian represents the total energy of the system, i.e., the sum of its
potential energy 1

2 u2(t) and its kinetic energy 1
2 v2(t).

Moreover, since sin2(t)+cos2(t)= 1, the Hamiltonian (the total energy) of the (harmonic equation)

FIGURE 4. The Double pendulum, also a (chaotic) Hamiltonian system.
Here is the link for instructions on how to make the movie. See also
Figure 5.double_pendulum_movie_small.m

is conserved (constant with respect to time):

H(u,v)(t) =
1
2

u2(t)+
1
2

v2(t)≡ 1
2

u2(0)+
1
2

v2(0)≡ 1
2
. (6.4)
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FIGURE 5. The double pendulum: x,y - the positions of the
endpoints versus time, the phase plot and the Hamiltonian.See
double_pendulum_test2

https://en.wikipedia.org/wiki/Double_pendulum
https://en.wikipedia.org/wiki/Chaos_theory
https://en.wikipedia.org/wiki/Hamiltonian_system
https://people.sc.fsu.edu/~jburkardt/m_src/pendulum_double_ode_movie/pendulum_double_ode_movie.html
https://en.wikipedia.org/wiki/Double_pendulum
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From the (Hamiltonian of the Harmonic Equation), since ∂H
∂v = v, ∂H

∂u = u, we see that the
(harmonic equation) is a particular instance of the (Hamiltonian system).

Multiplying the first equation in (Hamiltonian system) by v′ and the second by −u′,
and adding we have

0 = u′v′− v′u′ =
∂H(u,v)

∂v
v′+

∂H(u,v)
∂u

u′ ≡ d
dt

H(u(t),v(t)),

which means that H(u(t),v(t)) is constant in time, i.e., the (Hamiltonian) is a conserved
quantity throughout the evolution of the system.

EXAMPLE 6.2 (Lotka-Volterra). In the case of the (Lotka-Volterra) equations{
u′ = u(α−βv)
v′ = v(δu− γ),

(Lotka-Volterra)

the Hamiltonian is (a non-quadratical functional):

H(u,v) = δu− γ ln(u)+βv−α ln(v). (Hamiltonian of Lotka-Volterra)

First we note that the (Hamiltonian of Lotka-Volterra) is a conserved quantity through-
out the evolution of the (Lotka-Volterra) system:

d
dt

H(u,v) =
∂H
∂u
·u′+ ∂H

∂v
· v′ =

(
δ − γ

1
u

)
·u(α−βv)+

(
β −α

1
v

)
· v(δu− γ)

= δu(α−βv)− γ(α−βv)+βv(δu− γ)−α(δu− γ) = 0.

Secondly, we also note that (Lotka-Volterra) system can be written in the canonical
Hamiltonian form (Hamiltonian system) by introducing the canonical coordinates

U = ln(u), V = ln(v),

and transforming the (Hamiltonian of Lotka-Volterra) into

H (V,U) = βeV −αV +δeU − γU. (6.5)

Indeed, 
dV
dt

=
1
v

dv
dt

= δu− γ ≡ δeU − γ =
∂H

∂U
,

dU
dt

=
1
u

du
dt

= α−βv≡ α−βeV =−∂H

∂V
.

(See predator_midpointVS.m) Figure 6 shows the evolution of u,v versus time, the phase
plot and the Hamiltonian function, for the exact solution - in comparison with the solution
given by the (implicit midpoint), adaptive-midpoint methods and Matlab’s ode45, ode23s,
ode15s solvers.

The conservation of the Hamiltonian is an important property, which ideally a numer-
ical method for approximating a Hamiltonian system should also preserve.

EXAMPLE 6.3 (The midpoint method for the simple pendulum). The (implicit midpoint)
method for the (harmonic equation) writes

un+1 = un +∆t
vn + vn+1

2
,

vn+1 = vn−∆t
un +un+1

2
,

(midpoint method for the simple pendulum)

https://en.wikipedia.org/wiki/Lotka?Volterra_equations
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FIGURE 6. Predator-prey: u,v components versus time, the phase plot
and the Hamiltonian.

equivalently, ( 1 −∆t/2
∆t/2 1

)( un+1
vn+1

)
=
( un +∆t/2

vn−∆t/2

)
,

hence the approximating solution at tn+1 is obtained by solving a linear system A wn+1 =
wn, where the matrix

A =
( 1 −∆t/2

∆t/2 1

)
is skew-symmetric.

Let us now define the (discrete) Hamiltonian function (Hamiltonian of the Harmonic Equation)
at the discrete time levels by

H(un,vn) =
1
2

u2
n +

1
2

v2
n.

We notice that the (midpoint method for the simple pendulum) writes as
un+1 = un +∆t

∂H
∂v

(un +un+1

2
,

vn + vn+1

2

)
,

vn+1 = vn−∆t
∂H
∂u

(un +un+1

2
,

vn + vn+1

2

)
.

Most importantly, the (discrete) Hamiltonian is also a conserved quantity:

H(un+1,vn+1) = H(un,vn),
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FIGURE 7. Simple pendulum: u,v components versus time, the phase
plot and the Hamiltonian.

(similarly to the conservation relation (6.4)).
To see this, we multiply the first equation in (midpoint method for the simple pendulum)
by un+un+1

2 , the second equation by vn+vn+1
2 and add to obtain

u2
n+1−u2

n

2
+

v2
n+1− v2

n

2
= 0,

which is exactly H(un+1,vn+1)−H(un,vn) = 0.

REMARK 6.1. Unlike the (midpoint method for the simple pendulum), neither the (Forward Euler)
method, nor the (Backward Euler) method, do not conserve the Hamiltonian function.
(See pendulum_ode_test.m) Figure 7 shows the evolution of u,v versus time, the phase
plot and the Hamiltonian function, for the exact solution - in comparison with the solution
given by the (implicit midpoint), (Backward Euler), (BDF2) methods and Matlab’s ode45
solver.

Another remarkable example of a conservative method is the following ‘symplectic’
method, which is an example of a geometric integration method.

EXAMPLE 6.4 (Symplectic Euler method for the simple pendulum). The Symplectic
Euler method for the (vibrating spring) is a sequential application of the (Forward Euler)
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and (Backward Euler) methods:
un+1 = un +∆tvn ≡ un +∆t

∂H
∂v

(un+1,vn),

vn+1 = vn−∆tun+1 ≡ vn−∆t
∂H
∂u

(un+1,vn).

(Symplectic Euler for the simple pendulum)

Proceeding as in the previous example, let us multiply the first equation by un+1, the second
by vn and add to obtain

u2
n+1 + vn+1vn =

(
unun+1 +����

∆tvnun+1

)
+
(

v2
n−����

∆tun+1vn

)
= unun+1 + v2

n.

Since for the second equation in (Symplectic Euler for the simple pendulum) we have that
vn = vn+1+∆tun+1, substituting this in the left hand side of above equality, and substituting
un+1 in the right hand side, we get

u2
n+1 + vn+1

(
vn+1 +∆tun+1

)
= un

(
un +∆tvn

)
+ v2

n.

This means that the symplectic Euler method conserves a ‘modified Hamiltonian’ quantity

H (un,vn) =
1
2

(
u2

n +∆tunvn + v2
n

)
.

7. Taylor series method

These methods are mostly used in Stochastic Differential Equations (SDEs).
They are derived from taking various order Taylor expansions of the exaction solution

y(tn+1) to the Initial Value Problem (IVP)

y(tn+1) = y(tn)+∆ty′(tn)+
∆t2

2
y′′(tn)+ · · ·

and use the chain-rule for dm

dtm f (t,y(t)):

yn+1 = yn +∆t f (tn,yn), (First-order)

yn+1 = yn +∆t f (tn,yn)+
∆t2

2
d
dt

f (t,y(t))
∣∣∣
t=tn

, (Second order)

...

yn+1 = yn +∆t f (tn,yn)+
∆t2

2
d
dt

f (t,y(t))
∣∣∣
t=tn

+ . . . , (higher order)

EXAMPLE 7.1 (Exercise 11, page 455). (a) x′ = x+ ex, n = 4.
(b) x′ = x2− cos(x), n = 5.

PROOF. (a)

xn+1 = xn +∆tx′n +
∆t2

2
x′′n +

∆t3

3!
x′′′n +

∆t4

4!
x(iv)n ,

where

x′′n =
d
dt

(
x(t)+ ex(t)

)∣∣∣
tn
=
(

x′(t)+ x′(t)ex(t)
)∣∣∣

tn
= x′n + x′nexn

x′′′n = x′′n + x′′nexn +(x′n)
2exn

x(iv)n = x′′′n (1+ exn)+3x′nx′′nexn +(x′n)
3exn
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(b)

xn+1 = xn +∆tx′n +
∆t2

2
x′′n +

∆t3

3!
x′′′n +

∆t4

4!
x(iv)n +

∆t5

5!
x(v)n ,

where

x′′ = 2xx′+ x′ sin(x)

x′′′ = (2+ cos(x))(x′)2 +(2x+ sin(x))x′′

x(iv) =−sin(x)(x′)3 +3x′x′′(2+ cos(x))+(2x+ sin(x))x′′′

x(v) =−cos(x)(x′)4−6(x′)2x′′ sin(x)+3(2+ cos(x))(x′′)2 +4x′x′′′(2+ cos(x))+(2x+ sin(x))x(iv).

□

Exercise 1. Give the solutions of these differential equations:

a. x′ = t3 +7t2− t1/2 , x = t4

4 + 7
3 t3− 2

3 t3/2

b. x′ = x , r−1 = 0,r = 1,x = aet

c. x′ =−x , r+1 = 0,r =−1,x = ae−t

d. x′′ =−x , r2 +1 = 0,r =±i,x = aeit +be−it

e. x′′ = x , r2−1 = 0,r =±1,x = aet +be−t

f. x′′+2x′−2x= 0 (Hint: Try x= eat ). , r2−+2r−2= 0,r =−1±
√

3t,x= ae(−1−
√

3)t +

be−1+
√

3t

Solution:
Exercise 2. Give the solutions of these initial-value problems:

a. x′ = t2 + t1/3 x(0) = 7
b. x′ = 2x x(0) = 15
c. x′′ =−x x(π) = 0,x′(π) = 3

Solution:
Exercise 3. Solve the following differential equations:

a. x′ = 1+ x2 Hint: 1+ sin2(t)
cos2(t) =

1
cos2(t)

b. x′ =
√

1− x2 Hint: sin2(t)+ cos2(t) = 1
c. x′ = sin t

t

d. x′+ tx = t2 Hint: Multiply the equation by f (t) = et2/2. The left-hand side becomes
(x f )′.

Solution:

a. Equivalently x′
1+x2 = 1,

(
arctan(x(t))

)′
= 1, arctan

(
x(t)
)
= t +C, x(t) = tan(t +

C).
b. Equivalently x′√

1−x2
= 1,

(
arcsin((x(t))

)′
= 1, arcsin

(
x(t)
)
= t+C, x(t)= sin(t+

C).

Exercise 5. Determine x′′ when x′ = xt2 + x3 + ext.
Solution:
Exercise 6. Find a polynomial p with the property p− p′ = t3 + t2−2t.
Solution:
Exercise 8. Here is an initial-value problem that has two solutions: x′ = x1/3,x(0) = 0.

Verify that the two solutions are x1(t) = 0 and x2(t) =
(

2
3 t
)3/2

for t ≥ 0. If the Taylor
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series method is applied, what happens?
Solution:
Exercise 9. Consider the more general problem x′ = Lx+ ε , which has the exact solution

x(t) = eLtx(0)+
ε

L
(eLt −1).

For L = 2, t = 10 the values are eLt ≈ 4.8∗108 and eLt−1
L ≈ 2.42∗108, while for L = 2, t =

20 the values are eLt ≈ 2.35∗1017 and eLt−1
L ≈ 1.17∗1017.

Exercise 10. If the Taylor series method is used on the initial-value problem x′ = t2 + x3,
x(0) = 0, and if we intend to use the derivatives of x up to and including x(4), what are the
five main equations that must be programmed?
Solution:

x′ = t2 + x3

x′′ = 2t +3x2x′

x′′′ = 2+6x(x′)2 +3x2x′′

x(4) = 6(x′)3 +18xx′x′′+3x2x′′′

x(t +∆t) = x+
x′

1!
∆t +

x′′

2!
(∆t)2 +

x′′′

3!
(∆t)3 +

x(4)

4!
(∆t)4

Exercise 12. Calculate an approximate value for x(0.1) using one step of the Taylor series
method of order 3 on the ordinary differential equation

x′′ = x2et + x′

x(0) = 1, x′(0) = 2

Solution:

x(t +∆t) = x+
x′

1!
∆t +

x′′

2!
(∆t)2 +

x′′′

3!
(∆t)3

where

t = 0, ∆t = 0.1, x = 1, x′ = 2

and

x′′ = x2et + x′, x′′(0) = 3,

x′′′ = 2xx′et + x2et + x′′, x′′′(0) = 4+1+3 = 8,

hence

x(0.1) = 1+
2
1!

0.1+
3
2!

0.01+
8
3!

0.001 = 1.2163(3).

Exercise 13. Suppose that a differential equation is solved numerically on an interval
[a,b] and that the local truncation error is c(∆t)p. Show that if all truncation errors have
the same sign (the worst possible case), then the total truncation error is (b−a)c(∆t)p−1,
where ∆t = (b−a)/n.
Solution:

����x(a+∆t) = x(a)+
p

∑
i=1

x(i)(a)
i!

(∆t)i + c(∆t)p+1
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FIGURE 8. The Heun’s method solution versus Matlab’s and for Exer-
cise 16.

x(a+2∆t) =����x(a+∆t)+
p

∑
i=1

x(i)(a+∆t)
i!

(∆t)i + c(∆t)p+1

...

hhhhhhhx(a+(n−1)∆t) =(((((((hhhhhhhx(a+(n−2)∆t)+
p

∑
i=1

x(i)(a+(n−2)∆t)
i!

(∆t)i + c(∆t)p+1

x(a+n∆t) =
hhhhhhhx(a+(n−1)∆t)+

p

∑
i=1

x(i)(a+(n−1)∆t)
i!

(∆t)i + c(∆t)p+1,

which by adding up gives

x(b) = x(a)+∑

(
· · ·
)
+nc(∆t)p+1 ≡ x(a)+∑

(
· · ·
)
+n(∆t)c(∆t)p ≡ x(a)+∑

(
· · ·
)
+(b−a)c(∆t)p,

hence

∆tτn(∆t) := x(b)− x(a)−∑
(
· · ·
)
= (b−a)c(∆t)p.

Exercise 15. Explain how to use the ODE method that is based on the “trapezoidal rule":{
x̂(t +h) = x(t)+h f (x,x(t))
x(t +h) = x(t)+h 1

2

(
f (t,x(t))+ f (x+h, x̂(t +h))

) (Heun)

This is called the improved Euler’s method or Heun’s method. Here, x̂(t +h) is computed
by using the Forward Euler method.
Solution:
Exercise 16. (Continuation) Use Heun’s method to solve the following differential equa-
tion over the interval [0,1] with step size h = 0.1:{

x′ =−x+ t + 1
2

x(0) = 1

Solution:
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FIGURE 9. The exact solution versus Heun’s method (with ∆t = 0.0125)
for Exercise 17.

Exercise 17. Consider the initial-value problem{
x′ =−100x2

x(0) = 1

Use Heun’s method to solve the following differential equation over the interval [0,1] with
step size h = 0.01.
Solution: The exact solution can be found as follows

x′

x2 =−100,
(1

x

)′
= 100, x(t) =

1
100t +1

.

On [0,1] Heun’s method blows up with ∆t = 0.1.

%Heun’s Method for Solving Initial Value Problems
%Use with ydot.m to evaluate rhs of differential equation
% Input: interval [a,b], initial value y0, step size h
% Output: time steps t, solution y
% Example usage: y=heun([0 1],1,0.01);

function [t,y]=heun(int,y0,h)
t(1)=int(1); y(1)=y0;
s=linspace(int(1),int(2),1000);
n=round((int(2)-int(1))/h);
for i=1:n

t(i+1)=t(i)+h;
y(i+1)=heunstep(t(i),y(i),h);

end

[t45,y45] = ode45(@ydot,[int(1),int(2)],y0);
[t23s,y23s] = ode23s(@ydot,[int(1),int(2)],y0);

figure()
hold all
grid on
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plot(s,1./(100*s+1))
plot(t,y,’-d’,’LineWidth’,2)
plot(t45,y45,’-*’)
plot(t23s,y23s,’-o’)
legend(’exact solution: 1/(100t+1)’,...

’Heun’,...
’ode45’,’ode23s’)

function y=heunstep(t,y,h)
%one step of heun’s Method
%Input: current time t, current value y, stepsize h
%Output: approximate solution value at time t+h
y = y + h/2 * ( ydot(t,y)+ydot(t+h,y+h*ydot(t,y)) );
end

function z = ydot(t,y)
%z = - y + t + 0.5;% Exercise 10.1.16
z = - 100*y^2;% Exercise 10.1.17
end

end

Computer problem 1. Write and test a program for applying the Taylor series method to
the initial-value problem{

x′ = x+ x2

x(1) = e
16−e = 0.20466341728915526943

Generate the solution in the interval [1,2.77]. Use derivatives to up to x(5) in the Taylor
series. Use h = 1/100. Print out for comparison the values of the exact solution x(t) =
et/(16− et). Verify that it is the exact solution.
Solution:

Computer problem 2. Write a program to solve each problem on the indicated intervals.
Use the Taylor series method with ∆t = 1/100, and include terms to (∆t)3. Account for
any difficulties.

(a)
{

x′ = t + x2 on [0,0.9]
x(0) = 1

(b)
{

x′ = x− t on [1,1.75]
x(1) = 1

(c)
{

x′ = tx+ t2x2 on [2,5]
x(2) =−0.6396625333

(d)
{

x′ = t + x2 on [0,0.9]
x(0) = 1

Solution:

Computer problem 3. Solve the differential equation x′ = x with initial value x(0) = 1 by
the Taylor series method on the interval [0,10]. Compare the result with the exact solution
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FIGURE 10. Computer problem 10.1.4

x(t) = et . Use derivatives up to and including the tenth. Use step size h = 1/100.
Solution:

Computer problem 4. Solve for x(1):
(a) x′ = 1+ x2, x(0) = 0
(b) x′ = 1

1+t x, x(0) = 1
Use the Taylor series method of order 5 with h = 1/100, and compare with the exact
solutions, which are tan t and 1+ t, respectively.
Solution:
(a) x′ = 1+ x2, x(0) = 0

x′′ = 2xx′

x′′′ = 2(x′)2 +2xx′′

x(4) = 6x′x′′+2xx′′′

x(5) = 6(x′′)2 +2x′x′′′++2xx(4)

%Taylor series Method of higher order for Solving Initial Value Problems
% Input: interval [a,b], initial value x0, step size h
% Output: time steps t, solution y
% Computer problem 10.1.r:
% Solve x’= 1 + x^2, with IC
% x(0)=0
% on [0,0.9]
% and compare with the exact solution x(t)=tan(t).
% Use step 1/100 and derivatives up to the 5th.
% Example usage: x=taylor_ex10_1_4([0 0.9],0,0.01);

function [x,y,t] = taylor_ex10_1_4(int,x0,h)
a = int(1); b = int(2);
x = x0;
s = linspace(a,b,200);
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t = a;
n = round((int(2)-int(1))/h);
format long
y = tan(s); % exact solution
[t45,y45] = ode45(@ydot,[int(1),int(2)],x0);
[t23s,y23s] = ode23s(@ydot,[int(1),int(2)],x0);
for k = 1 : n

xprime = 1+ x^2;
xsecond = 2*x*xprime;
xtertius = 2*(xprime)^2 + 2*x* xsecond;
xquatro = 6*xprime*xsecond + 2*x*xtertius;
xpentium = 6*(xsecond)^2 + 2*xprime*xtertius + 2*x*xquatro;
x = x + h *(xprime + .5*h*(xsecond + (1/3)*h*(xtertius + .25*h*(xquatro ...

+ 1/5*h*( xpentium )))));
t = a + k*h;

figure(1)
hold all
grid on
plot(s,y,’-r’,’LineWidth’,1,...

’MarkerEdgeColor’,’b’,...
’MarkerFaceColor’,’r’,...
’MarkerSize’,3);

plot(t,x,’ko’,’LineWidth’,5,...
’MarkerEdgeColor’,’k’,...
’MarkerFaceColor’,’g’,...
’MarkerSize’,3);

plot(t45,y45,’g<’,’LineWidth’,1,...
’MarkerEdgeColor’,’k’,...
’MarkerFaceColor’,’g’,...
’MarkerSize’,3);

plot(t23s,y23s,’bd’,’LineWidth’,1,...
’MarkerEdgeColor’,’k’,...
’MarkerFaceColor’,’g’,...
’MarkerSize’,3);

legend(’exact solution’, ’Taylor series’,’ode45’,’ode23s’)
hold all
end
title(’Exercise 10.1.4: solution of ODE x’’=1+x^2, the exact solution x(t)=tan(t)’)
xlabel(’time interval’)
end

function z = ydot(t,y)
z = 1 + y^2;% Exercise 10.1.4
end

(b) x′ = 1
1+t x, x(0) = 1
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FIGURE 11. Computer problem 5. The solution to the ‘final value prob-
lem’ with timestep h =−0.01.

Computer problem 5. Solve the initial-value problem x′ = t + x+ x2 on the interval [0,1]
with initial condition x(1) = 1. Use the Taylor series method of order 5.
Solution: Note that the condition here is given at the right end of the interval x(1) = 1,
hence the problem has to be solved ‘backward in time’, i.e., with a ‘negative’ time step.
See Figure 11.

Computer problem 6. Solve the initial-value problem x′ = (x+ t)2 with x(0) = −1 on
the interval [0,1] using the Taylor series method with derivatives up to and including the
fourth. Compare this to Taylor series methods of orders 1, 2, and 3.
Solution:

Computer problem 7. Write a program to solve on the interval [0,1] the initial-value
problem {

x′ = tx
x(0) = 1

using the Taylor series method of order 20; that is, include terms in the Taylor series up to
and including h20. Observe that a simple recursive formula can be used to obtain x(n) for
n = 1,2, · · · ,20.
Solution:

Computer problem 8. Write a program to solve the initial-value problem x′= sinx+cos t,
using the Taylor series method. Continue the solution from t = 2 to t = 5, starting with
x(2) = 0.32. Include terms up to and including h3.
Solution:
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8. Runge-Kutta methods

DEFINITION 8.1 (Runge-Kutta methods). The Runge-Kutta methods for the Cauchy
problem (IVP) are one-step methods of the general form:

yn+1 = yn +∆tF(tn,yn,∆t; f ) (Runge-Kutta)

where the increment function F is defined as
F(tn,yn,∆t; f ) =

s

∑
i=1

biKi, with

Ki = f
(

tn + ci∆t,yn +∆t
s

∑
j=1

ai jK j

)
, ∀i = 1 : s

, (increment function)

where s denotes the number of stages.
The coefficients {ai j},{ci},{b j} are collected in the (John Charles) Butcher array :

c1 a11 a12 · · · a1s
c2 a21 a22 · · · a2s
...

...
...

. . .
...

cs as1 as2 · · · ass
b1 b2 · · · bs

c1 A
bT . (Butcher array)

DEFINITION 8.2. The (Runge-Kutta) methods are called explicit if the matrix A in the
(Butcher array) is lower triangular:

ai j = 0 ∀ j ≥ i,

c1 0 0 · · · 0 0
c2 a21 0 · · · 0 0
...

...
. . .

...
...

...
cs−1 as−1,1 as−1,2 · · · 0 0
cs as1 as2 · · · as,s−1 0

b1 b2 · · · bs−1 bs
(explicit Runge-Kutta)

We recall now the definition 2.1 of the Local Truncation Error we saw in Subsection
2.

DEFINITION 8.3 (Local Truncation Error and Consistency of the (Runge-Kutta) methods). •
The local Truncation Error ∆tτn+1(∆t) of the general RK methods is defined
through the residual expression

∆tτn+1(∆t) := y(tn+1)− y(tn)−∆tF
(
tn,y(tn),∆t; f

)
. (LTE RK)

• A (Runge-Kutta) method is order p consistent is

∆tτn+1(∆t) = O(∆t)p+1

The following conditions on the coefficients in the (Butcher array) have to be satisfied
in order that the (Runge-Kutta) methods to be consistent.

https://en.wikipedia.org/wiki/John_C._Butcher
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PROPOSITION 8.1. The (Runge-Kutta) method is consistent (at least order 1) if and
only if 

ci =
s

∑
j=1

ai j, ∀i = 1 : s,

s

∑
i=1

bi = 1.

(8.1)

For more accurate (higher-order consistency) (Runge-Kutta) methods, the coefficients in
the (Butcher array) have to satisfy some extra conditions.
Although there are a significant number of high-order methods, there are some limitations
for (explicit Runge-Kutta) methods

THEOREM 8.1 (barriers for the (explicit Runge-Kutta) methods). • The order
of an s-stage (explicit Runge-Kutta) method cannot be greater than s, i.e., p≤ s.
• There is no s-stage explicit (explicit Runge-Kutta) method with order s if s≥ 5:

order 1 2 3 4 5 6 7 8
smin 1 2 3 4 6 7 9 11

EXAMPLE 8.1 (The explicit RK2 methods). There is a whole family of Runge-Kutta
2 methods are (s = 2)

yn+1 = yn +∆t
((

1− 1
2α

)
K1 +

1
2α

K2
))

K1 = fn

K2 = f (tn +α∆t,yn +α∆tK1)

or (Butcher array)

0 0

α α(
1− 1

2α

)
1

2α

(RK2)

The (Butcher array) coefficients satisfy the conditions in Proposition 8.1, and more, so the
order of consistency of (RK2) is p = 2.
Note that

• α = 1 yields Heun’s method
• α = 2

3 yields Ralston method
• α = 1

2 yields the explicit midpoint method:

yn+1 = yn +∆t f
(
tn +

∆t
2
,yn +

∆t
2

f (tn,yn)
)
.

EXAMPLE 8.2 (The implicit RK2 method). The implicit midpoint rule may be re-
garded as an implicit Runge–Kutta method [8, page 205] with the (Butcher array) tableau
given by

1/2 1/2

1
which corresponds to

K1 = f
(
tn +

1
2

∆t,yn +
1
2

∆tK1
)
,

yn+1 = yn +∆tK1.

To see that this is a reformulation, let’s write the implicit midpoint method in a refactorized
form (a backward Euler and a forward Euler step):

yn+1/2 = yn +
∆t
2 f
(
tn + ∆t

2 ,yn+1/2
)
,

yn+1 = yn+1/2 +
∆t
2 f
(
tn + ∆t

2 ,yn+1/2
)
.

(refactorized midpoint)
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Adding these two relations gives the relation above, while subtraction shows that yn+1/2 =
1
2 (yn+1 + yn).

EXAMPLE 8.3 (The RK4 method). The explicit Runge-Kutta 4 method is (s = 4)

yn+1 = yn +
∆t
6
(
K1 +2K2 +2K3 +K4

)
K1 = fn

K2 = f (tn + ∆t
2 ,yn +

∆t
2 K1)

K3 = f (tn + ∆t
2 ,yn +

∆t
2 K2)

K4 = f (tn+1,yn +∆tK3)

or (Butcher array)

0 0 0 0 0
1
2

1
2 0 0 0

1
2 0 1

2 0 0

1 0 0 1 0
1
6

1
3

1
3

1
6

(RK4)

The (Butcher array) coefficients satisfy the conditions in Proposition 8.1, and more, so the
order of consistency of (RK4) is p = 4. See RK4Pseudocode.m for a pseudocode example
implementing the (RK4) method. See also Figure 3 for the stability region of the (RK4)
method.

9. Stepsize adaptivity with Runge-Kutta methods

Let denote by

y(tn+1) the exact solution

yn+1 the RK4 solution

un+1 the RK5 solution

hence the (local) truncation errors in the RK4 and RK5 solutions are

y(tn+1)− yn+1 =Cn+1∆t5
n , (LTE RK4)

y(tn+1)−un+1 = Cn+1∆t6
n .

We note that for the (Runge-Kutta) methods, the (global error) en+1:=y(tn+1)− yn+1 coin-
cides with the local truncation error (LTE) ∆tτn+1(∆t) := y(tn+1)−y(tn)−∆tF(tn,y(tn),∆t; f ),
provided we consider it in only one step, i.e., only on the interval [tn, tn+1]. This is the ‘lo-
calizing assumption’ [8, p. 37], namely assuming that

yn ≡ y(tn), (localizing assumption)

which indeed gives

en+1 := y(tn+1)− yn+1 = y(tn+1)−
(

yn−∆tF(tn,yn,∆t; f )
)

(using (Runge-Kutta))

≡ y(tn+1)− y(tn)−∆tF(tn,y(tn),∆t; f ) := ∆tτn+1(∆t).
(using (LTE))

Since the RK5 solution is ‘more’ accurate (of a higher-order consistency) than the ‘lower-
order’ solution RK4, we could use the RK5 solution un+1 instead of the exact (unknown)
solution y(tn+1) to evaluate the local truncation error (LTE RK4):

un+1− yn+1 ≈Cn+1(∆tn,old)
5. (RK4 error estimator)

https://sites.pitt.edu/~trenchea/MATH1080/Chapter10.html
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Time-step adaptivity is a technique which adapts the step-size ∆tn in order to keep the local
truncation error (LTE RK4) within a fixed tolerance tol, so the overall simulation keeps
closer to the exact solution (the approximating solution follows the physics):

|un+1− yn+1| ≈ |y(tn+1)− yn+1| ≤ tol. (tolerance check)

Therefore, if the RK4 solution is desired to be more accurate, the user could choose a
much smaller tolerance, e.g., tol= 10−13, so the time-step will adapt to satisfy this ‘tight’
constraint.

Now we shall briefly describe how an adaptive algorithm chooses the ‘new’ time-step
(in order to satisfy (tolerance check). There are two ingredients here:

(1) First, with a given step-size ∆tn,old we compute two solutions (yold
n+1 and un+1),

using the RK4 and RK5 methods. By estimate (RK4 error estimator) we express
the value of the ‘constant’ Cn+1:

Cn+1 ≈
un+1− yold

n+1

(∆tn,old)
5 . (9.1)

(2) If the RK4 solution is intended to satisfy the (tolerance check) with a ‘new’
timestep ∆tn,new

|un+1− ynew
n+1| ≤ tol,

then again the (RK4 error estimator) yields (using also (9.1))

tol≥
∣∣un+1− ynew

n+1
∣∣≈ |Cn+1|(∆tn,new)

5 (9.1)
≈≈
|un+1− yold

n+1|
(∆tn,old)

5 (∆tn,new)
5.

Therefore the ‘new time-step’, which will enforce that the local truncation error
is below a set tolerance throughout the simulation, is ‘adapted’ such that

∆tn,new =
( tol

|un+1− yn+1|

) 1
5
∆tn,old. (9.2)

REMARK 9.1. Matlab’ s function ODE45 implements a version of the adaptive RK45Adaptive45.m
algorithm described above. On many instances, for relatively short time-interval simula-
tions, the adaptive RK45 is referred to as an ‘exact’ solution, although it happens that in
conservative Hamiltonian systems (see Subsection 6) ODE45 does not perform as well.
But in the absence of an exact solution, errors are hard to estimate and RK45 and ODE45
are fairly good tools.

For stiff problems, Matlab has two other ‘solver’s’: ODE15s and ODE23s.
See also [12] for a family of nonlinear unconditionally stable multistep methods “Time
step adaptivity in the method of Dahlquist, Liniger and Nevanlinna" which outperform
ODE45, ODE15s and ODE23s in some stiff problems.
Note that the algorithm RK45 Adaptive.m provided in the book does not use the procedure
described above, namely the estimator (9.2) to adapt/choose the new time step, but a rather
obsolete procedure ‘halfing & doubling’ [6, p.81], [4, p. 351].

EXAMPLE 9.1 (Motion on the surface of a sphere).

As mentioned in the previous Remark 9.1, ODE45 does not performed ‘ideally’, as we
are about to see in this example. This is a ‘simple’ system of 3 ODE’s, simulating a (peri-
odic) motion on the surface of a unit sphere, a closed curve. The system has a ‘natural’

https://www.mathworks.com/help/matlab/ref/ode45.html
http://www.pitt.edu/~trenchea/MATH1080/Chapter8/RKAdaptive45.m
https://www.mathworks.com/help/matlab/ref/ode45.html
https://www.mathworks.com/help/matlab/ref/ode15s.html
https://www.mathworks.com/help/matlab/ref/ode23s.html
https://www.mathematics.pitt.edu/sites/default/files/2022_DLNode_adaptive.pdf
https://www.mathematics.pitt.edu/sites/default/files/2022_DLNode_adaptive.pdf
https://www.mathworks.com/help/matlab/ref/ode45.html
https://www.mathworks.com/help/matlab/ref/ode15s.html
https://www.mathworks.com/help/matlab/ref/ode23s.html
http://www.pitt.edu/~trenchea/MATH1080/Chapter8/RKAdaptive45.m
https://www.mathworks.com/help/matlab/ref/ode45.html
https://people.sc.fsu.edu/~jburkardt/m_src/sphere_ode/sphere_ode.html
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FIGURE 12. Conservation of the Hamiltonian of the ODE45, variable-
step (implicit midpoint), ODE15s and ODE23s methods.

FIGURE 13. The 3D trajectories of the ODE45 method versus the
variable-step (implicit midpoint) method.

Hamiltonian - the sum of the squares of the moving point coordinates, which by Pythago-
ras’ theorem is has to be 1.

We shall see that the time-adaptive higher-order ODE45 does not perform well, even
when compared with the (also time-adaptive) (implicit midpoint) method. The ‘better’ per-
formance of the second-order (implicit midpoint) method over the ODE45 method is mainly
due to the fact that (implicit midpoint) method is symplectic and conserves all quadratic
Hamiltonians.

Indeed, we obviously see in Figure 12, that the ODE45 method has the Hamiltonian
deviating from 1, unlike the (implicit midpoint) method. (The simulation consists of about
6 dozens of full periodic trajectories.) Moreover, the other two time-adaptive variable-
order Matlab functions, the ODE15s and ODE23s methods, also do not perform as well as
the (implicit midpoint) method. This can be interpreted as the ODE45 trajectory initially
going ‘underground’ and then ‘flying’, instead of just sliding on the surface of the sphere.
Figure 13 shows the two trajectories.

9.1. Exercises.
Exercise 13. An important theorem of calculus states that the equation ftx = fxt is true,
provided that at least one of these two partial derivatives exists and is continuous. Test
this equation on some functions, such as f (t,x) = xt2 + x2t + x3t4, log(x− t − 1), and
ex sinh(t + x)+ cos(2x−3t).
Solution:
Exercise 18. For the function f (x,y) = y2− 3lnx, write the first six terms in the Taylor
series of f (1+h,0+ k).
Solution:
Exercise 19. Using the truncated Taylor series about (1,1), give a three-term approxima-
tion to e(1−xy).

https://www.mathworks.com/help/matlab/ref/ode45.html
https://www.mathworks.com/help/matlab/ref/ode15s.html
https://www.mathworks.com/help/matlab/ref/ode23s.html
https://www.mathworks.com/help/matlab/ref/ode45.html
https://www.mathworks.com/help/matlab/ref/ode45.html
https://www.mathworks.com/help/matlab/ref/ode45.html
https://www.mathworks.com/help/matlab/ref/ode45.html
https://www.mathworks.com/help/matlab/ref/ode15s.html
https://www.mathworks.com/help/matlab/ref/ode23s.html
https://www.mathworks.com/help/matlab/ref/ode45.html
https://people.sc.fsu.edu/~jburkardt/m_src/sphere_ode/sphere_ode.html
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Solution: The Taylor series formula in two variables writes

f (x+h,y+ k) =
∞

∑
i=0

1
i!

(
h

∂

∂x
+ k

∂

∂y

)i
f (x,y),

f (x,y) =
∞

∑
i=0

1
i!

(
(x−a)

∂

∂x
+(y−b)

∂

∂y

)i
f (a,b), (Taylor series in two variables)

which in this case gives (take a = 1,b = 1)

f (x,y) =
∞

∑
i=0

1
i!

(
(x−1)

∂

∂x
+(y−1)

∂

∂y

)i
f (1,1).

Since

f (x,y) = e(1−xy),

∂

∂x
f (x,y) =−ye1−xy,

∂

∂y
f (x,y) =−xe1−xy

we have that

f (x,y)≈
1

∑
i=0

1
i!

(
(x−1)

∂

∂x
+(y−1)

∂

∂y

)i
f (1,1)

= f (1,1)+(x−1)
∂

∂x
f (1,1)+(y−1)

∂

∂y
f (1,1)

= 1+(1− x)+(1− y) = 3− x− y.

Exercise 20. The function f (x,y) = xey can be approximated by the Taylor series in two
variables by f (x+ h,y+ k) ≈ (Ax+B)ey. Determine A and B when terms through the
second partial derivatives are used in the series.
Solution:
Exercise 21. For f (x,y) = (y− x)−1, the Taylor series can be written as

f (x+h,y+ k) = A f +B f 2 +C f 3 + · · ·

where f = f (x,y). Determine the coefficients A, B, and C.
Solution:

f (x+h,y+ k) =
∞

∑
i=0

1
i!

(
h

∂

∂x
+ k

∂

∂y

)i
f (x,y)

≈
2

∑
i=0

1
i!

(
h

∂

∂x
+ k

∂

∂y

)i
f (x,y)

= f (x,y)+
(

h
∂

∂x
+ k

∂

∂y

)
f (x,y)+

1
2!

(
h

∂

∂x
+ k

∂

∂y

)2
f (x,y).

Since

f (x,y) =
1

y− x

fx(x,y) =
1

(y− x)2 = f 2, fy(x,y) =−
1

(y− x)2 =− f 2,

fxx(x,y) = 2
1

(y− x)3 = 2 f 3, fyy(x,y) = 2
1

(y− x)3 = 2 f 3, fxy(x,y) =−2
1

(y− x)3 =−2 f 3,

https://en.wikipedia.org/wiki/Taylor_series#Taylor_series_in_several_variables
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we have that

f (x+h,y+ k) = f (x,y)+
(

h
∂

∂x
+ k

∂

∂y

)
f (x,y)+

1
2!

(
h

∂

∂x
+ k

∂

∂y

)2
f (x,y)

= f +h fx + k fy +
1
2!

(
h2 fxx +2hk fxy + k2 fyy

)
= f +h f 2− k f 2 +

1
2!

(
h22 f 3−4hk f 3 + k22 f 3

)
= f +(h− k) f 2 +

(
h2−2hk+ k2) f 3 = f +(h− k) f 2 +(h− k)2 f 3.

Exercise 22. Consider the function ex2+y. Determine its Taylor series about the point
(0,1) through second-partial-derivative terms. Use this result to obtain an approximate
value for f (0.001,0.998).
Solution:
Computer problem 6. Solve the initial-value problem x′ = x

√
x2−1 with x(0) = 1 by the

Runge-Kutta method on the interval 0 ≤ t ≤ 1.6, and account for any difficulties. Then,
using negative h, solve the same differential equation on the same interval with initial value
x(1.6) = 1.0.
Solution: Run (h = 0.016)

[T,x]=RK4Pseudocode([0 1.6],1,100);

and then (h =−0.016)

>> [T,x]=RK4Pseudocode([1.6,0],1,100);

function [T,x] = RK4Pseudocode(int,x0,n)
% Main Runge-Kutta
%Input: Interval [ta,T], initial condition x0, and number of steps n
%Output: the approximate solution x, at time T
% Example usage: [T,x]=RK4Pseudocode([1 1.5625],2,72);

ta = int(1);
T = int(2);
h = (T - ta)/n; %%step size h=(T-ta)/n
x = x0;
t = ta;
format long

% The default values for the Relative and Absolute Errors are
% options = odeset ( ’RelTol’, 1.0E-3, ’AbsTol’, 1.0E-6 );
%options = odeset ( ’RelTol’, 1.0E-10, ’AbsTol’, 1.0E-15 );
options = odeset ( ’RelTol’, 1.0E-5, ’AbsTol’, 1.0E-8 );

[t45,y45] = ode45(@xdot,[int(1),int(2)],x0, options);
[t23s,y23s] = ode23s(@xdot,[int(1),int(2)],x0);
[t15s,y15s] = ode15s(@xdot,[int(1),int(2)],x0);
figure(1)
hold all
grid on
plot(t45,y45,’-*’)
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plot(t23s,y23s,’-o’)
plot(t15s,y15s,’-d’)

for j = 1:n-1
K1 = h*xdot(t,x);
K2 = h*xdot(t+h/2,x+K1/2);
K3 = h*xdot(t+h/2,x+K2/2);
K4 = h*xdot(t+h,x+K3);
x = x + (K1 + 2*K2 + 2*K3 + K4)/6;
t = t + h;

plot(t,x,’.’,’LineWidth’,1,...
’MarkerEdgeColor’,’k’,...
’MarkerFaceColor’,’g’,...
’MarkerSize’,10);

legend(’ode45’,’ode23s’,’ode15s’,’RK4’)
end

function z = xdot(t,x) %the RHS of the ODE
%z = 2 + (x - t - 1)^2;
%z = sin(x*t) + atan(t);%Exercise 10.2.10
%z = sin(x) + cos(t);%Exercise 10.2.8
%z = (x+t)^2;%Exercise 10.2.6
z = x*(sqrt(x^2-1));%Computer Exercise 10.2.6
%z = 100*(sin(t) - x);%Computer Exercise 10.2.7

Computer problem 7. The following pathological example has been given by Dahlquist
and Björck [4, page 349]. Consider the differential equation

x′ = 100(sin t− x) (Dahlquist and Björck)

with initial value x(0) = 0. Integrate it with the fourth-order Runge-Kutta method on the
interval [0, 3], using step sizes h = 0.015, 0.020, 0.025, 0.030. Observe the numerical
instability!
Solution:

∆t 0.015 0.020 0.025 0.030
yRK4(3) 0.165812561626782 0.170733281138327 0.175598431702998 4.893749693000771e+11

See Figure 14.
The exact solution is

y(t) = (sin(t)−0.01∗ cos(t)+0.01∗ e−100∗t)/1.0001

y(3) = 0.151004832542617

yode45(3) = 0.151004832540368

yode23s(3) = 0.151018629630466

yode15s(3) = 0.151010875108223



9. STEPSIZE ADAPTIVITY WITH RUNGE-KUTTA METHODS 163

0 0.5 1 1.5 2 2.5 3

0

0.2

0.4

0.6

0.8

1

1.2

exact solution

ode45

ode23s

ode15s

RK4

FIGURE 14. Computer problem 10.2.7: Dahlquist and Björck stiff ex-
ample, x(0) = 0 and ∆t = 0.0281.
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FIGURE 15. Computer problem 10.2.7: Dahlquist and Björck stiff ex-
ample, x(0) = 1 and ∆t = 0.025,∆t = 0.028.

where the “RelTol” = 1.0E−10,“AbsTol” = 1.0E−15).
Try also with the initial condition x(0) = 1!!! See Figure 15.

Computer problem 10. Write a program to solve x′ = sin(xt)+ arctan t on 1≤ t ≤ 7 with
x(2) = 4 using the Runge-Kutta procedure RK4.
Solution: Run
>> [T,x]=RK4Pseudocode([2 7],4,50);
>> [T,x]=RK4Pseudocode([2 1],4,50);
Figure 16.

Exercise 10.3.8 The initial-value problem x′ = (1+ t2)x with x(0) = 1 is to be solved on
the interval [0,9]. How sensitive is x(9) to perturbations in the initial value x(0)?

Solution: x(t) = x(0)et+ t3
3 hence x(9) = x(0)e252 ≈ x(0)∗2.7∗10109.

Computer problem 10.3.5 Solve

x′ =
3x
t
+

9
2

t−13
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FIGURE 16. Computer problem 10.2.10: x′ = sin(xt) + arctan t with
x(2) = 4,∆t = 0.1.
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FIGURE 17. Computer problem 10.3.5 with ∆t = 0.025.

x(3) = 6

at x( 1
2 ) using procedure RK45 Adaptive to obtain the desired solution to nine decimal

places. Compare with the true solution:

x = t3− 9
2

t2 +
13
2

t.

Solution: See Figure 17.

x(0.5) = 2.25, y45(0.5) = 2.249999324675895

Computer problem 10.3.6 (Continuation) Repeat the previous problem for x(− 1
2 ).

Solution: See Figure 18 for the results with AbsTol = 1.E-15, RelTol = 1.E-10.

x(0.5) =−4.5, y45(−0.5) = 4.432742126382979∗1011

y23s(−0.5) = 1.720162936740793∗102
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FIGURE 18. Computer problem 10.3.6 with ∆t = 0.045 and AbsTol =
1.E-15, RelTol = 1.E-10.

y15s(−0.5) =−3.796060704430997∗1010

yRK4(−0.5) = 6.598757851567911∗104

Note that
fx =

3
t

which is not defined at t = 0, and moreover changes sign when t crosses 0. For t < 0, fx < 0,
but since the problem is solved backward, the problem becomes unstable, which is conspic-
uous from Figure 18.

Computer problem 10.3.8 Compute the numerical solution of

x′ =−x,

x(0) = 1

using the leapfrog method (LF)

xn+1 = xn−1 +2∆t f (xn)

with x0 = 1 and x1 =−h+
√

1+h2.
Are there any difficulties using this method for this problem? Carry out an analysis of the
stability of this method. Hint: Consider fixed h and assume xn = λn.
Solution: See Figure 19 for the results with ∆t = 0.05.
The leapfrog method has the region of the absolute stability on the imaginary axis.
The exact solution is:

x(t) = e−tx(0),

x0 = 1, x1 =−h+
√

1+h2, x2 = (h−
√

1+h2)2, · · ·
Run
y=leapfrog([0 1],1,-h+sqrt(1+h^2),0.05);
where
%Program Leapfrog Method for Solving Initial Value Problems
%Use with ydot.m to evaluate rhs of differential equation
% Input: interval [a,b], initial values y0, y1, step size h
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% Output: time steps t, solution y
% Example usage: y=leapfrog([0 1],1,1,0.1);

function [t,y] = leapfrog(int,y0,y1,h)
t(1)=int(1);
t(2)=t(1)+h;
y(1)=y0;y(2)=y1;
n=round((int(2)-int(1))/h);

% The default values for the Relative and Absolute Errors are
options = odeset ( ’RelTol’, 1.0E-3, ’AbsTol’, 1.0E-6 );

% options = odeset ( ’RelTol’, 1.0E-10, ’AbsTol’, 1.0E-15 );
[t45,y45] = ode45(@ydot,[int(1),int(2)],y0, options);
[t23s,y23s] = ode23s(@ydot,[int(1),int(2)],y0, options);
[t15s,y15s] = ode15s(@ydot,[int(1),int(2)],y0, options);

figure(1)
clf()
hold all
grid on
plot(t45,exp(-t45),’.-.’)
plot(t45,y45,’-*’)
plot(t23s,y23s,’-o’)
plot(t15s,y15s,’-d’)
for i=2:n

t(i+1)=t(i)+h;
y(i+1)=leapfrogstep(t(i),y(i-1),y(i),h);

end
plot(t,y,’>-’)
legend(’exact solution’,...

’ode45’,’ode23s’,’ode15s’,’leapfrog’,’location’,’best’)

function y=leapfrogstep(t,y0,y1,h)
%one step of Lepfrog Method
%Input: current time t, current value y, stepsize h
%Output: approximate solution value at time t+h
y=y0+2*h*ydot(t,y1);

function z=ydot(t,y)
z = -y;

Computer problem 10.3.20 Investigate the numerical solution of the initial-value problem

x′ =−
√

1− x2

x(0) = 1

This problem is ill-conditioned, since x(t) = cos t is a solution and x(t) = 1 is also.
Solution:
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FIGURE 19. Computer problem 10.3.8 with ∆t = 0.05.
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FIGURE 20. Computer problem 11.1.2.

Computer problem 11.1.2 Solve the initial-value problem

x′ = t + x2− y

y′ = t2− x+ y2

x(0) = 3, y(0) = 2

on the interval [0,0.38]. How accurate are the computed function values?
Solution: Note that ∂x f1 = x,∂y f2 = y, which could indicate that the problem is unstable if
the solution components are positive. See Figure 20.
%This is Computer Problem 11.1.2 in Cheney and Kincaid, 6th edition, page 475:
% Solve the IVP
% x’ = t + x^2 - y
% y’ = t^2 - x + y^2
% x(0) = 3, y(0) = 2.
function Exercise11_1_2()

x0 = [3;2];
int = [0 0.36];

% The default values for the Relative and Absolute Errors are
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% options = odeset ( ’RelTol’, 1.0E-3, ’AbsTol’, 1.0E-6 );
options = odeset ( ’RelTol’, 1.0E-11, ’AbsTol’, 1.0E-15 );

% options = odeset ( ’RelTol’, 1.0E-6, ’AbsTol’, 1.0E-9 );
[t45,y45] = ode45(@xdot,[int(1),int(2)],x0, options);
[t23s,y23s] = ode23s(@xdot,[int(1),int(2)],x0, options);
[t15s,y15s] = ode15s(@xdot,[int(1),int(2)],x0, options);

figure(1)
clf()
hold all
grid on
plot(t45,y45(:,1), ’-o’)
plot(t23s,y23s(:,1),’-*’)
plot(t15s,y15s(:,1),’-d’)
legend(’ode45’,’ode23s’,’ode15s’,’location’,’best’)

function z = xdot(t,x) %the RHS of the system of ODEs
z = [ t + x(1)^2 - x(2) ; t^2 - x(1) + x(2)^2];

Computer problem 11.1.3 Write the Runge-Kutta procedure to solve

x′1 =−3x2

x′2 =
1
3

x1

x1(0) = 0, x2(0) = 1

on the interval [0,4]. Plot the solution.
Solution:

Computer problem 11.1.6 Solve the problem

x′1 = 1

x′2 =−x3 + cos(x1)

x′3 = x2 + sin(x1)

x1(1) = 1, x2(1) = cos(1), x3(1) = sin(1).

Use the Runge-Kutta method and the interval [1,4π].
Solution: The exact solution is

x1(t) = t, x2(t) = t cos t, x3(t) = t sin t,

hence
|x2(t)|2 + |x3(t)|2 = t2

which describes a growing spiral. See Figure 21.
function [tb,x,y,z] = RK4SystemExercise6at11_1(int,x0,y0,z0,nsteps)
% Runge-Kutta System
%Input: Interval [ta,T], initial condition x0,y0,z0,
% and number of steps n
%Output: the approximate solution x,y,z, at time T
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FIGURE 21. Computer problem 11.1.6, the exact and the RK4 solutions,
with 100 times-steps, i.e., ∆t ≈ 0.1157.

% Example usage: [T,x,y,z]=RK4SystemExercise6at11_1([1 2*pi],1,cos(1),sin(1),100);

ta = int(1); tb = int(2);
h = (tb - ta)/nsteps; %%step size h=(T-ta)/n
x = x0;
y = y0;
z = z0;
t = ta;
format long

for j = 1:nsteps
K11 = h*xdot(t,x,y,z);
K12 = h*ydot(t,x,y,z);
K13 = h*zdot(t,x,y,z);

K21 = h*xdot(t+h/2,x+K11/2,y+K12/2, z+K13/2);
K22 = h*ydot(t+h/2,x+K11/2,y+K12/2,z+K13/2);
K23 = h*zdot(t+h/2,x+K11/2,y+K12/2,z+K13/2);

K31 = h*xdot(t+h/2,x+K21/2,y+K22/2,z+K23/2);
K32 = h*ydot(t+h/2,x+K21/2,y+K22/2,z+K23/2);
K33 = h*zdot(t+h/2,x+K21/2,y+K22/2,z+K23/2);

K41 = h*xdot(t+h,x+K31,y+K32,z+K33);
K42 = h*ydot(t+h,x+K31,y+K32,z+K33);
K43 = h*zdot(t+h,x+K31,y+K32,z+K33);

x = x + (K11 + 2*K21 + 2*K31 + K41)./6;
y = y + (K12 + 2*K22 + 2*K32 + K42)./6;
z = z + (K13 + 2*K23 + 2*K33 + K43)./6;

t = t + h;
figure(1)
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title(’Exercise 11.1.6’)
grid on
plot(t,x,’.’,’LineWidth’,1,...

’MarkerEdgeColor’,’k’,...
’MarkerFaceColor’,’g’,...
’MarkerSize’,10);

plot(t,y,’o’,’LineWidth’,1,...
’MarkerEdgeColor’,’k’,...
’MarkerFaceColor’,’g’,...
’MarkerSize’,10);

plot(t,z,’*’,’LineWidth’,1,...
’MarkerEdgeColor’,’k’,...
’MarkerFaceColor’,’g’,...
’MarkerSize’,10);

hold all
legend(’x2’,’x1’,’x3’,’location’,’best’)
figure(2)
hold all
grid on
plot(t*cos(t),t*sin(t),’*’,’LineWidth’,1,...

’MarkerEdgeColor’,’k’,...
’MarkerFaceColor’,’g’,...
’MarkerSize’,1);

plot(y,z,’o’)
xlim([-12,12]); ylim([-12,12])
xlabel(’x_2’);ylabel(’x_3’)
legend(’exact’,’RK4’,’location’,’best’)
title(’x_2, x_3’)
end

function z1 = xdot(t,x,y,z) %the RHS of the ODE
z1 = 1;

function z2 = ydot(t,x,y,z)
z2 = -z + cos(x);

function z3 = zdot(t,x,y,z)
z3 = y + sin(x);



CHAPTER 6

Smoothing of data and the method of Least Squares

1. Linear least squares

Given a set of m+1 data points {(xk,yk)}k=0:m, find a line

y(x) = ax+b

that ‘nearly’ passes through these points, i.e., minimize the vector of residuals

rk = y(xk)− yk = axk +b− yk (1.1)

in some vector ℓp norm (see the definition of the vector ℓp norm):

Find a,b such that ϕp(a,b) = ∥r∥p
p =

m

∑
k=0
|axk +b− yk|p (1.2)

is minimized

∂ϕp

∂a
= 0,

∂ϕp

∂b
= 0. (necessary conditions)

For example, the (ℓ1 approximation) problem minimizes

Find a,b such that ϕ1(a,b) = ∥r∥1 =
m

∑
k=0
|axk +b− yk|. (ℓ1 approximation)

The most common problem is the obtained by minimizing the ℓ2 norm, called the (Least Squares)
problem

Find a,b such that ϕ2(a,b) = ∥r∥2
2 =

m

∑
k=0

(axk +b− yk)
2. (Least Squares)

Using the (necessary conditions) for the (Least Squares) problem gives the (normal equations for Least Squares)
problem

m

∑
k=0

2xk(axk +b− yk) = 0,
m

∑
k=0

2(axk +b− yk) = 0,

(normal equations for Least Squares)

equivalently( m

∑
k=0

x2
k

)
a+
( m

∑
k=0

xk

)
b =

m

∑
k=0

xkyk,
( m

∑
k=0

xk

)
a+(m+1)b =

m

∑
k=0

yk,

171
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which is a 2×2 system in a,b:
m

∑
k=0

x2
k

m

∑
k=0

xk

m

∑
k=0

xk m+1


 a

b

=


m

∑
k=0

xkyk

m

∑
k=0

yk

 . (linear regression)

EXAMPLE 1.1. Find the straight line that best fits

(1,0) (2,1) (3,1) (4,2)

in the least-squares sense.

PROOF. In this case, the system from (linear regression) is

[
30 10
10 4

] a

b

=

[
13
4

]
,

hence
a = 0.6, b =−0.5.
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FIGURE 1. The data and the linear polynomial y = ax+b fitting data in
the least-squares sense.

xdata = [1 2 3 4];
ydata = [ 0 1 1 2];
ls = polyfit(xdata, ydata, 1)
d = ls(1)*xdata + ls(2) - ydata;
phi = sum(d.^2);
x = linspace(xdata(1)*(1.-sign(xdata(1))*0.1),xdata(end)*(1.+sign(xdata(end))*0.1),20);
y = polyval(ls,x);
plot(xdata, ydata, ’o’, x, y ,’linewidth’,2)
grid on
title(’Linear least squares fit’)
legend(’data’, ’linear regression’)
xlabel(’x axis’), ylabel(’y axis’)
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See Figure 1 for a plot of the data and the linear polynomial y = ax+b fitting data in the
least-squares sense. □

(See also LinearRegression.m )

2. Non polynomial fit

The method of least squares is not restricted to linear (first-degree) polynomials or
any specific function form.

EXAMPLE 2.1. Suppose we want to fit an equation of the from

y = aex2
+bx3

to the points
(−1,0) (0,1), (1,2), (1.5,2.2)

in the lest squares sense.

PROOF. In this case, the ‘residual function’ (1.2) writes

ϕ2(a,b) =
3

∑
k=0

(
aex2

k +bx3
k− yk

)2

and the (necessary conditions) become

a
3

∑
k=0

e2x2
k +b

3

∑
k=0

x3
kex2

k −
3

∑
k=0

ykex2
k = 0

a
3

∑
k=0

x3
kex2

k +b
3

∑
k=0

x6
k−

3

∑
k=0

ykx3
k = 0.
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FIGURE 2. The data, the nonlinear function y = aex2
+bx3, and the lin-

ear polynomial y = mx+n fitting data in the least-squares sense.

See Figure 2 for a comparison of the nonlinear and the linear regression for this data.

https://sites.pitt.edu/~trenchea/MATH1070/Programs/Chapter4.html
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xdata = [-1. 0. 1. 1.5 ];
ydata = [ 0. 1. 2. 2.2];
A = [sum(exp(2*xdata.^2)) sum(xdata.^3.*exp(xdata.^2)) ; sum(xdata.^3.*exp(xdata.^2)) sum(xdata.^6)];
RHS = [sum(ydata.*exp(xdata.^2)) ; sum(ydata.*xdata.^3)];
ls = A\RHS
linearregression = polyfit(xdata, ydata, 1)
d = ls(1)*exp(xdata.^2) + ls(2).*xdata.^3 - ydata;
phi = sum(d.^2);
x = linspace(xdata(1)*(1.-sign(xdata(1))*0.1),xdata(end)*(1.+sign(xdata(end))*0.1),20);
y = ls(1)*exp(x.^2) + ls(2)*x.^3;
yLinearR = polyval(linearregression,x);% linear regression
plot(xdata, ydata, ’o’, x, y ,x,yLinearR,’linewidth’,2)
grid on
legend(’data’, ’nonlinear regression’, ’linear regression’,’Location’, ’best’)

title(’Nonlinear least squares fit’)
xlabel(’x axis’), ylabel(’y axis’)

□

EXAMPLE 2.2. Suppose we want to fit a quadratic polynomial

y = ax2 +bx+ c

to the points

(−3,5) (−2,2), (−1,1), (1,1), (2,2) (3,4.5) (4,3.2)

in the lest squares sense.
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FIGURE 3. The data, the quadratic y = ax2 + bx = c versus the linear
and cubic polynomials, fitting data in the least-squares sense.

xdata = [-3 -2 -1 0 1 2 3 4];
ydata = [5. 2 1 1 1 2 4.5 3.2];
qs = polyfit(xdata, ydata, 2)
d = qs(1)*xdata.^2 + qs(2)*xdata + qs(3) - ydata;
phi = sum(d.^2);
ls = polyfit(xdata, ydata, 1);
cs = polyfit(xdata, ydata, 3)



2. NON POLYNOMIAL FIT 175

x = linspace(xdata(1)*(1.-sign(xdata(1))*0.1),xdata(end)*(1.+sign(xdata(end))*0.1),20);
y = polyval(qs,x);
yl = polyval(ls,x);
yc = polyval(cs,x);
plot(xdata, ydata, ’o’, x, y , x, yl , x, yc , ’linewidth’, 2)
grid on
legend(’data’, ’quadratic regression’, ’linear regression’, ’cubic regression’,’Location’, ’best’)
title(’Quadratic least squares fit versus linear and cubic’)
xlabel(’x axis’), ylabel(’y axis’)





CHAPTER 7

Boundary Value Problems (BVP) for Ordinary Differential
Equations

EXAMPLE 0.1 (Two-point BVP). Let us consider a 2nd order scalar ODE (see Defi-
nition 0.1) {

y′′ = f (x,y,y′), x ∈ (a,b)

y(a) = α, y(b) = β
(two-point BVP)

defined on an interval (a,b), and endowed with two Boundary Conditions , i.e., the values
of the unknown function y(·) on the ‘boundary’ of the computational interval (a,b) are
provided (y(a),y(b) are given).

This is a situation somewhat similar to the Cauchy problem / Initial Value Problem
(IVP), where in order to obtain a solution we needed an n number of ‘initial values’ (equal
to the number of components in the vector y). Since by Remark 0.1 the pth-order ODE is
equivalent to the n-valued system of ODEs, it is intuitive that in order to solve the BVP we
need a number of (boundary values) equal to the order of the equation (i.e., the oder of the
highest derivative on y).

There are several methods of approaching this problem, among them: discretization
using finite differences (band matrix), the shooting method, the collocation method, the
Galerkin method.

1. Discretization using the finite difference approximations

Similar to the numerical approximation (constant time step) for (IVP), we start by
setting a (space) mesh on the (space domain) interval [a,b]. Let

h =
b−a

m
(space mesh size)

denote the mesh size, and then the mesh points are

x j = a+ jh, ∀ j = 0 : m. (mesh points)

(Note that the end points are x0 = a,xm = b.)
The (two-point BVP) is the approximated on the mesh points, substituting in the equa-

tion the derivates with approximation of the derivatives by standard finite differences. For
example, we could use central-difference formulae to approximate the first- and second-
order derivatives:

y′(x)≈ 1
2h

(
y(x+h)− y(x−h)

)
(first-order central)

177
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y′′(x)≈ 1
h2

(
y(x+h)−2y(x)+ y(x−h)

)
(second-order central)

at all interior nodes (x j, j = 1 : m−1).
(Recall that both approximations above are second-order accurate, i.e., the error term is
O(h3).)
Let us denote the approximation of the unknown function y(·) at the mesh points {x j} by

y j ≈ y(x j), ∀ j = 0 : m, (1.1)

and in vector form

y =


y1
y2
...

ym−2
ym−1

 (BVP unknowns)

Then the (two-point BVP) can be approximated by the following nonlinear system of m−1
equations, in the m−1 unknowns {y j} j=1:m−1:

y0 = α,

1
h2

(
y j+1−2y j + y j−1

)
= f
(
x j,y j,

1
2h

(y j+1− y j−1)
)

j = 1 : m−1

ym = β ,
(BVP system)

In particular, assume that the function in the right hand side of the (BVP system) depends
only on y, i.e., (BVP system) writes:

y′′ = f (y), x ∈ (a,b).

(For the full linear case f (x,y,y′) := u(x)+ v(x)y+w(x)y′, see Example 1.2.)
If we also denote

f j ≈ f (y(x j)),

then the (BVP system) writes

Ay = h2F(y)− r, (1.2)

where

F(y) =


f1
f2
...

fm−2
fm−1

 , r =


y0
0
...
0

ym

 .
To see this, let us write the (BVP system) corresponding to the interior nodes x1,x2, · · · ,xm−2,xm−1:

y2−2y1 + y0 = f1 (j=1)
y3−2y2 + y1 = f2 (j=2)

...

y j+1−2ym j + y j−1 = f j (j)

...
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ym−1−2ym−2 + ym−3 = fm−2 (j=m-2)
ym−2ym−1 + ym−2 = fm−1 (j=m-1)

and move the known values y0,ym to the right hand side, we obtain

y2−2y1 = f1− y0 (j=1)
y3−2y2 + y1 = f2 (j=2)

...

y j+1−2ym j + y j−1 = f j (j)

...

ym−1−2ym−2 + ym−3 = fm−2 (j=m-2)
−2ym−1 + ym−2 = fm−1− ym . (j=m-1)

Therefore in (1.2) the matrix A and the vector r are

A =



−2 1 0 0 · · · 0 0 0 0
1 −2 1 0 · · · 0 0 0 0
0 1 −2 1 · · · 0 0 0 0

. . .
. . .

. . .

. . .
. . .

. . .
. . .

. . .
. . .

0 0 0 0 · · · 1 −2 1 0
0 0 0 0 · · · 0 1 −2 1
0 0 0 0 · · · 0 0 1 −2


, r =



f1− y0
f2
f3
...
...
...
fm−3
fm−2
fm−1− ym


.

REMARK 1.1. Notice that the matrix A is a tridiagonal matrix, well studied in the
Section dedicated to Linear Systems.

EXAMPLE 1.1 (Simple harmonic motion). Let us consider now a forced simple har-
monic motion :

y′′(x)+ y(x) = x x ∈
(

0,
π

2

)
, (simple harmonic motion)

y(0) = 1, y
(

π

2

)
=

π

2
−1, (B.C.)

which has the exact solution

y(x) = cos(x)− sin(x)+ x. (exact solution)

The finite difference equation yields y0 = 1, ym =
π

2
−1

y j+1−2y j + y j−1 +h2y j = h2x j, j = 1 : m−1.
(1.3)

https://en.wikipedia.org/wiki/Simple_harmonic_motion
https://en.wikipedia.org/wiki/Simple_harmonic_motion
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FIGURE 1. The exact and the finite difference solutions to (1.3) on a
mesh with m = 5.

The linear system arising using the finite difference method writes as

−2+h2 1 0 0 · · · 0 0 0 0
1 −2+h2 1 0 · · · 0 0 0 0
0 1 −2+h2 1 · · · 0 0 0 0

. . .
. . .

. . .

. . .
. . .

. . .
. . .

. . .
. . .

0 0 0 0 · · · 1 −2 1 0
0 0 0 0 · · · 0 1 −2 1
0 0 0 0 · · · 0 0 1 −2





y1
y2
y3
...
...
...
ym−3
ym−2
ym−1


= h2



x1
x2
x3
...
...
...
xm−3
xm−2
xm−1


−



1
0
0
...
...
...

π

2 −1


.

This linear system can now be solved by solvers specifically designed for tridiagonal ma-
trices, or any linear solver.

Figure 1 shows the (exact solution) versus the computed solution with a quite coarse mesh,
using only m = 5 intervals, hence a meshsize h = π/2

5 = 0.3142. (The linear solve was the
Matlab’s ‘backslah’: y = A\RHS. See BVPsimpleharmonicmotion.m)
To verify that the numerical solution is second-order accurate with respect to the spatial
discretization, namely

E (h) :=
( 1

m+1

m

∑
i=0
∥u(xi)−ui∥2

) 1
2 ≈C hp, (p-th order accurate)

with p = 2 one can evaluate p in terms of computed quantities:

p =
log(E (h)/E (h/2))

log(2)

For the example above we have

p =
log(E (m = 6)/E (m = 3))

log(2)
=

log(0.000589306/0.00017094
log(2)

= 1.7855,

http://www.pitt.edu/~trenchea/MATH1080/Chapter14/BVPsimpleharmonicmotion.m
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p =
log(E (m = 12)/E (m = 6))

log(2)
=

log(0.00017094/4.43131e−05
log(2)

= 1.9477,

p =
log(E (m = 24)/E (m = 12))

log(2)
=

log(4.43131e−05/1.1282e−05
log(2)

= 1.9737,

p =
log(E (m = 48)/E (m = 24))

log(2)
=

log(1.1282e−05/2.84794e−06
log(2)

= 1.9860,

p =
log(E (m = 96)/E (m = 48))

log(2)
=

log(2.84794e−06/7.15566e−07
log(2)

= 1.9928.

EXAMPLE 1.2 (The linear case). Let us consider now the linear case for the (BVP system),
i.e., where the right-hand side has the following form;

f (x,y,y′) := u(x)+ v(x)y+w(x)y′. (linear BVP)

Denoting
u j ≈ u(x j), v j ≈ v(x j) w j ≈ w(x j),

(and using the (first-order central) and (second-order central) formulae) the (BVP system)
writes

1
h2

(
y j+1−2y j + y j−1

)
= u j + v j y j +w j

1
2h

(
y j+1− y j−1

)
.

Multiplying by −h2 and regrouping terms this is equivalent to

−
(

1+
h
2

w j

)
︸ ︷︷ ︸

a j

y j−1 +
(

2+h2v j

)
︸ ︷︷ ︸

d j

y j−
(

1− h
2

w j

)
︸ ︷︷ ︸

c j

y j+1 =−h2u j︸ ︷︷ ︸
b j

(1.4)

for all j = 1 : m−1, and with the boundary conditions

y0 = α, ym = β .

Therefore the linear Boundary Value Problem{
y′′ = u(x)+ v(x)y+w(x)y′, x ∈ (a,b)

y(a) = α, y(b) = β

is approximated (using finite differences) by the trilinear linear system

d1 c1 0 0 · · · 0 0 0
a2 d2 c2 0 · · · 0 0 0
0 a3 b3 c3 · · · 0 0 0

. . .
. . .

. . .

. . .
. . .

. . .
. . .

. . .
. . .

0 0 0 0 · · · am−2 dm−2 cm−2
0 0 0 0 · · · 0 am−1 dm−1





y1
y2
y3
...
...
...
ym−2
ym−1


=



b1−a1y0
b2
b3
...
...
...
bm−2
bm−1− cm−1ym


.

(1.5)

EXAMPLE 1.3 (Example in the book, see BVP1.m). Solve the linear BVP

x′′ = et −3sin(t)+ x′− x

x(1) = 1.097374910854626, x(2) = 8.637496608572079,

http://www.pitt.edu/~trenchea/MATH1080/Chapter14/BVP1.m
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FIGURE 2. The linear BVP example 1.3: the exact and finite-difference
solutions (h = 0.05), and the error.

which has the exact solution x(t) = et − 3cos(t). Writing the equation in the linear form
(linear BVP), we have that

u(t) = et − esin t, v(t) =−1, w(t) = 1.

See http://www.pitt.edu/ trenchea/MATH1080/Chapter14/BVP1.m and Figure 2.

>> BVP1([1 2],10)
The root mean square of the error is 8.480505083949440e-05
>> BVP1([1 2],20)
The root mean square of the error is 2.164486089399624e-05

Therefore, by the ‘error analysis’ arguments in (rate of convergence) gives

p≈ log
( E h

E h/2

)/
log(2)≡ log(8.480505083949440∗10−5/2.164486089399624∗10−05)

log(2)
≈ 1.9701,

confirming the theoretical result that the approximations are second-order accurate.

1.1. Exercises.

EXERCISE 1.1 (This is Exercise 14.2.5 in the textbook). Show that if vi > 0 in the
previous Example 1.2, then there exists a meshsize h such that the trilinear matrix in (1.5)
is diagonally dominant.
(Hint: consider h small enough so that |ai|=−ai, |ci|=−ci.)

Computer problem 14.2.2 Solve the following two-point boundary value problem numer-
ically. For comparisons, the exact solutions are given.

(a)  x′′ =
(1− t)
(1+ t)2 x+

1
(1+ t)2

x(0) = 1, x(1) = 0.5
(solution: x(t) = 1

1+t )

http://www.pitt.edu/~trenchea/MATH1080/Chapter14/BVP1.m
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FIGURE 3. Computer exercise 14.2.2(a): the exact and finite-difference
solutions (h = 0.1), and the logarithm of the error.

(b)  x′′ =
1
3

(
(2− t)e2x +

1
1+ t

)
x(0) = 0, x(1) =− log(2)

(solution: x(t) =− log(1+ t))

Note that this is a nonlinear problem, as the RHS depends nonlinearly on x, namely it
involves e2x. This can be solved, for example, by a fix point iteration.
Solution:

(a) Since the equation to solve

x′′ =
(1− t)
(1+ t)2 x+

1
(1+ t)2

is linear, of the form (two-point BVP) x′′= f (t,x,x′), where the linear function f (t,x,x′)=
u(t)+ v(t)x+w(t)x′ is of the form (linear BVP), namely with

u(t) =
1

(1+ t)2 , v(t) =
(1− t)
(1+ t)2 , w(t) = 0,

then we can find the solution {xi}i=1:m−1 (which approximates the exact solution {x(ti)}i=1:m−1)
it by solving the linear system (1.5), where ai,bi,ci,di are defined in (1.4).
See Figure 3.
%function [x,l2error] = BVP1_Exercise2a_14_2(int,alpha,beta,n)
function BVP1_Exercise2a_14_2(int,alpha,beta,n)
%Finite difference scheme for 2nd order BVP
%Input data: interval,
% the Boundary Values alpha and beta,
% and the number of intervals defining the mesh
% Example usage: [x,error] = BVP1_Exercise2a_14_2([0 1],1,0.5,100)

ta = int(1);
tb = int(2);
h = (tb - ta)/n;

for i = 1:n-1
t = ta + i*h;
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a(i) = -(1+(h/2)*w(t));
d(i) = 2 + h^2*v(t);
c(i) = -(1-(h/2)*w(t));
b(i) = - h^2*u(t);

end

b(1) = b(1) - a(1)*alpha;
b(n-1) = b(n-1) - c(n-1)*beta;

for i=1:n
dummy = a(i) ;
a(i+1) = dummy;

end

[x] = Tri(a,d,c,b);
[xx] = [alpha x beta];
tt = [ta:h:tb];
s = [ta:h^2:tb];

errorfunction = 1./(1+tt) - xx ;
l2error = rms(1./(1+tt) - xx);
fprintf ( 1, ’ The mean least-squares error is = %g \n\n’,l2error);

figure(1)
clf()
hold all
grid on
plot(tt,xx,’.’,’LineWidth’,1,...

’MarkerEdgeColor’,’k’,...
’MarkerFaceColor’,’g’,...
’MarkerSize’,10);

plot(s,1./(1+s),’-’,’LineWidth’,1,...
’MarkerEdgeColor’,’k’,...
’MarkerFaceColor’,’r’,...
’MarkerSize’,10);

legend(’tridiag’,’exact’)
title(’The exact solution and the finite difference solution using the tridiagonal matrix’)

figure(2)
clf()
plot(tt,log(abs(errorfunction)),’o-’)
grid on
legend(’error’)
title(’logarithm of the error’)
end
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function z = u(t)
z = 1/(1+t)^2;
end

function z = v(t)
z = (1-t)/(1+t)^2;
end

function z = w(t)
z = 0;
end

ERROR ANALYSIS. We shall check now that the errors are, as theoretically predicted,
of second-order (hp, with p = 2), provided the mesh size h is small enough (the com-
putations are in the ‘ASYMPTOTIC REGIME’)

xexact(ti)− xi ≈Chp.

In order to observe that, we first compute several approximations, for example xh with
mesh sizes h and xh/2 with mesh size h/2, which should have the corresponding errors
approximately E h ≈ const∗hp and E h/2 ≈ const∗ (h/2)p. Then

log
( E h

E h/2

)
≈ log

( ���const∗hp

���const∗ (h/2)p

)
= p log(2),

and therefore

p≈ log
( E h

E h/2

)/
log(2) (rate of convergence)

h error p
0.2 0.0012
0.1 3.1618e-04 1.9242
0.05 8.14809e-05 1.9562
0.025 2.06532e-05 1.9801
0.0125 5.19735e-06 1.9905

(b) See Figure 4.
First note that the Right Hand Side of the differential equation is a nonlinear function
of the unknown x(t), namely

f (t,x) =
1
3

(
(2− t)e2x +

1
1+ t

)
,

and therefore, the (BVP system) becomes
x0 =�α ≡ 0,

1
h2

(
x j+1−2x j + x j−1

)
=����XXXXf (t j,x j)≡

1
3

(
(2− t j)e2x j +

1
1+ t j

)
, j = 1 : m−1

xm = ��β ≡− log(2),

which then yields the following form of the nonlinear system (1.2)

Ax = h2F(t,x)− r, (1.6)
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FIGURE 4. Computer exercise 14.2.2(b): the exact and finite-difference
solutions (h = 0.1, the mean least-squares error is = 0.00830429), and
the logarithm of the error. The nonlinear equation (1.6) is solved by fix-
point iteration.

where

A=


−2 1 0 0 · · · 0 0 0 0
1 −2 1 0 · · · 0 0 0 0

. . .
. . .

. . .
0 0 0 0 · · · 0 1 −2 1
0 0 0 0 · · · 0 0 1 −2

 , F(t,y)=


f1
f2
...

fm−2
fm−1

 , r=


��ZZy0 0

0
...

0

��ZZym− log(2)

 ,
and

f j :=
1
3

(
(2− t j)e2x j +

1
1+ t j

)
.

The nonlinear system Ax = h2F(t,x)−r, can be solved in different ways, e.g., by using
Matlab’s fsolve.m. In here we simply use a fix point iteration

Ax(κ+1) = h2F(t,x(κ))− r.

function BVP1_Exercise2b_14_2(int,alpha,beta,n)
%Finite difference scheme for 2nd order BVP
%Input data: interval,
% the Boundary Values alpha and beta,
% and the number of intervals defining the mesh
% Example usage: [x,error] = BVP1_Exercise2b_14_2([0 1],0,-log(2),10)

ta = int(1);
tb = int(2);
h = (tb - ta)/n
t = linspace(ta+h,tb-h,n);
x0 = ones(n,1);
x = x0;
r = zeros(n,1); r(1) = alpha; r(end) = beta;
% Solve ‘Ax = F(x) -r’ by fix-point iterations
for i = 1 : 5

https://www.mathworks.com/help/optim/ug/fsolve.html
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A = (-2) * diag(ones(n,1)) + diag(ones(n-1,1),1) + diag(ones(n-1,1),-1);
x = A \ (h^2 /3 *( (2-t’).*exp(2*x) + 1./(1+t’)) - r);

end
xx = [alpha;x;beta];
c = [t,h,r’,n];

tt = [ta t tb]’ ;
s = [ta:h^2:tb];

errorfunction = -log(1+tt) - xx ;
l2error = rms(-log(1+tt) - xx);

fprintf ( 1, ’ The mean least-squares error is = %g \n\n’,l2error);
fprintf ( 1, ’ The square of the mesh size is h^2 = %g \n\n’,h^2);

figure(1)
clf()
hold all
grid on
plot(tt,xx,’.’,’LineWidth’,1,...

’MarkerEdgeColor’,’k’,...
’MarkerFaceColor’,’g’,...
’MarkerSize’,10);

plot(s,-log(1+s),’-’,’LineWidth’,1,...
’MarkerEdgeColor’,’k’,...
’MarkerFaceColor’,’r’,...
’MarkerSize’,10);

legend(’nonlinear solve’,’exact’)
title([’The exact solution and the finite difference solution using fix-point iteration’])

figure(2)
clf()
plot(tt,log(abs(errorfunction)),’o-’)
grid on
legend(’error’)
title(’logarithm of the error’)
end





CHAPTER 8

Partial Differential Equations

Partial Differential Equations are equations involving unknowns functions depending on
several (dependent) variables, such as times and/or space coordinates, and where the un-
known function appears with also partial derivatives.

EXAMPLE 0.1 (Poisson equation). Poisson equation is a typical partial differential
equation (of elliptic type) with applications in engineering, physics and chemistry. In two
space dimensions x,y, we say that the unknown function u(x,y) satisfies the Poisson equa-
tion in the square domain D = [−1,1]2 if

∂ 2u
∂x2 +

∂ 2u
∂x2 +2 = 0, (x,y) ∈ interior(D) = (−1,1)× (−1,1), (Poisson equation)

also satisfying the (homogeneous Dirichlet) Boundary Conditions

u(x,y) = 0 on the boundary(D). (B.C.)

NOTATION 0.1. • For a scalar function u(x,y,z), the gradient is defined as

∇u≡ gradu :=


∂u
∂x

∂u
∂y

∂u
∂ z

 . (gradient)

• For a vector function

v1(x,y,z)
v2(x,y,z)
v3(x,y,z)

, the divergence is defined as

∇ ·

v1
v2
v3

≡ div

v1
v2
v3

=
∂v1

∂x
+

∂v2

∂y
+

∂v3

∂ z
. (divergence)

• For a scalar function u(x,y,z), the Laplace operator is defined as

∆u = ∇ ·
(
∇u
)
≡ div(gradu) := ∇ ·


∂u
∂x

∂u
∂y

∂u
∂ z

=
∂ 2u
∂x2 +

∂ 2u
∂y2 +

∂ 2u
∂ z2 . (Laplacian)

DEFINITION 0.1 (Boundary conditions). The boundary condition (B.C.) is just one
particular case (where the values of the unknown function are prescribed) of the following
types.

• Dirichlet boundary conditions, where the values of the unknown function are
prescribed:

u(x,y,x, ·) = gD(x,y,z, ·) (Dirichlet B.C.)
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where gD(·) is given.
• Neumann boundary conditions, where the values of the flux are prescribed:

n ·∇u(x,y,x, ·) = gN(x,y,z, ·) (Neumann B.C.)

where gN(·) is given, and n is the normal vector.
• Robin (mixed Dirichlet and Neumann) boundary conditions, where the flux de-

pends linearly on the unknown function:

n ·∇u(x,y,x)+αu(x,y,x) = gR(x,y,z) (Robin B.C.)

where gR(·) is given, α ∈ R.

EXAMPLE 0.2 (wave equation). The (wave equation) describing the vibration (dis-
placement) of a 3D elastic body is an evolutionary PDE, on the unknown function u(x,y,z, t),
depending on time t and on 3-space dimensions (x,y,z), namely

∂ 2u
∂ t2 = ∆u. (wave equation)

The wave equation is a particular case of a hyperbolic equation, see Section 2.

EXAMPLE 0.3 (heat equation). The (heat equation) describes the evolution (diffusion)
of u(t,x,y,z) temperature (heat, concentration) at time t and at space point (x,y,z) in a
physical 3D body is an evolutionary PDE, on the unknown function u(x,y,z, t) (tempera-
ture), depending on time and on 3-space dimensions, namely

∂u
∂ t

= κ∆u, (heat equation)

∂u
∂ t

= ∇ ·
(
d(x,y,z)∇u

)
+ρ, (diffusion equation)

The heat and diffusion equations are particular cases of parabolic equations, see Section
1.

EXAMPLE 0.4 (Reaction-diffusion equations). See Section 3.2 for reaction-diffusion
equations.

EXAMPLE 0.5 (Elliptic equations).

∆u = 0 (Laplace equation)

(here u(x,y,z) describes the steady distribution of heat, or the steady distribution of electrical charge in a body)

−∇ ·
(
d(x,y,z)∇u

)
= ρ (Poisson equation)

∆u+κ
2u = 0 (Helmholtz equation)

(this is an eigenvalue problem, with κ is the eigenvalue / wave number)

EXAMPLE 0.6 (Biharmonic equations). The following biharmonic equation describes
the (shearing and elastic) stress of an elastic body:

∂ 4u
∂x4 +

∂ 4u
∂y4 +

∂ 4u
∂ z4 = 0. (biharmonic equation)

https://en.wikipedia.org/wiki/Helmholtz_equation
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REMARK 0.1. MATLAB has a PDE toolbox: pdesolve for solving partial differ-
ential equations of the form

m
∂ 2u
∂ t2 +d

∂ 2u
∂ t2 −∇ · (c∇u)+au = f ,

where m,d,c,a are given and f is a given forcing term (to be specified by the user), in 2D
and 3D (two and three space dimensions) of prescribed types:

d
∂u
∂ t
−∇ · (c∇u)+au = f (parabolic)

d
∂ 2u
∂ t2 −∇ · (c∇u)+au = f (hyperbolic)

−∇ · (c∇u)+au = f (elliptic)

1. Parabolic Equations

We consider here the following heat equation in 1D space dimension, where u(x, t)
models the temperature of a rod of length 1 (on the interval x ∈ [0,1]), with (Dirichlet
B.C.) the temperature being set to zero at the ends of the interval, and with the initial
temperature being set as sin(πx):

∂u
∂ t

(x, t)− ∂ 2u
∂x2 (x, t) = 0, t > 0, x ∈ (0,1) (heat equation)

u(0, t) = u(1, t) = 0, ∀t ≥ 0 (homogeneous BC)

u(x,0) = sin(πx), x ∈ [0,1]. (initial conditions)

The solution to the heat equation with the (homogeneous BC) and (initial conditions)
above obviously has to satisfy the following (compatibility conditions)

u(0,0) = 0, u(1,0) = 0. (compatibility conditions)

(check out the heat equation with non-homogeneous Dirichlet, periodic and Neumann
B.C.)

THEOREM 1.1 (Maximum Principle). The solution to the (heat equation) satisfies the
following maximum principle

min{0, inf
x∈(0,1)

u(x,0)} ≤ u(x, t)≤max{0, sup
x∈(0,1)

u(x,0)}, (1.1)

for all (x, t) ∈ (0,1)× (0,T ).

A direct consequence of the maximum principle is that the maximum value of u will
not exceed the maximum value that previously occurred.
In particular, since u(x,0) = sin(πx) ∈ [0,1] ∀x ∈ [0,1], by (1.1) we obtain that

0≤ u(x, t)≤ 1, ∀t ≥ 0,x ∈ [0,1]. (maximum principle)

The heat equation above, with the B.C. and I.C. above has the following (exact solution):

u(x, t) = e−tπ2
sin(πx), (exact solution)

which can be shown by using the Fourier method, or the method of separation of variables,
see e.g. [2].

https://matlab.mathworks.com
https://www.mathworks.com/products/pde.html
https://www.mathworks.com/help/pde/ug/pde.pdemodel.solvepde.html
https://en.wikipedia.org/wiki/Separable_partial_differential_equation
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PROOF. Indeed, ut =−π2e−tπ2
sin(πx), ux = πe−tπ2

cos(πx), uxx =−π2e−tπ2
sin(πx).

Also the initial conditions are satisfied u(x,0) = sin(πx), as well as the boundary condi-
tions u(0, t) = u(1, t) = 0. □

We consider here only the finite difference approximations of the (heat equation).

x nodes

tn
od

es

Grid points

x0 = 0 x1 x2 · · · xi = ih · · · xM−1 xM = 1 xt0 = 0

t1 = ∆t

t2 = 2∆t

...

t j = j∆t

...

tn = n∆t

...

(xi, t j)

To simplify the presentation we re-
strict ourselves to a space discretization
of the interval [0,1] into equally spaced
subintervals, of mesh-size

h≡ ∆x =
1
M
, (space mesh-size)

with mesh points

xi = ih i = 0 : M. (space nodes)

Similarly, let the constant time step be

∆t =
T
N

(time step)

and the time nodes be

t j = j∆t, j = 0 : N, (time nodes)

i.e., we consider the evolution of the PDE on a generic time-interval [0,T ].

First, let us write a few semi-discrete in time approximations, where only the time
derivatives are approximated, for all x ∈ [0,1]:

u(x, t +∆t)−u(x, t)
∆t

− ∂ 2u
∂x2 (x, t)≈ 0 (forward-Euler)
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u(x, t +∆t)−u(x, t)
∆t

− ∂ 2u
∂x2 (x, t +∆t)≈ 0 (backward-Euler)

u(x, t +∆t)−u(x, t)
∆t

− 1
2

(
∂ 2u
∂x2 (x, t +∆t)+

∂ 2u
∂x2 (x, t)

)
≈ 0 (trapezoidal)

u(x, t +∆t)−u(x, t)
∆t

− ∂ 2u
∂x2 (x, t +∆t/2)≈ 0 (midpoint)

1.1. Forward Euler in time approximations. Using the (second-order central) in
the (forward-Euler) equation above, we obtain the following fully-discrete time and space
approximation:

u(x, t +∆t)−u(x, t)− ∆t
h2

(
u(x−h, t)−2u(x, t)+u(x+h, t)

)
≈ 0 (1.2)

equivalently

u(x, t +∆t)≈ ∆t
h2 u(x−h, t)+

(
1−2

∆t
h2

)
u(x, t)+

∆t
h2 u(x+h, t). (1.3)

We note that if the following Courant-
Friedrics-Levy (CFL) condition holds

∆t ≤ h2

2
(CFL)

(or equivalently 1− 2 ∆t
h2 ≥ 0) then all the coeffi-

cients in the right-hand side of (1.3) are positive
and

u(x, t +∆t)≈ ∆t
h2 u(x−h, t)+

(
1−2

∆t
h2

)
u(x, t)+

∆t
h2 u(x+h, t)

≤ ∆t
h2 max

x∈(0,1)
u(x, t)+

(
1−2

∆t
h2

)
max

x∈(0,1)
u(x, t)+

∆t
h2 max

x∈(0,1)
u(x, t) = max

x∈(0,1)
u(x, t),

which represent a discrete version of the (1.1).

NOTATION 1.1. Let us denote by ui j the finite difference approximation solutions

ui j ≈ u(xi, t j)

where the {xi = ih}i=0:M and {t j} j=0:N are the space nodes and time nodes defined in
(space nodes) and respectively (time nodes).

The fully-discrete approximation (1.2)-(1.3), which uses the (forward-Euler) and (second-order central)
discretization formulae, written for x = xi and t = t j, gives:

ui, j+1 = σui−1, j +(1−2σ)ui j +σui+1, j, (FE time-marching problem)

where

σ =
∆t
h2 .

We note also that (FE time-marching problem), using the in vector notation, writes as

u j+1 = AFEu j,
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where

u j =


u1 j
u2 j

...
un−1, j

 , AFE =


1−2σ σ

σ 1−2σ σ

σ 1−2σ σ

...
. . .
σ 1−2σ

 (1.4)

QUESTION: for what values of σ = ∆t
h2 is the tridiagonal matrix AFE above diagonally

dominant, with positive diagonal elements (M-matrix - see Proposition 2.6)? See also the
(CFL) condition.

PROPOSITION 1.1 (Discrete Maximum Principle). Provided the (CFL) condition holds,
i.e., the timestep and the space mesh size satisfy ∆t ≤ h2

2 , the matrix AFE is an M-matrix,
and the discrete version of the (1.1) above writes

ui, j+1 ≤ max
ℓ=0:n

uℓ, j. (discrete Maximum Principle)

PROOF. Let us denote first ui j :=maxℓ=0:M uℓ, j. Then the (FE time-marching problem)
gives

ui, j+1 = σui−1, j +(1−2σ)ui j +σui+1, j ≤ σui, j +(1−2σ)ui j +σui, j = ui, j = max
ℓ=0:M

uℓ, j,

which means that, as time increases, the values of the ‘temperature’ u at every space point
is less than the previous temperature, at any other point in the space domain. □

Result: FE time-marching Algorithm
for j = 0 : N−1 do

for i = 1 : M−1 do
ui, j+1 = σui−1, j +(1−2σ)ui j +σui+1, j.

end
end

EXAMPLE 1.1. Let us consider the first ‘new’ values in time, i.e., at t1 = ∆t (or letting
j = 0 in the (FE time-marching problem)), starting from the initial condition {u j,0} j=0:M:

ui,1 = σui−1,0 +(1−2σ)ui0 +σui+1,0 ∀i = 1 : M−1,
where u0,1,un,1 are provided by the boundary conditions.

For example, for i = 1 we have

u11 = σu0,0 +(1−2σ)u10 +σu2,0.

REMARK 1.1. The (CFL) condition, a sufficient for the (discrete Maximum Principle)
to hold, imposes a quite strict restriction on the space mesh size, making the (forward-Euler)
time-approximation ‘slow’. For example, compared to a spatial mesh size:

h = 10−2,

the (CFL) condition requires a ‘super-small’ time-step:

∆t = 5∗10−5.

https://en.wikipedia.org/wiki/M-matrix
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For this reason, we turn our attention to the implicit methods in Sections 1.2 and 1.3, which
do not require a (CFL) condition for stability, nor for a discrete maximum principle.
Run

‘PDE_heat_Forward_Difference(0,1,0,1,50,50)’

CFL = 50≫ 0.5
and

‘PDE_heat_Forward_Difference(0,1,0,1,8,900)’

CFL = 0.0711111≪ 0.5

1.2. Backward Euler in time approximations. Using the (second-order central) in
the (backward-Euler) equation, we obtain similarly to Section 1.1 the following fully-
discrete time and space approximation:

u(x, t)−u(x, t−∆t)− ∆t
h2

(
u(x−h, t)−2u(x, t)+u(x+h, t)

)
≈ 0 (1.5)

equivalently

−∆t
h2 u(x−h, t)+u(x, t)

(
1+2

∆t
h2

)
− ∆t

h2 u(x+h, t)≈ u(x, t−∆t). (1.6)

With the Notations 1.1, and xi = ih, t j = j∆t, the fully-discrete (finite difference) ap-
proximations writes

−∆t
h2 ui−1, j +

(
1+2

∆t
h2

)
ui j−

∆t
h2 ui+1, j = ui, j−1. (BE time-marching heat equation)

Result: BE time-marching Algorithm
for j = 1 : N do

for i = 1 : M−1 do
−σui−1, j +

(
1+2σ

)
ui, j−σui+1, j = ui, j−1.

end
end
The algorithm above writes, in matrix form as follows

(σ = ∆t
h2 ):

1+2σ −σ

−σ 1+2σ −σ

−σ 1+2σ −σ

...
. . .

−σ 1+2σ





u1 j

u2 j

u3 j

...

uM−1, j


=



u1, j−1 +σu0 j

u2, j−1

u3, j−1

...

uM−1, j−1 +σun, j


(1.7)
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Note that the matrix above

ABE =



1+2σ −σ

−σ 1+2σ −σ

−σ 1+2σ −σ

...
. . .

−σ 1+2σ


is a tridiagonal, strictly diagonally dominant matrix, with positive diagonal entries (hence
an M-matrix by Proposition 2.6) for all values of σ = ∆t

h2 .

PROPOSITION 1.2 (Discrete Maximum Principle). For all h and ∆t, the following
discrete version of the (1.1) holds for the (BE time-marching heat equation). If the initial
condition satisfies the bound:

u(x,0) ∈ [α,β ] i.e., α ≤ ui,0 ≤ β ∀i = 0 : M

then the solution at all times satisfies the same bounds

α ≤ ui, j ≤ β ∀i = 0 : M, j = 0 : N. (discrete Maximum Principle)

PROOF. We will prove, by induction, only the right-hand side bound.
Assume that ui, j−1 ≤ β ,∀t j−1 (time nodes) and ∀xi (space nodes). Denoting

ui, j := max
ℓ

uℓ, j

(hence ui−1, j ≤ ui j, ui+1, j ≤ ui j), by (BE time-marching heat equation) we obtain

ui j ≤−σui−1, j +
(

1+2σ

)
ui j−σui+1, j = ui, j−1,

which yields by the induction assumption that ui j ≤ β . □

Run
‘PDE_heat_Backward_Difference(0,1,0,1,50,50)’
CFL = 50≫ 0.5
and
‘PDE_heat_Backward_Difference(0,1,0,1,8,900)’
Compare with the results using ‘PDE heat Backward Difference’.

1.3. Midpoint / Crank-Nicolson time approximations. Using the (second-order central)
in the (trapezoidal) equation, we obtain similarly to Section 1.1 the following fully-discrete
time and space approximation:

u(x, t)−u(x, t−∆t) (1.8)

≈ ∆t
h2

(u(x−h, t)+u(x−h, t−∆t)
2

−2
u(x, t)+u(x, t−∆t)

2
)+

u(x+h, t)+u(x+h, t−∆t)
2

)
equivalently

− 1
2

∆t
h2 u(x−h, t)+u(x, t)

(
1+

∆t
h2

)
− 1

2
∆t
h2 u(x+h, t) (1.9)

≈ 1
2

∆t
h2 u(x−h, t−∆t)+

(
1− ∆t

h2

)
u(x, t−∆t)+

1
2

∆t
h2 u(x+h, t−∆t).
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With the Notations 1.1, and xi = ih, t j = j∆t, the fully-
discrete (finite difference) approximations writes

−σ

2
ui−1, j +(1+σ)ui j−

σ

2
ui+1, j =

σ

2
ui−1, j−1 +(1−σ)ui, j−1 +

σ

2
ui+1, j−1.

(CN time-marching heat equation)

Result: CN time-marching Algorithm
for j = 1 : N do

for i = 1 : M−1 do

−σ

2
ui−1, j +(1+σ)ui j−

σ

2
ui+1, j =

σ

2
ui−1, j−1 +

(
1−σ

)
ui, j−1 +

σ

2
ui+1, j−1︸ ︷︷ ︸

bi j

.

end
end

The algorithm above writes, in matrix form as follows (σ = ∆t
h2 ):

(1+σ) −σ

2

−σ

2 (1+σ) −σ

2

−σ

2 (1+σ) −σ

2

...
. . .

−σ

2 (1+σ)





u1 j

u2 j

u3 j

...

uM−1, j


=



b1 j

b2 j

u3 j

...

bM−1, j


. (1.10)

Note that the matrix above

ACN =



(1+σ) −σ

2

−σ

2 (1+σ) −σ

2

−σ

2 (1+σ) −σ

2

...
. . .

−σ

2 (1+σ)


is a tridiagonal, strictly diagonally dominant matrix, with positive diagonal entries (hence
an M-matrix) for all values of σ = ∆t

h2 .
See PDE_heat_CrankNicolson.m for a numerical example of heat diffusion.

REMARK 1.2. The matrix in (1.10) is an M-matrix, strictly diagonally dominant ma-
trix, with positive diagonal entries.

PROPOSITION 1.3 (Discrete Maximum Principle). For h and ∆t such that σ < 1, the
following discrete version of the (1.1) holds for the (CN time-marching heat equation). If
the initial condition satisfies the bound:

u(x,0) ∈ [α,β ] i.e., α ≤ ui,0 ≤ β ∀i = 0 : M

then the solution at all times satisfies the same bounds

α ≤ ui, j ≤ β ∀i = 0 : M, j = 0 : N. (CN discrete Maximum Principle)

PROOF. The proof, by induction, is similar to the proof of Proposition 1.2. □

http://www.pitt.edu/~trenchea/MATH1080/Chapter15/PDE_heat_CrankNicolson.m
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REMARK 1.3 (Errors). The errors are measured (on the whole space-interval x ∈
[0,1], and in the time interval t ∈ [0,T ]) in the ‘energy-norm’, L2(0,1)×L2(0,T ):

∆t
N

∑
j=1

h
M−1

∑
i=1
|u(xi, t j)−ui j|2 ≈

∫ N∆t

0

∫ xM

x0

|uexact−uFD
approx|2dxdt.

(L2((0,1)× (0,T )) error)

For a comparison, here are the errors for the heat equation using the (BE time-marching heat equation),
(CN time-marching heat equation) and the (FE time-marching problem) methods, corre-
sponding to the following values of the spatial mesh h and time step ∆t:

h = 0.01, ∆t = 0.01

Method Root mean Square error
BE 0.005356756902686
CN 0.000081349744731
FE ∞ (the (CFL) number is 100≫ 0.5)

2. Hyperbolic Equations

We are considering the following 1-dimensional wave equation, modeling the vibra-
tion of a string

∂ 2u
∂ t2 (x, t) =

∂ 2u
∂x2 (x, t) ∀x ∈ (0,1), t ≥ 0 (wave equation)

where u(x, t) = the deflection, at time t, of a point which coordinate at rest is x. The
(wave equation) is endowed with the following initial conditions

u(x,0) = f (x), ut(x,0) = 0, ∀x ∈ (0,1), (I.C.)

and boundary conditions

u(0, t) = u(1, t) = 0 ∀t ≥ 0. (B.C.)

ASSUMPTION 2.1. Here f (·) ∈C2(R) is a known function satisfying
• antisymmetric : f (−x) = f (x)
• 2-periodic : f (x+2) = f (x).

PROPOSITION 2.1 (Exact solution). The (wave equation) with the (B.C.) and (I.C.)
above has the following (exact solution):

u(x, t) =
1
2

(
f (x+ t)+ f (x− t)

)
, (exact solution)

where f satisfies Assumption 2.1.

PROOF. Indeed,

ut =
1
2

(
f ′(x+ t)− f ′(x− t)

)
, utt =

1
2

(
f ′′(x+ t)+ f ′′(x− t)

)
,

and

ux =
1
2

(
f ′(x+ t)+ f ′(x− t)

)
, uxx =

1
2

(
f ′′(x+ t)+ f ′′(x− t)

)
.

Also the initial conditions are satisfied:

u(x,0) =
1
2

(
f (x)+ f (x)

)
= f (x),
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ut(x,0) =
1
2

(
f ′(x)− f ′(x)

)
= 0,

as well as the boundary conditions

u(0, t) =
1
2

(
f (t)+ f (−t)

)
=

1
2

(
f (t)− f (t)

)
= 0, (using the antisymmetry of f )

u(1, t) =
1
2

(
f (1+ t)+ f (1− t)

)
=

1
2

(
f ((t−1)+2)+ f (1− t)

)
≡ 1

2

(
f ((t−1))+ f (1− t)

)
(using the 2-periodicity of f )

≡ 1
2

(
− f ((1− t))+ f (1− t)

)
= 0. (using the antisymmetry of f )

This completes the proof. □

AVAILABLE SOFTWARE:

• FEniCS is a ‘finite element’ software library for Solving PDEs in Python or
C++.
• FreeFEM is another free and open source ‘finite element’ software to solve PDEs

. (Click here for the documentation or an example in acoustics.)
• MATLAB’s PDE toolbox also uses ’finite elements’ to solve structural mechan-

ics, heat transfer, and general partial differential equations (PDEs). (Click here
for the documentation or some wave equation examples.)

x-axis

t-
a

x
is

Wave Equation - forward stencil

(x,t)

(x-ct,0) (x,0) (x+ct,0)

(x,t)

(x-ct,0) (x,0) (x+ct,0)

(x, t +∆t)

(x, t−∆t)

(x, t) (x+∆x, t)(x−∆x, t)

FIGURE 1. Wave equation
explicit stencil.

2.1. Finite difference approximations. Using the
(second-order central) (for the time and space finite differ-
ence approximations) in the (wave equation) equation, we
obtain similarly to Sections 1.1 and 1.2 the following fully-
discrete time and space approximation (evaluated at (x, t)):

u(x, t +∆t)−2u(x, t)+u(x, t−∆t)
∆t2 − u(x−h, t)−2u(x, t)+u(x+h, t)

h2 ≈ 0 (2.1)

equivalently

u(x, t +∆t)≈ 2
(

1− ∆t2

h2

)
u(x, t)+

∆t2

∆x2 u(x−h, t)+
∆t2

∆x2 u(x+h, t)−u(x, t−∆t). (2.2)

The above approximation of the wave equation (2.2) is en-
dowed with the (B.C.)

u(0, t) = u(1, t) = 0. (B.C. wave eq)

The initial conditions (I.C.) (u(x,0) = f (x),ut(x,0) = 0) can
be approximated in the following ways.

• Using a first-order approximation:
u(x,0) = f (x),

0 = ut(x,0)≈
u(x,∆t)−u(x,0)

∆t
⇒ u(x,∆t)≈ u(x,0)≡ f (x)

∀x ∈ (0,1),

(1st order approx I.C. wave eq)

yielding a low accuracy propagating wave.

https://fenicsproject.org
https://www.springer.com/gp/book/9783319524610
https://freefem.org
https://doc.freefem.org/documentation/index.html
https://doc.freefem.org/tutorials/acoustics.html
https://matlab.mathworks.com
https://www.mathworks.com/products/pde.html
https://www.mathworks.com/help/index.html?s_tid=CRUX_lftnav
https://doc.freefem.org/documentation/index.html
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• Using a second-order (central difference approximation)
for the first derivative ut(x,0) we obtain

u(x,0) = f (x),

0 = ux,0 ≈
u(x,0+∆t)−u(x,0−∆t)

2∆t
⇒ u(x,∆t)≈ u(x,−∆t)

∀x ∈ (0,1).

(2nd order approx I.C. wave eq)

Notice here that the value u(x,−∆t) is a fictitious value, being evaluated at a
time outside the time interval [0,T ]. But this value actually gives important in-
formation. Let us now consider the finite difference equation (2.2) evaluated at
time t = 0:

u(x,0+∆t)≈ 2
(

1− ∆t2

h2

)
u(x,0)+

∆t2

∆x2 u(x−h,0)+
∆t2

∆x2 u(x+h,0)−u(x,0−∆t)
(using (2nd order approx I.C. wave eq))

= 2
(

1− ∆t2

h2

)
f (x)+

∆t2

∆x2 u(x−h,0)+
∆t2

∆x2 u(x+h,0)−u(x,∆t)

which (moving the last term in the RHS to the LHS and multiplying by 1
2 ) can be

rearranged as

u(x,∆t)≈
(

1− ∆t2

h2

)
f (x)+

1
2

∆t2

∆x2 u(x−h,0)+
1
2

∆t2

∆x2 u(x+h,0), (1st time level ∆t)

for all x ∈ (0,1).
From the second time level on, i.e., for t = ∆t,2∆t, . . ., we use (2.2)

u(x,2∆t)≈ 2
(

1− ∆t2

h2

)
u(x,∆t)+

∆t2

∆x2 u(x−h,∆t)+
∆t2

∆x2 u(x+h,∆t)−u(x,0)︸ ︷︷ ︸
= f (x)

(2nd time level 2∆t)

u(x,3∆t)≈ 2
(

1− ∆t2

h2

)
u(x,2∆t)+

∆t2

∆x2 u(x−h,2∆t)+
∆t2

∆x2 u(x+h,2∆t)−u(x,∆t)
(3rd time level 3∆t)

...

See PDE_hyperbolic.m for a numerical example of the wave equation.

2.2. Transport equation.

REMARK 2.1. The second-order homogeneous (wave equation) can be obtained from
the first-order one-dimensional transport equation:

∂u
∂ t

(x, t)+
∂u
∂x

(x, t) = 0 ∀x ∈ (0,1), t ≥ 0. (1-D transport equation)

PROOF. Indeed, taking partial derivatives with respect to t, and w.r.t. x, respectively

∂ 2u
∂ t2 (x, t)+���

��∂ 2u
∂ t∂x

(x, t) = 0,

��
���∂ 2u

∂x∂ t
(x, t)+

∂ 2u
∂x2 (x, t) = 0,

http://www.pitt.edu/~trenchea/MATH1080/Chapter15/PDE_hyperbolic.m
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and subtracting

∂ 2u
∂ t2 (x, t)−

∂ 2u
∂x2 (x, t) = 0,

we obtain (wave equation). □

REMARK 2.2 (Lax-Wendroff method). The Lax-Wendroff method is a finite difference
method, second-order accurate both in time and in space, and was introduced by Peter Lax
and Burton Wendroff. It solves the first-order hyperbolic equation

∂u
∂ t

(x, t)+ c
∂u
∂x

(x, t) = 0

by actually computing an approximate solution to a problem with a bit of diffusion

∂w
∂ t

(x, t)+ c
∂w
∂x

(x, t) = ∆t
c2

2
∂ 2w
∂x2 (x, t).

One can motivate this by writing the Taylor approximation of u(x, t +∆t) about u(x, t) and
using the original equation ut + cux = 0 (hence utt = c2uxx), namely

u(x, t +∆t) = u(x, t)+∆t
∂u
∂ t

(x, t)+
1
2

∆t2 ∂ 2u
∂ t2 (x, t)+O(∆t3)

= u(x, t)−∆tc
∂u
∂x

(x, t)+
1
2

∆t2c2 ∂ 2u
∂x2 (x, t)+O(∆t3),

which is then approximated using the (first-order central) and (second-order central) ap-
proximations of the first- and second- derivatives in space:

u(x, t +∆t) = u(x, t)− c
∆t
2h

(
u(x+h, t)−u(x−h, t)

)
+ c2 ∆t2

2h2

(
u(x+h, t)−2u(x, t)+u(x−h, t)

)
+O(∆t3 +h2).

giving

v(x, t +∆t) = v(x, t)− c
∆t
2h

(
v(x+h, t)− v(x−h, t)

)
+ c2 ∆t2

2h2

(
v(x+h, t)−2v(x, t)+ v(x−h, t)

)
.

(Lax-Wendroff method)

See Lax-Wendroff.m for solving the (1-D transport equation) using the (Lax-Wendroff method)
method, for a smooth and a non-smooth initial condition.
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https://en.wikipedia.org/wiki/Lax–Wendroff_method
https://en.wikipedia.org/wiki/Lax–Wendroff_method
http://www.pitt.edu/~trenchea/MATH1080/Chapter15/Lax_Wendroff.m
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In 2 space dimensions, the transport equation writes

∂u
∂ t

(x,y, t)+v ·∇u(x,y, t) = 0 ∀(x,y) ∈Ω⊂ R2, t ≥ 0, (2-D transport equation)

where Ω is a bounded domain in R2, v = (v1,v2)
T is a vector, and (using the (gradient)

definition) v ·∇u≡ v1 ·∂xu+ v2 ·∂yu.

REMARK 2.3 (Conservation law). Let u(x, t) in (1-D transport equation) represent the
concentration of a substance at time t and point x in space (in the (2-D transport equation)
would represent the concentration at the point (x,y) in space, transported by the vector v).
Integrating (1-D transport equation) on the whole space domain x ∈ (0,1) we obtain

0 =
∫ 1

0

∂u
∂ t

(x, t)dx+
∫ 1

0

∂u
∂x

(x, t)dx =
∂

∂ t

(∫ 1

0
u(x, t)dx

)
+u(x, t)

∣∣∣x=1

x=0

=
∂

∂ t

(∫ 1

0
u(x, t)dx

)
+ (u(1, t)−u(0, t))︸ ︷︷ ︸

=0 by (B.C. wave eq)

=
∂

∂ t

(∫ 1

0
u(x, t)dx︸ ︷︷ ︸

total mass

)
,

which means that the total mass

mtotal(t) :=
∫ 1

0
u(x, t)dx (total mass)

is constant in time, as its derivative with respect to time is 0.

3. Elliptic Equations

We recall some classical elliptic equations:

∆u(x) = 0, ∀x = (x1,x2,x3)
T ∈Ω⊂ R3 (Laplace equation)

(here u(x) describes the steady distribution of heat, or the steady distribution of electrical charge in a bounded domain Ω.)

−∆u(x) = g(x) (Poisson equation)

∆u(x)+ f (x)u(x) = g(x) (Helmholtz equation)
(looking for oscillatory solutions of the wave equation)

Usually these equations are endowed with the following types of boundary conditions:
• Dirichlet boundary conditions, where the values of the unknown function are

prescribed:

u(x) = Φ(x) ∀x ∈ ∂Ω (Dirichlet B.C.)

where Φ(·) is given on the ∂Ω, the boundary of the domain Ω.
• Neumann boundary conditions, where the values of the flux are prescribed:

∂u
∂n

:= ∇u(x) ·n = Ψ(x) ∀x ∈ ∂Ω (Neumann B.C.)

where Ψ(·) is given on the ∂Ω, the boundary of the domain Ω, and n is the
normal vector to the boundary ∂Ω.
• Robin (mixed Dirichlet and Neumann) boundary conditions, where the flux de-

pends linearly on the unknown function:

∇u(x) ·n+αu(x) = Θ(x) (Robin B.C.)

https://en.wikipedia.org/wiki/Helmholtz_equation
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where Θ(·) is given, α ∈ R.

REMARK 3.1 (Finite Difference approximations of the Laplacian in 1-D).

In 1-D space dimension, using the central difference formula (second-order central),
the Laplacian has the following approximation

u′′(x) =
u(x−∆x)−2u(x)+u(x+∆x)

∆x2 +
u(4)(ξ )

12
∆x2,

where ξ ∈ (x−∆x,x+∆x) is an intermediary arbitrary point.

REMARK 3.2 (Finite Difference approximations of the Laplacian in 2-D).

(x,y) (x+∆x,y)(x−∆x,y)

FIGURE 2. 1-D stencil
In 2-D space dimension, similarly - we use the central difference formula (second-order central)

to approximate the second-order partial derivatives with respect to x and y

uxx(x,y) =
u(x−∆x,y)−2u(x,y)+u(x+∆x,y)

∆x2 +
u(4)xxxx(ξ ,y)

12
∆x2,

uyy(x,y) =
u(x,y−∆y)−2u(x,y)+u(x,y+∆y)

∆y2 +
u(4)yyyyy(x,θ)

12
∆y2,

where ξ ∈ (x−∆x,x+∆x),θ ∈ (y−∆y,y+∆y) are intermediary arbitrary points. Let now
assume that the 2-D mesh is equally spaced, i.e., ∆x = ∆y = h. Then, using a five-point
stencil, the Laplacian ∆u(x,y) has the following approximation

∆5u(x,y) :=
1
h2

(
u(x−h,y)+u(x+h,y)+u(x,y−h)+u(x,y+h)−4u(x,y)

)
,

(five-point formula)

with the approximation error:

− h2

12

(
∂ 4u
∂x4 u(ξ ,y)+

∂ 4u
∂y4 u(x,θ)

)
.
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FIGURE 3. 2-D stencil
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· · ·
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· · ·
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ui j

...

ui2
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· · ·

· · ·

. . .

· · ·

. . .

· · ·

· · ·

· · ·

un,m+1

un,m

...

un, j

...

un,2

un,1

un,0

un+1,m+1

un+1,m

...

un+1, j

...

un+1,2

un+1,1

un+1,0

FIGURE 4. Natural ordering: left → right,
bottom→ top

On a square space domain Ω =
[a,b]× [c,d], we consider the following
mesh points

xi = i∆x, i = 0 : n+1,
y j = j∆y, j = 0 : m+1,

where the mesh sizes are

∆x =
b−a

n
, ∆y =

d− c
m

.

This convention yields the following mesh
nodes:

(xi,y j), i = 0 : n+1, j = 0 : m+1. (mesh nodes)

We note that nodes with coordinates x0
and xn+1 are on the vertical left and right
boundaries, while the nodes with coordi-
nates y0 and ym+1 are on the horizontal
bottom and top boundaries. As before, we
denote the approximation solutions

u(xi,y j)≈ ui j

while the exact values of the given functions f ,g on the grid nodes are

f (xi,y j) := fi j, g(xi,y j) := gi j.

Let consider now the approximation of the (Helmholtz equation )

∆u(x)+ f (x)u(x) = g(x) (Helmholtz equation)

evaluated at a generic ‘interior’ node (xi,y j):

∆u(xi,y j)+ f (xi,y j)u(xi,y j) = g(xi,y j), ∀i = 1 : n, j = 1 : m

https://en.wikipedia.org/wiki/Helmholtz_equation
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by finite differences, with the (five-point formula)

(∆)5 ui, j + fi jui j = gi j,

namely

ui+1, j +ui−1, j +ui, j−1 +ui, j+1−4ui j +h2 fi jui j = h2gi j,

Helmholtz equation: Five-point star

4-h
2
f
ij

-1

-1

-1

-1

−1

−1

4−h2 fi j −1−1

FIGURE 5. Coefficients on the grid

which by multiplication with −1 and rearrange-
ments writes

−ui+1, j−ui−1, j−ui, j−1−ui, j+1 +
(

4−h2 fi j

)
ui j =−h2gi j, ∀i = 1 : n, j = 1 : m.

(∆5 Helmholtz)

The equation above approximates the continuous
problem at the interior nodes, which leaves the
boundary conditions to be approximated. For
simplicity, we consider here the homogeneous
(Dirichlet B.C.)

u(x) = Φ(x) ∀x ∈ ∂Ω

which evaluated on the boundary nodes is

ui j = Φi j ∀(xi,y j) ∈ ∂Ω (Dirichlet B.C.)

As seen in Figure 4, the 2D natural ordering of the unknowns and grid points is from left-
to-right and bottom-to-top. With this convention, we arrange the unknowns {ui j}i=1:n, j=1:m
in vector form as follows

u =



u11
u21
· · ·
un1
u12
u22

...
u1n
u1 j
u2 j

...
un j
u1m
u2m

...
unm


To fix ideas, let us write down, from the bottom row upward what is the information we
have.

ui,0 = Φi0, ∀i = 0 : m+1 ( j = 0, from (Dirichlet B.C.))

u01 = Φ01, un+1,1 = Φn+1,1, ( j = 1, i = 0 and i = n+1 from (Dirichlet B.C.))
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−ui+1,1−ui−1,1− ui,0︸︷︷︸
=Φi0

−ui,2 +
(

4−h2 fi1

)
ui1 =−h2gi1, , ∀i = 1 : n

( j = 1, i = 1 : n, from (∆5 Helmholtz))

u02 = Φ02, un+1,2 = Φn+1,2, ( j = 2, i = 0 and i = n+1 from (Dirichlet B.C.))

−ui+1,2−ui−1,2−ui,1−ui,3 +
(

4−h2 fi2

)
ui2 =−h2gi2, , ∀i = 1 : n

( j = 2, i = 1 : n, from (∆5 Helmholtz))

...

For example, let n = 3 and m = 3. Then the unknowns on the grid are
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Φ04=u04

Φ03=u03

Φ02=u02

Φ01=u01

u00=Φ00

Φ14=u14

u13

u12

u11

u10=Φ10

Φ24=u24

u23

u22

u21

u20=Φ20

Φ34=u34

u33

u32

u31

u30=Φ30

Φ44=u44

u43=Φ43

u42=Φ42

u41=Φ41

u40=Φ40

u =



u11
u21
u31
u12
u22
u32
u13
u23
u33


The discrete equations above, at the grid points, for de-
termining the unknowns are:

−u21−Φ01−Φ10−u12 +(4−h2 f11)u11 =−h2g11 ( j = 1, i = 1)

−u31−u11−Φ20−u22 +(4−h2 f21)u21 =−h2g21 ( j = 1, i = 2)

−u41−u21−Φ30−u32 +(4−h2 f31)u31 =−h2g31 ( j = 1, i = 3)

−u22−Φ02−u11−u13 +(4−h2 f12)u12 =−h2g12 ( j = 2, i = 1)

−u32−u12−u21−u23 +(4−h2 f22)u22 =−h2g22 ( j = 2, i = 2)

−Φ42−u22−u31−u33 +(4−h2 f32)u32 =−h2g32 ( j = 2, i = 3)

−u23−Φ03−u12−Φ14 +(4−h2 f13)u13 =−h2g13 ( j = 3, i = 1)

−u33−u13−u22−Φ24 +(4−h2 f23)u23 =−h2g23 ( j = 3, i = 2)

−Φ43−u23−u32−Φ34 +(4−h2 f33)u33 =−h2g33 ( j = 3, i = 3)

equivalently

−u21−u12 +(4−h2 f11)u11 =−h2g11 +Φ01 +Φ10

−u31−u11−u22 +(4−h2 f21)u21 =−h2g21 +Φ20

−u41−u21−u32 +(4−h2 f31)u31 =−h2g31 +Φ30

−u22−u11−u13 +(4−h2 f12)u12 =−h2g12 +Φ02
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−u32−u12−u21−u23 +(4−h2 f22)u22 =−h2g22

−u22−u31−u33 +(4−h2 f32)u32 =−h2g32 +Φ42

−u23−u12 +(4−h2 f13)u13 =−h2g13 +Φ03 +Φ14

−u33−u13−u22 +(4−h2 f23)u23 =−h2g23 +Φ24

−u23−u32 +(4−h2 f33)u33 =−h2g33 +Φ43 +Φ34.

In matrix form this writes



4−h2 f11 −1 0 −1 0 0 0 0 0
−1 4−h2 f21 −1 0 −1 0 0 0 0
0 −1 4−h2 f31 0 0 −1 0 0 0
−1 0 0 4−h2 f12 −1 0 −1 0 0
0 −1 0 −1 4−h2 f22 −1 0 −1 0
0 0 −1 0 −1 4−h2 f32 0 0 −1
0 0 0 −1 0 0 4−h2 f13 −1 0
0 0 0 0 −1 0 −1 4−h2 f23 −1
0 0 0 0 0 −1 0 −1 4−h2 f33





u11
u21
u31
u12
u22
u32
u13
u23
u33



=



−h2g11 +Φ01 +Φ10
−h2g21 +Φ20
−h2g31 +Φ30
−h2g12 +Φ02
−h2g22
−h2g32 +Φ42
−h2g13 +Φ03 +Φ14
−h2g23 +Φ24
−h2g33 +Φ34 +Φ34


,

i.e.,

Au = b, (3.1)

where

A =



4−h2 f11 −1 0 −1 0 0 0 0 0
−1 4−h2 f21 −1 0 −1 0 0 0 0
0 −1 4−h2 f31 0 0 −1 0 0 0
−1 0 0 4−h2 f12 −1 0 −1 0 0
0 −1 0 −1 4−h2 f22 −1 0 −1 0
0 0 −1 0 −1 4−h2 f32 0 0 −1
0 0 0 −1 0 0 4−h2 f13 −1 0
0 0 0 0 −1 0 −1 4−h2 f23 −1
0 0 0 0 0 −1 0 −1 4−h2 f33


,
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b =



−h2g11 +Φ01 +Φ10
−h2g21 +Φ20
−h2g31 +Φ30
−h2g12 +Φ02
−h2g22
−h2g32 +Φ42
−h2g13 +Φ03 +Φ14
−h2g23 +Φ24
−h2g33 +Φ34 +Φ34


.

REMARK 3.3. Note that matrix A in (3.1) is a sparse matrix, with

ai j = 0 for all |i− j|> 3.

If the mesh-size h is halved (i.e., n = m = 6), the the size of the matrix is approximately
quadrupled.

REMARK 3.4 (The Gauss-Seidel iterative method for solving the (Helmholtz equation)).
Let consider now solving the linear system generated by the finite differences (five-point formula)
approximation of the (Helmholtz equation), namely system (∆5 Helmholtz) above:

−ui+1, j−ui−1, j−ui, j−1−ui, j+1 +
(

4−h2 fi j

)
ui j =−h2gi j, ∀i = 1 : n, j = 1 : m.

This can be written as (3.1) and then solved by a direct method (e.g., Gaussian elimina-
tion). As noticed in Remark 3.3, it can happen that the mesh h must be chosen so small
that Gaussian elimination (GE) is no longer practicable.

If the mesh is fairly fine, hence the size of the vector of unknowns and the size of the matrix
is very large, the only choice might be to use an iterative method (recall the Jacobi method,
Gauss-Seidel and GMRES).

Therefore we write the system above in the equivalent form

ui j =
1

4−h2 fi j

(
ui+1, j +ui−1, j +ui, j−1 +ui, j+1−h2gi j

)
,

∀i = 1 : n, j = 1 : m (on the interior nodes).

If we have approximate values of the unknowns at each grip point, this equation can
be used to generate new values, by using an iterative method. For example, following the
natural ordering in Figure 4 (left to right, bottom to top), the equation above can be solved
iteratively by:

u(k+1)
i j =

1
4−h2 fi j

(
u(k)i+1, j +u(k+1)

i−1, j +u(k)i, j−1 +u(k+1)
i, j+1 −h2gi j

)
, ∀i = 1 : n, j = 1 : m (on the interior nodes).

The successive over-relaxation (SOR) method would then write

SORu(k+1)
i j = ωu(k)i j +(1−ω)u(k+1)

i j

= ωu(k)i j +(1−ω)
1

4−h2 fi j

(
u(k)i+1, j +u(k+1)

i−1, j +u(k)i, j−1 +u(k+1)
i, j+1 −h2gi j

)
,

= u(k)i j +(1−ω)
1

4−h2 fi j

(
u(k)i+1, j +u(k+1)

i−1, j +u(k)i, j−1 +u(k+1)
i, j+1 −u(k)i, j (4−h2 fi j)−h2gi j︸ ︷︷ ︸

residual

)
.
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We remind that the SOR method converges for any initial guesses and ∀ 0 < ω < 2 if and
only if the matrix A is symmetric and positive definite (check !) provided A has positive
diagonal elements, i.e., if and only if fi j ≤ 0.

u(k)i, j+1

u(k+1)
i, j−1

(4−h2 fi j)u
(k+1)
i j u(k)i+1, ju(k+1)

i−1, j

ui−1, j+1

+

ui−1, j

+

ui−1, j−1

+

X

+

X

+

ui, j+1

+

ui, j

+

ui, j−1

+

X

+

X

+

ui+1, j+1

+

ui+1, j

+

ui+1, j−1

Therefore a good strategy to
solve Boundary Value Prob-
lems with linear Differential
Equations is to

• start with a coarse
mesh, and
• use Gaussian elim-

ination (GE).

If the accuracy is insufficient
(h-mesh-size is too small),
then one can use the results
obtained on the coarse mesh (possibly with interpolation/extrapolation) to construct good
initial approximations for an iterative method on a finer mesh.

ui−1, j+1

ui−1, j+ 1
2

ui−1, j

ui−1, j− 1
2

ui−1, j−1

ui− 1
2 , j+

1
2

ui− 1
2 , j+

1
2

ui− 1
2 , j

ui− 1
2 , j−

1
2

ui− 1
2 , j−1

ui, j+1

ui, j+ 1
2

ui, j

ui, j− 1
2

ui, j−1

ui+ 1
2 , j+1

ui+ 1
2 , j+

1
2

ui+ 1
2 , j

ui+ 1
2 , j−

1
2

ui+ 1
2 , j−1

ui+1, j+1

ui+1, j+ 1
2

ui+1, j

ui+1, j− 1
2

ui+1, j−1

In constructing this initial
approximations, one also needs
the values of u at the mid-
points of the squares.

LEMMA 3.1. How to compute ui, j+ 1
2
?

The (Helmholtz equation) evaluated at the node (xi,y j+ 1
2
):

∆u(xi,y j+ 1
2
)+ f (xi,y j+ 1

2
)u(xi,y j+ 1

2
) = g(xi,y j+ 1

2
)

is then approximated by (note that here we use (five-point formula) with half mesh-size
h/2)

− ui, j+1︸ ︷︷ ︸
known by GE

− ui, j︸︷︷︸
known by GE

−ui− 1
2 , j+

1
2︸ ︷︷ ︸

unknown

−ui+ 1
2 , j+

1
2︸ ︷︷ ︸

unknown

+
(

4− (h/2)2 fi, j+ 1
2︸ ︷︷ ︸

data

)
ui, j+ 1

2
=−(h/2)2 gi, j+ 1

2︸ ︷︷ ︸
data

,

hence (xi,y j+ 1
2
) is computable provided ui− 1

2 , j+
1
2

and ui+ 1
2 , j+

1
2

are known!

LEMMA 3.2. How to compute ui+ 1
2 , j+

1
2
?
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ui, j+1

ui, j

ui, j+ 1
2

ui+ 1
2 , j+

1
2

ui− 1
2 , j+

1
2

Use the (∆cross) approximation of the Laplacian in the (Helmholtz equation) evaluated
at the node (xi+ 1

2
,y j+ 1

2
):

∆u(xi+ 1
2
,y j+ 1

2
)+ f (xi+ 1

2
,y j+ 1

2
)u(xi+ 1

2
,y j+ 1

2
) = g(xi+ 1

2
,y j+ 1

2
)

to obtain

−ui, j+1−ui+1, j+1−ui j−ui+1, j +
(

4− h2

2
fi+ 1

2 , j+
1
2

)
ui+ 1

2 , j+
1
2
=−h2

2
gi+ 1

2 , j+
1
2
.

PROPOSITION 3.1 (∆cross approximation of the Laplacian).

∆crossui+ 1
2 , j+

1
2

:=
ui, j+1 +ui+1, j+1 +ui j +ui+1, j−4ui+ 1

2 , j+
1
2

h2/2
(∆cross)

PROOF. We use Taylor approximations in 2D:

φ(x,y) = φ(x0,y0)+(x− x0)
∂φ

∂x
(x0,y0)+(y− y0)

∂φ

∂y
(x0,y0)

+
1
2

[
(x− x0)

2 ∂ 2φ

∂x2 (x0,y0)+2(x− x0)(y− y0)
∂ 2φ

∂x∂y
(x0,y0)+(y− y0)

2 ∂ 2φ

∂y2 (x0,y0)
]
+ · · ·

to approximate

u(xi,y j+1) = u(xi+ 1
2
,y j+ 1

2
)+

h
2

(
−�������∂u

∂x
(xi+ 1

2
,y j+ 1

2
)+

XXXXXXX
∂u
∂y

(xi+ 1
2
,y j+ 1

2
)
)

+
1
2

h2

4

[
∂ 2u
∂x2 (xi+ 1

2
,y j+ 1

2
)+

∂ 2u
∂y2 (xi+ 1

2
,y j+ 1

2
)−

��������XXXXXXXX
2

∂ 2u
∂x∂y

(xi+ 1
2
,y j+ 1

2
)
]
+ · · · ,

u(xi+1,y j+1) = u(xi+ 1
2
,y j+ 1

2
)+

h
2

(
�������∂u
∂x

(xi+ 1
2
,y j+ 1

2
)+

XXXXXXX
∂u
∂y

(xi+ 1
2
,y j+ 1

2
)
)

+
1
2

h2

4

[
∂ 2u
∂x2 (xi+ 1

2
,y j+ 1

2
)+

∂ 2u
∂y2 (xi+ 1

2
,y j+ 1

2
)+

��������XXXXXXXX
2

∂ 2u
∂x∂y

(xi+ 1
2
,y j+ 1

2
)
]
+ · · ·

u(xi,y j) = u(xi+ 1
2
,y j+ 1

2
)+

h
2

(
−�������∂u

∂x
(xi+ 1

2
,y j+ 1

2
)−

XXXXXXX
∂u
∂y

(xi+ 1
2
,y j+ 1

2
)
)

+
1
2

h2

4

[
∂ 2u
∂x2 (xi+ 1

2
,y j+ 1

2
)+

∂ 2u
∂y2 (xi+ 1

2
,y j+ 1

2
)+

��������XXXXXXXX
2

∂ 2u
∂x∂y

(xi+ 1
2
,y j+ 1

2
)
]
+ · · ·

u(xi+1,y j) = u(xi+ 1
2
,y j+ 1

2
)+

h
2

(
�������∂u
∂x

(xi+ 1
2
,y j+ 1

2
)−

XXXXXXX
∂u
∂y

(xi+ 1
2
,y j+ 1

2
)
)

+
1
2

h2

4

[
∂ 2u
∂x2 (xi+ 1

2
,y j+ 1

2
)+

∂ 2u
∂y2 (xi+ 1

2
,y j+ 1

2
)+

��������XXXXXXXX
2

∂ 2u
∂x∂y

(xi+ 1
2
,y j+ 1

2
)
]
+ · · ·

Adding up and moving the u(xi+ 1
2
,y j+ 1

2
) terms to the left hand-side yields

u(xi,y j+1)+u(xi+1,y j+1)+u(xi,y j)+u(xi+1,y j)−4u(xi+ 1
2
,y j+ 1

2
)
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=
h2

2
∆u(xi+ 1

2
,y j+ 1

2
)+ · · · ,

and, finally, division by h2

2 concludes the proof. □

DEFINITION 3.1 (nine-point discrete Laplacian [14]). The nine-point discrete Lapla-
cian is a linear combination of the (five-point formula) and (∆cross):

∆9u(x,y) :=
2
3

∆5u(x,y)+
1
3

∆crossux,y. (∆nine−point)

PROPOSITION 3.2 ( see [Fundamental Solutions of 9-point Discrete Laplacians]
by Robert E. Lynch, 1992 [14] ). (See also [Nine-point difference solutions
for Poisson’s equation] by J. Barkley Rosser, 1976 in [16])
Provided u ∈C8(Ω), the error in the (∆nine−point) approximation of the (Laplacian) opera-
tor is

∆9ui+ 1
2 , j+

1
2
−∆u(xi+ 1

2
,y j+ 1

2
) =

1
12

h2
∇

4u(xi+ 1
2
,y j+ 1

2
)+

1
360

h4(
∇

6u+2
∂ 4u

∂x2∂y2 ∇
2u
)
(xi+ 1

2
,y j+ 1

2
)+O(h6),

(3.2)

which gives “optimal" 6-th order accuracy for harmonic functions.

3.1. Fundamental Solutions of 9-point Discrete Laplacians,by Robert
E. Lynch, 1992. Let Lα the 9-point difference operator defined by

LαU j,k = (2α−4)U j,k · · ·

EXAMPLE 3.1.

ui, j+1 ui+1, j+1

ui, j ui+1, j

−4ui+ 1
2 , j+

1
2

The following is a simple reaction-diffusion model with solution - a spiral rotating
around the center of the spatial domain (see e.g., [11, page 301] and the reference therein).

∂u
∂ t

= ∆u+
1
ε

u(1−u)
(
u− v+β

α

)
,

∂v
∂ t

= δ∆v+u− v,
(x,y) ∈Ω = (0,80)2, t > 0,


u0(x,y,0) =

{
0, x < 40,
1, x≥ 0

v0(x,y,0) =
{

0, y < 40,
1
2 α, y≥ 0

(I.C.)

∂u
∂n

=
∂v
∂n

= 0, (homogeneous Neumann B.C.)

where the parameters are:

δ = 0, ε = 0.002, α = 0.25, β = 0.001.

On a fixed spatial grid of 400×400 (h = 0.2), Figure 6 shows the plots of the solutions at
t = 10 obtained with a finite difference 5-point Laplace discretization, and respectively with
the 9-point Laplacian. Observe that the 5-point Laplacian exhibits a spiral of a ‘square’

https://docs.lib.purdue.edu/cgi/viewcontent.cgi?article=1928&context=cstech
https://docs.lib.purdue.edu/cgi/viewcontent.cgi?article=1928&context=cstech
https://www.sciencedirect.com/science/article/pii/0898122175900358
https://www.sciencedirect.com/science/article/pii/0898122175900358
https://docs.lib.purdue.edu/cgi/viewcontent.cgi?article=1928&context=cstech
https://docs.lib.purdue.edu/cgi/viewcontent.cgi?article=1928&context=cstech
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FIGURE 6. The spiral solutions of the reaction-diffusion model in Ex-
ample 3.1 using the 5-point and 9-point Laplacians

form, aligned to the grid, while the 9-point Laplacian solution gives a ‘round’ spiral. With
these parameters, the PDE is not well resolved. When finer grids are used, the differene
between the results becomes smaller, both solutions converging to the exact solution. (See
Spiral Reaction Diffusion.m.)

EXAMPLE 3.2. Reaction diffusion equations: the Gray-Scott model.
See Reaction-diffusion system for the following text:

“Reaction-diffusion systems are mathematical models which correspond to several physi-
cal phenomena. The most common is the change in space and time of the concentration
of one or more chemical substances: local chemical reactions in which the substances are
transformed into each other, and diffusion which causes the substances to spread out over
a surface in space.

Reaction-diffusion systems are naturally applied in chemistry. However, the system
can also describe dynamical processes of non-chemical nature. Examples are found in
biology, geology and physics (neutron diffusion theory) and ecology. Mathematically,
reaction-diffusion systems take the form of semi-linear parabolic partial differential equa-
tions (see Section 1). They can be represented in the general form

∂tq =D∇
2q+R(q),

where q(x, t) represents the unknown vector function, D is a diagonal matrix of diffusion
coefficients, and R accounts for all local reactions. The solutions of reaction-diffusion
equations display a wide range of behaviours, including the formation of travelling waves
and wave-like phenomena as well as other self-organized patterns like stripes, hexagons
or more intricate structure like dissipative solitons. Such patterns have been dubbed "Tur-
ing patterns". Each function, for which a reaction diffusion differential equation holds,
represents in fact a concentration variable.

In particular, the Gray-Scott model writes as:

Equations :

∂u
∂ t

= ru∆u−uv2 + f (1−u),

∂v
∂ t

= rv∆v+uv2− ( f + k)v,

https://en.wikipedia.org/wiki/Reaction-diffusion_system
https://groups.csail.mit.edu/mac/projects/amorphous/GrayScott/
https://en.wikipedia.org/wiki/Reaction-diffusion_system
https://groups.csail.mit.edu/mac/projects/amorphous/GrayScott/
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(A) “bubbles": f = 0.012,k =
0.05.

(B) “spots": f = 0.022,k = 0.059.

(C) “coral": f = 0.0545,k =
0.0620.

(D) “splits": f = 0.0367,k =
0.0649.

(E) “waves": f = 0.025,k = 0.05. (F) “leopard skin": f = 0.035,k =
0.065.

FIGURE 7. Gray-Scott

Chemical Reaction:
U +2V −→ 3V,

V −→ P

where U,V,P, are chemical species, u,v represent their concentrations, rurv are their dif-
fusion rates, k is the rate of conversion of V to P, f is the rate of the process that feeds U
and drains U,V and P.
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