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Abstract

We develop and analyze a structure-preserving discretization for the coupled Stokes—Biot equa-
tions. The method is based on a fully-mixed formulation and computes directly the fluid and poroe-
lastic stresses and the Darcy velocity. The scheme employs equal-order polynomial approximations
for all unknowns, yet exhibits local momentum conservation, strongly symmetric stress fields, and
exactly divergence-free velocity in the fluid domain. Transmission conditions enforcing mass con-
servation, stress balance, and the Beavers—Joseph—Saffman slip with friction law are incorporated
directly into the formulation as natural interface conditions through careful balance of finite ele-
ment spaces across subdomains. Well-posedness of the fully discrete scheme based on the backward
Euler time-stepping method is established, followed by optimal convergence error estimates for all
variables. The analysis shows that the method is locking-free in the regimes of small storativity
and almost incompressible material. Several numerical experiments are carried out to validate the
accuracy and robustness of the proposed scheme.

Keywords: discontinuous Galerkin methods; divergence-free velocity; structure-preserving; the
Stokes equations; Biot equations.

1 Introduction

Fluid—poroelastic structure interaction (FPSI), which models the coupling between free fluids and de-
formable porous media, is an important multiphysics paradigm essential for predicting complex phenom-
ena across vital applications, including hydrocarbon extraction in fractured reservoirs, hemodynamics
in arterial tissues, and the design of advanced filtration systems. The free fluid domain is governed
by the Stokes or Navier—Stokes equations, while flow within the deformable porous matrix is described
by the Biot system of poroelasticity. These systems are intricately coupled through dynamic and
kinematic transmission conditions: balance of forces, continuity of normal velocity, and the Beavers—
Joseph—Saffman (BJS) slip with friction condition. Consequently, the development of accurate and
robust numerical schemes for solving this coupled FPSI system is paramount for reliably simulating
the underlying physics and directly impacts both the numerical analysis community and practitioners
in geoscience, biomechanics, and engineering.

The Stokes—Biot model integrates two well-studied classical couplings: fluid—structure interaction
(FSI) with thick structure and the Stokes-Darcy model for coupling free fluid and porous media flows.
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A comprehensive investigation of these two constituent models has been conducted, see e.g. [29, 44]
and references therein for FSI and [36, 26, 45, 27, 32, 51, 35, 31, 16, 14, 30, 21] for Stokes—Darcy
flows. The theoretical foundations for the Stokes—Biot system established in [50] have prompted sub-
stantial research into the design of stable, accurate, and efficient discretizations. Early contributions
include monolithic and iterative domain decomposition strategies [6], a non-iterative operator splitting
scheme [12] and a method based on a mixed Darcy formulation using Nitsche’s coupling [11]. Sub-
sequent developments include Lagrange multiplier techniques that weakly impose interface conditions
via auxiliary variables [5, 2, 52], methods with natural transmission conditions [18, 8], total pressure
formulation [46], mixed elasticity formulation [38], multipoint stress-flux mixed finite element methods
[17], hybridizable discontinuous Galerkin (HDG) methods [19, 20], augmented fully mixed formulation
[37], polytopal discontinuous Galerkin methods [28], dimensional model reduction for flow through frac-
tured poroelastic media [13], coupling of FPSI with transport [3, 15], modeling of fluid-porohyperelastic
structure interaction [49], and Robin-Robin splitting methods [25]. However, it should be noted that
all of the aforementioned works employ either displacement formulations or mixed elasticity formula-
tions with weakly symmetric stress, and none of these works achieves both local momentum and mass
conservation.

In this paper we develop a novel mixed discretization for the Stokes—Biot model that exhibits both
local momentum and mass conservation, strongly enforces stress symmetry, and employs equal-order
polynomial approximations for all variables. A key innovation is the use of carefully balanced finite
element discretizations for each subdomain, capable of seamlessly handling interface conditions. To
this end, we introduce the deviatoric operator for the Stokes system, which allows for the elimination
of the fluid pressure and enables a unified treatment of the Biot and Stokes equations. We utilize
partially discontinuous polynomials and Alfeld splits [1, 47] in both regions to enrich the standard
polynomial spaces. The discretization includes Lagrange multipliers modeling the traces of the fluid
and structure velocities on the primal and dual edges (faces in 3D), which are used to enforce normal
stress continuity. This framework renders the fluid velocity—displacement interface conditions natural.
Moreover, it allows us to enforce stress symmetry without the need for stabilization terms. While
Alfeld splits for symmetric stress spaces have been previously explored for fluid—structure interaction
[22], the present work adapts this approach to the Stokes—Biot model. The Darcy equations are mod-
eled with a velocity—pressure formulation and are discretized using a staggered discontinuous Galerkin
method proposed in [23] and further developed in [57, 56, 55]. The proposed scheme has several salient
features: accurate approximation of physical variables of interest with H(div)-conforming fluid and
poroelastic stresses and local momentum conservation within both the fluid and poroelastic regions,
divergence-free fluid velocity, and local mass conservation for the poroelastic fluid in the limit of zero
storativity. Furthermore, the analysis establishes robustness with respect to co and A, in the limits of
vanishing storativity and nearly incompressible poroelasticity, with the remaining physical coefficients
fixed. We establish well-posedness and rigorous stability and a priori convergence error estimates for
the fully discrete method with the backward Euler time discretization, with explicit tracking of pa-
rameter dependencies in the error estimates. A key ingredient of the analysis is the development of an
interpolant in the strongly symmetric stress finite element space. It is used in the stress error estimate
and to establish a discrete inf-sup condition for the fluid and structure velocities in a suitable broken
H'-norm. Superconvergence is obtained for the discrete velocity error in this norm, as well as for the
Darcy velocity discrete divergence error. Several numerical experiments are carried out to verify the
scheme’s accuracy and parameter robustness.

The major contributions of this paper can be summarized as follows:

1. We propose a novel mixed finite element method for the Stokes—Biot model that achieves strong
stress symmetry while simultaneously ensuring local momentum conservation for both the Biot
and Stokes regions, divergence-free fluid velocity, and local mass conservation in the poroelastic
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region in the limit of zero storativity.

2. We establish rigorous stability and optimal convergence and superconvergence estimates with
explicit parameter dependence, demonstrating uniform performance in the critical limits of nearly
incompressible materials and vanishing storativity.

The remainder of this paper is organized as follows. In the next section we present the mathematical
model. The discrete formulation for the Stokes—Biot system is derived in Section 3. Section 4 is
devoted to the well-posedness of the fully-discrete scheme. Convergence error estimates are established
in Section 5. Finally, in Section 6 several numerical experiments are presented to demonstrate the
performance of the proposed scheme, including convergence tests with manufactured solutions and a
simulation of coupled subsurface and surface flows.

2 Model problem

Let Q C R, d € {2,3}, be a Lipschitz domain, which is subdivided into two nonoverlapping and possibly
non-connected regions: the fluid region 0y and the poroelastic region €2,. Let I' := 0€Qf N 0f2;, denote
the interface between these two regions and let I'y := 9Q/\I" and I') := 0€,\I" denote the external
parts on the boundary 0€1; and 9€,, respectively. We use n; and mn,, to represent the unit normal
vectors pointing outward from 0€2y and 0€2,, respectively.

The poroelastic domain €2, is governed by the quasi-static Biot system (cf. [7])

~V.o,=f, inQ,x(0,T], (2.1)

Ap(a, +appl) = e(n) inQ, x (0,T], (2.2)

u, + Ku, 'Vp, =0 in Q, x (0,77, (2.3)

O(copp +aV-n)+V-u,=g, inQ,x(0,7], (2.4)
n=0andp,=0 onT'), x (0,77, (2.5)

pp(0) =ppo  inQp, (2.6)

where g, is the poroelastic stress, n is the solid displacement, p;, is the pore pressure, u,, is the Darcy

velocity, e(n) = %(Vn +Vn'), f, and g, are given (sufficiently regular) loading and source terms,
respectively, and the fourth-order tensor A, is defined for all 7 € R?*? such that

I O S N
A1) = <T 2+ d)\ptr(T)I> with A" (1) = 2pp7 + Aptr(7) 1, (2.7)

where A\, > 0 and p, > po > 0 are the Lamé constants and [ is the d x d identity matrix. In (2.3),
vp > 0 represents the dynamic viscosity of the fluid and K is a symmetric and positive definite tensor
representing the permeability. In (2.2) and (2.4), 0 < a < 1 and ¢y > 0 denote the Biot—Willis and
storativity coefficients, respectively. From (2.2) we can write

V-n = tr(e(n)) = tr(Ap(g, + appl)),
where tr(r) = Z?:l 7;- Then (2.4) can be written as
Or(copp + atr(Ap(a, + appl))) +V - up = gp. (2.8)
In the fluid domain Qy, we consider the following incompressible Stokes problem

~V.gs=h 1inQ;x (0,77, (2.9)
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op—2ve(uy) +psL =0 inQy x (0,77, (2.10)
Voup=0 inQyx(0,7T), (2.11)
ur =0 onI'yx (0,77, (2.12)

where v is the fluid viscosity, uy represents the fluid velocity and o is the stress tensor. It follows
from (2.10) and (2.11) that the fluid pressure py can be recovered from the stress o, according to
pr= —étr(gf) in view of tr(e(uy)) =V -uy = 0. Let us define

1 1
Agf(ag) = ZQ?’ where g? =05 — gtr(gf)l (2.13)

is the deviatoric part of o ;. Thus, the Stokes equations (2.9)-(2.11) can be rewritten in a stress-velocity
formulation as

~V-g;=h inQ;x(0,T], (2.14)
Afp(ay) —e(up) =0 inQy x (0,T]. (2.15)

The transmission conditions on the interface I' can be prescribed by (cf. [40, 50, 6])

(Om+up) -ny=uyr-n, onT x (0,7, (2.16)
Pp = —0ymp - My onT' x (0,71, (2.17)

TNy My = TNy - My on T x (0,7, (2.18)
apny -ty =apmy -ty =—0(us—0m)-ty; onl x(0,T], (2.19)

where t7;,1 < j < d — 1, is an orthogonal system of unit tangent vectors on I'. Conditions (2.16)—
(2.19) represent continuity of normal velocity, balance of fluid stress, conservation of momentum, and
the Beavers—Joseph—Saffman slip with friction condition, where ¢ is an inverse friction coefficient. The
well-posedness of this mathematical model is established in [50].

We introduce some notation that will be used throughout the paper. We will use the Hilbert spaces
H"(0O) for non-negative integer r, where O C ©,Q C R? The spaces of vector- and matrix-valued
functions with all the components in H"(O) will be respectively denoted as H"(O) and H"(O). Also,
we use H" (S, O) to indicate the symmetric matrix-valued functions. The corresponding norm is denoted
as || - |lgr@). We use (-,-)o to represent the standard L*-inner product over O C R? and when O
coincides with ), the subscript will be omitted. The corresponding norm is denoted as || - [|z2(0). In
addition, we define

H(div;0) : = {v € L*(0) : V-v € L*(O)}.

The space of matrix-valued functions where each row belongs to H (div; O) will be denoted by H (div; O).
We will also use the Bochner spaces and norms

T
16112 0 ) = /O (l6e) 1% + o) %) d.

3 Discrete formulation

Let 7T, denote a family of shape-regular simplicial meshes of the domain €2, where all meshes are
assumed to be aligned with the interface I' for simplicity. For each mesh cell M € 7,., we select an
interior point and connect it to all vertices of M, thereby subdividing M into (d + 1) simplices; see
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Figure 3.1 for an illustration in 2D. We remark that this subdivision is called an Alfeld split in the
literature [1, 47]. The resulting simplicial meshes, denoted by 7j, are assumed to satisfy the shape-
regularity assumption. We define the set of primal faces F, as the union of all faces in the initial
simplicial meshes 7, excluding those lying on the interface I'. The set of dual faces Fy consists of all
faces generated during the subdivision process. The collection of faces coinciding with the interface is
denoted by ]:,1; . To distinguish between subdomains, let 77: = Tp N, for ¢ = p, f. Similarly, define
f;;r = Fpr N Q; and Ffll = Fg N Q;, leading to the face sets ffL = fér U fél for each subdomain.
Moreover, we define the interior primal faces of §2; as fg;i = fgr NQ;. We let Fy, := .7:}’; U]:,{ U}'}; , with
FP = F, NS representing its subset of interior faces and f}?’i := FPNQ; representing the interior faces
of each subdomain. For each 7 € T, we let h, represent its diameter and let n denote the outward
unit normal vector on d7. Moreover, we let h := max,c7, hr. For each face e, we use h. to denote
the diameter of e. We also use m to represent the unit normal vector on e pointing from 7 to 7o,
where 7 and 7o are the elements sharing the common face e. The meaning of n will be clear from the
context. For each interior face e shared by elements 71 and 7o, we define the jump and average of a
scalar function ¢ over e as

Qile T G2

[, = a1jc — @2 and  {q}. = 5

where ¢; = q|,, i = 1,2. For the boundary faces, we simply define [[q]]|e = g and {q}je = qe- We
also use the same notation to indicate the jump and average of the vector and tensor functions. For
k> d— 1, we use Py(7) and Py(e) to represent the polynomial functions defined on 7 and e whose
order is less than or equal to k. Similarly, Py(7) and P, (7) represent vector-valued and tensor-valued
functions on 7, respectively. In the sequel, we use C to represent a generic positive constant independent
of the meshsize, which may have different values at different occurrences.

For a vector function v, we use v" and v’ to represent the normal component and the tangential
component, respectively, that is,

which satisfy

v=1v"+v" (3.1)
In the numerical method we solve for approximations of the variables (o, u, u,, pp, @, X), where

g, =g L= D, [ u, = us =0, ug, = uy,

@:=uyon Ff, @:=ulonFh, @:=ujonFy, (32)

u:=wusonl, A:=wu, -n,onl.

We use the following finite element spaces in the construction of our scheme (cf. [57, 22]):
Zh = {Q|T € Ek(Sﬂ T) VT € 77L}7
U, = {'U‘T S Pk(T) V1 € Th; [[’U : nﬂle =0Vee ]:dl}a
Ay = {’l/)\‘e € Py(e) Ve € Fp; ﬁ-n|e =0 Ve € Fg; 'l/J\|e =0Veely Urp},
Qz = {qp|T € Pi(1) Vr € 'T,f, [[qp]]le =0Ve e FJ. 1,
Iy = {,u|e S Pk(e) Ve € f{}

In the sequel we use A A
3y =3%,lq, and Up :=Uplg,, i=np,f.
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Figure 3.1: Meshes in 2D. Fp, : primal edges (solid black lines), Fg : dual edges (dashed red lines),
F1 : meshes on the interface I' (dotted blue lines).

We note that the boundary conditions 7 = 0 on I'), and uy = 0 on I'y are incorporated in the definition
of Ay and the boundary condition p, = 0 on I'j is incorporated in the definition of QZ.

In the numerical method presented in Section 3.1 below, at each time step we solve for (g}, wp, Uph, Pph,
Up, \p) € Xy x Uy x U }7: X Qfl X Ap xT'y,. To derive the method, we first derive the variational formulation
satisfied by the exact solution. To this end, we test equations (2.1)—(2.19) with the corresponding test
functions. Multiplying (2.1) by a test function v, € U} and using integration by parts leads to

Z (Qpaff(vs:))r - Z (Qpn>vs)arm(]:5ruf£) - Z ((Qpn)t7 (”8)t)8rm}‘§l = (fp,vs)0,, (3.3)

TeTy? TeTy? TeTr

where we used that v, € U} and thus [v, - n]]|e =0 for e € FI).

Recalling the definition of u, and A, cf. (3.2), it follows from (2.16) and (2.19) that for 7, € X},

Z (U&Ipnp)e = Z (uf Ny — )‘7Ipnp “Myp)e + Z (ul}p - 571(Qpnp)tpa (Ipnp)tp)e

e€Ff e€F} e€Ff
= (upmmp)e— Y (hmmp mp)e — Y (67 (a,mp)", (1,m)7)e, (3.4)
EG.F}I: 66.7'-,1; EG.F}I:

where we used v = v"™ + v'» for any vector function v (cf. (3.1)).

Taking the time derivative of (2.2), multiplying by the test function 7, € ¥?, and using the definition
of u, cf. (3.2) and the boundary condition for u, we obtain via integration by parts and (3.4)

(at‘Ap(gp + appl)vzp)ﬂp = - Z (USa V- Ip)‘[‘ + Z (us 'n, [[zpn . ’I’L]] )e

TeT? e€Fh,
+ Z (w, [[Ipn]] Je + Z (a’zpnp)e (3.5)
e€Fp? €Ty,

- Z (/\7Ipnp ’ np)e - Z (571(gpnp)tp7 (zpnp)tp)e'

e€Ff ecF}
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Multiplying (2.3) by a test function v, € Uf , integrating by parts, and using p, = 0 on I',, yields

(Kﬁl’/pupv vp)a, + Z (pps [vp - m])e — Z (pp, V - vp)r = 0. (3.6)

e€FLUFP TeT?

Multiplying (2.8) by a test function ¢, € Q} and applying integration by parts yields

(C()atppa Qp)Qp + (aatAp(Qp + appl)y Qpl)flp + Z (Aa Qp)e

e€FY
(3.7)
+ Z up -, [gp])e Z (up, Vap)r = (9p, dp),
e€Fh, TeTr
Similarly, we have from (2.14)
- Z (@1 05) grzf, — Z ((Qf")t’vj‘)amfgl
TE’Thf TGThf
= Y (@ vp)e+ Y (@.e(vp)r = (hvp)a, Vop e UJ.
e€F} reT!
Finally, we infer from (2.15)
(Agaptpa, + Y (up.Vozp)r = Y (up-n, [rm-n]).
reT! ecF}
@ R (3.8)
- Z [[Tfn Z (u,rymy)e = 0.
66.7:2 f GE‘F};
We define the following bilinear forms for i = p, f
aj(v,7): = Z (v,V-1)r — Z (v-n,[tn-nj)e, (3.9)
TET) e€F},
bp(Vp, qp) : = — Z (vp, Vgp)r + Z (vp -, [gp])e- (3.10)
TETY e€FY,

Integration by parts implies the following equivalent formulation

ai(vvz) == Z (S(U)’I)T + Z (’v’In>67ﬁ(]—'pru]—'};) + Z (Ut’ (In)t)aTﬂfdz’ (3'11)

e, TET, TET;
bp(vp, ap) = Z (4, V- vp)r — Z (ap; [vp - ).
TeTp e€FVUFRP

In addition, an application of (2.18)—(2.19) yields

> ([en],®)e =0 Vo € Ay, (3.12)
ee]-'}l:

where for e € F}, [rn]|. = 7,mp + 7yny. An application of (2.17) gives

> o+ oyny-np,pu)e=0 Vu €Ty, (3.13)
ee]-'}l:
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In view of (3.3)—(3.12), the solution for (2.1)-(2.19) satisfies for all (7, v, vy, gp, U, u) € Xy x U, x Uy X
Qi X Ah X Fh:

(OeAp (U +apyl), T, ) + ap(us, T p) Z ()‘:Ipnp “Tp)e

66.7:,1:
+o7! Z ((an)tpa (Ipnp)tp)e + (Afgfalf)fzf + le(uf,If) - Z (u,[tn])e = 0, (3.14a)
ecF}, ecFy
—ap(vs,a,) —ag(vy,ar) = (fpvs)a, + (h,vy)a,, (3.14b)
> (len] ,B). =0, (3.14c)
66}—2
(K™ vy, Vp)a, — bp(pp, vp) =0, (3.14d)
(codipp, ap)e, + (@0 A(gy, + appl), D)o, + Y (A gp)e + bp(dp, wp) = (9ps Go)e, (3.14e)
ee]:F
Z (apnp - mp + pp, p)e = 0, (3.14f)
eG]—',I;

where T\, i= Tj» V|, = Us and Vi, = vy

3.1 Fully discrete numerical method

n+1

For an arbitrary function v € L?(Q), we introduce the following notation, dyy"+! := 2 —2" . For the

given time interval [0, T], we divide it into subintervals [t,,t,+1] for 0 <n < N —1 (N is an integer)
and denote the time step size as At := T'/N. With the backward Euler scheme in time, the fully discrete
scheme reads as follows: Given (ggh,pgh), forn =0,---,N—1, find (o} ntl uZH, u;}fl,p;‘;l, u;f“ )\ZH) €

E, x Uy x U x Q) x Ap, x Ty such that for all (I,v,vp,qp,v,,u) € Eh x Up x Uy x QF x Aj, x T'p:

(de Ap( Z}fl—i-appﬂf) )0, +ap(u nH T,) + Z (/\Z’Ll,zpnp-np)e

66.7'—}1:
+67! Z ((Unijlnp)t (anp)tp)e + (Afg?zlalf)flf
eE]—'}:
+ap(ufit ) = D (@t [rn])e = 0, (3.15a)
e€.7-'0
—ap(vs, apt) —ap(vp, o) = (F 7 vs)e, + (R vp)e,, (3.15b)
(Kil’/pugljlv”p)ﬂ — by(p Z]jla vp) =0, (3.15¢)
(Codth;l»Qp)Q + (adi Ay (o, g +Oépn+1D D)o,
+ by (gp,up )+ > (At 17Qp)e = (g0, a)ay» (3.15d)
ee]-'}:
> ([epttn] . B). =0, (3.15¢)
ee}‘}j
Y (ot + ot ing iy, p)e = 0. (3.15¢)

ee]-‘l"
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3.2 Structure-preserving properties

In this subsection we omit the index (-)"*! to simplify the presentation.

Following [23, Lemma 2.3] and [57, Lemma 3.2], we can define the degrees of freedom for U}, as
follows.

(UD1) For e € Fg4, we have

Pe(qn) = (gn - m,d)e Vo € Pp(e). (3.16)
(UD2) For each 7 € Tj, and k > 1, we define
Pr(qn) = (qn, #)r V¢ € Pr_1(7). (3.17)

Lemma 3.1 (Divergence-free fluid velocity). The velocity field uy, obtained from (3.15) satisfies uyp, €
H(div; Qf) with V - Ufh = 0 wn Qf.

Proof. Let Qi = {qf|7' € Py(r) V1 € 7;Lf; [[qf]]|e =0Vec€ .Fg;f}. Let wy € Q£ and take 7y = wyl and
7, = 0 in (3.15a). Using that

1

(Aposp,wrl)o, = % (Q]l?h,w]cl)gf =0, (3.18a)

=Y @l Dnle = — Y (@ m gl =0, (3.150)
eeF] e€F),

and the definition of ay(-,-) (cf. (3.9)), we obtain
=Y (upnen[wile + > (upn, Vwp)r — Y (@h - mp,wp)e =0,
66.7:de TEThf e€Fy
which can be recast into the following equivalent form via integration by parts
> (Mupn-nlwpe — > (Voumwp)r + > ((wpn — @n) - np,wyp)e = 0.
ee]:gr TEThf ee]-'};

Then in view of the degrees of freedom defined for Q{ in [23, Lemma 2.2], we can define wy such that

(W @)r = —(V-usn,q)r Vg€ Poy(r), T€T,

(W X)e = ([wgn -m],x)e Vx € Pile), € € Fj,

(Wi X)e = ((wpn — Tp) -mp, x)e VX € Pile), € € F,
obtaining

Yo IV-ugmlliagy + D Mg -nlll7z) + Y (s = @n) - ngl7a = 0.
reT, e€Fhr e€F},

As such, it holds that [u gy, - n]]|e =0forall e € fgr, hence uy, € H(div;Qy), and V- uy, = 0 in Q.
Therefore, the proof is completed. O

Lemma 3.2 (mass conservation in §,). For the solution of (3.15), if co = 0 and g, is a polynomial of
order k — 1 over each T € Ty, it holds that

aug, + upy, € H(div;Q,), V- (ougy +upy) = gp in Q.
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Proof. Letting 7, = q,1, q, € @}, and 7y =01n (3.15a), we obtain

(dt-Ap(Qph + apphl)a Qpl)Qp + ap(usha Qpl) + Z ()‘hv Qp)e - Z (ah * Ny, Qp)e =0,
ecFy ecFy

where we used that ((gpIn,));r = 0 and @y, - n). = 0 for any e € F,;. This, combined with (3.15d),
yields

—ap(atsh, gpl) + by(qp, upn) + Z (Wn - M, Gp)e = (9p, dp)o,-
eE]—'};

Using the definitions of ay(-,-) and b,(-,-) given in (3.9)—(3.10), we obtain from integration by parts

Z (@V - wgn, gp)r — Z (lowsn - n], gp)e + Z (4p, V - upn)~

TETY e€Fpi¥ TeTP

- Z (qpa [[uph ' n]])e - Z (an QUgh - Ty + Upp, * Ty — ah ' np)e = (gp7 Qp)Qp-
ee]—‘gﬁ’ e€F¥

Then using the degrees of freedom for QZ defined in [23, Lemma 2.2], we can define g, such that

(@p, @)r = (V- (0ush +upn) — 9p,@)r Vg € Py_y(7), T €TY,

(QIMX)e = _([[(aush + uph) : ’I’Lﬂ 7X)6 VX € P]f(e)v ec ‘7:;)]';‘177
(Q;mX)e = _(aush “Np + Upp - Ny — up, - nva)e Vx € Pk(e)a RS ‘7:/1;7

giving
SV (tan + ) = gl + S @ + 1) - 1] 22,
TeTy e€Fpi¥

+ Z lawsh - mp + Upp - T — W, - an%Q(e) =0.
ee]:};

Therefore, [(awusy + wpp) ~n]]|e =0 for all e € ]-}(,)r’p, implying that awug, + u,, € H(div;,), and
V - (ougp, + upp) — gp = 0. Thus, the proof is completed. O

Lemma 3.3 (Momentum conservation). For the solution of (3.15), if f, and h are polynomial functions
of order k — 1 over each T € Ty, it holds that

o, € H(div;Q), V.o, =-f, inQ,, V-.op=-h inQy. (3.19)

Proof. First, (3.15¢) implies that [o,n],, = 0 Ve € fg;f U Foi U Fi and [(o,n)'] =0 Ve € Fgqi. In
view of (3.16)—(3.17), we can define vy and vy such that

(Vs M, p)e = ([[gphn . n]] ,,u)e Vi € Py(e), e € Fh,
_<’U57¢)7':(v'gph+fp7¢)7' Vd)ePk-fl(T),TEThp

and

(wpn,w)e = ([epm-n] 1), Vi€ Pile)e€ Fy,
—(vp,)r = (Vg +h,¢)r Vo€ P y(r), 7€ ﬁlf.
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These and (3.15b) yield
Z H[[thn-nﬂHiz(eﬁ Z H[[Qph”'"]]HiZ(e)
ee]-'gl e€Fg

+ Z IV o+ fp”%?(f) + Z IV -ap + h||%2(r) =0,
767’,57 TE’I;lf

11

which implies [(o;n) - n]|, = 0 Ve € Fg and thus o), € H(div;(2). Moreover, V- gy, = —h in Q and

\Y .Qph = _.fp in Qp.

4 Well-posedness of the fully-discrete system

4.1 Preliminaries

O

We introduce several auxiliary norms that will be used in the analysis. We use Aﬁ to represent the

restriction of Ay, to Q,, which includes the edges e € .7-",1; . Let

[l = 3 190l + 3 bl gy Vo € Us,

T7€Th eEFy
H(’U,ﬁ)H%,h = Z HV”H%z(T) + Z hy vy —'A’H%?(aﬂ
TETH T€7-hf
+ 3 hi Yo, — 32 pr) V(©.9) € Up x Ay,
TETf

| (vs, Vs)
TET,? 7'67'}?

Note that ||v]15, is a norm on Up, due to the discrete Poincaré inequality (cf. [9])
[vllL2(0) < Clloll1n-
Lemma 4.1 (Velocity norm). [[(v,v)|1 s a norm on Uy, x Ay, such that

olln + D hellBlZ20) < Cll(w, D) |p V(v,8) € Uy x A
eEFy

Proof. 1t is straightforward to see that

[olin < Cll(v,0)[1n V(v,0) € Up X Ap,.

Thp = D IVUslom + D hitlvs = Bslleon  V(vs, D) € UL x A

(4.1)

(4.2)

(4.3)

(4.4)

(4.5)

To control the other term, using the triangle inequality, the discrete trace inequality, (4.3), and (4.5),
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we have, for all (v,v) € Uj, x Ay,

D hellBlFay < D (hell® = vl2gor) + hellolizgon)

ecFp Te’Thf
+ (hT”?’—U”%Q(aT\f;) +hTHU”%2(aT\f,§))
T€7Z)
< Z hT|’1A’_U||%2(aT) + Z hTuﬁ_v”%g(aT\]:;) (4.6)
TGThf TeTY
+C Y (R2NVollFag + V)12
TETH

< Ol (v, 9)IIf -
A combination of (4.5) and (4.6) completes the proof. O

Lemma 4.2 (Velocity inf-sup condition). There ezists a positive constant C' independent of the mesh
size such that for any (v,v) € Uy X Ay,

ap(Vs, Tp) + ap(vf,7p) = 3 cero (v, [T])e

[(v,0)[1p < C sup (4.7)
OATES), T, 1 =0 7/l 220
We postpone the proof of the above lemma until Section 5.1.
An adaptation of Lemma 4.2 that gives for any (vs, Us) € U x A},
-~ ap(Vs, 7)) = X e 700 (Vs [Tpm]))e = Ferr (Bs, Tpmp)e
H ('057 Us) Hl,h,p S C sup ] h (48)

047, et 175l L2(0,)

We emphasize that in (4.7) we impose the restriction 7. P FL = 0, which is needed to decouple the

influence of (o, np)‘ Fr and APt in (3.15a), while 7, is unrestricted on I' in (4.8).

Next, for v, € Uy, pp € Ty, and g, € Q}, we define

1p I3, = SV - vplBaiy + S0 e oy -nl 2y + 3 Al — vy 2

TeT! ee]-‘ggp e€FL

lapl% = > IVaplZe + D el lap] 1)

TeT? e€FY,
We note that ||g,||z is a norm on @7, since the discrete Poincaré inequality (cf. [9]) implies

lgpll22(0,) < Cllgplz- (4.9)

Clearly [|(vp, t)|laiv, controls the discrete divergence of v,. The following result shows that, combined
with [[vp[|z2(q,), it also provides control on p.

Lemma 4.3 (Lagrange multiplier norm). For all (vy, 1) € U} x Ty, it holds

> helllZagey < C (1(wps t)llaiv, + 0pllz2(,)) - (4.10)
ee]-',l;
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Proof. Using the triangle inequality and the discrete trace inequality, we obtain, for any (v,,pu) €
Up X Fh
h 9

D hellullZaey < D (hellp = vp - nll7ag) + hellvy - )72 ,))

ee]:}; 66.7:]1;

<3 hellp vyl +C Y oplZg < Clwp )3, + 051220,

ee]-',l: TEIT:

O

The proof of the following inf-sup conditions follows from a slight adaptation of the proof of [57,
Theorem 3.1].

Lemma 4.4 (Darcy velocity and pressure inf-sup conditions). For all (vp, ) € U} x T'y,, it holds

bp(QIM vp) + Zee]:}l: (Ma QP)e

[(vp, 1) |laiv, < C sup (4.11)
0£,€QP lapllL2(0,)
For all g, € QZ, 1t holds
b , U
lapllz <0 sup P (112)
0zvet? [1Vpll2(0,)
Next, we introduce a norm of the discrete divergence of the stress:
lolons s = SV w2y + 32 b 'l fwn - n] |22, Y € S,
TeT}! e€Fy,
Let Hw”ib(m) = (Ajw, w)q, for i = f,p. The following result can be found in [22, Lemma 5.7].
Lemma 4.5 (Control on the trace of the stress). For all w;, € ¥, it holds that
1
lerw il < C(vElwgmllagap) + gl ) (4.13)
1
ltr eyl 220y < € (15 Nl ) + e ) (414)

The following bounds follow from Lemma 4.5 and the definitions of the operators A, and Ay, cf.
(2.7) and (2.13).

Corollary 4.1. For all w;, € X, it holds that
1

lwenllrz@,) < C(W lwenllay @) + ||th\|div,h,f)a (4.15)
1

lwpnllz2(0,) < C(Mﬁ lwpnll 4, 0,) + H&thdiv,h,p)- (4.16)

Lemma 4.6 (Stress inf-sup condition). It holds that

. ’9
Wlawns <C sup 428

V0 € 5, (4.17)
Oyé'ueU;i ||UHL2(QZ)
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Proof. Given 6 € > it suffices to find v € U ,7; such that
ai(v,0) = 10)|Gvni and ||vllr2) < CllOlaiv.n-
In view of the degrees of freedom defined for U}, (cf. (3.16)—(3.17)), we can define v such that

(v n,¢)e =—h;'([0n-n],0). Vo€ Pule),e € Fy,
(v,8)r = (V-0,9); Vo € Py_i(1),T € Ty

A scaling argument implies
vl z2(0;) < Cllldivhi-
The definition (3.9) of a;(-,-) yields
ai(v,9) = 101Gy 5.

Therefore, the proof is completed. O

The following trace inequality is proved in [32, Theorem 4.4] and [55, Lemma 3.6].

Lemma 4.7 (Trace inequality). For all ¢, € Qz, there exists a positive constant C independent of h
such that

HQPHL2(F) < C”QP”Z' (4.18)

4.2 Discrete initial data

Next, we construct discrete initial data for all variables that satisfy the equations in the numerical
method (3.15) without time derivatives, i.e. (3.15b), (3.15¢), (3.15¢), and (3.15f). Let (gg,ggl,uo,ug,
pD, u’, A%) be the values of the solution to the model problem (2.1)~(2.19), where the definition (3.2) of
u? and @’ is modified such that u’|q, ;=" and @°|q, := 7° with 7° := n° on F},. and 7° := (n°)" on
F1,. Recalling that the true solution satisfies the weak formulation (3.14), we define the discrete initial
data as the elliptic projection of the true solution at the initial time ¢t = 0. Let (gg, u%, ugh, pgh, ﬁ%, )\2) €

3, x Up x Uy x Q4 x Ap x T'j, be such that for all (7,v,vp, ¢y, 0, ) € Ej, x Up x Uy, X QF X Ap x T'p:

(Ap(ggh + apghl)>zp)9p + ap(ngalp) + Z ()‘?sznp “Mp)e

ee]-'}:
+57 D ((apnmp)™, (Tymp)™)e + (Apay zp)o, + ap(why,, ;) — > (@), [rn])e
EG.F}I: ee]-',?
= (Ap(gg + apgl)ylp)ﬂp + ap(TIO?Ip) + Z ()‘Oalpnp “Myp)e
ee]:}l:
+571 Y ((apmp)'?, (1ymp)'™)e + (Apa, Tp)a, + ap(uf,zp) — > (@0, [rn])e
66.7'-]1,: 66'7:2
=Y % ny + A = o np)e+ Y (67 @0m,) T + () — (uh), (1,1p)'7)e, (4.19a)
c€Fy ecF}

— ap(vs,a) — ag(vy,a) = —ap(vs,09) — ag(vy, o) = (£),vs)a, + (A%, vp)a,, (4.19b)
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(Kﬁlypugm vp)o, — bp(pgha vp) = (Kﬁl’/pugv Vp)a, — bp(pg, vp) =0, (4.19¢)
(a-Ap(Qgh + O‘pghl)v qPDQp + bp(gp, Ugh) + Z (>‘2a dp)e
eE]—'}:
= (O‘A:D(Qg + apgl)v qPDQp + bp(dps “g) + Z ()\07 p)e
66.7-'};
= (aV : n07 qp)ﬂp + (v ' u?)? qp)Qp’ (419d)
Z ([[g(}hn]] Ve + Z ([[gghn]] Ve + Z (gghnp +g9chnf,6)e =0, (4.19¢)
eeFpt e€Fp? e€F)
Z (Pgh + Qghnp My, [L)e = Z (Pg + Qg"p “ T, p)e = 0. (4.19f)
ecF} ecF}

Lemma 4.8 (existence, uniqueness and stability bound for the initial data). There exists a unique
solution to (4.19) and there exists a positive constant C independent of cy, A\p and h such that
0 0 0 0 0 =0 0 0
losnllz,) + lwpnll2,) + lopnllz,) + IPpnll2(e,) + (s, wp)lln + ([ (wpn, Ap)llaiv,

_1
+ 072 (gpan)'ll 2y < C(HT’OHHl(Qp) +ludlma,) + 12, + 1 £ l20,) (4.20)

IV N2, + IV - upllze,) + 1NN 2y + H(anp)t”\lm(r))-

Proof. Since (4.19) is a finite dimensional linear system, existence of a solution follows from uniqueness,
which follows by taking the right-hand side of the stability bound (4.20) to be zero. Thus, it remains
to establish (4.20). Taking 7 = a9, v = u, v, = ugh, Q@ = pgh, v =a) and p = A) in (4.19) and
summing up the resulting equations yields

0 0 72 —1y( 0 2 0 2 —1,, L0 g2 0 |2
lopn + opprdla, ) + 9 H(Qph")th(r) + llognlia, @) + 1K vp) 2upyll12(q,) + collppnllz2(o,)
= > 0"y + X0 —ufmyopmy o my)e+ D (5 apny) + (0°) — (), (apm))e

e€Fy e€Fy

+ (f;?a 772)9,7 + (h’ov u?h)gf + (on : novpgh)Qp - (v : ug’pgh)ﬂp'
(4.21)

Using the discrete Poincaré inequality (4.9) and the trace inequality (4.18), along with the inf-sup
condition (4.12) and (4.19¢), we can infer that

0 0 0 bp(pghavp)
IPpnllz2(0,) + IPpnlle@y < Cllpppllz <€ sup ————

< Clludyllr2,)- (4.22)
ozv,cu? 10nllL2(2,) PhIILZ(S2)

For the first term on the right-hand side of (4.21), using (4.19f), the Cauchy-Schwarz inequality, and
(4.22), we obtain

Z (7" n, + A0 — u(} : np,gghnp Mp)e = — Z (" -m, + 20— u?« . np,pgh)e

66]'-]1_: eE]—‘,r; (423)
<O’ mnp+ X0 - “?f : np”L?(F)HUthH(Qp)-

The second term on the right-hand side of (4.21) can be bounded by the Cauchy-Schwarz inequality
> (67 agny)' + (%) — (u)7, (apymp)'™)e
e€F), (4.24)
_1 1 _1

< (57 09mp)ell oy + 3211 1) — )l c2qe) )5 [ (0Qamp) 2oy
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Next, the inf-sup condition (4.7) and (4.19a) yield

Iy @) . < C (Nl + aphLl a0 + 1ol 4oy ) (4.25)

The third and fourth terms on the right-hand side of (4.21) can be bounded by the Cauchy-Schwarz
inequality, (4.3), (4.4) and (4.25):

(#7100, + (B uh)a, < (172, + 1B |20, ) b2 o
< C(1£0 2y + 1B 2 ) (Il + ap%LlLay @) + o 9nllas @) )

The last two terms on the right-hand side of (4.21) can be bounded by the Cauchy-Schwarz inequality
and (4.22):

(V- up, ppn)e, + (V0" ppn)e, < C(IV - wpllrzi,) + 1V 1"l 12(0,)) llupsllzz(a,)- (4.27)
Combining (4.21)—(4.27) yields
_1
lepn + appnLlla,c@,) + 072 I (@pnm) |2y + llefnllago,) + lupnlize,)
+lppallz2 () + 11 (wh, @p)llp < C(Hn e,y + 1wl m o) + 10120 + 1£p 120, (4.28)
IVl 20, + IV - upllzzo,) + 1AM 2y + ||(anp)tp”L2(F))-
The inf-sup condition (4.11) and (4.19d) give
(S, M)y, < Clla, + apS Il . (4.29)
ph ) lldivy = lIGpn T APph Ll A, ()

Similarly, the inf-sup condition (4.17) and (4.19b) yield

lebalaivns + leSullaivno < C(I1F2 N2, + IBNp2(,) )- (4.30)
The triangle inequality gives

H‘fthAp ) < ||Uph + OépphI”Ap(Qp) + prhHL2 . (4.31)

A combination of (4.28)—(4.31), (4.15) and (4.16) yields (4.20).

4.3 Existence, uniqueness, and stability

Next, we show the well-posedness and stability of the discrete system (3.15). The dependence on
the physical parameters will be carefully tracked. In particular, the stability constant is shown to be
independent of ¢y and .

We recall the following result, which can be proved using the Taylor series theorem (see also [34,
Lemma 7.67]). For any v with dyv € L?(€2), it holds that

. At [l
10—l < 5 [ 100l ar (432

j—1
Ve < 5 [ 1ol (4.3
tU 2 tU 2 . .

2@ S At b L2 ()
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Theorem 4.1 (Existence, uniqueness, and stability). Given (o ph’pph) there exists a unique solution
o0 (3.15). In addition, there exists a positive constant C' independent of co, Ap, h and At such that

N-1
HUthL2 @) T Z AtHUnHHLQ @ T ”QthL2 +07! Z Atll(o J}jl" HQLQ(F)
N-1
o, + Z At oy + [P0, + A8 S 195 B
n=0
¥ Z A (gt a3, + Z A2 (431)

— N-1
+ Z At<||gn+1||d1v h,p + HO-nJrlHdlvhf) + Z At” ;L}JLd?)‘nJrl)H(Qiivp < CReSla
— n=0

where

Res; = ||fp||H1(0TL2( y ||h||H1 (0,7:02(2)) T ng”Hl (0,7:L2(2p))

+ ”pthL2 @) T ||QthL2(Qp) + HthHL2(Qf) + ||Uph||L2(Q,,)
Z A1 a0, + 1B 2200, + 195 2200, )

Proof. We first show the existence and uniqueness. Since the system at each time step (3.15a)—(3.15f) is

linear, it is sufficient to show the uniqueness. Assume there are two different solutions of (3.15a)—(3.15f)
*n+1 *n+1 *n+l  *xn+l

with the same initial condition and we let (o, uh Uy pph ,
ﬁ;"“ )\*’"H) be their differences. Taking 7, = wh +1, Ty = n+1, vy = u:}L”H, vy = u?,?“,
v, = u;fﬂ, qp = p;}?H o=u""" and p = )\* 0 (3.15a)— (S.L)f), we obtain

1 1 1 17 - 1 e+l

(th ( n+ +Olp*}?+ l) *n—‘r +04p2n+ )Qp +6 1 Z ((Q;}ZH_ n)t,(g;}:H n)t)e
eE]—'F
L 1 . 1 1 1 1
+ (Argn o e, + (K wpuny ™ uni o, + (codiply ™ it a, = 0.

Summing over n (n = 0,--- ,N — 1) and using (a — b)a = 1(a® — b*> + (a — b)?), we conclude that

u;’}?ﬂ = 0, .Afo* =0, A p(o, *nH + ap;,?HD 0 and di A, (o *h ntl ozp;’h"HD = 0. Then an
application of (4.12) and (3.15¢) 1mphes p* 71— 0 and thus Ay(o *"H) = 0. An appeal to (4.10),
(4.11), (3.15d) and the fact that u,; 7t = 0 gives AT = 0.

We infer from (4.7) and (3.15a) that [|(u, ot ﬁZ"H)HLh = 0, which, combined with Lemma 4.1,
gives u;™" "t —0and nH = 0. Then it follows from the inf-sup condition (4.17) and (3.15b) that

*n+1

e llaivnp + g laivn.s =0,

which, coupled with (4.15), (4.16), and the fact that .Afa ol Ap(g;}:lﬂ) = 0, yields a "+1 =
g;}?ﬂ = 0. Therefore, the uniqueness proof is completed.

Next, we show the stability estimates. Taking 7, = QZ,;H, Ty = ?;{1, Vg = u?ffl, vy = u;ﬁ;;l,
vy = u”;LH, @ = pz,j'l, 9 = a4y and g = A\ in (3.152)—(3.15f) and summing up the resulting
equations, we obtain

1 1 1 1 -1 1 1
(deAp(a™ + api D), el + app ' Do, + 0671 Y (et n)!, (@ n)).
eE]—'};



Stokes—Biot 18

1 1 —1 1 1 1 1
+(Asaft g oy + (K wpug s wp o, + (odippy s v e,

1 1 1 1 1 1
:( 17714' ”u'Tslh+ )Qp (hn+ ?Z )Qf +(g§+ ’pgfj ) p'

Using the identity (a — b)a = 3(a® — b*> + (a — b)?), we have

1
sz (g + anji LI o, — o+ apin LIy a,) + (AD2ldi(ep +apj DI, )
1 — 1 2 — 1
e 2 ) + 07 D2 e ) e + 1K ) 2ug g,
eE]’F

+1 2 +1 2
+ a0 (17 B,y — WolEacay) + 125 — PhallZace,))

1 1 1 1 1 1
= (fy " ug e, + (BT uE e, + (g7 0y e,

Thus, summing over n =0,--- , N — 1 yields

N-1
||Uph + apphIHAp(Q )+ Z ”UnHHAf @ T Z 5! Z I Z;Tl" ||%2(e)
n=0 e€F}

B 1 1
+ Z ||(K 1ljp QUZ}TIHLQ(QP) + Ktconpé\lsz%?(Qp) (4 35)

N-1

< (3 (I e st ey + B s it e,
n=0

1 1
+ HQ;.}HHB(Q,,)HPP+ [l 2 Qp)> + EHQgh + Oépghl”itp(szp) + ECOHPth%Z(Qp)>'

We can deduce from (4.9), (4.12) and (3.15¢) that

n+1

by (p h Up)
I 200,y < Clloitlz <€ sup 222

< Cllupllz@,), Y0<n<N-—1. (4.36)
0vet? |VnllL2(0,)

It follows from (4.7) and (3.15a) that

ap(up' 1p) +ap(ufy ™ 1,)) = Veero (@t [n])e
”( Z-i—l n+1)||1h <C sup f s -p e€Fy
0ATER, i, =0 Izl L2(e) (4.37)
< ClleptMlay @) + de(ap ™ + api Dl a,@,))-
The following estimate is obtained by combining (4.35)—(4.37) and (4.3)—(4.4):

e, + apl Ll o, + ZAtua"“HAf(Qf +Zé ALY [t ) g,
ee]:F

+ Z Atllup I, + Z Atllppi 1220, + Z At (up ™ a3,

£ A2y + ol @) (4.38)
1=0

N-1
< O( X0 A(IF5 gy + 10" ) + 165 1 2q0,) + o5 + apPidllyy o,
=0
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N-1

+ collphalBag,) + 3 Atldi(alit + ol D% o, )-
n=0

It remains to estimate Z o At||d; (o, oy appHI)Hi‘p(Qp). To this end, we take the discrete time
derivative of (3.15b), (3. o() (3.15¢), and (3.15f ), Where for n = 0 we utilize (4.19b), (4.19¢), (4.19¢)

and (4.19f). We then set 7, = dio ;1, Ty = dtafh , Vg = u?f{l, qp = dtpzlj , U = uﬂfl, v = ﬂZJr ,
vy, = ug}fl, and p"t! = )\ZH, sum up the equations, and sum over all n, resulting in
1
Z (it + apit DI ) + 67 2 o By = lo%ulZaqey + Z lo = o2 )
N-1 N-1
2At <||Ufh||Af Q) — HUthAf @ T Z ||0'nJrl Q?hHi\f(Qf)) + Z COHdtanHp(Qp) (4.39)
n=0
1 —1, \%. N2 —1,,\2.0 (12 — —1, \L/ ndl IR
+ TAt(”(K Vp)2uthL2(Qp) — [[(K VP)2uph||L2(Qp) + Z (K Vp)2(uph - Uph)||L2(Qp)>
n=0
N-1 N-1 1 N-1 1
=D (dfy Tl Ma, + > (A wi e, + (g o), — D (digy T ppn)o, — 15 (95 Ppn)e,
n=0 n=0 n=1
N-1 N-1
< lde 5 z2p lumt 2,y + D 1deh™ iz lwhi e,
n=0 n=0
1 = 1
N
||9p Iz IPDhl 22, + Y Idegn ™ 2o, 1Pl 22(0,) + EHQ;HLQ(QP)HpthL?(Qp)a
n=0

where summation by parts is used for Zg; (gptt dtp”H)Qp in the first equality. We infer from (4.33)
that

1 [ln+

8 ey < 55 [ 10FplEaca, .
|t

ldeh™ |2, < At/t 10:R|7 2, dt,

1 tn+1
g oy < 57 | 10l ot

Multiplying (4.39) by At and applylng the bound (4 38) to the first two terms, and (4.36) to the

pressure terms ||p:f)\,fl|] r2(0,) and Z At||pth £2(q,)» we infer
N-1
ZAtudt o+ oni Dl + Iy + 3 b e,y
n=0 :

+ ”“thL2(QP) < CRes;i.
An application of (4.11) and (3.15d) gives forn =0,--- ;N — 1

bp(gp, upy ) + 32 fr( )
(w5 AP+ |y, < C - sup z < ”

P 0#£qpe@?y ||CIp”L2

< C(COHdtpth z2(0,) + O‘Hdt( n+1 =+ OéPnHI)”Ap(Qp) + HQSHHL‘Z(QP))- (4.41)
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Moreover, it follows from the inf-sup condition (4.17) and (3.15b) that for n =0,--- /N — 1

1 1
lop Hlaivnp + et laiv.p g < C( sup (. 2) + sup af(v,aﬁr))
ozvery [Wle2,)  orpers VllL2)) (4.42)
< (1 gy + IR 2y ).
Finally, the triangle inequality gives the estimate
oy, < llom + api Ll ay @, + 105 2@, YO<n <N -1, (4.43)

The stability estimate (4.34) follows from a combination of (4.38), (4.40)—(4.43), and (4.15)—(4.16). O

Remark 4.1. The stability constant in Theorem /.1 is independent of co and \,. Thus, the stability
bound remains uniform in the limits of vanishing storativity, cg — 0, and nearly incompressible elas-
ticity, \p — oo, with the remaining physical coefficients fized. The constant may depend on v, p,, vp,
and the spectral bounds of the permeability tensor K.

5 Error analysis

This section establishes the convergence estimates for the fully discrete scheme, explicitly tracking their
dependence on the physical parameters A, and cyp. The main result is given in Theorem 5.1.

5.1 Projection operators

We construct a projection operator for X, that is needed in the analysis. We follow the approach from
[22, Section 5]. We first consider an intermediate matrix space without the symmetry constraint:

5y 0 = {w), € Py(r), V7 € Th}.

Lemma 5.1. Any function w € ih is uniquely determined by the following degrees of freedom on each
element T € Tp:

lr(w) : = (w, q)~ Vg € Py (1), (5.1)

bor(w) : = (wn,x)e  Vx € Pile),e € (Fol TP UF,) N,
lg(w) : = (wn)', 9", Vo € Py(e),e € FgyNor.

1=

12

Proof. The proof in 2D can be found in [54, Lemma 2.1]. For the three-dimensional case, see [39,
Lemma 4.2]. O

Let Iy, : H(div; Q) N LP(Q) = 2, p > 2, be the projection operator onto %, based on the above
degrees of freedom, i.e., {(w — IIyw) = 0, where £ € {{,,{p, Lar}.

Lemma 5.2. The following approximation property holds:

ITsw — wl|2r) < CHEM |wlpss(ry Y € H¥Y(7),7 € T

Proof. The proof in 2D can be found in [22, Lemma 5.3]. The proof in 3D is similar. O
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Note that, even if G is symmetric, ﬁZQ may be non-symmetric. In the following we construct a
projection operator in the space of symmetric matrices X, by adding a correction to Ily.

Lemma 5.3. Forp > 2, there exists a projection operator Iy, : H(S,div; Q) N LP(S, Q) — X;, such that
for any G € H(S,div; 2) 1 LX(S, ),

a;i(v,G —IxG) =0 Yo e U, (5.4)
([(G —OsG)n] ,v). =0 Yo €A, Vec Fy,
(G —TOsG)n,p)e =0 VY€ Pyle) Ve€ FpUF}, (5.6)

and on each macroelement M € Tp,,
IG — UGl r2ary < OB Gl iy VG € HMH(S, M). (5.7)

Proof. The proof follows the argument in the proof of [22, Theorem 4.1], which is given in the 2D case.

We will define II5,G := II5;G + 6, such that I[IxG € %,. We take 6, := curl (p;,) when d = 2 and

0, := curl(p, ) when d = 3, where pj, € H}(Q) and p, € H}(Q) are suitable discrete vector and matrix
OY1 O

functions in 2D and 3D, respectively. Here curl (¢) := ( 8%2’ 8%?2) for d = 2. The construction of §,,

oy ' Oz
is given below. We consider the following spaces over each macro-element M € 7, :

UM::{’UEHl(M),MEEri’Uh EPk_H(T), TC M, v‘aM:O},

Qu: = {q € L*(M),M € Ty : qy € Pe(1), 7 C M, /quo}.

Given ¥, € L3(M), we consider the local Stokes problem for (v}, p;) € Upr x Qar such that

(Vlb;:, Vvh)M + (pz, V- 'Uh)M =0 VYov, € Uy,
(qn, V- ) = (Yn,oqn)m Yan € Qur.

The unique solvability of (5.8)—(5.9) results from the inf-sup condition

inf sup (90, V- vn)ms >C.

044, €Qu 0w, eUny 190l L2y 10kl 1 0y —

For d = 2, this is proved in [48, 33] for £ > 3 and in [42] for k = 1,2. For d = 3, it is proved in [53, 41].
Owing to the inf-sup condition, the following stability bound holds:

|Yhllarary < ClYRI L2 (ar)- (5.10)

Define asy(F) := Fyy — Fy for F € R**? and asg(F) 1= (Fgg — Fo3, Flgy — F3,Foy — E12)T for
F e R¥3 F .= (Fi)s 4,5 = 1,2,3. Let E : R3*3 5 R3*3 be the algebraic operator defined as

—1,

Ep, :=tr(p, )L — B;' A direct calculation shows that
asp(curl (pp)) = =V - pp and asg(curl(p,)) = -V -Ep,. (5.11)

For d = 2, we define pj, restricted to each macroelement M as the first component of the solution
to (5.8)~(5.9) with ¥, := asy(lIyG) ;. We note that asy(llyG) )y, € @, which follows from £ (w —

ﬂzw) = 0 and taking ¢ to be a constant skew-symmetric matrix in (5.1). Therefore py, satisfies

V- pp = asy (ﬁzg)-
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Then 6, = curl (py,) satisfies, using (5.11),
252(0)) = ass(cwrl (pn)) = —V - pr, = —asa (I G). (5.12)
Invoking (5.10), we have

10200y < Nl any < Cllase (M @)l 2 s (5.13)

For d = 3, we take Phir = =E" nh|M Q; — %tr(gh)l, where each row of 7, is the solution obtained

from solving (5.8)—(5.9) with W}, being each element of ass(Ily,G) restricted to M. This implies that
V-Ep, = as3 (5 Q).
Taking 6, = curl (p, ), we have, using (5.11),
as3(0;,) = asg(curl (Bh)) =-V. EBh = —as;;(ﬁzg). (5.14)
In view of (5.10), we have
104l 2oy < Nlpyller any < Cllass(MsG) |l 2 (5.15)

The identities (5.12) and (5.14) imply that II;G := ;G + 0, is symmetric, hence II,G € ¥,

We next show (5.4). In view of the definition of Ily; given in Lemma 5.1 and the definition of a;(-,-)
(cf. (3.11)), we have

ai(v,G ~II5G) = = 3" (e(0).G ~ [5G), + 3 (v.(G ~ Wy G)n) g, T
€Ty, 7T}
+ Z (G — TyG)n)ornzr, =0, Vv € Uj.
TeT}

The definition of a;(-,-) given in (3.9) yields
ai(v,0;) = > _ (v,V-0,)-— > (v-n,[8,n]). =0, Vv € U}, (5.16)
TE'T]f ee]:él
where in the last step we use V -6, = 0 and 0, € H(div; Q). Then (5.4) follows from
ai(v,G ~115G) = ai(v, G — LxG) — a;(v,6),) = 0.
Next, property (5.5) follows from the fact that, due to (5.2) and (5.3), it is satisfied by Iy, along
with [fn], = 0 on each e € F), since 8, € H(div; Q).

For property (5.6), we first note that, due to (5.2), it holds for ﬂz. On the other hand, since on each
macroelement M, 0, = curl(ps) when d = 2 and § = curl(p, ) when d = 3, where pj, € H} (M) and

P, € HY(M), it follows from [4, Lemma 4.4] that §,m = 0 on M, which implies that 0,n. = 0 for
e € Fpr UF;. Therefore (5.6) holds.

It remains to establish (5.7). The triangle inequality, (5.13), (5.15) and Lemma 5.2 yield for any
M € T,, and for all G € H¥\(S, M)

IG — UsGllr2n = G — OxG — Oyll 20y < |G — TGl r2eary + 104l 22 (any
<lg - HEGHLQ )+ Cllasa@sG)llr2(ary = I — LGl 2 (an) + Cllasa(lsG — G)llr2 )
<C|G - HEQHLZ(M) < CBSTMGl e ar)-
Therefore, the proof is completed. O
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We are now in position to establish the inf-sup condition (4.7).

Proof of Lemma 4.2. Using the operator ﬂz and following the proof of [22, Lemma 5.6], we can show
that for all (v,v) € Up, x Ay,

o~ ap(vp, 7,) +af(vF,7¢) — > cro(V, [TN])
||(v7’v)H1,h§C sup L f eeFy e‘

(5.17)
Qizeih:zpnlf}l: =0 HIHLQ(Q)

We note that in our case we have the restriction TN Fr = 0. This is handled by taking the moments
(5.2) on Fi Nr, 7 € TF, to be equal to zero, which is possible since the norm ||(v, )1, does not
involve the term [v, — V|12 for e € FF, cf. (4.1). The inf-sup property (5.17) implies that, given
(v,v) € Up, x Ay, there exists T € Xy, : fpnlfﬁ = 0 such that

ap(vp, Ty) + ap (v, 7)) = Y (@, [Fnl)e > C|l(v, )], and [|7]2() < Cl(v,9)|14- (5.18)
eE]:g

Here T restricted to each element 7 € 7T}, satisfies (T,w), = (¢(v),w), for any w € P, (7). Then using
the discrete Korn’s inequality (cf. [10, Theorem 4.2]), we can show (5.18) holds for such a 7. Note
that the condition (7,w), = (¢(v),w), for any w € P, (7) is needed to ensure that asq(7) € Qu as
required for ﬁEQ in the proof of Lemma 5.3. Since 7 may be non-symmetric, we symmetrize it by
defining 7 := 7+ 0 € X,;, where § € zh is constructed in a way similar to the proof of Lemma 5.3.
We have that a;(v,0) = 0, i = f,p, cf. (5.16). In addition, as shown in the proof of Lemma 5.3,
O zr = 0. Furthermore, (5.13) and (5.15) imply that [|0]|2(q) < C||Z|lr2(q). Therefore, (5.18) implies

that r=7+0€X,: TN Fr = 0 satisfies

ap(vp,7,) +ap(vy,7p) = Y (@, [rn])e > Cll(v,8)[I7 ), and ||z]l2() < Cl(v,D)[|1n,
66.7-2

hence the inf-sup condition (4.7) holds. O
Next, let H&FP(Qp) ={q€ Hl(Qp);v|Fp = 0} and define Ilg, : H&FP(Qp) — QY as follows (cf. [57])

(,p, Pk)e = (PsPk)e Vi € Pile),e € Fod UFOP U FL,

(5.19)
(Mg, ps Pe—1)r = (s Ph—1)r  VDPk—1 € Ppr(7), 7 €T,
The following approximation property holds for any function p € H¥*1(€,) (cf. [57])
lp —g,pllL2(q,) < Chkﬂ’p\mﬂ(np)- (5.20)

We define the projection operator Il in line with the degrees of freedom specified in (3.16)—(3.17).
Indeed, Iy : H'(Q2) — Uy, is defined by

(ITIyv —v) -n,0)e =0 Yo € Pyle),Ve € Fy,

(Myv —v,¢); =0 Vo€ Pkfl(T),VT eTr. (5.21)

It follows from the definition of (3.9) that for ¢ = p, f,

ai(v—Tlyv,7) =0 Vrex,. (5.22)
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Furthermore, for any function v € H*T1(Q), this projection admits the following approximation prop-
erty (cf. [24, 23]):

v = Ty 12(0) < CR* o] g q)- (5.23)

We also define II, and IIr as the L?-orthogonal projection operators onto Aj; and I'j,, respectively,
satisfying

(TI\© — 0, ¢)e =0 Yo € Pyle), Ye € Fp, (5.24)
(Irp — p, 0)e =0 Yo € Py(e), Ve € Fr. (5.25)

Finally, Iy, denotes the restriction of Iy to the subdomain 2.

5.2 Convergence error estimates

In this subsection, we show the convergence error estimates for the fully-discrete scheme. Importantly,
the proposed convergence error estimate still holds for ¢ = 0. To begin, we recall the following discrete
Gronwall inequality (cf. [43]), which will play an important role for later analysis.

Lemma 5.4 (Discrete Gronwall lemma). Let 7 > 0, B > 0, and let ay,by,cn,d,, be non-negative
sequences such that ag < B and

n n—1 n
an—i-TZblSTZdlal—i-TZCl—i-B, n > 1.
=0 =0 =0

Then,
n n—1 n
n, —l—TZbl < exp(TZdl)(Tch —|—B>.
1=0 1=0 1=0
To facilitate the subsequent analysis, we introduce the following notation for n =0,--- , N:
ey, = ai(tn) — gl = (g;(tn) — Uyg;(tn)) + Lsa(tn) — o) = €5 + e i =p, f,
= wilte) = ufl, = (wiltn) — Mou(ta)) + (Mowi(ty) — uf) = e + e i =s, f,
eZp b= up(tn) — Upp, = (up(tn) - HUpup(tn)) + (HUpup( n) — Zh) = eqjjpn + eZ;}n’
BZ = pp(tn) *PZ (pp( n) — HQpPp( )) + (HQppp(tn) *Pp ) =e I’n + eh’n
el =alty) — af, = (aty) — Mau(tn)) + (Iaw(ty) — af) == e," + &;™,
ex 1 = Atn) = A = (Atn) — Hr/\(tn)) (HrA(tn) — Ap) = SA +6’A :
ey =n(tn) — My = 1(tn) — Mun(ty) + Mun(ts) — 0 = e)™ + ey ™
&+ = ta) =} = A(t) ~ Tai(t,) + Mai(t) = 7} = &7 + &)

where 7 :=n on F}. and 7 := 0’ on F,.
Recall that the discrete initial data is the elliptic projection of the true solution at the initial time
satisfying (4.19), which yields the error equations

(Ap(ggp +ae I)7Tp) (Afeaf7 )Qf + (If( uf) f) + ap(eo Tp) + Z (e())\vzpnp ’ np)e
e€F¥
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+071 > (eg,n) s (mn)e = > (€L [rn])e =0, Vr €3y, (5.26a)
e€F}, e€FPUF]
B CLf(’Uf,ng) - p(vS’ Zop ) =0, Vv € Uy, (526b)
(Kﬁlvpegp,'vp)gp - bp(eg, vp) =0, Yo, € Up, (5.26¢)
(O‘AP(QSP + aegl)a apl), + bp(ap, egp) + Z (69\7 Gple =0, Vg, € Qpn, (5.26d)
e€F}

Z (Heofn]] j})e + Z (Hggpnﬂ ,ﬁ)e + Z <Qgpnp —I—ggfnf,ﬁ)e =0, YU € Ay, (5.26¢e)
eefg’f eefg’p e€F¥

Z (ggpnp -y + 62,u)e =0 VueTly. (5.26f)
66]:}1:

The error estimate at the initial time is given in the next lemma.

Lemma 5.5 (Error estimate at the initial time ¢ = 0). Let (o), u, ugh,pgh, w), \) e X, xU, xU? x
QY x Ap, x Ty, be the solution of (4.19). Assuming sufficient smoothness of the true solution, there
exists a positive constant C' independent of h, co, and A, such that

h o0 Gh
e llz2o) + ll€h, 2y + lled, 2,y + leplizzay,) + I(en® &) iy + (el ex®) i,

(5.27)
+0~ QH( "p) z2(r) < ChFH.

Proof. The proof of the error estimate (5.27) follows the proof of Lemma 4.8, using the error equations
(5.26). The details are omitted for the sake of brevity. O

Subtracting (3.15a)—(3.15f) from (3.14a)—(3.14f) yields the following error equations.

Lemma 5.6 (Error equations). The following error equations hold:

(Ap(dtggjl + adteg“l)i )o, + ap(e nHaIp) + Z (e 7;“ TpTp * Tp)e

eE]—'F
+07 Y (e n)f (zm))e + (Agentt p)a, +ap(enS op)
ee]-',l;
= > @t n)e = (B, 1,0, (5.28a)
66]:2
— ap(vs, ept) —ap(vg, e ) =0, (5.28b)
(K 'vpent! vy)a, — bplept! vy) = (5.28¢)
(codrep™, qp)q, + (ath(gZ“ + ae"“l),QpDQ + by (ap, ZH)
+ Z (X, gp)e = (coRa2, qp)e, + (Ap(R1), agpl)q,, (5.28d)
66.7:F
> ([ert'n] ,B)e =0, (5.28¢)
ee]-',?
Z (€Z+1 + nglnp s Ny, N)e =0 (5.28f)

66.7:}1;
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for (z,v,vp,qp, 0, 1) € Xj, x Uy, x Uy x Q) x A, x T'y,. Here R;, i = 1,2 are defined by

Ry : = di(o,(t"*") + apy (1" ) — 0y(a, (") + ap,p(t")D),
Ry = dtpp(t”H) — atpp(t"+1).

Using Taylor expansion, we have
|R,| < CAt and |Rg| < CAL. (5.29)

Theorem 5.1 (Convergence error estimates). Assuming that the solution is smooth enough, there exists
a positive constant C' independent of h, At, ¢y and N\, such that

N-—1 N-—1
Hengm(Q)M‘lZAtH s >HL2m+ZAtHg"“HL2(Qf +lled 1720,
N-—1
+ ) Atller™ 2 q +ZAtHe”“||L2 )+ el 1720,) (5.30)
n=0

N-1
+ Z ||6;L+1H%2(Qp) + ||ei,VH%2(Qp) < C’T((At)2 i h2(k+1)>'

In addition, the following discrete error superconvergence results hold:

(B 7 Mlaivng =0 and el v pp =0, n=0,---,N—1, (5.31)
and
N—
h 1
S At b, + ZAtH (ehmt @R, < T (A +A7ED). (5.32)
Proof. Setting 7, = eI;;] ntl ,Tp = eI;f s = eZSnH, vy = eﬁfnﬂ D= éﬁnﬂ v, = eZP"H, qQp = Z”H
and p = eli il n (5.28a)—(5.28f) and summing up the resulting equations yields:
(th ( hn+1 —{—Oéeh n+11) hn+1 +a62’n+ll)ﬂp +5—1 Z (( hpn—l—ln) ’(jpn+1n) )e
eG]—'F
+ (.A eh,n—l—l’gg}n—l—l)ﬂf (K—ly eh,n+1 hn—{-l)Q + (Codteh n—&—l’eh,n—l—l)gp
(Rb hn+1+a€hn+11) (th ( ]n+1 +aeln+11) hn+1+a€hn+11)
In+1l _hn+l - In+l ohntl
(.Af@ il 7§g}n+ )Qf - (K Vpeu:+ ) upn+ )Qp

h In+1 _hn+l
+ (coRa, ep™ )a, — (codrey™ el g,
where we also used that

€I7n+1) — 0’

[& )=0f

uyf 770'f

(e?n—i_l’@Z;nJrlnp np)e =0, ((e g';;n+1n) 7(@h’n+1n) )e =0, (&) v h’nH)e =0 Yec Fl,
h 1 h 1

(ei’nﬂ ,\n+ )e =0, (e I"an ny, €y’ mt e =0 Vee .7-",5,

(et [ebmtin]), =0, ([et™'n],elmt!) =0 Vee 7,

1 €5,

apleli ) =0, agely ! ek

h,n+1) =0, a ( hn+1 I,n—f—l)_o af( hn+1

owing to (5.4), (5.5), (5.6), (5.19), (5.22), (5.24), and (5.25).
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Multiplying both sides by At, we infer that
L on h h, - h
5 (bt + ach™ R ) = leb +ach LI o, ) + A87E D I ) s,
eG]—'F
h, h, h, h
+ Atfleg "HHAf ) )+ ALKy, p)zel n“”ﬂ(ﬂp) + (He n+1HL2(QP) - ”ep’nH%Q(Qp))
h h
< ARyl a0 lle™ + aep™ |4 q,)
+ At”dt( In+1 + ae[ n—HI)HAp @) ”eh ,n+1 + aeh n+1IH.Ap @)
+ Atlel nHHAf(Qf e M lay ) + Atllel™ 2@ e L2,

+ coAt||Ra| r2 (0, llep ™l 2(a,) + coAtldie) ™ 2 ek r2 (0,

Summing over n = 0,1,..., N — 1 and using Young’s inequality yields

f|| Nt aeb N2 o +2At6 P e ) e

eG]—'F

N-1
h,n+1 hyn+1)2 €0\ h.N|2
Z AtHG g ||Af(Qf) + Z At”eupn HL2(QP) + 5”% ||L2(Qp)
n=0

N-1

< > (AR o) + AT ldu(elrt + ae{,’““z)ni,,mp)
n=0
A h,n+1 hn+1 In+1 h,n+1/2
+ ﬁ”ﬁ +aey™ % o) + AtllegT o)) + ||7af 1)

At
+ At B, + 5 ueh”“rrm(g)+coAtuR2uLz )+ codtdie ™ )

L ho RO 7|2 7,012
+5llea, +ae I, @, + 5”%’ I72(0,)-

Then, an application of the discrete Gronwall’s inequality (cf. Lemma 5.4) for the term £ ]eh ol
hon+1 712 .
aep lHAP(Qp) yields:
N-1
SN b ach VI o)+ 37 A6 ST (e ) R,
n=0 eG]—'F
hyn+1 — h 1 €0\ h,N|2
+ Z Atlleg™ HAf(Qf) + Z At[|(Kv, DR a7 () 5”61) 122 (0,)
n=0
N-1
< exp(1) 3 (VAR i, + IO + acf™ DI 0, + L Eon
n
A(K )Rl o,y + AR B, + coltldieh™ 2o, )
h,0 h,07/12 h,0/12
+ (Gleh? + ach®LIP, (o, + Dlich ||L2(Qp)) (5.33)

< CT((At)? + h2FD),

where the last bound follows from (4.32), (4.33), the initial error bounds (5.27), the time discretization
error bounds (5.29), and the interpolation error estimates (5.7), (5.20) and (5.23).
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Next, an application of (4.11) and (5.28d) gives, for n =0,--- ,N — 1,

bp(ps €y ) + Loerr (3™ ap)e
||(€Z;,n+1 ei n+1)||divp < C sup Py Cup eeF, P
0£4,€QP lapllz2(0,)
n+1 n+1 (534)
< C(colldrey 2, + ldi(Ap(eh + aeg™ D) 2(q,)
+ ol Rall 20, + 11l 4y 0, )
The inf-sup condition (4.7) and (5.28a) yield
N-1 N-1
Z At” hn+1 Ahn+1)” <(C Z (AtHdt( n+1 +a€n+11)||Ap(Qp)
n=0 n=0 (535)
+ Atler 2, o)) + AR 2 q,))-
e discrete Poincaré inequalit .9), the int-sup condition (4. and (5.23c) 1m
The di Poi $ inequality (4.9), the inf-sup condition (4.12) and (5.28¢) imply
lep™ ez, < Clle™ 2 < C (1K vpely™ iz, + 1K vpel irz,)). - (5:36)
The triangle inequality yields
el N a0, < lleb™ + aep™ || 4,0, + allep™ | r2(q,)- (5.37)
On the other hand, in view of (5.28d) and (5.4), we have
_ap(US7 egp +1) - af(vfaﬂgfn+1) 0.
Proceeding in a similar manner to the proof of Lemma 3.3, we obtain
hon+1) _ n+1
leg 7 laivny =0 and [les"  aiv,np = 0, (5.38)
which, combined with (4.15) and (4.16), implies
b L2 < C<V2H€h a0 + ek +1”div,h,f) Cvi||eh: T 4@ (5.39)
and
1
b2y < € (1 el g + b awnp) = Crilleh Hllaya,  (5:40)
In addition, using (4.3) and (4.4) we have
et ™ M2 < Cll(er™ &™) [l (5.41)

It remains to estimate > At(||d; R | )Hilp(ﬂp) + col|dsel H%Q(Qp)), which appear on

the right hand sides of (5.34) and (5.35). To this end, we take the difference of two successive time
steps for (5.28b), (5.28¢), (5.28¢), and (5.28f), where for n = 0 we utilize (5.26b), (5.26¢), (5.26e), and

h h,n hn+1 _ h h h ~_ ~h
(5.26f). Testing (5.28) with 7, = e, ntl —eo, T = e(,f"+ —egf”, v, = euS"Jr ,vp = euf”+ v = et
hon+1  h, hantd hon+1 " h,
qp =€ep ol _ ep’”, vy = eup"Jr and pu = ey’ e V" and summing up the resulting equations ylelds.

1
h,n+1 h,n+1 2 h 112 h,n| 2
At||dt(gopn+ + Oéep nt l)HAp(Qp) + 5(”70;1"!‘ ||_Af(Qf) - ||§0'fn”./4f(Qf)
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h 1 h 1 h h
et = e ) + 5 (k™ I3, — el o, ) + codtldiel™ g,

< ARy ., () Il di (el + aeh 2 4,0

—f—AtHdt( hn+1 +a€h nJrII)HAp @) Hdt( In+1 +a61 n+1I)HAp(Qp)

(.AfGI n—l—l, an-{—l hfn)Qf + He[ n+l

apllen" M2 q,)
+ coAt||Ro| r2 (o, lldeen™ I 120, + cotldeey™ I r2 0, ldeey™ I 22(0,)
Summing up over all n (n =0,--- , N — 1) gives

N-1

hant1 hont 1
Atz de(eh™t + aep™ D% o, + 5 (He M = s @,
n=0

thrl h,mn |2
+ E lfo'f — &
N—-1

LAY )

< Z 2At||R1HAp @) T Z i (el + aepy "HI)”AP ()
n=0 n=0
N-1 N-1

In+1 L1y 2 I, h, h,
+ Z 2AtHdt(gapn+ + ae, nt l)HAP(Q Z (Af@ n+17 eafn+1 - Qafn)Qf
n=0

N
1
(Qf)) + 5(”‘32;,]\[”%2(9,,) - ‘|62;0H%2(Qp)> + Y coltl|diey™ 32
n=0

n=0
N-1
In+l _ plm2 h,n+1)12
- Z At”e S = e e, + D Atlel i,
n=0
N-1 N-1
2 0 hyn+1
+ coAL| R 720,y + D 5 Atlldiey™" 720, + Y coltlldiey™ M2 q,)- (5.42)
n=0 n=0
The fourth term on the right-hand side of (5.42

) can be bounded as follows by using summation by
parts and the Cauchy-Schwarz inequality

N-1
1, h h
Z(Afe n+17eg}n+1 an)ﬂf
n=0
11 In I 1 I,N h N
= (Afeofv €5 Qf+ Z Af - n+ ), € crf) (Afeaf »Eop )Qf
< lleg ! lag@plles? Las @y + Z leoy — e7  llap@p llealas ;) (5.43)
+ e as@plles Nap@p)
I 1
< lles: H-Af(Qf) T H,of H-Af )+ Z He N n+ HAf(Qf)

30 At 0 + ek e + HEATCY

In view of (4.33), we have

tn 1

AtHeI o+l LnH%Q(Qp) <C t 10:(p — g, p )||%2(Qp)7
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1 tn+1
el = el < € [ 01ty ~ T, g,

1 tn+1
Al = By <€ [ 0oy - Dao e,
tn

tn+1
Atlldy(el™™ + ae," P DI o, < C t 18:(e,, — Oya, + a(p — Tg,p)Dl[72(q,)-

As such, combining (5.42) with (5.33), (5.43), Lemma 5.5, the time discretization error bounds (5.29),
and the interpolation error estimates (5.7), (5.20) and (5.23) gives

N-1
1 1
h h h,N h,N
At E Hdt(ﬁa;nH + ozep’nﬂl)ﬂap(gp) + 5”%} ”af(gf) + 5”%; H%?(Qp)

n=0

N
+> coAtldiep™ 7,y < CT((AL)? + R¥FHD). (5.44)

n=0

Finally, combining (5.33)—(5.41), (5.44), and the approximation error bounds (5.7) and (5.20), we

obtain estimates (5.30)—(5.32).
O
Remark 5.1. The constant in the error bounds (5.30) and (5.32) are independent of co and Xy, which
establishes robustness in the limits of vanishing storativity, co — 0, and nearly incompressible elasticity,
Ap — 00. The constants may depend on v, [ip, Vp, the spectral bounds of K, and . In particular, the
compliance operators introduce factors v=' and p, ' in (5.33), whereas (5.39) and (5.40) introduce
factors v and p, in the corresponding squared stress estimates. The Darcy terms involve the weight

Z/pK_l. The factor 6~ also appears explicitly in the interface term and it is retained when estimating
the interface interpolation error.

Remark 5.2. With the numerical solution ugh and the initial data 9 and 7Y, cf. (4.19), we can
recover 1, and 7, j=1,...,N, by

J J
mo=mh+ Y Atul, B =05+ Atal,. (5.45)

n=1 n=1

Theorem 5.2. Under the assumptions of Theorem 5.1, there exists a positive constant C' independent
of h, At, ¢y, and N\, such that

len 172, + I(en™ & ™)T h, < CAL 4+ n2EHD), (5.46)

tn
Proof. Using (5.45) and n(t,) = n(0) +/ us, we have
0

Nt N
ep™N = Tyn(ty) — ny = Myn(0) + Ty Z/ us ds —mj = ) Atuf,
n=1"1t

n—1 n=1

N N b
— e,';”’o + Z AteZ’S” + Z II; (/ Ug — Atus(tn)>
n=1 n=1

tn—1

N N
= e,];’o + Z Ateﬁ’s" + Z Iy Ry,

n=1 n=1
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N tn N
el N = I\n(ty) — np = IAR(0) + Iy Z/ U, ds — 1) — Y Atal,
-1 n=1
N N tn
=ept+ > Atel +) Ty (/ Uy — Atﬁs(tn)>
n=1 =1 t”lfl
N N
n=1

n
— A"°+ZAF’”‘+ \R? .

N 2 N
Thus, using <Z ai> <N Z a?, we have

=1 =1
(el @) 2 < C (11l )R 1 + ZAtH (e @,
(5.47)
s |0y R TR B ).
n=1
For the last term above we write
(M Ry, TAR, )3 4y = Y IVIIORG (172 + Y by T RY, — TAR, (1725,
reTy reTy
< Y VIR (72 +2 Y byt <||HURZS = Ry, 1 720m + IRY, = HARZSH%%&))
TeTp TeTr
<C Y VR 20 (5.48)

=

where we used that R;; = 1?335 on O7 in the first inequality and the approximation properties of Il
and ITy, cf. (5.23) and (5.24), in the last inequality. Let @ = Vu,. An application of the fundamental
theorem of calculus gives

tn
VR | = / 0(t)dt — AtO(t,)| —

tn—1

/ " (6(t.) - " Ou(F)dF ) dt — At6 1)

tn  ptn tn
/ / 0,6(D)| di dt = At / 0,6(0)| di.
tn—1 Jtn—1 tn—1

implying that

in 2 tn tn
IVRL Iy <o [ ([T as) <ae [ [T er=ai [T a6k,
T tn—1 TJtn-1 tn—1

which, combined with (5.48), gives

tn tn
/ 0,0(7) di dt
th—1 Jt

N
NY IR TARE )Ry < CAC|00us]| 20,11 (0 ))- (5.49)

Combining (5.47) and (5.49) and using the error estimate for H(eg’o, €Z’O)H1,h,p given in (5.27) and the
error estimate for Z L Atl|(er, u)|| (cf. Theorem 5.1), we obtain

II(eZ’N, ey i np < C(AE + R2ETY),

Combining this with (4.3) and Lemma 4.1 restricted to €, and using (5.23) completes the proof.  [J
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Table 6.1: Convergence history for Example 6.1 with & = 1.

h |u —unllr2@  Order lw — wpll1,n Order | ||o — apllr2(q) Order
1/4 8.780e-03 - 1.943e-01 - 1.701e-02 —
1/8 2.306e-03 1.93 9.443e-02 1.04 4.843e-03 1.81
1/16 5.923e-04 1.96 4.643e-02 1.02 1.292e-03 1.91
1/32 1.483e-04 2.00 2.307e-02 1.01 3.335e-04 1.95

h | llup — wphlli20,)  Order | [pp — pplliz,) Order | ([}, e})llaiv, Order
1/4 9.112e-04 - 1.232e-04 - 9.241e-03 -
1/8 2.700e-04 1.75 3.425e-05 1.85 3.300e-03 1.49
1/16 7.354e-05 1.88 9.091e-06 1.91 9.381e-04 1.81
1/32 1.862e-05 1.98 2.293e-06 1.99 2.390e-04 1.97

Table 6.2: Recovered displacement, fluid pressure, and divergence errors for Example 6.1 with k = 1.

h | llm =Lz, Order | [n—mnpllinp Order | |lpf —psnllrz,) Order | |V - uspllr2))
1/4 7.583¢-04 — 1.695e-03 — 8.970e-03 — 9.681e-15
1/8 2.163e-04 1.81 5.200e-04 1.70 2.575e-03 1.80 1.953e-14
1/16 5.822e-05 1.89 1.729e-04 1.59 6.918e-04 1.90 4.023e-14
1/32 1.470e-05 1.99 6.803e-05 1.35 1.793e-04 1.95 7.866e-14

6 Numerical experiments

In this section we present a series of numerical experiments in two dimensions designed to validate the
performance and capabilities of the proposed scheme in terms of accuracy, robustness with respect to
co and \,, and structure preserving properties.

6.1 Convergence test

We consider = (0,1) x (—1,1), with Q¢ = (0,1) x (—1,0), @, = (0,1) x (0, 1). All physical parameters
are set to one. We define the exact solution by

(—3zy? + cosy) sin?(7t) (—3zy? + cos y)m sin(2mt)
= 5 ur =
" (y® + 1) sin?(7t) / (y® + 1)msin(2nt)

and py = p, = (' — 1) sin(mz) cos(ry/2). In addition, us = ;.

The exact solution satisfies the interface conditions (2.16)—(2.19) at y = 0. The body forces and
the poroelastic mass source are obtained by direct substitution into the governing equations. We take
T = 0.01, use triangular grids with & = 1, and choose At = Ch?. We report the convergence history
against the meshsize in Tables 6.1 and 6.2. The observed convergence and superconvergence rates
agree with the theoretical predictions. The computed fluid velocity is exactly divergence free.

We also present the test with & = 2. To balance the temporal and spatial errors, we now choose
At = Ch3. The convergence history against the meshsize for k = 2 is reported in Tables 6.3 and 6.4.
Again, optimal convergence rates consistent with the theoretical results are obtained.

6.2 Parameter robustness test

In this example we test the convergence of the proposed scheme for several choices of the physical
parameters. We particularly focus on robustness with respect to ¢y and A,. We consider {2 = QU (,,
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Table 6.3: Convergence history for Example 6.1 with k = 2.

h |u —unllr2@  Order lw — wpll1,n Order | ||o — apllr2(q) Order
1/4 5.219e-03 - 2.768e-02 - 2.247e-03 —
1/8 9.573e-04 2.45 5.711e-03 2.28 4.092e-04 2.46
1/16 1.288e-04 2.89 1.106e-03 2.37 5.492e-05 2.90
1/32 1.609e-05 3.00 2.468e-04 2.16 6.866¢-06 3.00

h | llup — wphlli20,)  Order | [pp — pplliz,) Order | ([}, e})llaiv, Order
1/4 8.366e-04 - 9.243e-05 - 1.174e-02 -
1/8 1.628e-04 2.36 1.763e-05 2.39 2.371e-03 2.31
1/16 2.219e-05 2.88 2.391e-06 2.88 3.283e-04 2.85
1/32 2.776e-06 3.00 2.991e-07 3.00 4.123e-05 2.99

Table 6.4: Recovered displacement, fluid pressure, and divergence errors for Example 6.1 with k = 2.

ho | |m—mnnlre@, Order | |n—mnulinp Order | |lpf —psallrz,) Order | [V -usnllr2@)
1/4 7.571e-04 — 1.502e-03 — 2.361e-04 — 1.045e-14
1/8 1.376e-04 2.46 2.732¢-04 2.46 4.472e-05 2.40 2.046e-14
1/16 1.846e-05 2.90 3.710e-05 2.88 6.081e-06 2.88 4.202e-14
1/32 2.307e-06 3.00 4.792¢e-06 2.95 7.612e-07 3.00 7.976e-14

where Q7 = (0,1) x (—1,0) and Q, = (0,1)?. The exact solution is defined by

. {sin<2m>2< 2(1— 2y (1 = y)(1 +))
—sin(27t)22z(1 — z)(1 — 22)(y3/3 — 4°/5)

and py = sin(2rt) sin(27z) sin(2my), pp = sin(2mt)?z(1 —z)y(1 —y). We set uy = u, = 9;n. The source
terms f,, gp, and h are obtained by plugging the solution into the model equations. The exact solution
is divergence free in the fluid region but does not satisfy all the homogeneous interface conditions
(2.16)—(2.19). Corresponding interface source terms are therefore included. We test the convergence
in space by solving the problem on a sequence of mesh refinements. In order to avoid the effect of
the time discretization error we choose At proportional to h%. In Tables 6.5 and 6.6 we report the
convergence history against the mesh size for all variables with all parameters set to one. We observe
that optimal convergence and superconvergence rates matching the theoretical results are obtained and
that the computed fluid velocity is exactly divergence free. We then perform numerical simulations
to assess the scheme’s robustness with respect to the physical parameters. Tables 6.7 and 6.8 show
the convergence history with A\, = 10°, u, = v, = 1, v = 0.01, K = 0.01,¢p = 1 and § = 10. We
again observe convergence rates in accordance with the theory. Finally, to further verify the robustness
of our method, especially with respect to cg, we also carry out numerical simulations with A\, = 106,
pp =vp =1, v = 1074, K =1, ¢g = 107% and § = 1. Optimal convergence and superconvergence
are again achieved as shown in Tables 6.9 and 6.10. We further investigate the effect of co with A,
on the magnitude of the numerical errors. In Figure 6.1 we present the errors with a fixed mesh size
h = 1/4 obtained by varying ¢y with A, = 1, choosing ¢y = 1072,1073,1074,1075,107° (right panel)
and by varying A\, with ¢y = 10~*, choosing Ap = 1,10, 102,10%,10* (left panel). In both experiments,
the errors remain nearly unchanged over the tested parameter ranges, providing numerical evidence of
robustness with respect to these two physical parameters.
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Table 6.5: Convergence history for Example 6.2 with all parameters equal to one.

h v —wunllr2) | Order (el eh)[|1n Order | |[o — opllp2() | Order
1/4 1.90e-02 - 3.36e-01 - 1.31e-01 —
1/8 4.70e-03 2.02 1.23e-01 1.45 3.97e-02 1.71
1/16 1.10e-03 2.11 3.78e-02 1.71 1.11e-02 1.83
1/32 2.55e-04 2.07 1.05e-02 1.85 3.00e-03 1.91

h | llup = wphllr20,) | Order [ lpp — ppilliz(o,) | Order | (i€}, e})llaiv, | Order
1/4 2.30e-03 - 4.31e-04 - 1.27e-02 -
1/8 5.20e-04 2.13 1.07e-04 2.00 5.20e-03 1.30
1/16 1.25e-04 2.05 2.69e-05 1.99 1.70e-03 1.62
1/32 3.10e-05 2.01 6.70e-06 1.99 4.81e-04 1.81

Table 6.6: Convergence history of the recovered variable 7;, and verification of Lemma 3.1 for Exam-

ple 6.2 with all parameters equal to one.

Table 6.7: Convergence history for Example 6.2 with A\, = 10°, p=vp,=1,v=0.01, K =001,¢g =1

h | lln —mnllz2(,) | Order | (e}, el)llinp | Order | V- upp
1/4 2.30e-03 - 1.65¢-02 — | 2.53e-015
1/8 5.20e-04 2.13 5.90e-03 1.49 | 5.47e-015
1/16 1.25¢-04 2.05 1.80e-03 1.71 | 1.13e-014
1/32 | 3.10e-05 2.01 4.98e-04 1.85 | 2.07e-014

and ¢ = 10.

h |lu —upllp2@@) | Order (e, e |1n Order | [|o — opllr2(q) | Order
1/4 1.71e-02 - 2.72e-01 4.35e-0 -
1/8 4.40e-03 1.97 9.98e-02 1.45 1.14e-02 1.93
1/16 1.00e-03 2.06 3.05e-02 1.71 2.90e-03 1.97
1/32 2.52e-04 2.04 8.40e-03 1.86 7.25e-04 1.99

h | Ty — wgnlieiay) | Order | oy —ppnll ey | Order | (€L, e, | Order
1/4 4.04e-05 - 6.91e-04 4.48e-04 -
1/8 9.27e-06 2.12 1.74e-04 2.00 1.68e-04 1.42
1/16 2.05e-06 2.17 4.36e-05 1.99 4.53e-05 1.89
1/32 4.97e-07 2.04 1.09e-05 1.99 1.13e-05 2.01

Table 6.8: Convergence history of the recovered variable 7y, and verification of Lemma 3.1 for Exam-

ple 6.2 with \, = 105, =v,=1,v=0.01, K =0.01,¢g =1 and 6 = 10.
P Hp D

h | llm = nnllz2,) | Order | [|(€l,€M)]1hp | Order | V- uyy,
1/4 2.30e-03 — 1.19e-02 — 2.53e-15
1/8 5.20e-04 2.13 4.20e-03 1.51 | 5.49e-015
1/16 1.25e-04 2.05 1.30e-03 1.73 | 1.12e-014
1/32 3.10e-05 2.01 3.45e-04 1.86 | 2.07e-014
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Table 6.9: Convergence history for Example 6.2 with A\, = 10°, p, = 1, v = 1074, K =1, ¢g = 1074
and § = 1.

h |u —upllp2@) | Order (el et)|1n Order | [lo — opllr2@q) | Order
1/4 6.68e-02 - 2.07e-00 - 4.35e-0 -

1/8 4.60e-03 1.97 1.19e-01 4.11 1.14e-02 1.93
1/16 1.00e-03 2.06 3.06e-02 1.97 2.90e-03 1.97
1/32 2.52e-04 2.04 8.40e-03 1.86 7.25e-04 1.99
B | Tty — iy | Order | 1o — pprllizmy | Order | T(eh,, @, | Order
1/4 1.70e-03 - 3.26e-04 - 2.04e-07 -

1/8 4.09e-04 2.12 8.19e-05 2.00 5.01e-08 2.03
1/16 1.03e-04 2.17 2.05e-05 1.99 1.24e-08 2.01
1/32 2.60e-05 2.04 5.13e-06 1.99 3.10e-09 1.99

Table 6.10: Convergence history of the recovered variable 1, and verification of Lemma 3.1 for Exam-
ple 6.2 with A\, = 10%, p, =1, v =10"%, K =1,¢p=10"% and § = 1.

R [ 11— malli2,) | Order | (el e)inp | Order | V-uy
1/4 2.30e-03 — 1.20e-02 — 2.71e-015
1/8 5.20e-04 2.13 4.20e-03 1.53 | 5.51e-015
1/16 1.25e-04 2.05 1.30e-03 1.73 1.12e-014
1/32 3.10e-05 2.01 3.45e-04 1.86 | 2.07e-014

6.3 Coupled surface and subsurface flows

In this example we simulate coupling of surface and subsurface flows, which can be used to describe
the interaction between a river and an aquifer. The example is constructed in [38]. In the domain
Q2 =(0,2) x (—1,1), we associate the upper half with the river flow modeled by Stokes equations, while
the lower half represents the flow in the aquifer governed by the Biot system. We set f, = h = 0 and
gp = 0 and the initial condition is also set to zero. The flow is driven through a parabolic fluid velocity
on the left boundary of the fluid region with boundary conditions specified as follows:

up = (—40y(y — 1),0)" on Lpyere = {(z,y) : 2 =0,y € (0,1)},

ur=0o0nT 0 Ul fright :== {(z,y) :y=1,2€ (0,1)} U{(z,y) : 2 =2,y € (0,1)},
pp=0 ando,n, =0onypottom := {(7,9) 1y = —1,2 € (0,2)},

u, -n, =0 andus =0 on e UL right

={(z,y):x =0,y € (-1,0)} U{(z,y): x =2,y € (—1,0)}.

We consider three cases with different values of 9, A, co, K and p,, letting v = v, = 1 for all the three
cases, see Table 6.11. The final simulation time is 7' = 3 and the discretization parameters are At = 0.06
and h = 1/64. The computed solutions for Case 1-Case 3 are displayed in Figure 6.2-Figure 6.4. Case
2 represents a problem that exhibits both locking regimes for poroelasticity: (1) small storativity and
(2) almost incompressible material. We observe from Figure 6.3 that the computed solution does not
exhibit locking effects or oscillations. The behavior is qualitatively similar to Case 1. In Case 3, the
Lamé coefficient p, is increased to 10, resulting in a much stiffer poroelastic medium. The solution is
again free of locking effects or oscillations. The stress plots in all three cases show that the computed
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Figure 6.1: Errors with respect to different values of A, (left) and cq (right) of Example 6.2.

Table 6.11: Parameter configurations for Example 6.3.

Parameters | Case 1 | Case 2 | Case 3
1) 1 1 100
Ap 1 106 109
co 1 107* | 1074
K 1 1 1074
[y 1 1 108

stress has a continuous normal component across the interface.
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