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Abstract

We develop multipoint stress mixed finite element methods for linear elasticity with weakly enforced
stress symmetry on distorted quadrilateral grids, which can be reduced to positive definite cell-centered
systems. The methods utilize the lowest-order Brezzi-Douglas-Marini finite element spaces for the stress
and employ vertex quadrature rules to localize the interaction of degrees of freedom. This approach
allows for local stress elimination around each vertex. We introduce two methods. The first method uses
a piecewise constant rotation, resulting in a cell-centered system for the displacement and the rotation.
The second method employs a continuous piecewise bilinear rotation, enabling further elimination of the
rotation and resulting in a cell-centered system for the displacement only. The methods utilize a non-
symmetric vertex quadrature rule for the stress bilinear form and both non-symmetric and symmetric
vertex quadrature rules for the asymmetry bilinear forms. Stability and error analysis are performed
for both methods. First-order convergence is established for all variables in the L2-norm. Numerical
results are presented that verify the theoretical results.

1 Introduction

Mixed finite element (MFE) methods for stress-displacement elasticity formulations provide accurate
stress representation with local momentum conservation, locking-free approximations, and efficient han-
dling of nearly incompressible materials. Extensive research has examined both strong [10, 15] and
weak [11, 13, 14, 16, 17, 21, 25, 27, 30, 35] stress symmetry within these methods. A significant challenge,
however, is that they result in algebraic systems saddle point type, which can be computationally ex-
pensive to solve. To mitigate this issue, two prevalent approaches are used to convert MFE formulations
to positive definite systems: hybridization, which creates skeletal systems, and reduction to cell-centered
systems.

In this paper, we develop two stress-displacement MFE methods for elasticity on distorted quadrilateral
grids, which can be reduced to positive definite cell-centered systems. These methods, referred to as
multipoint stress mixed finite element (MSMFE) methods, are inspired by similar formulations previously
developed for simplicial [5], smooth quadrilateral [6], and cuboid [39] grids, as well as the related multipoint
stress approximation (MPSA) finite volume method [28,32]. However, our stability and error analysis on
distorted quadrilaterals present significant differences.

The MSMFE approach draws from the multipoint flux mixed finite element (MFMFE) methods [26,
37, 38], which reduce MFE methods for Darcy flow to cell-centered finite differences on various grid
types, including simplicial, quadrilateral, and hexahedral. The MFMFE method is closely related to the
multipoint flux approximation (MPFA) method [1–4, 22], a finite volume method that eliminates fluxes
around mesh vertices in terms of neighboring pressures. This approach accommodates discontinuous full
tensor coefficients and general grid structures, offering an improvement over earlier cell-centered finite
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difference schemes derived from MFE methods, which are effective only for either diagonal tensors and
cuboid grids [23,33] or full tensors with smooth grids and coefficients [7, 8].

The MFMFE methods employ the lowest order Brezzi–Douglas–Marini BDM1 spaces [19] on simplicial
and quadrilateral grids and an enhanced Brezzi–Douglas–Duran–Fortin BDDF1 space [18] on hexahedral
grids. A vertex quadrature rule is used, allowing for local velocity elimination and resulting in a symmetric
and positive definite cell-centered system for the pressure. In [37], which inspired this work, a mixed finite
element method on general quadrilateral and hexahedral grids is presented. This method reduces to a cell-
centered finite difference scheme using a special non-symmetric quadrature rule, see also [29], that yields
a positive definite cell-centered system for the pressure by locally eliminating velocities. It is convergent
on rough quadrilateral and hexahedral grids, including hexahedra with non-planar faces.

The methods we develop in this paper are related to the non-symmetric MFMFE method [37]. We
consider a formulation where the symmetry of the stress is imposed weakly using a Lagrange multiplier,
which has a physical interpretation as rotation. We use a non-symmetric vertex quadrature rule for
the stress-stress and stress-rotation bilinear forms in the constitutive equation and a symmetric vertex
quadrature rule for the stress-rotation bilinear form in the equation for weak imposition of symmetry.
The reason for the use of a non-symmetric quadrature rule is that it provides a good approximation on
general quadrilaterals, unlike the symmetric quadrature rule, which suffers from reduced accuracy on such
grids.

Our first method, referred to as MSMFE-0, is based on the spaces BDM1 ×Q0 ×Q0, employing the
BDM1 space for stress and piecewise constants for the displacement and the rotation. For the BDM1

space, the degrees of freedom are the values of normal components at any two points on each of the
four edges, and we select the vertices for these points. This choice is motivated by the use of the vertex
quadrature rule, localizing the interaction of the stress degrees of freedom around the vertices. This
results in a block-diagonal stress matrix. The stress is then locally eliminated, reducing the method to a
positive definite cell-centered system for the displacement and the rotation, which is smaller and easier
to solve than the original system.

Our second method, MSMFE-1, is based on the spaces BDM1 × Q0 × Q1, with continuous bilinear
rotations. In addition to the initial local stress elimination, since there is one rotation basis function
associated with each vertex, we further eliminate the rotation locally. This results in a positive definite
cell-centered system for the displacement only.

We perform stability and error analysis for both MSMFE methods. The arguments for distorted
quadrilaterals differ from those for smooth quadrilaterals presented in [6] due to the use a non-symmetric
vertex quadrature rule for the stress-stress and stress-rotation bilinear forms in the constitutive equation
and a symmetric vertex quadrature rule for the weak imposition of symmetry. Employing two different
quadrature rules increases the complexity of the analysis and requires a different approach.

We conduct the stability and error analysis for grids with elements that are h1+α-perturbations of
parallelograms for α > 0. In the analysis, we establish a bound for the difference between the stress-
rotation bilinear forms with non-symmetric and symmetric quadrature rules. We also utilize the fact that
our spaces satisfy an inf-sup condition with symmetric quadrature for the stress-rotation bilinear form,
as established in [6] for the MSMFE-1 method. We proceed to establish first-order convergence for the
stress, displacement, and rotation in the L2-norm for both methods. For the quadrature errors, we utilize
properties established for the non-symmetric quadrature rule in [37]. We further prove that the resulting
algebraic systems for both methods are positive definite and therefore suitable for efficient Krylov space
iterative method such as GMRES.

The rest of the paper is organized as follows. Section 2 presents the model problem and its MFE
approximation. In Sections 3 and 4 we develop the two methods. The stability and error analyses for
both methods are performed in Sections 5 and 6, respectively. Numerical results are presented in Section
7, followed by closing remarks in Section 8.
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2 Model problem and its MFE approximation

Let Ω be a simply connected, bounded polygonal domain in R2. We denote by M, S, and N the spaces
of real 2 × 2 matrices, symmetric matrices, and skew-symmetric matrices, respectively. We will employ
the standard divergence operator div, which, for vector fields, produces a scalar field. When applied to
a matrix field, div yields a vector field by taking the divergence of each row of the matrix. Additionally,
we use the curl operator, defined as

curl φ = (∂2φ,−∂1φ)

for a scalar function φ. For a vector field, the curl operator produces a matrix field by applying the
operator row-wise.

Throughout the paper, C denotes a generic positive constant that is independent of the discretization
parameter h. We will also use the following standard notation. For a domain G ⊂ R2, the L2(G) inner
product and norm for scalar and vector-valued functions are denoted by (·, ·)G and ‖·‖G, respectively. The
norms and seminorms of the Sobolev spaces W k,p(G), k ∈ R, p > 0 are denoted by ‖ · ‖k,p,G and | · |k,p,G,
respectively. The norms and seminorms of the Hilbert spaces Hk(G) are denoted by ‖ · ‖k,G and | · |k,G,
respectively. We omit G in the subscript if G = Ω. For a section of the domain or element boundary S,
we write 〈·, ·〉S and ‖ · ‖S for the L2(S) inner product (or duality pairing) and norm, respectively. We will
also use the space H(div; Ω) = {v ∈ L2(Ω,R2) : div v ∈ L2(Ω)} equipped with the norm

‖v‖div =
(
‖v‖2 + ‖ div v‖2

)1/2
.

Given a uniformly positive definite compliance tensor A ∈ L∞(Ω,S) and a vector field f ∈ L2(Ω,R2)
representing body forces, the equations of linear elasticity in the Hellinger-Reissner form determine the
stress σ and the displacement u satisfying the constitutive and equilibrium equations, respectively:

Aσ = ε(u), div σ = f in Ω, (2.1)

together with the boundary conditions

u = g on ΓD, σ n = 0 on ΓN , (2.2)

where ε(u) = 1
2

(
∇u+ (∇u)T

)
, ∂Ω = ΓD ∪ ΓN , n is the unit outward normal vector on ∂Ω, and g ∈

H1/2(ΓD,R2). We assume that ΓD 6= ∅, which ensures uniqueness of the solution.
We consider a weak formulation for (2.1)–(2.2), in which the stress symmetry is imposed weakly, using

the Lagrange multiplier γ = skew(∇u), where skew(τ) = 1
2(τ − τT ) ∈ N: find (σ, u, γ) ∈ X× V ×W such

that

(Aσ, τ) + (u,div τ) + (γ, τ) = 〈g, τ n〉ΓD , ∀τ ∈ X, (2.3)

(div σ, v) = (f, v) , ∀v ∈ V, (2.4)

(σ,w) = 0, ∀w ∈W, (2.5)

where the corresponding spaces are

X = {τ ∈ H(div; Ω,M) : τ n = 0 on ΓN} , V = L2(Ω,R2), W = L2(Ω,N).

Problem (2.3)–(2.5) has a unique solution [14].

2.1 Mixed finite element method

Let Th be a shape-regular quadrilateral partition of Ω [20], with h = maxE∈Th diam(E). For any element
E ∈ Th, there exists a bilinear bijection mapping FE : Ê → E, where Ê = [0, 1]2 is the reference square,
see Figure 1. Denote the Jacobian matrix by DFE and let JE = |det(DFE)|. For x = FE(x̂), we have

DF−1
E (x) = (DFE)−1(x̂), JF−1

E
(x) =

1

JE(x̂)
.
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Let Ê have vertices r̂1 = (0, 0)T , r̂2 = (1, 0)T , r̂3 = (1, 1)T , and r̂4 = (0, 1)T . We denote by ri = (xi, yi)
T ,

i = 1, . . . , 4, the corresponding vertices of the element E, The bilinear mapping FE and its Jacobian
matrix are given by

FE(r̂) = r1 + r21x̂+ r41ŷ + (r34 − r21)x̂ŷ, (2.6)

DFE = [r21, r41] + [(r34 − r21)ŷ, (r34 − r21)x̂] , (2.7)

where rij = ri − rj .
It is easy to see that the shape-regularity of the grids imply that for all E ∈ Th,

‖DFE‖0,∞,Ê ∼ hE , ‖DF−1
E ‖0,∞,Ê ∼ h

−1
E , ‖JE‖0,∞,Ê ∼ h

2
E , and ‖JF−1

E
‖0,∞,Ê ∼ h

−2
E , (2.8)

where the notation a ∼ b means that there exist positive constants c0, c1 independent of h such that
c0b ≤ a ≤ c1b.

The finite element spaces Xh×Vh×Wk
h ⊂ X×V ×W are the triple (BDM1)2× (Q0)2× (Qk)2×2,skew,

k = 0, 1, where Qk denotes the space of polynomials of degree at most k in each variable and each row of
an element of Xh is a vector in BDM1. In the case k = 1 the rotation space W1

h consists of continuous
functions. On the reference square the spaces are defined as

X̂(Ê) =
(
P1(Ê)2 + r1 curl(x̂2ŷ) + s1 curl(x̂ŷ2)

)
×
(
P1(Ê)2 + r2 curl(x̂2ŷ) + s2 curl(x̂ŷ2)

)
=

(
α1x̂+ β1ŷ + γ1 + r1x̂

2 + 2s1x̂ŷ α2x̂+ β2ŷ + γ2 − 2r1x̂ŷ − s1ŷ
2

α3x̂+ β3ŷ + γ3 + r2x̂
2 + 2s2x̂ŷ α4x̂+ β4ŷ + γ4 − 2r2x̂ŷ − s2ŷ

2

)
, (2.9)

V̂ (Ê) =
(
Q0(Ê)

)2
, Ŵk(Ê) =

(
0 p
−p 0

)
, p ∈ Qk(Ê) for k = 0, 1,

where αi, βi, γi, ri, si are real constants. Note that div X̂(Ê) = V̂ (Ê) and for all τ̂ ∈ X̂(Ê), τ̂ n̂ê ∈ P1(ê)2

on any edge ê of Ê, where n̂ê is the outward unit normal vector on ê. It is well known [18, 19] that the
degrees of freedom of BDM1(Ê) can be chosen as the values of the normal components at any two points
on each edge ê ⊂ ∂Ê. In this work we choose these points to be the vertices of ê, see Figure 1. This
is motivated by the vertex quadrature rules, introduced in the next section. The spaces on any element
E ∈ Th are defined via the transformations

τ
P↔ τ̂ : τT =

1

JE
DFE τ̂

T ◦ F−1
E , v ↔ v̂ : v = v̂ ◦ F−1

E , w ↔ ŵ : ξ = ŵ ◦ F−1
E , (2.10)

where τ̂ ∈ X̂(Ê), v̂ ∈ V̂ (Ê), and ŵ ∈ Ŵk(Ê). Note that the Piola transformation (applied row-wise) is

used for X̂(Ê). It satisfies, for all sufficiently smooth τ
P↔ τ̂ , v ↔ v̂, and φ↔ φ̂,

(div τ, v)E = (div τ̂ , v̂)Ê , 〈τ ne, v〉e = 〈τ̂ n̂ê, v̂〉ê, and curlφ
P↔ curl φ̂. (2.11)

The finite element spaces on Th are defined by

Xh = {τ ∈ X : τ |E
P↔ τ̂ , τ̂ ∈ X̂(Ê) ∀E ∈ Th},

Vh = {v ∈ V : v|E ↔ v̂, v̂ ∈ V̂ (Ê) ∀E ∈ Th}, (2.12)

W0
h = {w ∈W : w|E ↔ ŵ, ŵ ∈ Ŵ0(Ê) ∀E ∈ Th},

W1
h = {w ∈ C(Ω,N) ⊂W : w|E ↔ ŵ, ŵ ∈ Ŵ1(Ê) ∀E ∈ Th}.

Note that W1
h ⊂ H1(Ω), since it contains continuous piecewise Q1 functions.
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Figure 1: Degrees of freedom of Xh × Vh ×W1
h.

The MFE method for (2.3)–(2.5) is: find (σh, uh, γh) ∈ Xh × Vh ×Wk
h such that

(Aσh, τ) + (uh, div τ) + (γh, τ) = 〈g, τn〉ΓD , τ ∈ Xh, (2.13)

(div σh, v) = (f, v), v ∈ Vh, (2.14)

(σh, w) = 0, w ∈Wk
h. (2.15)

It is shown in [11] that the method (2.13)–(2.15) in the case k = 0 has a unique solution and is first-
order accurate for all variables in their corresponding norms. The case k = 1 on rectangles is analyzed
in [30]. The framework from [11] can be used to analyze the case k = 1 on quadrilaterals. A drawback of
the method is that the resulting algebraic problem is a coupled stress-displacement-rotation system of a
saddle point type. In this paper, we develop two methods that utilize symmetric and non-symmetric vertex
quadrature rules and can be reduced to cell-centered systems for displacement-rotation and displacement
only, respectively.

2.2 Symmetric and non-symmetric quadrature rules

For a continuous function ϕ on an element E ∈ Th, we approximate
∫
E ϕdx by mapping to the reference

element and employing the vertex quadrature rule:∫
E
ϕdx =

∫
Ê
ϕ(FE(x̂))JE dx̂ ≈

|Ê|
4

4∑
i=1

ϕ(FE(r̂i))JE(r̂i) =
|Ê|
4

4∑
i=1

ϕ(ri)JE(r̂i).

Since for τ, χ ∈ Xh we have∫
E
Aτ : χdx =

∫
Ê
Â

1

JE
τ̂DF TE :

1

JE
χ̂DF TE JE dx̂ =

∫
Ê
Âτ̂

1

JE
DF TE : χ̂DF TE dx̂,

the symmetric vertex quadrature rule on an element E is defined as

(Aτ, χ)Q̃,E :=
|Ê|
4

4∑
i=1

Â(r̂i)τ̂(r̂i)
1

JE(r̂i)
DF TE (r̂i) : χ̂(r̂i)DF

T
E (r̂i). (2.16)

The non-symmetric vertex quadrature rule [29] on an element E is then defined as

(Aτ, χ)Q,E :=
|Ê|
4

4∑
i=1

AE τ̂(r̂i)
1

JE(r̂i)
DF TE (r̂i) : χ̂(r̂i)DF

T
E (r̂c). (2.17)

where AE is the constant tensor with components equal to the mean values of the components of A on E
and r̂c is the center of mass of Ê. The global quadrature rules are defined as

(Aτ, χ)Q̃ :=
∑
E∈Th

(Aτ, χ)Q̃,E and (Aτ, χ)Q :=
∑
E∈Th

(Aτ, χ)Q,E .
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We also employ the vertex quadrature rules for the stress-rotation bilinear forms. Since for τ ∈ Xh, w ∈
Wk
h we have ∫

E
τ : w dx =

∫
Ê

1

JE
τ̂DF TE : ŵJE dx̂ =

∫
Ê
τ̂DF TE : ŵ dx̂,

we define

(τ, w)Q̃,E = (w, τ)Q̃,E :=
|Ê|
4

4∑
i=1

τ̂(r̂i)DF
T
E (r̂i) : ŵ(r̂i), (2.18)

(τ, w)Q,E = (w, τ)Q,E :=
|Ê|
4

4∑
i=1

τ̂(r̂i)DF
T
E (r̂c) : ŵ(r̂i), (2.19)

with
(τ, w)Q̃ :=

∑
E∈Th

(τ, w)Q̃,E and (τ, w)Q :=
∑
E∈Th

(τ, w)Q,E .

The following lemma and assumption establish that the vertex quadrature rules generate coercive
bilinear forms.

Lemma 2.1. [6] The bilinear form (Aτ, χ)Q̃ is an inner product on Xh and (Aτ, τ)
1/2

Q̃
is a norm in Xh

equivalent to ‖ · ‖, that is, there exist constants 0 < α̃0 ≤ α̃1 independent of h such that

α̃0‖τ‖2 ≤ (Aτ, τ)Q̃ ≤ α̃1‖τ‖2 ∀τ ∈ Xh. (2.20)

Furthermore, (w,w)
1/2

Q̃
is a norm in Wk

h equivalent to ‖ · ‖, and ∀ τ ∈ Xh, w ∈Wk
h, (τ, w)Q̃ ≤ C‖τ‖‖w‖.

Assumption 2.1. (Aτ, τ)
1/2
Q is a norm in Xh equivalent to ‖·‖, that is, there exist constants 0 < α0 ≤ α1

independent of h such that

α0‖τ‖2 ≤ (Aτ, τ)Q ≤ α1‖τ‖2 ∀τ ∈ Xh. (2.21)

In addition, it holds that

(Aτ, χ)Q ≤ C‖τ‖‖χ‖ ∀τ, χ ∈ Xh,

and ∀τ ∈ Xh, w ∈Wk
h, it holds that (τ, w)Q ≤ C‖τ‖‖w‖.

It is shown in [37, Lemma 3.13] that Assumption 2.1 holds under certain conditions on the shape
regularity of the elements and the anisotropy of compliance tensor A, see also [29, 31] for further details
on these conditions.

For the analysis of the methods, we impose a restriction on the element geometry. A quadrilateral
with vertices r1, . . . , r4 is called an h1+α parallelogram if

|r34 − r21|R2 ≤ Ch1+α
E , (2.22)

where | · |R2 is the Euclidean vector norm. It is not difficult to check that in this case

|DFE |1,∞,Ê ≤ Ch
1+α
E . (2.23)

We have the following bound on the stress-rotation bilinear forms with the symmetric and non-
symmetric quadrature rules given in (2.18) and (2.19).

Lemma 2.2. For a mesh of h1+α parallelograms, there exists a constant C̃ > 0 independent of h such
that

|(τ, w)Q − (τ, w)Q̃| ≤ C̃h
α‖τ‖‖w‖. (2.24)
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Proof. Using the definitions of the quadrature rules (2.18) and (2.19), we have the following on each
element E:

|(τ, w)Q,E − (τ, w)Q̃,E | =
|Ê|
4

∣∣∣∣∣
4∑
i=1

τ̂(r̂i)DF
T
E (r̂c) : ŵ(r̂i)−

4∑
i=1

τ̂(r̂i)DF
T
E (r̂i) : ŵ(r̂i)

∣∣∣∣∣
=
|Ê|
4

∣∣∣∣∣
4∑
i=1

τ̂(r̂i)
(
DF TE (r̂c)−DF TE (r̂i)

)
: ŵ(r̂i)

∣∣∣∣∣
=
|Ê|
4

∣∣∣∣∣
4∑
i=1

τ̂(r̂i)
1

JE(r̂i)
DF TE (r̂i)DF

−T
E (r̂i)

(
DF TE (r̂c)−DF TE (r̂i)

)
: ŵ(r̂i)JE(r̂i)

∣∣∣∣∣
≤ C‖DF−1

E ‖0,∞,Ê |DFE |1,∞,Ê ‖τ ◦ FE‖Ê‖w ◦ FE‖Ê‖JE‖0,∞,Ê
≤ Ch−1

E h1+α
E ‖τ‖E‖w‖E‖JF−1

E
‖0,∞,Ê‖JE‖0,∞,Ê

= ChαE‖τ‖E‖w‖E , (2.25)

where we have used (2.8) and (2.23). The proof is completed by summing over E.

3 The multipoint stress mixed finite element method with constant
rotations (MSMFE-0)

Let P0 be the L2-orthogonal projection onto the space of piecewise constant vector-valued functions on
the trace of Th on ∂Ω. Our first method, referred to as MSMFE-0, is: find σh ∈ Xh, uh ∈ Vh, and γh ∈W0

h

such that

(Aσh, τ)Q + (uh,div τ) + (γh, τ)Q = 〈P0g, τ n〉ΓD , τ ∈ Xh, (3.1)

(div σh, v) = (f, v), v ∈ Vh, (3.2)

(σh, w)Q̃ = 0, w ∈W0
h. (3.3)

The Dirichlet data is incorporated into the scheme as P0g, which is necessary for the optimal approxima-
tion of the boundary data term.

Remark 3.1. Note that the non-symmetric quadrature rule (·, ·)Q is employed in the constitutive equation
(3.1), which is needed for the consistency of the method, while the symmetric quadrature rule (·, ·)Q̃ is
employed in (3.3). The latter is motivated by the fact that the definition of the symmetric quadrature rule
(2.18) implies that for σ ∈ S and ξ ∈ N,

(σ, ξ)Q̃ = 0, (3.4)

while (3.4) does not hold with the non-symmetric quadrature rule (σ, ξ)Q defined in (2.19).

The following assumption is required for the analysis of the MSMFE-0 method. It is proved for a
special case in Appendix A.

Assumption 3.1. There exists a constant β1 > 0 independent of h such that

inf
06=(v,w)∈Vh×W0

h

sup
06=τ∈Xh

(div τ, v) + (τ, w)Q̃
‖τ‖div (‖v‖+ ‖w‖)

≥ β1. (3.5)

Remark 3.2. The above inf-sup condition without quadrature rule, i.e. with (τ, w)Q̃ replaced by (τ, w),
is established in [11]. The argument used there cannot be extended to the case with quadrature rule.
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3.1 Reduction to a cell-centered displacement-rotation system

The algebraic system resulting from (3.1)–(3.3) takes the form Aσσ ATσu ATσγ
−Aσu 0 0

−Ãσγ 0 0

σu
γ

 =

 g
−f
0

 , (3.6)

where (Aσσ)ij = (Aτj , τi)Q, (Aσu)ij = (div τj , vi), (Aσγ)ij = (τj , wi)Q, and (Ãσγ)ij = (τj , wi)Q̃. This
system can be reduced to a cell-centered displacement-rotation form as follows.

Since the quadrature rule (Aσh, τ)Q confines basis function interactions to mesh vertices, the matrix
Aσσ becomes block-diagonal, with 2k × 2k blocks corresponding to vertices, where k is the number of
elements sharing the vertex. Figure 2 (left) illustrates an example with k = 4. Due to Assumption 2.1
these blocks are positive definite, allowing the stress variable σh to be efficiently eliminated by solving
small local systems. This reduction yields the cell-centered displacement-rotation system(

AσuA
−1
σσA

T
σu AσuA

−1
σσA

T
σγ

ÃσγA
−1
σσA

T
σu ÃσγA

−1
σσA

T
σγ

)(
u
γ

)
=

(
−f +AσuA

−1
σσg

ÃσγA
−1
σσg

)
. (3.7)

The displacement and rotation stencils for an element E involve all elements sharing a vertex with E, as
shown in Figure 2 (right) for a sample displacement stencil.

Lemma 3.1. Assuming that h is sufficiently small, the system in (3.7) is positive definite.

Proof. We aim to show that, for any
(
vT wT

)
6= 0,

(
vT wT

)(AσuA−1
σσA

T
σu AσuA

−1
σσA

T
σγ

ÃσγA
−1
σσA

T
σu ÃσγA

−1
σσA

T
σγ

)(
v
w

)
> 0. (3.8)

Let τ , v, w be vectors corresponding to the stress, displacement, and rotation finite element functions τh,
vh, wh. Define the scaled vectors ṽ and w̃ such that ṽ|E = hE v|E and w̃|E = hE w|E . Due to (2.10) and
(2.8) we have

|τ |R2 ∼ ‖τh‖, |ṽ|R2 ∼ ‖vh‖, |w̃|R2 ∼ ‖wh‖. (3.9)
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We write

|ATσuv +ATσγw|R2 = sup
τ

(
ATσuv +ATσγw

)
· τ

|τ |
≥ C sup

τh∈Xh

(div τh, vh) + (τh, wh)Q
‖τh‖

= C sup
τh∈Xh

(div τh, vh) + (τh, wh)Q − (τh, wh)Q̃ + (τh, wh)Q̃
‖τh‖

≥ C

(
sup
τh∈Xh

(div τh, vh) + (τh, wh)Q̃
‖τh‖div

− C̃hα‖wh‖

)
≥ C

(
‖vh‖+ ‖wh‖ − C̃hα‖wh‖

)
≥ C (‖vh‖+ ‖wh‖) ≥ C (|ṽ|R2 + |w̃|R2) , (3.10)

where we used (3.9) in the first inequality, (2.24) in the second inequality, (3.5) in the third inequality
and (3.9) in the last inequality. The fourth inequality above is obtained for h small enough. We also have

|(ATσγ − ÃTσγ)w|R2 = sup
τ

(ATσγ − ÃTσγ)w · τ
|τ |R2

≤ C sup
τh∈Xh

(τh, wh)Q − (τh, wh)Q̃
‖τh‖

≤ Chα‖wh‖ ≤ Chα|w̃|R2 ,

(3.11)

where we used (3.9) in the first and last inequalities, and (2.24) in the second inequality.
Now, for any

(
vT wT

)
6= 0, we write

(
vT wT

)(AσuA−1
σσA

T
σu AσuA

−1
σσA

T
σγ

ÃσγA
−1
σσA

T
σu ÃσγA

−1
σσA

T
σγ

)(
v
w

)
=
(
AσuA

−1
σσA

T
σuv, v

)
+
(
AσuA

−1
σσA

T
σγw, v

)
+
(
ÃσγA

−1
σσA

T
σuv, w

)
+
(
ÃσγA

−1
σσA

T
σγw,w

)
=
(
A−1
σσ (ATσuv +ATσγw), (ATσuv + ÃTσγw)

)
=
(
A−1
σσ (ATσuv +ATσγw), (ATσuv +ATσγw) + (ÃTσγ −ATσγ)w

)
≥ C|ATσuv +ATσγw|2R2 − C|ATσuv +ATσγw|R2 |(ÃTσγ −ATσγ)w|R2

≥ C|ATσuv +ATσγw|2R2 − ε|ATσuv +ATσγw|2R2 − Cε|(ÃTσγ −ATσγ)w|2R2

≥ C|ATσuv +ATσγw|2R2 − C|(ÃTσγ −ATσγ)w|2R2

≥ C
(
|ṽ|2R2 + |w̃|2R2

)
− Ch2α|w̃|2R2 ≥ C

(
|ṽ|2R2 + |w̃|2R2

)
> 0, (3.12)

where we used (2.21) in the first inequality, Young’s inequality in the second inequality, and (3.10) and
(3.11) in the fourth inequality. We also used that h is small enough in the last inequality.

Remark 3.3. The MSMFE-0 method offers greater efficiency than the original MFE method by solving a
smaller, positive definite system. To illustrate the computational savings, consider a logically rectangular
grid where the number of elements and vertices are approximately equal, denoted by m. In the original
system (3.6), each vertex has eight stress degrees of freedom, while each element has two displacement and
one rotation degrees of freedom, totaling around 11m unknowns. The reduced system (3.7), however, has
only about 3m unknowns, resulting in a substantial reduction. Furthermore, the reduced system is positive
definite, allowing for efficient solvers such as GMRES to be employed. In contrast, the original system
(3.6) is indefinite, making such fast solvers unsuitable.

It is also worth noting that the additional cost for solving local vertex systems, necessary to assemble
(3.7), is O(m), which becomes negligible for large m in comparison to the O(m2) cost of solving the global
systems (3.6) or (3.7) with a Krylov space iterative method.
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No further reduction of the system in (3.7) is possible. In the following section, we introduce a method
that uses continuous bilinear rotations with vertex quadrature rules applied to the stress-rotation bilinear
forms. This approach allows for further local elimination of the rotation variable, resulting in a cell-
centered system for the displacement only.

4 The multipoint stress mixed finite element method with bilinear
rotations (MSMFE-1)

In the second method, called MSMFE-1, we set k = 1 in (2.9). The method is: find σh ∈ Xh, uh ∈ Vh,
and γh ∈W1

h such that

(Aσh, τ)Q + (uh,div τ) + (γh, τ)Q = 〈P0g, τ n〉ΓD , τ ∈ Xh, (4.1)

(div σh, v) = (f, v), v ∈ Vh, (4.2)

(σh, w)Q̃ = 0, w ∈W1
h. (4.3)

We make the following assumptions on the mesh.

Assumption 4.1. Each element E has at most one edge on ΓN .

Assumption 4.2. The mesh size h is sufficiently small and there exists a constant C such that for every
pair of neighboring elements E and Ẽ such that E or Ẽ is a non-parallelogram, and every pair of edges
e ⊂ ∂E \ ∂Ẽ, ẽ ⊂ ∂Ẽ \ ∂E that share a vertex,

|re − rẽ|2R2 ≤ Ch2,

where re and rẽ are the vectors corresponding to e and ẽ, respectively.

The following theorem is proved in [6].

Theorem 4.1. Under Assumptions (4.1) and (4.2), there exists a constant β2 > 0 independent of h such
that

inf
06=(v,w)∈Vh×W1

h

sup
0 6=τ∈Xh

(div τ, v) + (τ, w)Q̃
‖τ‖div (‖v‖+ ‖w‖)

≥ β2. (4.4)

4.1 Reduction to a cell-centered displacement system of the MSMFE-1 method

The algebraic system resulting from (4.1)–(4.3) takes the form of (3.6). Similar to the MSMFE-0 method,
the quadrature rule in (Aσh, τ)Q in (4.1) restricts basis function interactions to vertices, making the matrix
Aσσ block-diagonal with 2k×2k blocks, where k represents the number of elements sharing a vertex. This
structure allows for the elimination of the stress variable, reducing the system to the displacement-rotation
form (3.7). The matrix in (3.7) is positive definite, which follows from the proof of Lemma 3.1 by replacing
w̃|E = hE w|E with w̃|r =

(
1
s

∑s
i=1 hEi

)
w|r where Ei, i = 1, . . . , s, are the elements that share the vertex

r, and using the inf-sup condition (4.4).
Additionally, the quadrature rules in the stress-rotation bilinear forms (γh, τ)Q and (σh, w)Q̃ also

localize interactions to vertices, since each vertex has an associated rotation basis function. Consequently,
the matrices Aσγ and Ãσγ are block-diagonal with 1 × 2k blocks, leading to a diagonal rotation matrix
ÃσγA

−1
σσA

T
σγ . Thus, the rotation variable γh can be readily eliminated from (3.7), resulting in the cell-

centered displacement system(
AσuA

−1
σσA

T
σu −AσuA−1

σσA
T
σγ(ÃσγA

−1
σσA

T
σγ)−1ÃσγA

−1
σσA

T
σu

)
u = f̂ . (4.5)

We will now establish the positive definiteness of this system by presenting the following lemma.
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Lemma 4.1. Let M =

(
A B
C D

)
be a block matrix, where D is invertible. If M is positive definite, then

the Schur complement of D in M , defined by A−BD−1C, is also positive definite.

Proof. For any v 6= 0, we have((
A−BD−1C

)
v, v
)

=

(
M

(
v

−D−1Cv

)
,

(
v

−D−1Cv

))
> 0,

where the inequality follows from the positive definiteness of M . This completes the proof.

Corollary 4.1. The system in (4.5) is positive definite.

Proof. Since the system in (4.5) is the Schur complement of ÃσγA
−1
σσA

T
σγ in the positive definite system

(3.7), Lemma 4.1 implies that the system in (4.5) is also positive definite.

Remark 4.1. The MSMFE-1 method is more efficient than both the MSMFE-0 and the original MFE
methods, as it results in a smaller algebraic system. For example, on a logically rectangular grid with
approximately m elements and vertices, the MSMFE-1 system (4.5) has around 2m unknowns, compared
to 3m in the MSMFE-0 system (3.7) and 11m in the MFE system (3.6).

5 Stability analysis of the methods

We establish the solvability of the proposed methods.

Lemma 5.1. Under Assumptions 2.1, 3.1, 4.1, and 4.2, if h is sufficiently small, the MSMFE-0 method
(3.1)–(3.3) and the MSMFE-1 method (4.1)–(4.3) each has a unique solution.

Proof. We will provide the proof for the MSMFE-1 method; the proof for the MSMFE-0 method follows
similarly. Since (4.1)–(4.3) forms a square system, it suffices to demonstrate uniqueness. Let f = 0, g = 0,
and set τ = σh, v = uh, and w = γh. From the system (4.1)–(4.3), we obtain

(Aσh, σh)Q + (σh, γh)Q − (σh, γh)Q̃ = 0. (5.1)

Applying (2.21) and (2.24) to (5.1) gives

α0‖σh‖2 ≤ C̃hα‖σh‖‖γh‖ ≤
C̃2h2α

2ε
‖σh‖2 +

ε

2
‖γh‖2, ε > 0. (5.2)

Using the inf-sup condition (4.4) for the symmetric quadrature and (4.1), we get

‖uh‖+ ‖γh‖ ≤ β−1
2 sup

06=τ∈Xh

−(Aσh, τ)Q + (τ, γh)Q̃ − (τ, γh)Q

‖τ‖div
≤ C

(
‖σh‖+ C̃hα‖γh‖

)
, (5.3)

where we used (2.21) and (2.24). Taking h small enough so that CC̃hα ≤ 1
2 , we obtain

‖uh‖2 + ‖γh‖2 ≤ C1‖σh‖2. (5.4)

Using (5.4) in (5.2) gives

α0‖σh‖2 ≤
C̃2h2α

2ε
‖σh‖2 +

ε

2
C1‖σh‖2. (5.5)

Choosing ε = ε0 small enough in (5.5) such that α0 − ε0
2 C1 = 1

2 , we obtain

‖σh‖2 ≤
C̃2h2α

ε0
‖σh‖2. (5.6)

Assuming that h is small enough such that C̃2h2α

ε0
≤ 1

2 in (5.6), we conclude that σh = 0. Finally, by (5.4),
we find uh = γh = 0, completing the proof.
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6 Error Estimates

In this section we establish convergence for all variables. We will first provide several results concerning
general quadrilateral elements that will be used in analysis.

6.1 Preliminaries

In the analysis, we will use several projection operators. It is known [18] that there exists an interpolant
Π : X ∩H1(Ω,M)→ Xh such that

(div(Πτ − τ), v) = 0, ∀v ∈ Vh. (6.1)

The operator Π is defined locally on each element E by Πτ
P↔ Π̂τ̂ , where Π̂ is an interpolant on the

reference element. We will also use a similar interpolant in the lowest order Raviart-Thomas space:

X̂RT (Ê) =

(
α1 + β1x̂
α2 + β2ŷ

)
×
(
α3 + β3x̂
α4 + β4ŷ

)
.

The degrees of freedom of X̂RT (Ê) are defined by the values of the normal components at the midpoints
of the edges. An interpolant ΠRT in XRTh , similar to Π above, exists [18] and satisfies, for any edge e,

〈(ΠRT τ − τ)ne, χne〉e = 0, ∀χ ∈ XRTh . (6.2)

It follows that ΠRT satisfies
div τ = div ΠRT τ, ∀τ ∈ Xh, (6.3)

and
‖ΠRT τ‖ ≤ ‖τ‖, ∀τ ∈ Xh. (6.4)

Since the normal trace space XRTh n consists of piecewise constant vector-valued functions on the trace of
Th along ∂Ω, the L2-projection operator P0 used in (3.1) can be equivalently characterized as,

for any φ ∈ L2(∂Ω,R2), P0φ ∈ XRTh n such that 〈φ− P0φ, τn〉∂Ω = 0, ∀τ ∈ XRTh . (6.5)

Let Quh be a projection operator onto Vh such that, for any v ∈ L2(Ω,R2),

〈Q̂uv̂ − v̂, ŵ〉Ê = 0, ∀ŵ ∈ V̂ (Ê), Quhv = Q̂uv̂ ◦ F−1
E ∀E ∈ Th.

From (2.11), it follows that
(Quhv − v,div τ) = 0, ∀τ ∈ Xh. (6.6)

Let Qγkh be the L2-orthogonal projection operator onto Wk
h such that, for any w ∈ L2(Ω,N),

(Qγkh w − w, η) = 0, ∀η ∈Wk
h.

Also, let Qσkh , k = 0, 1, be the L2-orthogonal projection onto the spaces of symmetric piecewise constant
and bilinear tensors Qk(Ω,S), satisfying, for any τ ∈ L2(Ω, S),

(Qσkh τ − τ, χ) = 0, ∀χ ∈ Qk(Ω, S).

The following lemma states the well-known approximation properties of the operators defined above.

Lemma 6.1. The following bounds hold:

‖v −Quhv‖ ≤ C‖v‖rhr ∀v ∈ Hr(Ω,R2), 0 ≤ r ≤ 1, (6.7)

‖w −Qγkh w‖ ≤ C‖w‖rh
r ∀w ∈ Hr(Ω,N), 0 ≤ r ≤ 1, (6.8)

‖τ −Qσkh τ‖ ≤ C‖τ‖rh
r ∀τ ∈ Hr(Ω,S), 0 ≤ r ≤ 1, (6.9)

‖τ −Πτ‖ ≤ C‖τ‖1h ∀τ ∈ H1(Ω,M), (6.10)

‖τ −ΠRT τ‖ ≤ C‖τ‖1h ∀τ ∈ H1(Ω,M). (6.11)
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Proof. Bound (6.7) follows from a scaling argument and the application of the Bramble-Hilbert lemma [20]
on Ê. Bounds (6.8) and (6.9) are derived by applying the Bramble-Hilbert lemma on E, noting that Wk

h

includes constant functions on E. Bound (6.10) and (6.11) can be found in [12,36].

The following properties of the quadrature rule will be used in the error analysis.

Lemma 6.2. [37, Lemma 2.2] For any constant tensor σ0 on E and χ ∈ Xh(E),

(Aσ0, χ−ΠRT χ)Q,E = 0. (6.12)

Lemma 6.3. [37, Lemma 2.4] For any constant tensor σ0 on E and µ ∈ XRTh (E),

(Aσ0, µ)Q,E = (AEσ0, µ)E . (6.13)

Additionally, we have
‖A−AE‖E ≤ Ch‖A‖1,∞,E . (6.14)

We denote A ∈W 1,∞
Th if A ∈W 1,∞(E) for all E ∈ Th, and ‖A‖1,∞,E is uniformly bounded independently

of h.

6.2 Convergence analysis

We are now ready to present the convergence analysis for the MSMFE-0 and MSMFE-1 methods.

Theorem 6.1. Let A ∈ W 1,∞
Th . If the solution (σ, u, γ) of (2.3)–(2.5) is sufficiently smooth, then, if h

is sufficiently small, for the numerical solution (σh, uh, γh) obtained using either the MSMFE-0 method
(3.1)–(3.3) or the MSMFE-1 method (4.1)–(4.3), there exists a constant C > 0 independent of h such that

‖σ − σh‖+ ‖u− uh‖+ ‖γ − γh‖ ≤ Ch(‖σ‖1 + ‖u‖1 + ‖γ‖1). (6.15)

Proof. We present the argument for the MSMFE-1 method; the analysis for the MSMFE-0 method is
similar. We form the error system by subtracting the MSMFE-1 method (4.1)–(4.2) from (2.3)–(2.4):

(Aσ, τ)− (Aσh, τ)Q + (u− uh, div τ) + (γ, τ)− (γh, τ)Q = 〈g − P0g, τ n〉ΓD , τ ∈ Xh, (6.16)

(div(σ − σh), v) = 0, v ∈ Vh, (6.17)

Using (6.6), (6.2), and (6.5), we rewrite the first error equation as

(A(Πσ − σh), τ)Q + (Quhu− uh, div τ)

= −(Aσ, τ) + (AΠσ, τ)Q − (γ, τ) + (γh, τ)Q + 〈g, (τ −ΠRT τ)n〉ΓD . (6.18)

For the first two terms on the right above we write

−(Aσ, τ) + (AΠσ, τ)Q = −(Aσ, τ −ΠRT τ)− (A(σ −Πσ),ΠRT τ)

−(AΠσ,ΠRT τ) + (AΠσ,ΠRT τ)Q + (AΠσ, τ −ΠRT τ)Q. (6.19)

The second two terms on the right in (6.18) can be written as

−(γ, τ) + (γh, τ)Q =− (γ, τ −ΠRT τ)− (γ −Qγ0h γ,Π
RT τ)

− (Qγ0h γ,Π
RT τ) + (Qγ0h γ,Π

RT τ)Q

+ (Qγ0h γ, τ −ΠRT τ)Q + (γh −Qγ1h γ, τ)Q + (Qγ1h γ −Q
γ0
h γ, τ)Q

=− (γ, τ −ΠRT τ)− (γ −Qγ0h γ,Π
RT τ)

+ (γh −Qγ1h γ, τ)Q + (Qγ1h γ −Q
γ0
h γ, τ)Q, (6.20)
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using (6.13) with A = I for the third and forth terms and (6.12) with A = I for the fifth term on the
right-hand side of the first equation. We now combine (6.18)–(6.20). Noting that the combination of the
first terms on the right-hand sides of (6.19) and (6.20) with the last term in (6.18) gives

−(Aσ, τ −ΠRT τ)− (γ, τ −ΠRT τ) + 〈g, (τ −ΠRT τ)n〉ΓD = 0, (6.21)

which follows from testing (2.3) with τ −ΠRT τ and using (6.3), we obtain

(A(Πσ − σh), τ)Q + (Quhu− uh, div τ)

= −(A(σ −Πσ),ΠRT τ)− (AΠσ,ΠRT τ) + (AΠσ,ΠRT τ)Q + (AΠσ, τ −ΠRT τ)Q

− (γ −Qγ0h γ,Π
RT τ) + (γh −Qγ1h γ, τ)Q + (Qγ1h γh −Q

γ0
h γ, τ)Q. (6.22)

The terms on the right hand side of (6.22) are bounded as follows. Using (6.10) and (6.4), we have

|(A(σ −Πσ),ΠRT τ)| ≤ Ch‖σ‖1‖τ‖ ≤ Ch2‖σ‖21 + ε‖τ‖2. (6.23)

Next, using (6.13), we know that

(AQσ0h σ,Π
RT τ)Q = (AQσ0h σ,Π

RT τ).

Using the above, the second and third terms on the right in (6.22) can be bounded as

−(AΠσ,ΠRT τ) + (AΠσ,ΠRT τ)Q = (AQσ0h σ −AΠσ,ΠRT τ) + (A(Πσ −Qσ0h σ),ΠRT τ)Q

= ((A−A)Qσ0h σ,Π
RT τ) + (A(Qσ0h σ − σ),ΠRT τ) + (A(σ −Πσ),ΠRT τ) + (A(Πσ −Qσ0h σ),ΠRT τ)Q

≤ Ch‖σ‖1‖τ‖ ≤ Ch2‖σ‖21 + ε‖τ‖2, (6.24)

using (6.14), (6.4), (6.9), (6.10), and Lemma 2.1. For the fourth term on the right in (6.22), using (6.12),
(6.4), (6.9), (6.10), and Lemma 2.1 we write

(AΠσ, τ −ΠRT τ)Q = (A(Πσ −Qσ0h σ), τ −ΠRT τ)Q ≤ Ch‖σ‖1‖τ‖ ≤ Ch2‖σ‖21 + ε‖τ‖2. (6.25)

For the fifth term on the right in (6.22), using (6.8) and (6.4), we have

−(γ −Qγ0h γ,Π
RT τ) ≤ Ch‖γ‖1‖τ‖ ≤ Ch2‖γ‖21 + ε‖τ‖2. (6.26)

For the last term on the right in (6.22), using (6.8), we get

(Qγ1h γ −Q
γ0
h γ, τ)Q ≤ Ch2‖γ‖21 + ε‖τ‖2. (6.27)

Combining (6.22)–(6.27), we obtain

(A(Πσ − σh), τ)Q + (Quhu− uh, div τ) ≤ Ch2(‖σ‖21 + ‖γ‖21) + ε‖τ‖2 + (γh −Qγ1h γ, τ)Q. (6.28)

We next note that, using (6.1), the second error equation (6.17) implies that

div(Πσ − σh) = 0. (6.29)

We set τ = Πσ − σh in (6.28) and take ε small enough to obtain

‖Πσ − σh‖2 ≤ Ch2(‖σ‖21 + ‖γ‖21) + (γh −Qγ1h γ,Πσ − σh)Q. (6.30)

For the last term in (6.30) we can write

(γh −Qγ1h γ,Πσ − σh)Q =(γh −Qγ1h γ,Πσ − σh)Q − (γh −Qγ1h γ,Πσ − σh)Q̃

+ (γh −Qγ1h γ,Πσ − σh)Q̃. (6.31)
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Using (2.24) for the first two terms on the right in (6.31), we get

(γh −Qγ1h γ,Πσ − σh)Q − (γh −Qγ1h γ,Πσ − σh)Q̃ ≤ C̃h
α‖Πσ − σh‖‖γh −Qγ1h γ‖

≤ Ch2α‖Πσ − σh‖2 + ε‖γh −Qγ1h γ‖
2. (6.32)

For the last term in (6.31) we have

(γh −Qγ1h γ,Πσ − σh)Q̃ = (γh −Qγ1h γ,Πσ)Q̃ = (γh −Qγ1h γ,Πσ −Q
σ1
h σ)Q̃

≤ Ch‖σ‖1‖γh −Qγ1h γ‖ ≤ Ch
2‖σ‖21 + ε‖γh −Qγ1h γ‖

2, (6.33)

using (4.3), (3.4), Lemma 2.1, (6.9), and (6.10). Combining (6.30)–(6.33), and taking h small enough, we
obtain

‖Πσ − σh‖2 ≤ Ch2(‖σ‖21 + ‖γ‖21) + ε‖γh −Qγ1h γ‖
2. (6.34)

Now, we apply the inf-sup condition (4.4) to (Quhu− uh, Q
γ1
h γ − γh) ∈ Vh ×W1

h and use (6.16) to obtain

‖Quhu− uh‖+ ‖Qγ1h γ − γh‖

≤ C sup
τ∈Xh

−(Aσ, τ) + (Aσh, τ)Q − (γ, τ) + (γh, τ)Q + (Qγ1h γ − γh, τ)Q̃ + 〈g − P0g, τ n〉ΓD
‖τ‖div

. (6.35)

The numerator can be rewritten as

−(Aσ, τ)+(Aσh, τ)Q−(γ, τ)+(Qγ1h γ, τ)Q+〈g, (τ−ΠRT τ)n〉ΓD+(Qγ1h γ−γh, τ)Q̃−(Qγ1h γ−γh, τ)Q. (6.36)

We rewrite the first two terms in (6.36) similarly to (6.18)–(6.19):

−(Aσ, τ) + (Aσh, τ)Q = −(A(Πσ − σh), τ)Q − (Aσ, τ −ΠRT τ)− (A(σ −Πσ),ΠRT τ)

− (AΠσ,ΠRT τ) + (AΠσ,ΠRT τ)Q + (AΠσ, τ −ΠRT τ)Q. (6.37)

In a way similar to (6.20), we rewrite the second two terms in (6.36) as

−(γ, τ) + (Qγ1h γ, τ)Q = −(γ, τ −ΠRT τ)− (γ −Qγ0h γ,Π
RT τ) + (Qγ1h γ −Q

γ0
h γ, τ)Q. (6.38)

Using (6.37), (6.38), and (6.21), for terms in (6.36) we obtain

− (A(Πσ − σh), τ)Q − (A(σ −Πσ),ΠRT τ)− (AΠσ,ΠRT τ) + (AΠσ,ΠRT τ)Q + (AΠσ, τ −ΠRT τ)Q

− (γ −Qγ0h γ,Π
RT τ) + (Qγ1h γ −Q

γ0
h γ, τ)Q + (Qγ1h γ − γh, τ)Q̃ − (Qγ1h γ − γh, τ)Q. (6.39)

Using bounds (6.23)–(6.25) for the second to fifth terms in (6.39), (6.26)–(6.27) for the sixth and seven
terms, and (2.24) for the last two terms, (6.35) implies

‖Quhu− uh‖+ ‖Qγ1h γ − γh‖ ≤ C(h‖σ‖1 + h‖γ‖1 + hα‖Qγ1h γ − γh‖+ ‖Πσ − σh‖). (6.40)

Next, we combine a sufficiently small multiple of (6.40) with (6.34), and choose ε in (6.34) small enough,
obtaining

‖Πσ − σh‖+ ‖Quhu− uh‖+ ‖Qγ1h γ − γh‖ ≤ Ch(‖σ‖1 + ‖γ‖1). (6.41)

The assertion of the theorem follows from (6.41) and the approximation bounds (6.7)–(6.10).
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7 Numerical Results

In this section we present numerical experiments to corroborate the theoretical findings discussed in the
earlier sections. We evaluate the convergence of the MSMFE-0 and MSMFE-1 methods across various
quadrilateral grid types. The implementation is carried out using the deal.II finite element library [9].

We consider a homogeneous and isotropic medium characterized by

Aσ =
1

2µ

(
σ − λ

2µ+ 2λ
tr(σ)I

)
, (7.1)

where I denotes the 2 × 2 identity matrix, and µ > 0, λ > −µ represent the Lamé coefficients. For the
domain Ω = (0, 1)2, we address the elasticity problem as formulated in (2.1) and (2.2), incorporating
Dirichlet boundary conditions. The exact solution is expressed as

u0 =

(
cos(πx) sin(2πy)
cos(πy) sin(πx)

)
, (7.2)

with the Lamé coefficients set as λ = 123 and µ = 79.3.
In the first three examples we test square, h2-parallelogram, and smooth quadrilateral meshes, for

which the symmetric MSMFE methods developed in [6] provide first-order convergence. The square grids
in the first test are created through sequential uniform refinement of an initial mesh with a characteristic
size of h = 1/2. In the second test, we start with a general quadrilateral grid. A sequence of finer meshes
is then generated by dividing each element into four equal parts in successive steps. This approach yields
h2-parallelogram grids. For the third test, a sequence of smooth quadrilateral meshes is considered. Each

mesh is crafted by applying a smooth transformation x = x̂ + 0.1 sin(2πx̂) sin(2πŷ)

(
1
1

)
to a uniformly

refined square mesh, starting from h = 1/2.
Tables 1–6 present the convergence results on these grids for the MSMFE-0 and MSMFE-1 methods.

Additionally, Figures 3–5 display the computed solutions on these meshes for the MSMFE-1 method. We
observe at least first-order convergence in the L2-norm for all variables and the divergence of the stress.
The latter is expected on smooth grids, due to (6.29) and the O(h) approximation for ‖div(σ−Πσ)‖ [18].
In addition, we observe that the O(h2) superconvergence for ‖Quhu−uh‖ in the symmetric methods shown
in [6, Theorem 5.2] carries over to the non-symmetric methods.

(a) x-stress (b) y-stress (c) Displacement (d) Rotation

Figure 3: Computed solution on a square mesh via the MSMFE-1 method, h = 1/32.
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(a) x-stress (b) y-stress (c) Displacement (d) Rotation

Figure 4: Computed solution on a h2-parallelogram mesh via the MSMFE-1 method, h = 1/48.

(a) x-stress (b) y-stress (c) Displacement (d) Rotation

Figure 5: Computed solution on a smooth quadrilateral mesh via the MSMFE-1 method, h = 1/32.

Table 1: MSMFE-0 method - Convergence on square grids

‖σ − σh‖ ‖div(σ − σh)‖ ‖u− uh‖ ‖Quhu− uh‖ ‖γ − γh‖
h Error Rate Error Rate Error Rate Error Rate Error Rate

1/2 7.684E− 01 − 9.248E− 01 − 7.197E− 01 − 4.984E− 01 − 9.586E− 01 −
1/4 3.786E− 01 1.02 5.455E− 01 0.76 4.574E− 01 0.65 1.208E− 01 2.04 5.059E− 01 0.92

1/8 1.687E− 01 1.17 2.866E− 01 0.93 2.338E− 01 0.97 3.245E− 02 1.90 2.611E− 01 0.95

1/16 8.031E− 02 1.07 1.456E− 01 0.98 1.172E− 01 1.00 8.363E− 03 1.96 1.313E− 01 0.99

1/32 3.959E− 02 1.02 7.326E− 02 0.99 5.861E− 02 1.00 2.108E− 03 1.99 6.570E− 02 1.00

1/64 1.972E− 02 1.01 3.671E− 02 1.00 2.931E− 02 1.00 5.282E− 04 2.00 3.286E− 02 1.00

Table 2: MSMFE-1 method - Convergence on square grids

‖σ − σh‖ ‖div(σ − σh)‖ ‖u− uh‖ ‖Quhu− uh‖ ‖γ − γh‖
h Error Rate Error Rate Error Rate Error Rate Error Rate

1/2 7.614E− 01 − 9.248E− 01 − 7.199E− 01 − 4.758E− 01 − 8.171E− 01 −
1/4 3.742E− 01 1.02 5.455E− 01 0.76 4.561E− 01 0.66 1.057E− 01 2.17 3.909E− 01 1.06

1/8 1.664E− 01 1.17 2.866E− 01 0.93 2.334E− 01 0.97 2.775E− 02 1.93 1.149E− 01 1.77

1/16 7.911E− 02 1.07 1.456E− 01 0.98 1.171E− 01 0.99 7.254E− 03 1.94 3.043E− 02 1.92

1/32 3.897E− 02 1.02 7.326E− 02 0.99 5.860E− 02 1.00 1.841E− 03 1.98 7.753E− 03 1.97

1/64 1.941E− 02 1.01 3.671E− 02 1.00 2.931E− 02 1.00 4.623E− 04 1.99 1.949E− 03 1.99
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Table 3: MSMFE-0 method - Convergence on h2-parallelogram grids

‖σ − σh‖ ‖div(σ − σh)‖ ‖u− uh‖ ‖Quhu− uh‖ ‖γ − γh‖
h Error Rate Error Rate Error Rate Error Rate Error Rate

1/3 5.878E− 01 − 7.179E− 01 − 5.431E− 01 − 2.672E− 01 − 1.026E + 00 −
1/6 2.281E− 01 1.37 3.812E− 01 0.91 3.057E− 01 0.83 7.133E− 02 1.91 4.101E− 01 1.32

1/12 1.021E− 01 1.16 1.943E− 01 0.97 1.567E− 01 0.96 1.585E− 02 2.17 2.056E− 01 1.00

1/24 4.979E− 02 1.04 9.770E− 02 0.99 7.877E− 02 0.99 3.948E− 03 2.01 1.024E− 01 1.01

1/48 2.481E− 02 1.00 4.894E− 02 1.00 3.943E− 02 1.00 9.913E− 04 1.99 5.111E− 02 1.00

1/96 1.241E− 02 1.00 2.449E− 02 1.00 1.972E− 02 1.00 2.486E− 04 2.00 2.554E− 02 1.00

Table 4: MSMFE-1 method - Convergence on h2-parallelogram grids

‖σ − σh‖ ‖div(σ − σh)‖ ‖u− uh‖ ‖Quhu− uh‖ ‖γ − γh‖
h Error Rate Error Rate Error Rate Error Rate Error Rate

1/3 5.624E− 01 − 7.179E− 01 − 5.179E− 01 − 2.347E− 01 − 7.142E− 01 −
1/6 2.490E− 01 1.18 3.812E− 01 0.91 3.070E− 01 0.75 9.135E− 02 1.36 3.180E− 01 1.17

1/12 1.147E− 01 1.12 1.943E− 01 0.97 1.569E− 01 0.97 2.285E− 02 2.00 1.076E− 01 1.56

1/24 5.666E− 02 1.02 9.770E− 02 0.99 7.881E− 02 0.99 5.966E− 03 1.94 3.584E− 02 1.59

1/48 2.833E− 02 1.00 4.894E− 02 1.00 3.944E− 02 1.00 1.525E− 03 1.97 1.118E− 02 1.59

1/96 1.418E− 02 1.00 2.449E− 02 1.00 1.972E− 02 1.00 3.845E− 04 1.99 3.984E− 03 1.58

Table 5: MSMFE-0 method - Convergence on smooth quadrilateral grids

‖σ − σh‖ ‖div(σ − σh)‖ ‖u− uh‖ ‖Quhu− uh‖ ‖γ − γh‖
h Error Rate Error Rate Error Rate Error Rate Error Rate

1/2 7.684E− 01 − 9.248E− 01 − 7.197E− 01 − 4.984E− 01 − 9.586E− 01 −
1/4 4.340E− 01 0.82 6.224E− 01 0.57 4.699E− 01 0.61 1.429E− 01 1.80 6.306E− 01 0.60

1/8 2.103E− 01 1.05 3.460E− 01 0.85 2.656E− 01 0.82 4.904E− 02 1.54 3.287E− 01 0.94

1/16 9.915E− 02 1.08 1.784E− 01 0.96 1.357E− 01 0.97 1.400E− 02 1.81 1.579E− 01 1.06

1/32 4.862E− 02 1.03 9.001E− 02 0.99 6.816E− 02 0.99 3.650E− 03 1.94 7.864E− 02 1.01

1/64 2.419E− 02 1.01 4.513E− 02 1.00 3.412E− 02 1.00 9.229E− 04 1.98 3.929E− 02 1.00

Table 6: MSMFE-1 method - Convergence on smooth quadrilateral grids

‖σ − σh‖ ‖div(σ − σh)‖ ‖u− uh‖ ‖Quhu− uh‖ ‖γ − γh‖
h Error Rate Error Rate Error Rate Error Rate Error Rate

1/2 7.614E− 01 − 9.248E− 01 − 7.199E− 01 − 4.758E− 01 − 8.171E− 01 −
1/4 4.173E− 01 0.87 6.224E− 01 0.57 4.704E− 01 0.61 1.317E− 01 1.85 4.424E− 01 0.88

1/8 2.062E− 01 1.02 3.460E− 01 0.85 2.662E− 01 0.82 5.084E− 02 1.37 1.994E− 01 1.15

1/16 1.006E− 01 1.04 1.784E− 01 0.96 1.360E− 01 0.97 1.723E− 02 1.56 7.888E− 02 1.34

1/32 4.986E− 02 1.01 9.001E− 02 0.99 6.822E− 02 0.99 4.940E− 03 1.80 2.655E− 02 1.57

1/64 2.487E− 02 1.00 4.513E− 02 1.00 3.413E− 02 1.00 1.293E− 03 1.93 8.560E− 03 1.63

The fourth test employs sequences of quadrilateral grids derived from square grids. Here, at each
refinement level, the vertices of the grid are randomly displaced within a sphere of radius O(hα), where
α = 1, 1.5, or 2. We first present in Tables 7–9 the convergence results on these grids for the symmetric
MSMFE-1 method [6]. As expected, convergence is not achieved for all variables on grids perturbed
randomly at levels of O(h) and O(h1.5). In Tables 10–15 we present the convergence results on these grids
for the non-symmetric MSMFE-0 and MSMFE-1 methods developed here. Additionally, Figures 6–8
display the computed solutions on these meshes for the MSMFE-1 method. We observe that the solutions
are similar despite the different types of grids. The highly distorted elements do not affect the quality
of the solution. Moreover the non-symmetric methods achieve at least O(h) convergence for all variables
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in the L2-norm, verifying the theoretical convergence rates established in Theorem 6.1. As expected, the
convergence for the divergence of the stress deteriorates as the grid distortion increases, due to the loss
of approximation for ‖ div(σ −Πσ)‖. This test clearly illustrates the advantage of the MSMFE methods
developed in this paper compared to the symmetric methods developed in [6].

(a) x-stress (b) y-stress (c) Displacement (d) Rotation

Figure 6: Computed solution on a O(h2) randomly perturbed mesh via the MSMFE-1 method, h = 1/32.

(a) x-stress (b) y-stress (c) Displacement (d) Rotation

Figure 7: Computed solution on a O(h1.5) randomly perturbed mesh via the MSMFE-1 method, h = 1/32.

(a) x-stress (b) y-stress (c) Displacement (d) Rotation

Figure 8: Computed solution on a O(h) randomly perturbed mesh via the MSMFE-1 method, h = 1/32.
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Table 7: Symmetric MSMFE-1 method - Convergence on O(h2) randomly perturbed grids

‖σ − σh‖ ‖div(σ − σh)‖ ‖u− uh‖ ‖Quhu− uh‖ ‖γ − γh‖
h Error Rate Error Rate Error Rate Error Rate Error Rate

1/4 3.747E− 01 − 5.456E− 01 − 4.566E− 01 − 1.056E− 01 − 3.902E− 01 −
1/8 1.664E− 01 1.17 2.866E− 01 0.93 2.333E− 01 0.97 2.782E− 02 1.92 1.153E− 01 1.76

1/16 7.912E− 02 1.07 1.456E− 01 0.98 1.171E− 01 0.99 7.255E− 03 1.94 3.044E− 02 1.92

1/32 3.897E− 02 1.02 7.327E− 02 0.99 5.860E− 02 1.00 1.842E− 03 1.98 7.770E− 03 1.97

1/64 1.941E− 02 1.01 3.671E− 02 1.00 2.931E− 02 1.00 4.624E− 04 1.99 1.964E− 03 1.98

1/128 9.696E− 03 1.00 1.837E− 02 1.00 1.465E− 02 1.00 1.157E− 04 2.00 5.025E− 04 1.97

Table 8: Symmetric MSMFE-1 method - Convergence on O(h1.5) randomly perturbed grids

‖σ − σh‖ ‖div(σ − σh)‖ ‖u− uh‖ ‖Quhu− uh‖ ‖γ − γh‖
h Error Rate Error Rate Error Rate Error Rate Error Rate

1/4 3.782E− 01 − 5.478E− 01 − 4.591E− 01 − 1.072E− 01 − 3.886E− 01 −
1/8 1.674E− 01 1.18 2.876E− 01 0.93 2.334E− 01 0.98 2.851E− 02 1.91 1.179E− 01 1.72

1/16 7.973E− 02 1.07 1.468E− 01 0.97 1.173E− 01 0.99 7.360E− 03 1.95 3.163E− 02 1.90

1/32 3.950E− 02 1.01 7.435E− 02 0.98 5.863E− 02 1.00 1.889E− 03 1.96 9.803E− 03 1.69

1/64 1.992E− 02 0.99 3.772E− 02 0.98 2.931E− 02 1.00 4.848E− 04 1.96 4.451E− 03 1.14

1/128 1.020E− 02 0.97 1.939E− 02 0.96 1.466E− 02 1.00 1.269E− 04 1.93 2.880E− 03 0.63

Table 9: Symmetric MSMFE-1 method - Convergence on O(h) randomly perturbed grids

‖σ − σh‖ ‖div(σ − σh)‖ ‖u− uh‖ ‖Quhu− uh‖ ‖γ − γh‖
h Error Rate Error Rate Error Rate Error Rate Error Rate

1/4 4.186E− 01 − 5.894E− 01 − 4.856E− 01 − 1.416E− 01 − 3.968E− 01 −
1/8 1.986E− 01 1.08 3.375E− 01 0.80 2.443E− 01 0.99 4.482E− 02 1.66 1.625E− 01 1.29

1/16 1.173E− 01 0.76 2.239E− 01 0.59 1.254E− 01 0.96 1.557E− 02 1.53 8.360E− 02 0.96

1/32 8.929E− 02 0.39 1.835E− 01 0.29 6.285E− 02 1.00 8.819E− 03 0.82 7.584E− 02 0.14

1/64 8.120E− 02 0.14 1.702E− 01 0.11 3.205E− 02 0.97 7.132E− 03 0.31 7.151E− 02 0.08

1/128 7.915E− 02 0.04 1.660E− 01 0.04 1.696E− 02 0.92 6.582E− 03 0.12 7.193E− 02 −0.01

Table 10: MSMFE-0 method - Convergence on O(h2) randomly perturbed grids

‖σ − σh‖ ‖div(σ − σh)‖ ‖u− uh‖ ‖Quhu− uh‖ ‖γ − γh‖
h Error Rate Error Rate Error Rate Error Rate Error Rate

1/4 3.790E− 01 − 5.456E− 01 − 4.579E− 01 − 1.209E− 01 − 5.057E− 01 −
1/8 1.687E− 01 1.17 2.866E− 01 0.93 2.338E− 01 0.97 3.246E− 02 1.90 2.616E− 01 0.95

1/16 8.031E− 02 1.07 1.456E− 01 0.98 1.172E− 01 1.00 8.367E− 03 1.96 1.323E− 01 0.98

1/32 3.959E− 02 1.02 7.327E− 02 0.99 5.861E− 02 1.00 2.108E− 03 1.99 6.624E− 02 1.00

1/64 1.972E− 02 1.01 3.671E− 02 1.00 2.931E− 02 1.00 5.282E− 04 2.00 3.327E− 02 0.99

1/128 9.852E− 03 1.00 1.837E− 02 1.00 1.465E− 02 1.00 1.321E− 04 2.00 1.687E− 02 0.98

1/256 4.925E− 03 1.00 9.185E− 03 1.00 7.327E− 03 1.00 3.304E− 05 2.00 8.290E− 03 1.02
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Table 11: MSMFE-1 method - Convergence on O(h2) randomly perturbed grids

‖σ − σh‖ ‖div(σ − σh)‖ ‖u− uh‖ ‖Quhu− uh‖ ‖γ − γh‖
h Error Rate Error Rate Error Rate Error Rate Error Rate

1/4 3.744E− 01 − 5.456E− 01 − 4.565E− 01 − 1.051E− 01 − 3.894E− 01 −
1/8 1.664E− 01 1.17 2.866E− 01 0.93 2.334E− 01 0.97 2.775E− 02 1.92 1.150E− 01 1.76

1/16 7.911E− 02 1.07 1.456E− 01 0.98 1.171E− 01 0.99 7.255E− 03 1.94 3.043E− 02 1.92

1/32 3.897E− 02 1.02 7.327E− 02 0.99 5.860E− 02 1.00 1.842E− 03 1.98 7.755E− 03 1.97

1/64 1.941E− 02 1.01 3.671E− 02 1.00 2.931E− 02 1.00 4.623E− 04 1.99 1.949E− 03 1.99

1/128 9.695E− 03 1.00 1.837E− 02 1.00 1.465E− 02 1.00 1.157E− 04 2.00 4.881E− 04 2.00

Table 12: MSMFE-0 method - Convergence on O(h1.5) randomly perturbed grids

‖σ − σh‖ ‖div(σ − σh)‖ ‖u− uh‖ ‖Quhu− uh‖ ‖γ − γh‖
h Error Rate Error Rate Error Rate Error Rate Error Rate

1/4 3.817E− 01 − 5.478E− 01 − 4.606E− 01 − 1.224E− 01 − 5.071E− 01 −
1/8 1.695E− 01 1.17 2.876E− 01 0.93 2.339E− 01 0.98 3.284E− 02 1.90 2.726E− 01 0.90

1/16 8.063E− 02 1.07 1.468E− 01 0.97 1.174E− 01 0.99 8.427E− 03 1.96 1.839E− 01 0.57

1/32 3.971E− 02 1.02 7.435E− 02 0.98 5.864E− 02 1.00 2.114E− 03 1.99 1.230E− 01 0.58

1/64 1.976E− 02 1.01 3.772E− 02 0.98 2.931E− 02 1.00 5.291E− 04 2.00 8.284E− 02 0.57

1/128 9.863E− 03 1.00 1.939E− 02 0.96 1.466E− 02 1.00 1.323E− 04 2.00 6.755E− 02 0.29

1/256 4.927E− 03 1.00 1.018E− 02 0.93 7.327E− 03 1.00 3.307E− 05 2.00 2.856E− 02 1.24

1/512 2.463E− 03 1.00 5.541E− 03 0.88 3.664E− 03 1.00 8.262E− 06 2.00 1.212E− 02 1.24

Table 13: MSMFE-1 method - Convergence on O(h1.5) randomly perturbed grids

‖σ − σh‖ ‖div(σ − σh)‖ ‖u− uh‖ ‖Quhu− uh‖ ‖γ − γh‖
h Error Rate Error Rate Error Rate Error Rate Error Rate

1/4 3.767E− 01 − 5.478E− 01 − 4.588E− 01 − 1.050E− 01 − 3.860E− 01 −
1/8 1.671E− 01 1.17 2.876E− 01 0.93 2.335E− 01 0.97 2.801E− 02 1.91 1.163E− 01 1.73

1/16 7.927E− 02 1.08 1.468E− 01 0.97 1.173E− 01 0.99 7.307E− 03 1.94 3.090E− 02 1.91

1/32 3.900E− 02 1.02 7.435E− 02 0.98 5.863E− 02 1.00 1.847E− 03 1.98 8.005E− 03 1.95

1/64 1.942E− 02 1.01 3.772E− 02 0.98 2.931E− 02 1.00 4.630E− 04 2.00 2.077E− 03 1.95

1/128 9.697E− 03 1.00 1.939E− 02 0.96 1.466E− 02 1.00 1.158E− 04 2.00 5.488E− 04 1.92

Table 14: MSMFE-0 method - Convergence on O(h) randomly perturbed grids

‖σ − σh‖ ‖div(σ − σh)‖ ‖u− uh‖ ‖Quhu− uh‖ ‖γ − γh‖
h Error Rate Error Rate Error Rate Error Rate Error Rate

1/4 4.185E− 01 − 5.894E− 01 − 4.886E− 01 − 1.587E− 01 − 5.269E− 01 −
1/8 1.948E− 01 1.10 3.375E− 01 0.80 2.462E− 01 0.99 4.786E− 02 1.73 5.651E− 01 −0.10

1/16 1.020E− 01 0.93 2.239E− 01 0.59 1.256E− 01 0.97 1.452E− 02 1.72 6.201E− 01 −0.13

1/32 5.288E− 02 0.95 1.835E− 01 0.29 6.255E− 02 1.01 4.210E− 03 1.79 3.872E− 01 0.68

1/64 2.543E− 02 1.06 1.702E− 01 0.11 3.134E− 02 1.00 9.382E− 04 2.17 1.512E− 01 1.36

1/128 1.262E− 02 1.01 1.660E− 01 0.04 1.567E− 02 1.00 2.226E− 04 2.08 7.277E− 02 1.06
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Table 15: MSMFE-1 method - Convergence on O(h) randomly perturbed grids

‖σ − σh‖ ‖div(σ − σh)‖ ‖u− uh‖ ‖Quhu− uh‖ ‖γ − γh‖
h Error Rate Error Rate Error Rate Error Rate Error Rate

1/4 4.135E− 01 − 5.894E− 01 − 4.853E− 01 − 3.393E− 01 − 4.008E− 01 −
1/8 1.854E− 01 1.16 3.375E− 01 0.80 2.453E− 01 0.98 3.914E− 02 1.83 1.493E− 01 1.43

1/16 8.892E− 02 1.06 2.239E− 01 0.59 1.252E− 01 0.97 1.031E− 02 1.92 5.717E− 02 1.38

1/32 4.350E− 02 1.03 1.835E− 01 0.29 6.245E− 02 1.00 2.622E− 03 1.98 2.554E− 02 1.16

1/64 2.175E− 02 1.00 1.702E− 01 0.11 3.133E− 02 1.00 6.483E− 04 2.02 1.265E− 02 1.01

1/128 1.085E− 02 1.00 1.660E− 01 0.04 1.567E− 02 1.00 1.606E− 04 2.01 6.157E− 03 1.04

8 Conclusions

In this work we presented two MFE methods for linear elasticity with weak stress symmetry on distorted
quadrilateral grids, which reduce to positive definite cell-centered algebraic systems. These methods
utilize the BDM1 space for the stress and combine a special non-symmetric vertex quadrature rule in the
constitutive equation with a symmetric vertex quadrature rule in the equation enforcing weakly the stress
symmetry. The MSMFE-0 method with piecewise constant rotations reduces to a cell-centered scheme for
the displacements and rotations, while the MSMFE-1 method with continuous bilinear rotations reduces
to a cell-centered scheme for the displacements only.

To analyze the stability and convergence of the methods we establish a bound between the stress-
rotation bilinear forms with non-symmetric and symmetric quadrature rules. We demonstrate that the
resulting algebraic system for each method is positive definite and prove first-order convergence for all
variables in the L2-norm. The theory is illustrated by numerical experiments, which verify the good
performance of both the MSMFE-0 and MSMFE-1 methods on highly distorted quadrilateral grids. A
possible topic for future investigation is developing MSMFE methods on hexahedral meshes, building on
the MSMFE method on cuboid grids developed in [39].

A Appendix A

In this section we establish Assumption 3.1 on rectangular meshes. The following theorem, proved in [5],
provides sufficient conditions for a triple Xh × Vh ×Wh to satisfy (3.5) on any type of finite element
partition of Ω.

Theorem A.1. [5, Theorem 4.2] Suppose that Sh ⊂ H(div; Ω) and Uh ⊂ L2(Ω) satisfy, for c1 > 0
independent of h,

inf
06=r∈Uh

sup
06=z∈Sh

(div z, r)

‖z‖div‖r‖
≥ c1, (A.1)

that Qh ⊂ H1(Ω,R2) and Wh ⊂ L2(Ω) are such that (w,w)
1/2

Q̃
is a norm in Wh equivalent to ‖w‖ and,

for c2 > 0 independent of h,

inf
06=w∈Wh

sup
06=q∈Qh

(div q, w)Q̃
‖q‖1‖w‖

≥ c2, (A.2)

and that

curlQh ⊂ Sh × Sh. (A.3)

Then, Xh = Sh×Sh ⊂ H(div; Ω,M), Vh = Uh×Uh ⊂ L2(Ω,R2) and Wh =

{
ξ : ξ =

(
0 w
−w 0

)
, w ∈Wh

}
⊂

L2(Ω,N) satisfy (3.5).
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Figure 9: A 3× 3 rectangular macroelement.

Condition (A.1) states that Sh × Uh is a stable Darcy pair. Condition (A.2) states that Qh ×Wh is a
stable Stokes pair with quadrature.

We will apply Theorem A.1 for the spaces Xh×Vh×W0
h employed in the MSMFE-0 method. According

the definition of the spaces in (2.9) and (2.12), we define

Sh = {z ∈ H(div; Ω) : z|E
P↔ ẑ ∈ BDM1(Ê), z · n = 0 on ΓN},

Uh = {r ∈ L2(Ω) : r|E ↔ r̂ ∈ Q0(Ê)},
Wh = {w ∈ L2(Ω) : w|E ↔ ŵ ∈ Q0(Ê)}.

The boundary condition in Sh is needed to guarantee the essential boundary condition in Xh on ΓN . Also,

due to Lemma 2.1, Wh satisfies the norm equivalence (w,w)
1/2

Q̃
∼ ‖w‖. Next, following the construction

in [11], we take SS2(Ê) to be the reduced (serendipity) bi-quadratic space [20],

SS2(Ê) = P2(Ê) + span{x̂2ŷ, x̂ŷ2},

and define the space Qh as

Qh = {q ∈ H1(Ω,R2) : qi|E ↔ q̂i ∈ SS2(Ê), i = 1, 2, ∀E ∈ Th, q = 0 on ΓN}.

Lemma A.1. Conditions (A.1) and (A.3) hold for the spaces Sh, Uh, Wh, and Qh defined above.

Proof. Since BDM1 × Q0 is known to be a stable Darcy pair [18], condition (A.1) holds. Next, it can
be verified that curlSS2(Ê) ⊂ BDM1(Ê). Since for q ∈ Qh we have q = 0 on ΓN , it follows that
(curl q)n = 0 on ΓN , see [5, Lemma 4.2]. Therefore (2.11) implies that curlQh ⊂ Sh × Sh, i.e. (A.3)
holds.

It remains to show that (A.2) holds. We use the macroelement approach from [34]. Let M be a
3 × 3 rectangular macroelement as depicted in Figure 9, and assume that Th can be agglomerated into
a conforming mesh of macroelements M . For a given macroelement M , we consider the span of basis
functions associated with the four interior vertex degrees of freedom of Qh(M), denoted by Qvh(M). Define

NM = {w ∈Wh(E) : (div q, w)Q̃,M = 0, ∀q ∈ Qvh(M)}.

Lemma A.2. NM is a two-dimensional space with a checkerboard pattern.
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Proof. Let the basis functions for Qvh(M) be denoted by qαi , where α = x, y and i = 6, 7, 10, 11, as shown
in Figure 9. For w ∈Wh, let wi, i = 1, . . . , 9, be the values of w on Ei. A direct calculation yields

(qx6 , w)Q̃,M = 0.5 [(y5 − y2)w1 + (y2 − y7)w2 + (y7 − y10)w5 + (y10 − y5)w4] ,

(qy6 , w)Q̃,M = 0.5 [(x2 − x5)w1 + (x7 − x2)w2 + (x10 − x7)w5 + (x5 − x10)w4] .

From these equations, we obtain the conditions:

w1 − w2 − w5 + w4 = 0,

w1 + w2 − w5 − w4 = 0.

Solving these equations, we find that w1 = w5 and w2 = w4.
By performing similar calculations for the remaining basis functions qαi , i = 7, 10, 11, and combining

the results, we obtain:

w1 = w3 = w5 = w7 = w9, and w2 = w4 = w6 = w8.

This confirms that NM is two-dimensional with a checkerboard pattern, completing the proof.

Let the projection operator Ph be defined as Ph|M = PMh for all macroelements M , where PMh denote
the L2-projection onto NM .

Lemma A.3. [5, Lemma 4.7] There exists a constant C1 > 0 such that for every w ∈ Wh, there exists
q ∈ Qh satisfying

(div q, w)Q̃ ≥ C1‖w − Phw‖2, and ‖q‖1 ≤ ‖w − Phw‖.

Lemma A.4. There exists a constant C2 > 0 such that for every w ∈Wh, there exists q ∈ Qh satisfying

(div q,Phw)Q̃ = ‖Phw‖2, and ‖q‖1 ≤ C2‖Phw‖.

Proof. We first construct an interpolant Ih : H1(Ω,R2)→ Q̃h such that

(div(z − Ihz),Phw) = 0, ∀w ∈Wh, and ‖Ihz‖1 ≤ C‖z‖1, (A.4)

where Q̃h is the subspace of Qh consisting of element-wise mapped bilinear vector functions. We construct
Ih on the macroelement M given in Figure 9. In order to satisfy the first property in (A.4), we use that

(div(z − Ihz),Phw)M =
∑
E

∫
∂E

(Ihz − z) · nPhw ds. (A.5)

Considering the vertices and edges in Figure 9, we define Ih as follows:

• Ihz = z at the vertices r1, r4, r13, r16.

• On the boundary edge e4,16, for the four conditions associated with the vertices r8 and r12,∫
e4,8∪e12,16

((Ihz)1 − z1) ds = 0,

∫
e8,12

((Ihz)1 − z1) ds = 0, (Ihz)2 = z2 at r8, r12.

Similar definitions for the remaining boundary edges.

• For the two conditions associated with vertex r10,∫
e2,6∪e10,14

((Ihz)1 − z1) ds = 0,

∫
e9,10∪e11,12

((Ihz)2 − z2) ds = 0.
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• For the two conditions associated with vertex r7,∫
e3,7∪e11,15

((Ihz)1 − z1) ds = 0,

∫
e5,6∪e7,8

((Ihz)2 − z2) ds = 0.

• For the two conditions associated with vertex r6,∫
e6,10

((Ihz)1 − z1) ds = 0,

∫
e6,7

((Ihz)2 − z2) ds = 0.

• For the two conditions associated with vertex r11,∫
e7,11

((Ihz)1 − z1) ds = 0,

∫
e10,11

((Ihz)2 − z2) ds = 0.

It is easy to see that this construction defines Ihz|M ∈ Q̃h|M uniquely. In addition, the global construction
is continuous, i.e. Ihz ∈ Q̃h. Using (A.5), it is clear that the construction satisfies the first property in
(A.4). The stability bound in (A.4) follows from a scaling argument.

Now, let w ∈Wh be arbitrary. There exists z ∈ H1(Ω,R2) such that [24, sect.III.3,Exercise 3.4],

div z = Phw and ‖z‖1 ≤ C‖Phw‖. (A.6)

Taking q = Ihz and using (A.4) and (A.6) gives

(div q,Phw) = ‖Phw‖2, and ‖q‖1 ≤ C‖Phw‖. (A.7)

Finally, since q is bilinear, (div q,Phw) = (div q,Phw)Q̃. This, together with (A.7), completes the proof.

Lemma A.5. There exist constants C3 > 0 and C4 > 0 such that for every w ∈Wh, there exists q ∈ Qh
satisfying

(div q, w)Q̃ ≥ C3‖w‖2, and ‖q‖1 ≤ C4‖w‖.

Proof. Using Lemma A.3 and Lemma A.4, the assertion of the lemma follows from the argument in the
proof of Theorem 4.5 in [5].

Lemma A.6. Assumption 3.1 holds on rectangular meshes.

Proof. The statement of the lemma follows by combining Theorem A.1, Lemma A.1, and Lemma A.5.
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